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Finite Size Effects on Light Propagation throughout Random
Media: Relation between Optical Properties and Scattering

Event Statistics

José M. Miranda-Munoz, Victoria Esteso, Alberto Jiménez-Solano, Gabriel Lozano,*

and Herndn Miguez*

This work introduces a thorough analysis of light transport in thin optically
disordered media. The diffusive properties of a turbid material are generally
dictated by the transport mean free path, I,. For depths larger than this
characteristic length, light propagation can be considered fully randomized.
There is however a range of thicknesses for which light becomes only partly
randomized, as it only undergoes a single or very few scattering events. The
effects of such finitude are experimentally and theoretically studied on the optical
propetties of the material, such as the angular distribution of scattered light.
Simulations provide insight into the phenomena that occur within the optically
disordered slab, like the number of scattering events that photons undergo during
propagation throughout the material, as a function of the built-in wavelength
dependent scattering mean free path, /.. This approach provides fundamental
information about photon transport in finite optically random media, which can
be put into practice to design diffusers with specific requirements in terms of the

a white opacity.¥l Whiteness and opacity
are therefore dependent on the number of
scattering events and, thus, thickness of the
material. In this regard, different synthetic
approaches have been taken to achieve
materials in which diffuse light propa-
gation can be controlled, leading to the
development of different types of photonic
glasses.'*18] At the same time, efforts
have been devoted to structures optimizing
light-scattering for the fabrication of highly
efficient Lambertian-like reflectors.1924
These approaches seek the development
of highly opaque and white materials in
which optical scattering is maximized for
the thinnest possible system, thus mini-
mizing material use. These materials

spectral and angular properties of the scattered light.

The description of light transport in optically random media is a
challenging task, since the phase and the direction of the propa-
gating electromagnetic waves are randomized in an intricate
manner."12 Optical disorder in nonabsorbing media generally
produces successive elastic scattering of light, triggering diffuse
propagation of waves. This phenomenon causes broadband
reflection and transmission in the material, which endow it with
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would have special interest for the fabri-

cation of commercial products designed

to exhibit a white appearance, such as the

manufacture of paper.?’! In this kind of
application, the high scattering strength of the material ensures
multiple scattering and randomization of the propagating light,
enabling the definition of the transport mean free path, I, i.e.,
the average distance over which the propagation direction of the
light wave can be considered randomized and information on its
original incoming trajectory is lost. Less effort has been focused
on media for which limited thickness precludes light from total
randomization and propagation occurs in the single or few scat-
tering events regime.??’] Here, ballistic transmittance prevails
over diffuse transport and the scattering properties of the mate-
rials are described by means of the scattering mean free path,
ls., i.e., the average distance a photon travels between two scat-
tering events. Besides, whereas the intensity of light emerging
from a perfect diffuser exhibits a Lambertian profile, fully iso-
tropic, the intensity of the light exiting a thin slab describes an
angle-dependent distribution that is progressively modified with
the number of scattering events, that is, either the value of I . or
the thickness of the slab.

We discuss herein finite-size effects in random media. We
present a combined experimental and theoretical analysis of
the thickness-dependent evolution of the optical response of
an optically random medium before multiple scattering fully
determines light transport and complete randomization occurs.
In order to gain a deeper insight into the characteristics of
the optical response experimentally observed, we employed
a theoretical approach based on a Monte Carlo method com-
bined with Mie theory to simulate the angular distribution of
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light scattered by a Mie glass for increasing thickness in order
to examine the effects of finitude on the diffuse propagation of
light. Our model allows to study the effects of the finite-size of
random media not only by analyzing the angular distribution
of the light scattered by a slab of an optically random medium,
but also by keeping track of the characteristics of each photon
during its trajectory, such as its exit direction or the number
of scattering events it undergoes before leaving the material.
Thus aspects of light transport in random media not accessible
through experimental procedures are revealed. Furthermore,
our approach provides a means to devise a diffuser with con-
trolled opacity in which the angular distribution of transmitted
and reflected light can be controlled.

Nonabsorbing optically random media presenting strong
scattering are known to induce a diffuse transport of the light,
displaying a white appearance typical of turbid media due to
multiple scattering of the light. For system size, L, verifying
the condition A << [; << L, where A refers to the wavelength of
the incident beam, light propagates as defined by the diffuse
regime, as schematized in Figure 1a. In this regime, the light
emerging from the material exclusively propagates in a diffusive
manner as a consequence of full randomization and its angular
distribution obeys Lambert’s cosine law. This is illustrated in
the inset of Figure 1a for the case of a squared piece of paper,
which behaves as a perfect diffuser. Its high opacity, derived

L

l
o~

L>>4 :
@ce

Glass substrate

Figure 1. lllustration of the propagation of light throughout an optically
random medium a) in the diffuse regime and b) in a regime of weak scat-
tering. Examples of materials yielding light propagation in either regime
are included as insets. I, corresponds to the intensity of the incident beam,
Rs and T, refer to the specular reflectance at the air-Mie glass interface
and the ballistic transmittance exiting the material, respectively, and Ry
and Ty to their corresponding diffuse components, all of them determined
with respect to ly. ¢) Schematic of the system under consideration dis-
playing its constituents. d) Scanning electron microscopy cross-section
image of the experimental optically disordered medium comprising a
mesoporous anatase matrix integrating monodisperse crystalline TiO,
spheres surrounded by an air shell as scattering structures.
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from numberless scattering events, prevents observation of
the light source through it. If the thickness of the system is
reduced below I, the diffuse regime condition does not hold
anymore and a different approach is therefore required for the
description of light transport. In this situation, a fraction of the
out-coming intensity is ballistically transmitted, as drawn in
Figure 1b, which gains relevance as thickness becomes shorter.
This is evidenced in the inset of Figure 1b, where light propa-
gates through a thin slab of a scattering material, even allowing,
to a great extent, observation of the light source behind the
film. In this regime of single or few scattering events in which
l, cannot account for the propagation of light in terms of the
transmitted light, the diffuse properties of the material can
be described based on the scattering mean free path, I . The
random medium under consideration corresponds to a system
structured as a Mie glass.l'® Specifically, the material consists
of a solid mesoporous transparent anatase matrix embedding
randomly distributed quasi-monodisperse polycrystalline TiO,
spheres of a few hundred nanometer radius surrounded by a
hollow shell, as illustrated in Figure 1c. Figure 1d shows an
image of the cross-section of the structure experimentally real-
ized, attained by field emission scanning electron microscopy
(FESEM).

In order to analyze the influence of finite-size effects on light
transport in optically random media, we determined the spectral
and angular optical response of three thin slabs (L = 9 um) pre-
senting different I values. The I, values of the materials were
controlled through the radius, r, and volume filling fraction, f,
of the scattering inclusions. Namely, the set of values chosen for
those parameters were (r=95+ 20 nm, f=5%), (r=225+ 20 nm,
f=5%) and (225 £ 20 nm, f= 10%), which determine I of 6.5,
1.8, and 0.9 um, respectively, at A = 600 nm, according to Mie
formalism. For this wavelength, negligible contributions from
absorption of the optical material are expected. The ballistic
transmittance spectra yielded by these films are displayed in
Figure 2a. As expected, for a fixed value of the slab thickness,
a decrease of [, results in a lower fraction of ballistically trans-
mitted light. Specifically, a change in the [ value from 6.5 to
1.8 um causes a decrease of Ty, from 29% to 6% at A = 600 nm,
and a further decrease to 3% for the shortest I, considered,
0.9 um. Reducing I, entails an increase of scattering events
along the same length, generally increasing the fraction of
light diffusively propagated at the expense of ballistic transmit-
tance, as corroborated by Figure 2b. With the purpose of under-
standing the influence of the specific characteristics of the dis-
persion of inclusions on the eventual angular distribution of
transmitted light, we employed a double goniometer coupled
to a spectrophotometer (Cary 7000 Universal Measurement
Spectrophotometer, Agilent Technologies) to measure the light
emerging at different angles for each system when the inci-
dent beam impinges normally to the surface of the disordered
slab. Results attained for radiation of A = 600 nm are plotted
in Figure 2c, in polar graphs, where 0° and 180° correspond,
respectively, to ballistically transmitted and back reflected light.
The effect of shortening I is evidenced by the broadening
of the angular distribution of both transmitted and reflected
light intensities: the increase of scattering events modifies the
angular pattern, which approaches that of a Lambertian emitter
as the material becomes gradually more diffusive. The effect of
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Figure 2. Verification of the optical model through comparison with experi-
mental data. Experimental (thick lines) and calculated (thin lines) a) bal-
listic and b) diffuse transmittance yielded by films with the scattering centre
conditions r=95 =20 nm, f=5% (blue solid line), r=225+20 nm, f=5%
(green dotted line) and r= 225 + 20 nm, f=10% (orange dashed line) and
thickness L = 9 pm. c) Angular distribution of the light scattered by the
systems presented in panels (a) and (b) at A = 600 nm, with the scattering
centre conditions r =95 £ 20 nm, f= 5% (blue-dot line), r =225 £ 20 nm,
f=5% (green-square line) and r = 225 + 20 nm, f=10% (orange-triangle
line) and thickness L =9 um. Calculations consider r=95+20 nm, f=2.5%
(blue-dot line), r=225+ 20 nm, f=2.5% (green-square line) for 9-um-thick
slabs and r = 225 £ 20 nm, f= 5% (orange-triangle line) for a 8-um-thick
slab, respectively. d) Angular distribution of the light scattered by a system
with the scattering centre condition r= 95 £ 20 nm, f= 5%, and thickness
L=1.84+0.07 um (violet-dot line), 6.59 + 0.18 um (black-square line), and
9.3 £ 0.3 um (red-triangle line) at A = 600 nm. Calculations consider the
scattering centre conditions r=95 nm, f=2.5%. In the angular representa-
tions, the curves in the upper half correspond to the experimental data, in
which each dot is associated to a measured value, whereas the lines in the
lower half refer to the simulated data. Light impinges on the system from
the left side.

varying thickness was analyzed for the case of a slab yielding
lc = 6.5 um, corresponding to the sample characterized by the
experimental conditions (r = 95 + 20 nm, f= 5%), which is an
intermediate value compared to the range of thickness avail-
able. The angular distributions displayed in Figure 2d for slabs
of thickness 1.84 + 0.07, 6.59 £ 0.18, and 9.3 + 0.3 um reveal
that the trend expected for increasing values of the thickness
is in fact similar to that corresponding to an increment of scat-
tering strength, as the average scattering event number esca-
lates with both parameters.

In order to gain a deeper insight into these trends, we
obtained the theoretical spectral and angular optical response of
these systems by using a 3D model previously reported by some
of us, in which Mie scattering theory and a statistical Monte
Carlo approach are combined for the determination of the tra-
jectory of individual photons in any layered system.?®! In order
to highlight the 3D nature of the model, a 3D representation of
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the trajectory of a photon undergoing several scattering events
throughout a Mie glass is available in Figure S1 in the Sup-
porting Information. Such model has been successfully used in
the past to describe optically disordered dye-sensitized solar cells
or other Mie glasses. Although the light is herein considered to
impinge on the Mie glass from the free air, our model is also
able to generate the photons inside the material if necessary for
the simulation of an active material presenting photolumines-
cence. In fact, simulations of this sort were performed for a solar
concentrator integrating photonic crystals designed and char-
acterized in a previous publication.?) The spectra and angular
distributions derived from the calculations have been included in
Figure 2 for the sake of comparison (lines in the lower half of the
polar plots, same color code as the experimental curves depicted
in the same figure). The spectral refractive index employed as
input data in the calculations have been included in Figure S2
in the Supporting Information. Size and concentration of scat-
tering centers were chosen within the experimental uncertainty
with respect to nominal experimental values. A size dispersion
of =20 nm around the average size of the TiO, inclusions has
been considered in the calculations, in agreement with the esti-
mation of particle size performed from electron microscope
images. Furthermore, also in agreement with our experimental
observations, our model takes into account the presence of an air
layer surrounding the scattering centers. The presence of such
shell does not alter significantly the optical response of the scat-
terers for the specific material under consideration as I calcu-
lations reveal (please see Figure S3 in the Supporting Informa-
tion). The adequacy of the model to reproduce qualitatively and
quantitatively, to a great extent, the experimental trends observed
both spectrally (Figure 2a,b) and angularly (Figure 2c,d) indi-
cates that the optically disordered thin films herein investigated
can be described without taking into account phase correlation
effects. In other words, the total scattering of the ensemble can
be understood by considering only a series of consecutive indi-
vidual scattering events, each one giving rise to an angular dis-
tribution of scattered light governed by Mie theory. Based on this
agreement, in what follows we make use of this model to ana-
lyze in more detail the origin of the observed angular distribu-
tion of diffuse light transmitted and reflected by thin films.

We theoretically analyzed the angular distribution of scat-
tered light intensity yielded by slabs of different thicknesses
and their relationship with the distribution of scattering events
light undergoes. The structural parameters of the simulated
film are r = 225 nm — f= 2.5%, for which ;. = 3.6 um and I, =
15 um, estimated at A = 600 nm, using the expressions

Le=(p-o)’ o)

lSC
" 1-<cosf >

(2)

in which p is the particle number density, o, the scattering
cross section of a single particle and <cos@> is the average of
the cosine of the scattering angle 6 weighted by the relative
scattered intensity at that angle, both calculated according to
Mie formalism.?8] From a different perspective, our Monte
Carlo simulation®® allows us studying the calculated total
transmittance spectra from slabs of diverse thicknesses, and
gives us an independent estimation of the transport mean
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Figure 3. a—c) Angular distribution of the light scattered at A= 600 nm by the simulated system for scattering centre dispersion parameters r =225 nm,

f=2.5%, and thickness L =0.25/, L =1/, and L = 4l,, respectively. The insets display a zoom-in of the corresponding angular distribution of each panel.
d—f) Angular distributions of the photons scattered s =1 (blue), 3 (orange), 5 (violet), and 10 (pink) times at A = 600 nm by systems of thickness
L =0.25l, L=1l, and L = 4l,, respectively. The magnification of the scale has been duly indicated when required.

free path value of I, = 10 um at A = 600 nm, which is of the
same order than the value I, = 15 um determined from Mie for-
malism. As mentioned above, diffuse propagation in a random
material is set by the condition L >> I, a limit in which light
propagation is governed by multiple scattering. We theoreti-
cally inspected slabs of thicknesses from L <, up to L =4[, a
range for which the optical response should evolve from being
strongly determined by the finite size of the slab to showing
the characteristic features of a fully developed disordered “bulk”
material. For short thickness values, e.g., L = 0.25], photons
undergo only a few scattering events and, as a consequence, an
important fraction of the incident light does not deviate from
the incident beam and emerges as Tj, as shown in Figure 3a,
where around 32% of the light is ballistically transmitted. For a
thicker slab, L = 1I,, light is granted multiple chances to be scat-
tered, thus resulting in a higher fraction of light propagating
diffusively at the expense of T, which is significantly reduced
to an exiguous 1.8% when compared to the previous case, as it
can be seen in Figure 3b. The outcome of such sharp decrease
of the total transmittance is the appearance of the whitish
opacity typical of random media. Furthermore, in opposition to
a slab of thickness L = 0.25],, the angular distribution of the
transmitted light presents a fairly isotropic shape, resembling
a Lambertian diffuser, as a consequence of a significant frac-
tion of light propagating diffusively. Eventually, for slab thick-
nesses much larger than [, e.g., L = 4], most of the incident
light is diffusively reflected. Light is scattered numberless
times, which hampers transmittance, therefore resulting in
high opacity, as shown in Figure 3c. Besides, the perfectly iso-
tropic angular pattern described by the transmitted intensity
reveals full randomization of the light. As for the reflected light,
its predominance in the angular distribution derives from the
presence of an interface at the entrance of the system, so that
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a fraction of the incident light is specularly reflected and not
coupled into the material. This point is further discussed in
Figure S4 in the Supporting Information. Whereas light ballis-
tically transmitted is highly affected by the irregular variations
the refractive index in the material, under the assumptions we
are considering, and in good agreement with the experimental
results, the specular reflectance is largely dictated by the refrac-
tive index contrast between the material under consideration
and the surrounding medium, which becomes evident when
observing the evolution of the R value for increasing thickness,
namely, 5.4%, 4.9%, and 4.9% for L = 0.25],, L = 11, and L =4,
respectively. For short enough thicknesses of the slab, photons
reflected at the second interface and exiting the material in the
backward direction without undergoing a scattering event con-
tribute to R,. As thickness increases, the probability of photons
crossing the slab twice without resulting scattered decreases,
thus reducing the value of R, up to 4.9%, defined exclusively by
photons scattered at the entrance interface due to the refractive
index contrast. Information on the evolution of R, in relation
to the thickness of the slab is available in Figure S5 in the Sup-
porting Information. This point is addressed again below when
analyzing the fraction of nonscattered photons depending on
the slab thickness. The total angular distributions displayed
in Figure 3a—c can be visualized as the sum of contributions
of the angular patterns described by light scattered a specific
number of times. Indeed, Figure 3d—f shows specific cases for
the thickness values under consideration. When neglecting
the nonscattered photons, the main contribution to the total
angular distribution for L = 0.25]; derives from the number
of photons scattered just once, as evidenced when comparing
Figure 3d,a. Due to Mie scattering, the angular distribution
of these photons preserve to a high extent the typical forward-
oriented shape characteristic of this type of scattering. The low
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probability that photons undergo a large number of scattering
events in systems with such thickness causes higher contribu-
tions to play a small part in the total intensity, as revealed by
the high magnifications required in Figure 3d for the visuali-
zation of the angular patterns of higher contributions. For a
thicker slab, the contribution by photons scattered more than
once start becoming significant, as revealed by the lower mag-
nification values required in Figure 3e. Throughout a slab of
thickness L = 1l;, not only is it likely that photons are scattered
three or five times, but these can also reach the end interface
and exit the system, therefore generating angular distributions
for photons undergoing as many scattering events exhibiting
a strong transmitted component, especially noticeable when
comparing to the respective distributions in Figure 3d. As film
thickness increases, the probability of photons undergoing a
higher number of scattering events rises and the angular dis-
tribution of light broadens, as shown in Figure 3b, which is an
indication of the partial randomization of propagating light.
Eventually, if the thickness is considerably large, such as for the
case L = 4l;, photons undergoing one scattering event can only
be detected in the backward direction, since those photons scat-
tered in the forward direction will most likely undergo further
scattering events before exiting the slab in transmission, see
Figure 3f. Let us notice that photons undergoing three and five
scattering events still predominantly exit the slab in the back-
ward direction, that is, as reflected light. The fact that similar
magnifications were required for the visualization of the distri-
butions corresponding to photons scattered three, five, and ten
times reveals that in this limit the weight of the higher order
contributions decreases slowly. Subsequently, the small fraction
of transmitted light exhibited by the total angular distribution is
fully randomized. Data of the angular distribution of the scat-
tered light for a thin slab of thickness L = I, where a single
scattering event is most likely, are available in Figure S6 in the
Supporting Information.

Further insight into these trends is provided by the histo-
grams displayed in Figure 4a—c that illustrate all the photons
emerging from the material, either reflected or transmitted, in
terms of the number of scattering events they underwent for
the three considered L/l; values. It should be mentioned that,
although reflection at any of the surfaces of the system would
technically involve a scattering event according to its definition
as any phenomenon removing photons from the incident beam,
specularly reflected photons at both front or rear interfaces are
herein considered nonscattered photons. Indeed, only modifica-
tions of the trajectory of the photons caused from interactions
with the spherical inclusions are regarded as scattering events
in the model. Under these premises, the most likely number
of scattering events increases with film thickness, as shown in
Figure 4. In the histograms, the contribution of photons specu-
larly reflected has been omitted. In comparison to a system of
thickness 0.25l, Figure 4a, the probability of photons under-
going one single scattering event is reduced when increasing
the size of the system to L =11, as displayed in Figure 4b. When
the material exhibits a behavior resembling that of a perfect dif-
fuser, i.e., for L = 4],, a most probable number of events can still
be distinguished, as shown in Figure 4c, although its value is
less prominent than for thinner films. In fact, as the disordered
materials become larger, the probability curve flattens, as it can
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Figure 4. a—c) Histograms of the normalized number of scattered
photons in relation to the number of scattering events they underwent
at A = 600 nm for systems with thickness values L = 0.25/,, L = 1/, and
L = 4l,, respectively. d) Normalized number of photons scattered by the
simulated system with scattering centre conditions r=225 nm, f=2.5%,
at =600 nm in relation to the number of undergone scattering events
and its thickness in |, units. For the sake of clarity, specularly reflected
photons have been omitted in this representation.

be readily seen in Figure 4d, in which a color map illustrating
the evolution of the distribution of photons for different values
of L/l, according to the number of undergone scattering events
is shown. The histogram corresponding to a thin slab of thick-
ness L = [, a case of interest for which one single scattering
event is most likely, has been included in Figure S7 in the Sup-
porting Information.

In summary, this work poses a new perspective on how to
deal with the transport of light in optically random media of
thicknesses for which the classic picture of diffusive transport
fails. Experimentally, we use mesoporous anatase films inte-
grating a random distribution of monodisperse crystalline
TiO, spheres as a platform for our study, determining the
spectral and angular optical response of samples with different
thickness as well as concentration and size of scatterers. Theo-
retically, we develop an optical model based on a combination of
Monte Carlo with Mie formalism that enabled reproduction of
the trends experimentally observed, and allowed us achieving a
deeper insight into the statistics of the photon scattering events
taking place within the material. We were able to examine the
evolution of the angular distribution of the scattered light for
increasing thickness of the slab, from conditions under which
photons are scattered a few times, to those for which a high
fraction of the light propagates diffusively, and light transport
becomes randomized. This analysis provided information on
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the progressive change of the shape of the angular pattern
when increasing the number of scattering events. These results
could therefore help understanding fundamental aspects of
light transport in finite size turbid media and hence devising
diffusers with specific spectral and angular optical response.

Experimental Section

Modeling: The propagation of light was simulated according to an
upgraded version of a theoretical method already reported.?*l The model
essentially consists in a Monte Carlo approach combined with Mie
theory, so that the trajectory of a photon entering a multilayer system
comprising any number of layers with any number of components can
be traced. When extended to a larger number of photons, the model
allows collection of the emerging photons and thus determination of
magnitudes, such as reflectance, transmittance, and the absorptance at
each layer, as well as the exit angle of each photon. Furthermore, due
to the ray-tracing nature of the model, it allows the analysis of specific
properties of the emerging photons, such as the number of scattering
events undergone by every photon exiting the system, thus enabling
novel representations, such as the angular pattern of photons exiting
the system after undergoing a specific number of scattering events. A
100 nm thick layer of a constant refractive index n = 1.35 was considered
on top of the Mie glass in order to increase the coupling of light into the
material. This was necessary to compensate for the effect of the light
specularly reflected by the porous TiO, matrix experimentally observed
and not accounted for in the model. The filling fraction was defined
as the ratio of the total volume occupied by the scattering centers
to the volume of the film and it considered the air shell surrounding
the particle. For the generation of the angular patterns, a detector
presenting a solid angle spanning over 14° and a Gaussian response
was simulated, so that 100% the photons were collected at the centre of
the detector, that is, 0°, and 50% at angles £3°.

Material Fabrication: The Mie glasses whose optical response was
determined for the present study were fabricated according to a solution-
processing based procedure reported elsewhere.l'8]

Optical ~ Characterization: ~ Angle-dependent measurements  of
light exiting the materials were performed through a UV-vis—NIR
spectrophotometer (Cary 5000, Agilent Technologies) coupled to the
Universal Measurement Accessory, UMA, which allows collection of
photons around the sample in a plane perpendicular to it by means
of a detector with a solid angle spanning over 14°. Determination of
the spectral magnitudes in Figure 2 was enabled through the Internal
Diffuse Reflectance accessory, which consists in an integrating sphere.
This accessory enabled the determination of the intensity collected
inside the sphere after crossing the slab (total transmittance, T), and
the determination of Ty by allowing the ballistic component to escape
the sphere through a port placed on the other side opposite the entrance
port. Ty, is derived from these two magnitudes employing T, =T — Ty.

Structural Characterization: Values of the thickness of the slabs were
extracted from cross-section images generated by means of a scanning
electron microscope (S-4800, Hitachi). The considered thickness values
are derived from averaging those determined from images taken on
different regions of the sample.

Supporting Information

Supporting Information is available from the Wiley Online Library or
from the author.
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