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ABSTRACT. This paper is devoted to the asymptotic behavior of solutions to a
non-autonomous stochastic wave equation with infinite delays. The nonlinear
terms of the equation are not expected to be Lipschitz continuous, but only
satisfy continuity assumptions along with growth conditions, under which the
uniqueness of the solutions may not hold. Using the theory of multi-valued
non-autonomous random dynamical systems, we prove the existence and mea-
surability of a compact global pullback attractor.

1. Introduction. In this paper, we study the existence and measurability of pull-
back attractors for the following non-autonomous stochastic wave equation with
infinite delays and additive white noise defined on a bounded domain D C R™ with
smooth boundary:

2010 Mathematics Subject Classification. Primary: 35L05, 37L30, 37L55.

Key words and phrases. Random attractor, multi-valued non-autonomous random dynamical
system, stochastic delay wave equation, nonlinear damping, infinite delay.

This work was supported by NSF of China (Grants No. 11801335, 41875084). The research
of T. Caraballo has been partially supported by Ministerio de Ciencia Innovacién y Universidades
(Spain), FEDER (European Community) under grant PGC2018-096540-B-100, and by FEDER
and Junta de Andalucia (Consejeria de Economia y Conocimiento) under projects US-1254251
and P18-FR-4509.

* Corresponding author.


http://dx.doi.org/
Tomas Caraballo


2 JINGYU WANG, YEJUAN WANG AND TOMAS CARABALLO

0%u ou
v 4+ J <8t> — Au+ = f(z,u(t —p(t)))

0 m
Jr/ F(:U,s,u(tJrs))derg(:r,t)JrZhj(x)wj, t>T1,x€D,
- j=1 (1.1)
u(t,z) =0, t >, 2 € 0D,
u(t,z) =t —r,2), t <7, €D,
%(t,x) = a—f(t—T,x), t<T,x €D,
where A > 0, 7 € R is an initial time, ¢ is an initial datum on (—o0, 0], for each j =
1,...,m, hj(z) € HY(D), {w; }7L, are independent two-sided real-valued Wiener
processes on a probability space which will be specified below, and the other symbols
satisfy the following conditions:

(H1) There exist two constants (1, 82 such that
J(0)=0, 0< B <J(v) <Pz <o0, YweR.
(H2) There exist a function k; € L?(D) and a positive constant ko such that
f € C(D x R;R) and p € CH(R; [0, h]) satisfy
|f(x,v)]? < |k1(z)|> + K3|v|?, Vo e D, veR,
10/(1)] < pe <1, VEER,
where h > 0 is a given positive number.

(H3) There exist a positive scalar function e=27'm;(-) € L'((—o0,0];R) and a
function mg € L((—o0,0]; L?(D)) such that the function F' € C(DxRxR;R)

satisfies
|F(z,s,v)| < mi(s)|v|+ |mo(s,x)|, Vz € D, s,v € R, (1.2)
and we will denote
0 0
mo = / lmo(s,)|lL2(pyds and m; = / e 2 my (s)ds.

(H4) The external force g € C(R; L?(D)) is such that

& a— Smi r
/ / e( 5152> lg(r, z)|Pdzdr < 0o, Vt € R,
—oo J D

where a > 0 will be given in Lemma 11.

Wave equations with some delay terms are considered suitable models in analysis
of oscillatory phenomena including aftereffects, times lags or hereditary character-
istics [19, 22, 38, 44], as the deformation of viscoelastic materials [13, 14] or the
retarded control of the dynamics of flexible structures [23, 26, 28]. Global attrac-
tors, uniform attractors or pullback attractors for deterministic autonomous or non-
autonomous damped wave equations with deterministic have been studied by many
authors, see [2, 3,4, 5,9, 11, 16, 18, 21, 27, 29, 31, 32, 41, 46, 47] and the references
therein. The existence of random attractors for autonomous or non-autonomous sto-
chastic wave equations has been considered in [12, 15, 20, 24, 30, 33, 35, 43, 45, 48].

The existence of pullback attractors for deterministic damped wave equations
with bounded delays has been initially established in [6]. Very recently, the asymp-
totic behavior of non-autonomous damped wave equations with bounded delays
and without the uniqueness of solutions has been investigated in [37, 42]. The goal
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of this paper is to study the multi-valued random dynamics of stochastic damped
wave equations with inifinite delays. Since the non-Lipschitz continuity of the non-
linearities leads to the non-uniqueness of solutions of (1.1), comparing with the case
of uniqueness the new difficulty appears in the proof of the measurability of solu-
tions as well as the measurability of pullback attractors. In additions, the presence
of both variable and distributed delays also make the analysis of the asymptotic
compactness of solutions more complicated.

Therefore, in order to obtain the random attractor, we shall use the general the-
ory of attractors for multi-valued random dynamical systems developed in [7], and
then more generally for multi-valued non-autonomous random dynamical systems
investigated in [36, 40]. For multi-valued random dynamical systems, the reader is
referred to [8, 10, 39] for the existence and measurability of pullback attractors for
parabolic equations with delays or first-order lattice systems.

This paper is organized as follows. In Section 2, we recall some basic concepts
and results related to multi-valued non-autonomous random dynamical systems and
global pullback attractors. In Section 3, we define a multi-valued non-autonomous
random dynamical system for (1.1). Section 4 is devoted to the existence and
uniqueness of the pullback attractor. The measurability of the pullback attractor
is given in Section 5.

2. Preliminaries. We recall some basic definitions for multi-valued non-autonomous
random dynamical systems and some results ensuring the existence and measurabil-
ity of pullback attractors for these systems. The reader is referred to [7, 34, 36, 40)
for more details.

Let @ be a nonempty set, (2, F,P) be a probability space, and (X,d) be a
Polish space with Borel o-algebra B(X). The Hausdorff semi-distance between two
nonempty subsets A and B of X is defined by

d(A, B) =sup{d(a, B) : a € A},

where d(a, B) = inf{d(a, b) : b € B}. Denote by N, (A) the open r-neighborhood
{y € X :d(y,A) < r} of radius r > 0 of a subset A of X.

Let 2% be the collection of all subsets of X. Assume that there are two groups
{ot}ter and {6;}:cr acting on @ and £, respectively. Specifically, o : R x Q@ — Q
is a mapping such that og is the identity on @, ory, = oy 0o, for all t,7 € R.
Similarly, 6 : R x Q@ — Q is a (B(R) x F, F)-measurable mapping such that 6y is
the identity on Q, 044, = 0, 00, for all t,7 € R and 6;P = P for all ¢t € R. In the
sequel, we will call both (@, {o:}ier) and (2, F,P, {6;}1er) parametric dynamical
systems.

Definition 1. Let (Q,{o:}ier) and (Q, F,P,{0;}ier) be parametric dynamical
systems. A multi-valued mapping ® : RT x Q x Q x X — 2% with nonempty closed
images is called a multi-valued cocycle on X over (Q, {0t }+er) and (Q, F, P, {0; }ier)
if for all g € Q, w € Q and t,7 € R, the following conditions are satisfied:

(1) ®(0, q,w, -) is the identity on X; (2) ®(t+7,q,w, ) = ®(¢,0.q, 0, w, P(T,q,w,*)).

It is well known that the usual definition of multi-valued cocycle requires ®(t +
T,q,w, ) C ®(t,0.q,0,w,P(T,q,w,-)), and the one in Definition 1 is referred to as
strict multi-valued cocycle. As we will deal with strict multi-valued cocycles in our
analysis, we will omit the word strict.
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A multi-valued cocycle is called a random cocycle if the multi-valued mapping
(t,w,z) = ®(t, q,w, x) is B(RT)x F x B(X) measurable, i.e., {(t,w,z) : ®(t,q,w,z)N
O #0} € BRT) x F x B(X) for every open set O of the topological space X.

For the above composition of multi-valued mappings, we use that for any non-
empty set V C X, ®(¢,q,w, V) is defined by

(I)(tquw7v): U @(t,q,w,xo).
xo€EV

Definition 2. (See [34].) A collection D of some families of nonempty subsets of
X is said to be neighborhood closed if for each D = {D(q,w) : ¢ € Q,w € Q} € D,
there exists a positive number ¢ depending on D such that the family

{B(q,w) : B(q,w) is a nonempty subset of N.(D(q,w)),Vq € Q,Yw € Q} (2.1)

also belongs to D.
Note that the neighborhood closedness of D implies for each D € D,

{D(q,w) : D(q,w) is a nonempty subset of D(q,w),Vq € Q,Yw € Q} € D. (2.2)

A collection D satisfying (2.2) is said to be inclusion-closed in the literature, see,
e.g., [17].

Definition 3. (See [7, 34, 36, 40].)

(1) A set-valued mapping K : Q x Q — 2% is called measurable with respect to
F in Q if the value K(g,w) is a closed nonempty subset of X for all ¢ € Q
and w € Q, and the mapping w € Q — d(z, K(q,w)) is (F, B(R))-measurable
for every fixed z € X and q € Q.

(2) Let D be a collection of some families of nonempty subsets of X and K =
{K(q,w) : q € Q,w € Q} € D. Then K is called a D-pullback absorbing set
for @ if for all ¢ € Q, w € Q and for every B = {B(q,w) : ¢ € Q,w € Q} € D,
there exists T'= T'(B, ¢,w) > 0 such that

O(t,0_1q,0_1w, B(o_1q,0_1w)) C K(q,w), Yt > T.

If, in addition, for all ¢ € Q and w € Q, K(q,w) is a closed nonempty subset
of X and K is measurable with respect to the P-completion of F in {2, then
we say K is a closed measurable D-pullback absorbing set for ®.

(3) Let D be a collection of some families of nonempty subsets of X. Then & is
said to be D-pullback asymptotically upper-semicompact in X if for all ¢ € Q
and w € €, any sequence y, € ®(7T,,0_1,9,0_1,w,x,) has a convergent
subsequence in X whenever T,, — 400 (n = ), &, € B(o_1,q,0_7,w) with
B={B(q,w):q€Q,weN}eD.

Definition 4. Let D be a collection of some families of nonempty subsets of X and
A={A(q,w) : ¢ € Q,w € Q} € D. Then A is called a D-pullback attractor for ®
if it satisfies:
(1) A(g,w) is compact for all g € Q and w € Q.
(2) A is invariant, that is, for every ¢ € @ and w € Q,
(I)(ta q,w, A(Qa OJ)) = A(UtQa 0150.)), vt > 0.

(3) A attracts every member of D, that is, for every B = {B(q,w) : ¢ € Q,w €
Q} €D and for all g € Q and w € Q,

lim d(® (¢t,0_1q,0_tw, B(o_1q,0_w)), A(q,w)) = 0.

t—+oo
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Definition 5. Let B = {B(q,w) : ¢ € Q,w € Q} be a family of nonempty subsets
of X. For every ¢ € Q and w € , let

OB, q,w) = ()| J Pt 0 1q,0-1w,B(0_1q,0_w)).
T20t>T1
Then the family {0(B,q,w) : ¢ € Q,w € Q} is called the ©-limit set of B and is
denoted by ©(B).

Theorem 6. (See [7, 34, 36, 40].) Let D be a neighborhood closed collection of some
families of nonempty subsets of X, and let ® be a multi-valued cocycle on X over
(Q,{ot}ter) and (Q, F, P, {0: }1er) satisfying the norm-to-weak upper-semicontinuity
on X, i.e., if xn, — x in X, then for any y, € ®(t,q,w, ), there exist a subse-
quence Y, and ay € ®(t,q,w,x) such that y,, — y (weak convergence). Then
® has a D-pullback attractor A in D if and only if ® is D-pullback asymptotically
upper-semicompact in X and ® has a closed D-pullback absorbing set K in D. The
D-pullback attractor A is unique and is given by, for each q € Q and w € €,

Alg,w) = O(K,q,w) = | ] O(B,¢,w (2.3)

BeD

Remark 7. The concept of neighborhood closedness of D is used to consider the
necessary condition for the existence of a D-pullback attractor. For the sufficient
condition for the existence of such attractor, we only need the concept of inclusion-
closedness of D.

Theorem 8. (See [7, 34, 36, 40].) Let ® be a multi-valued random cocycle. Under
the assumptions of Theorem 6, let w — ®(t,q,w, K(q,w)) be measurable (w.r.t. the
P-completion of F) fort >0 and q € Q, and let ®(t,q,w, K(q,w)) be closed for all
t>0,g€Q andw € Q. Then for every fized q € Q, A(q,-) defined by (2.3) is
measurable with respect to the P-completion of F.

Let (X,|| - |lx) be a Banach space. The following result will be used to check
the D-pullback asymptotically upper-semicompactness of multi-valued cocycles.

Theorem 9. Let D be a collection of same families of nonempty subsets of X, and
let ® be a multi-valued cocycle on a Banach space X . Suppose that ® can be written
as
O =0, +
and for any fired ¢ € Q and w € Q,
(1) hm ||(I>2(t7 o_¢q, H_tw, K(O'_tq, G—tw))HX = 0,’
t—+o0

(2) for any fized t > 0, every sequence u, € ®1(t,0_1q,0_w, K(o0_1q,0_1w)) is a
Cauchy sequence in X,
where K = {K(q,w) : ¢ € Q,w € Q} is a D-pullback absorbing set for ®. Then P
is D-pullback asymptotically upper-semicompact in X .

Proof. Let ¢ € Q, w € Q, B={B(q,w) : ¢ € Q,w € Q} € D, sequences T,, — +00
(n = 4o00) and u, € ®(Ty,0_1,q9,0_1,w, B(o_1,q,0_1,w)) be given arbitrarily.
In order to prove the precompactness of u, in X, it suffices to show that u, is a
Cauchy sequence in X.

By using the assumption (1), we can choose ¢; > 0 such that

g
||(b2(t17 0—,4, 9—t1w7 K(U—tl q, o—tlw))”X < g (24)
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On the other hand, we obtain that for sufficiently large n,
(P(Tn, 0-1,4, e—an7 B(U—Tn q, 9—an))

=®(t1,0-4,¢,0 4w, ®(T, —t1,0-71,9,0_ 1,0, B(0_1,9,0_1,W)))

- (I)(th 0—_t,4, 97t1w7 K(O—*tl q, gftlw))'
This implies that u, € ®(t1,0_¢,¢,0_,w, K(0_+,q,0_4,w)) for sufficiently large n.
We write u, as u, = yn + Zn, where y, € ®1(t1,0-+,q,0_+,w, K(0_t,q,0_+,w)),
Ty € Po(t1,0-4,q, O_t,w, K(0_4,¢q,0_,w)). It follow from assumption (2) that
there exists an N > 0 such that

g
”yn_ymHX < gv Yn,m > N. (25)

By (2.4) and (2.5), we deduce that for all n,m > N,

[un —umllx < llyn = ymlx + lznllx + zmllx <e, (2.6)

which completes the proof. [J

3. The multi-valued cocycle associated to the model. For the stochastic
term in (1.1), we assume that for each j = 1,...,m, {w;}7", are independent
two-sided real-valued Wiener processes on a probability space (2, F,P), where

Q={w = (w1,wa,...,wn) € C(R,R™) : w(0) = 0},
F is the Borel g-algebra generated by the compact-open topology of €2, and P is
the corresponding Wiener measure on (£2, F). Then we will identify w with W(t),
ie.,
W(t,w) = (w1(t), wa(t), ..., wn(t)) =w(t) forteR.
Define a group {6; }+cr acting on (2, F,P) by
() =w(-+1) —w(t), we D, teR. (3.1)

Then (Q, F,P, {0;}1cr) is a parametric dynamical system. Suppose @ = R. Define
a family {o}+er of shift operators by

oi(s) =s+t forallt,seR. (3.2)
Given j = 1,...,m, consider the one-dimensional Ornstein-Uhlenbeck equation
dzj + azjdt = dw;(t). (3.3)
One may easily verify that a solution to (3.3) is given by
0
() = 2 (0;) = —a / €57 (Bys;)(T)dr, ¢ € R.

It is known that there exists a 6;-invariant set Q C Q of full P measure such that
2j(f1w;) is continuous in ¢ for every w € Q, and the random variable |z;(w;)| is
tempered. Hereafter, we will not distinguish Q and Q, and write  as Q.

It follows from Proposition 4.3.3 in [1] that there exists a tempered function
r(w) > 0 such that

Z |2 (wi)* < r(w), (3.4)

where r(w) satisfies, for every w € Q,

r(fiw) < e%‘tlr(w), teR. (3.5)
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Then (3.4) and (3.5) imply that, for every w € Q,
3 1z (0uw)) 2 < efilr(w), t R, (3.6)
j=1
Putting z(fiw) = 37", hjz;(0w;), by (3.3) we have
dz + azdt = hjdw;.
j=1

Let £ = %—7; + du where 6 > 0 will be fixed later. Then (1.1) can be written as

Ju

? + 5“ = fa

a—f — 06+ J(€—0u) — Au+ A+ 6H)u= f(z,ult — p(t))) (3.7)
0 m

—l—/ F(m,s,u(t—i—s))ds—l—g(m,t)—i—Zhj(x)u')j,
oo =

with bounded and initial conditions
u(t,x) =&(t,z) =0, t > 71, x € 9D,
u(t,z) =u(t —7,2) =@t —T1,2), t <7, x €D,

0p(t — 7,z

f(t733):fr(t—7'7$): ( 315 )
To convert the stochastic wave equation to a deterministic one with random pa-
rameters, let us consider a new variable given by v(t,x) = £(t,x) — 2(0;w), where
z(Ow) = 27:1 hjz;j(0:w;). Then the system (3.7)-(3.8) becomes

(3.8)
+éo(t—T1,x), t< T, xE€D.

ou

5 + 0u = v+ 2(6w),

% — v+ J(v —du+ 2(0w)) — Au+ (A + 62)u = f(x,u(t — p(t))) (3.9)
0

4 [ Plosult+9)ds + gla,t) + @+ 5)x(0),

with bounded and initial conditions
u(t,x) =v(t,x) =0, t > 1, x € ID,
u(t,z) =u(t —1,2) =p(t —7,2), t <7, x €D,

0p(t — 7, x)
ot

v(t,z) =v,(t —T,2) = +0o(t —1,2) — 2(Ow), t <7, x €D.

(3.10)
We denote by C, x the space
Cyx ={¢ € C((—0,0]; X) | Ezn P(s)e? exists},
where the parameter v > 0 will be determined later on, and set

[Wlle, = supeols)]x <.
$€(—00,0
This is a separable Banach space. Given T' > 7 and u : (—00,T) — X, for each
t € [r,T) we denote by u; the function defined on (—oo, 0] by the relation u(s) =
u(t+s), s € (—o0,0].
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Let H = L?(D) with norm | - | and inner product (-,-), and let V = H}(D) with
norm || -||. Set E = C, v x C, m. In the sequel, C' denotes an arbitrary positive
constant, which may be different from line to line and even in the same line.

Thanks to Lemma 11, by the standard Galerkin approximation and compactness
method, the following existence result of solutions follows immediately from the
similar arguments of Theorem 3.1 in [42].

Theorem 10. Suppose that (H1)-(H3) hold true and g € L} (R;H). Then for

each T € R, w € Q and for any (ur,v;) € E, there exists a solution (u(t),v(t)) to
problem (3.9)-(3.10), and

u('aTawvuT) € C((—OO,T], V)’ "U(',T,w,?).,-) € C((—OO,T],H), VT > T.

Now we define a multi-valued mapping ® : RT x R x Q x £ — E by
@(t, T, W, (UT7 UT)) = {(ut+7('7 7, 0_7—(4.)7 UT)7 Ut-‘r‘l'('v 7, 9_7—&.}7 UT))|
(u(-),v(+)) is a solution of (3.9)-(3.10) with (u,,v;) € E},

where u¢y, and vy, are defined for 6 € [—o00,0] as ury,(0) = w(t + 7 + 0) and
virr(0) = v(t + 7 4 6) respectively, and vy (-, 7,0_rw,v;) = Ear (7, 07w, &) —
2(0p4.w) with v-(-) = &, (-) — 2(.w). By a standard way as in [7] (Lemma 5.1), we
see that & satisfies conditions (1)-(2) in Definition 1. It suffices to show that for
any t € R, 7 € R, w € Q and (ur,v,) € F, the set ®(¢,7,w, (ur,v,)) is closed in
E. Let (up (-),vf,(-) € ®(t, 7w, (ur,vr)) and (wi4r(-), ve4-(-)) € E such that

(W (s 07 () = (tsr (), vir () i E. (3.11)
By slightly modifying the proof of the existence of weak solutions, in view of Lemma

11, we find that there exists a solution (u,v) of problem (3.9)-(3.10) with initial
condition (u,,v,) such that, up to a subsequence

u?:‘r‘l'(.) - a75Jr7'(') in L2(_ta 0; V)»
V4o (4) = Vg () in L*(—t,0; H).
Combining this with (3.11), we conclude that (ui4-(+), verr (+)) = (Upgr(+), Verr () €

®(t, 7,w, (ur,v,)). Hence, ® is a multi-valued cocycle on E over (R, {o;}+er) and
(Qa fv Pv {et}tGR)'

4. Uniform estimates of solutions. In this section, we derive uniform estimates
on the solutions of (3.9)-(3.10) for the purpose of proving the existence of a pullback
absorbing set of the multi-valued random dynamical system.

Assume that D = {D(r,w) : 7 € R,w € Q} is a family of bounded nonempty
subsets of F satisfying, for every 7 € R and w € 2,

a— 87n% t
T G (162, +112, ) =0, @)
e (¢, ¥)ED(T+t,00w)

where « will be given in Lemma 11. Denote by D the collection of all families of
bounded nonempty subsets of E which fulfill condition (4.1), i.e.,

D={D={D(r,w): 7 € R,w € Q} : D satisfies (4.1)}.
Obviously D is neighborhood closed.
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Lemma 11. In addition to the assumptions (H1)-(H4), assume that there exist
positive constants «, § and v such that

a  8m?
— 2 4.2
5 T g << (4.2)
B
— =2 4.
a< 0, (4.3)
a <6, (4.4)

and

2626 4kZeoh
B Br(l—p.)

Then for every 7 € R and w € Q, the solution of (3.9)-(3.10) with w replaced by

0_,w satisfies for all t > 0,

a(A+6%) < 6N+ 6?) — (4.5)

lorllZ, o + lurll2, , + A+ 8)llurllE, ,,
8m?

—a——=—5 |t
<o (5) (Nor—eliZ, o+ lurell?, + il )

+Ce(§"£_a>T/T (5 ) ) P

+c+c/ W Z|zjawj\dr

where C' is a positive constant mdependent of T and w.

Remark 12. We note that (4.2) holds for v large, whereas (4.3) holds if ¢ is small
enough. On the other hand, (4.2) and (4.5) are satisfied for A\ large and m;, ko
small enough. These conditions can be read as: a combination of strong damping
(X large) and small effects of the delay (in terms of ko and m; small) ensure the
existence of the attractor.

Proof. Taking the inner product in H of the second equation of (3.9) with v, we
find that

——|v* = 8Jv]* + (J(v — du + 2(0w)), v) + (X + %) (u,v) + (Vu, Vo) (4.6)

0
F(x,s,u(t+s)), v) + (g(t) + (@ + 6)z(Bw), v).

— 00

= (f(ault — p()))v) + ( /

Recall that v = a” + du — z(f;w), hence by Young’s inequality we have

Ot 6)(u,0) > “*T‘SQ)%W ML p o), (47)
(Vu.V0) > 2l + Dl = (), (4.9)
(0(0) + G+ 0)2(00).0) < D 4+ Clg) + Cletou),  (49)
and using (H2)-(H3), we find that
et = poD)0) < 2+ 200 B e, a0
1 1
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(/_OOO F(z,s,u(t+ s))ds,v> < /D /_OOO Imo(z, s)|[v(t)|dsdz

0
+/D/_Ooml(s)|u(t+s)Hv(t)\dsdx (4.11)
<m0|v(t)|+[ ma(s)|u(t + s)|[v(t)|ds

51 2
3 u(t)] +7+ 3, luell?, -
By Lagrange’s mean value theorem and (H1), we obtain that

(J(v —du + z(Ow)),v) = (J'({)(v — du + 2(6iw)), v)

> Bl 7 Q)0 — 20,0 > Lo - B

where ( is between 0 and v — du + z(6ww). Inserting (4.7)-(4.12) into (4.6) gives

1d B ) S\ + 62 B262
(0 + P + O+ 82) + (2 8) o 4 Gl + (SO - B2 o

4mi  4m?

~

ul? = Cla(w) 2, (4.12)

2dt 2 1
< B jutt— o) + Bl , +ClOF +C+ OGP (013
Then it follows from (4.13) that
7 (e Qo+ ul? + O ) + (5 =20 = ) e¥lof 46 - e
( A +0%) —a(A+62) - 55152> e“ul?* < Llﬁklgeaﬂu(t —p(t)? (4.14)

8

5
Givent >0, 7 e R,w € Qand 7 —t < T < 7, integrating (4.14) over (1 —t,T), we
find that

[o(T, 7 — t,w, vy )| 4+ [T, T — t,w, ur )|+ (A + 6D |u(T, 7 — t,w, ur_¢)|?

Bl —aT 4 ar 2
+ 7 —20 —« e v(r, T —t,w,vr—¢) | dr
T—1

T
+(0—a) e_O‘T/ e“Mu(r, T —t,w, uT_t)Her
T—1

Oét”“t”cw o T CeMg(t)|* + Ce' + Ce™ || 2(0uw)*.

2 2 26352 —aT g ar 2
+ 0N+ —a(A+67) — 5 e e u(r, T — tyw,ur—¢)|dr
1 T—t

< e T—7+t) (|’U(T —t, 7T —t,w, vT_t)|2 + |lu(r —t, 7 — t,w, uT_t)HZ)

+ e TN 4 5 u(r — b, 7 — tyw, ur )| (4.15)
4k2 T 8 2 T

+ ﬁ—fe*aT/ e“lu(r — p(r), T — t,w, ur ) |2dr + %e*‘ﬂ/ ear||ur||20%Hdr
T—1 T—1

T T
+C67QT/ tear|g(r)|2dr+C+C67°‘T/ e || 2(0,w) || dr.
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Let v/ = r — p(r), where € [0, h] and 1=, for all € R. Therefore,
p per = = S
T eo‘h T /
/ e“lu(r — p(r), T — t,w,ur_¢)|2dr < / e |u(r', T — t,w, ur_y)|2dr’
T—t 1- Px Jr—t—h
6o¢h T—t , ,
< (/ e 7T+t)|u(7"'7 T —t,w, ur—g)|2dr’
1- P T—t—h
T ’
—l—/ e u(r', T — t,w, ur ) [2dr’
T—1
eoz('rft) (GQ’yh _ eah) eah

T
olE. . + / e u(r', T — t,w, ur_y)|2dr’
= p)r—a) ot = [ '
(4.16)
Inserting (4.16) into (4.15) and replacing w by 0_,w, in view of (4.3)-(4.5), we
deduce that
‘U(Tv T —t, 077"*}3 v‘l'ft)‘z + ||7.L(T, T —t, 077'("]’ u‘rft)||2 + (>‘ + 52)|U(T, T

- ta 077’"‘)7 u‘rft)|2
L e T—7+1) (|U(T —t,

T—t, G,Tw,vT,t)|2 + HU(T —t,7—1, 9*7w7u7*t)||2)

8

T—7+t 2 mi _ar [T 2
+ O T O g, + e [ a2, dr (1.17)
T

T
+ Ce’”‘T/ e |g(r)[*dr + C + CefaT/ €| 2(0r—rw)|*dr.
T—t Tt
By (4 2) we have o < 2 and so e7=7T" < 1 for all T/ < 0. Multiplying (4.17) by
e T e=2T" and replacing T by T + T, it yields

sup T |o(T + T, 7 —t,0_rw,v,_)|?
T/ €lr—t—T,0]

+  osup (T +T T — 0w, uey)|?
T’ €[r—t—T,0]

+(A+0%)  sup (T T Tt 0w, ur )]
T'€[r—t—T,0]

L e T=T+) (Jo(r —t,7 = t,0_rw, v )P + ||u(t — t, 7 — t,0_rw,ur—y)||*)

—a(T—7+t) 2 8m1 —aT g ar 2
+Ce lur—tlic, + =5 =€ c lurllE, dr (4.18)

T T
+ Ce*aT/ e |g(r)|2dr + C + Ce T / e ||2(8r—rw)|*dr.
T—t Tt

On the other hand, in view of o < 2, we have

T (T +T 7 —t,0_rw,vr_)|* + T |w(T + T, 7 — t,0_rw, ur—y)|?
+ A+ )T (T +T 7 —t,0_rw,ury)?

_ 6—27(T—-r+t)62'y(T+T’_7—+t)|U(T + T/7 r—t,0_,w, 'U'rft)|2

+ e—2’y(T—T+t)€2'y(T+T’_r+t)Hu(T + T/, r—t,0_,w, UT—t)||2

+ ()\ + 52)672A/(T77+t)627(T+T,*T+t)|u(T + T/, T—t,0_,w, UT—t)|2

< e—a(T—T-‘rt)HvTitH?C%H +e—a(T—T+t)HuTit||2c .
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+ A+ T w12, VT € (—o0, 7 —t = T). (4.19)
Hence, we obtain that for all ¢ > 0 and T € [T — ¢, 7],

lorlle., , + llurlZ, , + A+ 6*)|urll?, ,
< e—a(T—T-Q—t)”,UT?t”?C%H _’_e—a(T—Tﬂ-t)”uTit”%%V
8m1 —aT

T
+ O T s+ e [ Tl i 420)
T—t
T

T
+Cemt / . e |g(r)[dr + C + Ce™T / " [|2(0r—rw)||*dr.

Applying Gronwall’s lemma to (4.20), by Fubini’s theorem we deduce that for all
t>0and T € [T —t,7],

lorll?, , + llurllE, , + A+ 8)urlZ,

(3h-a)@-r+n (3h-a)@-r+n ,
e\ lur—tll2. , + Cel™ lur—tllc, , +C

2

( 8"&; —a) (T—7+t) ( 8m12 a)T T (a_sllz> r
+Ce\?? lurtllE, ,, + Cer?r? / e\ P g(r)fdr
T—t

(4.21)

+Ce<5fﬁ2_a)T/T (58" g0,y
T—t

In view of z(fiw) = Z;nzl hjz;j(0ww;) and h; € Hg(D), we find that for all ¢ > 0,
T € [r—t,7] and every w € €,

Oe(Z;’;%—a)T/T (=5 (o,
T—t
—a)(T—T) /j_Te<a—§$%>r||z(grw)||2dr
>(T 7) /0_00 ( Slnélz)ri% 0 WJ |2dr (4'22)

j=1

my

8
8162
8

Ce

2
5

2

1
52

o
< oot~

Let T'= 7. Then by (4.21)-(4.22) we obtain that for all ¢ > 0

lorllZ, o + lurllE, , + 0+ 0% lurll2,
Sml

—| a— t
o) (lor-eliZ,  + il + il L, )

+ce(§fﬁ2“)7/7 J"’Zﬂ%)ﬁgmﬁdr (4.23)

— 00

0 () &
+C+C/ e p162 Z|Zj(97~w]‘)|2d7".

—0 j=1

This completes the proof. [
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5. Random pullback attractors. This section is devoted to prove the existence
of a pullback attractor for the multi-valued cocycle ® associated with the system
(3.9)-(3.10). First, we present the existence of a pullback absorbing set in D.

Lemma 13. Assume that the hypotheses in Lemma 11 hold. Then there exists
K ={K(r,w): 7 € R,w € Q} € D such that K is a closed measurable D-pullback
absorbing set for ®, that is, for every T € R, w € Q and B={B(r,w) : T € R,w €
0} € D, there exists Ty = Ty (1,w, B) > 0 such that for all t > Ty,

O(t, 7 —t,0_w,B(t —t,0_w)) C K(1,w).

Proof. Given 7 € R and w € Q, let K(7,w) = {(¢,) € E : HcpHa st ”w”%‘w{ <
L(7,w)}, where

L) = 0+ o5 )/ L3) o

(5.1)
+C/ ‘“62 Z|239wj|dr
Then for each 7 € R, L(7,-) : @ — R is (F, B(R))-measurable, and
_sm}
lim e<a W>TL(T +r,0,w) =0. (5.2)

r——00

Therefore, K = {K(1,w) : 7 € Ryw € Q} belongs to D. By Lemma 11, K =
{K(r,w): 7 € R,w € Q} is a closed measurable D-pullback absorbing set in D for
¢. O

We are now ready to prove the existence of a pullback attractor for ® in D.

Theorem 14. Assume that the hypotheses in Lemma 11 hold. Then the multi-
valued cocycle ® associated with problem (3.9)-(3.10) possesses a unique D-pullback
attractor A € D in E.

Proof. We first show that & is D-pullback asymptotically upper-semicompact in
E. Let 7 € R,w € Q be given arbitrarily. By Lemmas 11 and 13, forany T'> 7 — ¢t
with ¢ > 0, let

(I)(T -7+ t) T = t) G—twa (uT—t7 U-,—_t))
= {(ur(,7 = t,0_7w,ur ), 00 (7 = t,0_rw,v,—)) | (u(-),v(-))
is a solution of (3.9)-(3.10) with (u,—¢,vr—¢) € K(T —t,0_4w)},

where K = {K(1,w) : 7 € R,w € Q} € D is a closed measurable D-pullback absorb-
ing set for ® in F.
Let u = u1 + ug and v = vy + v9, we decompose Egs. (3.9)-(3.10) as follows:

0
gu; + (SUQ = Vg,
6—? — vy — Aug + (A + 6P ug + J (v — du + 2(07w)) — J (v1 — duy + 2(07w))

(5.3)

:0’
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with boundary and initial conditions
ue(T,z) =ve(T,2) =0, T >7—t,z € 9D,
w(l,z)=u,— (T —7+t,x)=¢(T —7+t,z), T<T—1t, x€D,
Op(T — 1+ t,x) (5.4)

oT
+op(T — 17+ t,x) — 2(0rw), T<7—1t, v €D,

vo(T,z) =ve r (T —T+1t,x) =

and the non-homogeneous equations

% + ouy = vy + 2(Orw),
% — v + J(gvl — duy + 2(07w)) — Aug + (A + 6%)ug = f(x,u(T — p(T)))
+g(z,T) + / F(z,s,u(T + s))ds + (& + 6)z(0rw),
- (5.5)
with boundary and initial conditions
u(T,x) =v1(T,2) =0, T >7—t,x € 0D,
w(T,z)=u (T —7+t,x)=0, T<7—t z€D, (5.6)
n(T,z)=vi (T —7+t,x)=0, T<T—t x€D,

Taking the inner product in H of the second equation of (5.3) with v, we obtain

1d
5 dT|v2|2 — Olvo]® + (J (v — 6u + 2(07w)) — J (v — duy + 2(07w)) , va)

(VU27 VUQ) + ()\ + ((52)(11,27 1)2) =0. (57)
In a similar way as in (4.7)-(4.8) and (4.12), we deduce that
(J (v —0u+ z(0rw)) — J (v1 — duy + 2(O7w)) , v2)

= (7w~ v~ 5~ w),v2)

= Q) = bz, va) > P fl? = o (53)
where C is between v — du + z(Arw) and v; — duy + z(Orw),
ou 1
(Vug, Vug) = (vu27v(,ﬂf + 6Vuz) =35 dT||u2H2 + 6 |uz|)?, (5.9)
and p )
u
(’U,Q,’UQ) = <UQ, 871_2, + 5U2) = 9 dT|U2|2 + 5‘U2‘2 (510)

Then it follows from (5.7)-(5.10) that

d
2 (€T (Jual? + [lua]]® + (A + 6%)[u2l®) ) + (81 — 26 — )" fug?

252
+ (26 — )T ||lug||® + <25()\ +6%) — (X +6%) — ﬂ;ﬁ) e“Tlug|> <0.  (5.11)
1

Givent > 0, 7 € R and w € Q, inequality (5.11) over (7 —¢,T), and replacing w by
0_,w, in view of (4.3)-(4.5), we obtain that for all T' € [t — ¢, 7],

|U2(T7 T — t7 0_7—&)7 UQ,T—t)‘z + ||’U,2(T, T — tv G—va u2,‘r—t)||2
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+ (A4 )| ua (T, 7 — t,0_rw, us )|
< e T=7+1) (|U2(T —t,7—t,0_rw, 1}277—_15)@ + lue(r —t, 7 —t,0_,w, u277_t)||2)
+ A+ Ty (7 —t,7 — t,0_rw, up r1)|?. (5.12)
Arguing as in (4.18)-(4.19), we deduce that
v, 112, + lluzsllE,  + A+ 6 u 12,

< e (funrilld, , + e il + Pl il ), (513)

and thus condition (1) in Theorem 9 is proved.
Now, we consider a couple of solutions (u'(t),v'(t)) and (u?(t),v?(t)) of sys-
tem (3.9) with initial data (ul,vl) and (u2,v?) respectively. Let u(T) = u}(T) —

u2(T), v(T) = v}(T) — v3(T). Then it follows from Egs. (5.5)-(5.6) that
%I u=T1,
6—; — 60— Au+ (A + 0*)u+ J (vf — Suy + 2(07w)) — J (v] — duf + 2(67w))

= flz,u(T = p(T))) = f(z,u*(T — p(T)))

0 0
—I—/ F(x,&ul(t—i—s))ds—/_ F(x,s,u?(t + 5))ds,

—0o0

(5.14)
with boundary and initial data

u(T,z) =v(T,x2) =0, T>71—t, x€dD,
w(T,x) =TUr—(T —T+t,x)=0, T>7—1, €D, (5.15)
9(T,x) =0, (T —7+t,2)=0, T>7—t, z€D.

Taking the inner product in H of the second equation of (5.14) with v, we have
——|v|* = 6[v]* + (Va, Vo) + (A + 62) (7, D)
+ (I (v = dut + 2(0rw)) — J (v — 6u? + 2(6rw)) ,T)
= (f(a,u" (T = p(T))) = f(z,w*(T — p(T))),7)

+ (/_‘; F(x,s,u'(t+s))ds — /0 F(m,s,u2(t+8))ds,v) ) (5.16)

— o0
By similar arguments as in (5.8)-(5.10), we obtain
d
ar

<2 (f(z,u (T = p(T))) = f(a,u*(T = p(T))), )
0 0
+2 (/ F(:c,s,ul(tJrs))dsf/ F(x,s,uQ(tJrs))ds,v) ) (5.17)

— 00 — 00

[0 + [)l® + (A + 6*)[al?) + aq ([o]* + [[@ll® + (A + 6%)[al?)

where ay := min{f; — 26,206,206 — %} > 0. Given 7 € R, w e Q, t >0,

integrating (5.17) over (7 — t,T) with T € [t — t,t] and replacing w by 0_,w, we
find that

[o(T, 7 —t,0_ 0,5, ¢) o+ || W7 = t,0_r0,Tr ) |? +[a(T, 7 — t,0_rw, 0 )|
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< C'/Tt (f (2, ul(r = p(r))) = f (2, u*(r — p(r))), D) dr

+c/:t (/OOO F(z,s,ul(r+s))ds—/ooo F(x,s,ﬁ(r+s))ds,v) dr

<C Hf z, ul T - p(’f’))) - f(.’E u2(7" -p T)))HLQ(DX[T—t,T]) (518)

xo(r, 7 = t,0rw,0r—4)[| L2 (D [r—1t,7))

—|—CH/ (z,s,u(r + ) ds—/ F(z,s,u*(r + s))ds

X |[o(r,7 —t,0_rw, UT_t)HLQ(DX[T_t’T]) .

L2(Dx[r—t,7])

Multiplying by (5.18) by e T e=2T" and replacing T by T + T”, in view of the
boundary condition (5.15), we deduce that, for all T € [r — ¢, ],
2 _
||UT||C%H + |l ur ”20%‘/
< C||f (@t = o)~ £ = o) oo (5.19)

X v(r, 7 =, 02w, 1)l L2 (D fr—t,7))

—l—C’H/ (z,s,u' (r+ s) ds—/ F(x,s,u*(r + s))ds

L2(Dx[r—t,7])

||7) r,T — t 0_ W, UT t)”Lz(DX[T tr])

Let
(ul (-, 7=t 0w, ul ), v (- T—t 0w, vl ) € (r— T+t T —t, 0w, K(T — t,0_,w))

with (u?_,,v?_,)) € K(7 —t,0_,w) be given arbitrarily. By (4.2) and (4.21)-(4.22)
we obtain that

{(uy,v;)} is uniformly (w.r.t. r € [t — ¢, 7]) bounded in E. (5.20)

We recall that €27 mq(-) € L'((—o00,0];RT) and mg € L*((—o0,0]; L2(D)). Hence
for any given € > 0, there exists T > h such that for any n,m € N,

_F 2
C / F(z,s,u™(r+s)) — F(x,s,u™(r + s))ds

e L2(Dx[r—t,7])
. 2
< C/ dr
2
C/ (/ (8)|u™(r + s)| + 2|mo(s )|+m1(s)um(r—|—s)|ds> dr
- -7 2 -7 2
<c [ | (i, + 1z, ( / e2wsm1(8)ds> T ( / m1<s>ds> dr
T—1 0

— —o0
< Ct sup (”u:b”QCW e H) (/
re[r—t,r] ’ ’

— 00

-7
/ F(z,s,u™(r+s)) — F(x,s,u™(r+s))ds

— 00

-T

2
e*15my (s)ds)
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Ot </__T ml(s)ds> < Z, (5.21)

thanks to (5.20). From (5.20), we find that
{u"(r,7 —t,0_;w,u”_,)} is bounded in L®(r —t — T, 7; V), (5.22)
{o"(r, 7 —t,0_rw,v"_,)} is bounded in L®(r —t — T,7; H). (5.23)

Since g—:f =v—du+ z(0,_,w), in view of the continuity of z(#,_,w) in r, we obtain
that for every w € Q,

{3u”( rT—t,0_rw,ul_,)

or

Hence, without loss of generality, we can assume that

u™(r) = u(r) *-weakly in L®(r —t — T, 7; V),

} is bounded in L=(r —t — T, 7; H). (5.24)

and
6u8r(r) — 32&7’) % -weakly in L®(r —t —T,7; H).
Consequently,
u" —wu in LAt —t—T,7;H),
and

u(ryx) = u(r,x) as n— oo
for almost every (T,z) € [r —t — T,7] x D. Since f € C(D x R;R) and F €
C(D x R x R;R), we have
f@,u™(r)) = f(z,u(r))  as n— oo,
and

F(z,s,u™(r)) = F(z,s,u(r)) as n— oo

for almost every (r, z, s) € [T—t—f, T]x D xR. Thanks to the Lebesgue convergence
theorem, we deduce that

lim i (2, (r = p(r)) = (2, (r = pr)l|is (pxirsoy =00 (5:25)

n—o0 m—roo

and by (5.21) we obtain that there exists Ny, such that for all n,m > Ny,
2

| rsarte oo [ oo

— 00

L2(Dx[r—t,7])
2

dr (5.26)

0

<-+C
T—1

/ F(z,s,u™(r+s)) — F(x,s,u™(r+ s))ds

[\V]

+CT/ // (z,s,u™(r + 8)) — F(z, s,u™(r + 5))|* dsdadr < «.
T—t

Inserting (5.25)-(5.26) into (5.19), in view of (5.23), we have

lim lim (||v?77' - UTT”QC%H+ || u?ﬂ' - UTT ||20%V ) = 0. (527)

n—oo m—roo

This implies that condition (2) in Theorem 9 holds true, and thus the D-pullback
asymptotically upper-semicompactness of ® in F follows immediately.
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Finally, by slightly modifying the proof of Lemma 15, we can show that & is
norm-to-weak upper-semicontinuous. Then by using Lemma 13, the assertion of
this theorem follows immediately from Theorem 6. [J

6. The measurability of the pullback attractors. In order to prove the mea-
surability of the pullback attractor A(7,w) for each fixed 7 € R, we need to show
that ® is a multi-valued random cocycle and the mapping w — ®(¢, 7, w, K(7,w))
is closed, where K = {K(r,w) : 7 € R,w € Q} € D is the closed measurable
D-pullback absorbing set given in Lemma 13.

For N € N, we consider the sets

Qn = wGQ:Z|wj'(t)|<Neqtl, forteR }, (6.1)
j=1

where 0 < ¢ < ¢ and @ is given in (3.2). Then, we can see that Q = |J, Qn and
Qn € F. Tt is shown in [10] that Qp is a Polish space for any N. By the similar
arguments of Lemmas 6.1-6.2 in [42], we have the following properties:

(P1) For any n € N, there exists § = 8(N) such that

|2(0+-w)llc, o < Bl (6.2)

for all w € Qn.

(P2) The map R x Qy 3 (t,w) — 2z(f,+.w) is continuous in the topology of C. v .

Let Fq, be the trace o-algebra of F with respect to Qx and let Bq, (a,r), a €
Qn, r >0 be a ball in Qy. These balls can be generated by Bq(a,r) (] Qx, where
Bq(a,r) is a ball in Q. The same is true for all open sets in Q. Therefore, Fq, is
just the Borel o-algebra of Q. Moreover, since Qx € F we have Fq, C F. Also,
let f'QN be the completion of Fq, with respect to Pq,,, where Pq (A) := P(A4), for
A € Fq,, that is, Pq,, is just the restriction of P to Fo, .

The following facts are given in [10]:

(1) Pg, is a finite measure on (2, Fay)-
(2) If A€ Fq,,then A€ F.

Lemma 15. Assume that the hypotheses in Lemma 11 hold. Then for each T € R,
the mapping [0,400) X Qn X E > (t,w, (ur,v;)) = O, 7w, (ur,v;)) is upper-
semicontinuous in E.

Proof. Suppose not. Then there exist (u,,v;), t > 0, w € Qn, a neighborhood
O of ®(t,7,w, (ur,v,)) and sequences t" — ¢, W™ — w in Qn, (W, 02) = (ur,v;)

in E, & € ®@", r,w", (u?,v’)) such that £ ¢ O. We shall prove that, up to a

subsequence, £" — £ € ®(t, T,w, (ur, v, )), which is a contradiction.
Without loss of generality, we can assume that

0< " <1+tand orlle, , +Iluzlle,, <1420, , +2lu-lZ, . YneN.
(6.3)
Let (u? (-, 7, 0_rw™ ul), 0" (-, 7,0_;w™ v")) € ®(s,7,w", (u?,v?")) be such that
¢ = (P, (70w u), v (7, 0_;w™, v")).  Arguing as in the proof of
Lemma 11, we deduce that for all s € [1,1+t+ 7] and n € N,

8m?2

(ﬁ—a> (s—7) <71—o¢) (s—7)
eI, + luglZ, , < Cel™™ P2, , +Celn lurllE, .
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2
8m?

+C+ Ce(‘fl‘s2

2

—a)s S (a—sig)r
/e 1% ) g (r) P dr (6.4)
Smf_ s s 8m?
+Ce(51‘52 “)/ (+=5t) 12(0—w™) | dr.
By using (6.2) we have
s a*ﬁ T
/ 6( ) 12(8r—rw™)|*dr

8m?2
c/ k) Xy < Ce(a_ﬁ>se2<<s‘”. (6.5)

Inserting (6.5) into (6.4) yields

Sm

(18- (10
e 2, + luelg, , < Ce\™? [WFZ, , + Ce

le? 12,

( 877;%2 704)5 S (CM* 87n%2 )’I”
+C+Ce\P? / e 7192 )7 g(r))Pdr + Ce* =T (6.6)

for all s € [1,1+4t+ 7] and n € N. By the property (P2), we have z(f¢n4.w™) —
2(0¢4-.w) in C, . Analogous to the proof of Theorem 3.1 in [11] Section XV.3 and the
argument in [32] Sections I1.4 and IV.4.4, in view of the continuity of the mappings
J, F, f and (t,w) = z(6;w), by a standard argument we deduce that there exists a
solution (u(, T, 0_rw,ur), v, T, 0_rw, 1}7—)) € L™®(1,14+t+7; V)X L®(7,1+t+7; H)
of problem (3.9)-(3.10) and a subsequence of (u™(-),v™(:)) (which we still denote
(u™,v™)) such that

u"(-) = u(-) *-weakly in L>®(1,1 4+t 4 7;V), (6.7)
v™(-) 2 w(-) *-weakly in L>®(7,1+t 4 7; H) (6.8)
as n — 0o.

Now we need to prove that there exists a subsequence (u"*(-),v™*(-)) such that
(u™(-),v™(-)) converges to some function (u'(-),v'(-)) in C([r,1 +t + 7;V) X
C([r,1+t+ 7];H). Indeed, if this holds true, then by (6.7) and (6.8) we have
W' () = u(-), v'(:) = v(-) and

u™ (T 0w ultt) = u(-, T, 0w, ur) in C([r, 1+t + 7], V), (6.9)
V(T 0 pw™ i) = v(, T, 0w, vp) in C([1, 1+t + 7] H), (6.10)

where (u(-),v(+)) is a solution of problem (3.9). Let € > 0 be given arbitrarily. Then
we have

!
sup e ™ (T + " 4+ 8, T, 0w M) — (T +t+ 8 T, 0w, v,)]
s'e[—1-t,0]

+ [Sup ]eVS/Hunk(T—’—tnk =+ S/aTa H—Twnkvu:}k) - U(T +t+8/77-7 9—7w7u7')||
s'e[—1—t,0

< sup @R (T A 4 8T 0w ™) — (T + 7 4 ST 0w, vy )|
s’€[—1—t,0]

+  sup (Tt 45 T 0_w,v) —u(T A+t + 5T, 0w, )| (6.11)
s'€[—1—t,0]
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+  sup U (T At 4 8T O W™ ) — u(T + ™ ST 0w, )|
s'€[—1—t,0]

+ sup & |ulr +t"™ + 510w ur) —u(r +t+ 5,7, 0w, up )| <
s'€[—1—t,0]

N | ™

for k sufficiently large. On the other hand, since (u?,v") — (u,v,) in E, in view of

T YT

lim u,(s)e’ =ueVand lim v, (s)e’® =v e H, we can choose T > 1+t
s'——o00 s'——o00

and k sufficiently large such that
sup € [ (7 4+t + §') —v(T +t + &)

s'<—1—t
< sup (T 4 8) v (1 4 )|
S<—1—t
+  osup o (™ 4 8) — v (t+ 5| (6.12)
s'e[=T,—1—t]

+ sup (e”sl|vr(t"’“ +5) =]+ e v — v, (t + s)]) <
§'<—T

SO

and in a similar way,

sup €7 W™ (7 +t™ 4 8) —u(r+t+8)| <
s'<—1—t

Combining (6.11)-(6.13) together, we have

(6.13)

=1 m

(upds o (7 O™ ul ) ot (7, 0™ 02F))

- (ut-‘rT('a T, G—va u‘f‘)a Ut-‘rT('a T, G—Twa UT))
in F, and consequently,

Nk Nk Nk, Nk Nk Nk 5Nk
g = (ut"k+r('a7a0—7‘*} ) Ur )7Ut"k-+r('77—79—7'w » Ur ))

= &= (utJr‘r('a 7,0_rw, u-,—), 'Ut+r('; 7,0_rw, U‘r))
€ o(t, 1w, (ur,v:)) C O
as k — oo. This is in contradiction with £™ ¢ O for all k. Therefore, it only
remains to show that there exists a subsequence (u™*,v™*) of (u™,v™) such that
(W™ (), 0™ () = (' (-),v'(-)) in C([r, 1+t +7; V) x C([r,1 +t+7]; H) (6.14)
for some function (u'(-),v’(+)) as k — oo.
Let w = uy 4 ug, v = v1 + va, we decompose Egs. (3.9)-(3.10) as follows:
6’&2

887 + dug = va,
% — 603 — Aug + (A + 02)uz + J (v — du + 2(6,w)) — J (v1 — dug + 2(Bw)) = 0,

(6.15)
with boundary and initial conditions

us(t,x) = va(t,z) =0, t > 7,2 € D,
ug(t,x) =ug, (t—7,2) =t —7,2), t <7, x €D,

A6t — 7,) (6.16)

va(t,x) = v (t —7,2) = 5 +dp(t — 7, 2) — 2(Orw),

t<T, x €D,
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and the non-homogeneous equations

ou
88751 + ouy = v1 + 2(6rw),
S = 004 (o1 = ur 4 2(6)) — Aws + A+ 8wy = fault - p(t))
0
bo(e,)+ [ Flasult+ 9)ds + (@ +8)2(6)
(6.17)
with boundary and initial conditions

ui(t,z) =vi(t,z) =0, t > 1,2 € 9D,

u(t,z) =u,(t—7,2)=0, t<7, €D, (6.18)

vi(t,z) =vi,(t—1,2)=0, t<T1, x€D.

We divide the proof into two steps.
Step 1. Since (—A)~! is a continuous compact operator in H, by the classical
spectral theory, there exist a sequence {\;}32,

O<A <A< <A<, Aj = 400, as j — o0,

and a family of elements {e;}32; of D(—A) which are orthogonal in H and V but
orthonormal in H such that

—Ae;j = Aje; forall j € N.

Let H,,=span{ej,ea, - ,em}, Pmn be the canonical projector on H,, and I be the
identity. Then for any uo € V and vy € H, us = s + Ug, v3 = U2 + U2, Where
’&2 = Pm’UQ, 112 = (I — ]Dm)UQ7 ’lA]Q = PmUQ, 1~)2 = (I — Pm)’()Q.

We decompose (6.15)-(6.16) as follows:

Olig

887 + bty = Vs,
2 Gty — Al + (A -+ 8)ita + P (v = 8+ 2(01) (6.19)

—PnJ (v1 — dug + z(6w)) = 0,
with boundary and initial conditions

to(t, ) = 0o(t,z) =0, t > 7,2 € OD,
g(t,x) =to, (t —7,2) = Ppo(t —1,2), t <7, x €D,

Doty z) = Dor(t — 7,2) = me 4+ 0Pno(t — T, 2) — Prz(Byw),
t<T1, x €D,
(6.20)
and
bon L
7; + 5“2 = V2,
fop) (6.21)

—(I = Pp)J (v1 — duy + 2(6rw)) =0,
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with boundary and initial conditions
Ug(t,x) = 0a(t,x) =0, t > 71,2 € D,
Ug(t,x) =tUo, (t—T,2) = (I — Pp)o(t —7,2), t <7, x €D,
Op(t — 7,x)

o(t,x) =g (t —T,2) = (I — Pp) 5

—(I — Pp)z(0w), t <7, x €D,

+0(I — Pp)o(t —1,2)

(6.22)
Taking the inner product in H of the second equation of (6.21) with 05, we have
1d
§£|1~}2|2 — 5|’L~)2‘2 + (Vftg, VINJQ) + <(I — Pm)J(U —du + Z(Gtw))
— (I — P,)J(v1 — duy + 2(0,w)), @) + (A + 6% (g, 72) = 0. (6.23)
Arguing as in (5.8)-(5.11) we deduce that
d - _ - -
(€ (|2 + | * + (A + 8)[a]?) ) + (B1 — 20 — @)™ [
262
+ (26 — a)e™||ig||* + (25(/\ +6%) — (X +6%) — ;) e ug|* < 0. (6.24)
1

Integrating (6.24) over (7,s) with s € [r,7 + ¢ + 1], and replacing w by §_,w", in
view of (4.3)-(4.5), we obtain that for all s € [r,7+t+ 1] and n € N,

n sn

|’17§L(S, 7, 9_7—(,0 ’ v2,‘r)|2 + ||ﬂg(5, 7, e—Twna ﬂg,r) ”2
< Cems=T) (|03 (7,7, 0™, 05 )* + a5 (7, 7, 0—rw™, @5 )?) - (6.25)

Recall that (u”,v") = (ur,v,) in E, hence for any & > 0, there exist N, such that

forallm > N,
Jor = vl + = e, <e. (6.26)
Since (u,,v;) € E, we can choose m sufficiently large such that
(I = Pr)o(T)? + (I = Pr)u(7)|* <&, (6.27)
By using (6.25)-(6.27), we can take m sufficiently large such that for all s € [r,7 +

t+1] and n > N,
|05 (s, 7,0_rw™, 05 )5 + [|a5 (s, 7, 0", a5 ,)|* < Clo™(7) — v(7)|?
+ Cllu™(7) — u(n)|]> + C|(I = Po)o(7)|* + C|(I = Pn)u(r)|* < Ce.  (6.28)

Now we consider the finite-dimensional system (6.19). Without loss of generality,
we assume that s1, s3 € [1,7 +t+ 1] with 0 < s — 51 < 1. In view of | — Aa%|? <
Am ||05]1? < A2, |4%|?, then by the second equation of (6.19) we have

N .
dog (s',7,0_;w", 05 )

< ds'

S2
‘f}g(s% T, Q—Twnv ﬁg,r) - ’[)g(slv T, Q—Twna {}721,7-)‘ < /

81
/52
81

+ AWy (s 7, 0w bl ) — (A +6%)a (s, 7, 0w, b )

603 (s',7,0_rw", 05 ) — Py J (V™ — 6u™ + 2(0iw™)) 4 P J (V] — dul + 2(6w™))

ds’'
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< / (8105 (', 7 6™, 85 )| + (A + 6)[a5 (s, 7, 0", i ,)]) d’

S1

n / () (15 (5" 7, 0™ 68)| + Bl (s 7. e, )] d’ (6.29)

S1

s2
+ / |Avy (s, 7,0_rw", 0y )|ds’

S1

S2
<@+ 8a) [ 1m0 5 )lds

S1
s2
O+ 820 () [ a6 0", 0 )Jds'
s1
where (7 is between v™ — du™ + z(6,w™) and v} — ou} + z(6,w™). By the similar
arguments as in (6.24) and (6.25), in view of (6.3), we deduce that for all s €
[r,7+t+1] and n € N,

[0 (5,7, 0—rw", 05 )5 + |45 (s, 7, 00", @3 )|

< e (0§ (r,7, 0™, 08 )R + 05 (7, 0", 85,))

< Cem 7, (6.30)
Inserting (6.30) into (6.29) gives
|03 (s2, 7, 0— ", 05 ) — 85 (s1,7,0_rw™, 05 )| < C (e 2% —e2%2),  (6.31)

for all n € N and s1, s2 € [7,7+t+ 1] with 0 < s3 — s; < 1. By the first equation
of (6.19) and (6.30), we obtain that for all n € N and s1, s2 € [7,7 + ¢ + 1] with
0<s9—s51 <1,

a3 (52,7, 070", 03 ) — 5 (51,7, 070", 3 )|

< v )\m|a;(3277—> efrwnaﬂg,r) - ﬁg(sl,’]’, af‘rwnvﬁg;r)‘
s2 | dai(s’, T.,0

g /Am 2( ) 7d
S

1
82

< \/)\m/ (Jog (s, 7, 0_7w™, 05 )| + 6lay (', 7,0 _rw", 45 )| )ds'
S1

ds'

n o An
—TW, u2,7‘)
/

S

<O (e 2% —em2%2), (6.32)
Combining (6.28), (6.31) and (6.32) together, we find that
{(u§(~,7', H_Tw",uS)T),vg‘(-,T, 9—70‘)”7'”3,7—))}20:1

is a Cauchy sequence in C([7,1+t+7|;V) x C([1,1+t+7]; H).
Step 2. Arguing as in (5.18), (5.25) and (5.26), in view of (6.6) and the property
(P2), we deduce that for all s € [7,1+ ¢+ 7],

|U?(Sa T, 0_rw", Ui‘r) - 011’”(57 T, 0™, 'Ug,lr)|2

+luf (s, 7, 0—rw” uf o) = uf (s, 7, 0—rw™, ui", )2

< O f(@,u™(r—p(r)) — flz,u™(r - p(r)))||L2(D><[‘r,‘r+t+l])

n
1,7

x |0} (r, 7, 0™ 07 1) — o7 (7, 7, 0_r ™, (6.33)

UTT)HL2(Dx[T,T+t+1])



24 JINGYU WANG, YEJUAN WANG AND TOMAS CARABALLO

0 0
+C H/_ F(x,s,u™(r+s))ds —/ F(xz,s,u™(r +s))ds

—0o0

L2(Dx[r,7+t+1])

x ||’U?(T’, T, 9—Twn7 ’U?,T) - UT(T’, T, G—Twmv 7)717,17—) HLZ(DX [r,7+t+1])

+ C”Z(er—Twn) - Z(a’r‘—‘l’wm)||L2(DX[T,T+t+1])

n n n m m m
x [0} (r, 7, 0™, 0] ) — o7 (r, 7, 07w ,vl,T)HLz( — 0 asn,m — oo.

Dx[r,7+t+1])
Therefore, {(u"(-,7,0_;w™ ul),v"(-,7,0_rw™ v"))}52, is a Cauchy sequence in
C(lr,1+t+7);V) x C([r,1 +t+ 7]; H). The proof of this lemma is complete.
O

Remark 16. It is worth mentioning that if we reduce the nonlinear term .J in (3.9)
to the linear case, i.e., J = f1v for all v € R, the proof of Step 2 in Lemma 15 can
be simplified. In fact, by a similar way as in (6.24)-(6.25), we obtain that for all
serl1+t+1],

|Ug(3a 7,0 w", ’USL,T) - ’U;n(s, 7,0 W™, Ug}‘r)|2

+ Hug(s’ 7, e—Twn, ugn—) - ugn(sv 7, Q—Twm’ ug,LT)HQ

< Cem ot (o — o2, 4wz — w2, ) >0,
as n,m — oo, since (u?,v?) = (ur,v;) in E.
By slightly modifying the proofs of Lemma 6.5 and Theorem 6.1 in [39], we have

Theorem 17. Assume that the hypotheses in Lemma 11 hold. Let A be the D-
pullback attractor given in Theorem 14. Then for every fized 7 € R, A(r,-) is
measurable with respect to the P-completion of F.
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