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Abstract. A non-autonomous stochastic delay wave equation with linear memory and nonlinear
damping driven by additive white noise is considered on the unbounded domain Rn. We establish

the existence and uniqueness of a random attractor A that is compact in C([−h, 0];H1(Rn)) ×
C([−h, 0];L2(Rn))× L2

µ(R+;H1(Rn)) with 1 6 n 6 3.
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1. Introduction. Wave equations with delay terms are basic modeling tools in the analysis of
oscillatory phenomena including aftereffects, time lags or hereditary characteristics [17, 20, 34, 39],
as the deformation of viscoelastic materials [9, 11, 12, 25] or the retarded control of the dynamics of
flexible structures [21, 24, 26]. In this paper, we consider the asymptotic behavior of the following
non-autonomous stochastic delay wave equation on Rn with linear memory and nonlinear damping
driven by additive white noise:

∗ Corresponding author.

This work was supported by NSF of China (Grants No. 41875084, 11801335). The research of T. Caraballo has
been partially supported by Ministerio de Ciencia, Innovación y Universidades (Spain), FEDER (European Com-
munity) under grant PGC2018-096540-B-I00, and by FEDER and Junta de Andalućıa (Consejeŕıa de Economı́a y
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∂2u

∂t2
+ J

(
∂u

∂t

)
− k(0)∆u+ λu−

∫ ∞
0

k′(r)∆u(t− r)dr

+F (x, u) = f(x, u(t− ρ(t))) + g(x, t) +

m∑
j=1

hj(x)ẇj , t > τ, x ∈ Rn,

u(t, x) = φ(t− τ, x), t 6 τ, x ∈ Rn,
∂u

∂t
(t, x) =

∂φ

∂t
(t− τ, x), t 6 τ, x ∈ Rn,

(1)

(Yejuan, we have not said anything about the initial function φ. Should we say something?) where
1 6 n 6 3, λ, k(0) > 0 and k′(0) 6 0 for every r ∈ R+, τ ∈ R is an initial time, φ is an initial datum
on (−∞, 0], for each j = 1, . . . ,m, hj(x) ∈ Lp(Rn) ∩H1(Rn), {wj}mj=1 are independent two-sided
real-valued Wiener processes on a probability space which will be specified below, and the other
symbols satisfy the following conditions:

(H1) There exist two constants β1, β2 such that

J(0) = 0, 0 < β1 6 J
′(v) 6 β2 <∞.

(H2) The memory kernel µ := −k′(r) satisfies µ ∈ C1(R+) ∩ L1(R+), µ(r) > 0, µ′(r) + σµ(r) 6 0,
∀r ∈ R+ and some σ > 0, and we will denote m0 =

∫∞
0
µ(r)dr.

(H3) There exist a function k1 ∈ L2(Rn) and a positive constant k2 such that f ∈ C(Rn × R;R)
and ρ ∈ C1(R; [0, h]) satisfy

|f(x, ν)|2 6 |k1(x)|2 + k2
2|ν|2, ∀x ∈ Rn, ν ∈ R,

|ρ′(t)| 6 ρ∗ < 1, ∀t ∈ R,
where h > 0 is a given positive number, which will denote the delay time.

(H4) Let G(x, u) =
∫ u

0
F (x, s)ds, where F (x, ·) ∈ C(Rn × R;R), and there exist functions k3 ∈

L2(Rn), k6, k8 ∈ L1(Rn) and positive constants k4, k5, k7 such that

|F (x, u)| 6 |k3(x)|+ k4|u|p−1, ∀x ∈ Rn, u ∈ R,

G(x, u) > k5|u|p − k6(x) and F (x, u)u > k7G(x, u)− k8(x), ∀x ∈ Rn, u ∈ R,
where 2 6 p <∞ if n = 1, 2 and 2 6 p < 4 if n = 3.

(H5) The external force g ∈ L2
loc(R;L2(Rn)) is such that∫ t

−∞

∫
Rn
eαr|g(r, x)|2dxdr <∞, ∀t ∈ R,

which implies that

lim
K→∞

∫ t

−∞

∫
|x|>K

eαr|g(r, x)|2dxdr = 0, ∀t ∈ R,

where α > 0 will be given in Lemma 10.

Deterministic autonomous or non-autonomous damped wave equations with memory or no mem-
ory were studied by many authors in regard to global attractors, uniform attractors or pullback
attractors, see [2, 3, 4, 5, 7, 8, 14, 16, 19, 25, 27, 29, 30, 36, 41, 42] and the references therein. The
random attractors for autonomous or non-autonomous stochastic wave equations with memory or
no memory were explored in [10, 13, 18, 22, 28, 31, 33, 38, 40, 43].

The existence of pullback attractors for deterministic damped wave equations with variable
delays in bounded domains was initially established in [6], and then extended to the case with
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non-Lipschitz nonlinearities in [35, 37]. The goal of this paper is to establish the existence and
uniqueness of random attractors for the stochastic delay wave equation (1) with linear memory
and nonlinear damping on an unbounded domain. Since Sobolev compact embedding is lost for
unbounded domain, here we shall present some new uniform estimates on both the tails and the
bounded truncations of solutions to prove the asymptotic compactness of system (1). Note that Eq.
(1) is a damped wave equation with variable delay, non-autonomous and stochastic forcing terms,
so the problem is not only stochastic but non-autonomous as well. Therefore, in order to study the
long term behavior of problem (1), we shall use the general theory of attractors for non-compact
random dynamical systems introduced in [32].

This paper is organized as follows. In Section 2, we recall some basic concepts and results related
to non-autonomous random dynamical systems and global pullback attractors. In Section 3, we
define a non-autonomous random dynamical system for (1). Section 4 is devoted to the existence
and uniqueness of the pullback attractor.

2. Preliminaries. We recall some basic definitions for non-autonomous random dynamical sys-
tems and some results ensuring the existence of random attractors for these systems. The reader
is referred to [32] for more details.

Let (Ω,F ,P) be a probability space, and (X, d) be a Polish space with Borel σ-algebra B(X).
Let 2X be the collection of all subsets of X. The Hausdorff semi-distance between two nonempty
subsets A and B of X is defined by

d(A, B) = sup{d(a, B) : a ∈ A},
where d(a, B) = inf{d(a, b) : b ∈ B}. Denote by Nr(A) the open r-neighborhood {y ∈ X :
d(y,A) < r} of radius r > 0 of a subset A of X.

Definition 1. Let (Ω,F ,P, {θt}t∈R) be a metric dynamical system. A mapping Φ : R+×R×Ω×X →
X is called a continuous cocycle on X over (Ω,F ,P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R+,
the following conditions are satisfied:

(1) Φ(·, τ, ·, ·) : R+ × Ω×X is a (B(R+)×F × B(X),B(X)) measurable mapping;

(2) Φ(0, τ, ω, ·) is the identity on X;

(3) Φ(t+ s, τ, ω, ·) = Φ(t, τ + s, θsω,Φ(s, τ, ω, ·));
(4) Φ(t, τ, ω, ·) : X → X is continuous.

Definition 2. (See [32].) A collection D of some families of nonempty subsets of X is said to be
neighborhood closed if for each D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exists a positive number ε
depending on D such that the family

{B(τ, ω) : B(τ, ω) is a nonempty subset of Nε(D(τ, ω)),∀τ ∈ R,∀ω ∈ Ω} (2)

also belongs to D.
Note that the neighborhood closedness of D implies for each D ∈ D,

{D̃(τ, ω) : D̃(τ, ω) is a nonempty subset of D(q, ω),∀τ ∈ R,∀ω ∈ Ω} ∈ D. (3)

A collection D satisfying (3) is said to be inclusion-closed in the literature, see, e.g., [15].

Definition 3. (See [32].)

(1) A set-valued mapping K : R × Ω → 2X is called measurable with respect to F in Ω if the
value K(τ, ω) is a closed nonempty subset of X for all τ ∈ R and ω ∈ Ω, and the mapping
ω ∈ Ω→ d(x, K(τ, ω)) is (F ,B(R))-measurable for every fixed x ∈ X and τ ∈ R.
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(2) Let D be a collection of some families of nonempty subsets of X and K = {K(τ, ω) : τ ∈
R, ω ∈ Ω} ∈ D. Then K is called a D-pullback absorbing set for Φ if for all τ ∈ R, ω ∈ Ω and
for every B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exists T = T (B, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)) ⊆ K(τ, ω), ∀t > T.
If, in addition, for all τ ∈ R and ω ∈ Ω, K(τ, ω) is a closed nonempty subset of X and K is
measurable with respect to the P-completion of F in Ω, then we say K is a closed measurable
D-pullback absorbing set for Φ.

(3) Let D be a collection of some families of nonempty subsets of X. Then Φ is said to be D-
pullback asymptotically upper-semicompact in X if for all τ ∈ R and ω ∈ Ω, the sequence
Φ(Tn, τ − Tn, θ−Tnω, xn) has a convergent subsequence in X whenever Tn → +∞ (n → ∞),
xn ∈ B(τ − Tn, θ−Tnω) with B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.

Definition 4. Let D be a collection of some families of nonempty subsets of X and A = {A(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D. Then A is called a D-pullback attractor for Φ if it satisfies:

(1) For every τ ∈ R, A(·, τ) : (Ω,F ,P) is measurable, and A(τ, ω) is compact in X.
(2) A is invariant, that is, for every τ ∈ R and ω ∈ Ω,

Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω), ∀t > 0.

(3) A attracts every member of D, that is, for every B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D and for
all τ ∈ R and ω ∈ Ω,

lim
t→+∞

d(Φ (t, τ − t, θ−tω,B(τ − t, θ−tω)), A(τ, ω)) = 0.

Definition 5. Let B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} be a family of nonempty subsets of X. For every
τ ∈ R and ω ∈ Ω, let

Θ(B, τ, ω) =
⋂
s>0

⋃
t>s

Φ (t, τ − t, θ−tω,B(τ − t, θ−tω)).

Then the family {Θ(B, τ, ω) : τ ∈ R, ω ∈ Ω} is called the Θ-limit set of B and is denoted by Θ(B).

Theorem 6. (See [32].) Let D be a neighborhood closed collection of some families of nonempty
subsets of X, and let Φ be a continuous cocycle on X over (Ω,F ,P, {θt}t∈R). Then Φ has a D-
pullback attractor A in D if and only if Φ is D-pullback asymptotically compact in X and Φ has a
closed measurable D-pullback absorbing set K in D. The D-pullback attractor A is unique and is
given, for each τ ∈ R and ω ∈ Ω, by

A(τ, ω) = Θ(K, τ, ω) =
⋃
B∈D

Θ(B, τ, ω). (4)

Remark 7. The concept of neighborhood closedness of D is used to consider the necessary condition
for the existence of a D-pullback attractor. It is obvious that the neighborhood closedness of D
implies the inclusion-closed of D, and we need the concept of inclusion-closed of D in order to
derive a sufficient condition for the existence of such attractor.

3. Cocycle for a stochastic damped wave equation on Rn. For the stochastic term in (1), we
assume that for each j = 1, . . . ,m, {wj}mj=1 are independent two-sided real-valued Wiener processes
on a probability space (Ω,F ,P), where

Ω = {ω = (ω1, ω2, . . . , ωm) ∈ C(R,Rm) : ω(0) = 0},
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F is the Borel σ-algebra generated by the compact-open topology of Ω, and P is the corresponding
Wiener measure on (Ω,F). Then we will identify ω with W (t), i.e.,

W (t) = (w1(t), w2(t), . . . , wm(t)) = ω(t) for t ∈ R. (5)

Define a group {θt}t∈R acting on (Ω,F ,P) by

θtω(·) = ω(·+ t)− ω(t), ω ∈ Ω, t ∈ R. (6)

Then (Ω,F ,P, {θt}t∈R) is a parametric dynamical system.
Given j = 1, . . . ,m, consider the one-dimensional Ornstein-Uhlenbeck equation

dzj + αzjdt = dwj(t). (7)

One may easily verify that a solution to (7) is given by

zj(t) = zj(θtωj) ≡ −α
∫ 0

−∞
eατ (θtωj)(τ)dτ, t ∈ R.

It is known that there exists a θt-invariant set Ω̃ ⊆ Ω of full P measure such that zj(θtωj) is

continuous in t for every ω ∈ Ω̃, and the random variable |zj(ωj)| is tempered. Hereafter, we will

not distinguish Ω̃ and Ω, and write Ω̃ as Ω.
It follows from Proposition 4.3.3 in [1] that there exists a tempered function r(ω) > 0 such that

m∑
j=1

(
|zj(ωj)|2 + |zj(ωj)|p

)
6 r(ω), (8)

where r(ω) satisfies, for every ω ∈ Ω,

r(θtω) 6 e
α
2 |t|r(ω), t ∈ R. (9)

Then (8) and (9) imply that, for every ω ∈ Ω,

m∑
j=1

(
|zj(θtωj)|2 + |zj(θtωj)|p

)
6 e

α
2 |t|r(ω), t ∈ R. (10)

Putting z(θtω) =
∑m
j=1 hjzj(θtωj), by (7) we have

dz + αzdt =

m∑
j=1

hjdwj .

Let η(t, x, r) = u(t, x) − u(t − r, x), and ξ = ∂u
∂t + δu where δ > 0 will be fixed later. Then (1)

can be written in the form of the following equivalent system

∂u

∂t
+ δu = ξ,

∂ξ

∂t
− δξ + J(ξ − δu)−∆u+ (λ+ δ2)u−

∫ ∞
0

µ(r)∆η(r)dr

+F (x, u) = f(x, u(t− ρ(t))) + g(x, t) +

m∑
j=1

hj(x)ẇj ,

∂η

∂t
= ξ − δu− ∂η

∂r
,

(11)
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where for simplicity, µ(r) = −k′(r) and k(∞) = 1. Initial conditions are transformed into
u(t, x) = uτ (t− τ, x) = φ(t− τ, x), τ − h 6 t 6 τ, x ∈ Rn,

ξ(t, x) = ξτ (t− τ, x) =
∂φ(t− τ, x)

∂t
+ δφ(t− τ, x), τ − h 6 t 6 τ, x ∈ Rn,

η(τ, x, r) = u(τ, x)− u(τ − r, x) = φ(0, x)− φ(−r, x), r ∈ R+, x ∈ Rn.

(12)

To convert the stochastic wave equation to a deterministic one with random parameters, let us
consider a new variable given by v(t, x) = ξ(t, x)− z(θtω), where z(θtω) =

∑m
j=1 hjzj(θtωj). Then

the system (11)-(12) becomes

∂u

∂t
+ δu = v + z(θtω),

∂v

∂t
− δv + J(v − δu+ z(θtω))−∆u+ (λ+ δ2)u−

∫ ∞
0

µ(r)∆η(r)dr

+F (x, u) = f(x, u(t− ρ(t))) + g(x, t) + (α+ δ)z(θtω),
∂η

∂t
= v − δu+ z(θtω)− ∂η

∂r
,

(13)

with initial conditions
u(t, x) = uτ (t− τ, x) = φ(t− τ, x), τ − h 6 t 6 τ, x ∈ Rn,

v(t, x) = vτ (t− τ, x) =
∂φ(t− τ, x)

∂t
+ δφ(t− τ, x)− z(θtω), τ − h 6 t 6 τ, x ∈ Rn,

η(τ, x, r) = u(τ, x)− u(τ − r, x) = φ(0, x)− φ(−r, x), r ∈ R+, x ∈ Rn.

(14)

Following Dafermos [11], introduce a Hilbert “history” space Rµ,1 = L2
µ(R+;H1(Rn)) with the

inner product and norm

(η, η1)µ,1 =

∫ ∞
0

µ(r)(∇η(r),∇η1(r))dr, ∀η, η1 ∈ Rµ,1,

‖η‖2µ,1 = (η, η)µ,1 =

∫ ∞
0

µ(r)(∇η(r),∇η(r))dr, ∀η ∈ Rµ,1,

and a new variable η(t, x, r) = u(t, x)− u(t− r, x).
Let (X, ‖ · ‖X) be a Banach space, we denote by CX the Banach space C([−h, 0];X) with the

sup-norm, i.e., ‖u‖CX = sups∈[−h,0] ‖u(s)‖X , for u ∈ CX . Given T > τ and u : [τ − h, T ) → X,

for each t ∈ [τ, T ) we denote by ut the function defined on [−h, 0] by the relation ut(s) = u(t+ s),
s ∈ [−h, 0].

Let H = L2(Rn) with norm | · |2 and inner product (·, ·), and let V = H1(Rn) with norm ‖ · ‖.
Denote by | · |p the norm of Lp(Rn). Set E = CV ×CH×Rµ,1. In the sequel, C denotes an arbitrary
positive constant, which may be different from line to line and even in the same line.

By the standard Galerkin approximation and compactness method, we have the following exis-
tence result of solutions for the problem (13)-(14):

Theorem 8. Suppose that (H1)-(H4) hold true and g ∈ L2
loc(R;H). Then for each τ ∈ R, ω ∈ Ω

and for any (uτ , vτ , η(τ)) ∈ E, there exists a solution (u(t), v(t), η(t)) to problem (13)-(14), and

u(·, τ, ω, uτ ) ∈ C([τ − h, T ];V ), v(·, τ, ω, vτ ) ∈ C([τ − h, T ];H),

η(·, τ, ω, η(τ)) ∈ C([τ, T ];Rµ,1), ∀T > τ.
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Proof. We divide the proof into two steps.
Step 1. Taking the inner product in H of the second equation of (13) with v, we find that

1

2

d

dt
|v|22 − δ|v|22 + (J(v − δu+ z(θtω)), v) + (λ+ δ2)(u, v)

+ (∇u,∇v)−
(∫ ∞

0

µ(r)∆η(r)dr, v

)
+ (F (x, u), v)

= (f(x, u(t− ρ(t))), v) +
(
g(t) + (α+ δ)z(θtω), v

)
. (15)

Since v = ∂u
∂t + δu− z(θtω), it follows from Young’s inequality that

(λ+ δ2)(u, v) >
(λ+ δ2)

2

d

dt
|u|22 +

δ(λ+ δ2)

2
|u|22 − C|z(θtω)|22, (16)

(∇u,∇v) >
1

2

d

dt
‖u‖2 +

δ

2
‖u‖2 − C‖z(θtω)‖2, (17)

(g(t) + (α+ δ)z(θtω), v) 6
β1

8
|v|22 + C|g(t)|22 + C|z(θtω)|22, (18)

and by (H3),

(f(x, u(t− ρ(t))), v) 6
β1

8
|v|22 +

2|k1|22
β1

+
2k2

2

β1
|u(t− ρ(t))|22. (19)

By Lagrange’s mean value theorem and (H1), we obtain that

(J(v − δu+ z(θtω)), v) = (J ′(ζ)(v − δu+ z(θtω)), v)

> β1|v|22 − J ′(ζ)|(δu− z(θtω), v)| > β1

2
|v|22 −

β2
2δ

2

β1
|u|22 − C|z(θtω)|22, (20)

where ζ is between 0 and v − δu+ z(θtω). Integrating by parts and from (H2), we have(
η,
∂η

∂r

)
µ,1

=

∫ ∞
0

µ(r)

∫
Rn
∇η(r)∇∂η(r)

∂r
dxdr = −1

2

∫ ∞
0

µ′(r)‖η(r)‖2dr > σ

2
‖η‖2µ,1, (21)

and thus

−
(∫ ∞

0

µ(r)∆η(r)dr, v

)
= −

(∫ ∞
0

µ(r)∆η(r)dr,
∂η

∂t
+ δu+

∂η

∂r
− z(θtω)

)
=

1

2

d

dt
‖η‖2µ,1 −

(∫ ∞
0

µ(r)∆η(r)dr, δu− z(θtω) +
∂η

∂r

)
>

1

2

d

dt
‖η‖2µ,1 +

σ

4
‖η‖2µ,1 −

2δ2m0

σ
‖u‖2 − 2m0

σ
‖z(θtω)‖2. (22)

Let G(u) =
∫
Rn G(x, u)dx. Then for the last term on the left-hand side of (15), by (H4) and

Young’s inequality, we deduce that

(F (x, u), z(θtω)) 6
∫
Rn

(
|k3(x)|+ k4|u|p−1

)
|z(θtω)|dx

6
1

2

(
|k3|22 + |z(θtω)|22

)
+
k5δk7

2
|u|pp + C|z(θtω)|pp

6
1

2

(
|k3|22 + |z(θtω)|22

)
+
δk7

2
G(u) + C|k6|1 + C|z(θtω)|pp, (23)
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which implies that

(F (x, u), v) = (F (x, u),
∂u

∂t
+ δu− z(θtω))

>
d

dt
G(u) +

δk7

2
G(u)− |k8|1 −

1

2

(
|k3|22 + |z(θtω)|22

)
− C|k6|1 − C|z(θtω)|pp. (24)

It follows from (15)-(20), (22) and (24) that

1

2

d

dt

(
|v|22 + ‖u‖2 + (λ+ δ2)|u|22 + ‖η‖2µ,1 + 2G(u)

)
+

(
β1

4
− δ
)
|v|22

+

(
δ(λ+ δ2)

2
− β2

2δ
2

β1

)
|u|22 +

(
δ

2
− 2δ2m0

σ

)
‖u‖2 +

σ

4
‖η‖2µ,1 +

δk7

2
G(u)

6
2k2

2

β1
|u(t− ρ(t))|22 + C|g(t)|22 + C + C(|z(θtω)|22 + |z(θtω)|pp + ‖z(θtω)‖2). (25)

Integrating (25) from τ to t, in view of (H4), we find that

|v(t, τ, ω, vτ )|22 + ‖u(t, τ, ω, uτ )‖2 + (λ+ δ2)|u(t, τ, ω, uτ )|22 + ‖η(t, τ, ω, η(τ))‖2µ,1

+ 2k5|u(t, τ, ω, uτ )|pp +

(
β1

2
− 2δ

)∫ t

τ

|v(r, τ, ω, vτ )|22dr

+

(
δ − 4δ2m0

σ

)∫ t

τ

‖u(r, τ, ω, uτ )‖2dr +
σ

2

∫ t

τ

‖η(r, τ, ω, η(τ))‖2µ,1dr

+

(
δ(λ+ δ2)− 2β2

2δ
2

β1

)∫ t

τ

|u(r, τ, ω, uτ )|22dr + δk7k5

∫ t

τ

|u(r, τ, ω, uτ )|ppdr

6 |v(τ, τ, ω, vτ )|22 + ‖u(τ, τ, ω, uτ )‖2 + (λ+ δ2)|u(τ, τ, ω, uτ )|22 + C

+ ‖η(τ, τ, ω, η(τ))‖2µ,1 + 2G(u(τ, τ, ω, uτ )) + C(t− τ) + C

∫ t

τ

|g(r)|22dr (26)

+
4k2

2

β1

∫ t

τ

|u(r − ρ(r), τ, ω, uτ )|22dr + C

∫ t

τ

(
|z(θrω)|22 + |z(θrω)|pp + ‖z(θrω)‖2

)
dr.

Let r′ = r − ρ(r), where ρ(r) ∈ [0, h] and 1
1−ρ′(r) 6

1
1−ρ∗ for all r ∈ R. Therefore,

∫ t

τ

|u(r − ρ(r), τ, ω, uτ )|22dr 6
1

1− ρ∗

∫ t

τ−h
|u(r′, τ, ω, uτ )|22dr′

6
1

1− ρ∗

(
h‖φ‖2CH +

∫ t

τ

|u(r′, τ, ω, uτ )|22dr′
)
. (27)

Choosing δ > 0 small enough such that

δ < min{β1

4
,
σ

4m0
} and δ(λ+ δ2)− 2β2

2δ
2

β1
> 0,
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in view of

G(u(τ, τ, ω, uτ )) =

∫
Rn
G(x, u(τ, τ, ω, uτ ))dx

6
1

k7

∫
Rn
F (x, u(τ, τ, ω, uτ ))u(τ, τ, ω, uτ )dx+

1

k7
|k8|1

6 C|u(τ, τ, ω, uτ )|22 + C|u(τ, τ, ω, uτ )|pp + C, (28)

then, it follows from (26)-(28) that

|v(t, τ, ω, vτ )|22 + ‖u(t, τ, ω, uτ )‖2 + (λ+ δ2)|u(t, τ, ω, uτ )|22 + ‖η(t, τ, ω, η(τ))‖2µ,1

+ 2k5|u(t, τ, ω, uτ )|pp 6 |v(τ, τ, ω, vτ )|22 + ‖u(τ, τ, ω, uτ )‖2 + C|u(τ, τ, ω, uτ )|22

+ ‖η(τ, τ, ω, η(τ))‖2µ,1 + C|u(τ, τ, ω, uτ )|pp + C + C(t− τ) + C‖φ‖2CH

+ C

∫ t

τ

|g(r)|22dr + C

∫ t

τ

(
|z(θrω)|22 + |z(θrω)|pp + ‖z(θrω)‖2

)
dr

+
4k2

2

(λ+ δ2)β1(1− ρ∗)

∫ t

τ

(
|v(r, τ, ω, vτ )|22 + ‖u(r, τ, ω, uτ )‖2

+ (λ+ δ2)|u(r, τ, ω, uτ )|22 + ‖η(r, τ, ω, η(τ))‖2µ,1 + 2k5|u(r, τ, ω, uτ )|pp
)
dr. (29)

By Gronwall’s lemma, we deduce that

|v(t, τ, ω, vτ )|22 + ‖u(t, τ, ω, uτ )‖2 + (λ+ δ2)|u(t, τ, ω, uτ )|22 + ‖η(t, τ, ω, η(τ))‖2µ,1

+ 2k5|u(t, τ, ω, uτ )|pp 6 eC(t−τ)
(
|v(τ, τ, ω, vτ )|22 + ‖u(τ, τ, ω, uτ )‖2 + C|u(τ, τ, ω, uτ )|22

)
+ eC(t−τ)

(
‖η(τ, τ, ω, η(τ))‖2µ,1 + C|u(τ, τ, ω, uτ )|pp + C‖φ‖2CH + C(t− τ + 1)

)
+ CeC(t−τ)

∫ t

τ

|g(r)|22dr + CeC(t−τ)

∫ t

τ

(|z(θrω)|22 + |z(θrω)|pp + ‖z(θrω)‖2)dr. (30)

Step 2. We consider the Dirichlet problem in a bounded domain

∂u

∂t
+ δu = v + z(θtω), t > τ, x ∈ ΩK ,

∂v

∂t
− δv + J(v − δu+ z(θtω))−∆u+ (λ+ δ2)u−

∫ ∞
0

µ(r)∆η(r)dr

+F (x, u) = f(x, u(t− ρ(t))) + g(x, t) + (α+ δ)z(θtω), t > τ, x ∈ ΩK ,
∂η

∂t
= v − δu+ z(θtω)− ∂η

∂r
, t > τ, x ∈ ΩK ,

(31)

with initial and boundary conditions

u|∂ΩK = v|∂ΩK = η|∂ΩK = 0, t > τ,
u(t, x) = uτ (t− τ, x) = φK(t− τ, x), τ − h 6 t 6 τ, x ∈ ΩK ,

v(t, x) = vτ (t− τ, x) =
∂φK(t− τ, x)

∂t
+ δφK(t− τ, x)− z(θtω)ψK(|x|),

τ − h 6 t 6 τ, x ∈ ΩK ,

η(τ, x, r) = φK(0, x)− φK(−r, x), r ∈ R+, x ∈ ΩK ,

(32)
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where ΩK = B(0,K) is the open ball of radius K > 1 centered at 0, φK(t, x) = φ(t, x)ψK(|x|) for
each t ∈ (−∞, 0], and ψK is a smooth function satisfying

ψK(ξ) =


1, if 0 6 ξ 6 K − 1,

0 6 ψK(ξ) 6 1, if K − 1 6 ξ 6 K,

0, if ξ > K.

Let HK = L2(ΩK) and VK = H1
0 (ΩK). Note that there exists a family of eigenfunctions {en}∞n=1

of −∆, which is the orthonormal basis of HK . We consider the subspace VKm of VK spanned by
e1, e2, . . ., em, and the projector Pm : HK → VKm defined as

Pmu =

m∑
i=1

(u, ei)ei, u ∈ HK .

Let um(t) =
m∑
i=1

γmi(t)ei be a solution of the ordinary functional differential system

dum
dt

+ δum = vm + Pmz(θtω),

dvm
dt
− δvm + PmJ(vm − δum + Pmz(θtω))−∆um + (λ+ δ2)um −

∫ ∞
0

µ(r)∆ηm(r)dr

+PmF (x, um) = Pmf(x, um(t− ρ(t))) + Pmg(x, t) + (α+ δ)Pmz(θtω),
dηm
dt

= vm − δum + Pmz(θtω)− ∂ηm
∂r

,

(33)

with initial conditions
um(t, x) = PmφK(t− τ, x), τ − h 6 t 6 τ,

vm(t, x) =
dPmφK(t− τ, x)

dt
+ δPmφK(t− τ, x)− Pmz(θtω)ψk(|x|), τ − h 6 t 6 τ,

ηm(τ, x, r) = PmφK(0, x)− PmφK(−r, x), r ∈ R+.

(34)

Then it follows from (30) that

{um(t)} is bounded in L∞(τ − h, T ;VK),

{vm(t)} is bounded in L∞(τ − h, T ;HK),

and

{ηm(t)} is bounded in L∞(τ, T ;L2
µ(R+;VK)).

Analogous to the proof of Theorem 3.1 in [8] Section XV.3 and the argument in [30] Sections II.4
and IV.4.4, in view of the continuity of z(θtω) in t for every ω ∈ Ω, by a standard argument we
obtain the existence of weak solutions

u(·, τ, ω, uτ ) ∈ C([τ − h, T ];VK), v(·, τ, ω, vτ ) ∈ C([τ − h, T ];HK),

η(·, τ, ω, η(τ)) ∈ C([τ, T ];L2
µ(R+;VK)).

Let {ΩKj} be a sequence of bounded subdomains of Rn and ΩKj → Rn as Kj → ∞. By the
similar approximation argument of Theorem 5 in [23], we have the existence of weak solutions
(u(t), v(t), η(t)) associated to problem (13)-(14), and

u(·, τ, ω, uτ ) ∈ C([τ − h, T ];V ), v(·, τ, ω, vτ ) ∈ C([τ − h, T ];H),

η(·, τ, ω, η(τ)) ∈ C([τ, T ];Rµ,1), ∀T > τ,
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so its proof is omitted here. �
In order to obtain the uniqueness and continuous dependence of solutions, we also need the

following conditions:

(H6) There exists L > 0 such that

|f(x, u)− f(x, v)| 6 L|u− v|,∀x ∈ R, u, v ∈ R.
(H7) There exists a L1 > 0 such that

|F (x, u)− F (x, v)| 6 L1(1 + |u|p−2 + |v|p−2)|u− v|,∀x ∈ R, u, v ∈ R.

Theorem 9. In addition to the hypotheses in Theorem 8, suppose that (H6)-(H7) hold true. Then
there exists a unique solution to the problem (13)-(14), and the solutions continuously depend on
the initial data in E for any τ 6 t and ω ∈ Ω.

Proof. Assume that (u′τ , v
′
τ , η
′(τ)), (u∗τ , v

∗
τ , η
∗(τ)) ∈ E, and consider the solutions (u′(·), v′(·), η′(·)),

(u∗(·), v∗(·), η∗(·)) to (13) corresponding to the initial data (u′τ , v
′
τ , η
′(τ)) and (u∗τ , v

∗
τ , η
∗(τ)), respec-

tively. Let ũ = u′ − u∗, ṽ = v′ − v∗, η̃ = η′ − η∗, φ̃ = φ′ − φ∗. Then we have from (13) that

∂ũ

∂t
+ δũ = ṽ,

∂ṽ

∂t
− δṽ + J(v′ − δu′ + z(θtω))− J(v∗ − δu∗ + z(θtω))−∆ũ

+(λ+ δ2)ũ−
∫ ∞

0

µ(r)∆η̃(r)dr + F (x, u′)− F (x, u∗)

= f(x, u′(t− ρ(t)))− f(x, u∗(t− ρ(t))),
∂η̃

∂t
= ṽ − δũ− ∂η̃

∂r
,

(35)

with initial conditions
ũ(t, x) = ũτ (t− τ, x) = φ̃(t− τ, x), τ − h 6 t 6 τ, x ∈ Rn,

ṽ(t, x) = ṽτ (t− τ, x) =
∂φ̃(t− τ, x)

∂t
+ δφ̃(t− τ, x), τ − h 6 t 6 τ, x ∈ Rn,

η̃(τ, x, r) = ũ(τ, x)− ũ(τ − r, x) = φ̃(0, x)− φ̃(−r, x), r ∈ R+, x ∈ Rn.

(36)

Take the inner product in H of the second equation of (35) with ṽ, we obtain

1

2

d

dt
|ṽ|22 − δ|ṽ|22 + (J(v′ − δu′ + z(θtω))− J(v∗ − δu∗ + z(θtω)), ṽ)

+ (∇ũ,∇ṽ) + (λ+ δ2)(ũ, ṽ)−
(∫ ∞

0

µ(r)∆η̃(r)dr, ṽ

)
+ (F (x, u′)− F (x, u∗), ṽ)

= (f(x, u′(t− ρ(t)))− f(x, u∗(t− ρ(t))), ṽ). (37)

Since ṽ = ∂ũ
∂t + δũ, we deduce that

(λ+ δ2)(ũ, ṽ) =
(λ+ δ2)

2

d

dt
|ũ|22 + δ(λ+ δ2)|ũ|22, (38)

(∇ũ,∇ṽ) =
1

2

d

dt
‖ũ‖2 + δ‖ũ‖2. (39)

By Hölder inequality and (H6)-(H7),

(f(x, u′(t− ρ(t)))− f(x, u∗(t− ρ(t))), ṽ) 6
β1

8
|ṽ|22 + C|ũ(t− ρ(t))|22, (40)



12 STOCHASTIC DELAY WAVE EQUATIONS WITH TIME MEMORY

(F (x, u∗)− F (x, u′), ṽ) 6
β1

8
|ṽ|22 + C|F (x, u∗)− F (x, u′)|22

6
β1

8
|ṽ|22 + C

∫
Rn

(1 + |u′|2p−4 + |u∗|2p−4)|ũ|22

6
β1

8
|ṽ|22 + C‖ũ‖2, (41)

where we have used (30) in the last inequality. By the similar arguments in (20)-(22), we find that

(J(v′ − δu′ + z(θtω))− J(v∗ − δu∗ + z(θtω)), ṽ) =
(
J ′(ζ̂)(ṽ − δũ), ṽ

)
> β1|ṽ|22 − δβ2|(ũ, ṽ)| > β1

2
|ṽ|22 −

β2
2δ

2

2β1
|ũ|22, (42)

where ζ̂ is between v′ − δu′ + z(θtω) and v∗ − δu∗ + z(θtω), and

−
(∫ ∞

0

µ(r)∆η̃(r)dr, ṽ

)
= −

(∫ ∞
0

µ(r)∆η̃(r)dr,
∂η̃

∂t
+ δũ+

∂η̃

∂r

)
=

1

2

d

dt
‖η̃‖2µ,1 +

σ

2
‖η̃‖2µ,1 −

(∫ ∞
0

µ(r)∆η(r)dr, δũ

)
>

1

2

d

dt
‖η̃‖2µ,1 +

σ

4
‖η̃‖2µ,1 −

δ2m0

σ
‖ũ‖2. (43)

Inserting (38)-(43) into (37) yields that

1

2

d

dt

(
|ṽ|22 + ‖ũ‖2 + (λ+ δ2)|ũ|22 + ‖η̃‖2µ,1

)
+

(
β1

4
− δ
)
|ṽ|22

+

(
δ(λ+ δ2)− β2

2δ
2

2β1

)
|ũ|22 +

(
δ − δ2m0

σ

)
‖ũ‖2 +

σ

4
‖η̃‖2µ,1

6 C‖ũ‖2 + C|ũ(t− ρ(t))|22. (44)

By the selection of δ in Theorem 8, we obtain

β1

4
− δ > 0, δ(λ+ δ2)− β2

2δ
2

2β1
> 0, δ − δ2m0

σ
> 0.

Integrating (44) from t to τ , and arguing as in (27), we deduced that

|ṽ(t, τ, ω, ṽτ )|22 + ‖ũ(t, τ, ω, ũτ )‖2 + (λ+ δ2)|ũ(t, τ, ω, ũτ )|22 + ‖η̃(t, τ, ω, η̃(τ))‖2µ,1

6 |ṽ(τ, τ, ω, ṽτ )|22 + ‖ũ(τ, τ, ω, ũτ )‖2 + ‖η̃(τ, τ, ω, η̃(τ))‖2µ,1

+ C‖φ̃‖2CH + C

∫ t

τ

(
|ṽ(r, τ, ω, ṽτ )|22 + ‖ũ(r, τ, ω, ũτ )‖2

+ (λ+ δ2)|ũ(r, τ, ω, ũτ )|22 + ‖η̃(r, τ, ω, η̃(τ))‖2µ,1
)
dr. (45)

The Gronwall lemma implies that

|ṽ(t, τ, ω, ṽτ )|22 + ‖ũ(t, τ, ω, ũτ )‖2 + (λ+ δ2)|ũ(t, τ, ω, ũτ )|22 + ‖η̃(t, τ, ω, η̃(τ))‖2µ,1

6 eC(t−τ)
(
|ṽ(τ, τ, ω, ṽτ )|22 + ‖ũ(τ, τ, ω, ũτ )‖2 + C‖φ̃‖2CH + ‖η̃(τ, τ, ω, η̃(τ))‖2µ,1

)
, (46)

and thus the assertion of this theorem follows immediately. �
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Thanks to Theorems 8-9 and Lemma 10, we define a continuous cocycle Φ for problem (12)-(13)
which is given by Φ : R+×R×Ω×E → E and for every t ∈ R+, τ ∈ R, ω ∈ Ω and (uτ , vτ , η(τ)) ∈ E,

Φ(t, τ, ω, (uτ , vτ , η(τ)) =

{(
ut+τ (·, τ, θ−τω, uτ ), vt+τ (·, τ, θ−τω, vτ ), η(t+ τ, τ, θ−τω, η(τ))

)}
,

where ut+τ and vt+τ are defined for θ ∈ [−h, 0] as ut+τ (θ) = u(t+ τ + θ) and vt+τ (θ) = v(t+ τ + θ)
respectively, and vt+τ (·, τ, θ−τω, vτ ) = ξt+τ (·, τ, θ−τω, ξτ )− z(θt+·ω) with vτ (·) = ξτ (·)− z(θ·ω).

4. Uniform estimates of solutions. In this section, we derive uniform estimates on the solutions
of (13)-(14) defined on Rn for the purpose of proving the existence of a pullback absorbing set of
the random dynamical system. In particular, we will show uniform estimates on the tail parts of
the solutions for large space variables when time is sufficiently large in order to prove the pullback
asymptotic compactness of continuous cocycle associated with the equation on the unbounded
domain Rn.

Assume that D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} is a family of bounded nonempty subsets of E
satisfying, for every τ ∈ R, ω ∈ Ω, and each η ∈ {α, α1},

lim
t→−∞

eηt sup
(ϕ,ψ,η)∈D(τ+t,θtω)

(
‖ϕ‖2CH + ‖ϕ‖2CV + ‖ϕ‖pCLp(Rn)

+ ‖ψ‖2CH + ‖η‖2µ,1
)

= 0, (47)

where α and α1 will be given in Lemma 10 and Theorem 13, respectively. Denote by D the collection
of all families of bounded nonempty subsets of E which fulfill condition (47), i.e.,

D = {D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} : D satisfies (47)}.

Obviously D is neighborhood closed.

Lemma 10. In addition to the assumptions (H1)-(H7), assume that there exists a positive constant
α such that

α <
σ

2
, (48)

2α

k7
< δ <

β1

4
− α

2
, (49)

−4m0

σ
δ2 + δ − α > 0, (50)

and

(δ − α)(λ+ δ2)− 2β2
2δ

2

β1
− 4k2

2e
αh

β1(1− ρ∗)
> 0. (51)
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Then for every τ ∈ R and ω ∈ Ω, the solution of (13)-(14) with ω replaced by θ−τω satisfies for all
t > h,

‖vτ‖2CH + ‖uτ‖2CH + ‖uτ‖2CV + ‖uτ‖pCLp(Rn)
+ ‖η(τ)‖2µ,1

6 Ce−αt
(
|v(τ − t, τ − t, θ−τω, vτ−t)|22 + ‖u(τ − t, τ − t, θ−τω, uτ−t)‖2

)
+ Ce−αt

(
|u(τ − t, τ − t, θ−τω, uτ−t)|22 + |u(τ − t, τ − t, θ−τω, uτ−t)|pp

)
+ Ce−αt‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1 + C + Ce−ατ

∫ τ

−∞
eαr|g(r)|22dr

+ Ce−αt‖φ‖2CH + C

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr,

where C is a positive constant independent of τ and ω.

Proof. It follows from (25) that

d

dt

(
eαt
(
|v|22 + ‖u‖2 + (λ+ δ2)|u|22 + ‖η‖2µ,1 + 2G(u)

))
+

(
β1

2
− 2δ − α

)
eαt|v|22

+

(
δ − 4δ2m0

σ
− α

)
eαt‖u‖2 +

(
(δ − α)(λ+ δ2)− 2β2

2δ
2

β1

)
eαt|u|22

+
(σ

2
− α

)
eαt‖η‖2µ,1 + (δk7 − 2α)eαtG(u) 6

4k2
2

β1
eαt|u(t− ρ(t))|22

+ Ceαt|g(t)|22 + Ceαt + Ceαt(|z(θtω)|22 + |z(θtω)|pp + ‖z(θtω)‖2). (52)
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Given t > 0, τ ∈ R, ω ∈ Ω and τ − t 6 T 6 τ , integrating (52) over (τ − t, T ), in view of (H4), we
obtain that

|v(T, τ − t, ω, vτ−t)|22 + ‖u(T, τ − t, ω, uτ−t)‖2 + (λ+ δ2)|u(T, τ − t, ω, uτ−t)|22

+ ‖η(T, τ − t, ω, η(τ − t))‖2µ,1 + 2k5|(u(T, τ − t, ω, uτ−t)|pp

+

(
β1

2
− 2δ − α

)
e−αT

∫ T

τ−t
eαr|v(r, τ − t, ω, vτ−t)|22dr

+

(
δ − 4δ2m0

σ
− α

)
e−αT

∫ T

τ−t
eαr‖u(r, τ − t, ω, uτ−t)‖2dr

+

(
(δ − α)(λ+ δ2)− 2β2

2δ
2

β1

)
e−αT

∫ T

τ−t
eαr|u(r, τ − t, ω, uτ−t)|22dr

+
(σ

2
− α

)
e−αT

∫ T

τ−t
eαr‖η(r, τ − t, ω, η(τ − t))‖2µ,1dr

+ k5(δk7 − 2α)e−αT
∫ T

τ−t
eαr|u(r, τ − t, ω, uτ−t)|ppdr

6 e−α(T−τ+t)
(
|v(τ − t, τ − t, ω, vτ−t)|22 + ‖u(τ − t, τ − t, ω, uτ−t)‖2

)
+ e−α(T−τ+t)

(
(λ+ δ2)|u(τ − t, τ − t, ω, uτ−t)|22 + ‖η(τ − t, τ − t, ω, η(τ − t))‖2µ,1

)
+ 2e−α(T−τ+t)G(u(τ − t, τ − t, ω, uτ−t)) + C (53)

+
4k2

2

β1
e−αT

∫ T

τ−t
eαr|u(r − ρ(r), τ − t, ω, uτ−t)|22dr + Ce−αT

∫ T

τ−t
eαr|g(r)|22dr

+ Ce−αT
∫ T

τ−t
eαr(|z(θrω)|22 + |z(θrω)|pp + ‖z(θrω)‖2)dr.

Let r′ = r − ρ(r), where ρ(r) ∈ [0, h] and 1
1−ρ′(r) 6

1
1−ρ∗ for all r ∈ R. Therefore,

∫ T

τ−t
eαr|u(r − ρ(r), τ − t, ω, uτ−t)|22dr

6
eαh

1− ρ∗

∫ T

τ−t−h
eαr

′
|u(r′, τ − t, ω, uτ−t)|22dr′

6
eαh

1− ρ∗

(∫ τ−t

τ−t−h
eαr

′
|u(r′, τ − t, ω, uτ−t)|22dr′ +

∫ T

τ−t
eαr

′
|u(r′, τ − t, ω, uτ−t)|22dr′

)

6
eα(τ−t)eαh‖φ‖2CH

α(1− ρ∗)
+

eαh

1− ρ∗

∫ T

τ−t
eαr

′
|u(r′, τ − t, ω, uτ−t)|22dr′.

(54)
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By slightly modifying the argument of (28) and replacing ω by θ−τω, we have from (H5), (48)-(51)
and (53)-(54) that

|v(T, τ − t, θ−τω, vτ−t)|22 + ‖u(T, τ − t, θ−τω, uτ−t)‖2 + (λ+ δ2)|u(T, τ − t, θ−τω, uτ−t)|22

+ ‖η(T, τ − t, θ−τω, η(τ − t))‖2µ,1 + 2k5|u(T, τ − t, θ−τω, uτ−t)|pp
6 e−α(T−τ+t)

(
|v(τ − t, τ − t, θ−τω, vτ−t)|22 + ‖u(τ − t, τ − t, θ−τω, uτ−t)‖2

)
+ e−α(T−τ+t)

(
C|u(τ − t, τ − t, θ−τω, uτ−t)|22 + ‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1

)
+ Ce−α(T−τ+t)|u(τ − t, τ − t, θ−τω, uτ−t)|pp + Ce−αT

∫ T

−∞
eαr|g(r)|22dr + C (55)

+ Ce−α(T−τ+t)‖φ‖2CH + Ce−αT
∫ T

τ−t
eαr

(
|z(θr−τω)|22 + |z(θr−τω)|pp + ‖z(θr−τω)‖2

)
dr.

Note that z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ L2(Rn) ∩ Lp(Rn) ∩H1(Rn). Hence, we deduce that

for every ω ∈ Ω,

e−ατ
∫ τ

τ−t
eαr(|z(θr−τω)|22 + |z(θr−τω)|pp + ‖z(θr−τω)‖2)dr

6
∫ 0

−t
eαr

′
(|z(θr′ω)|22 + |z(θr′ω)|pp + ‖z(θr′ω)‖2)dr′

6 C
∫ 0

−∞
eαr

′
m∑
j=1

(
|zj(θr′ωj)|2 + |zj(θr′ωj)|p

)
dr′. (56)

Replacing T by τ + s in (55) where s ∈ [−h, 0], in view of (56), we find that for all t > h,

|v(τ + s, τ − t, θ−τω, vτ−t)|22 + ‖u(τ + s, τ − t, θ−τω, uτ−t)‖2 + |u(τ + s, τ − t, θ−τω, uτ−t)|22

+ |u(τ + s, τ − t, θ−τω, uτ−t)|pp + ‖η(τ + s, τ − t, θ−τω, η(τ − t))‖2µ,1

6 Ce−αt
(
|v(τ − t, τ − t, θ−τω, vτ−t)|22 + ‖u(τ − t, τ − t, θ−τω, uτ−t)‖2

)
(57)

+ Ce−αt
(
|u(τ − t, τ − t, θ−τω, uτ−t)|22 + |u(τ − t, τ − t, θ−τω, uτ−t)|pp

)
+ Ce−αt‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1 + C + Ce−ατ

∫ τ

−∞
eαr|g(r)|22dr

+ Ce−αt‖φ‖2CH + C

∫ 0

−∞
eαr

m∑
j=1

(
|zj(θrωj)|2 + |zj(θrωj)|p

)
dr.
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Hence, from (57) we obtain that for all t > h,

‖vτ‖2CH + ‖uτ‖2CH + ‖uτ‖2CV + ‖uτ‖pCLp(Rn)
+ ‖η(τ)‖2µ,1

6 Ce−αt
(
|v(τ − t, τ − t, θ−τω, vτ−t)|22 + ‖u(τ − t, τ − t, θ−τω, uτ−t)‖2

)
+ Ce−αt

(
|u(τ − t, τ − t, θ−τω, uτ−t)|22 + |u(τ − t, τ − t, θ−τω, uτ−t)|pp

)
+ Ce−αt‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1 + C + Ce−ατ

∫ τ

−∞
eαr|g(r)|22dr

+ Ce−αt‖φ‖2CH + C

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr. (58)

This completes the proof. �

Lemma 11. Assume that the hypotheses in Lemma 10 hold. Let τ ∈ R, ω ∈ Ω and B = {B(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D. Then for any ε > 0, there exist T1 = T1(ε, τ, ω,B) 6 h and K1 = K1(ε, τ, ω) >
0 such that for all t > T1 and K > K1, the solution of (13)-(14) with ω replaced by θ−τω satisfies

sup
s∈[−h,0]

∫
ΩcK

(
|∇u(τ + s, τ − t, θ−τω, uτ−t)|2 + |v(τ + s, τ − t, θ−τω, vτ−t)|2

)
dx

+ sup
s∈[−h,0]

∫
ΩcK

(
|u(τ + s, τ − t, θ−τω, uτ−t)|2 + |u(τ + s, τ − t, θ−τω, uτ−t)|p

)
dx

+

∫ ∞
0

µ(r)

∫
ΩcK

|∇η(τ, τ − t, θ−τω, η(τ − t), r)|2dxdr 6 ε,

where ΩcK = {x ∈ Rn | |x| > K} and (uτ−t, vτ−t, η(τ − t)) ∈ B(τ − t, θ−tω).

Proof. We choose a smooth function t such that 0 6 t(s) 6 1 for any s ∈ R+ with

t(s) = 0 for 0 6 s 6 1 and t(s) = 1 for s > 2,

and there exist positive constants C0, C ′0 such that |t′(s)| 6 C0 and t′′(s) 6 C ′0 for any s ∈ R+.

Multiplying the second equation of (13) by t
(
|x|2
K2

)
v and then integrating over Rn, we deduce that

1

2

d

dt

∫
Rn

t

(
|x|2

K2

)
|v|2dx− δ

∫
Rn

t

(
|x|2

K2

)
|v|2dx−

∫
Rn

t

(
|x|2

K2

)
v∆udx

+ (λ+ δ2)

∫
Rn

t

(
|x|2

K2

)
uvdx+

∫
Rn

t

(
|x|2

K2

)
J(v − δu+ z(θtω))vdx

−
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
∆ηvdxdr +

∫
Rn

t

(
|x|2

K2

)
F (x, u)vdx (59)

=

∫
Rn

t

(
|x|2

K2

)
f(x, u(t− ρ(t)))vdx+

∫
Rn

t

(
|x|2

K2

)(
g(t) + (α+ δ)z(θtω)

)
vdx.
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We now estimate the terms in (59) as follows. First, by Young’s inequality, we obtain

−
∫
Rn

t

(
|x|2

K2

)
v∆udx =

∫
Rn

t

(
|x|2

K2

)
∇u∇vdx+

∫
Rn

2x

K2
t′
(
|x|2

K2

)
∇uvdx

>
∫
Rn

t

(
|x|2

K2

)
∇u
(
∇∂u
∂t

+ δ∇u−∇z(θtω)

)
dx− 2

√
2

K

∫
K6|x|6

√
2K

t′
(
|x|2

K2

)
|∇u||v|dx

>
1

2

d

dt

∫
Rn

t

(
|x|2

K2

)
|∇u|2dx+

δ

2

∫
Rn

t

(
|x|2

K2

)
|∇u|2dx

− C
∫
Rn

t

(
|x|2

K2

)
|∇z(θtω)|2dx− C

K
(‖u‖2 + |v|22). (60)

Similar to the argument of (21) and (22), we derive that

−
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
∆ηvdxdr

=

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
∇η∇vdxdr +

∫ ∞
0

µ(r)

∫
Rn

2x

K2
t′
(
|x|2

K2

)
∇ηvdxdr

=

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
∇η∇

(
∂η

∂t
+ δu+

∂η

∂r
− z(θtω)

)
dxdr

+

∫ ∞
0

µ(r)

∫
Rn

2x

K2
t′
(
|x|2

K2

)
∇ηvdxdr (61)

>
1

2

d

dt

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr +

σ

4

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr

− 2δ2m0

σ

∫
Rn

t

(
|x|2

K2

)
|∇u|2dx− 2m0

σ

∫
Rn

t

(
|x|2

K2

)
|∇z(θtω)|2dx− C

K

(
‖η‖2µ,1 + |v|22

)
.

By Lagrange’s mean value theorem and (H1), similar to (20), we have∫
Rn

t

(
|x|2

K2

)
J(v − δu+ z(θtω))vdx > β1

∫
Rn

t

(
|x|2

K2

)
|v|2dx

− β2δ

∫
Rn

t

(
|x|2

K2

)
|u||v|dx− β2

∫
Rn

t

(
|x|2

K2

)
|z(θtω)||v|dx

>
β1

2

∫
Rn

t

(
|x|2

K2

)
|v|2dx− β2

2δ
2

β1

∫
Rn

t

(
|x|2

K2

)
|u|2dx

− C
∫
Rn

t

(
|x|2

K2

)
|z(θtω)|2dx, (62)

and by Young’s inequality,∫
Rn

t

(
|x|2

K2

)
uvdx =

∫
Rn

t

(
|x|2

K2

)
u

(
∂u

∂t
+ δu− z(θtω)

)
dx

>
1

2

d

dt

∫
Rn

t

(
|x|2

K2

)
|u|2dx+

δ

2

∫
Rn

t

(
|x|2

K2

)
|u|2dx

− C
∫
Rn

t

(
|x|2

K2

)
|z(θtω)|2dx. (63)
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For the last term on the left-hand side of (59), by (H4) and Young’s inequality, we deduce that

∫
Rn

t

(
|x|2

K2

)
F (x, u)z(θtω)dx 6

∫
Rn

t

(
|x|2

K2

)(
|k3(x)|+ k4|u|p−1

)
|z(θtω)|dx

6
1

2

∫
Rn

t

(
|x|2

K2

)(
|k3(x)|2 + |z(θtω)|2

)
dx

+
k5δk7

2

∫
Rn

t

(
|x|2

K2

)
|u|pdx+

kp4
2k5δk7

∫
Rn

t

(
|x|2

K2

)
|z(θtω)|pdx

6
1

2

∫
Rn

t

(
|x|2

K2

)(
|k3|2 + |z(θtω)|2

)
dx+

δk7

2

∫
Rn

t

(
|x|2

K2

)
G(x, u)dx

+
δk7

2

∫
Rn

t

(
|x|2

K2

)
|k6(x)|dx+

kp4
2k5δk7

∫
Rn

t

(
|x|2

K2

)
|z(θtω)|pdx, (64)

and thus

∫
Rn

t

(
|x|2

K2

)
F (x, u)vdx =

∫
Rn

t

(
|x|2

K2

)
F (x, u)

(
∂u

∂t
+ δu− z(θtω)

)
dx

>
d

dt

∫
Rn

t

(
|x|2

K2

)
G(x, u)dx+

δk7

2

∫
Rn

t

(
|x|2

K2

)
G(x, u)dx

− C
∫
Rn

t

(
|x|2

K2

)(
|k8(x)|+ |k3(x)|2 + |k6(x)|

)
dx

− C
∫
Rn

t

(
|x|2

K2

)(
|z(θtω)|2 + |z(θtω)|p

)
dx. (65)

By Young’s inequality once more and (H3), the terms on the right-hand side of (59) are bounded
by

∫
Rn

t

(
|x|2

K2

)
(g(t) + (α+ δ)z(θtω)) vdx 6

β1

8

∫
Rn

t

(
|x|2

K2

)
|v|2dx

+ C

∫
Rn

t

(
|x|2

K2

)
|g(t)|2dx+ C

∫
Rn

t

(
|x|2

K2

)
|z(θtω)|2dx, (66)

and

∫
Rn

t

(
|x|2

K2

)
f(x, u(t− ρ(t)))vdx 6

β1

8

∫
Rn

t

(
|x|2

K2

)
|v|2dx

+
2

β1

∫
Rn

t

(
|x|2

K2

)
|k1(x)|2dx+

2k2
2

β1

∫
Rn

t

(
|x|2

K2

)
|u(t− ρ(t))|2dx. (67)
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Then it follows from (59)-(63) and (65)-(67) that

d

dt

∫
Rn

t

(
|x|2

K2

)(
|v|2 + |∇u|2 + (λ+ δ2)|u|2 + 2G(x, u)

)
dx

+
d

dt

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr +

(
β1

2
− 2δ

)∫
Rn

t

(
|x|2

K2

)
|v|2dx

+

(
δ − 4δ2m0

σ

)∫
Rn

t

(
|x|2

K2

)
|∇u|2dx+

(
δ(λ+ δ2)− 2β2

2δ
2

β1

)∫
Rn

t

(
|x|2

K2

)
|u|2dx

+
σ

2

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr + δk7

∫
Rn

t

(
|x|2

K2

)
G(x, u)dx

6
C

K

(
|v|22 + ‖u‖2 + ‖η‖2µ,1

)
+

4k2
2

β1

∫
Rn

t

(
|x|2

K2

)
|u(t− ρ(t))|2dx

+ C

∫
Rn

t

(
|x|2

K2

)
|g(t)|2dx+ C

∫
Rn

t

(
|x|2

K2

)(
|k1(x)|2 + |k3(x)|2 + |k6(x)|+ |k8(x)|

)
dx

+ C

∫
Rn

t

(
|x|2

K2

)(
|z(θtω)|2 + |z(θtω)|p + |∇z(θtω)|2

)
dx. (68)

Hence,

d

dt

(
eαt
∫
Rn

t

(
|x|2

K2

)(
|v|2 + |∇u|2 + (λ+ δ2)|u|2 + 2G(x, u)

)
dx

)
+
d

dt

(
eαt
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr

)
+

(
β1

2
− 2δ − α

)
eαt
∫
Rn

t

(
|x|2

K2

)
|v|2dx

+

(
δ − 4δ2m0

σ
− α

)
eαt
∫
Rn

t

(
|x|2

K2

)
|∇u|2dx

+

(
(δ − α)(λ+ δ2)− 2β2

2δ
2

β1

)
eαt
∫
Rn

t

(
|x|2

K2

)
|u|2dx

+
(σ

2
− α

)
eαt
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η|2dxdr

+ (δk7 − 2α) eαt
∫
Rn

t

(
|x|2

K2

)
G(x, u)dx

6
C

K
eαt
(
|v|22 + ‖u‖2 + ‖η‖2µ,1

)
+

4k2
2

β1
eαt
∫
Rn

t

(
|x|2

K2

)
|u(t− ρ(t))|2dx

+ Ceαt
∫
Rn

t

(
|x|2

K2

)
|g(t)|2dx

+ Ceαt
∫
Rn

t

(
|x|2

K2

)(
|k1(x)|2 + |k3(x)|2 + |k6(x)|+ |k8(x)|

)
dx

+ Ceαt
∫
Rn

t

(
|x|2

K2

)(
|z(θtω)|2 + |z(θtω)|p + |∇z(θtω)|2

)
dx. (69)
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Given t > 0, τ ∈ R, ω ∈ Ω and τ − t 6 T 6 τ , integrating the inequality (69) over (τ − t, T ) and
replacing ω by θ−τω, by (H4), (48)-(51) and the similar argument of (28) and (54), we deduce that

eαT
∫
Rn

t

(
|x|2

K2

)(
|v(T, τ − t, θ−τω, vτ−t)|2 + |∇u(T, τ − t, θ−τω, uτ−t)|2

)
dx

+ eαT
∫
Rn

t

(
|x|2

K2

)(
(λ+ δ2)|u(T, τ − t, θ−τω, uτ−t)|2 + 2k5|u(T, τ − t, θ−τω, uτ−t)|p

)
dx

+ eαT
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η(T, τ − t, θ−τω, η(τ − t), r)|2dxdr

6 eα(τ−t)
∫
Rn

t

(
|x|2

K2

)(
|v(τ − t, τ − t, θ−τω, vτ−t)|2 + |∇u(τ − t, τ − t, θ−τω, uτ−t)|2

)
dx

+ Ceα(τ−t)
∫
Rn

t

(
|x|2

K2

)(
|u(τ − t, τ − t, θ−τω, uτ−t)|2 + |u(τ − t, τ − t, θ−τω, uτ−t)|p

)
dx

+ eα(τ−t)
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η(τ − t, τ − t, θ−τω, η(τ − t), r)|2dxdr

+ Ceα(τ−t)
∫
Rn

t

(
|x|2

K2

)(
|k3|2 + |k8|

)
dx+

C

K

∫ T

τ−t
eαr|v(r, τ − t, θ−τω, vτ−t)|22dr

+
C

K

∫ T

τ−t
eαr

(
‖u(r, τ − t, θ−τω, uτ−t)‖2 + ‖η(r, τ − t, θ−τω, η(τ − t))‖2µ,1

)
dr

+ Ceα(τ−t)‖φ‖2CH + C

∫ T

τ−t
eαr

∫
Rn

t

(
|x|2

K2

)
|g(r)|2dxdr

+ CeαT
∫
Rn

t

(
|x|2

K2

)(
|k1(x)|2 + |k3(x)|2 + |k6(x)|+ |k8(x)|

)
dx

+ C

∫ T

τ−t
eαr

∫
Rn

t

(
|x|2

K2

)
(|z(θr−τω)|2 + |z(θr−τω)|p + |∇z(θr−τω)|2)dxdr. (70)

Let ε0 be given arbitrarily. Since (uτ−t, vτ−t, η(τ − t)) ∈ D(τ − t, θ−tω) and D ∈ D, we can choose
t sufficiently large such that

Ce−αt
∫
Rn

t

(
|x|2

K2

)(
|∇u(τ − t, τ − t, θ−τω, uτ−t)|2 + |u(τ − t, τ − t, θ−τω, uτ−t)|2

)
dx

+ Ce−αt
∫
Rn

t

(
|x|2

K2

)
|u(τ − t, τ − t, θ−τω, uτ−t)|pdx

+ Ce−αt
∫
Rn

t

(
|x|2

K2

)
|v(τ − t, τ − t, θ−τω, vτ−t)|2dx+ Ce−αt‖φ‖2CH

+ Ce−αt
∫ ∞

0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η(τ − t, τ − t, θ−τω, η(τ − t), r)|2dxdr

6 Ce−αt
(
‖u(τ − t, τ − t, θ−τω, uτ−t)‖2 + |u(τ − t, τ − t, θ−τω, uτ−t)|22 + ‖φ‖2CH

)
+ Ce−αt|u(τ − t, τ − t, θ−τω, uτ−t)|pp + Ce−αt|v(τ − t, τ − t, θ−τω, vτ−t)|22

+ Ce−αt‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1 6 Cε0. (71)
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Note that z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ L2(Rn) ∩ Lp(Rn) ∩H1(Rn). Hence, there is R1 =

R1(ε0, ω) such that for all K > R1 and j = 1, 2, . . . ,m,

∫
|x|>K

(|hj(x)|2 + |hj(x)|p + |∇hj(x)|2)dx 6
ε0

r(ω)
, (72)

where r(ω) is the tempered function in (8). By (8)-(9) and (72), we have for all K > R1,

Ce−ατ
∫ τ

τ−t
eαr

∫
Rn

t

(
|x|2

K2

)(
|z(θr−τω)|2 + |z(θr−τω)|p + |∇z(θr−τω)|2

)
dxdr

6 C
∫ 0

−t
eαr

′
∫
|x|>K

(|z(θr′ω)|2 + |z(θr′ω)|p + |∇z(θr′ω)|2)dxdr′

6 C
∫ 0

−∞
eαr

′
∫
|x|>K

m∑
j=1

(
|hj(x)|2 + |∇hj(x)|2

)
|zj(θr′ωj)|2dxdr′

+ C

∫ 0

−∞
eαr

′
∫
|x|>K

m∑
j=1

|hj(x)|p|zj(θr′ωj)|pdxdr′

6
Cε0

r(ω)

∫ 0

−∞
eαr

′
m∑
j=1

(
|zj(θr′ωj)|2 + |zj(θr′ωj)|p

)
dr′

6
Cε0

r(ω)

∫ 0

−∞
eαr

′
r(θr′ω)dr′ 6 Cε0. (73)

By the assumption (H5), in view of k1, k3 ∈ L2(Rn) and k6, k8 ∈ L1(Rn), we can choose K
sufficiently large such that

C

∫
Rn

t

(
|x|2

K2

)(
|k1(x)|2 + |k3(x)|2 + |k6(x)|+ |k8(x)|

)
dx

+ Ce−ατ
∫ τ

−∞
eαr

∫
Rn

t

(
|x|2

K2

)
|g(r)|2dxdr 6 Cε0. (74)
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By (55), (56) and (71), we can take K and t large enough such that

C

K
e−ατ

∫ τ

τ−t
eαr
(
|v(r, τ − t, θ−τω, vτ−t)|22 + ‖u(r, τ − t, θ−τω, uτ−t)‖2

)
dr

+
C

K
e−ατ

∫ τ

τ−t
eαr‖η(r, τ − t, θ−τω, η(τ − t))‖2µ,1dr

6
C

K

(
e−αt

(
|v(τ − t, τ − t, θ−τω, vτ−t)|22 + ‖u(τ − t, τ − t, θ−τω, uτ−t)‖2

)
+ e−αt

(
|u(τ − t, τ − t, θ−τω, uτ−t)|22 + |u(τ − t, τ − t, θ−τω, uτ−t)|pp

)
+ e−αt‖η(τ − t, τ − t, θ−τω, η(τ − t))‖2µ,1 + 1 + e−ατ

∫ τ

−∞
eαr|g(r)|22dr

+ e−αt‖φ‖2CH +

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr
)

6 Cε0

1 + e−ατ
∫ τ

−∞
eαr|g(r)|22dr +

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr

 . (75)

Replacing T by τ + s in (70) where s ∈ [−h, 0], in view of (71) and (73)-(75), when t and K are
sufficiently large, we obtain

sup
s∈[−h,0]

∫
Rn

t

(
|x|2

K2

)(
|v(τ + s, τ − t, θ−τω, vτ−t)|2 + |∇u(τ + s, τ − t, θ−τω, uτ−t)|2

)
dx

+ sup
s∈[−h,0]

∫
Rn

t

(
|x|2

K2

)
|u(τ + s, τ − t, θ−τω, uτ−t)|2dx

+ sup
s∈[−h,0]

∫
Rn

t

(
|x|2

K2

)
|u(τ + s, τ − t, θ−τω, uτ−t)|pdx

+

∫ ∞
0

µ(r)

∫
Rn

t

(
|x|2

K2

)
|∇η(τ, τ − t, θ−τω, η(τ − t), r)|2dxdr (76)

6 Cε0

1 + e−ατ
∫ τ

−∞
eαr|g(r)|22dr +

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr

 .

Thus Lemma 11 follows from (76) by choosing ε0 appropriately for a given ε > 0. �

5. Existence of pullback attractors. In this section, we prove the existence of a pullback at-
tractor for the continuous cocycle Φ associated with the system (13)-(14) on Rn. First we apply
Lemma 10 to present the existence of a pullback absorbing set in D.

Lemma 12. Assume that the hypotheses in Lemma 10 hold. Then there exists G = {G(τ, ω) : τ ∈
R, ω ∈ Ω} ∈ D such that K is a closed measurable D-pullback absorbing set for Φ, that is, for every
τ ∈ R, ω ∈ Ω and B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exists T2 = T2(τ, ω,B) > 0 such that
for all t > T2,

Φ(t, τ − t, θ−tω,B(τ − t, θ−tω)) ⊆ G(τ, ω).



24 STOCHASTIC DELAY WAVE EQUATIONS WITH TIME MEMORY

Proof. Given τ ∈ R and ω ∈ Ω, let G(τ, ω) =
{

(ϕ,ψ, η) ∈ E : ‖ϕ‖2CV + ‖ϕ‖2CH + ‖ϕ‖pCLp(Rn)
+

‖ψ‖2CH + ‖η‖2µ,1 6 L(τ, ω)
}

, where

L(τ, ω) = C + Ce−ατ
∫ τ

−∞
eαr|g(r)|22dr + C

∫ 0

−∞
eαr

m∑
j=1

(|zj(θrωj)|2 + |zj(θrωj)|p)dr, (77)

where L(τ, ω) is the constant given by the right-hand side of (58). Then for each τ ∈ R, L(τ, ·) :
Ω→ R is (F ,B(R))-measurable, and

lim
r→−∞

eαrL(τ + r, θrω) = 0. (78)

Therefore, G = {G(τ, ω) : τ ∈ R, ω ∈ Ω} belongs to D. By Lemma 10, G = {G(τ, ω) : τ ∈ R, ω ∈ Ω}
is a closed measurable D-pullback absorbing set in D for Φ. �

We are now in a position to state and prove our main result: the existence of a pullback attractor
for Φ in D.

Theorem 13. Assume that the hypotheses in Lemma 10 hold. Then the continuous cocycle Φ
associated with problem (13)-(14) possesses a unique D-pullback attractor A ∈ D in E.

Proof. Let τ ∈ R, ω ∈ Ω be given arbitrarily. By Lemmas 10 and 12, for any T > τ − t with t > 0
let

Φ(T − τ + t, τ − t, θ−tω, (uτ−t, vτ−t, η(τ − t))) = (uT (·, τ − t, θ−τω, uτ−t),
vT (·, τ − t, θ−τω, vτ−t), η(T, τ − t, θ−τω, η(τ − t)))

where (u(·), v(·), η(·)) is a solution of (13)-(14) satisfying the energy equation (15) with (uτ−t, vτ−t, η(τ−
t)) ∈ G(τ − t, θ−tω), and G = {G(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is a closed measurable D-pullback ab-
sorbing set for Φ in E.

Given a positive integer R, let Ω2R = {x ∈ Rn : |x| 6 2R}, and we define the following new
variables

û(T, x) =

(
1− t

(
|x|2

R2

))
u(T, x),

v̂(T, x) =

(
1− t

(
|x|2

R2

))
v(T, x),

η̂(T, x) =

(
1− t

(
|x|2

R2

))
η(T, x),



STOCHASTIC DELAY WAVE EQUATIONS WITH TIME MEMORY 25

where t is the cutoff function defined in the proof of Lemma 11. Multiplying Eqs. (13) and (14) by

1− t
(
|x|2
R2

)
, we obtain

∂û

∂T
+ δû = v̂ +

(
1− t

(
|x|2

R2

))
z(θTω),

∂v̂

∂T
− δv̂ +

(
1− t

(
|x|2

R2

))
J (v − δu+ z(θTω))−∆û+ (λ+ δ2)û

−
∫ ∞

0

µ(r)∆η̂(r)dr +

(
1− t

(
|x|2

R2

))
F (x, u)

=

(
1− t

(
|x|2

R2

))
f(x, u(T − ρ(T ))) +

(
1− t

(
|x|2

R2

))
g(x, T )

+(α+ δ)

(
1− t

(
|x|2

R2

))
z(θTω) + 2∇t

(
|x|2

R2

)
∇u+ u∆t

(
|x|2

R2

)
+2

∫ ∞
0

µ(r)∇t
(
|x|2

R2

)
∇η(r)dr +

∫ ∞
0

µ(r)∆t

(
|x|2

R2

)
η(r)dr,

∂η̂

∂T
= v̂ − δû+

(
1− t

(
|x|2

R2

))
z(θTω)− ∂η̂

∂r
,

(79)

with initial conditions

û(T, x) = ûτ−t (T − τ + t, x) =

(
1− t

(
|x|2

R2

))
φ(T − τ + t, x),

T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

v̂(T, x) = v̂τ−t(T − τ + t, x) =

(
1− t

(
|x|2

R2

))
∂φ(T − τ + t, x)

∂T

+δ

(
1− t

(
|x|2

R2

))
φ(T − τ + t, x)−

(
1− t

(
|x|2

R2

))
z(θTω),

T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

η̂(τ − t, x, r) = û(τ − t, x)− û(τ − t− r, x)

=

(
1− t

(
|x|2

R2

))
φ(0, x)−

(
1− t

(
|x|2

R2

))
φ(−r, x), r ∈ R+, x ∈ Ω2R,

(80)

and boundary conditions 
û(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

v̂(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

η̂(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R.

(81)

Let û = u1 + u2, v̂ = v1 + v2, η̂ = η1 + η2. Then we can decompose Eqs. (79)-(81) as follows:

∂u2

∂T
+ δu2 = v2,

∂v2

∂T
− δv2 −∆u2 + (λ+ δ2)u2 +

(
1− t

(
|x|2

R2

))
J (v − δu+ z(θTω))

−
(

1− t

(
|x|2

R2

))
J (v1 − δu1 + z(θTω))−

∫ ∞
0

µ(r)∆η2(r)dr = 0,

∂η2

∂T
= v2 − δu2 −

∂η2

∂r
,

(82)
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with initial conditions

u2(T, x) = u2,τ−t (T − τ + t, x) =

(
1− t

(
|x|2

R2

))
φ(T − τ + t, x),

T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

v2(T, x) = v2,τ−t(T − τ + t, x) =

(
1− t

(
|x|2

R2

))
∂φ(T − τ + t, x)

∂T

+δ

(
1− t

(
|x|2

R2

))
φ(T − τ + t, x)−

(
1− t

(
|x|2

R2

))
z(θTω),

T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

η2(τ − t, x, r) = u2(τ − t, x)− u2(τ − t− r, x)

=

(
1− t

(
|x|2

R2

))
φ(0, x)−

(
1− t

(
|x|2

R2

))
φ(−r, x), r ∈ R+, x ∈ Ω2R,

(83)

and boundary conditions 
u2(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

v2(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

η2(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

(84)

and 

∂u1

∂T
+ δu1 = v1 +

(
1− t

(
|x|2

R2

))
z(θTω),

∂v1

∂T
− δv1 +

(
1− t

(
|x|2

R2

))
J (v1 − δu1 + z(θTω))−∆u1 + (λ+ δ2)u1

−
∫ ∞

0

µ(r)∆η1(r)dr +

(
1− t

(
|x|2

R2

))
F (x, u)

=

(
1− t

(
|x|2

R2

))
f(x, u(T − ρ(T ))) +

(
1− t

(
|x|2

R2

))
g(x, T )

+(α+ δ)

(
1− t

(
|x|2

R2

))
z(θTω) + 2∇t

(
|x|2

R2

)
∇u+ u∆t

(
|x|2

R2

)
+2

∫ ∞
0

µ(r)∇t
(
|x|2

R2

)
∇η(r)dr +

∫ ∞
0

µ(r)∆t

(
|x|2

R2

)
η(r)dr,

∂η1

∂T
= v1 − δu1 +

(
1− t

(
|x|2

R2

))
z(θTω)− ∂η1

∂r
,

(85)

with initial conditions
u1(T, x) = u1,τ−t(T − τ + t, x) = 0, T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

v1(T, x) = v1,τ−t(T − τ + t, x) = 0, T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

η1(τ − t, x, r) = 0, r ∈ R+, x ∈ Ω2R,

(86)

and boundary conditions 
u1(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

v1(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

η1(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R.

(87)
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Step 1. Uniform estimates on the solutions of Eqs. (82)-(84). Taking the inner product in
H of the second equation of (82) with v2, we have

1

2

d

dT
|v2|22 − δ|v2|22 +

((
1− t

(
|x|2

R2

))(
J (v − δu+ z(θTω))− J (v1 − δu1 + z(θTω)) , v2

)
+ (∇u2,∇v2) + (λ+ δ2)(u2, v2)−

(∫ ∞
0

µ(r)∆η2(r)dr, v2

)
= 0. (88)

Arguing as in (16)-(17), (20) and (22), in view of v2 = ∂u2

∂T + δu2 and v2 = ∂η2

∂T + δu2 + ∂η2

∂r , In a
similar way as in Theorem 8 and by Eq. (82), we deduce that((

1− t

(
|x|2

R2

))(
J (v − δu+ z(θTω))− J (v1 − δu1 + z(θTω))

)
, v2

)
=

((
1− t

(
|x|2

R2

))
J ′(ζ)(v − v1 − δ(u− u1)), v2

)
>
β1

2
|v2|22 −

β2
2δ

2

2β1
|u2|22, (89)

where ζ is between v − δu+ z(θTω) and v1 − δu1 + z(θTω), and

−
(∫ ∞

0

µ(r)∆η2(r)dr, v2

)
= −

(∫ ∞
0

µ(r)∆η2(r)dr,
∂η2

∂T
+ δu2 +

∂η2

∂r

)
>

1

2

d

dT
‖η2‖2µ,1 +

σ

4
‖η2‖2µ,1 −

δ2m0

σ
‖u2‖2, (90)

(∇u2,∇v2) =

(
∇u2,∇

∂u2

∂T
+ δ∇u2

)
=

1

2

d

dT
‖u2‖2 + δ‖u2‖2, (91)

(u2, v2) =

(
u2,

∂u2

∂T
+ δu2

)
=

1

2

d

dT
|u2|22 + δ|u2|22. (92)

Let α1 := min
{
β1 − 2δ, 2δ − 2δ2m0

σ , 2δ − β2
2δ

2

β1(λ+δ2) ,
σ
2

}
> 0. Then it follows from (88)-(92) that

d

dT

(
|v2|22 + ‖u2‖2 + (λ+ δ2)|u2|22 + ‖η2‖2µ,1

)
+ α1

(
|v2|22 + ‖u2|2 + (λ+ δ2)|u2|22 + ‖η2‖2µ,1

)
6 0. (93)

Given t > 0, τ ∈ R and ω ∈ Ω, using the Gronwall inequality to (93), and replacing ω by θ−τω, we
obtain that for all T ∈ [τ − t, τ ]

|v2(T, τ − t, θ−τω, v2,τ−t)|22 + ‖u2(T, τ − t, θ−τω, u2,τ−t)‖2

+ (λ+ δ2)|u2(T, τ − t, θ−τω, u2,τ−t)|22 + ‖η2(T, τ − t, θ−τω, η2(τ − t))‖2µ,1

6 e−α1(T−τ+t)
(
|v2(τ − t, τ − t, θ−τω, v2,τ−t))|22 + ‖u2(τ − t, τ − t, θ−τω, u2,τ−t)‖2

)
+ (λ+ δ2)e−α1(T−τ+t)|u2(τ − t, τ − t, θ−τω, u2 τ−t)|22

+ e−α1(T−τ+t)‖η2(τ − t, τ − t, θ−τω, η2(τ − t))‖2µ,1. (94)
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Replacing T by τ + s in (94) where s ∈ [−h, 0], we have that for all t > h,

‖v2τ‖2CH + ‖u2τ‖2CV + ‖u2τ‖2CH + ‖η2(τ)‖2µ,1
= sup
s∈[−h,0]

|v2(τ + s, τ − t, θ−τω, v2,τ−t)|22 + sup
s∈[−h,0]

‖u2(τ + s, τ − t, θ−τω, u2,τ−t)‖2

+ sup
s∈[−h,0]

|u2(τ + s, τ − t, θ−τω, u2,τ−t)|22 + ‖η2(τ, τ − t, θ−τω, η2(τ − t))‖2µ,1

6 Ce−α1t
(
|v2(τ − t, τ − t, θ−τω, v2,τ−t)|22 + ‖u2(τ − t, τ − t, θ−τω, u2,τ−t)‖2

)
(95)

+ Ce−α1t
(
|u2(τ − t, τ − t, θ−τω, u2,τ−t)|22 + ‖η2(τ − t, τ − t, θ−τω, η2(τ − t))‖2µ,1

)
.

Step 2. Uniform estimates on the solutions of Eqs. (85)-(87). We consider a couple of
solutions (u1(t), v1(t), η1(t)) and (u2(t), v2(t), η2(t)) of system (13) with initial data (u1

τ , v
1
τ , η

1(τ))
and (u2

τ , v
2
τ , η

2(τ)), respectively. Let u(T ) = u1
1(T )−u2

1(T ), v(T ) = v1
1(T )− v2

1(T ), η(T ) = η1
1(T )−

η2
1(T ). Then it follows from Eqs. (85)-(87) that (u(T ), v(T ), η(T )) satisfies

∂u

∂T
+ δu = v,

∂v

∂T
− δv −∆u+ (λ+ δ2)u+

(
1− t

(
|x|2

R2

))
J
(
v1

1 − δu1
1 + z(θTω)

)
−
(

1− t

(
|x|2

R2

))
J
(
v2

1 − δu2
1 + z(θTω)

)
−
∫ ∞

0

µ(r)∆η(r)dr

+

(
1− t

(
|x|2

R2

))
F (x, u1)−

(
1− t

(
|x|2

R2

))
F (x, u2)

=

(
1− t

(
|x|2

R2

))
f(x, u1(T − ρ(T )))−

(
1− t

(
|x|2

R2

))
f(x, u2(T − ρ(T )))

+2∇t
(
|x|2

R2

)
(∇u1 −∇u2) + ∆t

(
|x|2

R2

)
(u1 − u2)

+2

∫ ∞
0

µ(r)∇t
(
|x|2

R2

)
(∇η1(r)−∇η2(r))dr +

∫ ∞
0

µ(r)∆t

(
|x|2

R2

)
(η1(r)− η2(r))dr,

∂η

∂T
= v − δu− ∂η

∂r
,

(96)

with initial conditions
u(T, x) = uτ−t(T − τ + t, x) = 0, T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

v(T, x) = vτ−t(T − τ + t, x) = 0, T ∈ [τ − t− h, τ − t], x ∈ Ω2R,

η(τ − t, x, r) = 0, r ∈ R+, x ∈ Ω2R,

(97)

and boundary conditions 
u(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

v(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R,

η(T, x) = 0, T ∈ (τ − t,∞), |x| = 2R.

(98)
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Taking the inner product in H of the second equation of (96) with v, in a similar way as above we
have

d

dT

(
|v|22 + ‖u‖2 + (λ+ δ2)|u|22 + ‖η‖2µ,1

)
+ α1

(
|v|22 + ‖u‖2 + (λ+ δ2)|u|22 + ‖η‖2µ,1

)
6 2

∣∣∣∣((1− t

(
|x|2

R2

))(
F (x, u1)− F (x, u2)

)
, v

)∣∣∣∣
+ 2

∣∣∣∣((1− t

(
|x|2

R2

))(
f(x, u1(T − ρ(T )))− f(x, u2(T − ρ(T )))

)
, v

)∣∣∣∣
+ 4

∣∣∣∣(∇t( |x|2R2

)
(∇u1 −∇u2), v

)∣∣∣∣+ 2

∣∣∣∣(∆t

(
|x|2

R2

)
(u1 − u2), v

)∣∣∣∣
+ 4

∣∣∣∣(∫ ∞
0

µ(r)∇t
(
|x|2

R2

)
(∇η1(r)−∇η2(r))dr, v

)∣∣∣∣
+ 2

∣∣∣∣(∫ ∞
0

µ(r)∆t

(
|x|2

R2

)
(η1(r)− η2(r))dr, v

)∣∣∣∣ , (99)

where α1 > 0 is given in (93). By a simple computation, we find that

∆t

(
|x|2

R2

)
= t′′

(
|x|2

R2

)
4x2

R4
+ t′

(
|x|2

R2

)
2x

R2
, (100)

and

∇t
(
|x|2

R2

)
= t′

(
|x|2

R2

)
2x

R2
. (101)

Given τ ∈ R, ω ∈ Ω and t > 0, integrating (99) over (τ − t, T ) with T ∈ [τ − t, τ ] and replacing ω
by θ−τω, in view of (99)-(101) and |t′(s)| 6 C0, |t′′(s)| 6 C ′0 for any s ∈ R+, we deduce that
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|v(T, τ − t, θ−τω, vτ−t)|22 + ‖ u(T, τ − t, θ−τω, uτ−t) ‖2

+ |u(T, τ − t, θ−τω, uτ−t)|22 + ‖η(T, τ − t, θ−τω, η(τ − t))‖2µ,1

6 C

∥∥∥∥(1− t

(
|x|2

R2

))(
F (x, u1(r, τ − t, θ−τω, u1

τ−t)) (102)

−F (x, u2(r, τ − t, θ−τω, u2
τ−t))

)∥∥
L2(Ω2R×[τ−t,τ ])

× ‖v(t, τ − t, θ−τω, vτ−t)‖L2(Ω2R×[τ−t,τ ])

+ C

∥∥∥∥(1− t

(
|x|2

R2

))(
f(x, u1(r − ρ(r), τ − t, θ−τω, u1

τ−t))

−f(x, u2(r − ρ(r), τ − t, θ−τω, u1
τ−t))

) ∥∥∥∥
L2(Ω2R×[τ−t,τ ])

× ‖v(t, τ − t, θ−τω, vτ−t)‖L2(Ω2R×[τ−t,τ ])

+
C

R

(∥∥∇u1(r, τ − t, θ−τω, u1
τ−t))

∥∥
L2(Ω2R×[τ−t,τ ])

+
∥∥∇u2(r, τ − t, θ−τω, u2

τ−t))
∥∥
L2(Ω2R×[τ−t,τ ])

)
× ‖v(t, τ − t, θ−τω, vτ−t)‖L2(Ω2R×[τ−t,τ ])

+
C

R

(∥∥η1(r, τ − t, θ−τω, η1
τ−t)

∥∥
L2(τ−t,τ ;L2

µ(R+;H1
0 (Ω2R)))

+
∥∥η2(r, τ − t, θ−τω, η2

τ−t))
∥∥
L2(τ−t,τ ;L2

µ(R+;H1
0 (Ω2R)))

+ ‖v(t, τ − t, θ−τω, vτ−t)‖L2(Ω2R×[τ−t,τ ])

)
, (103)

where we have used the Sobolev embedding H1
0 (Ω2R) ↪→ Lp(Ω2R).

Step 3. D-pullback asymptotically upper-semicompact in E. Thanks to Lemma 11, we
see that for every τ ∈ R, ω ∈ Ω and any ε > 0, there exist R0 = R0(ε, τ, ω,G) > 0 and T0 =
T0(ε, τ, ω,G) 6 h such that for any solution

(
uτ (·, τ − t, θ−τω, uτ−t), vτ (·, τ − t, θ−τω, vτ−t), η(τ, τ −

t, θ−τω, η(τ − t))
)
∈ Φ

(
t, τ − t, θ−tω,G(τ − t, θ−tω)

)
,

sup
s∈[−h,0]

∫
ΩcR0

(
|∇u(τ + s, τ − t, θ−τω, uτ−t)|2 + |v(τ + s, τ − t, θ−τω, vτ−t)|2

)
dx

+ sup
s∈[−h,0]

∫
ΩcR0

(
|u(τ + s, τ − t, θ−τω, uτ−t)|2 + |u(τ + s, τ − t, θ−τω, uτ−t)|p

)
dx

+

∫ ∞
0

µ(r)

∫
ΩcR0

|∇η(τ, τ − t, θ−τω, η(τ − t), r)|2dxdr 6 ε, ∀t > T0, (104)

and by G ∈ D, (47), (95) and the Sobolev embedding H1
0 (Ω2R) ↪→ Lp(Ω2R), we have

‖v2τ‖2CH + ‖u2τ‖2CV + ‖u2τ‖2CH + ‖u2τ‖2CLp(Rn)
+ ‖η2(τ)‖2µ,1 6 ε, ∀t > T0. (105)

In order to prove the D-pullback asymptotic compactness of Φ, let B = {B(τ, ω) : τ ∈ Rn, ω ∈ Ω} ∈
D, sequence tn → ∞ (n → ∞) and (unτ (·, τ − tn, θ−τω, unτ−tn), vnτ (·, τ − tn, θ−τω, vnτ−tn), ηn(τ, τ −
tn, θ−τω, η

n(τ − tn))) ∈ Φ(tn, τ − tn, θ−tnω,B(τ − tn, θ−tnω)) be given arbitrarily. Since G is a
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D-pullback absorbing for Φ, we obtain that there exists N > 0 such that for all n > N,

Φ(tn, τ − tn, θ−tnω,B(τ − tn, θ−tnω))

= Φ(T0, τ − T0, θ−T0
ω,Φ(tn − T0, τ − tn, θ−tnω,B(τ − tn, θ−tnω))

⊂ Φ(T0, τ − T0, θ−T0
ω,G(τ − T0, θ−T0

ω)).

This implies that (unτ (·, τ − tn, θ−τω, u
n
τ−tn), vnτ (·, τ − tn, θ−τω, v

n
τ−tn), ηn(τ, τ − tn, θ−τω, η

n(τ −
tn))) ∈ Φ(T0, τ−T0, θ−T0ω,G(τ−T0, θ−T0ω)). Hence for each n, there exists a solution (ũ(·), ṽ(·), η̃(·))
of (13) satisfying the energy equation (15) with (ũnτ−T0

, ṽnτ−T0
, η̃n(τ −T0)) ∈ G(τ −T0, θ−T0ω) such

that

(ũnτ (·), ṽnτ (·), η̃n(τ)) = (unτ (·), vnτ (·), ηn(τ)). (106)

Then it follows from Lemma 10 that

{ũn(T, τ − T0, θ−τω, ũ
n
τ−T0

)} is bounded in L∞(τ − T0 − h, τ ;H1(Rn)), (107)

{ṽn(T, τ − T0, θ−τω, ṽ
n
τ−T0

)} is bounded in L∞(τ − T0 − h, τ ;L2(Rn)), (108)

{η̃n(T, τ − T0, θ−τω, η̃
n(τ − T0))} is bounded in L∞(τ − T0, τ ;L2

µ(R+;H1(Rn))). (109)

Since ∂ũ
∂T = ṽ − δũ + z(θTω), in view of the continuity of z(θTω) and (8)-(10), we obtain that for

every ω ∈ Ω,{
∂ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

)

∂T

}
is bounded in L∞(τ − T0 − h, τ ;L2(Rn)). (110)

Hence, there exists R1 > R0 such that for all n,m > N,

C

R1

(∥∥∇ũn(T, τ − T0, θ−τω, ũ
n
τ−T0

)
∥∥
L2(Ω2R1

×[τ−T0,τ ])

+
∥∥∇ũm(T, τ − T0, θ−τω, ũ

n
τ−T0

)
∥∥
L2(Ω2R1

×[τ−T0,τ ])

)
×
∥∥∥ṽn1 (T, τ − T0, θ−τω, ṽ

n
1(τ−T0))− ṽ

m
1 (T, τ − T0, θ−τω, ṽ

m
1(τ−T0))

∥∥∥
L2(Ω2R1

×[τ−T0,τ ])

+
C

R1
‖(η̃n(T, τ − T0, θ−τω, η̃

n(τ − T0))‖2L2(τ−T0,τ ;L2
µ(R+;H1

0 (Ω2R1
)))

+
C

R1
‖(η̃m(T, τ − T0, θ−τω, η̃

m(τ − T0))‖2L2(τ−T0,τ ;L2
µ(R+;H1

0 (Ω2R1
)))

+
C

R1

∥∥ṽn1 (T, τ − T0, θ−τω, ṽ
n
1,τ−T0

)− ṽm1 (T, τ − T0, θ−τω, ṽ
m
1,τ−T0

)
∥∥2

L2(Ω2R1
×[τ−T0,τ ])

< ε, (111)

thanks to the continuous embedding H1
0 (Ω2R1

) ↪→ L2(Ω2R1
). Recall that

L∞(τ − T0 − h, τ ;H1
0 (Ω2R1

)) ∩ L∞(τ − T0 − h, τ ;L2(Ω2R1
)) ↪→ Lm(τ − T0 − h, τ ;Ls(Ω2R1

)),

compactly for any 1 < m <∞, 1 6 s <∞ if n = 1, 2 and 1 6 s < 6 if n = 3. Hence, without loss
of generality, by (107) and (110) we have

un(T, τ − T0, θ−τω, u
n
τ−T0

)→ u(T, τ − T0, θ−τω, uτ−T0) in Lr(Ω2R1 × [τ − T0 − h, τ ]) (112)
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for any 1 < m < ∞, 1 6 r < ∞ if n = 1, 2 and 1 6 r < 6 if n = 3. In view of (H6)-(H7) and
Hölder’s inequality, we deduce from (107) and (112) that∥∥∥∥(1− t

(
|x|2

R2
1

))
F (x, ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

))

−
(

1− t

(
|x|2

R2
1

))
F (x, ũ(T, τ − T0, θ−τω, ũτ−T0))

∥∥∥∥
L2(Ω2R1

×[τ−T0,τ ])

6 C
∫ τ

τ−T0

∫
Ω2R1

(
1 + |ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

)|2p−4 + |ũ(T, τ − T0, θ−τω, ũτ−T0)|2p−4
)

∣∣∣∣ũn(T, τ − T0, θ−τω, ũ
n
τ−T0

)− ũ(T, τ − T0, θ−τω, ũτ−T0
)

∣∣∣∣2dxdT
6 C|ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

)− ũ(T, τ − T0, θ−τω, ũτ−T0)|2
Lr′ (Ω2R1

×[τ−T0−h,τ ])
→ 0 (113)

as n→∞ for some 1 6 r′ <∞ if n = 1, 2 and 1 6 r′ < 6 if n = 3, and∥∥∥∥(1− t

(
|x|2

R2
1

))
f(x, ũn(T − ρ(T ), τ − T0, θ−τω, ũ

n
τ−T0

))

−
(

1− t

(
|x|2

R2
1

))
f(x, ũ(T − ρ(T ), τ − T0, θ−τω, ũτ−T0

))

∥∥∥∥
L2(Ω2R1

×[τ−T0,τ ])

6 C
∫ τ

τ−T0

∫
Ω2R1

∣∣∣∣ũn(T, τ − T0, θ−τω, ũ
n
τ−T0

)− ũ(T, τ − T0, θ−τω, ũτ−T0
)

∣∣∣∣2dxdT
6 C‖ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

)− ũ(T, τ − T0, θ−τω, ũτ−T0
)‖2L2(Ω2R1

×[τ−T0−h,τ ]) → 0 (114)

as n→∞. Observe that the sequence {ṽn1 (T, τ − T0, θ−τω, ṽ
n
1,τ−T0

)} is bounded in L2(Ω2R1 × [τ −
T0, τ ]). Thus, there exists N1 > N such that for all n,m > N1,

C

∥∥∥∥(1− t

(
|x|2

R2
1

))
(F (x, ũn(T, τ − T0, θ−τω, ũ

n
τ−T0

))

− F (x, ũm(T, τ − T0, θ−τω, ũ
m
τ−T0

)))

∥∥∥∥
L2(Ω2R1

×[τ−T0,τ ])

×
∥∥ṽn1 (T, τ − T0, θ−τω, ṽ

n
1,τ−T0

)− ṽm1 (T, τ − T0, θ−τω, ṽ
m
1,τ−T0

)
∥∥
L2(Ω2R1

×[τ−T0,τ ])
< Cε, (115)

and

C

∥∥∥∥(1− t

(
|x|2

R2
1

))
(f(x, ũn(T − ρ(T ), τ − T0, θ−τω, ũ

n
τ−T0

))

− f(x, ũm(T − ρ(T ), τ − T0, θ−τω, ũ
m
τ−T0

)))

∥∥∥∥
L2(ΩR1

×[τ−T0,τ ])

×
∥∥ṽn1 (T, τ − T0, θ−τω, ṽ

n
1,τ−T0

)− ṽm1 (T, τ − T0, θ−τω, ṽ
m
1,τ−T0

)
∥∥
L2(Ω2R1

×[τ−T0,τ ])
< Cε. (116)
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Combing (115)-(116) with (102) and (111) together, we deduce that for all n,m > N1,

‖ṽn1τ − ṽm1τ‖2CL2(Ω2R1
)
+ ‖ ũn1τ − ũm1τ ‖2CL2(Ω2R1

)
+ ‖ ũn1τ − ũm1τ ‖2C

H1
0(Ω2R1

)

+ ‖η̃n1 (τ)− η̃m1 (τ)‖2L2
µ(R+;H1

0 (Ω2R1
))

= sup
s∈[−h,0]

(∥∥ṽn1 (τ + s, τ − T0, θ−τω, ṽ
n
1,τ−T0

)− ṽm1 (τ + s, τ − T0, θ−τω, ṽ
m
1,τ−T0

)
∥∥2

L2(Ω2R1
)

+
∥∥ũn1 (τ + s, τ − T0, θ−τω, ũ

n
1,τ−T0

)− ũm1 (τ + s, τ − T0, θ−τω, ũ
m
1,τ−T0

)
∥∥2

L2(Ω2R1
)

+
∥∥ũn1 (τ + s, τ − T0, θ−τω, ũ

n
1,τ−T0

)− ũm1 (τ + s, τ − T0, θ−τω, ũ
m
1,τ−T0

)
∥∥2

H1
0 (Ω2R1

)

)
+ ‖η̃n1 (τ, τ − T0, θ−τω, η̃

n
1 (τ − T0))− η̃m1 (τ, τ − T0, θ−τω, η̃

m
1 (τ − T0))‖2L2

µ(R+;H1
0 (Ω2R1

))

< Cε. (117)

This together with (104)-(106) implies that for all n,m > N1 and every ω ∈ Ω,

‖vnτ − vmτ ‖2CH+ ‖ unτ − umτ ‖2CV +‖ηn(τ)− ηm(τ)‖2µ,1 < Cε, (118)

and thus the sequences {(unτ (·, τ−tn, θ−τω, unτ−tn), vnτ (·, τ−tn, θ−τω, vnτ−tn), ηn(τ, τ−tn, θ−τω, ηn(τ−
tn)))}∞n=1 is precompact in E. The proof of this theorem is complete. �
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