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1 Introduction

If the classical Lions—Peetre real interpolation method (-, -)g,4 is applied to the pair (L', L°)
of Lebesgue spaces with respect to a positive scalar measure the result is a Lorentz space
LP-9. Namely, we have

(L', L®)g, = LP1, 0<9<1§q§oo,p:ﬁ, (1
as we can see in [3, Theorem 5.2.1]. The same Lorentz space L?9 is obtained by replacing
the Banach space L by the quasi-Banach weak-L! space L1 (see [3, Theorem 5.3.1]).
Then (X, L)y, = LP4 for every quasi-Banach space X such that L' ¢ x c Lbo,
A more general formula than (1) holds when the real interpolation method (-, ), , with a
parameter function p is considered. The construction of this interpolation method consists
in replacing the function ¥ associated to the real method by a more general function p that
satisfies certain suitable conditions so that the main theorems of interpolation theory to be
still valid. This is the case, for instance, when p is in the class Q(0, 1) introduced by Persson
in [23]. It holds that

(LY L®), = (LM, L), , = A‘%, 1<g<o0, peQ,]1) 2
p(t

(see [23, Proposition 6.2] and also [18, Lemma 3.1]). For the precise definition of the Lorentz
space A{ see Sect. 4.

The equality (1) for spaces of scalar integrable functions with respect to a vector measure
has been considered in [14] by several of the present authors. On the other hand, in [S] we
extend the results given in [ 14] establishing interpolation formulae for different pairs of spaces
associated to a vector measure and a parameter function p that belongs to the class Q(0, 1),
providing in particular the corresponding version of (2) for the case of vector measures. We
would like to mention that (1) has also been considered in [10] for spaces associated to a
capacity. In this paper we continue the research started in [14] and [5], obtaining results that
complement those ones. Now we are interested in analyzing the relationship between some
conditions on the pair (p, ¢) and the K-spaces obtained by applying (-, -), 4,k to the pairs
(L'(Im), L>(m)) and (L'-*°(|lm]|), L®(m)), when p is merely a positive measurable
function defined on (0, co) (see definitions in Sects. 2 and 5). We note that for a such kind
of functions the equivalence theorem may fail, unlike it happens when p € Q(0, 1). Our
approach is based on the relationship of the pair (p, ¢) with a weighted Hardy type inequality
for non-increasing functions and, therefore, with the Arilo-Muckenhoupt weights (see [1]
and [24]).

The paper is organized as follows. In Sect. 2 we consider the basic terminology and results
on vector measures and related spaces of integrable functions. In Sect. 3 we estimate the K -
functionals of the interpolation pairs (Ll (Jlm1D), L°°(m)) and (L1'°°(||m D, L°°(m)). These
estimates will be used later in Sect. 5. Section 4 is devoted to define and study the Lorentz
type spaces with respect to the semivariation of a vector measure. Namely, we establish
some conditions that ensure the quasinormality of this kind of spaces. In Sect. 5 we consider
the main results of the paper concerning interpolation with a parameter function and Arifio—
Muckenhoupt weights. Finally, in Sect. 6 we relate our results with those obtained previously
by Gustavsson [18] and Persson [23], for a scalar measure and parameter functions belonging
to special classes.

For non explicit results and terminology on interpolation see [3] and [4]. For quasi-Banach
spaces and quasi-Banach lattices of measurable functions we refer to [19] and [22]. Detailed



information about Lorentz type spaces defined over positive scalar measures can be found in

[8].

2 Vector measures and related spaces

Letm : ¥ — Y be a countably additive vector measure defined on a o -algebra X of subsets
of a nonempty set  with values in a Banach space Y. Denote by Y’ the dual space of Y
and by B(Y) its unit ball. The semivariation of m is the finite set function ||m| : A € ¥ —
lm||(A) € [0, co) given by

|l (A) := sup {|(m, y')| (A) : y" € B(Y"}.

Here ‘(m, y )‘ denotes the variation measure of the scalar measure (m, y ) defined by
(m.,y') (A) := (m(A), y'). The semivariation is a subadditive set function that may be non
additive. However, every vector measure m has a Rybakov control measure (see [12, Theo-
rem IX.1.2]), which means that there exists y’ € B(Y”) such that m is absolutely continuous
with respect to |(m, y )}, or equivalently, ||m|| and }(m, y )| have the same null sets (see [12,
Theorem 1.2.1]).

Let L9(m) be the space of all scalar measurable functions defined on 2. As usual,
two functions f,g € Lo(m) will be identified if they are equal m-a.e., that is, if
{fweQ: f(w) # g(w)} is an ||m|-null set. A function f € LO(m) is called weakly inte-
grable (with respect to m) if f € L' (|{m, y’)|) for all y/ € Y’. The space L/ (m) of all
(equivalence classes of) weakly integrable functions becomes a Banach lattice when it is
endowed with the natural order m-a.e., and the norm

1 1LL gny == sup [/Q |fld [{m.y') ¥ € B(Y’)] . feLym).

A function f € L%U(m) is said to be integrable (with respect to m) if for every A in X there
exists an element/ fdm €Y (called the integral of f over A) such that </ fdm, y’> =
A A

/ fd (m, y’) for all y/ € Y’. The space L'(m) of all (equivalence classes of) integrable
A

functions becomes an order continuous closed lattice ideal of L}U (m). In general, the inclusion
Lim) C LL; (m) may be proper.

For 1 < p < oo, we consider the spaces L? (m) (LY (m)) of power p-integrable (weakly
p-integrable) functions defined as those scalar measurable functions f defined on €2 such that
|f1P € L! m) (| fIP € L}U(m)). The space L (m) of all (equivalence classes of) essentially
bounded functions is equipped with the essential supremum norm | - || 7% (). The inclusion
L>®(m) € L'(m) holds and | £, oy < N flpoomy lImll (2) for all f € L (m). See [16]
for a detailed study of Banach space properties of these spaces. On the other hand, complex
and real interpolation methods have been considered for these classes of spaces in [6,7,14,17]
and more recently in [S]. As a tool for describing real interpolation spaces of spaces of power
integrable functions with respect to a vector measure several of the present authors introduced
in [14] the Lorentz spaces with respect to the semivariation that we are going to recall briefly.

For a function f € L%(m) we consider its distribution function with respect to the semi-
variation [|m|| defined by [|m|| 7 (¢) := |lm]| ([| f| > ¢]) for all # > 0. Here [| f| > ¢] denotes
the measurable set {w € @ : | f(w)| > t}. The distribution function ||m|| ; has similar proper-
ties to the distribution of a function with respect to a scalar positive measure. The decreasing



rearrangement f, of the function f with respect to the semivariation ||m|| is defined for all
s > 0as
fals) :=inf {r > 0 : [Im| f(r) <s}. 3)

Thus fx : s € (0,00) —> fi(s) € [0, 00) is a non-increasing right-continuous function
such that f,(s) = 0 for all s > ||m||(2), and so, we may regard f, as a function defined
only on the interval (0, ||m||(2)) .

The Lorentz spaces with respect to the semivariation are denoted by L?-9(||m]||) for all
1 <p<oocand1 < g < o0, and consists of all f € LO%(m) for which the quantity

1
o0 1 q d -
(/ [sll’f*(s)] —S)q, for 1 < g < oo,
I flleaqmy == (S s

sup {57 fu(s),s >0¢, for g = oo,

is finite. This expression defines a lattice quasinorm for which L4 (||m||) is a quasi-Banach
lattice with the Fatou property. Obviously, if m is a scalar positive measure these spaces are
the classical Lorentz spaces L”9. However, for a general vector measure m these spaces
may be quite different from the classical Lorentz spaces. In particular, we do not have the
equality of the Lorentz space L? (||m||) := L?P(||m|) with the space L? (m) of p-integrable
functions with respect to m (see [14, Example 6]). For every 1 < p < oo we have the
continuous inclusions

L>(m) € LP(mll) € LP(m) € LE (m) S LP>*(m]l) < L->(lm]).

All these inclusions can be proper (see [14, Example 6]). The space L?-9(||m]|) is normable
forevery p > land 1 < g < oo (see [14, Corollary 14]). The space L! (|lmm]]) is normed
with || - [ 21 () if and only if m is a strongly subadditive measure, but we do not know if it
is normable for every vector measure (see [15]).

Finally, note that every pair of spaces L?(m), L5 (m) or LP-4(||m||), is an interpolation
pair since all of them are continuously embedded into L°(m).

3 Estimating the K-functionals

In this section we obtain some estimates that relate the distribution function and the decreasing
rearrangement function (with respect to ||m||) and the K -functionals of the interpolation pairs
(Ll (lm D, L°°(m)) and (L1’°°(||m D, L°°(m)). Recall that the K -functional associated to a
compatible pair (Xo, X1) of quasi-Banach spaces is defined for x € Xo + X and ¢t > 0 by

K(t,x) := K(t,x; X0, X1) = inf {||xollxo + 7 [x1lx, : x = X0 + X1, X0 € X1, x1 € X1 }.

Without explicit mention we shall use the following facts about the K -functional associated
to these interpolation pairs:

1) K, |f)=K(, f)for fin Xo+ X and ¢t > 0, and

(ii) there exists C > 0 such that for each f € X¢ + X; and + > 0 we can obtain A € ¥
that satisfies [| fxallx, +1 | fxe\aly, = CK(, f). The set A := [|fol = | fil] gives
this inequality with C = 2 if fy € X and f; € X satisfy that f = fy + f1 and
I follxo + Ifillx, < 2K (. ).

In what follows to estimate the K-functional K (¢, f) we assume without loss of generality
that f > 0.



As usual, for two non-negative functions F' and G, F < G means that there exists ¢ > 0
such that F < ¢G; F > G means that G < F and F ~ G means simultaneously that
F<Gand F = G.

Proposition 1 Let f be a function in LY (|jm|). Then
sup {smin{t, [mll s (s)},s > 0} < K (t, f5 L"®([Im])), L™ (m))
foreveryt > 0. In particular, tf,(t) < K (z, f; LY (|m]), L°°(m))f0r everyt > 0.

Proof The same proof as in [14, Proposition 8] works here because || xallztooqm =
1xall L1 Gny = ImI(A) for every A in =. 0

Proposition 2 Let f be a function in L' (|m|)). Then

K(r,f;L1(||m||>,L°°(m>)=/0 min{r, ||m||f<s>}ds=/0 Fuls) ds
foreveryt > 0.

Proof See [14, Lemma 3] for the second equality. For the first one, let us prove first that
o0

K (t, f; L' (Iml), L (m)) < / min{z, [|m|| ¢ (s)}ds. Put so := fi(t) > 0. If 59 = 0,
0

then ||m|| y(s) < t for every s > 0, and consequently

/0 min{r,nmnf(s)}ds:/o mll s s)ds = 1 fll 1y = K (6, 3 L (lmll), L (m)) .

Now assume that s > 0. Then
o0 S0 o0 o0
/ min{t, [|m|| r(s)}ds :/ tds+/ lm|l ¢ (s) ds :tso+/ lm|l f(so + u) du
0 0 50 0

since ||m|| s (s) > t for every s < s, and [|m| r(s) < [|m| s(so) < t for every s > s¢. Let
us consider B := [f > so] and decompose f = fo + f1 where fo := (f — so)xp and
Si:=f — fo=s0x8 + fxa\s- Then || fillLeo@m) < so and

o0 o0
1ol Lt =/0 lmll 5, () du s/o llmll y (so + ) du.

This gives the desired inequality

K (t. f3 L' AlmI), L) < 1 foll 1t gy + 1 11 220 5/0 min{t, [lm|| £ (s)} ds.

o0
For the reverse inequality/ min{t, [lm| ;(s)}ds < K (¢, f; L' (Iml]), L (m)) let us
0

consider an arbitrary decomposition f = fo + f1, with fy in L'(|m|) and f1 in L% (m).
Let us denote 51 := || fillzoom) > 0. For every s > s1 we have ||m|| ¢(s) < |lm|l 5 (s — s1)
since [f = fo+ fi > s1 S [fo>s—IlfillLom]. Then

00 S 00
/ min{z, [|m|| f(s)}ds < / tds +/ lm|l r(s)ds
0 0 s

S1

o0
<111l +/ Imll (s — s1)ds

s1



=t fillLoeom) +/000 lm|l o (u) du

= [ foll Lt qmpy + 1 1f 1l Lo @m)-
Taking the infimum over all possible representations f = fo + f; we obtain the desired
inequality. O
Corollary 1 Let X be a quasi-Banach space with L' (|m|]) € X € L“*(||m||). Then
(@) K(t, f; X, L®(m)) =t fx(t), forevery f € X and t > 0.
(b) K(t, f; X, L®(m)) < /Ot f«(s)ds, forevery f € L1(||m||) andt > 0.

4 Lorentz type spaces associated to a vector measure

In a similar way to the scalar measure case, we introduce the Lorentz spaces associated to
(the semivariation of) a vector measure m by using the decreasing rearrangement defined in

3).

Definition 1 For an index 1 < ¢ < oo and a weight v [a non-negative measurable function
on (0, co) that is not identically zero] denote by AZ(||m||) the set of functions f in LO(m)
such that

1
°° dt\ 4
||f||Az(”mH) = (/0 (U(t)f*(t))q 7) s for 1 <q < oo,
esssup {v(1) fx (1), 1 > 0}, for g = oo,

is finite.

For v(r) = t% we obtain the Lorentz spaces LP9(||m||) previously considered, and
”f”A?,(HmH) = ||f||LP)q(||mH)-

Now we are going to study the quasinormability of AL(||m]|). It is obvious from the
definition that || - || Al (Im) is homogeneous. Then it is equivalent to a quasinorm if and only
if itself is a quasinorm and, in that case, AT(m|) will be necessarily a linear space. For a
characterization of weights v for which A%(dt) is a linear space see [11].

Our first step is to describe || f || AL(m]) for a function f € Ad(|lm|)). In order to do that we

1)4
denote by v, the function defined by v, (t) := v foraweightvand 1 < g < co. Also we

t
willdenote by V, (¢) := / vy (s)ds, forallt > 0. Note that a function f isin A?(Im|) ifand
0

only if its decreasing rearrangement f; is in the weighted Lebesgue L4-space L9 (vq (t)d t)
and ||f||A‘3(Hm||) = |l fill La (vg (1)d1)- Analogously f isin AS°(||m]|) if and only if f, belongs
to the weighted L>°-space L™ (v(t)d1) also with the equality || £ || ace (m[) = Il f |z w(r)an)-
The following lemma is the analogous of [8, Lemma 2.2.4] and [9, Theorem 2.1] for vector
measures. It will be useful to characterize the quasinormability of the Lorentz type spaces.

Lemma 1l Let 1 < g < oo and v > 0 a measurable function on (0, 00). Then

0 0 Imll (1)
/ Fe@®T v(1) dt :/ gt} [/ v(s)ds] dt 4)
0 0 0



forevery f € LO(m). In particular, we have the following equality

”f”Ag(”m”) = (61 /0 tq_lvq (”m”f(t)) dt)q

Proof Recall the every non-negative measurable function can be obtained as the m-a.e.
pointwise limit of an increasing sequence of non-negative measurable simple functions.
Thus, by applying the Monotone Convergence Theorem it is enough to obtain the desired

equality (4) only for a non-negative measurable simple function. Then, let ¢ be a such
. L. N+1
function on Q and write it as ¢ = Zkil aixa,, wherea; > -+ >ay > ayy; =0

and {Aq, ..., AN, An+1} is a measurable partition of  with ||m|(Ax) > Ofor1 <k < N.
. . . N N
A direct computation gives that ||m||, = ijl ®j Xajs1,a;) and gy = Zk:l Al Xap_1,01)>
J
where ag := 0 and «; := |[|m]| U A; |, for j =1,..., N. Then, we have the equality
i=1

00 lmlly (1) aj [lm | (2)
/ gt1! / v(s)ds | dt :/ gt1! / v(s)ds | dt
0 0 0 0
_2/ gri~ 1[/a v(s)ds:|dt
:Z[j— j+l:||:/0 v(s)dsi|
j=l1

N ”
= ZaZ [/ v(s) ds]
k=1 Ok—1

/aN e Tv()dt = /oo s ()9v(t) dt.
0 0
O

To get a result like Lemma 1 but for ¢ = oo, we introduce the function V, defined by
Voo(r) = esssup{v(),0 <t <r} forr > 0, and Vo (0) := 0. Note that V, is a non-
decreasing function for every 1 < g < oo, and therefore it has at most countably many
discontinuities. Moreover the following property will be useful in the proof of the next
result.

Lemma 2 Vi, is a left-continuous function.

Proof Since Vi is a non-decreasing function, for every » > 0 there exists the limit L :=
limg_, g+ Voo(r — &) < Voo(r). Then, it is enough to prove that {r € (0,r) : v(¢) > L} is a
null set. But for a certain k € N we have the equality

{te(O,r):v(t)>L}:U[te(O,r—l]:v(t)>L]
n

n>k

1
and the Lebesgue measure of each set [t IS (0, r— f] cu(t) > L] , where n > k, is zero
n

since Vo (r — ;) <L. O



Lemma 3 Let [ be a measurable function on Q. Then

(a) ||f||A°V°oo(||m||) = If llage(my)-
(6) sup {s Voo (llmlly(s)) s > O} = sup (Voo (1) fu(1). 1 > 0}.

Proof (a) Obviously || fllazeqiml) = I1f a5 (my) sincev < Veo. Reciprocally, if f belongs

to AJ°(llm|]), then Voo (t) fi(t) < esssup {v(s) fu(s),0 <5 <t} < [ fllasequmy < oo,
for every t > 0, and therefore ||f||AgC(||m”) > ||f||A:‘>/oOO(||mH).

(b) To obtain s V (||m||f(s)) < sup {Vo(t) fi(t),t > 0} for every s > 0 it is enough

to consider the points s > 0 such that ||m| ¢(s) > 0. In this case, for every positive
& < |lmll r(s) we have O < ||m| s(s) — & < |lm]| s (s) and the definition of f; gives us
fi (lmll s (s) — &) = s. Then

sup {Veo (1) fi (), 1 > 0} = Voo (Imll f (s) — &) fulllmll g (s) — &) = Voo (llmll s (s) — €)s.

Taking limit as ¢ — O™ and using Lemma 2, we have the claimed inequality. To establish
the reverse inequality, sup {s Voo ([m |l £(5)) .5 > 0} = Voo (t) fu(t) forevery ¢ > 0, it
suffices to consider the points ¢ > 0 for which f,(t) > 0. In this case, if 0 < ¢ < fi(?),
we have 0 < fi(f) — & < f,(t) and therefore t < ||m|| ; (f«(¢) — &). Then, since V is
non-decreasing, we obtain

sup {s Vo (Imll £ (5)) 5 >0} = (fu()—e) Voo (Imll ¢ (fi(t) =€) = (fu(t) =€) Vo (1).

Taking limit as ¢ — 0" we get the claimed inequality.
O

The following result characterizes the quasinormability of A? (]| |)) by means of the behavior
of V, on the range of ||m||. See [8, Lemma 2.2.10] for the scalar measure case with 1 < g <
0.

Proposition 3 Suppose 1 < g < oco. Then AL (|m|) is a quasinormed space if and only if
there exists C > 0 such that

0 <V (Iml(AU B)) < C[Vg(Imll(A)) + Vy(llm](B))] Q)
for every pair A, B € X such that |m||(AU B) > 0.

Proof Let us assume first that || - ||A?,(|\m\|) is a quasinorm. Then, for some D > 0, we have

I+ g”AZ(Hm”) <D (”f”AZ(HmII) + “g”Az(HmII)) for every f,g € AZ(”m”) Applying
this inequality to the characteristic functions of two measurable subsets A and B of 2 such
that ||m||(A U B) > 0, we obtain

”XAUB”AZ(Hm”) <llxa+ XB||A3(||m||) <D (“XA”AZ(HMH) + “XB”AZ(Hm”)) .

Then, condition (5) follows from the fact that for every E in X,

1
_ ) Vy(llmll(E))« for 1 <gq < oo,
Izl pacmn =1 V4
AolimD =) v (lm|(E)) for g = oo.

For the converse, we only need to prove that

If + &l agqmpy = D (”f”AZ<||mn> + ”g”AZ(umn)) :



for some constant D > 0 and every f, g € Al (|m]). To do this we will apply Lemmas 1
t t

and 3 together with the well-known inequality [|[m|| r1¢(t) < [Im] ¢ (E) + Imllg (5) for

every t > 0. Let us denote i := f + g. Now we consider two cases:

(i) For1 < g < oo, condition (5) and Lemma 1 give

00 %) [l ()
gy = [ 00 = [~ que! [/0 vq(s)ds} dr
</°oqr‘f‘lv (||m||f(5)+||m|| (5)) dt

=) 1 2 £\2
L o oo () o ()]
0

_ czq/o g 591 [V, (Imll () + Vy (Imlle ()] dr

—_nq q q
=21C (”f”Ammm + ”g”AZ<||mH>)‘

1
Hence, 1 f + gll a9 ) = 2C7 (“f”A?,(nmn) + ”g”AZ(umu))-
(ii) For g = oo, condition (5) and Lemma 3 give

N N
Velagemty = Whllage iy < esssups Vo (Il (5) + lmlle (5) )
v Voo s>0 2 2

< Cesssups [Voo (Il (3)) + Voo (Il (3)) ]

s>0

<2C (||f||A°V°OC(||m|\) + ||g||A°VOOC(||m|\)) .
O

In order to give another sufficient condition for the quasinormability of A7 (||m||) we consider
the following definition.

Definition 2 It is said that a function V > 0 satisfies the A,-condition on the interval [0, L]
if there exits C > O such that V(2¢) < CV(¢) forevery 0 <t < %

Remark 1 A non-negative non-decreasing function V satisfies the A,-condition on the inter-
val [0, L] if and only if there exists C > 0 such that

Vis+1) =CV(s)+ V@), (6)

forevery s > 0 andt > O with s + ¢ < L. Indeed, If V satisfies the A,-condition on [0, L]
with constant C and s and ¢ are given in (0, L] such that max{s, ¢} < % then V(s + 1) <
V 2max{s, t}) < CV (max{s,1}) < C(V(s)+ V(@)).Ifs +¢ < L, but now max{s, t} >
L

5, we also have

L
Vs+t) =V(IL)=CV (5) = CV (max{s,1}) = C(V(s) + V(1)).
For the reverse implication it is enough to take s = ¢ in (6).

Corollary 2 Let1 < g < 00.If'V, satisfies the Ay-condition on [0, ||m||(2)], then Al (Im])
is a quasinormed space.



Proof Let us assume that V, (s +1) < C (V,(s) + V(1)) for every s, 7 in (0, [|m[|(22)] with
s+t < |m||(2). For A, B € ¥ arbitrary, we distinguish two cases.

If [|m|(A) + lm|[(B) < |lm]|(£2) we obtain

Vy (Iml (AU B)) < Vg (Ilm](A) + [m[|(B)) < C [V, (Iml(A)) + V, (Im|I(B))] .

If |m||(A) + [Im||(B) > [|m|(£2), we may assume that v, (1) = O for every t > ||m]|(£2)

and therefore V, (||m||(A) + |m|[(B)) = V, (Ilm||(£2)). Moreover, we may assume, in this
case, that 2||m||(A) > ||m|(£2). Then

1
Vg (Im[[(AU B)) = Vy (Im|I(€2)) = CV, (Ellmll(ﬂ)) = CVy (lm][(A))

C [Vg (Umli(A)) + Vy (lml|(BY)] .

IA

m}

Remark 2 In the context of a positive non-atomic scalar measure p it is easy to prove that
V, satisfies the Aj-condition on [0, (€2)] if and only if Al(n)isa quasinormed space. We
do not know if this result remains true for a non-atomic vector measure.

5 Interpolation with a parameter function and Arifio-Muckenhoupt weights

From now on we mean by a parameter function p a positive measurable function defined on the

t
interval (0, 0o). For a parameter function p we denote by v the weight v(¢) := % defined
P

on (0, 00). We are going to study the pairs (o, ¢) for which (L'(|[m]]), L>(m))
(L = (ml), L%0m),
type space AZ (||m]]). To doit, no special assumptions is done on p, so our results also include
some trivial cases. Let us recall briefly the construction of the space (-, ), , x associated

with the function lattice ®(p, ¢). This function lattice consists of all measurable functions
g on (0, 0o) such that

1
(/oo[lg(t)l]th)q -
— | ) »forl=g<o0,
lgllop.g) = 0 (1) t

|g (1)l
ess sup ,
=0 p()

p.q. K
K holds. In these cases, we characterize such space as a Lorentz

for g = oo,

is finite. For a given compatible pair (Xo, X1) of quasi-Banach spaces (Xo, X1)p,4,k
denotes the set of all elements x € Xo + X; such that K(-,x) € ®(p, g). In that case,
we put [|xll, 4. x = IKC,X)llop,q) - The classical Lions—Peetre real interpolation space
(X0, X1)g,4 is obtained for the particular parameter function p(¢) := 7, with0 < 6 < 1.
We note that (X, X1),,4,x is an intermediate space with respect to (X, X1) if and only
if min{1, t} belongs to ®(p, ¢). In fact, if we assume that min{1, ¢} belongs to ®(p, q)
it follows that (Xo, X1),,4,k S Xo + X since min{1, 1}K(1,x) < K(¢,x) fort > 0
(see (1) in [3, page 38]). Moreover, K(t, x) < min{1, t}||x||xonx, for z > 0 (see (2) in
[3, page 42]), and so Xo N X; € (X0, X1)p,4,k- On the other hand, if (Xo, X1),,4,k is
an intermediate space, in particular, Xo N X1 € (Xo, X1)p,¢,k- Thus taking into account
that, for any 0 # x € (Xo,X1)p,q,k S Xo + Xy, it holds that min{l, 1} K (1,x) <



K(t,x), it follows that min{l,} € ®(p, q). Moreover, (Xo, X1)p,4,x is an interpola-
tion space of the pair (Xo, X1) when the condition min{l, ¢t} € ®(p, g) is fulfilled (see
[4, Proposition 3.3.1]).

We start by proving the following inclusion.

Lemma 4 It holds that (L' (||m|)), L°°(m))p oK

Moreover, if A1 (|m|) is a quasinormed space the above inclusion is continuous.

c A{ (Imll) for every 1 < q < oo.

Proof From Proposition 1 we have

1@ K (¢, f5 L ®(Iml), L>(m))

v(®) fi (1) = =
i p() p(t)
Then for every f in (L1'°°(||m||), L°°(m))p 0.k e obtain that f is in A?(||m]|), and also
”f”A3<HmH) = ||f||qu . o

The following theorem is the key result of this section. In the proof we make use of the
weighted Hardy inequality (7) for non-increasing functions g and, in particular, the charac-
terization of those weights w allowed in the inequality

[e'e) t q [e 9]
/0 [%/0 g(s)ds] w(t)dth/O gTw(t)dr. )

If 1 < g < oo, the weights w for which (7) is true for all non-increasing functions g are
exactly those weights in the Arifio-Muckenhoupt class By, that is, weights w on (0, 00) such
that there exists C > 0 for which

 w(t) c [T

for all » > O (see [1, Theorem 1.7] and [24]).
We continue with the notation of Sect. 4 and consider in what follows the functions v, for

1 <g <oo,and V, for 1 < g < o0, associated to v(t) := W
0

Theorem 1 Ifv, € By, then (L1(||m||), L°°(m)) = A (|m|) forall 1 < q < oo.

p.q.K

Proof First note that A? (|m|)) € L'(|m|) if v, € By. Indeed, if fisin A (Jlm])) we have
M t q 00
|5 [ roas| woasc [ romod=cir,,, <«
0 tJo 0 v(lml)

1 t q
Thus, the integrand of the left hand side |:; / Jfa(s) dsi| vy (¢) is finite a.e. and
0

00 [lm|l(€2)
LA oy =/0 f*(s)ds=/0 fe(s)ds < o0.

We only need to prove that A ([m|)) € (L' (|m]), Loo(m))p’q’K.Letf > O0bein A (|m]])

and denote by K (¢, f) the K-functional associated to the pair (L1 (lm])), L°°(m)) . Taking
into account that fi, > 0 is a non-increasing function and that v, € By, the quasinorm
I fllp,q,x of f in (L'(m D), L*°(m)), 4,k can be estimated as follows, having in mind
Proposition 2 and the Hardy inequality (7)



CTK@ Hde [~ 1 [ 1 dy

it = 5] =L e } 0
q 19— 1 -1

/ |: /f*(s)ds:| o(t dt / f*(t)q (t)q

= IIfIIAq(Hm”) 0.

q 1

Therefore Ay (m[)) S (L'(Iml). L®(m)), . x - O

Remark 3 (a) Note that Theorem 1 holds, in particular, if m = w is a finite positive scalar
measure (in which case ||m|| = w). Our proof also works for the pair (Ll (W), L°°(,u)) ,
even for (L1 (u), L(w)) , if p is merely a o-finite measure.

(b) Ifv, € By, then V, satisfies the Az-condition on the interval [0, [m]|(€2)], and therefore
-1 Al(Iml) is a quasinorm as we have seen in Corollary 2. In addition, if min{l, ¢t} €
®(p, g) we have that AZ(||m||) is an interpolation space, and otherwise we obtain the
null space. Note that the function min{1, ¢} belongs to ®(p, g) for 1 < g < oo if, and

only if,
L5 = L] [ ['
0 p(t) t Jo Lew)] 1 p()]
1
:/ vq(t)dt—i-/ )
0

Having in mind the above expression (9) for the condition min{1, t} € ®(p, ¢), and Theo-
rem 1 it follows directly the following corollary.

< 00. )

Corollary 3 Let X be a quasi-Banach space with L'(|m|) € X € L“®(|m|) and let
1 <q <00 Ifvy € ByNL'Y(0,1), then (X, L®(m)), 4 x = AL(Iml).

Since L!(m) is an intermediate Banach space between L'(lm|) and L'-*°(||m]|), the above
Corollary 3 says in particular that A(Im|) is an interpolation space of the pair of Banach
spaces (L1 (m), L*® (m)) and therefore it is a normable space for the corresponding interpo-
lation norm which is, in fact, equivalent to the functional || - || Al

Now, we are going to consider a weak version of the reciprocal of Theorem 1. Note that in
its proof we only need to consider non-increasing functions supported on the finite interval
(0, |lm]|(€2)). Then, the condition v, € B, does not seem to be necessary. Nevertheless, we
can say some thing about the function v, when the measure m is non-atomic. Recall that a set
A € X is called an atom of the vector measure m if m(A) # O andif B C A, B € X implies
that either m(B) = 0 orm(A\ B) = 0, and a measure without atoms is called non-atomic (see
[21, page 32]). By a standard set-theoretic argument it can be proved that m is non-atomic if
and only if its semivarition ||m || is non-atomic. Then, we can see that the semivariation has
the Darboux property (see [13, Theorem 10] or [20, Corollary 3]), which means that range
of the semivariation is the closed interval [0, ||m||(€2)], that is,

{lml(A) : A e X} = [0, [m]()]. (10)

Proposition 4 Let m be a non-atomic vector measure and 1 < q < oo. If AL (|m|) is a
quasinormed space and (L1 (lm])), L°°(m)) = A (|\m|) algebraically, then Vg X1y €
B, foreach0 < T < 0.

0.q.K



Proof Tt is standard to prove that AZ (|m|) is complete if || - ||AZ(||mH) is a quasinorm (see

[8, Theorem 2.3.1] for the scalar case), that is, under our assumption A? (||lm|]) is a quasi-
Banach space. Then, by the hypothesis and Lemma 4 the open mapping theorem assures that
-1 AL(Im]) and || - || .4,k are equivalent quasinorms. Therefore there exists C > 0 such that

1 lp.g.k < ClLE A4 gy for every £ € A(|m])). Equivalently,

o ! 9 dt 00 9 dt
—_— w(8)d — <1 — fy —.
/0 [,0(1)/0 Js) S] t = /o [p(t)f()] t

Since m is non-atomic, by using (10), for every r € (0, ||m||(€2)] there exists A € X such
that [|m||(A) = r. Having in mind that (x4)+ = X(0,|m|(a)) the above inequality read as

or 1 ! J th<C‘1 or ¢ 4 dr
| (e oo e [T Zmao ] 5

for every r € (0, ||m||(€2)]. Then, we obtain for those r the following inequality
cr 1 [t 7 dt Tt 1dt °r r 1%dr
b L froowa] 5= L] 5+ [ la]
[ []
o Lp() ] ¢t

o0 r
vy (1) Cc?—1
/r tq dt < o ; v, (1) dt (11)

forevery r € (0, [|m|[(£2)] . Recall that in order to prove that v, x, ,, belongs to B for every
0 < T < oo we have to check (8). If T < ||m]||(€2) it follows directly from (11). Suppose
now that ||m||(2) < T and ||m||(£2) < r. By using (11) again we obtain

o0 o0
Vg ) Vy (1)
/r 14 X(O.T) (t)d[ < A p X(O,T) (t)df

m||(€2)

c?—1 [l 1 (€2)
: W/g Vg () X, (Dl

Cc? -1 T4 [
= Qml@) [7] /0 U DX (DI,

and vy X1, € By- o

and therefore

For the case ¢ = oo we have the following result analogous to Theorem 1.

Theorem 2 If/ M ds < C p(t) for some constant C > 0 and all t > 0, then
(Ll L%0m) | = A (). (12)
Proof We only need to prove that AS° (|lm|)) € (L' (|lm]}), L°°(m)) . The other inclu-

sion is already proved in Lemma 4. Now, if f € AS® (|lm]) we have zf*(t) < D p(¢) for
some constant D > 0 and all ¢ > 0. Therefore

K(r,f;L1<||m||>,L°°<m))=/o f*(s)dssD/ POy < DC oy,

forallt > 0. Thus f € (L'(|lml]), L°°(m))p oK



Note that this theorem includes some trivial cases. For example, it is easy to prove that
AS° (|lm]]) is the null space for v(t) := t17% with @ > 1, in which case, p(¢) = t%. Recall
that (X0, X1) .00,k is an interpolation space for every pair (Xo, X1) if min{l, 1} € ®(p, 00).
Otherwise we obtain the null space. If AJ° ([lm]]) is a non-trivial quasinormed space, then
we have the equality (12) as quasi-Banach spaces.

Remark 4 Under the hypothesis of the above theorem, the following equality

(X, L% (m)) = AP (Iml)

p,00,K
holds for every quasi-Banach space X such that L'(|m|) € X < LY (|jm|). If moreover
t < D p(t) for some constant D > 0 and all ¢ € (0, 1), the function min{l, ¢t} € ®(p, 00).

Take into account that the hypothesis of Theorem 2 implies that / pEs) ds < C p(t) forall

t > 1. Consequently, under this additional assumption, A°(||m||) is an interpolation space
of each pair (X, L°°(m)) . In particular, AS°(||m||) is normable with the norm of the space

(L' (m), L°°(m))p7oo’K }

6 Examples

Next let us relate our results with the corresponding results for the scalar measure case given
by Gustavsson [18] and Persson [23]. These authors study the interpolation with a parameter
function belonging to certain classes of functions, such as By (see [18, Definition 1.2]),
Q(0, 1) or P* (see [23, pages 201-202]). These classes can be considered (in some sense)
the same class ([23, Proposition 1.3]). Next we recall the definition of the class Q(0, 1).

Definition 3 A parameter function p is said to be in the class Q(0, 1) if there exist 0 < o <
B < 1 such that p(¢) t ™ is non-decreasing and p(r) r~# is non-increasing.

Example 1 Note that the function p(¢) := 17 (1 + | log t|)” belongs to the class By, whenever
0 <6 < land |y| < min{f, 1 — 6}. On the other hand, recall that By, € Q(0, 1) (see [23,
Proposition 1.3]). For this function p and a positive o -finite scalar measure p the Lorentz
space A7 (w), associated to v(r) 1= ﬁ, is the Lorentz—Zygmund space L?9(log L)Y (i)

for % =1 —6 (see [2] and [23, page 218]).

We are ready to analyze the role of each one of the conditions involved in the definition of
the class Q(0, 1) in connection with the Ariio-Muckenhoupt classes B, considered above.

Proposition 5 If p(t) 1~ is non-decreasing for some a > 0, then:
(a) vy € By foreach 1<gq < oo.

(b) / &ds < f,o(z) foreveryt > 0.

1
Proof (a) For 0 < r < t, we have p(r)r % < p(t) t~* by the hypothesis. Then 20 <
0
rOt

PYOTC Hence

%y, (1) S red oo 1
dt = dr < : dt = . (13)
AT L e = e ), 1T T gap(ry




r(X

1
For0 <t < r, wehave p(1)t~* < p(r) r—“ and therefore — > ———. Hence
p) ~ p@r)t

r r t’771 @4 r 74
/ vy (1) dt :/ dt > —/ d=o-lgp =~ (14
0 0o p)4 pr)? Jo gl —a)p(r)?

l—al r
7 A vy (2) dt.

o Uq(t)
Then from (13) and (14) we get tTd[ <
. o

(b) Using that p(s) s~* is non-decreasing we have

t ! ! *
/Ls)ds:/ @dsff PO 45 = 2 oo,
0o S 0o S o 1% s *

for every t > 0.

Next corollary follows directly from Proposition 5 and Theorems 1 and 2.
Corollary 4 If p(t)t™% is non-decreasing for some a > 0, then

(L ml), L2 m)), = AddImID,
with equivalence of quasinorms, for all 1 < g < oo.

Proposition 6 If p(1) t~ is non-increasing for some B < 1, then:

(a) vy € L', T) forevery0 <T <ooand1 < g < o0.
®) p()t < p(), forall0 <t < 1.
p) _ p(T)

Proof (a) Since p(t) =P is non-increasing, we have 5 Z 7P

forevery0 <t < T,
and therefore

T T tqfl Tqﬁ T tqfl 1 T4
/ vq(t)dt:/ dtsi/ —dt = ——— < 00
0 0o p@) p(T)d Jo  19P qg(1 = pB) p(T)4

(b) Suppose 0 <t < 1. Then p(1)t < p(¢) =Bt < p(0).

O
The following result follows directly from Propositions 5 and 6 and condition (9).
Corollary 5 If p € Q(0, 1) then:
(@) vg € B, NLY0, 1), foreach 1 < q < oc.
(b) There exits a constant C > 0 suchthatt < C p(t) forall0 <t < 1, and/ot @ ds <

C p(t) forallt > 0.
(c) min{l,t} € ®(p, q), foreach 1 < g < oco.

Finally, we summarize the relationship between our Corollary 3 and Remark 4 with the
results obtained by Gustavsson [18, Lemma 3.1] and Persson [23, Proposition 6.2]: If X is a
quasi-Banach space with L'(Jm|) € X € LY®(|m|) and p € Q(0, 1), then the equality
(X, Lm(m))p’q’K = AL(|lm|) holds for all I < ¢ < oo, with equivalence of quasinorms.
In particular, Ad(Im]) is an interpolation space of the pair (LY(m), L°(m)) and so it is

normable with the norm of the space (L' (m), L°°(m))p oK
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