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Abstract

In this paper we use the orbital normal form of the nondegenerate Hopf-zero singularity
to obtain necessary conditions for the existence of first integrals for such singularity. Also, we
analyze the relation between the existence of first integrals and of inverse Jacobi multipliers.
Some algorithmic procedures for determining the existence of first integrals are presented, and
they are applied to some families of vector fields.

1 Introduction

Let us consider an analytic three-dimensional system that undergoes a linear degeneracy cor-
responding to a zero and a pair of pure imaginary eigenvalues. By translating the equilibrium
point to the origin and using a linear transformation, the Hopf-zero singularity can be written

‘i. -y f(x7y7 Z)
gyl =2 |+ |9(xy2) |,
z 0 h(z,y, z)

where f, g, h are analytic functions at the origin that denote the nonlinear terms.

We consider the nondegenerate Hopf-zero singularity, that arises by assuming the generic
conditions % %0 or 227}2‘ = 0. Under this hypothesis, it is a simple matter to show that the
above system can be expanded in quasi-homogeneous terms of type t = (1,1,2):

T _2y Fl(JT,y,Z) FQ('IayaZ)
y = 2 + Gl(xayaz) + GQ(x7y7 Z) + e (11)
z 272—{—?/2 Hl(JT,y,Z) HQ(x’y,Z)
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where Fj, = (Fj,(z,y, 2), G (x,y, 2), Hp (2, y,2))" is a quasi-homogeneous vector field of type t
and degree k. We notice that the principal part (the lowest-degree quasi-homogeneous term,
which has degree 0) can be expressed as

L) b
where x = (z,y, z) and
o on\" T
Xo= (-2 T} —(Z2y,2 1.
b ( 8y’3m> (—2y,2z) (1.3)

denotes the planar Hamiltonian vector field with Hamiltonian function b = 22 + y2.

In this paper, we study the existence of first integrals in a neighborhood of the equilibrium
point at the origin for this kind of systems (recall that a first integral is a non-constant function
that is constant when it is evaluated along any solution of the system).

Revealing the existence of first integrals for a given system is very useful to understand its
qualitative behavior. Namely, for a planar system the existence of a first integral determines
completely its phase portrait. For higher-dimensional systems, this can be done by obtaining a
sufficient number of functionally-independent first integrals.

The three-dimensional center problem for the Hopf-zero singularity (that consists of deter-
mining whether there is a neigbourhod of the singularity foliated by periodic orbits, including a
curve of equilibria) has been analyzed in [I7,[I8]. This is equivalent to the integrability problem,
that consists of determining the existence of a pair of functionally-independent first integrals. In
the quoted works, it is shown that a Hopf-zero singularity is completely integrable if, and only
if, it is orbitally equivalent to its linear part (—y,x, O)T. Moreover, in the case of integrability,
there are two functionally-independent first integrals of the form I; =h+--- and Io =2+ - --
(the dots denote higher-order terms).

It is a simple matter to show that, in the nondegenerate Hopf-zero singularity (LII) that
we are considering, there are no first integrals of the form I = z 4+ ---. In other words, the
nondegenerate Hopf-zero singularity (LI can not be completely integrable and our analysis
will be focused on detecting the existence of first integrals for such a singularity of the form
I= h + ...

This is still a difficult problem and there are few known satisfactory methods to solve it.
In the present paper, we use the orbital normal form for system (ILI]) obtained in [3] to es-
tablish necessary conditions for the existence of first integrals for the nondegenerate Hopf-zero
singularity (ILI). Moreover, we analyze the relation between the existence of first integrals and
of inverse Jacobi multipliers. In the planar nilpotent case, analogous relations concerning first
integrals and inverse integrating factors has been obtained in [4} [6 @] [10].

This paper is organized as follows. In Section 2] we include definitions and results about
quasi-homogeneous vector fields and the nondegenerate Hopf-zero orbital normal form, that we
use in this work (their proofs can be found in [3]). In Section B the orbital normal form is used
to obtain some results about the analytic integrability of this singularity. The main result is
Theorem [B.6], that determines the existence of an analytical first integral for the nondegenerate



Hopf-zero singularity in terms of the vanishing of some normal form coefficients. Moreover, an
algorithmic procedure for obtaining necessary conditions for the existence of first integrals of
polynomial vector fields, that is applicable under some hypothesis in the orbital normal form,
is presented. Section Ml analyzes the relation between the existence of first integrals and the
existence of inverse Jacobi multipliers for the nondegenerate Hopf-zero singularity. In particular,
based on an algorithm to determine the existence of inverse Jacobi multipliers, we present a
new algorithmic procedure to determine the existence of first integrals of polynomial vector
fields, that is applicable in all the cases. Finally, in Section [l we apply the results to a couple
of three-parameter families of vector fields, where we find all the cases of existence of analytical
first integrals.

2 The Hopf-zero orbital normal form

In this section, we collect results from [3] that will be used along this paper. Among them, the
main result is Theorem 2.2 where we present the orbital normal form for system (LII). Before
we state it, we introduce some definitions and results.

We say that a scalar function f of n variables is quasi-homogeneous of type t = (t1,...,t,) €
N" and degree k if f(e"ay,...,emx,) = ¥ f(21,...,2,). A vector field F = (F,...,F,)7 is
quasi-homogeneous of type t and degree k if F; € ?Z-Hj for j = 1,...,n. The vector spaces of

quasi-homogeneous functions and vector fields of type t and degree k are denoted, respectively,
by ’P}C and QZ-

In this paper, we use the type t = (1,1,2) (for functions and vector fields depending on
three variables), as well as the type t = (1,1) (, that appear when dealing with functions and
vector fields depending on two variables. For instance, we have Fy € Of, X; € Qg and h € in.

A conservative-dissipative decomposition of quasi-homogeneous planar vector fields has been
used in [5] in the study of the integrability problem. In the specific case that we are considering,
this decomposition reads as follows.

Proposition 2.1 Let us consider Py € ka and denote Do = (m,y)T € Qg. Then, there exist
unique quasi-homogeneous polynomaials hyo € iP}fu, 4o and vg € iP}fu, such that:

P = Xp,,, + v Do. (2.4)
Moreover, hyyo = k+r2D0 APy and v, = %Hdiv(Pk).

In the above proposition, we have introduced the wedge product of two planar vector fields
F = (P,Q)T, G = (R,S)T, defined by FAG = PS — QR (see [19]) and the divergence
div(F) = ‘3—1; + %—S. We notice that, if F € Q}‘; and G € Q}, then F A G € Tfk+l+2 and
div (F) € Pt

Next, we present the orbital normal form for system (1)) obtained in [3]. It determines how
much system (IZT]) can be simplified by means of an infinite sequence of time-reparametrizations
and near-identity coordinate transformations. In fact, the orbital normal form presented is
formal, which indicates that we will not discuss matters of convergence.



Theorem 2.2 A formal normal form under orbital equivalence for system (I1l) is
x = G(x) = Fo(x) + <-G-1-(-zf)!?9-> : (2.5)

where G1(z) = Y23 ax2" and Ga(z) = Y33 bz

Observe that the Oth-degree quasi-homogeneous term of the orbital normal form (Z3]) agrees
with those of system (LLI). Moreover, the kth-degree quasi-homogeneous term of the orbital
normal form (1)) is

In the rest of this paper we use the orbital normal form (X)) to study the integrability
problem for the nondegenerate Hopf-zero singularity. The first nonzero term in the Taylor
expansions of functions G; and G9 play an outstanding role in this analysis. Therefore, let us
denote

lo == min{l e N:q; #0},
mo = min{m € N:b,, #0}. (2.6)

We notice that G1(u) = 0 if, and only if, [y = +00, and Ga(u) = 0 if, and only if, my = +oc.

3 The integrability problem for the Hopf-zero singu-
larity

In this subsection, we show that the orbital normal form (Z5]) is useful in the analysis of
the integrability problem (consisting of determining the existence of a first integral) for the
nondegenerate Hopf-zero singularity (LI).

Recall that a function I is called a first integral for system (L) if I is constant when it
is evaluated along any solution of the system. If I is a C' function, using the chain rule, this
means that VI-F = 0.

Our first result states that the analysis of the integrability problem for analytic systems can
be reduced to the formal context through formal diffeomorphisms.

Proposition 3.3 Let us consider the system x = F(x), where F is an analytic vector field and
the transformation x = ®(x), where ® is a formal diffeomorphism. Then, system x = F(x)
admits an analytical first integral if, and only if, the transformed system X = f‘(?{) admits a
formal first integral.

Proof: The necessary condition is trivial, because if I is an analytical first integral for system
%x = F(x), then T := I o ® is a formal first integral for system x = F(X). o

To prove the sufficient condition, let us denote by I a formal first integral of system X = F(X).
Then, I = To® ! is a formal first integral of system x = F(x). From Theorem A of [20], there
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exists a formal scalar function [ such that [ (0) =0, I (0) =1, such that I = lo1 is an analytical
first integral for system x = F(x). ]

We notice that the orbital normal form (2.3]), as well as those obtained in [15] [16], is invariant
under rotations. Hence, the first integrals depend on 22+ y? and z. Next result uses the orbital
normal form (2.1 to determine the existence of a formal first integral for the nondegenerate
Hopf-zero singularity by reducing it to a nilpotent singularity. If we use instead the orbital
normal form given in [I5] 16], then an integrability problem for a planar system with null linear
part arises, which is more difficult to solve.

Proposition 3.4 The orbital normal form (23) admits a formal first integral if, and only if,
the planar system

U = U+G2(u),
v = 20Gi(u), (3.7)

is formally integrable.

Proof: Let us consider cylindrical coordinates x = psin(f), y = pcos(6), z = u, and the singular
change v = p2. Then, the normal form (ZH]) becomes:

U = v+ Gg(u),

= 20Gi(u),
6 = 2.
It is enough to remove the azimuthal component to complete the proof. [ |

We denote the vector field corresponding to planar system ([B.71) by

P(u,v) = (”;;GC?(S;)). (3.8)

Next result provides a necessary condition for the existence of analytical first integrals for
system ([LT]), which determines the structure of the quasi-homogeneous normal form in case of
existence of analytical first integrals.

Proposition 3.5 Let us assume that system (I1l) admits an analytical first integral. Then, its
formal orbital normal form (Z3) is given in one of the following items:

(a) X = FQ(X).
(b) x =Fy(x) + Fs(x) + -+, where s € N and Fs € QY is one of the following vector fields:

lo
(b.1) Fy(x) = (_(_ll_o_%__]_)_p) € QY where s = 2ly and a;, € R\ {0}.
(b.2) Fys(x) = (:3”0“) € QY where s = 2mg and by, € R\ {0}.
mo
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amo 2" Dy ¢ ,
(b.3) Fy(x) = {-5--2- i1 ) € Qt, where s = 2myg and Gy, bm, € R\ {0} satisfy
mo

2n1Gpm, + (Mo + 1)ngby,, =0,

for some ni,ns € N coprime (i.e., their greatest common divisor is 1).

Proof:  From Proposition B3] we obtain that system (ILI) admits an analytic first integral if,
and only if, its orbital normal form (23] has a formal first integral. From Proposition B.4]
this occurs if, and only if, the planar system (B.7) is formally integrable. In this case, if we
select an arbitrary type t € N2, the principal part of the vector field P given in B8) must be
polynomially integrable. Let us consider the following situations:

e Case Gi(u) = Go(u) = 0. Let us take the type t = (1,1). Then, the principal part of P
is Po(u,v) = (v,0) and I = v is an analytic first integral. This case is considered in item
(a) of the statement.

e Case Gy(u) #0 or Go(u) #Z 0. Let us denote

nog = min{n € N:2a, + (n+ 1)b, #0}. (3.9)

We notice that min {mq,lp} < ng and it is possible that Iy = +00, mg = 400 or nyg = +o0,
but the situation Iy = my = 4+o0 can not occur. The following sub-cases can arise:

If [y < myg, taking the type t = (1,ly + 1), the principal part of P is

Py, (u,v) = (v, 2aloul°v)T € Qlfo,

. 2
and I = v — —loﬁ%ul‘)“
item (b.1).

If mg < lo, taking the type t = (1,mg + 1), the principal part of P is

is an analytic first integral of P;,. This case corresponds to

P (u,v) = (v+ bmoumOJrl, O)T € Q‘E

mo?

and I = v is an analytic first integral of P,,,. This is the case (b.2).
If mo = ly < no, then we have 2a,,, 4 (mg+1)bm, = 0. Taking the type t = (1, mo+1),
the principal part of P is

P (1, 0) = (U + bppg ™, —(mg + 1)byu™v) T € of

mo?
which is a Hamiltonian vector field, with Hamiltonian function —by,,u™ o — 102,
Therefore, P,,, is polynomially integrable. This case is presented in item (b.3) with
ny = ng = 1.

If mg = lyp = ng < 400, then we have 2ay,, + (mo + 1)by, # 0. Taking the type
t = (1,mg + 1), the principal part of P is

P (u,v) = (v+ bmoumOJrl, Qamoumov)T € ano,
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which is integrable because P also is.
Let us consider the conservative-dissipative splitting (2:4]) for P,,,. The Hamiltonian
function in the quoted splitting is

1 . 2amg—(mo+1)bmg  mo+1
h = U (v B Cop s .

Then,
2am07(m0+1)bm0 um0+1 -0
- Y

Si=v=0, and Sy =v — Smo+1)

are invariant curves of P,,,, with cofactors K; = 2a,,,u™° and Ko = (mo+ 1)by,,u™°,
respectively. Since P,,, is polynomially integrable, there exist nj,n2 € N coprime
such that S'S5? is a polynomial first integral of P, i.e.

n1K1 4+ neKo = (2nyam, + na(mo + 1)by, ) u™° = 0.

This case is presented also in item (b.3).

Next, we present a necessary and sufficient condition for the existence of an analytic first
integral of system (ILT]).

Theorem 3.6 System (I1) admits an analytical first integral if, and only if, its formal orbital
normal form (23) is given in one of the following items:

(a) x =Fo(x). In this case, there exists a first integral of the form I =bt+---. Moreover, there
is a curve of equilibria passing through the origin surrounded by an infinity of invariant
cylinders.

. G1(z)D _ . .

(b.1) x = Fo(x) + <1((Z))0>, with G1(2) = > p5 apz®. In this case, there exists a first
integral of the form I = b+ ---. Moreover, there is a curve of equilibria passing through
the origin.

G (2)
integral of the form I =0+ ---.

(b.2) x = Fo(x) + <O>, with Go(2) = 3 451 brz" 1. In this case, there exists a first

(b.3) x = Fo(x) + Fy, (%), where Fp, (x) = (—C—Lm‘—)—-—————-), mo € N, and @y, bm, € R\ {0}
mo

satisfy 2n1am, + (mo+1)n2bm, = 0 for some coprime natural numbers ny,ny. In this case,
there exists a first integral of the form I = h™+"2 ...

In the above expressions, the dots denote higher-order quasi-homogeneous terms.

Proof: Firstly, we prove the sufficient condition.

(a) The normal form x = Fy(x) has the first integral I = h. Undoing the normalizing trans-
formations, we obtain that I =k + --- is a first integral for system (L.TJ).



(b.1) The normal form x = Fy(x) + <G1(Z)DO> admits the first integral T = b —2 Jo G1()de.

Undoing the normalizing transformations, we obtain that I = h—+--- is a first integral for
system (LLI)).
0 ~
(b.2) The normal form x = Fy(x) + <G(z)> has the first integral I = h. Undoing the
2
normalizing transformations, we obtain that I = h+--- is a first integral for system (L.T]).
(b.3) If ny = ny = 1 (Hamiltonian case), then T = h2 + 2b,,,2™0*1h is a first integral for the
normal form x = Fy(x) + F,,,,(x). Undoing the normalizing transformations, we obtain
that T =h2 + - is a first integral for system (L.
Otherwise (dissipative case), the normal form x = F(x) + F,,,,(x) admits the first inte-
~ _ n
gral I = h™ (f) — %zmﬁ‘l) ° Undoing the normalizing transformations, we
obtain that I = H™*"2 ... is a first integral for system (LIJ).

Next, we prove the necessary condition. Let us assume that system (L)) admits an analytical
first integral and consider its orbital normal form (2.3]).

From Proposition B the quoted formal orbital normal form is either x = Fy(x) (that
corresponds to the item (a) of the statement) or x = Fo(x) + Fs(x) + ---, where F, € QY is
given in one of the cases of item (b) of Proposition We deal with each case separately.

lo
(b.1) Here, Fy(x) = <> € O, where s = 2ly, and a;, € R\ {0}. To complete the

proof in this case, it is enough to show that Ga(z) = 0 in the orbital normal form (2.5]).

We use reductio ad absurdum: if Ga(z) # 0 then mg < +oo. Taking the type t = (1,lp+1),
the principal part of planar system (1) is

Py, (u,v) = (v,2aloul°v)T € Q}O.

Let us denote the formal first integral of system ([B.2) by I. We notice that

v—2 [ G1(£)dE is a first integral of the vector field (v, 2G; (u)v)”. If we define
we have:

(u,v

G
H=1-

[}

9

VIi-P=V(@G+H P=VG - P+VH-P=VG (Ga(u),0) +VE-P=0.
In this equality, the quasi-homogeneous term of degree ly + mg + 1 is given by
_2alobm0ulo+mo+1 + Vﬁm0+1 . Plo _ _2alobm0ulo+mo+1 + UVﬂmoJrl . (1, 2aloulo)T =0,

where Hy,, 11 € ’.an ,+1 is the quasi-homogeneous term of degree (mg+1) of H. Nevertheless,
the above equation is incompatible. Hence, system (B.7]) can not admit any first integral
and, applying Proposition B.4], system (LT]) does not admit any formal first integral, which
is contradictory.

(b.2) Now, Fy(x) = <bzm°+1> € Qf, where s = 2myg, and b,,, € R\ {0}. To complete the
mo

proof in this case, it is enough to show that G1(z) = 0 in the orbital normal form (Z.5]).
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Again, we use reductio ad absurdum: if G1(z) # 0 then [y < +oo. Taking the type
t = (1,mg + 1), the principal part of planar system (B7) is

P (u,v) = (v + bmoum°+1,O)T € ano.

Let us denote the formal first integral of system (B7) by I. We notice that G(u,v) = v is
a first integral of the vector field (v + Ga(u),0)T. If we define H = I — G, then:

VI-P=V(G+H -P=VG-P+VH-P=VG-(0,2G(u)v)] + VA-P = 0.
In this equality, the quasi-homogeneous term of degree Iy + mg + 1 is given by
201, U0 + Vg 11 - Prng = 2a,u0v + %(v + bypou™ ) =0,

where Hy,, 11 € ’.P,tiﬂo 41 is the quasi-homogeneous term of degree (mg + 1) of H. As in the
previous subcase, the above equation is incompatible, and system (B7) can not admit any
first integral. Hence, by applying Proposition B4 we deduce that system (LI]) does not
admit any formal first integral, which is contradictory.

mo
(b.3) In this case, we have F,,, (x) = <> € QY where mg € N, and a,y,, by, € R\{0}
mo

satisfy 2niam, + (mo + 1)nabm, = 0 being n1, ne € N coprimes.

There are two cases to be considered. The first one corresponds to the free-divergence
case, that arises if ny = ng = 1, and then 2a,,, + (mo + 1)by,, = 0. Taking the type
t = (1,mg + 1), the principal part of planar system (B1) is

P (u,v) = (v + bmoum°+1, —(mo + 1)bm0um°v)T € ano.

This is a Hamiltonian vector field, with Hamiltonian function —by,,u™ v — %02. Using
Corollary 4.23 of [5], we obtain that system (B.7)) is integrable if, and only if, it is formally
equivalent to (i,v) = Py, (u,v). Then, from Proposition B4 we obtain that system (L.TI)
admits a first integral if, and only if, it is formally equivalent to X = Fo(x) + F,,, (x). This
falls into the item (b.3) of the statement.

In the second case (non-zero divergence), we have 2nja,,, + (mo + 1)naby,, = 0 for some
ni,n2 € N coprimes with ny # 1 or ng # 1. Taking the type t = (1,mg + 1), the principal
part of planar system (B.7)) is

P, (u,v) = (v+ bmoumOJrl, 2am0um°v)T = Q;‘:,LO,

2am0 — (m() +1

n2
which is integrable because v"™ <v — o +1))bm“ um0+1) is a first integral and besides

div (Frg) = 2amm + (mo + 1)by, # 0.
Using Theorem 1.2 of [§], we obtain that P is orbitally equivalent to P,,,. This case
corresponds to the item (b.3) of the statement.



Using the above theorem, an algorithm providing necessary conditions for the integrability
of a polynomial vector field can be derived in cases (a), (b.1) and (b.2) of Theorem B.6 First,
we present a technical lemma.

Lemma 3.7 Let us consider the vector field F associated with system (I1). Then, there exists
a unique scalar function T =b + > ;<5 Ik, where Ij, € ’.Pz,, such that the term h* is missing in
Iok, for all k, that verifies

VI -F = Z a2, (3.10)
k>2

where ay € R.
Proof: The k-degree quasi-homogeneous term of the left-hand side of equality ([BI0) is
(VI . F)k =VI1,. -Fo+Ry =/ (Ik) + R,

where

T
L

Rr = (VIj -Fk_j) € (.P;GC,

<
Il
¥

and we have introduced the Lie derivative operator associated with the principal part of the

vector field (II]), which is defined by:

b, = PE— P (3.11)
Vk—p —> Ui (V) = Vg - Fy.

Reasoning as in the classical Normal Form Theory, it is possible to choose Iy in order to
annihilate the part of I, belonging to the range of the operator ¢;. In such a way, we can
achieve

(VI -F), =Ry € Cor(¢),

a complementary subspace to Range(¢x). In [3], it is obtained that, if k is even, then Cor({) =
Span {zk/z} and Ker (¢;) = Span {f)k/Q}, whereas if k is odd, then Cor(¢ax, +1) = Ker (¢x) = {0}.

To complete the proof, it is enough to use that, if k is odd, then Rf = 0, whereas if £ is
even, we get RS = a;z' where i = k/2. Moreover, in this last case the term (22 + y?)k/2 can be
dropped from the expression of Ij because Ker (¢;) = Span {f)k/ 2}. [ |

Theorem 3.8 Let us consider system (I1) and assume that its formal orbital normal form
(Z3) falls into the cases (a), (b.1) or (b.2) of Proposition[3A. Let also consider the unique
scalar function I introduced in Lemma [3.7 satisfying (310). Then, system (11) admits an
analytical first integral if, and only if, o, = 0 for all k.
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Proof:  The necessary condition is trivial: If ap = 0 for all k, then from (BI0) we find that
VI -F =0, ie., Iisa formal first integral. From Proposition B3] we deduce that system (L)
admits an analytical first integral.

Let us prove the sufficient condition. If system (I.I]) admits an analytical first integral, from
Theorem we obtain that it also admits a first integral of the form I = b + ---. Then,
I=1- Y k> BrI” is a formal first integral for all By, i.e., VI - F = 0. It is enough to select
Bk such that the term h* is missing in the quasi-homogeneous terms of degree 2k in I to obtain
the result. [

This theorem allows to define an algorithm for obtaining necessary conditions for the inte-
grability of a polynomial vector field. Namely, it is enough to look for the unique function of
the form I = b+ --- (specified in Lemma B.7)) and then discard cases of non-integrability from
the conditions ay # 0, ...

Nevertheless, this algorithm is not applicable for vector fields whose orbital normal form
[Z3) falls into the case (b.3) because in this case the first integral I = h™ "2 4 ... is not
determined since the values nq, no are unknown.

In the next subsection, we present a different approach, based on the existence of an inverse
Jacobi multiplier, that overcomes this difficulty.

4 Relation between the integrability and the exis-
tence of an inverse Jacobi multiplier

In this subsection, we study the relation between the integrability of the nondegenerate Hopf-
zero singularity and the existence of an inverse Jacobi multiplier for such a singularity (see
(12, T3, [14).

In particular, an algorithm to determine three-dimensional integrable vector fields, based
on the use of scalar functions, can be derived. We recall that an inverse Jacobi multiplier for
system (L)) is a smooth function M which satisfies VM- F = div(F)M in some neighborhood of
the equilibrium at the origin. We observe that, if M does not vanish in a open set, then the
above equality is equivalent to div (%F) = 0. For planar systems, the inverse Jacobi multipliers
are usually referred as inverse integrating factors.

Lemma 4.9 System (37), with G1(u)G2(u) # 0, does not admit any inverse integrating factor
of the formV=v+4---.

Proof: We use reductio ad absurdum. Let us suppose on the contrary that there exist an inverse
integrating factor of system (B.7]) of the form V=v +---. Then, V=0 is an invariant curve of
the quoted system.

Let us consider ly, mg,ng defined in (28], B9). We recall that min {mg,lo} < ng. We
consider the following sub-cases:

e Iy < myg. Taking the type t = (1,ly + 1) the principal part of planar system (B.7) is

Py, (u,v) = (v, 2a,ulv) € Q}O.

11



Let us denote S; = v. It is trivial to show that S; = 0 is an invariant curve of system
(B20). Moreover, in [8, O, 1] it is shown that system (B7]) has an invariant curve of the

2 . . .
form Sy = 0, where Sg = v — 10(11_01 whtl 4.0 and 8; = 0, Sy = 0 are the unique irreducible

invariant curves of system (B.7). Hence, any invariant curve of system (3.7]) can be written
as S7'S5?U = 0, for some unity formal series U, and nj,ny € NU{0}.

Consequently, the inverse integrating factor can be written as V = 87*85?U, since V = 0 is
an invariant curve. On the other hand, as V= v + ---, we obtain nq + no = 1.

As the principal part of V is an inverse integrating factor of P;,, and those are of the form

2 .
v(v — l(ﬁ%ulo“)m (see also [9] 11]), we deduce ny = 0 and then V = vU. The condition of

inverse integrating factor on V leads to:

0 = VV.-P-Vdiv(P)=oVU-P+UVv- P — vU(Gh(u) + 2G1(u))
vau(v + Ga(u)) + 21}28{1 G1(u) + 2UGq (u)v — vU(GY(u) + 2G4 (u))
= v (Z(v+Gau) + ZU%Gl(u) —UGH(u))
UU2 <2UGUl(u) . a@ <v+C{'J2(u))) )

Nevertheless, this equation is incompatible, because the lowest degree quasi-homogeneous
term of a% <%2(“)) is (mg+1)by,u™°, that does not depend on v which is contradictory.

mo < lp. The transformation @ = u, ¥ = v + G2(u) leads system (B.7)) into

o o= 7, (4.12)
= (2G1(a) + Gy(1)v — 2G 1 (a)Ga().

S8

Let us denote the vector field of this system by P.IfV=10v-+--- is an inverse integrating
factor of system (B1), then system (LI2]) admits an inverse integrating factor of the form
V=04

The rest of the proof is similar to the previous item. Taking the type t= (1,mo + 1), the
principal part of P is given by

P (@, 0) = (0, (mo + Dbpmea™3) € OF, .

Let us denote S; = ¢ and So = ¢ —bmoﬂm0+1 +---. Then, S; = 0 and Sy = 0 are the unique
irreducible invariant curves of system ([{12]) (see [8, 9, [I1]). Hence, there exists some unity
formal series U such that the inverse integrating factor of system (EI2]) is V = S}'S;?U.
The principal part of V is one of the inverse integrating factors of f’mo, which are of the
form o(0 — by, umOH)"2 Then, we have no = 0 and V = 0U. The condition of inverse
integrating factor on V leads to:

0 = vv-ﬁ—vdiv<13):wﬁ-13+ﬁw- — BU(GY (i) + 2G4 (@0))
= 0200 1 599((2G1 (@) + Gy(@)o — 2G1 (@)Ga (@) — 20G1 (@) Ga (@)
— 0 (0% + 0% (2G, (@) + Gh(@ ))—201(a)G2(a))—2ﬁ01(a)a2(a).
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Nevertheless, this equation is incompatible, because the lowest degree quasi-homogeneous
term of 2UG1 (©)Ga () is 2a; by, @™ 0+, that does not depend on @ which is contradic-
tory.

e mg = lp. Taking the type t = (1,mg + 1), the principal part of planar system (B.2) is

P, (u,v) = (v+ bmoumOH, Qamoumov)T € Q;‘:,LO.

The unique irreducible invariant curves of system [B1) are S; := v = 0, Sy = v —
2 — b, . . .
%um‘)“ + -+ =0 (see [8, 9, [I1]). Reasoning as above we obtain a contradic-
tion.

|

Next result characterizes the existence of analytic first integrals in terms of the existence of
inverse Jacobi multipliers.

Theorem 4.10 System (I1l) admits an analytic first integral if, and only if, it satisfies some
of the following conditions:

(a) System (I1]) admits an inverse Jacobi multiplier of the form M = b2 + --- and it is orbital
equivalent to Fo+Fp + - -+ with Fpy = <>, mo € N, amg,bmy € R\ {0}, such
mo
that 2n1am, + (mo + 1)n2by, = 0 with n1,ne € N coprimes.

(b) System (I1l) admits an inverse Jacobi multiplier of the form M =+ --- and it is orbital
equivalent to Fo or Fo+Fs+ -+ with Fy given in item (b.1) or (b.2) of Proposition[Z.

Proof:  Let us prove the necessary condition. Let us assume that system () admits an
analytical first integral. From Theorem [B.6], it is orbitally equivalent to one of the following
normal forms:

D ~

(a) x = G(x) := Fo(x) + <G1(g)0>, with Gi(u) = 355 apuf. In this case, M = b is an
inverse Jacobi multiplier for G, and there exists an inverse Jacobi multiplier for F of the
foomM=bH+---.

(b) x = G(x) := Fo(x) + <G2(zu)>’ with Ga(u) = 55y bruPt1. In this case, M = b + Go(u)
is an inverse Jacobi multiplier for G, and there is an inverse Jacobi multiplier of F' of the
formM=bH+---.

) Aot Do . . ~ 2 mo+1p :

(c) x=G(x):=Fo(x)+ B um0tT ) In this case, div (G) = 0 and M = §* + 2b,,,u™0 "' h is

an inverse Jacobi multiplier for G. Hence, there exists an inverse Jacobi multiplier for F
of the fom M= h2 + - ..

. ™D . .
(d) X = G(X) = FO(X) + <__l)ii_zﬁﬁ6—'f—_19_> - In this case, div (G) = (2am0 + (mO + 1)bm0)um0 and
M=h2— wumﬁlh is an inverse Jacobi multiplier for G. Hence, F admits an

mo+1
inverse Jacobi multiplier of form M = % + - - -

13



Next, we prove the sufficient condition. We consider the two situations:

(i) If system (L)) admits an inverse Jacobi multiplier of form M = h% + - .- the same is true
for system (Z.3]). Moreover, as this system is invariant under rotations, the inverse Jacobi
multiplier also is. Hence, the planar system ([B.7]) admits an inverse integrating factor of
the form V=024 ---.

If apmobm, # 0, then the principal part with respect to the type t = (1,mg + 1) of the
vector field P defined in (B.8]) is:

P, (u,v) = (v+ bmoumOJrl, 2am0um°v)T = Q;‘:,LO.

Two sub-cases can arise:

(i.1) m1 = ng = 1. Under this assumption, we have 2a,,, + (mo + 1)by,, = 0 and P, is a
Hamiltonian vector field, with Hamiltonian function —b,,,u™°+1y — %UQ. The change
of variables

U = ((mO + 1)b72no)1/(2m0) u, b= ((mO + 1)()3710)1/(27”0) (’U + bmoum°+1),
transforms P into a vector field P whose principal part with respect to the type
t=(1,mo+1) is:

Py, (@,9) = (0,3 )T € QF, .

As P admits an inverse integrating factor of the form % — m01 H&Q(mOH) + -, from

Theorem 6 of [10] we obtain that P is integrable. Using Proposition B.4], we conclude
that system (ZI) admits a formal first integral and then system (1) also admits a
formal first integral.

(i.2) m1 # n2. Under this assumption, we have n12a,,, + na(mo + 1)by,, = 0 and a first

2amg —(mo+1)bmg

. L 1 _ m0+1 n2 —
integral for P,,, is v (v cu ) , where ¢ = ot 1

variables

The change of

c

i — ((m0+1)02>1/(2m0)u’ 5 ((mo+1)c2>1/(2m0) (v — Su

4 4 m0+1)

v = 9
transforms P into a vector field P whose principal part with respect to the type
t = (1,mp + 1) is:

P, (@, 8) = (5,37 + dii(a, (mo + 1)7)T € QF

mo?

\/m0+1(2am0+(m0+1)bm0)
]

form o2 — ﬁﬂz(m“‘l) +- -+, using Theorem 1.3 of [9] we obtain that P is integrable.

Using Proposition B.4] we conclude that system (23] admits a formal first integral

and then system (L)) also admits a formal first integral.

where d = . As P admits an inverse integrating factor of the

(i) If system (L) admits an inverse Jacobi multiplier of the form M = b + -- -, the same is
true for system (ZI]). Moreover, as this system is invariant under rotations, the inverse
Jacobi multiplier also is invariant under rotations. Hence, the planar system (B.7) admits
an inverse integrating factor of the form V= v 4 ---. Let us consider the following three
situations:

14



(ii.1) lp = mo = oo. This assumption means that system (L)) is orbitally equivalent to
Fo, and then it admits an analytic first integral.

(ii.2) lp < mg. Under tlhis assumption, system () is orbitally equivalent to Fo+F;,+- - -,
0
where F, = <>, lo € N, g, € R\ {0}. To complete the proof in this case,

it is enough to show that Ga(u) = 0 in system (Z3]), because then it admits a formal
first integral and then system (LT) also admits a formal first integral.
To show that Ga(u) = 0, we usereductio ad absurdum. Let us suppose on the contrary

that Ga(u) # 0. From Lemma [£.9] we obtain that the vector field P defined in (B.8])
does not admit any inverse integrating factor of the form v+- - - | which is contradictory.

(ii.3) lp > mo. Under this assumption, system (LI]) is orbitally equivalent to Fo + F,,, +

-+, where F,, = <—6---1-L-m—03;—1—>, bm, € R\ {0}. To complete the proof in this case,
mo

it is enough to show that G1(u) = 0 in system (Z3]), because then it admits a formal
first integral and then system (LLT) also admits a formal first integral.
To show that G (u) = 0, we usereductio ad absurdum. Let us suppose on the contrary

that G1(u) # 0. From Lemma [£.9] we obtain that the vector field P defined in (B.8])
does not admit any inverse integrating factor of the form v+- - - | which is contradictory.

Before solving specific problems, we present a result that provides an algorithm that char-
acterizes the existence of inverse Jacobi multipliers for system (LTI).

Lemma 4.11 Let us denote by F the vector field associated with system (I1). Then:

(a) There exists a unique scalar function M = §% + ", oMy, where My, € Pt such that the term
b is missing in Moy, for all k, such that

V- F —Mdiv (F) = 82", (4.13)
k>3

where B, € R.

(b) There exists a unique scalar function M = b+ 3, o Mg, where My € Pt such that the term
% is missing in Moy, for all k, such that

Vi F — NMdiv (F) = > Bi2", (4.14)
k>2

where Bk € R.
Proof: Let us prove item (a). The k-degree quasi-homogeneous term of the left-hand side of

equality (I3 is
(VM - F —MdivF), = VMg - Fo + Ry = £ (Mg) + Ry,

15



where

N

-1
Rp =) (VM; - Fpj —M;div (Fr)) € P}

S

<.
Il

To complete the proof it is enough to argue as in the proof of Lemma B.7l1 The proof of item
(b) is analogous. |

Theorem 4.12 Let us consider system (11).

(a) Let assume that the formal orbital normal form (214) falls into the case (b.3) of Proposition
[33, and consider the unique scalar function M introduced in Lemma[{.11] satisfying (4.13).
Then, system (I1l) admits an analytical first integral if, and only if, Br = 0 for all k.

(b) Let assume that the formal orbital normal form (22) falls into the cases (a), (b.1) or
(b.2) of Proposition [33, and consider the unique scalar function M introduced in Lemma

[£.1]) satisfying ({.14). Then, system (L) admits an analytical first integral if, and only
if, B = 0 for all k.

Proof:

(a) To prove the necessary condition, we observe that if 5, = 0 for all k& > 3, then M is
an inverse Jacobi multiplier. From Proposition .10, system (LI]) admits a formal first
integral and finally, from Proposition B3] we deduce that system (II]) admits an analytical
first integral.

Let us prove the sufficient condition by reductio ad absurdum. Let us suppose on the
contrary that there exists a scalar function M = h2 + D k>3 M, with M, € Pt such that
VM- F —Mdiv (F) = ByzY + - - -, with By # 0. Also, we assume that system (I)) admits
an analytical first integral. From Proposition B.5] there exist a time-reparametrization pu
(satisfying ©(0) = 1) and a near-identity transformation x = ¢(x), bringing system (L)
into its orbital normal form (23], which corresponds to the vector field G = Fg + - - -,

being F, = <>, where s = 2mg and 2njam, + (mo + 1)n2by,, = 0 for some
mo

ni,no € N coprime.
Let us define

Gy BOM(OX) o
"= e o) " T
We have
VM- G —Mdiv(G) = %ﬁgi)) (VM- F — Mdiv(F)) = By + - . (4.15)

On the other hand, it is easy to show that

- - . M
VM- G —Mdiv (G) = 2™° (amOVM Do + bmozg—
z

— (2amg + (mo + 1)bpy,) bmof’I\> .
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Observe that, as By # 0, there is a term of the form CzN~™0 in the analytical expression
of M. Then, the term C'(N —myg)z"N "0 (which has quasi-homogeneous degree 2N — 2mg <
2N) appears in the analytical expression of VM-Fy because it can not be annihilated by the
operator @2 N—2m, (it is not in the range of this linear operator). But this is contradictory
because the left hand side of (£I5]) has quasi-homogeneous degree 2N — 2my < 2N and
the right hand side of has degree greater than 2.

(b) The proof of this item is analogous to the proof of Theorem

This theorem allows to define an algorithm for obtaining necessary conditions for the in-
tegrability of a polynomial vector field. Namely, if its formal orbital normal form (23] falls
into the case (b.3) of Proposition B3] it is enough to look for the unique function of the form
M= h% + ... (specified in item (a) of Lemma FEIT]) and then discard cases of non-integrability
from the conditions B # 0, ...

If the orbital normal form (23] falls into the cases (a), (b.1) or (b.2) of Proposition 3.5]
it is enough to look for the unique inverse Jacobi multiplier of the form M = b + - - - (specified
in item (b) of Lemma [I1)) and then discard cases of non-integrability from the conditions
52 # 0,... In this case, we could also apply the ideas presented in the previous subsection to
determine the non-integrability cases.

5 Some particular cases

In this last section, we consider two three-parameter families of vector fields. The first one
corresponds to the family:

x —2y apo12
vl = 2z + | baooz? | . (5.16)
z z? +y? cos0y”

Next theorem determines the cases where the above family admits an analytical first integral.
Theorem 5.13 System (Z10) admits an analytical first integral if, and only if, apor = 0.

Proof: A simple computation shows that the first coefficients of the formal orbital normal form

23 for system (G106 are:

ay = —3 (1%01/8, bl — 3 (1%01/8
Then, two situations can arise:

(a) If agor = 0, then system (516 admits the first integral I(z,y) = 22 +y%+bogox>. Moreover,
M =T is an inverse Jacobi multiplier of the form M =h + - --.

(b) If agpy # 0, from Theorem [Z2 we obtain that F is orbitally equivalent to the vector field
Fo+F;+---, where F; = < ————— 2) with a1, by given before.
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As a; # 0, by # 0 and ay + by = 0, from Theorem [T0] we obtain that system (23] is
integrable if, and only if, it admits an inverse integrating factor of the form M = b2 4 ---.
From Lemma [£11] this occurs if o; = 0 for all 2¢ > 4.

In this case, we have obtained ag = --- = a5 = 0, and
a4 = %agm (126 agm — 117 bagpagor + 40 b%OO) .

The vanishing of aq4 implies 126 a%m — 117 byggagor + 40 bgoo = 0. Under this hypothesis,
we have obtained a5 = -+ = agy = 0, and

az = ady (2560(1814374881 by — 1620931148 agor) cigg
+(10742498602234 agor — 6174238921423 bagg) ady, ) -

Assuming now that asgs is zero, we have also obtained that agy = a9 = agg = 0, but
ago # 0. Hence, system (B.16) is not integrable in this case.

|
The second family that we consider is the following:
T —2y apol<
gl = 2x + 0 . (5.17)
z 2?4y 10122 + Co11YZ2

Next theorem solves the integrability problem for the above family.
Theorem 5.14 Let us assume that system (5.17) admits an analytical first integral. Then, one
of the following conditions holds:
(i) agor = 0.
(i) aoo1 # 0, ago1 + co11 = 0, c101 = 0.
(iii) apo1 # 0, ago1 + 2¢o11 = 0.

Proof: A simple computation shows that the first coefficients of the normal form (23] for

system (B.I7) are:
a1 = —3aoo1 (@001 + co11)/8, b1 = 3apo1(aoo1 + 2co11)/8.

We consider the following situations:

(a) If ago; = 0, then system (5.I7) admits the first integral I(x,y) = 22 + y?. Moreover, M = I
is an inverse Jacobi multiplier of the form M = h + - --. This situation corresponds to item
(i) of the statement.

(b) If appr # 0, from Theorem we obtain that the vector field F is orbitally equivalente to
Fo+Fi+: -, where F| = <> and a1, by are given before. The following sub-cases

can arise:
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(b1) If agor # 0, agor + cor1 = 0, then a; = 0, by # 0 and a} + b? # 0. From Theorem
10, if system (B.I7) admits some first integral then there exists an inverse Jacobi
multiplier of the form M = § + ---. From Lemma [£1T] «; must vanish for all 2i > 2.
In this case, we have obtained a4y = ag = 0 and ag = a801c101 /32, whose vanishing
implies that cjo1 = 0. With this hypothesis, we have obtained ag; = 0 for j =
2,...,20. This situation corresponds to item (ii) of the statement.

(b2) If agor # 0,a001 + 2co11 = 0, then ay # 0, by = 0 and a? + b? # 0. From Theorem
[A10] if system (B.I7) admits some first integral then there exists an inverse Jacobi
multiplier of the form M=§ + ---.

Again, from Lemma ETT] we obtain that as; must vanish for all j7 > 2. We have
obtained ag; = 0 for j = 2,...,18 and we conjecture that system admits some analytic
first integral. This situation corresponds to item (iii) of the statement.

(b3) If ago1 (apo1+co11)(ago1+2co11) # 0, then a1b; # 0 and using Theorem .10l we obtain
that system (B.I7)) is integrable if, and only if, it admits some inverse integrating factor
of the form M = h2+- - - and there are ny,ns € N coprime such that 2nja; +2nsb; = 0,
ie., (’I’LQ — ’I’Ll)ao(n + (2712 — ’I’Ll)CQH = 0.
We notice that aggr = qcor1 # 0 where ¢ = —Qn’f%n"ll € Q. We claim that ¢ < —2 or
q > —1. Namely, if no > n; then ¢ = -2 — —— < —2  whereas if ny < ny then
g=-1+-"2-> —1.

na—mni
ni—na

Using this condition, from Lemma AT we obtain that if system (G.I7) is integrable
then ao; must vanish for all ¢ > 2.

We have obtained a9 = —0(7]11 c101 ¢*(q + 2)(5q + 8)/1920. We note that co1; # 0,
q#0,q+2#0, 59+ 8 # 0 (otherwise, ny, ny are not coprime). Then, the vanishing
of a5 occurs if, and only if, ¢19; = 0.

Under this hypothesis, we have obtained ag = ag = a9 = a2 = 0 and

a = 2 q*(3g+5) (g +2) (g +1)(84¢° + 201¢% + 129¢ + 10) /49152,

ag = 0,

s = coh @ (q+2) (g +1)(308448¢" + 2217516¢° + 6661397¢° + 108592564
+10383887¢% + 5761860¢° + 1604516 + 111300)/113246208.

Using that a4 and ajg can not vanish simultaneously, we deduce that, in this situa-
tion, system (B5.17)) does not admit any first integral.

Acknowledgements. This research was partly supported by the Ministerio de Ciencia e Inno-
vacion, fondos FEDER (project MTM2017-87915-C2-1-P), by the Ministerio de Ciencia, Inno-
vacion y Universidades, fondos FEDER (project P6C2018-096265-B-100) and by the Consejeria
de Economia, Innovacion, Ciencia y Empleo de la Junta de Andalucia (projects P12-FQM-1658,
TIC-130, FQM-276).

19



References

1]
[2]

A. Algaba, E. Freire, E. Gamero and C. Garcia. Quasi-homogeneous normal forms. Journal
of Computational and Applied Mathematics, 150, 193-216, 2003.

A. Algaba, E. Freire, E. Gamero and C. Garcia. An algorithm for computing quasi-
homogeneous formal normal forms under equivalence. Acta Applicandae Mathematicae,
80, 335-359, 2004.

A. Algaba, N. Fuentes, E. Gamero and C. Garcia. Normal Forms for a Class of Three-
dimensional Suspended Hamiltonian Planar Systems. Preprint, 2018.

A. Algaba, N. Fuentes, C. Garcia and M. Reyes. A class of non-integrable systems admitting
an inverse integrating factor. Journal of Mathematical Analysis and Applications, 420,
1439-1454, 2014.

A. Algaba, E. Gamero and C. Garcia. The integrability problem for a class of planar
systems. Nonlinearity, 22, 395-420, 2009.

A. Algaba, E. Gamero and C. Garcia. The center problem. A view from the normal form
theory. Journal of Mathematical Analysis and Applications, 434, 680—697, 2016.

A. Algaba, C. Garcia and J. Giné. Analytic integrability for some degenerate planar vector
fields. Journal of Differential Equations, 257, 549-565, 2014.

A. Algaba, C. Garcia and J. Giné. Analytic integrability around a nilpo-
tent singularity. To appear in Journal of Differential FEquations, 2019,
https://doi.org/10.1016/j.jde.2019.01.015.

A. Algaba, C. Garcia and J. Giné. Integrability of planar nilpotent differential systems
through the existence of a inverse integrating factor. Communications in Nonlinear Science
and Numerical Simulation, 71, 130-140, 2019.

A. Algaba, C. Garcia and M. Reyes. Existence of an inverse integrating factor, center
problem and integrability of a class of nilpotent systems. Chaos, Solitons and Fractals, 45,
869878, 2012.

A. Algaba, C. Garcia and M. Reyes. Invariant curves and analytic integrability of a planar
vector field. Journal of Differential Equations, 266, 1357-1376, 2019.

L.R. Berrone and H. Giacomini. Inverse Jacobi multipliers. Rend. Circ. Mat. Palermo, 52,
77-130, 2003.

A. Buica, I.A. Garcia and S. Maza. Existence of inverse Jacobi multipliers around Hopf
point in R3: Emphasis on the center problem. Journal of Differential Equations, 252,
6324-6336, 2012.

A. Buica, I.LA. Garcia and S. Maza. Some remarks on inverse Jacobi multipliers around
Hopf singularities. Journal of Mathematical Analysis and Applications, 418, 1074-1083,
2014.

G. Chen, D. Wang and J. Yang. Unique normal forms for Hopf-zero vector fields. C. R.
Acad. Sci Paris, Ser. 1,336, 345-348, 2003.

20



[16] G. Chen, D. Wang and J. Yang. Unique orbital normal forms for vector fields of Hopf-zero
singularity. Journal of Dynamic and Differential Equations, 17, 3—20, 2005.

[17] L.A. Garcia. Integrable zero-Hopf singularities and three-dimensional centres. Proceedings
of the Royal Society of Edinburgh Section A: Mathematics, 148, 327-340, 2018.

[18] I.A. Garcia, C. Valls. The three-dimensional center problem for the zero-Hopf singularity.
Discrete € Continuous Dynamical Systems - A, 36, 2027-2046, 2016.

[19] J. Guckenheimer and P.J. Holmes. Nonlinear Oscillations, Dynamical Systems, and Bifur-
cations of Vector Fields. Springer, Berlin, 1983.

[20] J.F. Mattei and R. Moussu. Holonomie et intégrales premieres. Ann. Scient. E.N.S. Série
4, 13, no. 4, 469-523, 1980.

21



	1 Introduction
	2 The Hopf-zero orbital normal form
	3 The integrability problem for the Hopf-zero singularity
	4 Relation between the integrability and the existence of an inverse Jacobi multiplier
	5 Some particular cases

