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Abstract Let (€2, X) be a measurable space and mo: ¥ — Xoand mi: X — X; be positive vector
measures with values in the Banach Kéthe function spaces Xp and X;. If 0 < a < 1, we define a new
vector measure [mo, m1]o with values in the Calderdn lattice interpolation space Xl_o‘Xf‘ and we

0
analyze the space of integrable functions with respect to measure [mo, m1]q in order to prove suitable
extensions of the classical Stein—Weiss formulas that hold for the complex interpolation of LP-spaces.
Since each p-convex order continuous Kéthe function space with weak order unit can be represented as
a space of p-integrable functions with respect to a vector measure, we provide in this way a technique to
obtain representations of the corresponding complex interpolation spaces. As applications, we provide a
Riesz—Thorin theorem for spaces of p-integrable functions with respect to vector measures and a formula

for representing the interpolation of the injective tensor product of such spaces.
Keywords Interpolation, Banach function space, vector measure
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1 Introduction

One of the classical areas on interpolation theory is the investigation of complex interpolation
spaces between LP-spaces with different measures, where the theorem by Stein and Weiss [1]
plays a central role. One of its extension reads as follows. Let u be a positive scalar measure

and assume that 1 < pg, p1 < oo. Then we have, with equal norms,

(L7 (for), L7 (fuw)lg = LP(fo ™ fm), 0<0 <1, (L.1)
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where 11) = 1p_09 + pgl, and « := ’;f, see [2, Theorem 5.5.3]. Observe that the weighted mea-
sure f&_o‘ fiw is a certain interpolated measure of the weighted measures fou and fip. Later,
Calder6n considers the extension of (1.1) to the context of LP-spaces of Banach vector-valued
functions, see [3] for details. In this paper we analyze what happens with the formula (1.1) in
the context of integration of scalar functions with respect to vector measures. Indeed, for two
given countably additive vector measures mg and m; we show how to construct a new countably
additive vector measure [mg,m1], , that we call the interpolated vector measure, which allows
us how relate its associated space of p-integrable functions with the corresponding lattice in-
terpolation space of the spaces of p-integrable functions with respect to mg and my; all this,
under a certain compatibility requirement between the measures. Indeed, the aim of the paper

is to study when the following result holds:

Let 1 < pg,p1 < oo and 0 < 0 < 1. Consider the corresponding spaces of integrable functions

LPo(myg) and LP* (mq) with respect to the vector measures mqg and my. Then [LP°(myg), LP' (m4)],

_ po
p1°

= LP ([mg,m1],) holds isometrically, where 11) = (1;09) + pgl and « :

The spaces L' (m) of integrable functions with respect to a vector measure m define a broad
class of Koéthe function spaces. In fact, integration with respect to a vector measure can be
used as a representation technique for order continuous Banach lattices with weak order unit,
since every such space can be written as an L!(m) of a vector measure m (see [4, Theorem 8§]).
The same representation procedure can be applied using L? spaces of a vector measure when
the function space is moreover p-convex (see [5, 6] for the definition and main properties of such
spaces). Therefore, we provide our interpolation formulas as a general procedure for representing
the lattice interpolation space of couples of (order continuous Banach lattices with weak order
unit) Kéthe function spaces. Moreover, it is enough to look at the proofs of the results that
relate spaces of integrable functions with general Banach lattices (see [4, Theorem 8] and [5,
Proposition 2.4]) to understand that we can use positive vector measures for representing the
corresponding class of Banach lattices. In this sense, the requirement of positivity for the vector
measures that we deal with is not a strong restriction for the aim of representation of Banach
lattices.

But let us provide in what follows in a systematic way the assumptions that are necessary
for defining the setting in which our interpolation technique can be applied. Our framework is
the theory of Kothe function spaces (see p. 28 and subsequent in [7]). A Kéthe function space
on a complete o-finite measure space (0, A, 7n) is a Banach lattice X, consisting of equivalence
classes, modulo equality n-a.e., of locally integrable, real valued functions on O, that satisfies

(1) if | f] < |g| n-a.e. with f measurable and g € X, then f € X and ||f] v < |lgll x, and

(2) for every A € A of finite measure, the characteristic function y 4 of A is an element of X.
If X is a Kothe function space we denote by X* the Kéthe dual space of X. It is well known
that X coincides with the dual space X’ if X has order-continuous norm. See p. 29 on [7].

For a couple of Kothe function spaces (X, X1) over the same measure space (0, A,n), and
0 < a < 1, consider the Calderdn lattice interpolation space X (a) := X *X{ of the spaces
Xy and X; defined as the set of all z € L(n) for which |z| < x5~ 2§, for some 0 < 2¢ € X,



and 0 < z7 € X;. The norm of = in X («) is defined by
||1:HX(a) = inf{ ||x0||§{_0a ||:v1||§1 ] < zé—%ﬁ‘,o <zp€ Xp,0< 21 € Xl}.

Endowed with this norm, X («) becomes a Kothe function space over the same measure space.
See [8, 9] or [10, IV §1.11]. From the definition of the norm we have immediately the following
inequality

26725 | () < lzolly, lz1l%, » 0 <20 € Xo, 0< 21 € X, (1.2)

It is well known that this space coincides with the complex interpolation space [Xo, X1], of the
involved spaces X and X7 (see [3, 13.6] or [10, Theorem §1.14] and Remark after) if at least one
of the spaces X or X; has order continuous norm. As the reader will see, this assumption of
order continuity of the interpolated space X («) provides the order properties that are necessary
for the definition of the interpolated measure [mg,m4],, .

In what follows we also need some relation between the dual of the space X («) and the
duals of spaces Xy and X;. It is known that (X&_O‘Xf‘)/ = (X)) (X])™, where the equality
means coincidence of sets (as classes of functions on a certain strange space of measure outside
of (©,A,n)) as well as equality of norms, provided that Xy N X; is dense in both spaces X and
X1. See [8] or the comments after the proof of [9, Theorem 1]. A consequence of this fact is
that the equality (X3 *X{)" = (Xox)lia (X7)” holds for the Kéthe duals of the spaces Xo
and X;. Equality means also equality of norms. In addition, if we assume order continuity of
the norm on both spaces Xy and X7, we know that the dual and the Kéthe dual coincide, and
the duality in the lattice interpolation space X («) can be represented by means of integrals of
products of functions with respect to the measure 7. In particular, we have the following result.
See [8] or [11, Theorem 1].

Lemma 1.1 Suppose Xg and X1 are Kothe function spaces with order continuous norms.
Then for (Kothe) duals we have the following coincidence of sets (XS_O‘XIO‘)X = (Xox)lfa

. (Xlx)a, as well as equality of norms. In particular, for all 0 < 2’ € X(a)*

and every € > 0,
there ezist two elements 0 < x € Xg and 0 < o} € X such that [|2'|| x4y« < ||x6||;oxa ||x'1||§‘(1x

< 2l x () + €, and moreover

(@i mat) < [ ho0)' ™ (oh )" (13)
forall0 <zy € Xg and 0 < z1 € X;.

As we said before, we will deal with a particular subclass of Kéthe function spaces, the one
defined by the spaces of integrable functions with respect to a vector measure. We briefly recall
the definitions in what follows. Let X be a Banach space and m an X-valued countably additive
vector measure on the measurable space (2,X). Let u be a Rybakov measure for m (see [12,
Ch. IX]), that is, a scalar measure (m, '), where 2’ € X', defined by (m,z')(4) := (m(4), ),
A € %, and such that m is absolutely continuous with respect to the variation of (m,z’). The
space L'(m) of integrable functions with respect to m is an order-continuous Kéthe function
space over p with weak order unit, and its elements are the (classes of u-a.e.) measurable

functions f : 2 — R that are scalarly integrable, that is, integrable with respect to each scalar



measure (m,z’), 2’ € X', and satisfy also that for every A € ¥ there is an element [, fdm € X

such that
</ fdm,ac’> :/ fdim,2"y, '€ X'
A A

The reader can find the definitions and fundamental results concerning the space L'(m) in
[4, 13-15]. If 1 < p < o0, the space of p-integrable functions with respect to m is defined as the

linear space of real measurable functions that satisfy |f|P? € L'(m), with the norm

smgny = suo{ ([ 17 dllm, )" 50" B £ € 22(m)

It is also an order-continuous Ko6the function space with weak order unit over any Rybakov
measure for m, and the simple functions are dense in it. See [5, 6] for more information about
this space. In the case where X is a Banach lattice and m is a positive vector measure, the

norm can be directly computed by means of the formula

i = [ 117|270,

Consider a couple of Kothe function spaces (Xo, X1) over the same measure space (0, A,n), a
measurable space (§2, X), and a pair of countably additive positive vector measures mg : ¥ — X
and my : 3 — Xj. Let 1 < pg,p1 < 0. In order to assure that the couple (LP° (mg), LP* (mq)) of
spaces of p-integrable functions with respect to the vector measures mg and m, is a compatible
couple, we need our second fundamental assumption on the measures mg and m;. They must
be equivalent, that is, they have a common Rybakov control measure p. This property is not
connected with the range space of the measures mg and mq, but with the sets of the o-algebra
3 where the semivariation of the measures is zero. In particular, in our setting, two equivalent
vector measures have the same null sets. Under this assumption we know that classes a.e. with
respect to mg, m; and u coincide, and also we can embed continuously both spaces LP°(my)
and LP(m;) in the same topological vector space L°(u) of real-valued measurable (classes of

p-a.e) functions on 2. Moreover, for every 0 < o < 1 the equality
[LP0(m), LP* (ma)], = (L7 (mg))' = (LP* (ma))* (1.4)

holds, since LP°(mg) and LP*(m;) have order continuous norms. At this point let us mention

that (when the measures mg and m; coincide) the space [LP°(m), LP*(m)] , with 0 < a < 1

«?

and 1 < pg,p1 < oo, and also others related interpolation spaces have been deeply studied
in [16].

2 Interpolation of Countably Additive Positive Vector Measures

Let us start this section with a motivation, based on the formula (1.1), of the construction
that follows. Consider a couple of positive (scalar) finite measures pg, and p; on the same
measurable space (€2, %) that are absolutely continuous with respect to another positive finite
measure . In this case, the Radon—Nikodym theorem gives two functions 0 < fo, fi € L(p)
such that puo(A) = [, fodp and p1(A) = [, f1dp, for every A € X. Let 0 < 6 < 1 < po, p1 < o0,



and denote 117 =194 % and a = PY  Observe that 0 < o < 1. Consider the interpolated
measure [fio, pi1]e 78 — R defined by the formula

(o, p1]a(A) == inf{ Z po(AN B i (ANB)* i € H(Q)}, (2.1)
Bem

where II(€2) is the set of all finite ¥-partitions of 2. It is not difficult to prove that [ug, £41]a
is actually the measure with density f(}_aff“, that is, [uo, p1]a(A) = fA f(}_o‘ff‘ du, for A € 3.
Thus, the formula of Stein-Weiss (1.1) reads as

(L7 (po), L7 ()] = LP ([po, p]a) , 0 <O < L. (2.2)

In the case of two arbitrary positive scalar measures pg and i it is clear that they are absolutely
continuous with respect to the measure p := o+ 1, and so it is always possible to find Radon—
Nikodym derivatives fo, fi € L*(p) such that po(A) = [, fodp and pi(A) = [, f1dpy, for all
A € ¥. This means that the formula (2.1) always defines a positive scalar measure such that
(1105 11]a(A) < po(A)1=u1 (A)Y, for all A € ¥ and [uo, p11]a(A4) = 0 if and only uo(A4) = 0 or
(and) p1(A) = 0. In what follows the following lemma will be useful.

Lemma 2.1 Let 0 < @, ¢ be simple functions. Then

11—« «@
/<p1*“¢“d[uo7u1]a < (/wdu(J) ( ¢du1) : (2.3)
Q Q Q

Proof We know that [ug, 141]a is actually the measure with density f&fo‘ o, with respect to a

positive measure u, so Holder’s inequality gives

/wl‘aqﬁad[uo,m]a Z/@l‘%(’f&_afl“w:/ (0fo)' " (6f1)" du
Q Q Q

(o) (o) = (o) (L) o

However, this argument that provides a representation of a couple of positive scalar measures
defined on the same o-algebra with respect to their sum fails in the case of vector measures,
even if they are positive and take their values on the same Kothe function space. The following

easy example shows this.

Example 1 Let ([0, 1],.#, \) be the Lebesgue measure space. Consider the vector measures

mo: A€ M — mo(A) = (M(A),0) € R?,
my: A€M — my(A):=(0,\(A)) € R%

It is easy to see that L'(mg +my) = L0, 1] isometrically and
fd(mog+mq) = (/ fdA, fd/\), f e L (mo+my).
[0,1] [0,1] [0,1]

Moreover it is clear that mg ([0,1]) = (1,0) and m4 ([0,1]) = (0,1). This makes evident that

there are no functions fo, fi € L*(mg + m;) such that

/fod(mo-le):mo(Q) and /fld(m0+m1):m1(ﬂ)'
Q Q



What is more, if we compute (2.1) formally for the measures mg and m; we obtain trivially
[mo, m1]a(A) = (0,0) for all A e #.

This fact — the nonexistence of Radon—Nikodym derivatives in the vector valued case
— becomes the main difference between the scalar- and the vector-valued theory regarding
interpolation of the corresponding spaces of integrable functions. The aim of this section is to
provide a vector-valued version of the representation formula (2.1), and to show some of its

properties. The main result is the following equality (see Proposition 2.6 below)
(oo, fumala(A) = [ £ dlmo,mila, A€
A

if mop and m; are adequate vector measures and 0 < fo € L'(my), 0 < f; € L*(my); that will
become a basic tool for the calculations of Section 3.

Let 0 < a < 1 and consider two countably additive positive vector measures mg : 2 — X
and m; : ¥ — X; on the same measurable space (£2,%) such that the lattice interpolation
space X (a) := X~ *X{ is order-continuous. Let A € ¥ and 7 € TI(Q) be the sets of finite
measurable partitions of Q. Denote Cr(A) := Y 5. mo(AN B)'~*my(AN B)*. This element
Cr(A) is a well-defined element of X(«a), since mg and m; are positive. Now consider the
set €(A) = {Cr(A):m€II(Q)} of X(c). With the natural order by refinement in II(Q),
a pointwise evaluation using Hoélder’s inequality gives that Cr,(A4) < Cr,(A) if 7 < 72 in
II(©2), so ¥ (A) defines a downward directed positive net in X («). The order-continuity of the
interpolation space gives directly that the limit [mg, m1]s(A) := lim, C(A) exists in the norm
of X () for every A € ¥, and in fact is given by the infimum inf ¥ (A). Thus, the map

[mo, m1]a 1 A € 3 — [mg,m1]a(A) :=1imCr(A) =inf €(4) € X(«)
is well defined. The definition of [mg, m1], makes clear that
[mo,ml]a(A) < mO(A)l_O‘ml(A)a, AeX. (24)

Note that this formula must be read as an inequality 7-a.e. between elements of the K&the

function space X (). Moreover, having in mind (1.2), we get
1m0, ma)a (Al x oy < llmo(Dx,* Ima(A)%,, A€ (2.5)

Lemma 2.2 The map [mo,m1]o defines a countably additive positive vector measure that
satisfies
([mo. mala(A),2') < (mo(4),z)' ™" (ma(4),2))", Ae€x (2:6)
for every 0 < 2’ € X () such that 2’ < (z{)'~(2})%, with 0 < zf, € X} and 0 < 2} € X|. In
particular, we have
<[m07m1}0~x/> < [<m051‘6>v<m17$/1>]a' (2'7)
Proof Let us show first that it is finitely additive. Consider two disjoint sets A, B € X. Since

{Cz(AUB) : 7 €II(Q)} is downward directed, we can always choose a partition = € II(£2) such
that

> me((AUB)NC) ™ “m (AUB)NC) = > me(AnC)' ™ “my (ANC)*
Cem Cen,CCA



+ > me(BNC)"my (BNO)”

Cen,CCB

Therefore, we have [mg, m1]a(A) + [mo, m1]a(B) < [mo,m1]a(A U B). On the other hand, if
m € II(R2) and 7y € II(QY), consider the partition

T ={ANC:Cem}u{BnNC:Cem}tU{Q\(AUB)}.
For this partition we have

> me(AUB)NC) ™ “my (AUB)NC)* = > mg(ANC) " my (ANC)*

Cen Cemy

+ ) me(BNC) ™ my (BNO)®
Céemg

This implies that [mg, m1]a(A U B) < [mg, m1]a(A4) + [mo, m1]a(B). The countable additivity
now follows directly from (2.5).

The formula (2.6) is a direct consequence of the following calculations. Now, consider
0 <z’ < (xp)=(z))* € (XH)1(X])®, where 0 < 2, € X} and 0 < 2} € X{. Then, since z’
is positive, we obtain from Hoélder’s inequality and the relation (2.4)

([mo, ma]a(A),2") < (mo(A)'~*m1(4),a") < /@ (mo(A)! = my (A)* - (20)' ~*(27)*) dn

= [ mo(a) )" (ma(4) )" g

)

mo(A),zp)' " (my(A),2})*, Aex.

This finishes the proof. O

Remark 2.3 For a couple of equivalent measures mg and mq, from the formula (2.5) we

deduce the following inequality for the semivariations:

-« a
I[mo, ma]all (A) < ([lmoll (A))" " (lmall (A))", AeX. (2.8)

In particular, this tell us that a null set for the measures mg and m, (they are equivalent) is
also a null set for the interpolated measure [mg, m1]q-
Example 2 Let ([0, 1],.#,)\) be Lebesgue measure space, a couple of real numbers 1 < s <
sp < oo and a function 0 < g € L*[0, 1], where 510 + % = Sll. Consider the positive countably
additive vector measures

mo: A€M — mo(A):=xa € L°[0,1],

my: A€M — mi(A):=g-xa € L[0,1].
Let us compute explicitly the interpolated vector measure [mg, m]q, for 0 < a < 1. Consider
a partition 7 € II(Q2) and a set A € .#. Then we have

A)=>"mo(ANB) " mi(ANB)* = > xanp 9% =g xa.
Ben Bem



Consequently, [mg, m1]a(A) = g% - xa for all A € #. In this case the measure [mg, m1], takes
values in the space (L*[0,1])'* (L*1[0,1])* = L*[0,1], where ! = (1;0&) + 2. Observe that
as < t, and then g® € L*[0, 1], since g belongs to L[0, 1].
Example 3 Consider a couple of order-continuous Koéthe function spaces Xo and X; over
the o-finite measure space (0, A,n). Take a pair of positive unconditionally convergent series
ooy fnin Xg and )07 | g, in X;. Then we can define, on the o-algebra &(N) of all subsets
of the natural numbers N, the vector measures
mo: A€ P(N)— mg(4) = Z fn € Xo,
neA
my:Ae PN)— mq(4):= Zgn € Xi.
neA
If 0 < a < 1, note that > o2 | f1=*g% defines also a positive unconditionally convergent series

in X&faX ¥, as a consequence of the application pointwise of Holder’s inequality on series as

g < ( > fn)l_a ( > gn>a, Ae 2(N).

neA neA neA
Thus, the expression my : A € P(N) — mq(A) =3, 4 fL7%g% € X;*X{ provides also a
positive vector measure. Let us prove that the interpolated vector measure [mg, m1], and myg

coincide. If A € #(N), then knowing that [mg, m1], is a countably additive measure, we have

[m07 ml]a(A) = Z [m07 ml]a({n}) = Z frll_agff = ma(A)'

neA neA
Lemma 2.4 Let mg: X — Xg and my : ¥ — X1 be a couple of equivalent positive countably

additive vector measures on (2, X). Let 0 < ¢, ¢ be simple functions. Then

1" 6 s (ot < N 9115 (- (2.9)

Proof Note that [~ *¢™ (|11 (jme,mi]e) = | Jo @'~ *@* d[mo,m1], ||x(a) since the measure
[mo, m1]a is positive. Then there is an element 0 < 2’ € X(a)’, with [[z'|| (), < 1, such that

= </ '™ d [mo, ma],, 793'>
X (@) Q

- /Q o167 d (o, mu]as )

H / (pl—a¢o< d [m07 ml]a
Q

Given ¢ > 0, we know from Lemma 1.1 that there exist two elements 0 < zf, € X and

0 < 2} € X{ such that 2’ < (20)'())*, and [|2'|lx oy < 20l 12105 < 112l x oy +

By inequalities (2.7) from Lemma 2.2 and (2.3) from Lemma 2.1 we obtain

/ o1 6% d ([1mg, My, ') < / o1=6% d[(mo, b, (ma, )],
Q

Q

< (/Q@dm,x@)la (/§2¢d<m1,x’1>)a

1— 1—
< el L Gongy 1201 NN T 1 gy 21 1%

l1—a a
< Nl Gmey DN 72 () (12l x (0 +€)



1—
< Nl i ey 10171 gy (1 +€) -

Since £ was arbitrary we obtain [|©' ¢ L1 (mp.mala) < @117 (me) 181172 O

(m1)
Lemma 2.5 Let mg: X — Xg and my : ¥ — X1 be a couple of equivalent positive countably

additive vector measures on (2, X). Let 0 < o, p1, do, 01 simple functions. Then

1— a o
||<'00 O‘d)o - @¢ ||L1 ([mo,m1]a)
11—« «@
< HwHLl & 160 =SS () + 160 = @11 111 sy - (2.10)

Proof To obtain (2.10) we apply the inequality (2.9) of Lemma 2.4 and also that |s* — | <
|s —t|* for all numbers 0 < s,¢, and 0 < o < 1.

o0 — 90%701(25(11”L1([m0,m1]a)
< Jleo™ 08 = 20 1a momaey T 11907788 = 1B 4 (g )
< lep ™ l¢po — A1 1 (moma]y T H lpo — 1] o HLl([mo,ml]a)
< N@0ll 5 fong) 160 = D11 71 6y + 00 = 11115 (o) 161171 ¢y - 0

Let 0 < fo € L*(mp) and 0 < f; € L*(mq). Then the formula

(frme)(A) ::/Afkdmlm A€y,

defines a countably additive vector measure for k = 0,1 (see [14]). Since the functions are also
positive, we have a couple of countably additive positive vector measures. Thus, under the
adequate requirements on the Kothe function spaces where the vector measures are defined, we
obtain that [fomg, fimi]a is a positive countably additive vector measure. Recall that we are
under the assumptions that have been indicated in Section 1 for the couple of Kéthe function
spaces (Xo, X1).

Proposition 2.6 Let mg : ¥ — Xy and mp : X — X1 be a couple of equivalent positive
countably additive vector measures on (€, %). Let 0 < fo € L'(mg) and 0 < f; € L*(my). Then

the function f&_o‘ff‘ is [mg, my]q-integrable, and
[formo, fimi]a / fo O I d[mo,mal,, A€ (2.11)

Proof Let us show first that the function f3~®f{ is [mo,m1]s-integrable. Note now that
since 0 < fo € L' (my), there is a sequence of simple functions (¢,,), such that 0 < ¢, — fo in
L'(mp) and pointwise, and 0 < ¢,, < fo. In the same way, there is another sequence of simple
functions (¢,), such that 0 < ¢, — f; in L'(m;) and pointwise, and 0 < ¢,, < f;. Thus,

Lmagoe f&fo‘fla pointwise, and by (2.10) of Lemma 2.5 applied to the simple functions
0 < ¥n, ©m, On, ¢m We obtain

l-o o 1 Ot

HSﬁn ¢ mHLl([mo,ml]a)
< H‘anLl (mo) [ pn — ¢m‘|%1(m1) +llen — (‘OmHLl(mo ||¢m||(zl(m1)
< HfOHLl(mo) [pn — ¢m||(l'j1(m1) +llen — @m”Ll (mo) ”fl”(zl(ml) '



L' .
Therefore, (<p};a¢g)n is a Cauchy sequence in L'([mg, m1]a), and so fo = f¢* € L ([mo, malo)

Moreover, we have that

/ fo~ 7 dmo,mi], =lim / on "5 dmo,mal, (2.12)

in X («). Let us show now that
lim [o,mo, pnrmal, (2) = [fomo, frm],, (). (2.13)
Clearly [@nmo, pnmi]a() < [fomo, fimi]a(2), for all n = 1,2,... . In order to show the

equality, consider an arbitrary partition 7 € II(Q); the same kind of calculations that we have

used above in Lemma 2.5 give

D (fomo(B))' = (fim1(B))* = > (pnmo(B))'~*(¢nma (B))*

Ben Ber X (o)
|| S ot (ima @) — s )|
Bem X ()
+{I D ((fomo(B)' ™ = (pnmo(B))' ™) ($nma(B))"
Bern X ()
> fomo(B Z(fﬂm(B)) — (pnm1(B))
Ben Xo Il Ber X1
+{[ D (fomo(B)) - (sonmo(B» Z $nmi(B
Ben Xo Il Ber X1

< Sl 1 = Gl + 1o = Pl 1115y — O

whenever n — oo. This means that the formula (2.13) holds. Consequently, if formula (2.11) in
the statement of the proposition holds for simple functions, then it must hold for each couple
of functions 0 < fy € L'(mg) and 0 < f; € L*(my) since by (2.12) and (2.13),

/ f(%_afil d [mo, ml]a = lim 9071170‘921)2 d [mOa ml]a = lim [‘anOa ¢nm1}a (Q>
Q noJo n
= [f0m07 flml}a (Q)

Let us prove now (2.11) for simple functions; it is enough to do it for A = Q, since if the for-
mula (2.11) holds for 2 and A € 3, then we can consider the functions go = foxa and g1 = fixa,
in which case, g3~ “gf = xafy “f{, and then [, g5~ “g¢d[mo,m1], = [, fo~“f{ d [mo, m1],
Note also that gomo(B) = [z go dmo = [ foxa dmo = fomo(AN B). Analogously, gimi(B) =
fimi1(A N B). Therefore, [gomo, gimi], () = [foxamo, fixami], (Q) = [fomo, fimi], (A).
Consider two positive simple functions g and ;. It is always possible to find coefficients
0<ai,...,ap € Rand 0 < by,...,b, € R, and disjoint subsets Ay, As,..., A, € X such that
©0 = Y p_y akxa, and o1 = > p_; bpxa,. For these functions, clearly, we have

/wé Yt d[mo,m], Zal “bi: [mo, ma],, (Ag)-



On the other hand, [pomo, p1ma], () = Sr_, [pomo, p1ma],, (Ag), but

[pomo, rmal, (Ax) = inf{ > (pomo(BN AR))' ™ (prma (BN A))™ i e H(Q)}
Bem

{5 ([ ) ([ ) )

mf{ Za (mo(B N A) b (my (BN A))™ WEH(Q)}
Ben

= ar~obY inf { > (mo(BNAR))' ™ (mi(BN Ay)* i e H(Q)}
Ber

= ap b [mo, m1] (Ag).

Thus [, po~ “¢$ d[mo,m1], = [pomo, p1ma], (©). This with the arguments before clearly im-
plies that formula (2.11) holds for simple functions. Therefore, it holds for each couple of
functions. This finishes the proof. O
Corollary 2.7 Letmy: X — Xg and my : ¥ — X3 be a couple of equivalent positive countably

additive vector measures on (2, X). Then the inclusion
(Ll(mo)) a(Ll(ml))a c Ll([m07ml]a)

is continuous for all 0 < a < 1.

Proof Let f € (Ll(mo))l_a(Ll(ml))a. Then there exist two functions 0 < fy, € L(my)
and 0 < f; € L'(my) such that |f| < f3~*f{. The above Proposition 2.6 assures that f €

L' ([mg, m1]a) - The comments in Remark 2.3 assure that there is no conflict with the classes,

1—

so the inclusion is well defined. Moreover, from (2.11) we have
Hf||L1 ([mo,mala) = Hf Ty HLl ([mosmi]a H/ fo ot d [mo, m1],,

= | fomo, frmi, (Q)HX((X) < [ fomo(@)113” | frma ()1,
= ol 1] s -

X (o)

By the definition of the norm in (Ll(mo))l_a (Ll(ml))a we obtain

1A 21 (prosmate) S W2t gmo )t == (@1 (mayy= - 0

However, in general we cannot establish the existence of an isometry between these spaces.
In fact, the situation might be dramatic: [mg,m1]s can be the trivial measure 0, even if my and
my are non-trivial. Indeed, the vector measures mg and my defined in Example 1 provide a
simple proof of this fact. In this case a direct calculation shows that [mg, m1]e = 0, for all 0 <
a < 1. However, we obviously have that (L!(mg))!=%(LY(my))® = (L'[0,1))}~(L1[0,1])* =
L'[0,1]. In this case the inclusion is simply the zero map. This situation motivates us to

introduce the following definition that we will analyze and exploit in the next section.

Definition 2.8 Let 0 < a < 1. A couple of equivalent vector measures mg and my is said to
be a-compatible if the following equality holds: (L'(mg))*~%(L*(m1))® = L*([mo, m1]a)-



In other words, two vector measures are a-compatible if the space L ([mg,m1],) of inte-
grable functions with respect to the interpolated vector measure coincides with the interpolation
space [LY(mg), L*(m1)]q-

3 Interpolation Formulas for a-Compatible Vector Measures

In this section we consider two a-compatible vector measures mgo and m; with values in two
order-continuous Kéthe function spaces Xy and X;. We provide a generalization of the complex
interpolation formulas (1.1) for LP-spaces. In particular, we prove, for two functions 0 < f; €
L'(mg) and 0 < f; € L'(my), the following equality:

[Lpo(meO)’Lpl (flml)]e =LP (f(}_afla[mOaml]a) , 0<o<1

for all 1 < pg,p1 < oo, where ; = 1];)9 + pel, and o = ’;}f.

As the statement above shows, the a-compatibility relation becomes the keystone of our
technique for obtaining interpolation formulas for LP(m)-spaces.

The a-compatibility relation is clearly satisfied for any couple of positive scalar finite mea-
sures. Moreover, obviously, each vector measure is a-compatible with itself. Of course, the
measures mg and my in Example 1 are not a-compatible. Let us start this section with some
examples that illustrate that there are also other situations in which a-compatible couples of

vector measures appear.

Example 4 Let 1 < pg,p1 < 0o, and consider a finite measure space ({2, X, 1) and the vector

measures

mo:AeX —mo(A) :=xa € LP(u),
my:AeX —myi(A):=xa € LP(p).

These vector measures are obviously countably additive, and the corresponding spaces of in-
tegrable functions are L'(mg) = LP°(u) and L'(mq1) = LP*(u). Let 0 < o < 1. The complex
interpolation formula for LP-spaces of scalar measures gives (LP°(u))' ™% (LP' (u))™ = LP(),
where ; = 1~> 4 @ A direct calculation shows that the interpolated vector measure [mg, m]

Po p1’ o
takes values in LP(u) and is given by [mg, m1], (A) = x4, for all A € ¥. Then obviously

(L (mo))" ™" (L (ma))™ = (L7 () (L7 (1) = LP(1) = L* ([mo, mi]a) -

Example 5 Now we show that the interpolated vector measure given in Example 2 provides

5117 mo(A) = xa €
L*0[0,1] and my(A) = g-xa € L*([0,1]) for all A € .. In this case, L*(mg) = L*°[0,1] and

LY(my) = L*1 (g \). Therefore, if i = 1;)a + o and = %, the complex interpolation formula

also an a-compatible couple of vector measures. Recall that 810 + 1 =

for LP-spaces of scalar measures gives

(Ll (mo))

This clearly coincides (isometrically) with L!([mg,m1]s), since the measure of Example 2 is

l-a (Ll(ml))o‘ — (LSO[O7 1])1*04 (le (951)\))04 _ Ls(gﬁs1) _ Ls(gsa)\).

given, as we computed there, by [mg,m1]a(A) = g% - xa € L*([0,1]), for all A € .#, and so
L ([mo,m]a) = L(g°%N).



In what follows we also show that in particular, if two positive vector measures mgy and
my with values in the same Kothe function space X satisfy that there is a measure m on X
and functions 0 < fo, fi € L'(m) such that mg = fym and m; = fim, then mg and m;
are a-compatible for every 0 < « < 1. The reader can find in [17] the conditions that assure
the existence of functions fy, fi € L'(m) with the mentioned property (see also Corollary 3.4
below).

In the proof of the next result we use the following well-known fact: For any positive vector
measure m and any function 0 < f € L' (m), a measurable function g belongs to L*(fm) if and
only if gf belongs to L*(m); moreover, in this case, ||g|l L1 (fm) = |91 (m)-

Theorem 3.1 Let mgy: X — Xg and mq : X — X1 be two a-compatible vector measures, and
consider two functions 0 < fo € L'(mg) and 0 < f1 € LY (my). Then

(L (foma)) ' (LM (frmn))™ = LE(fa =0 £ Tmo. mila).

Proof Take the function f := fol_a f&. We already know by Corollary 2.7 that f € L*([mo,
mi]s) and also from (2.11) we know that [, fé_a‘ff d[mo, m1]a = [fomo, fimi]a(A), for all
A € X, that is, [fomo, fimi]a = féfo‘ff‘ [mg, m4],, . Consider now a function

€ (L1(fomo))' ™ (L1(fim))®

and let ¢ > 0. Then there are functions 0 < ug € L' (fymg) and 0 < u; € L*(fymy) such that

|g‘ < u ul and HUOHLl(meO) ”ulHLl(fﬂm) = ”g” 1(fomo)) = (L1 (f1m1))® +¢. Then we have
< uh = hy~“h§, where hg = ugfy and h1 := wuq fi. Note that hg € L'(mg) since

lglf uf'f = 15 0 0Jo 0 0

ug € L(fomo). Analogously h; € L*(m1). This means that

gf € (La(mo))"™* (La(ma))® = L' ([mo, m1]a)

by the a-compatibility assumption for the measures mo and m;. Thus g € L*( f&‘o‘ feimo,

m1]a). Moreover, using again the a-compatibility we have

”g”Ll(f [mo,mila) — HQfHLl ([mo,m1la) = Hng(Ll(mo))l @ (Ly(my))™
< Hh0||L1 (o) 11 T1 () = HuOfOHLl(mo lur fill 7 gmy
= l[uoll 21 (rymoy 101121 (gyma) < 1902y (famopyt== (2 (frmayy= + -

This means that HgHLl(f&’“fl"‘ < 902y (fome)) = (L1 (frmy))~ » Since € > 0 was taken

[mo,m1la)
arbitrarily.
Now we prove the converse. Let g € L'(f [m1,mo]a). Recall that this is the same to say

that gf € L'([mg, m1]s) and

HQHLl(f [mo,m1]a ||9fHL1 ([mo,m1]a ||9fH(L1(mO))1 (L1 (mq))" - (3.1)

The last equality follows from the a-compatibility assumption on the measures mg and m;. Now,
if £ > 0, there are functions 0 < uy € L'(mg) and 0 < u; € L*(mq) such that |g| f < u(l)’o‘u?

and

e’
||UOHL1(m(,) ||u1||L1(m1) = ||9fH(L1(mU))1 o(Li(my))> TE (32)



Since ug € L'(mg), we obtain hy := e LY(fomg). The fact that u; € L'(my) gives also

hy ="y € L'(fims). Therefore, we have |g| < he~“h$. Consequently, g € (Ll(fomo))l_CY

: (Ll(flml)) . Moreover using (3.1) and (3.2) we obtain

-« a -« e}
”g”(Ll(fomo))l—“(Ll(flml))(’ < ”hO”Ll(meo) ||h1||L1(f1m1) = ”uOHLl(mo) HUIHLl(ml)

< gL (fpmo,mi]a) T €

Since € > 0 was arbitrary we obtain ||l £ ,me) o (L1 (frma)ye < HgHLl(f1 e [moamala)” VIR
these all arguments together we get (Ll(fomo))1 O‘(Ll(flml)) = L'(f3~* ff[mo, m1]a), and
the equality of norms in these spaces. O

In what follows we show that this approach can also be used to characterize the class of
couples of vector measures for which the interpolation formulas hold.
Theorem 3.2 Let1 < pg,p1 < 00, and o = 219’ where 117 = 1;09 + pel and 0 < 0 < 1. Consider
two a-compatible vector measures mg : ¥ — Xo and my : ¥ — Xy, and let 0 < fo € L'(my),
and 0 < f1 € L*(my). Then [LPo(fomo), LP*(fimy)], = LP (fol_aff“[mo,ml]a) .
Proof Consider first the case fo = fi = xqa. Let g € [LP°(my), LP*(m4)]p and € > 0. Then
by the definition of the interpolation space there are functions 0 < ug € LP°(myg) and 0 <

uy € LP*(my) such that |g| < up~%uf and HU'OHLPU (o) ||ulH9Lp1 (m1) < ||g||[Lp0 (mo).L71 (m)lo +e.
Note that hg := ub® € L'(mo) and hy := uf* € L'(my). Thus, |g| < h, o h“, and therefore
g < h(ilpg)phf’f = hy~*h$. Moreover we know that ||u0||Lpo(m0) ||u0°||L1 (mo) = ||ho||(Lll :1)0’; :
which implies HhOHLI(O:nU) = ||u0||;§:(m0). Similarly, thHLl(m1) = ||u1||Lm(m1). Thus, |g]P <
|ho|t=%|h1|® and

ol 1 153y < (020 208 e, + )7 (33)

which implies that |g|P € [L'(myg), L*(m1)]a, which is equal to L'([mg, m1],) in order to the

a-compatibility assumption. Moreover, by the definition of the norms and (3.3) we obtain

1 1
”g”LP([mo,ml]a) = |H9|p||£1([mo,ml]a) = |||9|p||fL1(m0),L1(m1)}a < ||9||[Lpo(m0),Lm(m1)]9 +e.
Since € > 0 was arbitrary we obtain |9/l 1o (g mi1.) < 191170 (), L1 ()]
Let us prove now the converse. Let g € L”([mg, m1]q). Then

/" € L* ([mo, m]a) = [L'(mq), L' (m1)]

The last equality follows from the a-compatibility for the measures my and m;. Let € > 0.
Then there are 0 < ug € L*(mg) and 0 < u; € L*(my) such that |g|? < ug~“uf and

||u0||L:EXmO) \|U1||%1(m1) < ng‘pll[Ll(mg),Ll(ml)]a +e. (3.4)

(1-0)p 6p 1-6 9

Thus, |g|p <y ™ wugt, and then |g| < uy™ ut. Now we define hg := uo" € LPo(myg) and
hy = ul1 € LP'(my). Clearly, |g| < hi~?hg, and moreover

1
HhOHLpO(mo) ||hpo”Ll (mo) — HuO”z?(mo)’
1

A1l oa (m1) — ||h1131||zll(ml) = ||U1||zll(m1)-



Thus, by (3.4), we obtain ||ho 350, k1], my) < NIl (2 (mo), 21 (1)) +€) 7 - Consequently,

Lro (mo)

g € [LP°(mg), LP*(m1)]e and ||g|[£ro (me),L21 (m1)]s < 191 Le (mo,m1].)- We conclude that
[LP (o), L (ma)]o = LP([mo, ma]a)-

This proves the result for fo = f1 = xq-
The general case is given from this just using Theorem 3.1; if mg and m; are a-compatible,

then fymg and fim; are also a-compatible, so we have

[LPo(fomo), LP* (fima)]y = LP ([fomo, fima],,) -

Moreover we know that [fomo, fimi]a = fo~ “f{[mo, m1]a. Therefore,

(L7 (fomo), L7 (fima)]g = LP ([forno, frmul,) = LP(fo = f1[mo, mala)-
This finishes the proof. O

The following corollary is a direct consequence of Proposition 2.6 and Theorem 3.2. Recall

that the measures fom and fym are a-compatible for every 0 < a < 1 and 0 < fo, f1 € L(m).

Corollary 3.3 Let m be a countably additive positive vector measure with values in a Kothe
function space, and consider 0 < fo, fi € L*(m). Then [LPo(fom), LP*(fim)], = LP(f3 & m),
1

< _ 1-0 6 — p0.
where 1 < pg,p1 < 00, » v T o1 and o oy

We say that a countably additive vector measure n : ¥ — X, with values in a Banach
space X, is scalarly uniformly absolutely continuous with respect to another countably additive
vector measure m : X — X if for each € > 0 there exists § > 0 such that for each 2’ € X’
and each A € ¥ the inequality |(m,2’)|(A) < ¢ yields |[(n,2')| (A) < e. Theorem 1 in [17]
and the results above provide the following interpolation formula. Note that the requirement of
equivalence of mg and m; implies that we can restrict the o-algebra to assure that the functions
fo and f; are in fact p-almost everywhere positive for a Rybakov measure p of m. Moreover,
Theorem 1 in [17] gives that the corresponding Radon—Nikoym derivatives of mg and m; with
respect to m belong to L>(u) € L'(m); furthermore the results in that paper should provide
Radon—Nikodym derivatives just belonging to L*(m).

Corollary 3.4 Let mg and my be a couple of equivalent countably additive positive vector
measures that are scalarly uniformly absolutely continuous with respect to the positive countably
additive vector measure m : ¥ — X, with values in a Kdthe function space X. Let p be a

Rybakov control measure for m. Then there are functions 0 < fo, f1 € L () such that
[LP° (mo), LP* (ma)]y = LP(fo~* f{ m),

< 1_1-6_, 6 _ Op
where 1 < pg, p1 < 00, » A and o m

Let us finish the paper by writing two direct applications of our results in interpolation
theory. The first one provides a Riesz—Thorin Theorem for spaces of p-integrable functions
with respect to a vector measure, and is a direct consequence of the properties of the complex
interpolation method (see for instance [2]). The second one provides a formula for interpolation
of injective tensor products of such spaces and is a direct consequence of the results of [18] (see
also [19]).



Corollary 3.5 Let 0 < 6 < 1 < pg,p1 < 00, and o = 219, where } = 179 4 1?1' Let

p Po
1 <qo,q1 < o0, and = ‘;19, where ; = 1(1_00 + (i. Let mg and m1 be a couple of a-compatible

vector measures, and similarly let ng and nqy be another couple of 3-compatible vector measures.
Consider an operator T : LP°(mg) + LP*(m1) — L% (ng) + L% (n1) that is also well defined
and continuous when restricted to T : LP°(mg) N LP*(my) — L%(ng) N L9 (ny). Then T :

L? (Img, m1]a) — L9 ([ng, n1]g) is well defined and continuous.

Corollary 3.6 Under the assumptions of Corollary 3.5, if all the spaces in the left hand side

of the following formula are 2-concave, then

[LP0 (mg) @ L (ng), LP* (m1)&: LT (n1) ], = LP ([mo, m1]a) @ L7 ([no, 1] p) -
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