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ABSTRACT. In this paper we study a semilinear parabolic problem
up + Au= f(t,u), t>7; u(r)=wup € X,

in a Banach space X, where A : D(A) C X — X is an almost sectorial operator. This problem
is locally well-posed in the sense of mild solutions. By exploring properties of the semigroup
of growth 1 — « generated by —A, we prove that the local mild solution is actually strong
solution for the equation. This is done without requiring any extra regularity for the initial
condition ug € X and under suitable assumptions on the nonlinearity f. We apply the results
for a reaction-diffusion equation in a domain with handle where the nonlinearity f satisfies a
polynomial growth

[f(t,u) = f(t,0)] < Clu—v|(1+ [ul~" + o]
and we establish values of p for which the problem still have strong solution.
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1. INTRODUCTION

In this work, we consider the abstract semilinear problem
u+ Au= f(t,u),t >71; u(rt) =up € X, (1.1)

where X is a Banach space and f is a nonlinearity whose properties we specify later. For
the linear part of the equation, we assume that A : D(A) C X — X is a closed and densely
defined linear operator such that p(—A) contains a sector ¥, = {\ € C;|arg A\| < ¢}, for some
¢ € (§,m). Moreover, there exists a constant C' > 0 and « € (0, 1) such that the resolvent of
—A satisfies

IO+ A ) VA€, U {0}, (1.2)

< -
T A +1

We refer to the property above as A being an almost sectorial operator and we say that « is
the constant of almost sectoriality. The term “almost” comes from the fact that estimate (|1.2))
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is satisfied for an 0 < a < 1 but never for « = 1. We will also refer to A as a—almost sectorial
if we wish to highlight the constant a.

With the estimate , —A does not generate a Cy—semigroup, since it fails to satisfy the
classical Hille-Yosida’s assumption [13, Theorem 1.5.3]. Nevertheless, —A generates a type of
semigroup called semigroup of growth 1 — «. Those semigroups were first introduced by Da
Prato in [7], where the growth considered was given by a positive integer n. Later on, this
concept was generalized to semigroups of growth (3, for any S > 0, and its properties were
studied by several authors, like [11, 12| [I7, 21]. The definition of this type of semigroup is

presented in the sequence.

Definition 1.1. [I2] Definition 1.1] Let X be a Banach space and o € (0,1). A family {T(t) €
L(X):t >0} is a semigroup of growth 1 — a if

(1) T(0) =1 and T(t)T(s) =T (t +s), for all t,s > 0.

(2) There exists § > 0 such that ||[t*T(t)|lzx) < M, for all 0 <t <.
(3) If T(t)x =0 for every t > 0 then x = 0.

(4) Xo=U;oo T(t)[X] is dense X.

Condition of definition above does not imply strong continuity at t = 0 for the semigroup
of growth 1 — a, as it happens for Cy—semigroups. In other words, there exists z € X such
that T'(t)x - x as t — 07. This singular behavior distinguishes semigroups of growth from the
usual Cy—semigroups.

As we will see during this work, almost sectorial operators and semigroups of growth are
closed related. To be precise, a—almost sectorial operators generate semigroups of growth 1—a.
Moreover, those almost sectorial operators usually emerge when we consider elliptic operators
in more regular phase spaces. For instance, the minus Laplacian in a bounded domain 2, with
Dirichlet (or Neumann) boundary condition, is known to be sectorial when we consider its
realization in LP(Q) [0, Section 1.3]. It is also sectorial if we consider it in the space of the
continuous and bounded functions in 2, see [19]. However, for more regular phase spaces, like
X =CHQ), u > 0, even simple elliptic operators as the Laplacian in 1—dimension fails to be
sectorial, in fact the minus Laplacian is almost sectorial in X [10, Example 3.1.33].

Those operators also emerge when we are dealing with equations in domains with handles,
that is, sets 0y = QU Ry in RY formed by an open bounded subset 2 C RY connected to a line
segment Ry (called handle).The points where the line Ry connects with 2 causes deficiencies in
the resolvent estimate. We explore this example with further details in Section [5] of this work.

Due to the close relation between a—almost sectorial operators and the generation of semi-
groups of growth 1 — a, semilinear problems like can be solved in terms of the semigroup
that — A generates. To be precise, we denote by T_ 4(t) the semigroup of growth 1 —« generated
by —A (which will be defined in Section [2). In [3, 14, [16] the authors proved, using a fixed
point argument, the existence of local mild solution for , that is, a continuous function
u: (7,7 +T] — X that satisfies the variation of constants formula

u(t, T,ug) = T_a(t — T)ug + / T a(t—s)f(s,u(s))ds, te(r,7+T]. (1.3)



STRONG SOLUTIONS 3

However, differentiability of the mild solution in time variable, as well as whether or not it
satisfies the equation in the usual sense, were not established. By a solution for the problem in
the usual sense or strong solution we mean:

Definition 1.2. A function u(-) : (7,7 + T] — X is a strong solution for the semilinear
equation (1.1)) if it satisfies:

(1) u(:) € C*((r,T)], X), u(t) = up € X and u(t) € D(A), for allt € (1,7 +T).

(2) The equality v'(t) = —Au(t) + f(t,u(t)) is satisfied in X for each T <t <71 +T.

Note that this definition of strong solution acknowledges that we might have discontinuity
at the initial time ¢ = 7 (u(t) ‘= uo) inherited by the discontinuity of T_4(t — 7) at t = .

In [8, Theorem 2], the author proved, by replaying the fixed point argument used in [3] [14],
that the mild solution is also a strong solution for the problem. However, in order to achieve this,
it was necessary to impose some restrictions on the initial condition ug and on the nonlinearity

f, which were:

(C.1) The initial condition ug is taken in the set O = {x € D(A) : Az € Q}, where Q = {z €
X :T_4(t)x =3 2}, In particular, D(A2?) C O C D(A).
(C.2) The nonlinearity f : R x X — X is locally Holder continuous in the first variable and
locally Lipschitz in the second: ||f(t,z) — f(s,y)|lx < L(|t — s|® + ||z — y|x).
(C.3) Moreover, when we restrict f to D(A), we obtain f: R x D(A) — D(A) and it satisfies
locally: [|f(t,z) = f(t,y)llpa) < Lllz = yllpa)-
By requiring the initial conditions to be in O, we remove every possible situation where the
semigroup T_4(t) can present singularity and in this set it behaves like a Cy—semigroup. In

this work we will not require conditions |(C.1)| or |(C.3)| to prove that the local mild solution
is also strong and we will also allow other types of nonlinearities in condition |(C.2)| that is,
nonlinearities that take elements in a more regular space X < Y to the less regular space Y.

We obtain the desired result by working directly with the mild formulation for the solution
and proving that the following equality

A (/t T oAt — s)xds) T a(t-T)r, zEX, (1.4)

to which we refer as fundamental theorem of calculus for semigroups, holds for semigroups of
growth 1 — .

To attend this goal, this paper is structured in the following manner: In Section 2| we present
the properties of the semigroup T 4(t), the features that distinguish it from the Cy—semigroups
and we prove . Section [3|is dedicated to study the nonautonomous linear problem

w4 Au=g(t), t € (n,T); u(r) = u.

Assuming that g : (7,7") — X is Holder continuous, we prove in Theorem that the problem
has a strong solution. In Section 4| we provide a way to reduce the semilinear case to the
previous one, which allows us to obtain the existence of strong solution for the semilinear
problem (Theorem . In Section [5| we apply those results to a reaction-diffusion equation in
a domain with a handle. The last section, Section [6] is dedicated to a discussion between the
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approach we use in this work to treat semilinear parabolic problem with the usual approach
with fractional power spaces and nonlinarities f : X7 — X?.

2. SEMIGROUPS OF GROWTH 1 — «

Before we introduce the concept and properties of semigroups of growth, we present some
results about integral of functions in Banach spaces (also called Bochner-integral) that will
be useful in future calculus. For a detailed discussion on the definition and properties of this

integral, we recommend [I8, Chapter IV, Section 1.2] or [6], Section 2.1]

2.1. Integral in Banach spaces. In the variation of constant formula for u(t) one of
the terms is an integral of a function that takes values in Banach space, that is, integrals like
JiZ h(t)dt, where h(t) € X.

The convergence of fttf h(t)dt is strictly connected with the convergence of fttf ||h(t)]|dt: one
will converge if and only if the other does. Therefore, tolls on convergence of integrals of real
functions will be important, in special the ability of recognizing a beta function whenever it
appears in the calculations. Beta function is the function B : (0, 00) x (0,00) — R given by

1
B(a,b) = / w1 —u)"du
0

and a simple change of variable turns this integral into a form that shows up in the calculus
frequently:

Lemma 2.1. Ifa,b >0 and 7 < t, then f:(t —5)2 (s — 7)o" tds = (t — 7)1 B(a, b).

Another well known function involving integral is the Gamma function, T' : (0,00) — R,
given by

['(a) :/ e "u tdu.
0

Integrability properties of h : (t1,t3) — X are listed below and their proofs can be found in
[6, Section 2.1].

Proposition 2.2. If h € C([t1,t2], X) NC ((t1,t2), X), then h(ts) — h(t;) = fttf B (s)ds.

Proposition 2.3. Let A: D(A) C X — X be a closed linear operator and h : [1,t] — X a
continuous function with image in D(A). If Ah : [1,t] — X is continuous, then f: h(s)ds €

D(A) and
A / t h(s)ds = / t Ah(s)ds.

T

Corollary 2.4. Let A : D(A) C X — X be a closed linear operator, h : [1,t) — X (or
h:(7,t) = X ) continuous with image in D(A) and Ah : [1,t) = X (or Ah: (7,t) = X) also
continuous. Assume that f: h(s)ds and f: Ah(s)ds exist. Then, f: h(s)ds € D(A) and

A / t h(s)ds = / t Ah(s)ds.

T
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At this point, it is important to distinguish between existence of A f: h(s)ds and existence
of f: Ah(s)ds. The first can exist while the second does not. In other words, if the first term
A [ h exists, it does not mean that we can switch the operator with the integral, since [ Ah
might not exist.

At some points it will be necessary to differentiate under the integral sign and as a conse-
quence of working directly with the differential quotient, we have the following lemma.

Lemma 2.5. Let f : [a,b]x[a,b] = X and a < 0,(t) < 02(t) < b. Suppose that f is continuously
differentiable in [01(t),02(t)] for the first variable and that f;z’(%) | fe(t,8)||xd€ exists. Then, we

have
62(t)

F(t, €)de = B3(0) £ (1, 02(8)) — 0,(8) £ (£, 02 (1)) + / fu(t. €)de.

01(t)

d 02(t)
dt 01(t)

Remark 2.6. If 05(t) is time independent, then f only needs to be differentiable in (61, 06s].
The same can be said if 61 is time independent or even both.

A last result concerning estimates of integrals is a generalized version of Gronwall inequality.

Lemma 2.7. [9 p.190] If a,b are positive real constants, 0 < «, 3, satisfying 5+~v—1> 0
and oo +~v—1>0, and

() < alt — ) 4 b / (t— )P \(s — 7Y Tu(s)ds, te (r,T),

then
u(t) <alt—7)*'CBa+y—1,8+y—1).

2.2. Semigroups of growth 1 — a. As mentioned before, there is a connection between
a—almost sectorial operators and semigroups of growth 1 — . The resolvent estimate for
—A implies that, for any ¢ > 0, the integral

T At = % /F MO+ A)TdA, 2.1)
converges, where I is the contour of X, that is, I' = {re " : r > 0} U {re"? : r > 0}, orientated
with increasing imaginary part. This was proved in [3] alongside with several other properties
that we enumerate in the sequence. As we will see, those properties allow us to conclude that

T_A(t) given as (2.1) is a semigroup of growth 1 — a.

Proposition 2.8. Let A be an a—almost sectorial operator and T 4(t),t > 0, the family defined

m , then:
(1) The resolvent of —A satisfies

AN+ A) e <1+ CIN'Y, VA e X, uU{0}. (2.2)
(2) There exists C > 0 such that
1T ) ey < CE=, e 0. (23)
(8) T_a(t) : X — D(A) and AT_4(t) is a bounded linear operator satisfying
|AT_A(t) || 2x) < Ct*72, Vit > 0. (2.4)
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(4) There exists &€ > 0 such that T_4(t) has an exponential decay
IT-A®)|l ey < Ct*te ™, vt > 0. (2.5)

Proof. We only prove [(2)] the other results can be found in [3, Section 2]. Inequality
follows from the resolvent estimate . Indeed, parameterizing the part of I' with positive
imaginary part by A(r) = re’?, r € [0,00) and ¢ is a fixed number in the interval (5, 7) , and
doing the analogous for the negative imaginary part, we have

1 o C 1 [ C
||T—A(t>||L(X) < _2/ ercos(go)t_dr < ta—l_/ ecos(go)u_du _ Ota_l.
2r Jo re T Jo u®

U

Semigroups of growth play an important role in solving autonomous and homogeneous linear
equations. The next result states that u(t) = T_4(t)uop is a strong solution of the autonomous
problem

u+Au=0, t>0; u(0)=u€X, (2.6)

which allows us to conclude, from the uniqueness of the solution, that T 4(¢)T_a(s) = T_s(t+s)
for any ¢,s > 0. Since conditions and of Definition are readily verified, we obtain
that T4 () is a semigroup of growth 1 — a.

Lemma 2.9. ([3, Lemma 2.1 and Lemma 2.4]) Let T_4(t) be the linear operator defined in
(2.1). The mapping T 4(t) : (0,00) — L(X) is differentiable and

d 1

—T 4(t) = —AT_A(t) = =— [ XM (A + A)~HdA.

GT-a(0) = =AT_a(0) = 5 [ 230+ )

d
That is, for ug € X, %T,A(zﬁ)uo + AT 4(t)ug = 0, for all t > 0, and u(t) = T_a(t)up is a

strong solution of ([2.6]).

Semigroups of growth 1 — « are not necessarily continuous at ¢ = 0. However, for elements
x € D(A), the continuity of T_4(t)z at t = 0 holds, as we see next. Moreover, if z € D(A)?,
then —A satisfies a property (item below) that resembles the definition of infinitesimal

generator for Cy—semigroups.

Lemma 2.10. Let T 4(t), t > 0, be the semigroup of growth 1 — a obtained by —A.

(1) If x € D(A), then ||T_a(t)x — z||x — 0 when t — 0.
(2) If x € D(A), then AT_a(t)x = T_4(t)Ax.

T 4(t)x —
(3) If x € D(A2)7 then lim,_,o+ w — _Ar.
(4) If v € D(A?), then T_s(t)x is continuously differentiable in [0,00) (including t = 0)
and
d —AT_A(t)z, if t >0,
—T_4(t)x = alt)z, if
dt —Az, ift =0.

(5) Given anyx € X and 0 < s1 < s9, T_4(s2)x—T_4(s1)xr = — f:f AT_a(s)xzds. If s1 =0,
then equality holds only for x € D(A?).
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Proof. First statement is proved in [3, Proposition 2.6]. For the second one, if z € D(A), it
follows from the closedness of A that

AT _4(t)x = 2L / eMAN 4 A) " rd\ = QL / M4 A) T Azd)\ = T 4(t) Ax.
r r

) )

The proof of item is given in [3, Proposition 2.7]. We then use this information to prove
the fourth statement. If z € D(A?),

d —AT_4(t)x, t >0,
T )z = alt)e
dt — Az, t=0.

The continuity for ¢t > 0 is already known. To prove the continuity at ¢ = 0, we note that

%f%@x:—AiA@x:—i%@Axiﬂ

since z € D(A?%) and Az € D(A).

Last statement follows from the fact that (0,00) 2 ¢ — 4T 4(t)z = —AT_4(t)z is continu-

ous. If z € D(A?), then this map is continuous including at ¢ = 0.

— Az,

O

Another important feature for T 4(¢) is a certain type of Holder continuity it possesses when
we consider h — T_4(t + h), for t > 0.

Lemma 2.11. Let T_4(t), t > 0, be the semigroup of growth 1 — « generated by —A. Given
any 0 < p < o2, fort,h >0, we have

T a(t +B) = T-a(®)lex) < ChAE' e,
and a —1 — £ € (—~1,0).
Proof. Note that

[T a(t + h)w =T a(t)z]lx = [IT-a(h)T-a(t)z — T_a(t)z] x

[ g atede| < ([ 17 a@lecnde) 147 at010]

h
<o ([ o) e lel = creals.
0

A positive exponent for h appeared, but at the downside ¢ has a power in the negative interval
(—2,—1), which is not suitable when convergence of integrals is being considered. However, we
already know that ||[T_a(t +h) — T_4(t)||cx) < (E+ h) L+t < Ctot

In order to improve the estimate, we consider the ones we already have and we interpolate

them with coefficients £ and (1 - £), 0 < u < a, resulting in

||T_A(t 4+ h) — T_A<t)||£(X) < Oh‘uta_l_%.

The exponent of ¢ will be in the interval (—1,0) provided that 0 < u < o2, 0
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2.3. Fundamental Theorem of Calculus for semigroups of growth 1 — a. If T(¢) is a
Co—semigroup with infinitesimal generator —A, an important feature of T'(t) is the fact that
given any « € X, [ T(s)zds € D(A) and

A ( /0 t T(s)xds) — - T(t)e,

which follows from the strong continuity of the Chy—semigroup [I3, Theorem 1.2.4]. Since

—AT(t)x = 4T(t)z, we refer to the integral above as fundamental theorem of calculus for

semigroups. Note that the existence of the integral above does not guarantee that we can place
the linear operator A inside the integral. In other words, f(f AT (t)xds might not exist.

In order to treat the mild solution (1.3 obtained for the semilinear problem, a similar fun-
damental theorem of calculus must be obtained for the semigroups of growth 1 — a. The next

result proves that f: T_A(t — s)xzds € D(A), for any x € X, when A is almost sectorial, and a

characterization of A < f: T At — s):cds) is obtained.

Lemma 2.12. Let D(A?) be the domain of A? and assume it is a dense subset of X. Consider
the linear operator F(t,7): D(A?) — X, t > 7, given by
F(t,7)w = Af: T _A(t — s)wds.
Then F(t,7) is a well defined operator, it is bounded in D(A?), it satisfies
IF (¢ mwllx < Ct =) Hwllx, Vw e D(A?),
and admits a bounded extension to X.

Proof. If w € D(A?), then it follows from the results on Lemmas [2.9{and that the following
integral converges:

t ¢
/AT_A(t—S)wds /T_A(t—s)Awds

The existence of f: AT_A(t — s)wds and Corollary imply that

t
_ ‘ < c/ (t — 5)*1ds|| Aw||x < 0.
X X T
F(t,r)w=A ['T_4(t — s)wds = [ AT_4(t — s)wds.

We prove in the sequence that there exists a constant C' > 0 such that, for all w € D(A?),
|F(t,7)|lx < C(t —7)* Y wl|x. In Proposition it was shown that for any w € D(A?), the
function t — T_4(t)w is continuously differentiable in [0, c0) and

A/:TA(t—s)wds:/:ATA(t—s)wdSZ/:%[TA(t—s)w]dSZw—TA(t—T)w.

In this case,
t
| F(t, Tw|x < HA/ T At — s)wds|| < ||w—T_4(t—71)w|x
T be

<O+t —7)"") lwllx <CE—7)wlx

and the linear operator F'(t,7) admits a bounded extension to X, which we denote the same. [J

The fact that F'(t,7) is bounded and admits an extension to X allows us to prove the following

lemma.
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Lemma 2.13. Let w € X and A an a—almost sectorial operator. Then th T A(t — s)wds
belongs to D(A) and

A (/t T At — s)wds) —w— T At — Y.
AU Tat =)

Proof. Let (w,) be a sequence in D(A?) such that w,, "= w. Since f: T_A(t—s)ds is a bounded
linear operator in X,

/T At — s)ds

it follows that fT T_a(t—s)wpds =% fT T_A(t— s)wds. The extension F(t, ) is also a bounded
linear operator and

Furthermore,

<C(t—7)t

t
< [t = sl < € [ (6= 9y tds = o=
£(X) T

t
A / T Al = s)wnds = F(t 7w, "= F(t, 7w
From closedness of A, we conclude that f: T_A(t — s)wds € D(A) and

¢ t
A/ T 4(t — s)wds = F(t,7)w = lim F(t,7)w, = lim {A/ T_A(t—s)wnds}

n—oo n—oo

= lim {w, —T_s(t)w,} = w —T_4(t — T)w.

n—oo

O

Remark 2.14. Note that, even though th T_A(t — s)wds € D(A) for any w € X, it does not
mean that f: AT _4(t — s)wds is defined. The second integral might not exist. We can only

prove that A (f: T A(t— s)wds), with the operator outside the integral, exists.

Moreover, when t — T+, we have th T_A(t — s)wds o 0, whereas A (f: T a(t— s)wds)
does not necessarily vanishes. Indeed, A <f: T At — 5)wds> =w —T_4(t — 7)w has the same
discontinuity that the semigroup T_a(t — T)w has at t = 7.

3. STRONG SOLUTION FOR THE LINEAR NONAUTONOMOUS EQUATION
In this section we study existence of strong solution for the linear problem
uw+Au=yg(t), 7<t<t+T; u(r)=u€X, (3.1)

when the operator A is almost sectorial. This linear formulation will be used in the sequence
to study the semilinear problem (|1.1)).
If ge L'((1,7+ T), X), then the function u : (1,7 + T] — X, given by

u(t) = T a(t — 7)o + / T Al — )g(s)ds (3.2)

is well defined and it is a mild solution of (3.1). If we impose further conditions on g, we can
prove that this mild solution is actually a strong solution for the equation. We enunciate the

theorem concerning strong solutions for the problem and we prove it throughout the section.
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Theorem 3.1. Let A, be an a—almost sectorial operator in X with a € (0,1). Also, assume
g: (1,7 +T] = X is a continuous function that satisfies

lg(t) = g(s)llx < C@t—5)(s=7)"%,  foranyT <s<t, (3.3)
lg®)||lx < C{t—7)"Y,  for any T <1, (3.4)
where 0 and 1 are positive constants satisfying 0 > 1 —a, 0 <y < 1.

Then, for each ug € X, the mild solution (3.2)) is a strong solution for (3.1)), that is,

(1) u(:) € C*((r, 7+ T),X), u(r) = up and u(t) € D(A), forallT <t <7+T.
(2) The equality u,(t) = —Au(t) +g(t), T <t <7+ T, is satisfied in X

and the following expression for the derivative of u(-) holds

u(t) = —AT_a(t — T)ug — A/tTA(t —5)[g(s) — g(t)]ds — A/t T_a(t—s)g(t)ds + g(t).

Moreover, if ug € D(A), then u(-) is continuous at t = 7, that is, u(-) € C([r,7 +T],X) N
Cl((r, 7+ T],X).

If we tried to evaluate the derivative directly in the expression , the first term would
not pose any problem, that is, %T,A(t — T)ug = —AT_4(t — T)ug. However, the expression
given by the integral would be troublesome, since the expected value inside the integral is
—AT_A(t — s)g(s) and we cannot prove convergence of the integral with such integrand (recall

that ||[AT_a(t — 7)| zx) < C(t — 7)*7?). We denote this term as v(t), that is,

v(t) = / T_A(t — s)g(s)ds.

To overcome the problem mentioned above, we will consider (inspired in [9] Section 3.2]), for
small p > 0, the approximations

[T+ 7, t0] 2t = v,(t) = /t—p T_A(t — s)g(s)ds,

where v > 0 is arbitrary, o € (7 + v,7 + T] and p is small enough such that t —p > 7+ 7.
With this slight retreat in the domain of integration, we can prove the following result for this

function.

Lemma 3.2. Under the conditions of Theorem the function v, : [T + v,to] = X is
continuously differentiable in X and

4O =T aphot—p) =4 [T~ s)g(e)as. (35

Proof. This follows readily from the fact that the integrand is continuously differentiable in
(1,t—p] (since we are avoiding the discontinuity of the semigroup when s = t) and an application
of Lemma 2.5 O

Once we know v, is differentiable, we prove:
(1) v,(-) converges as p — 0 to v(-) in C([T + 7, ], X).
(2) v,(-) converges as p — 0 to —Av(-) + g(-) in C([T + 7, ], X).
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Then, differentiability of ¢ — v(¢) for ¢ € [1 + 7, ] follows from C'([7 + 7, o], X) being a
complete metric space. Moreover, v'(t) = —Awv(t) 4+ ¢g(t). From the arbitrariness of v > 0 and
to, we have differentiability in (7,7 + T).

After these two steps, Theorem |3.1| will be proved, since u(t) = T_a(t — 7)uo + v(t) and

W (t) = —AT_A(t — T)ug + V' (t) = —AT_4(t — T)ug — Av(t) + g(t) = —Au(t) + g(t).
Item [(1)] is easily obtained: for each t € [T + v, o] we have

o)~ = | [ Toate=9oas| < [ et e

<Ot—p—T1)"¥p" 228 0.

Item [(2)] on the other hand, demands more attention. We first prove that v(t) € D(A).
Lemma 3.3. Under the conditions of Theorem[3.1], for any t € [T+, o], v(t) € D(A) and
¢ ¢

CAu(t) = —A / T alt— )g(s) — g(t)]ds — A / T At — $)g(t)ds.

Proof. Tt follows from Lemma that f: T_A(t — s)g(t)ds € D(A). Furthermore, from ({3.3)
with 6 > 1 — «, we conclude that th AT_4(t — s)[g(s) — g(t)]ds converges. Indeed,

/ AT_A(t — 9)[g(s) — g(t)]ds|| < C/ (t—s)* 2t —5)(s — 1) Vds

X (3.6)
< Ot —7)et-D=v < oo,
where we used Lemma and the fact that « +6 — 1 > 0.
Therefore, f: T_A(t —s)[g(s) — g(t)]ds € D(A) and from Corollary H, we obtain
¢ ¢
A [Tt = 9)lots) — glolds = [ AT 4t = )lals) — o0
U

In order to prove item , we must check that v7,(-) given by (3.5) converges to —Av(-) +g(-)
which is also given by:

() + g0 = 90) ~ A [ T att = 9)lgle) g0l - A [ T att - s 1
We rearrange (3.5)) in a similar way of , that is,
GO =T a@att =) =4 [T oot~ o0lds = A [T ate - gtoris 69
The second term of converges as p — 07 and it satisfies:
Lemma 3.4. If g: (1,7 +T| — X satisfies with 0 > 1 — «, then
A [T 4t - 9lo(6) — o0l % 4 [Tt 1) - gl

Proof. This follows readily from the existence of f: AT _4(t—s)[g(s) —g(t)]ds proved in Lemma

3.3} inequality (3.6). O
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For the other terms in (3.8)), note that the discontinuity of the semigroup at the initial time
allow situations in which

TAPglt =)+ gt) and T alt - s)glo)ds A [ Ta(t - s,

as p — 0%. However, given any 0 < p < t — 7, we can rewrite Af: T_A(t — s)g(t)ds using
Lemma 2.13] as

A/ T_A(t—s)g(t)ds:A/_pT_A(t—s)g(t)derA/t T A(t — 8)g(t)ds

-4 st — $)g()ds + 9(t) — T-a(p)glh)

From this, we can rewrite (3.8)) to obtain

GO = Toa@lalt = p) = A [Tt = 9)lals) —g(olds — A [ Toate = s)glo)ds

Toalp)gtt =)~ A [ Talt = 5)lg(s) ~ 0]
- [A [ Toate = 9a(0s - ) + T-ao)ott)]
A/ T At — 9)[g(s) — g(t)]ds—A/tTA(t—s)g(t)ds

+T_a(p)lg(t — p) — g(t)].

First line in the last equality converges to g(t) — Av(t) due to Lemma [3.4 uniformly for
t € [T +,1], whereas the term in the second line of last equality vanishes as p — 0. Indeed,

a— at-0— ot
IT_a(p)[g(t — p) — g®)]llx < Cp*~'p? = Cpto=1 "= 0,
Consequently, we conclude that

p—07F
=

0,

0 [o(0) = 4 [ T_ate = )g(s)es]

sup Hv — [g(t) —A'U(t)]HX: sup
te[r+v,T] te[r+v,T]

and Theorem [3.1] is proved.

X

4. STRONG SOLUTION FOR THE SEMILINEAR EQUATION

Consider the semilinear problem
ur+ Au= f(t,u), t >71; u(r) =uy € X,

where A is an a—almost sectorial operator with € (0,1). We assume that the nonlinearity
f(t,-) satisfies the following conditions:
(G) There exists a Banach space Y in which X is embedded (X < Y') and constants C' > 0,
p > 1, such that f : R x X — Y and, for every u,v € X,
1F(tw) = £(t,0)lly < Cllu—vllx (1+ Jullx™ + oll3™) (4.1)
Lt w)lly < L+ [lull%)- (4.2)
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Assume also that f is Holder continuous in time-variable, that is, there exists C' > 0

and £ € (0, 1] such that, for all u € X,
1f(t,u) = f(s,w)lly < COJt = s

We will refer to property as the nonlinearity f having a polynomial growth of order p. A
similar condition was required in [3 Section 2.2] where the authors also considered semilinear
problems with almost sectorial operator. This assumption allows us to understand the
effects of the nonlinearity f on the elements of a Banach space X. For instance, a situation
like above happens when X = LP(Q2) and f(u) = |u|>. In this case, f take elements of LP(Q)
to the less regular space and Y = L%(Q) (2 a bounded domain in RY).

We will also assume that the operator A and the space Y are related in the following sense:

(C) The operator A can be defined in Y. To be more precise, there exists AY : D(AY) C
Y — Y, such that A is the realization of AY in X. We assume that AY is almost
sectorial in the Banach space Y, possibly with different exponent of almost sectoriality,
w € (0,1). Moreover, the resolvent of A satisfies: (A + A)™! : Y — X (which means
that D(AY) < X)) and there exists 3 € (0,1) such that

C

< — . .
VSppar PETu (43)

A+ A) owx

We will refer to the property above as the compatibility between A and Y .

Remark 4.1. To be rigorous, inequality [4.3) should be posed as [[(A + AY) ™| zv,x) < I/\\g+1’
in view that A acts only on X. However, since A is assumed to be the realization of AY in X,
we denote both by A.

Therefore, we refer to A acting on X or A acting on Y and the difference between them is

expressed by the resolvent estimates:

¢
Al + 17

C
|IAlv + 1

A+ A) e < A+ A) Mz < and [|[(A+ A) | zovx) <

AP +1

This convention extends to the semigroup generated by —A, that is, we say T_a(t) is an
element of L(X), L(Y) or L(Y, X).

To help fix the ideas above, we illustrate in a simple case (a sectorial case).

Example 4.2. Let @ C RY be a bounded smooth domain and A = A, = —AN : D(AY) C
LP(Q2) — LP(2), where AI{,\/ is the Laplacian acting in LP(Q2) with Neumman boundary condition.
The domain of A, is D(AQ/) = Wi = {u € W??(Q); d,u = 0} and this operator is known to
be sectorial (o =1).

Let X = LP(Q)) and suppose % < q <p. If we denote Y = L1(2), then we can consider the
Laplacian acting now on'Y, that is, A, : Wﬁ/’q C LYQ) — LY). Furthermore, X — Y and
Wit s L®(Q) — X, since q¢ > L. Asin Remar’k we denote both A, and A, by A and
(A+ A)~t can be seen as an operator in L(X), L(Y) or L(Y, X)
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2,q 2,p
Wy Wy
(A+A)~] L)
]

Y = L9(Q) > X = 12(Q)

F1GURE 1. Diagram of embeds

—: embed --3+: action of the operator

Remark 4.3. It is worth mentioning why we chose not to use the reqular approach for par-
abolic problems (as in [2, B, 6L 9]) in which one works with a scale of fractional power spaces
{X }o<e<ite and the growth of f is given as f: R x X7 — X% 0<~y—0 < 1.

In this fractional power approach, a good knowledge of the spaces X¢ as well as their embed
in the LP—spaces are required. To the application we have in mind, this characterization of the
spaces X¢ = D(A%) is not available, preventing us from following this way.

On the other hand, working with the spaces X and Y as in cmd allows us to treat
cases where a different scale of Banach space is available, rather than the fractional power scale.

We discuss this with more details in Section [6.

Inequality (4.3]) can be read as the ability of the operator (A + A)~! to regularize elements
of Y back to the space X. This regularization is transferred to the semigroup 7 4(t). We have
the following properties:

Lemma 4.4. Let X and Y be Banach spaces as in and assume (4.3) holds for some
€ (0,1). Then, if T_a(t) is the semigroup generated by —A, we have

IT-a®)ll ey < CTHand - (I T-4(t)|lery < O

Proof. Both estimates are obtained in the same way as in (2.3)), when we considered |[(A +
A) e < # Here, we replace this resolvent estimate for one of the estimates given in

Remark according to the space we are analyzing. O

4.1. Existence of local mild solution. We briefly comment the ideas developed in [3] that
ensures the existence of local mild solution, highlighting the points that will be useful to the
subsequent analysis.

Given 7 € R and ug € X, the authors in [3] searched for a mild solutions in the following

space

K(to, up) = {v e C((r,m+to), X); sup |o(t) = T_a(t — Tupl|x < u} :
te(r,7+to]
where p is a positive constant and ty > 0 a suitably chosen constant. K (o, uo) is a Banach
space with norm [[{][x = Supye(r r10] [1§() — T-a(t — 7)uol| x-
Note that the condition ||v(t) — T_4(t — T)ugl|x < p for t € (7,7 + to] means that we expect
to find mild solution that replies the same type of discontinuity that the semigroup T_4(t — 7)
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possesses as t — 7. Moreover, the functions v(-) € K (to,ug) satisfy
(t =) o@®)llx < (= 7) " o(t) = Toalt = TJuollx + (t = 7) [ Ta(t — T)uollx
<ty "+ Clluol x,
and if ug is in a bounded set B C X, we can obtain uniform estimates for (t — 7)%||v(¢)||x,
that is,
t—7)"vt)||x <k, where k =5 *u+ C sup |luo|x. (4.4)

upEB

Remark 4.5. If ug € D(A), then ||T_(t — T)ug — upl|x 270 as a consequence of Lemma

[2.10 In this case,
lo()llx < o) = T-a(t = T)uollx + [ T-a(t = T)uollx < p+ Clluollx =k,
that is, the functions are bounded for t € (1,7 + to).

Under those conditions, mild solution was obtained as a fixed point of the contraction map
(under suitable choice of #)

(Tw)(t) :==T_a(t — T)ug + / T A(t—7)f(s,u(s))ds, te(r,7+t,
defined in K (to, ug).

Theorem 4.6. [3, Proposition 2.11|Let X,Y be Banach spaces with X < Y. Suppose A is an
a—almost sectorial operator in X, satisfying the compatibility condition with Y, given in
with constant 5 € (0,1). If f: R x X — Y is a nonlinearity satisfying such that

s
1<p<-—— 4.5
SpP< T (4.5)

then, for every ug € X, there exists to > 0 such that the initial value problem
ur+ Au= f(t,u),t >71; u(r) =uy € X,

has a unique mild solution defined in (7,7 + to|. This ty depends on gy, but can be chosen
uniformly for ug in bounded sets of X. Furthermore, we can extend this mild solution to a

mazximal interval (T, Tpr(ug)).

If the initial condition belongs to D(A) (where the strong continuity of the semigroup takes
place), Remark implies that condition (4.5)) is no longer necessary. In this case, we restate
the existence result as:

Corollary 4.7. Let X,Y be Banach spaces with X — Y. Suppose A is an a—almost sectorial
operator in X, satisfying the compatibility condition with Y, given in with constant B €
(0,1), and f: R x X =Y is a nonlinearity satisfying[(G). Then, for every ug € D(A), there
exists tg > 0 such that the initial value problem

ur+ Au= f(t,u),t >71; u(r) =wuy € D(A),

has a unique mild solution defined in (7,7 + to], which can be extended to a maximal interval

(7, Tar (wg))-
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4.2. Strong solution for the semilinear equation. Under the conditions required in The-
orem [£.6 for A and f, the semilinear problem has a local solution given by

u(t) =T_a(t — T)ug + /t T_a(t —s)f(t,u(s))ds.
If we define g : (7,7 +T) = Y as g(t) := f(t,u(t)), then u also satisfies
u+Au=g(t),t e (r,7+7T); u(r)=u € X.
By proving that g(-) is continuous and satisfies the conditions of Theorem
lg(t) = g(s)lly < C(t = 5)"(s =)™, forany 7 <s <t,
lg(t)|ly < C(t—7)"%, foranyr <t,
for some 6 and v then the results on this theorem can be translated to the semilinear case.

Remark 4.8. Whereas the mild solution is placed in the phase space X, the equation
u+ Au=g(t),t € (r,7+T),

occurs in the less reqular space Y, since f(t,-) : X — Y. Therefore, the content of Theorem
slightly changes. Since the constant of almost sectoriality of A in'Y is w € (0,1), in order to
apply the results of Theorem[3.1], the positive constants 0 and 1) that we search for the estimates
of g must satisfy 0 > 1 —w, 0 <y < 1.

In the next lemma we find values of # and v for which the estimates for ¢ hold.

Lemma 4.9. Let X,Y be Banach spaces with X < Y and suppose that A is an a—almost

sectorial operator satisfying conditz’on and f a nonlinearity satisfying m If1<p< %,
w:(r,7+T) — X is the mild solution of

w(t) + Au = f(t,u(t)),t € (r,7+T); u(r)=up€ X
and g(t) = f(t,u(t)), then, for any 0 < u < o* and

a—p

1<p< ————~

the inequality

o+ ) — g(#) < Chmn{smi-stized)(;  gymin{=t-oti-)sepii-o}
holds for t > 7 and h > 0, where min {—£ — p(1 —a), —a—p(1 —a)} € (—1,00).
Proof. From the growth condition (4.1)) on f we obtain

lg(t+h) = g@)lly = [[f+h,u(t + ) — f(t, u(d))lly
<+ hyut +h)) = f(Eut +R)lly + ([ ult + h) = f(Eult)]ly
< CIhf* + Cllu(t + h) = u(®)llx (L+ @)% + [lut + )5 ) -

We know from that there exists a constant k such that

lut + R)llx; [lu@)llx < k(- 7).
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Taking this into account and selecting the factor (¢ — 7) with the most negative exponent

(since we must control the order of discontinuity as t — 7), we obtain
lg(t + ) = g(@)lly < ClIA + Jut + h) — u(t)l|x])(t — 7)~ "D,
which implies
(t =)V g(t + h) = g(O)lly < ClIA + llult + h) — u(t)||x]- (4.6)
Let U(t) = (t — 1)~ D= g(t + h) — g(t)||y. Then is rewritten as
W(t) < ORI + flu(t + h) — u(®)]lx]- (4.7)

We study in the sequence properties of the difference ||u(t + h) — u(t)||x in order to obtain
the desired result. Note that ||f(¢,u(t))||y can be locally estimated:

1F(tu@)lly <C A+ [lu@]f) <COA+(E—7) ) <Ct —7)7 (4.8)
From the variation of constant formula, we obtain

u(t+h)—u(t) =T_a(t+h—71)ug — T_a(t — T)ug

</ /) alt 1= S) s — [T a(e =95t

T+h
=T A(t+h—7)=T_A(t —7)]uo + / T_aA(t+h—s)f(s,u(s))ds

t
+/ T at = $)[f(s + hyuls + B)) — F(s, u(s))]ds.
From Lemma and any 0 < p < o,
I[Toa(t +h—7) = T_a(t — T)]ug|lx < Ch*(t — 7)1 =,

For the second term we use the estimates obtained in Lemma and in (4.8),

T+h T+h
/ Toa(t+ b= o) (s u(s)ds| < / 1Tt + b — )]l ccry | £ (s, u(s) 1y

T+h
< C'/ (t4+h—s)P"Y(s —7)P17%ds
< ChptPU=) (¢ — )t

Finally, for the last term, note that

/ T alt— $)[f(s + hyu(s + B)) — F(s,u(s))]ds

X

[t = 5)(s = 70 s ey 1) )]s

X

¢
< C’/ (t — 5)P (s — 1)~ (P~ D= (5)ds.
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We conclude that, for any 0 < p < o?,
lu(t + h) — u(t)|x < Ch(t —7)* 76 + O P17 (¢ — 7)5~
+C /t(t —5) (s — 1)~ DI=g (5)ds
< ChminT{u,l—pa—a)}(t _ pyminfa-i-ta1}
+C /t(t — 5)F (s — 1)~ DA=g () ds.
Then, from this and , we have

t
U(t)< C|hé4 printimt—eli-a}(p _ pymin{a-1=Go-1} / (t — )" (s — 1)~ P~V (5)ds

T

t
S Ohmin{&ml—p(l—a)}(t . T)min{aflfg,ﬁfl} + C/ (t . S)ﬁ—l(s . T)_(p_l)(l_a)\:[j(S)dS.

In order to apply the generalized version of Gronwall’s inequality given in Lemma [2.7] the
following inequalities must hold:

a—g—(p—l)(l—a)>02>p<%,
ﬂ—(p—l)(l—a)>0:p<%+l

(the second condition is already satisfied, since p < %) We then obtain
U(t) < Chminieml=pl—oa)}(y _ T)min{a—l—g,ﬁq}'
Therefore,
lg(t +h) — g(t)ly < Chmn{eml=pl-a} g pymin{a—l=f3-Lh (4 _ 7)=(r-D1-e)
and then,
lg(t +h) — g(t)lly < Crmmtemizpi-aly _ pymin{ =g} (p _ gy-pli-a)
O

As in Corollary , if ug € D(A), then we do not have to worry about controlling the norm
of the solution close to the initial time ¢ = 7. This simplifies the local estimates for the mild
solution w(t) and f(u(t)), that is,

lu®)||lx <k and | flu@)|ly <k, Vte (r,7+1). (4.9)
This allows us to restate the above result with less restrictive conditions on p:

Corollary 4.10. Let X,Y be Banach spaces with X — Y and suppose that A is an a—almost

sectorial operator satisfying condition[(C) and f a nonlinearity satisfying[(G) Ifu : (1,7+T) —
X is the mild solution of

u(t) + Au = f(t,u(t)),t € (r,7+7T); u(r) =wuy € D(A),
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and g(t) = f(t,u(t)), then, for any 0 < p < o2, the inequality
lg(t+ h) — g(t)|ly < Chmmt&m (¢ — pymin{e-1-Go-1}
holds for t > 7 and h >0, where min {o — 1 — £, 8 -1} € (—1,00).

Proof. From Corollary we obtain existence of local mild solution and from growth condition
(4.1) on f we obtain

lg(t +h) — g@)lly < Clhl* + Cllut + h) — u(®)|x (1+ u@)5" + llult+B)I5) -
It follows from that
lg(t +h) = g(®)]ly < ClIAI® + [lut + h) — u(t)]x). (4.10)

Proceeding exactly as in Lemma , we obtain the following estimate for any 0 < u < a2,
t
lut + k) — u(t)|x < Ch(t —ry=nlomt=8ot) 4 C/ (t—35)""g(s + h) — g(s)lvds.
Replacing it in (4.10)),

t
lg(s + B)—g(s)|ly < Chm1E# (¢ — pymin{e—1-25-1} o / (t = 5)" Mg (s + h)—g(s)||yds.

T

From Gronwall’s inequality, we obtain
||g(t + h) - g(t)“Y S Chmin{gfﬂ}(t . T)min{oé—l_%ﬁ_l}‘
0

Using Lemma [4.9] it follows from Theorem that for any 7 < s < t, given 0 < pu < o?,
there exists C' > 0, such that g(t) = f(t,u(t)) satisfies

lg(t) = g(s)lly < C(t —s)°(s = 7)7%,

where 0 < § < min{&, 1,1 —p(1 —a)} and = =min{—£ — p(1 —a),8—a —p(1 —a)}.

In order to use Theorem [3.1], note first that the equation takes place in Y, where the constant
of almost sectoriality of A is w. In this case, to conclude differentiability of the mild solution,
the exponents 6 and ¢ must satisfy § > 1 — w and ¢ > —1. This will only be possible if

) é>1—w,p>l—wand 1 —p(l —a) > 1 —w.

(il) —y > —1.

Since 0 < p < o2, there will be yu satisfying u > 1 — w if
a?4+w—1>0,

whereas the other inequality in item |(i)|is satisfied if

_ v
p 1—a’

In order for the condition in to hold, we have already established in Lemma that
1<p< % The minimum value allowed for p such that condition |(i)[ holds is 1 — w and if
we replace it in the expression above, we have
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If all the previous conditions are satisfied, then Theorem states that the mild solution
u(t) =T_a(t — T)ug + th T_A(t —s)g(s)ds
for the nonautonomous linear problem
ur+ A(t)u = g(t), u(r) = uo,
is a strong solution u(-) € C*((7, ar(up)),Y). But since u(-) : (7, 7ar(up)) — X is a mild solution
of
u + A(t)u = f(t,u),t € (1,7 (wg));  u(T) = uy,
and g(t) = f(t,u(t)), it follows that u(-) is a strong solution for the semilinear equation. Hence,

the following theorem is proved.

Theorem 4.11. Let X,Y be Banach spaces with X — Y and suppose that A is an a—almost
sectorial operator satisfying condition and f a nonlinearity satisfying with exponent
of Holder continuity € > 1 —w. If &> +w —1 > 0 and p satisfies

at+w—1 w
1—a’ a(l—a) 71—@}’

then, for each ug € X, the initial value problem

1§p<min{

u + At )u = f(t,u(t)),t >7; u(r) =ug € X,
has a unique strong solution u(-) € C*((1, Tar(ug)),Y) where (7, Tar(ug)) is its mazimal interval.

The restrictions are simplified if the initial condition has enough regularity, as a consequence
of Corollaries and [£.10l

Corollary 4.12. Let X,Y be Banach spaces with X — Y and suppose that A is an a—almost
sectorial operator satisfying condition and f a nonlinearity satisfying with exponent
of Holder continuity € > 1 —w. If a®> +w — 1 > 0 then, for each uy € D(A), the initial value
problem

u+ At)u = f(tu(t)),t >7; u(t) =ug € D(A),
has a unique strong solution u(-) € C([r, Tar(uo),Y) N CH((7, 7as(uo)),Y) defined in its mazimal
interval (1, Tar(ug)).

5. APPLICATION: DOMAIN WITH HANDLE

Let Q C RY be a bounded smooth domain formed by two disjoint components: Q = Q; UQp,
QN Qr = 0. Attached to this €, consider the line segment Ry given by Ry = {(r,0) €
R xRNy € (0,1)}. We assume that Q and Ry are connected by the points (0,0) € R x RN~!
and (1,0) € R x RV~! and that there exists a cylinder centered in the line segment R, that
only intersects {2 in its bases. Figure [2| bellow illustrate this set.

We denote 2y = QU Ry and in this domain and we consider the following system:

(wt —div(a(z)Vw) +w = f(t,w), reQ t>r,

Opw = 0, x € 01,

(5.1)
vy — Op(a(r)0v) +v = f(t,v), r € Ry, t>T,

[ v(po) = w(po) and v(p1) = w(p1),
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|
")
N~

FIGURE 2. Domain with a handle

where py = (0,0,...,0) € RN and p; = (1,0,...,0) € RY are the junction points between the

sets ) and Ry. We also assume that:

(A.1) Q Cc RY is a bounded domain with smooth boundary (C?) formed by two disjoint
components: 7 and Qg, with pg € 02, and p; € 0€)R.

(A.2) a € C'(Q, RT) and has its image in a closed interval [ag, a;] C (0, 00).

(A.3) The nonlinearity f is continuously differentiable, f € C'(R x R,R) and satisfies a
polynomial growth condition for the second variable, that is,

|fe(t, O < C(1+ €771, for some p > 1. (5.2)

Remark 5.1. We will use x for the variable that takes values in ), r for the variable that
takes values in Ry and t,s,7 € R for a given instant of time. Note that r has the form
(2,0) € R x RN=1 with z € [0,1]. Therefore, at some points, we will consider v as an element

in the interval [0, 1] and treat v,.(t,r) as the derivative of v in the real variable r € [0, 1].

The phase space is given by U) = LP(Q) x L(0,1), with norm [|(w,v)[lve = [[wl|zr() +
||| r(0,1)- In this case, (Ug, - ”U,Q) is Banach and equation (5.1)) originates the following abstract
problem:

(w, ) + Ao(w,v) = Fo(t, (w,v)),t > 75 (w,v)(7) = (wo,v0) € Uy, (5-3)
where Ag : D(Ag) C U) — U} is the linear operator given by
D(Ag)={(w,v) € W*P() x W??(0,1): d,w = 0 in Q and v(p;)=w(p;),i = 1,2}, (5.4)
Ap(w,v) = (—=div(a(z)Vw) + w, —0,(a(r)0,v) +v), for (w,v) € D, (5.5)
and the nonlinearity Fj is given by

ftw(x), xel,
Fo(t, (w,v))(z) = (5.6)
f(t, U(T))J re Ro.
Remark 5.2. The condition imposed on py and py in (5.4) only makes sense if w € C(Q).
Therefore, the restriction onp > % must be required at this point, which ensures that WP (Q)

C(€2) [, Theorem 5.4].
In [3, Proposition 3.1] several properties of Ay are presented, including its almost sectoriality.

Proposition 5.3. The linear operator Aq satisfies:
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(1) Ap is a closed and densely defined linear operator.
(2) Ag has compact resolvent and the semigroup T_a,(s) is compact.

(3) There exists ¢ € (g,71‘) and C > 0 such that ¥, C p(—Ao) and, for % < q < p,

A€ X, U{0}, we have

C

1A+ Ao)lcws.op < YRS

foreach 0 < p<1— % — % (% — %) In particular, the case p = q yields

C

A+ Ayt <
(A + Ao) ) < PSR

for()<oc<1—%<1.
(4) The spectrum of Ay consists entirely of real and positive isolated eigenvalues.

Remark 5.4. The operator Ay given in differs from the operator considered in [3], which
is Ao(w,v) = (A + 1, —% + I). Despite the difference, the proof of each statement above is
exactly the same as the ones presented there, since it only depends on the sectoriality of the
operator —A + I in €, on the sectoriality of —% + [ (with Dirichlet boundary condition) in
Ry, and on Sobolev embeddings.

Even tough the linear operators on €2 and on Ry are sectorial, the condition at py and p,
imposes restriction on the estimate of the resolvent that culminates with Ag(w,v) = (—A +
I —% + I) being almost sectorial (it is expressed in (3.14) of [3]).

We turn our attention to the nonlinearity f. The growth condition (5.2)) and the mean value
theorem imply the existence of a constant C' > 0 such that

[f(t8) = fEOI<Cle = vl + g7 +[w7)  and  [f(£6)] < C(L+¢°).

Moreover, t — f(t,-) is locally Lipschitz, that is, |f(t,) — f(s, )| < C|t—s|. Those properties
of f reflect on the operator Fy:

Lemma 5.5. Let Fy be the nonlinearity defined in (5.6) and suppose (5.2)) is satisfied. Then
Fy take elements of U] to elements in U, that is, F : U} — U, where q = E. Furthermore,
for each (w,v) € U, we have

1Eo(w, v) = Fo(@,0) |l < Cll(w,v) = (@, ) [lug (1 + | (w, v)lIe" + (@, 8)lI7"),
[Fo(#, (w, 0)[[ug < C(1+ [[(w, v)[[70),
HFU(t’ (w’ U)) - F0(37 (w’v))HUg < O’t - S|'

Proof. We only verify the first inequality. The second follows in a similar way. Note that

HFO(t’ (w’ v)) - Fo(t’ (@TJ, 6))HUQ
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We consider the integrals separately. Firstly, we have

/|f (t,w(z)) = ft, w(z ))qux§/0q|w(x) — (@)1 + [w(z)][1PD + [i(2)]1 V) dw
0
SC(/Iw—ﬁl”)p (/ [1+ Jw|*e™Y + |@|2e~D)] )
Q Q
SCHw—ﬁJHqL,,(Q) (1_|_/ [0V 75 2 + || s ) » |
and we used that ¢(p — 1);2. = p. Therefore

P—gq

q
[ 1ttt - s w<x>>|qu] < Cllw = ey (14 iy + 1150 ) ™
< Cllw = @llzogey (14 lwllfloy + 1055 ) -

For the second term, we obtain

1 :
[ / £t v(s)) — f<t,@<s>>|qu] < Cllo = Sl (1 + [0l + 150250
Using the above inequalities,

[ Fo(t, (w,v)) — Fo(t, (w, 0))]lvg
< C(llw = @l ooy + \|v—z7|pr(0,1))(1+ 1)l 7y + 10112001y + @100y + 19117560,10)
< Oll(w,v) = (@,9) |y (1 + || (w, v)lI7" + (D, ~)I’)Uol)-
0

5.1. Functional setting. As a starting point, in order for the problem to be well defined (see
Remark [5.2), we require p > Z.

The phase space in which the initial data will be taken is X = U]? . In this space, the operator
Ag is a—almost sectorial with o being any real number satisfying

N +
O<a<l——=a".
2p

The nonlinearity Fjy, which is known to have a growth of order p, will take elements of Ug
and decrease its regularity to an element of U, 0 where ¢ = 2.

We denote YV = Ug. Assume for now that 1 < p < pg is such that ¢ = % > % (later on we
will calculate the range for which this situation can occur). Proposition states that Ay is

w—almost sectorial in Y = U g with w in the interval
N
O<w<l——=w".
2q

The connection between those two spaces X,Y and the operator Ag is then established one
more time via Proposition which ensures the existence of a constant § in the interval
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such that the resolvent of —Ay satisfies |[(A + Ao) ™| wo.vg) < I/\\B%' This means that the

operator Ag' (or any (A + Ag)~! for A € ) take elements in the less regular space Y back to
X.

5.2. Local well-posedness. To establish existence of local mild solution for general initial
condition (wo,vg) € UY, it is necessary to ensure that condition 1 < p < % (see Theorem
holds. The next lemma provides conditions on p and ¢ such that this is satisfied.

Lemma 5.6. Letﬁ<q<pandp:§. There emst0<ﬁ<1—2—q—%<$—%) and
O<04<1—2—p such that 1 < p < 1= if and only if, for fivred p > N, we have
p(2N+1)
s 5.7
w1 1S (5.7)

Proof. 1t is enough to obtain a condition on ¢ such that p =p< This inequality will be

-2 _1(1_1) p(2N +1)

1a+
q p

: ep 2¢ 2 " p(2N+1)
satisfied if £ < 11(1—_%) &g > o1 Also, the condition 2 S

make sense if p > N.

< q < p will only

O

Inequality (5.7]) allows us to calculate the largest growth Fy can have so that the problem is
still locally well-posed (in the sense of mild solution). This largest value is given by
p 2p+1

Pe= 2N+ T N 1 1°

2p+1

Remark 5.7. As illustrated in the previous calculus, any lower bound | = l(p) for q creates a
restriction of the type [(p) < q < p, which generates a critical value for p given by %.

The above results allow us to write an existence result for the equation being considered.
Proposition 5.8. Assume that p > N and max{%,p(;ﬁjl) <qg<p X = US, Y = U;),
a: Qo — RT satisfies and f : R x R = R satisfies |(A.3). Then (5.3) has a local mild

solution (w,v)(-) : (1, Tas(wo, vo)) — Uy given by

(w,v)(t) = Up(t, T)(wo, vo) +/ Up(t, s)Fo(s, (w,v)(s))ds.

5.3. Strong solution for the semilinear equation. To ensure regularity of the mild solu-
tion, we must check the remaining conditions posed in Theorem [4.11 which are

—1
o*+w—-1>0 and 1< p<min @t , d .
all—a) 1 -«

Note that the first inequality provides a lower bound for the values of ¢:
202N
(2p—N)?

and this is obtained by replacing a™,w* in the relation and some manipulation (as it was done

AdHw—-—1>0=q>

in Lemma . Second inequality provides two lower bounds for ¢ (recall that p = §):

-1 N(N —4
a(l —a)

<
P 2(N — 2p) 1
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Therefore, in order for the mild solution to be regular, all the lower bounds established for ¢
above, added to ([5.7)) obtained for local well-posedness, must be satisfied, that is,

p(2N +1)  2p2N  N(N —4p)
max , :
2p+1 "(2p— N)?" 2(N —2p)
Therefore, we have the following result that ensures existence of regular solution.
o 0 2 —
Proposition 5.9. Assume max{p(;ﬁﬁl), (2;207’_11\\;)2, J;[((JJVV_;S),Ni <q¢<p X=U,Y =10,

a: Qo — RY satisfies and f : R x R — R satisfies |(A.3). Then (5.3) has a strong
Y —solution (w,v)(+) : (1, Tar(wo, vo)) given by

,N}<q§p

(w,v)(t) = Up(t, 7)(wo, vo) +/ Uo(t, s)Fo(s, (w,v)(s))ds.

Taking into account Remark[5.7], the lower bounds for ¢ on Proposition 5.9 provide restrictions

on the growth p for Fj, each comes from dividing p by a lower bound of q.

2p+1 (2p—N)? _ 2p(N —2p) D

Po=aN+1) =7 N 0 PP T NN —4p) TN
Note that it is only required to know NNV in order to establish values of p and p (p = §) for
which the problem can be solved. For instance, if N = 3 Figure |3 bellow provides regions for
which, given a certain p, the problem can be locally solved as long as (p, p) belongs to the
shaded region. The figure on the right-side states those values (p, p) for which the mild solution
is also strong. Despite the presence of four different restrictions (p¢,, pe,, pes and pe, ), only two
of them restrict the most the shaded region. The other two are located above this region.

P _ 2p+1 1% __ 2p+1
Per = 7 Py =7

Existence of Strong

mild solution = : solution
N=3 p 3 ~4 ~8,7 p

FiGUre 3. Mild and strong solution when N = 3

5.4. Initial condition in D(A). For initial conditions in D(A), Corollary [£.12]establishes that
the only necessary condition for existence of strong solution is a? + w — 1 > 0, which implies
2 2
% and p< (QPQPTN)
Moreover, in order for the boundary condition of Ay action on U[? to make sense, we must
have ¢ > & (W24(Q) < C(Q)). We also have to take into account this lower bound for g,
which establishes a second critical value for p given by p < %. In Proposition we did not

q >

bother to write this condition since ¢ > N was more restrictive.

For this case, we have the following existence result on strong solutions
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2p—N)2 2
satisfies[(A.2) and f : R x R — R satisfies [(A.3) Then, given any (wy,vo) € D(A), (5.3) has
a strong Y —solution (w,v) € C([r, Tar(wo, v0)), Y) N C*((7, Tar(wo, vo)),Y") given by

Proposition 5.10. Assume max{M Ni <q<p X=U,Y=U], a: Q_O — RT

(w,v)(t) = Up(t, T)(wo, vo) +/ Up(t, s)Fo(s, (w,v)(s))ds.

6. REMARKS AND DISCUSSION

As mentioned in Remark , when dealing with semilinear parabolic problems as the one
considered in this work, it is usual to approach it with the theory of fractional powers of
operators. We briefly comment how to connect the results obtained in this work with the case
where the growth of the nonlinearity involves fractional powers.

Suppose A : D(A) C Z — Z is an almost sectorial operators (with constant ¢ € (0, 1)) in the
Banach space Z. In [I5], 20] a functional calculus for almost sectorial operators was developed
and fractional powers of almost sectorial operators were defined. We can obtain an associated
scale of fractional power spaces Z¢ = D(A®) in the same sense that we do for sectorial operators.

However, the deficiency in the resolvent allows us to define those powers only on the interval
1 — ¢ < & <1 and the Momentum Inequality only holds for 1 — ¢ < £ < ¢ (see [4, p. 24]).
Those restrictions reflect on the semilinear problem, as we see next.

Let f: 27 — Z% withl—¢ <60 <~ < 1andassume 1 —¢ < v — 0 < ¢*. Suppose also that
f has a growth given by p > 1. Under those conditions, Theorem 3.1 in [4] proves the existence
of mild solutions for

u+ Au= f(u),t >7; u(t)=uy € 2"
(actually they study a singularly nonautonomous case where A is time dependent, that is, A(t)
is a family of almost sectorial operators. We consider A(t) = A to our purpose).

Comparing with terminology used in this work, we set X = Z” and Y = Z?. Using the almost
sectoriality of A, the characterization of the resolvent (A + A)~' as the Laplace transform of
the semigroup 7T 4(t), which also holds for almost sectorial operators (see [12, Lemma 3.1]),
and the Momentum Inequality [4, Proposition 2.1], we have

I+ A ex) = A+ A eze,z = IATA+ A) A 2z)
< 'AV_O/ e MT_A(s)ds < C/ e_’\ssflw’%ds
0 L(Z) 0
(=9)

%0 ~14¢-
—u —14e— 29 1 e 1 o 1 3
< C/O e "y 3 (X Xdu = C)\‘i)*m;g) I (¢~ (7¢9)) 7

since v — 0 < ¢
Therefore, the constant £ in condition|(C)} in this case, would be f = ¢— (7 %) . Furthermore,

if v = 0 then we can see that
1
Fa

that is, the constant of sectoriality in X, Y and Z are all the same: a = w = ¢.

IO+ A e = 1O+ A) ey = 10+ A) e <
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Theorem states that local solvability for the problem is guaranteed if
(=9)
s _ ¢ — ¢
11—« 1—¢

p <

Inequality above is exactly the largest value for p established in Theorem 3.1 of [4]. Using the
relations above, we can extend the results obtained in this work to the setting where fractional

power features.
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