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Abstract

The Lyapunov approach is one of the most effective and efficient methods for the inves-
tigation of the stability of stochastic systems. Several authors analyzed the stability and
stabilization of stochastic differential equations via Lyapunov techniques. Nevertheless, few
results are concerned with the stability of stochastic systems based on the knowledge of the
solution of the system explicitly. The originality of our work is to investigate the problem of
stabilization of stochastic perturbed control-bilinear systems based on the explicit solution
of the system by using the integral inequalities of the Gronwall type in particular Gami-
dov’s inequality. Namely, under some restrictions on the perturbed term, and based on the
method of integral inequalities, we prove that the stochastic system can be stabilized by
constant feedback. Further, we study the problem of stabilization of stochastic perturbed
control affine systems based on the use of bilinear approximation. Different examples are
provided to verify the effectiveness of the proposed results.
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1 Introduction

Gronwall’s inequality was first proposed and proved as its differential form in 1911 by the Swedish
mathematician Thomas Hacon Gronwall [19]. Later on, the integral form was proved in 1943 by
the American mathematician Bellmen [8]. Since then, many authors introduced several general-
izations of this inequality, see [6, 7, 15, 20, 22].

Gronwall Lemmas are very useful in many analysis problems. In particular, it is an essen-
tial tool in the analysis of the problem of boundedness, uniqueness, and other aspects of the
qualitative behavior of solutions of differential and stochastic equations.

As it is well known, environmental noise exists and cannot neglect it in many dynamical
systems. Indeed, it is essential to analyze whether the presence of some random terms in the
equations of the models may produce a very different behavior of their solutions. Although there
exists a wide literature on this topic, see [1, 21], [23]-[25].

The result is related to the relation between a perturbed stochastic system and the associated
unperturbed one. Given two solutions to the perturbed stochastic system and the associated
unperturbed one with initial conditions that are close at the same value of time, these solutions
will remain close over the entire time interval and not just at the initial time.

Different intrinsic variants to Lyapunov’s original concepts of practical stability were proposed
in [4, 16]. In the case that the origin is not an equilibrium point, we can investigate the stability of
the SDEs in a small neighborhood of the origin in terms of convergence of solution in probability
to a small ball. This property is defined as ”Practical Stability”. The practical stability, in the
sense introduced in [2, 5, 9, 17, 18, 26]. In fact, it is very important and very useful for analyzing
the stability or for designing practical controllers of dynamical systems since controlling system
to an idealized point are either expensive or impossible in the presence of disruptions and the
best which we can hope in such situations is to use practical stability. In practice, we may only
need to stabilize a system into the region of phase space in which the implementation is still
acceptable. It is well known that asymptotic stability is more important than stability. Also,
the desired system may oscillate near the origin. Thus, the notion of practical stability is more
suitable in several situations than asymptotic stability. In this case, all state trajectories are
bounded and approach a sufficiently small neighborhood of the origin. One also desires that the
state approaches the origin (or some sufficiently small neighborhood of it) in a sufficiently fast
manner especially in presence of perturbations. In general, we know some information on the
upper bound of the term of perturbation whose size influences the size of the ball.

The Lyapunov method is one of the most effective ones for the investigation of the stability
of stochastic systems, without knowing the explicit solution form of the system. The Lyapunov
stability has attracted the attention of many authors. There exists a huge amount of work on this
subject, see [10, 11, 12, 13, 14]. However, the construction of a suitable Lyapunov function is still
a difficult task. The novelty of our work is to develop the problem of stability and stabilization
of stochastic perturbed control-bilinear systems based on the explicit solution formed through
integral inequalities of the Gronwall type, in particular Gamidov’s inequality.

The qualitative behavior of the solutions of perturbed stochastic systems is usually studied



by considering a Lyapunov function candidate for the unperturbed system and using it as an
appropriate Lyapunov function candidate for the stochastic perturbed system. Nevertheless,
unlike the linear case, the construction of a suitable Lyapunov function is still a difficult task
for nonlinear stochastic differential equations. This motivates us to investigate the problem of
stability of stochastic perturbed systems by using integral inequalities of Gronwall type under
some restrictions on the perturbation term. The usual property of the solutions that can be
deduced for such systems is ultimate boundedness. That means that the solutions remain in some
neighborhoods of the origin after a sufficiently large time, (see [3], [10}-[13]). In different cases,
the linearized system is independent of the control. Therefore, we can study the stabilization
problem for such systems via a bilinear system.

The organization of this paper is as follows: In Section 2, we investigate the stability of linear
time—invariant stochastic perturbed systems via non linear—integral inequalities. In Section 3,
we analyze the problem of stabilization of stochastic perturbed control-bilinear systems under
some restrictions on the bound of perturbations. In Section 4, we prove that the problem of
stabilization of stochastic perturbed affine system can be performed by considering a bilinear
approximation. Further, we display some illustrative examples to exhibit the applicability of our
abstract theory. In Section 5, some conclusions are included.

2 Linear time—invariant stochastic perturbed systems
Consider the following linear time-invariant system:

dx(t) = Ax(t)dt, (2.1)
where z € R", A is a constant matrix (n x n) .

Assume that some parameters are excited or perturbed by Brownian motion, and the linear
time-invariant stochastic perturbed system is expressed by the following form:

du(t) = Az(t)dt + ¢(t, x(t))dB,, (2.2)

where ¢ : Ry x R* — R™™ B, = (By(t), ..., By(t))? is an m-dimensional Brownian motion de-
fined on a complete probability space (€2, F, P). In the sequel, ||-|| represents the Euclidean norm.

We will study the asymptotic behaviors of the solutions of the stochastic perturbed system

(2.2) in the sense that all state trajectories are bounded and approach a sufficiently small neigh-
borhood of the origin. In this objective, we recall the following definitions, see [10, 11, 12, 13].

Let’s consider the following stochastic system :

du(t) = F(t,z(t))dt + G(t, 2(t))dB,, t >0, (2.3)



where x € R", F': R, xR" - R G: R, xR" — R™™ and B; is an m-dimensional Brownian
motion.
We assume that both functions F' and G satisfy the following conditions:

[[F(t,z)|]* + |G, 2)|]* < ar (1 + [|z|]?), for allt >0, z € R",

| (tx) = F(t )l VIIG(E 2) = Gt )| < aoflz —yll, forallt >0, 2,y € R”,

where aq and as are given positive real constant, then under the precedent assumptions, there
exists a unique global solution z(¢) corresponding to the initial condition xy € R™ (see Mao [25]).

We assume that there exists ¢ such that F'(t,0) # 0 or G(¢,0) # 0, i.e., the stochastic differ-
ential equation (2.3) does not have the trivial solution z = 0.

The study of the exponential stability of the solutions of the stochastic system (2.3) leads to
analyze the stability behavior of a ball centered at the origin:

B, :={zeR":|z|| <r}, r>0.
Definition 2.1.

i) The ball B, is said to be almost surely globally uniformly exponentially stable, if there
exists a pair of positive constants p; and uo, such that for all o € R", the following
inequalities are satisfied:

l2(t)]] < ullzolle™ +7, as., Vo0, (2.4)

ii) The stochastic system (2.3) is said to be almost surely globally practically uniformly ex-
ponentially stable, if there exists » > 0 such that B, is almost surely globally uniformly
exponentially stable.

Eq.(2.4) implies that z(¢) will be bounded by a small bound r > 0, that is ||z(t)|| will
be small for sufficiently large ¢. It means that the solution given in (2.4) will be uniformly
ultimately bounded for sufficiently large ¢. This means that solution given in (2.4) will be
uniformly ultimately bounded for sufficiently large ¢. The factor us in Eq.(2.4) is called the
convergence speed, whereas the factor p; is called the transient estimate.

It is also worth noticing that, in the previous definition, if we take r = 0, then we recover the
standard concept of the global exponential stability of the origin considered as an equilibrium
point. Further, we out to investigate the asymptotic behavior of a small ball centered at the
origin for 0 < ||z(t)|| —r, Vt >0, so that the initial conditions are taken outside the ball B,. If
r is small enough, the trajectories tend to the origin when ¢ goes to infinity.



Our main objective in this section is to state sufficient conditions ensuring the almost sure
practical uniform exponential stability of the linear time—invariant stochastic system (2.2). If we
suppose that the perturbation term is bounded, then the origin is not necessarily an equilibrium
point of the stochastic perturbed system (2.2). That’s why, we will study the convergence of the
solutions toward a neighborhood of origin.

Remark 2.1. Different authors tackle the problem of practical stability of stochastic differential
equations via Lyapunov functions, see [10, 11, 12, 13, 14]. The construction of appropriate
Lyapunov functions is not always possible, which motivates us to look for another method. Our
approach in this paper is to analyze the stability and stabilization of stochastic perturbed control
bilinear systems by using the explicit solution form and it is based on integral inequalities of the
Gronwall type.

We suppose that the matrix A is asymptotically stable. A basic result in systems theory is
that
o(A) c C™,

where o(A) denotes the set of eigenvalues of a the matrix A. With this condition, we have
ReA(A) < 0, where ReA(A) denotes the real parts of the eigenvalues of matrix A. A simple
result for the asymptotic stability is that the eigenvalues of the matrix (all of which are real)
remain strictly in the left-half complex plane: ReA(A4) < 0.

First, we suppose the following assumption required for the stability purposes.

(H1) We assume that, ReA(A) < 0. Note that, the assumption () implies that
e < ke, Wt >0,
for a certain £ > 0 and

v < min [Re\;(A)|.

1<i<n

(Hz) There exists a continuous nonnegative known function £(t), such that
lo@t, 2)l| <&(1), VreR" Vix0,
where lim £(t) = 0.

t—+00

Theorem 2.2. Under assumptions (H1) and (Hz) the linear time—invariant stochastic perturbed
system (2.2) is almost surely globally practically uniformly exponentially stable.

In order to prove Theorem 2.2, we need to recall the following lemma.

Lemma 2.3. [25] Let G = (G4, ....,G,) € L*(R,R™), T, a, b be any positive numbers.

Then,
t a t
]P’(sup [/ G(s)dBS——/ ]|G(s)]|2ds
o<t<T | Jo 2 Jo

5

> b) < e,



Proof of Theorem 2.2. The solution with initial condition xq of the linear time-invariant
stochastic perturbed system is the following:

x(t) = ¢ a:o—l-/o e =94 (s, 2(s))dBs.

Assign € €]0, 1] arbitrarily, and let n = 1,2, --- . Then, using Lemma 2.3, we obtain

t t 21 o
Pl s | [ e os ae)dB,— 5 [ 1R lots.ats)|Pas| > 22 < 2
o<t<n LJo 2 Jo e n n2

By an application of the well known Borel-Cantelli lemma, we see that for almost all w € €2,
there exists an integer ng = ng(w), such that if n > ng, it yields that

t 21 t
/ =94 (s, x(s))dB, < —% g/ =42 || o (s, x(s))||*ds, forall 0 <t <mn. (2.5)
0 0
Based on inequality (2.5), one obtains

21
et < e zoll+ 5 [ e otz s + 222, for a0 < ¢ <, 2 o

Taking into account assumption () and inequality (3.6), one deduce

! 21
|z (t)|| < kl|zol|e™ —l—%/ k2e= 29| |p(s, z(s))||2ds + = nr(z ), for all0 <t <mn, n > ny.
0

Using assumption (As), one obtains
t 21
[z ()] < k||xolle™ " + gk:Qe_Q”t/ e?15¢%(s)ds + —M, for all0 <t <n, n > ny.
0 e n

Since £(-) — 0 as t — 400, then there exists & > 0, such that

Et) <& vE>0.

21
||z(t)]| §k:||x0||e_7t+%k26—27t/ gids + = n(n)
0

21
§k||x0||e—'yt+§k2e—2fyt/ 2755 ds + 2 n(n)
2 0 En

_ e, _ 21n(n)
<k vyt __k,Q 29t 29t 1 =
< K||zolle —1—227 e (e )+8 -
2 21
< K||xolle™ + gg—kj + 2In(n) for all0 <t < n, n > ny.
n



In(n)

n

Further, sine

— 0 as n — 400, then there exists a > 0, such that

<a, ¥Yn>n. (2.6)

Then, one obtains

2
|z(®)]] < Kllolle™™ + EékQ +-a, forall0 <t <mn,n=>no

Letting ¢ — 1, we deduce that

72]{2
eIl < Hllzolle™ + S

+ 2a, a.s.
2l

F27.2
Thus, the ball B, with r = . + 2« is almost surely globally uniformly exponentially stable.

2
Then, the stochastic perturbed system (2.2) is almost sure globally practically uniformly expo-
nentially stable. a

A simple extension can be done, if we replace the assumption (#Hs) by the following assump-
tion on the perturbed term.

(H%) There exist a continuous positive functions A;(¢) and Ay(t), such that
lo(t, 2)[I* < e (M@l|2[]? + Xa(t)), 0<q<1, Yz €R" >0,

where \; satisfies
M(t) <m, Vt>0, (2.7)

and the function Ay satisfies the following
+00 B
/ el Xg(8)ds = Ay < +o0. (2.8)
0

Theorem 2.4. Under assumptions (H1) and (H}), the stochastic perturbed system (2.2) is al-
most surely globally practically uniformly exponentially stable.

The proof of Theorem 2.4 is based on the generalized integral inequality of the Gamidov type
20].

Lemma 2.5. If t
V(t) < e(t) + C / B(s)V(s)ds,
0
7



where all functions are continuous and nonnegative on [0,T), 0 < ¢ <1 and T,C > 0.
Then, there exists a constant p > 0, such that

V(t) < e(t) + Cp? (/Ot <I>11q(s)d3> H.

Taking into account the above integral inequality, we can prove the almost sure global prac-
tical uniform exponential stability of the stochastic perturbed system (2.2).
Proof of Theorem 2.4 The solution with initial condition xy of the stochastic perturbed system
(2.2) is:

t
2(t) = e 3o + / =94 (s o(s))dB,. (2.9)
0
Using assumption (#;) and Lemma 2.3, it yields that

—~ e "y ovis 21n(n)
le(®ll < Rllaole™ + 5 [ K0 o(s,a(s)) s + 22,

forall 0 <t <n, n>nyg.

Based on (#4), we obtain

ool < Kl + 5 [ e 2e (o)) alo)) ds + 2222

for all0 <t <n, n > nyg.
Thus, one obtains

ool < Mmoo+ 5262 [0 Qa1+ dats)) ds -+ 2202,
for all 0 <t <n, n>ng.
Multiplying both sides by €7, it yields that

letoie < Klloll + 582 [ Qa1+ Aalo) s+ 220 e

< Kllaol| + S8 /Ot ][+ Aol ds + 2 g

forall 0<t<n, n>ny.



Using (2.6) and (2.7), we obtain
t
2
el < Kjaall + Sk [ a7+ X)) ds + Zae
0
5 ! 5 oo 2
< k||xol] + —ka/ e’ ||z (s)||%ds + —kQ/ e’ No(s)ds + —ae,
2 0 2 0 €
forall 0<t<n,n>n,.
Let V(t) = e"|]z(¢)||, and using (4.10), we have
2 vt 2y €12 t (1-g)vsy/a
V(t) < /{ZHLIJ()H + gae + §]€ )\2 + §l€ m . € V (S)dS,
forall 0<t<n,n>n,.

Thus,
t
V(t) <e(t)+ C’/ U0V (5)ds,
0

9 _
where €(t) = k||xo|| + —ae™ + %k2)\2, C = ngm.
5

By the application of the Gamidov inequality (Lemma 2.5), it follows that

o ([ oo (1=)e)
< e(t) + Cp" ( / . d)

1\
=€(t) + Cp? (—) Y=ot
f)/

forall 0 <t <n, n>nyg.
Consequently, we obtain
2 € o € 1\
| <k M Za 4 kA + —KPmp? |
(Ol < Flaalle™™ + 2o+ K% + Skt (2 )
forall 0 <t <n, n > nyg.
Letting ¢ — 1, we deduce that

1., 1 1\
|z (t)|| < K||xolle™" + 2a0 + 5/52)\2 + §k2mpq (—) )
Y



_ 1\
As a consequence, the ball B,, with r = 2a + %kQ)\Q + %k‘2mpq (—) , is almost surely globally
Y

uniformly exponentially stable, which in turn gives the linear time—invariant stochastic perturbed
system (2.2) is almost sure globally uniformly practically exponentially stable. a

3 Application to stochastic perturbed bilinear systems
Let us consider the following bilinear system:
dx(t) = (Ax(t) + uBx(t)) dt, (3.1)

where z € R" is the state vector, u € R is the control input vector, A, B € R"*" are constant
matrices.

Assume that some parameters are excited or perturbed by Brownian motion, and the per-
turbed stochastic bilinear system is expressed by the following form:

dz(t) = (Ax(t) + uBx(t)) dt + G(t, z(t))d B, (3.2)

where G : Ry x R®" — R"™™ B, = (By(t),..., B,(t))" is an m-dimensional Brownian motion
defined on a complete probability space (2, F,P).
The associated closed—loop stochastic system with a constant feedback u = u is given by:

dz(t) = (Ax(t) + uBx(t)) dt + G(t, x(t))dB;. (3.3)

Our main objective in this section is to state sufficient conditions ensuring the almost sure
practical uniform exponential stability of the stochastic perturbed bilinear system (3.2). If we
suppose that the perturbation term is bounded, then the origin is not necessarily an equilibrium
point of the stochastic perturbed bilinear system (3.2). That’s why, we will study the conver-
gence of the solutions toward a neighborhood of origin.

Let us now state some assumptions, which we will impose it later on:

(A;) There exists a stabilizing constant feedback u, such that Re (A + uB) < 0.
(ReA(A) denotes the real parts of the eigenvalues of matrix A).

(Ay) There exists a continuous nonnegative known function ¢(t), such that

1G(t,x)|| < e(t), VzeR", Vt>0.

10



The bounds of the nonlinearities must be in general related to the dynamic of the nominal
system, and in our situation, they should be small enough. A restriction on the function ¢(t)
will be imposed to study the asymptotic behavior of the stochastic perturbed bilinear system
(3.2).

(Aj3) The continuous nonnegative function ¢(t) satisfies

+oo
/ ©*(s)ds < +o0,
0

or
p(t) < @ < +oo, Vt>0.

Theorem 3.1. Under assumptions (Ay) — (Ajs) the stochastic perturbed bilinear system (3.3) is
almost surely globally practically uniformly exponentially stable.

Proof of Theorem 3.1. Let A = A + @B, then the solution with initial condition z, of the
closed-loop stochastic system (3.3) expressed by the following:

- t _
z(t) = e zg + / e =4 G (s, 2(s))dB,. (3.4)
0
Assign € €]0, 1] arbitrarily, and let n = 1,2, --- . Then, using Lemma 2.3, we obtain
! ; t , 21 n
P o [ [ et G0 atam =5 [ A7 G ot as] = 2 <
o<t<n [Jo 2.Jo e n n

By an application of the well known Borel-Cantelli lemma, we see that for almost all w € ,
there exists an integer ng = ng(w), such that if n > ng, it yields that

21n(n)

t B t _
/O A Gls,(s)dB, < 2 g/o =412 1(G(s, 2(s))||2ds, for all 0 <t < n. (3.5)

Based on assumption (A;), since A + uB the state feedback stabilization problem reduces to
designing u to assign the eigenvalues of A + uBB in the open left-half complex plane. This yields
that there exist two nonnegative constants py and puso, such that

[[e]] = (e8| < e+, (3.6)
where 1, < min |Re (Xi(A+uB)) |.
Using inequality (3.5), we have

i e [ Y 21n(n
eIl < 1 loll + 5 [ 12 1606, sl lPds + 220, for a0 < 1., > o
0

11



This together with (3.6), implies
e ", 9 21n(n)
lz(@)]] < puallzolle™ + 5/ pie 2 0I|G (s, 2(s))[[Pds + ==, for all0 <t <, n > no.
0 e n

Using assumption (\As), one obtains

! 21
l|lz()|| < pal|zo]le ™" + %,u%eQ“?t/o 2502 (s)ds + B nin)) for all0 <t < n, n > ny.

Since the nonnegative continuous function ¢(t) satisfies condition (As), then there exists m > 0,
such that

t
et [ s <m, w20
0

=2

where m = min (2(’0

20’

!|s0||%)- Using (2.6), one obtains
2
[z ()] < pal|zo|le 2" + %/ﬁm + ga, for all0 <t <mn, n> ny.

Letting ¢ — 1, we deduce that

2
HyTm

lz(@)]] < pallwolle™ + ==+ 20, as.

2
HyTm

Finally, the ball B, with r =

That is, the stochastic perturbed bilinear system (3.2) is almost sure globally practically uni-
formly exponentially stable. a

+ 2« is almost surely globally uniformly exponentially stable.

A simple extension can be done, if we replace the assumption (Az) by the following assump-
tion on the perturbed term.

(Aj) There exist a nonnegative p and a continuous positive function ¢(¢), such that
1G(t 2)|I* < e (ullz|”+ &(t), 0<q<1, Yz €R", ¢ >0,
where ¢ satisfies

+o00
/ " o(s)ds = p < +00. (3.7)
0

Theorem 3.2. Under assumptions (A1) and (A}), the stochastic perturbed bilinear system (3.2)
1s almost surely globally practically uniformly exponentially stable.

12



Proof of Theorem 3.2. The solution with initial condition zy of the closed—loop stochastic
system (3.3) expressed by the following:

~ 3 ~
z(t) = e —l—/ e =94G (s, 2(s))dB,.
0

Similar to the proof of Theorem 3.1, under assumption (A;) and Lemma 2.3, we obtain

t
_ € _ s 21In(n
2@ < pullzolle ’“t+§/ e |G (s, 2(s))l[*ds + 7(1)’
0

forall 0 <t <n, n>ng.

Taking into account assumption (Aj), it yields that

t
_ € 2 (t—8) — L1 _ 21n(n
e < plleoller= + 5 [ e emser i) + () s + 20,
0

for all0 <t <n, n > ny.

That is,
o0l < lllle= -+ S [ eareoser a1+ pts)) ds-+ 22,

for all 0 <t <n, n>ng.
Hence, it yields that

ool < e+ Sude=2t [ oo Gt + () ds + 220,
forall 0<t<mn,n>ny.
Multiplying both sides by e#2t, it follows that

ool < e + Sptet [ e (st + o)) ds + 222

< ]+ St [ e (o) + p(s) ds + 2L,

forall 0<t<n, n>ny.

13



Using (2.6), it comes that

t t
3 € . 2
[l ()" < pallzoll + §u?u/ e[|z (s)[|"ds + §u?/ e (s)ds + —aet™
0 0

t —+o0
€ € 2
3mmm+§ﬁg/wﬂuwww+§ﬁ/ e p(s)ds + Zae,
0 0

forall 0 <t <mn,n>ng.
Using (3.7), it follows that

€
2

3

2
M1Q+2

2 t
@l < pllaoll + 2ae + i [ et s,
0

forall 0 <t <n, n>ng.

Setting V' (t) = e*?*||x(t)||, we see that

3

t
£
SHiO+ Sp / =Y 4 () ds,
0

2
V(t) < pal|zo]| + et +
€ 2
That is,

t
V(t) <e(t)+C / U= Dn23y/4(5) (s,
0

2 £ 3
where €(t) = p1||zo|| + goze’m + 5/@@, C = é,uf,u.

Applying the Gamidov inequality (Lemma 2.5), it yields that

t 1—gq I—q
V(t) <e(t)+ Cp? (/ exp (1 qu) ds)
o _
t 1—q
< e(t)+ Cp? </ e“2sds)
0

1\
_ e(t) + Cpt (_) 6uz(l—q)t7
H2

forall 0 <t <n, n>nyg.

That is, one obtains

1\'¢
2|z (t)]| < e(t) + Cpt <—) er2(1-0)t
M2

forall 0 <t <n, n>ng.

14



As a consequence, it yields that
1 1—q 1 1—q
[z (t)|| < e(t)e ™" + Cp? <—) e~ 12t < e(t)e "t + Cpt <—) :
2 H2

forall 0 <t <n, n>ng.

Hence, we see that

3

_ 2
le @)1 < pllolle™ + Za +

€ 1\"?
proe + S (—) et
H2
q

2 € € 1\
< —p2t | = =2 2,4 =
< pullwolle™! + Za + Sl + Spipp (m) :
forall 0 <t <n, n>nyg.

Letting ¢ — 1, we deduce that

2 2, .4 1 1—q
()] < smllaolle™s + 20+ £1€ 4 1P (—) as.
2

2 2, q 1 1—q
As a consequence, the ball B,, with r = 2a + % + ,ul,;tp (—> , 1s almost sure globally
H2

uniformly exponentially stable, which in turn gives the stochastic perturbed bilinear system (3.3)
is almost sure globally uniformly practically exponentially stable. a

Now, we will impose another class of the stochastic perturbed bilinear system (3.3) that can
be stabilizable by constant feedback.
(Aj5) There exists a continuous nonnegative known function ((t), such that
1G(t,2)|* < e ((t)||z]|, z€eR", >0, (3.8)
where ((t) satisfies the following condition:

400
/0 (1) < e. (3.9)

Theorem 3.3. Under assumptions (Ay) and (A}), the stochastic perturbed bilinear system (3.2)
15 almost surely globally practically uniformly exponentially stable.

In order to prove Theorem 3.3 we need to recall the following integral inequality.

15



Lemma 3.4. [15] Let a(t),b(t), c(t), u(t) be continuous functions for t > 0, and b(t) be nonneg-
ative fort > 0, suppose that

u(t) < a(t) + /0 [b(s)u(s) + c(s)] ds.

Then,

Corollary 3.5. [15] For a(t) = a, we have

u(t) < aexp ( /0 t b(T)dT) + /0 " (s) exp ( / t b(T)dT) ds.

Proof of Theorem 3.3. The solution with initial condition zy of the closed-loop stochastic
system (3.3) expressed by the following:

- t _
z(t) = e zy + / =94 G(s,1(s))dB,. (3.10)
0

Using Lemma 2.3, it follows that

i e [t Y 2In(n
el < e ol + 5 [ 412 16 oI Pds + 222 for a0 < <, 2
0

Using assumption (A;), one obtains

e[| = [Je AT D] < e, (3.11)
where 15 < 1121%171 |Re (Ni(A+uB))|.
Based on (3.11) and assumption (.A%), one obtains

t 21
lz()]| < pal|zolle 2" + gu%e_z’m/ et C(s)||z(s)||ds + E?’ for all0 <t <n, n > ny.
0

Multiplying both sides by e#2!, it comes that

t 21
e / e ¢(s) | (s) s + 220 g,
0 e n

t 21
< mllaall + 51 [ eog(o)lla(s)ds + 2ROt for a0 < 1 <, m >
0

3

e @)l < pullzoll + 3

16



Let U(t) = e*?*||x(t)||, then we see that

t 21
U(t) < pullzol| + g,uf/o C(s)U(s)ds + —%e’”t, for all0 <t < n, n > ny.
Using (2.6), it yields that

2 Lot

()<M1H$0H+ M1 C d8+804€
2 t

= pu||wol| + ,ul/ (s ds+—— e“QSds, for all0 <t <mn, n > ng.

€ f2

Applying the Gronwall inequality (Corollary 3.5), it yields that

te L9 o te |
U(t) < jur|[o] | exp ( / —ulc<s>ds)+ [ 2o ( / —ulcmdr) s
0 2 0o € U2 s 2
+oo t2 +oo
< urllol exp / £ 2¢(s)ds ) + / 29 s oxp / £ ,2¢(r)dr ) ds,
0 2 0o € U2 0 2

forall0 <t <n, n > nyg.

Taking into account (3.9), it follows that

€ 2 5
U() < llsllexp (5130) + [ 2o exp (St ds
2 0o € U2 2

€ 2 « €
< mllaollexp (50i0) + e e (5u30).
2

Thus, one obtains

€ 2 a I
euthl’(Zf)H < l|xol| exp <§M%@) + gﬁeuzt exp (§M%@> ’

2
forall 0 <t <n, n>nyg.
Then, it follows that

2 «
IOl < pesp (30) e laoll + - exp (5430)
2
forall 0 <t <n, n>ng.

Letting ¢ — 1, it yields that

20 2 u30
oo < exp (157 ) e linl] + 2 exp (117 0

17



2 2
Finally, the ball B, with r = —C; e (HIT , is almost sure globally uniformly exponentially
Ha
stable, that is the stochastic perturbed bilinear system (3.3) is almost sure globally practically
uniformly exponentially stable. a
Example 3.6. Let consider the following stochastic perturbed bilinear system:

dz(t) = (Ax(t) + uBx(t))dt + G(t, x(t))d By,

where x = (z1,7,) € R%

A:<§ 01), B:(_Ol 8) G(t, )

{ Gi(t,z) = sin(zy)e™*

Go(t,z) =¢e"", ¢ >0.
The stochastic system (8.12) can be regarded as a bilinear perturbed system of:

(3.12)

(g0,

with

dx(t) = (Ax(t) + uBz(t))dt.

(3.13)
The unperturbed nominal system is globally exponentially stabilizable by the constant feedback

u(x) =0, o > 2, since the closed-loop system dx(t) = (A + uB) zdt satisfies ReA(A) < 0, as we
can see in the following Fig.1, for o = 3.

2
X,
|
| *
|
|
1.5 -||
|
!
1
1
|II
x 17
= 1
8 |
= |
= |
C% Py
osH
II ‘\
Voo
0
. \H"
D_ e —
0.5 * * *
o 2 4 5] a8 10 12 14 16 18

20
Time (s)

Figure 1: Time evolution of the states z1(t) and xo(t) of the bilinear system (3.13)
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On the other side, we have
1G(t, 2)|] = Gi(t, x) + G5 (t, ).

That is, we have
1G(t, 2)||* = sin®(z)e " + e~ 5" < 2e7 .

It is clear, that assumption (As) is satisfied with o(t) = v/2e<".
Hence, all conditions of Theorem (3.1) are satisfied. Thus, the stochastic perturbed bilinear

system (3.12) is almost sure globally practically uniformly exponentially stable, as we can see
Fig.2 and Fig.3, for ¢ =1.

1471

1.2

|
0.8 L
0.6 |
D4 [ W |

0.2r

0 05 1 15 2 25 3 35 4 45 5
Time

Figure 2: Time evolution of the state x;(t) of the stochastic perturbed bilinear system (3.12),
with five different Brownian motions
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Figure 3: Time evolution of the state z5(t) of the the stochastic perturbed bilinear system (3.12),
with five different Brownian motions

4 Stabilization within a bilinear approximation

In this section, we prove the almost sure local uniform exponential stability to a small ball for
stochastic perturbed affine system. We will investigate the asymptotic behavior of the solutions
in the sense that the trajectories converge to a small ball centered at the origin B,.(0,7), r > 0
small enough in such away B(0,r) C B(0,7n) and for all solutions starting from B(0,7n) \ B(0,r),
will approach exponentially to B(0,r) for ¢ large enough. We consider the stochastic perturbed
affine system in closed—loop with the constant feedback u for ¢ large enough.

Let’s consider the following affine system:

dr = (f(z) + ug(x)) dt, (4.1)

where © € R” is the state vector, u € R" is the control input vector, f, g are two smooth
functions defined on R™, with f(0) =0, ¢g(0) = 0.

Assume that some parameters are excited or perturbed by Brownian motion, and the per-
turbed stochastic system system is given by the following form:

dz(t) = (f(z) + ug(z)) dt + G(t,x(t))dB;. (4.2)

20



where G : Ry x R" — R™™ B, = (Bi(t),..., Bu(t))" is an m-dimensional Brownian
motion defined on a complete probability space (2, F,P). We assume that there exist ¢ such
that G(t,0) # 0.
The associated closed—loop stochastic system with a constant feedback u = u is expressed by
the following:
dx(t) = (f(x) + ug(x)) dt + G(t, 2(t))dB,. (4.3)

Since f and g are smooth functions, locally on a certain neighborhood of the origin V(0),
then we can write f(x) and g(x) as the following:

f(x) = Az +xi(z), and g(z) =Bz + x2(x),

with
Da@Ill _ oy [Pe@ll

e Y e Y
Then, the closed-loop stochastic system (4.3) can be written as the following:
dx(t) = (Ax + uBzx) dt + (x1(z) + axa(x))dt + G(t,x(t))dB;, Vz € V(0). (4.4)
Let x(z) = x1(z) + ux2(x), then the stochastic system (4.4) can be regarded as follow:
dx = (Ax + uBx + x(z)) dt + G(t,x(t))dB;. (4.5)
(A4) There exist two continuous positive functions 1 (t) and ps(t), such that

16, 2)I]* < e (pr(D)l|2]] + pa(t)), ¥z €R", ¢ >0,

where ¢, and ¢, satisfy, the following condition:

+oo
/ v1(8)ds = @1 < +00, (4.6)
0

and .
/ el py(s)ds = Py < +00. (4.7)
0

Theorem 4.1. Under assumptions (Ay) and (Ay) the stochastic perturbed affine system (4.3) is
almost surely practically uniformly exponentially stable.

Proof. The solution of the stochastic system (4.5) with initial condition zy is given by the
following:

x(t) = e g + /Ot e(tfs)‘ix(a:(s))ds + /Ot elt=9)4 G(s,x(s))dBs. (4.8)
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Similar to the proof of Theorem (3.1), under assumption (.4;) and Lemma 2.3, we obtain

21n(n)

t t
— - —S € - —S
(O] < laalle ™+ [ e Gao)ds + 5 [ aie G as)) s + 20
0 0

forall 0 <t <n, n>ng.

Since, liH(l] = 0, then for a given constant § > 0, there exists 19 > 0, such that Vx €
T—

B(0,7n9) C B(0,n), for all t > 0, one obtains

[Ix(@)I] < 6lf].

0
For § = ﬁ, it yields that
H1

0
Iv@) <22, 0<f<1.
M1

Taking into account assumption (Ay), we have

t 0 € t
(Ol < aliaolle™ + [ eI () ds 45 [ e

2
< (] + pals) ds + )

t
= plfaolle =+ Bpze [ e fa(s) s
0

2In(n)

t

[

1 & e / 6% (i1 (5)|e(3)]| + ps(s)) ds + 2201,
2 0 En

for all0 <t <n, n > nyg.

Multiplying both sides by e#?!, one obtains

pot ' n2s € 9 —pat ! n2s 2111(72) pot
o)l < palooll + 0 [ e ln(s)lds + et [ (o llal] + pa(s)) ds + 2T
0 0
¢ € ! 21In(n
< allzoll + 0 [ e lla(s)lds + 5 [ e (o))l + pals)) ds + 2t
0 0

for all0 <t <n, n > nyg.
Let V() = e”2!||z(t)||, we sce that

B t t B t 21
V(t) < pulloll + Opz / V(s)ds + 511 / P1(s)V (s)ds + Sp2 / 6“28g02(5)ds+gMe”2t,
0 0 0

n
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for all0 <t <n, n > nyg.

Using (2.6), we obtain

_ ¢ € € t 2
V() < pllaoll + [ (Ba+ Sptea(s)) V(s)ds + 54 [ empals)ds + Zacr
0 0 €
¢ € ~ £
< mllaoll+ [ (0 Sitens)) Visds + 5
0

for all0 <t <n, n > ny.

+o0o 2
it [ e pals)ds + Zac,
0 19

Now, using condition (4.7), it yields that
t

€ t € ~ 2 «
< 2= -2 el n2s
V(t) < <N1H930H + 2#1%) +/0 <9M2 + 2#1901(3)> V(s)ds + cm ) el?*ds,

for all0 <t <n, n > nyg.

Applying, the Gronwall lemma 3.5, one obtains

— £ _ ¢ g
Vo) < (allooll + Sutee) exp ([ b+ Sutetsnts )
0

"2 a ¢ € o
+/ ——el?exp (/ Ope + —ulgol(T)dT) ds,
0 € M2 s 2
for all0 <t <n, n > nyg.

Thus, we have

_ £ € “+oo
V) < (llell + o) exp(Gpatyxo (55 [ (el
0

t
2
0

for all0 <t <n, n > ny.

Based on condition (4.6), it yields that
_ E o _ € o _
V(t) < (Nl”%” + 5#?%) exp(Qpuat) exp (ﬁu?%)

2 t
+ 2o exp <EN%@1> 69M2t/ eh2(1=0)s 1o
€ M2 2 0

€ o _ € o
< (ull\fcol\ + 5#?@2) exp(fpat) exp (5@01)
2« € 9 1 Ouat 1-6)t
+ ——exp (— ) ——efmatn2(1=00
€ o 2% p2(1 —0)
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for all0 <t <n, n > nyg.
That is, one obtains
_ € o_ € o
V(t) < (Ml”%” + 5#1@@2) exp(fat) exp <§u1901>
2 a € o_ 1 ¢
2% (Spn)
€ 2 p/1¥1 p2(1 —0)
for all0 <t <n, n > nyg.
As a consequence, we deduce
€ 9_ —p2(1-0)t | € 2 _ € 2\ —ua(1-6)t
[l < pexp (5101 ) lzolle +opaexp (G ) e
LEe 1 . (2 o )
S ————=exp | - :
2 pg pa(1 —0) ghvt
for all0 <t <n, n > ny.

That is,

£
2

€ € 2 « 1 €
Dl < <_ 2—) —p2(1-6)t 2~ <_ 2—> & (_ 2—)7
eI < prexp (51 ) [laolle ghi e (Guier) + 2 exp (i
forall0 <t <n, n > nyg.

Letting, ¢ — 1, it follows that

1, e 1 1, 20 1,
||z(®)]] < g exp (51@1) [[olle™2( 0" 4 S pia exp (515‘{@01) T g P (§u?s@1> , as.

2
Finally, the ball B, with r = 3@, exp (3pi¢1) + ﬁ exp (343%1), is almost sure uni-
Ha(L —
formly exponentially stable, thus the stochastic perturbed affine system (4.3) is almost surely
practically uniformly exponentially stable. O

Example 4.2. Let consider the following stochastic perturbed affine system:

—t)2

dx1(t) = (x1 cos(x1) — usin(xy)) dt + (\/ea(t)

dxs(t) = (—xq — sin(zy) cos(z)) dt, 0 > 2.

T —l—e‘ﬂ/%) dB
1] ! (4.9)
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The previous system can be written as:
dx(t) = (f(z(t)) + ug(x(t)))dt + G(t, z(t))d By, (4.10)

with x = (x1, 1) € R? is the state of the system, u € R is the input,

—t/2
x1 cos(xq) —2sin(z) L 21| + e~ /2
fw={ a(e) = Y G = ) VA
—1x1 — sin(xq) cos(zy). 0. 0

The stochastic system (4.10) can be regarded as a perturbed affine system of the following:

dz(t) = (f(z) + ug(x))dt. (4.11)

The bilinear approzimation for the associated nominal system of (4.11) is the following:

dx(t) = (Ax + uBz) dt, (4.12)

(1) e(38)

Notice that, the previous approximation can be done in a small neighborhood of the origin. It

where

means that there exists n > 0, such that for all x € B(0,n) the passage from affine system to
bilinear system is possible. The objective is to seek a constant r > 0 small enough in such away
B(0,r) C B(0,n) and all solutions starting from B(0,n) \ B(0,r), will approach exponentially to
B(0,r) fort large enough. The unperturbed nominal bilinear system (4.12) is globally uniformly
exponentially stabilizable by the constant feedback u(x) = ug, ug > 1, since the closed-loop system

dz(t) = (A+ uB)xdt satisfies ReA(A), as we can see in Fig.4 (for ug = 2). That is, one has

the following estimation:
||€t(A+ﬂB)|| < ,Ule_mt-
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3.5

—————

Solution x

_DS 1 1 1 i 1 1 1 1 i
0 2 4 G 8 10 12 14 16 18 20

Time (s)

Figure 4: Time evolution of the state z(t) and z5(¢) of the bilinear system (4.12)

In the sequel, we will choose py = 1. On the other side, based on the fact that, (a + b)" <
2" (@™ + "), for all a,b > 0, n > 1, one obtains:

1G(t,2)]]* <2

2
h(t)‘le— e

2
2 —(9-1)t
(C Sesllel + 26

eIzl + p2(2)

2
where p1(t) = a0 and py(t) = 2=Vt which satisfy both conditions (4.6) and (4.7) of

Theorem 4.1. That s, all conditions of Theorem 4.1 are fulfilled and then stochastic perturbed

affine system (4.9) is almost surely practically uniformly exponentially stable, as shown in Fig.4
and Fig.5, for ¥ = 4.
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Figure 5: Time evolution of the state x1(t) of the stochastic affine system (4.9), with five different
Brownian motions
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Figure 6: Time evolution of the state x4(t) of the stochastic affine system (4.9), with five different
Brownian motions
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5 Conclusion

In this paper, we investigate the problem of stabilization of stochastic perturbed control-bilinear
systems under some restrictions on the bound of perturbations. Also, we prove that the problem
of stabilization of stochastic perturbed affine system can be performed by considering a bilin-
ear approximation. The principal technical tool for deriving stabilization results is generalized
Gronwall inequalities. Further, we provide different examples to validate the developed methods.
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