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Abstract

In this paper, we investigate the existence of positive periodic solutions
for an n-species Lotka-Volterra system with distributed delays and impul-
sive effect. In the process we use integrating factors and convert the given
Lotka-Volterra differential equation into an equivalent integral equation.
Then we construct appropriate mappings and use Krasnoselskii’s fixed
point theorem to show the existence of a positive periodic solution of this
system. In particular, the results improve some previous ones in the liter-
ature. Finally, as an application, we exhibit an example to illustrate the
effectiveness of our abstract results.

AMS Subject Classifications: 34K20, 34K13, 92B20
Keywords: Krasnoselskii’s fixed point theorem; positive periodic solu-
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1 Introduction

It is well known that the theory of impulsive differential equations has become
an important area of scientific activity. Many evolution processes are charac-
terized by the fact that at certain moments of time they experience an abrupt
change of state. These short term perturbations act instantaneously, that is in
the form of impulses. Equations of this kind are found in almost every domain
of applied sciences, numerous examples can be found in, e.g., [2, 3, 18, 19, 27].
For example, many biological phenomena involving fields such as economics,



mechanics, electronics, telecommunications, medicine and biology, etc. (see
[19]). Thus, impulsive differential equations appear as a natural description of
observed evolution phenomena of several real world problems. However, be-
sides impulsive effects, time delay is present in many fields in our society. In
recent years, non-autonomous delay differential equations have been used in
the study of population ecology and infectious diseases, population dynamics.
Indeed, a famous model for population dynamics is the Lotka-Volterra compe-
tition system. Due to its theoretical and practical significance, Lotka-Volterra
systems have been extensively and intensively studied for the past few years (see,
[5, 6, 14, 23, 24, 25, 26, 29, 30]). On the other hand, a very basic and important
qualitative problem is the study of periodic solutions of delay differential equa-
tions with or without impulsive effects which has attracted the interest of many
mathematicians (we refer the reader to [1, 7, 10, 12, 15, 16, 17, 20, 21, 22, 28]).
For instance, in 2006, by using the method of Krasnoselskii’s fixed point theo-
rem, Tang and Zhou [25] investigated the existence of positive periodic solutions
of the following system with deviating arguments:

2h(t) = z; (t) Ti(t)—Zaij(t)xj(t—Tij |, i=1,2,..,n (1.1)

By the same method as the one in [25], Zhang et al. investigated in [30] the
existence and global attractivity of positive periodic solutions of 3-species Lotka-
Volterra predator-prey systems with infinite delays as follows:

) (t) =z (¢) (rl (t) — c11(t)x1(t) — c12(t) fi Ko (s —t) zo(s)ds
+ ci3(t f_ K3 (s —t) z3(s )ds) ,

xh(t) = xa (t) (rg (t) — cor(t fioo Koy (s — t) z1(s)ds — coa(t)xa(t)
+ easlt ftK@@*ﬂm®M)

24(t) = a5 (8) (75 (1) + e () [ . Kaa (s = ) 1 (s)ds
+ c3o(t f_ K3 (s —t) z2(s)ds — 033(t)ac3(t)) .

(1.2)

Very recently, Benhadri et al. improved in [1] the results of Zhang et al.
[25] to the generalized nonimpulsive nonlinear Lotka-Volterra competition with
deviating arguments of the form:

n

i) = @i (t) Qri(t) =Y _aii(t)a; () = Y _big (0 f; (x5(t)
j=1

Jj=1

= > i (B)g; (it =75 () ¢ (1.3)
j=1

1=1,2,...,n



The authors derived some sufficient conditions for the existence of positive pe-
riodic solutions of (1.3).

In this paper, motivated by the content in [1] and [25], we generalize system
(1.1) to a model with variable and distributed delays and impulses,

n

zi(t) =i (t) i () — Zaij(t)hj (@(1) = > bij(0) fi (i (t =745 (1))

j=1

= > et / Di(t, 5)g; (w5(s) ds p (1.4)

i = 1,2,...,71, t 7é tkyt > O,
zi () — i (ty) = Lk (b, s (tr)) , ¢ = th, k € Z7,

where x(t) = [21(t), z2(t), ..7xn(t)]T € R™. The expression Aw; () = x; (¢]) —
T (t,;) = Lix (tik, x; (tr)) denotes the impulse at moment tx, and ¢ < ta < ...,
is a strictly increasing sequence such that ¢; goes to infinity, x; (t;‘) and x; (t,;)
stand for the right-hand and the left-hand limits of z; (¢) at the impulsive mo-
ment t;, respectively. Consider that Ly, (-,-) € C(RT x R RT) i =1,2,...,n,
k =1,2,..., shows the impulsive perturbation at the moment t;. Since we are
searching for the existence of periodic solutions for equation (1.4), it is natural
to assume that r;, a;;, bij, ¢i; € C (RT,RT) are all w—periodic functions (w > 0)
with respect to t,

2% (t+W) = Qj (t),Tij (t-f—W) = Tij (t), Dij (t+w,s+w) :Dij (t78>,
bij (t + w) = bij (t) and Cij (t + OJ) = Cij (t) (15)

for, 4,7 = 1,2,...,n, with 7;; being scalar functions, continuous, and 7,; (t) >
77 > 0 with

1 w
o= —/ ri(s)ds > 0,
w Jo
~ T [“
7 = - i d >0,
Qij w o aij(s)ds
~ F (v N R, FE; «
bz] = = ij (s)ds >0, Cij = Al ] / Cij (S)ds >0,
w w 0
~ 1
- . +
Bin = = > Xk (t) =0,k € Z7, (1.6)
0<tp<w

for 4,5 = 1,2,...,n, where T}, F; and Ay, R;, E;; are given in (Hy) — (Hs).
We also assume that the functions D;; € C(R* x RT,R") and f;,¢;,h; €



)" e Ry,
N eRrn,
ha(t) = [h(@1(t) he (22(1)) s ooy b (2 ()] € RY,

are positive and continuous in their respective arguments.
Throughout this paper, we will assume the following hypotheses:

(H1) There exist nonnegative constants T, T}, such that for all z € RT,

~

jx <h;(x) <Tjz, j=1,2,..,n. (1.7)

(Hs) There exist nonnegative constants F;, F; such that for all x € R,

R

i < fj (.73) < Fjl‘, j = 1,2, ey T (18)
(Hs) There exist nonnegative constants R;, R; such that for all x € R,
Rz <gj(z) < Rjx, j=1,2,....,n. (1.9)

(H,) There exist nonnegative constants E;;, E;; such that for all ¢t € RT,
o ¢
Eij < / Dij(t,s)ds < Eija Z,j = 1,2, ey . (110)

(Hs) There exists an integer ¢ > 0 such that tx 4 = tp +w, Liktq) = Lir,
k € ZT, where
[O,W]ﬂ{tk,k‘: 1,2,} :{thtz,...,tq}. (111)

For convenience, we introduce the notion

M= max {|f ()|}, 6;i=e Jori®dt 12
te0,w]

where f is a continuous and w—periodic function.

The paper is organized as follows. In Section 2, we recall some results which
are necessary for our analysis. The existence of positive periodic solutions of
system (1.4) by using the Krasonoselskii fixed point theorem is proved in Section
3. Finally, in Section 4, we exhibit an example to show the validity of our result.

2 Preliminaries

Throughout this paper, a vector = (21, T2, ...,2,)7 € R" is said to be positive
ife; >0,1<i<n.



First, we recall the following definitions. Let I C R be an interval, and denote
by PC(I,R™) the set of operators z : I — R™ which are continuous for ¢ € I,
t # t;, and have discontinuities of the first kind at the points t, € I, (k € ZT)
but are continuous from the left at these points.

The proofs of the main results in this paper are based on an application of
Krasnoselskii’s fixed point theorem in cones. Firstly, we need to introduce some
definitions and lemmas.

Definition 2.1 (See [10, 18]) A function x; : R — (0,400) is said to be a
positive solution of (1.4), if the following conditions are satisfied

1) z; (t) is absolutely continuous on each (tg,tr41);

2) for each k € 2%, x; (t;) and w; (t;) exist and x; (t;) =x; (tr);

3) x; (t) satisfies the first equation of (1.4) for almost everywhere in R and
x; (tg) satisfies the second equation of (1.4) at impulsive point ty, k € Z7.

Definition 2.2 Let X be a Banach space and let K be a closed, nonempty
subset of X. K 1is a cone if

i) ax + Py € K for all z,y € K and all a, 8 > 0;

it) x,—x € K imply x = 0.

Theorem 2.1. (Krasnoselskii, [13]). Let X be a Banach space, and let K C X
be a cone in X. Assume that Q1 and Qo are open subsets of X with 0 € €y,
Q; C Qs and let

@ZKH(QQ\Ql)—)K,

be a completely continuous operator such that either
a) [|@z|| < ||z|| for x € KN Oy and ||@x|| > ||z|| for z € K NINe; or
b) || x| > ||z|| for x € KN O and ||Px| < ||z|| for x € K NOQs.
Then ® has a fized point in K N (ﬁg \ Ql) .

3 Existence of positive periodic solutions

As we mentioned previously, one of our main objectives in this paper is to
improve the work carried out in [25], and to extend it to investigate a wider class
of differential equations with impulsive effects presented in (1.4). In particular,
by using Kranoselskii’s fixed point theorem on cones, we will establish a sufficient
condition ensuring the existence of positive w—periodic solutions of equation
(1.4). This section will be splitted into two parts: in the first one, we will focuse
on the existence of positive periodic solutions when we use subquadratic impulse
functions, while in the second part, we will consider the case in which the impulse
effects are sublinear (most frequently used in the published literature).
Let us start by obtaining an equivalent formulation for our problem (1.4).

Lemma 3.1. The function x(-) is an w—periodic solution of equation (1.4) if



and only if x(-) is an w—periodic solution of the following equation:

t+w n

z;(t) = Gi(t,s)wi(s) x | > _aij(s)h; (x;(s))
+ Zbij(s)fj (zj(s —7ij (s)))

+ (o) [ Dyl (2)de pds (3.1

+ Y Giltty) I (t i ()

t<tp<t+w

where
e~ f: ri(§)d¢

Cilts) = T —Jem@®

seftt+w],i=1,2..,n, (3.2)

and we assume
o= Jo' ri(€)dg # 1.

Proof. Unlike the procedure carried out in [25], where the authors used the
variation of constants formula to rewrite the original equation as an integral
equation, we have to proceed in a very different way which is motivated and
justified by the appearance of the impulsive terms in our problem. Assume that
T = (xl,x27...,xn)T € X, is a periodic solution of equation (1.4). Then, we

have
% [xi(t) exp ( /O " (s) dsﬂ
— exp (— /O i (s) ds> (1)

n n

X Q= aij(t)hy(a; () = Y bis(t) £ (@t — 735 (1))

J=1 Jj=1

=Sl [ D)y a0 ds o (3.3

t?é tk, 1= 1,2,...,TL.



Integrating the above equation over [t, ¢ + w], we have

x; (S)e_ fos T3 (g)df

tm, +nw
t

tm2+nw
"2 e T

+;(s)e Jo mi(©)

+x7;(s) — f5ri( ‘t+w

tmq +nw

-/ T (s exp (- [ o d£> {—éams)m— (25(5))

_Zblj(s)f] (‘rJ TZJ ZCU / ng S, 2 gj l'j( ))dz} ds,
j=1

where t,,, +nw € (t,t +w), mg € {1,2,...,q} ,k =1,2,...,q, n € Z". Therefore,

a(t)e Jo ri@)d [1_6 f**“’n(&)ds}

fmk+nw
E Ax; (tm,) e~ Jo

t<tp<t+w

- /ttw z;(s) exp < /OS 7 (§) df)

X {Z%‘(S)hj (z(s)) + Zbij(s)fj (zj(s —Tij (5))
+ch / D;;(s,2)g; (z;(2))dz }ds

which can be transformed into

t+w

xi(t) = Gi(t,s)zi(s)

Zaij(é‘)hj (zj(s)) + sz‘j(é’)fj (zj(s —Tij (s))

+3 el | Diits.2; () d s

+ Y Giltte) L (o (t)), i =1,2,,...,n. (3.4)

t<tp<t+w

Thus, z; is a periodic solution of (3.1). If & = (z1 (£), @2 (), ..., zn ()T € K, is



a periodic solution of (3.1), for any t = t, from (3.1) we obtain

ri(t) = Gi(t,t+w)z(t+w)

(Zaw +w)h; (z;(t +w)) + Zbij(t +w)fj (it +w—7; (t+w))

Jj=1

t+w

+ ZCU t+w) Dij (t+w,s)g; (:cj(s))ds)

(t,t) x;(t (Za” )+ Zb t)f (xi(t—7i5 ()

Jj=1

+Zcij(t) / Dij(t, s)g; (xj(s))ds> + ()25 (8)
= -
= ( Zaw ) =D bis (1) (it — 7ij (£)

Jj=1

n
ch / DU (t,s g] xj
j=1

For any t = t;,j € Z", we have from (3.1) that

tj+w
wilth) —mi(ty) = / (i (£F.5) — G (t5.5)) i(s)
x {Zams)m (5(s))

+ > bij(s)f5 (@(s — 745 ()
=1

+ ch(s) /j D;;(s,2)g; (z(2) dz} ds
+ Y G () Lk (tr, s (1)

t_;"<tk<t 4w
— Z G (ty,tn) Lik (tr, i (tr))
ti<tp<tjt+w

= Lig (tr, i (tx)) -

Hence z; is a positive w—periodic solution of (1.4). Thus, the proof of Lemma
3.1 is completed. =



Define now

PC (R,R") = {x = (21,29, ..., 2n)" (3.5)
R —R" |z e C((tk, tp+1),R™), such that
z(t;), = (t)) existand z (t; ) =z (ty) , k € Zy }.

To apply Theorem 2.1, we need to define a Banach space C,, a closed subset S
of C,, and construct one mapping. Thus, we let (Cy, ||.||) = (X, ||.]]) where

C, = {x = (21, %2,..,x)" 2 € PC(R,R™), 2(t +w) = a(t),t € R} , (3.6)

with the norm

lz] = Z |zilo, iy = max |z;(t)],i =1,2,...,n, Vz € C,,. (3.7)

Then, C,, with the norm ||.|| is a Banach space.
We denote § = min (1, 61, 62, 03), where

T, F. E.:\ R
61 = min ( =L |, 5 = min j>,9 min{ in <”>J}7
! j=1n <Tj ) ? j=1n (Fj ’ j=1,n Li=1,n \ Bi; /) R;

o:min{e*”“’, i= 1,2,...,71}.

and

Let K be the cone in C,, defined by
K= {m() = (21, @0, y) €Chiai(t) >0 |zilg,i=1,2,...,n,Vt € R} .
Use (3.1) to define the operator ® : C,, — C,, by

(@2)(t) == [(®12) (1) , (P2) (1) , ..e, () ()],
where

t—l—w

(@) (t) = (t,s)i(s Za” (s))

t

+Zbij(8)fj (zj(s —7ij ()

+ Zcij(s) /_S D;;(s,2)g; (z;(2)dz ¢ ds
+ Z t tk I (tk, T; (tk)) (3.8)

t<tp<t+w



e~ f: ri(£)dg
1 _ e Jorn@a ®

It is clear that G, (t+w,s+w) = G;(t,s), (0G; (t,s) /0t) = r; (1) G, (t,s),
G; (t,t+w) —G; (t,t) = —1, and

G;(t,s) = €ft,t+w], i=12..,n.

04 1

<G (t,s) < s = B;, t,seR, i=1,2,...,n. (3.9)
— 04

By (2.6), it is easy to check that z € C,, is an w—periodic solution of equation
(1.4) provided z is a fixed point of ®.

Lemma 3.2. Assume that (H1)— (Hs) hold, then ® : K — K defined by Equa-
tion (3.8) is well defined, namely, PK C K.

Proof. From (3.8) it is easy to verify that (®z) () is continuous in (tg,tg+1),
and (®z) () and (Pz) (¢;,) exist, and (Pz) (t;) = (Pz) (t) for k € ZT.
Moreover, for any x € K,

(@ix) (t +w)

t+2w
:/ G (t+w,s)zi(s Za” (s)

t+w

+Zb” (8)f; (w5 (s =745 (s)))

+ Zcij(s) /j D;i(s,2)g; (z;(z)dz p ds

+ Y Giltot) Lk (b i (t))
t+w<t,<t+2w
t+w
= Gi(t+w,s+w)z;(s+w) x
t
Zaw s+w)h; (z;(s +w)) —&—Zbij(s—I—w)fj (z;(s+w))

j=1

n stw
+ ZCi]‘(S +w) / D;i(s+w,2)g; (uj(z)dz p ds

+ Z G; (t, tk) L, (tk, T (tk))

t<tp<t+w

10



t+w

= t S xz {Zaz] + Zblj (s)fj (xj (S — Tij (S)))
j=1

t

+ Zc”(s) -/_5 D;;(s,2)g; (z;(2) dz} ds
+ Y Giltte) Lk (b, i (t))

t<tp<t+w

— (®2) (1), i =1,2,...,n.

That is (®;z) (t + w) = (®;z) (t), t € [0,w]. Thus ®z € C,,. Moreover, from
(3.8) and (3.9), we have for x € K

(@iz)ly < 7 _1 3, /“’ i(s) { [Z;aij(é‘)h

+wa (8)f; (wj(s =745 (s)))

+ ZCU(S)[ D;;(s,2)g; (z(2) dz} ds
+ Z Lig, (ty, 2 tk)}

t<ty <ttw
and
(®iz) = 7 6i5i/0 z;(s) { Lzlaij(S)hj (z;(s)) +j§bij(8)fj (@;(s = 75 (s)))
+ Zcij(s) /S D;j(s,2)g; (z;(2) dz] ds
=1 —oc
+ Z Lik (s, (tk))}
t<t)<t+w
A;
> B, (@)l
> o|(®ix)ly, i=1,2,...,n.

Hence, K C K. This completes the proof of Lemma 3.2. m

11



3.1 The case of subquadratic impulses.

In this section we consider subquadratic impulse functions.

Lemma 3.3. In addition to conditions (Hy) — (Hs), we further assume the
following one:

(Hg) There exist nonnegative functions A, \ir. € C (RT,R*) such that for
all z € RT,

Aie ()22 < L (bx) < A () 220 =1,2,..nk = 1,2, ...

Then ® : K — K defined by equation (3.8) is completely continuous.
Proof. Set

n

Ly (t,2) (t) = 2i(t) Zaij (t)hy (z;(t) + Zbij () f (@t — 745 (1))

(3.10)
t
+ 3 i) [1 L Dij(t.s)g; (w(s))ds| , t € R
j=1
We first show that ® is continuous. Since h, f, g and I are continuous in z,

it follows that, for any Ly > 0 and € > 0, there exists p; > 0 such that for
]| < Lo, llyll < Lo, and [l — y|| <, it follows

€
T, - T (s, — RT, i=1,2,...,n, A1
Pi5,2) (5) =T (5:9) () < 5y 5 € BT, no B
where B = max B;. For any Ly > 0 and € > 0, there exists puy > 0 such that
<i<n
for [|z|| < Lo, ||yl < Lo, and [lz — y[| < p,
€ .

|IZ]€ (tkam’i (tk)) - Iik (tk7y’i (tk))| < m’ qc Z+ 1= 1727 ceey TN (312)

Therefore, if z,y € C,, with ||z|| < Lo, |ly|| < Lo, and ||z — y|| < p, where
p = min (1q, tto) then, from (3.8),(3.9),(3.11) and (3.12),

t+w
(@) — (Piy)ly < B/t i (s,2) (s) = i (s, 9) (s)| ds

+ Z |G (t, )| [ Lin, (ths i (tr)) — ik (tes yi (tr))]

t<ty <t+w
we €
< B + B
- 2nBw quBn
€
< —,i=12,..,n.
n

This yields
[Pz — y| = Z [(@iz) — (Piy)ly <e,
i=1

12



which implies that ® is continuous on K.
We let

S={a() = (@1 ().w2 ()2 () €Cu: |l <L},

where L is a non-negative constant. For any = € S, it follows from (3.8) and
(3.9) that

@0 = [ Gt Zam 1) + ()i (sl = 75 (5))

+ ch(s) /j D;;(s,2)g; (z;(2)dz p ds

+ Z Gi (t,ty) Lik (tg, xi (tr))

t<t<t+w

2 Tl
_ 51’ ZAjalj ZF bij(s ZR E;jcij(s)| ds
Z Aik: (tk)

t<tk<t+w
—— *
= BfY, i=1,2..n

IN

and, consequently,

x| = |(®ix)ly <Y B;, VxeS.
i=1 i=1
This shows that ® (.5) is uniformly bounded.

d
To show that ® (S) is equicontinuous, let = € S, we calculate 7 (®;z) (¢)

and show that it is uniformly bounded. Indeed, by taking derivative in (3.8) we
have

[(@iz) (1) < Jri () (Paz) (£) — 24(2) Z%‘(t)hj (2;(1))
+Zbij(t)fj (zj(t — 745 (1))

T Zcij (t)[ D;;(t,s)g; (x;(s)ds

IN

7]

ri By + LY (Ajalf + FibY + EijR;cl)

i = 1,2,...n,

13



and
(@) | <Y [P B + L2) (Ajalf + FybY + EijRc}f)
j=1 =1

Hence, ®S C C,, is a family of uniformly bounded and equi-continuous func-
tions. By the Ascoli-Arzela Theorem, the operator ® is compact, and therefore
completely continuous. The proof is complete. m

We can now state and prove our main result in this paper.

Theorem 3.1. Assume hypotheses (Hy) — (Hg) and the next one as well:
(H7) The linear system

Z (Zl\z] +31] +/C\”) iCj + Bikmi = ?Z,Z = ].72, ey 1, k= 1,2,
j=1

possesses a unique positive solution. Then, system (1.4) possesses at least one
positive w—periodic solution.

Proof. Let

*

ot = (%, a3, as)T

n

with zF > 0,7 = 1,2,...,n, be a positive solution of (1.12). Set

mo = 1I§ni1£n {7 A},
My = max {F;B;}.
1<i<n

1
Then 0 < mg < My < +oo. Choose a constant M > M, such that Vo < 1.
w

1
Let o = o and
w

O = {x(t) = (21 (), 22 (1) s ooy (1) € Cuo t |1l < onzl,i = 1,2, n} .
If € K N0y, then

olzily < x; (t) < |zi]y = oqwi,i=1,2,...,n,

14



+ 951‘(8)201']‘(8) /_S D;i(s,z)g; (z;(2)dz| ds

+ Z Lig (ti, zi (tr))

t<tp<t+w

< / EAR ZT ai;(s) |z;|, ds + B; / EAR ZF bij(s) |z, ds
0 j=1 t<tp <t+w
n n_
< a1 Bw |$1‘0 ZZL\UI; + ay B;w |xl|0 mel‘j
j=1 j=1
n
+an Biw |4, Zajx;‘ + a1 Biw |ziy Byl
j=1
n ~ o~
= a1Bw|z, Z (aij + bij +5ij) z; + Bipwi
j=1
= (Bin) aw |z,
< arMow |z,
< ‘Jii‘o, i:1,2,...,n

Hence for any x € K N0,

1@l =D [(@iai)ly < Y lwilo = Il
i=1 =1

1
o?mbw

1
On the other hand, choose 0 < m < mg such that 5 > 1. Let ap =
o’mbw

and
D ={xecC,:|ri, <or;,i=1,2,..,n}.

If . € K NOQy, then o x|, < z; (t) < |ai], = awx},i = 1,2,...,n, and, conse-

15



quently

(®iz) (1)

Y

Y

Y

(AVARAYS

Y RCIE

()5 (@j(s — 7145 (s)))

+3 (o) / Diy(s,2)g; (=
+ Z t tk ’Lk (tk7 Ty (tk)>

H,_/ ||M:

t<tp<t+w
o Ai |z, Z ai;(s min | — | | |z, ds
0 = A
n . FJ
+o°A; |z, Z Fj | min o bij(s)|z;], ds
=17 i=1,n J
~ [ Eij j
+o*A; \xl\OZ/ E”RJ{[ in (E)} X <R>}c”(s) |z 5], ds
= i=1,n ij
+02Ai ‘xi‘o Z )\zk lmz (tk)|0
<ty <t+w

01 x 2 Awas |z, E CL”LEJ + 0,5 x 02 A;wan |z, E b” ;
Jj=1 Jj=1

n
+03 X 02Aiwa2 |£L’l|0 Z/C\mx;( +1x 02141‘0.)0[2 |1’2|0 5%99:
j=1

n n
2 ~ 2 N
0 x o Ajwas |4, E aijr; + 0 x 0" Ajwas |z, E b}
=1 i=1

n
+0 x 0% Ajwas |z, Zagl’;
j=1
+0 x 0 Aiwas |74, @kﬁ
n ~ ~
0 A;wo?as |z, Z (aij +bi; + a‘j) z; + Bipwi
j=1
(Aﬁ'\z) 9&)020(2 ‘xi‘o
m00w02a2 |1'2|0

|zilg,i=1,2,...,n,
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and thus

||| = Z| (®iwi)lo > leﬂo = [, Ve € KN 9Qs.
i=1

Obviously, Q1 and 9 are open bounded subsets of C, with 0 € €y C
Q; C Q. Hence, ® : KN (52\91) — K is a completely continuous operator
and satisfies condition (a) in Theorem 2.1. By Krasnoselskii’s Theorem, there
exists a fixed point z* () = (% (-), 25 (), ...,z ()T € K N (Q\) such that
x*(+) = (Px*)(+), i.e., * is a positive w— periodic solution of system (1.4). The
proof is completed.

3.2 The case of sublinear impulse functions

In the case of sublinear impulses we can prove similar results for system (1.4).

Theorem 3.2. Assume that (Hy) — (Hs) hold, assume further that:
(Hg) There exist nonnegative functions A, \ix € C (RT,RY) such that for all
r €RT,

ik () < Ly (t,2) < A\ () 2,0 = 1,2, ...,n, k= 1,2, ...

(Hg) The linear system

n

Z (6”» —|-/I;ij +Eij) T; = r,i=1,2,...n, k=12, ..

Jj=1

possesses a unique positive solution. Then, system (1.4) possesses at least one
positive w—periodic solution.

Proof. To prove that ® : K — K is completely continuous is similar to the
corresponding proof in Lemma 3.2. We only need to prove (a) in Theorem 2.1.
Let

*

vt = (27,25, ap)"

n

with zF > 0,7 = 1,2,...,n, be a positive solution of (1.12). Set

P min{lgun {ridi}, min { }}’

My = max{max (7B}, max{ }}

1<i<n

— 1— Mw N
Choose a constant M > M, such that 0 < T < 1 where 0 < Mw < 1.
w
1-M
Let n; = 2% and
Mw

O = {a(t) = (21 (1) 22 (), s (1)) € Clat il < myai i = 1,2,.m)

17



Ifx e Kﬂ[“)ﬁl, then
olzily < x;i (t) < |wily = maj,i=1,2,...,n

and

(@) (t)

A
=
S—
€
&8
o
S
S
—~
®
S—
>=
<
—~
8
<
@
=

+i(s Zbu $)f; (@(s = 7i; (5)))

+ l’i(s)_

cij(s) /j D;;(s,2)g; (z;(2)dz| ds

+ Lk (t, i (tr))
t<tp<t+w

w n
Bi/o |xi|02’1}aij(s)|xj\od8+3/ |xl|OZFbU §) ], ds
=1

+Bz‘/0 @il Y RjEijeij(s) lojlgds + Bilwly > X (t) |l

j=1 t<tp<tt+w

n n

~ * N *

ny Biw |4, E aijT; +my Biw |24 E bijx;
Jj=1 j=1

IN

IN

n
+1, Biw |24, Z/C\mx; + BiwBiy |zily
j=1
n
n Biw |4, Z (aij + bij +Eij> z; o + BiwBiy |zil
j=1

w (BiFs) my feily +w (BiBa) Il

ny Mow ||y + Mow |z,

IAIA

‘.’I?Z"O, i=1,2,...,n

Hence for any x € K N o,

n
@] = [(®iz)], Z|xzo— ]| -
i=1

3

- . 1—omb
On the other hand, choose 0 < m < mg such that 72(Zm d > 1 where
o2mbw

18



1 — ombw

0 < ombw < 1. Let nyg = ——=—— and

o2mbw

O, = {x € Cy i ||y <moxi,i=1,2,...,n}.

Ifze KN 8@2, then o |x;|, < ; (t) < |zs|, = nox),i = 1,2,...,n, and, conse-

quently

(@) (t)

\%

Y

v

(8)f5 (zj(s =745 (5)))

A /O " a(s) iaij(s)h

n

+ ZCW / D;;(s,2)g; (z;(z

j=1

o

+ Z G (t,tr) Lk (tg, i ()

t<tp<t+w

+oA; Z )\m tk) |1‘1(

t<tp<t+w

n n
2 ~ * 2 T %
01 x o= A;wny |z, E Qi T; + 02 x 0= Ajwn, |zil, E :bijxj

j=1 j=1

n
+03 x o® Ajwns |z, Z’c\”x;k +1 x o Ajw |zi|y B
=1
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Y

n n
2 ~ * 2 N *
0 x o= Ajwny |4, E aigr; + 6 x 07 Ajwn, |4, E bijz;

j=1 j=1

n

2 ~ *

+6 x 0% Ajwn, |74, E CijT;
Jj=1

+9 X O’Aiw |.’£1‘0 Bik
n
= GAwo n, |z, E (a” + b + CU> o

j=1
+0 x o <A231k> w |55z‘|0

(A,ﬁ’\z) 0600'2772 ‘x'L‘o + <A’LB'Lk> who |‘TZ|O

%09w02n2 |zi]o + Mmobwo |z;],

(AVARIVS

|zilg,i=1,2,...,n,

and therefore

@] =3 [(@i2)]y = Y Jaily = [l2]] . Vo € K 10D,
=1

i=1

Hence, ® : KN (Qg\ﬁl) — K is a completely continuous operator and sat-
isfies condition (a) in Theorem 2.1. Consequently, there exists a fixed point

2 () = (@ (), 23 ()l ()" € KN (Q2\Q1) such that a*()) = (®z7)(-).

Therefore, system (1.4) has a positive w-periodic solution. The proof is com-
pleted. m

Remark 3.1: The method applied in this paper can be used to treat a
more general nonlinear impulse function. For instance, assuming that I (-, x)
satisfies

(Hyp) There exist nonnegative functions Aj, Ay € C (RT,RT) and [ €
C (Rf_, Rf_) such that for all z € R7 |

Aiw () F (l2]]) < Lig (82) < N () F ([J2]]) i = 1,2, m, k= 1,2, ...

Note that (Hg) and (Hg) are special cases of condition (Hig) which has been
used in [6, 7, 8].

Remark 3.2: Notice that when a;; = 0 in the second term on the right
hand side of (1.4), Lix (tx,x (tx)) = 0, f; (z;) = 0, and g; (z;) = x;, we can
easily derive the corresponding results in [25]. Therefore, the results presented
in this paper improve and extend the main results in Ref. [25].

4 An example

In this section, we analyze an example to show the effectiveness of our result.
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Example 4.1. Let us consider the following system:

3]

zi(t) = = ) = > by (D) f (it =745 (1))

J=1

= > e) / Dis(t, 8)g; (x5(s)ds §, (4.1)

1
t £ tkzikﬂ,k€Z+,t>0,
a7 (te)

cos (21) (Jsin; (tx)] +1), (4.2)

() —wity) = L (te,x; (t)) =
for ¢ = 1,2. This model corresponds to system (1.4) when n = 2,w = 27. Let
o (t) = % (14 sin21) , ra(t) = % (1+cos2t),
and 7;; € (R*,R") be arbitrary continuous functions which satisfy 7;;(t +w) =

Tij (t),l = ].,2
We then have

. 1 (v 1 [ , 1
rn = ;A Tl(t)dt = E/{; (1 + Sln2t> dt = 5,
R 1 [ 1 [ 1
Ty = ;/0 ro(t)dt = = (14 cos2t)dt = 3

and it is straightforward to check that A; < G; (t,s) < By, for i = 1,2, where

Gi(t,s) = H%mexp <—/t Ti(f)d5>a =12,

and
—~ T = 27w
e~ e” e "2 e 3
A — = A M =
VT e e T T 2T e ] o
1 1 1 1
B; = = By = — = .
! l—eMw 1—e "’ 2 1—e 2w | _ =%
Let
fj (1,) — ge(sinac)-i-l7 g; (.T}) g ( |cos z| + 1)
2
I (tx) = CZ:% (sinz|+1),  i,j=1,2
and
s—t 3 . .
D;j(t,s) = e (cost—|—2)><§7 i£j=1,2,
1
Dij(t,s) = e '(sint+4)x 3 i=j=1,2.
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Since |sinz| <1 and |cosz| <1 for € RT, we have

< fj (‘T)Sija
Rjz < gj(z) < Ryx,

and
3 — ! 9 .
§ = EUS Dzj(tas)dS<E1]:§7l7é.7a
_ t 5
1 = E; < Dij(t,s)ds<EU=§,i:j,
and 7
X (t)a? < I (t,x) < A (1) a?,
e? — 1 e+1 — 2 — s
hi F, = —F, = -, R, = R, = -, N\ = A () =
W2ere J 27 J 27 J 3 » L] 37 () cos 2t ()
T
—1,7=1,2.
C082t727j 7 1 2t 1 in 2t
We can choose by (t) = w, bia(t) = w,bm(t) =0,b0(t) =
3F 2F,
cos (4t), which implies
~ O 1~ F (¢ 1
11 w /0 11(8) S 3’ 12 o /0 12(8) S 9’
~ P o[“ ~ NN
b21 = 71/ bgl(S)dS = 0, b22 = i/ bQQ(S)dS = O,
w Jo w Jo
and also choose ¢11(t) = 0, ¢12(t) 2(1 + cos4t) (t) (+sin2t) (t)
11 = = = =
1 ) C11 y C12 E,R1s » C21 EyRoy y C22
1 t
(22257;122), obtaining
FEiR “ N FiR “
= 1711/ c11(s)ds = 0,¢12 = g/ ci2(s)ds = 2,
w 0 w 0
EsR “ E>R “ 1
621 = g/ C21 (s)ds = 1,/0\22 = ﬁ/ CQQ(S)dS = —.
w 0 w 0 2
Choosing ¢ = 8, we have
RN S PR .
Ty h \"k/ = 2 cos 2ty
0<tp<w k=1
18
= = =1,i=1,2
1 ’ )
2;0052 (§k:7r)
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Moreover, it is easy to verify that the corresponding system of nonlinear equation
(4.1),

2
> (blj + E11‘) zj+ Bigrr =11
j=1

M-

(ij + 52]') xj + BopTe = Ta,
1

J

11
has a unique positive solution © = (x1,z9) = ) It is straightforward to

679
show that all conditions of Theorem 3.1 are fulfilled. Hence, we conclude that
this system possesses at least one positive 2r—periodic solution.
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