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Abstract

We study continuity and other properties related to some kind of compactness of multiplication operators between different
spaces of pth power integrable scalar functions with respect to a vector measure.
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1. Introduction

The study of multiplication operators
Mg:feF— My (f)=¢gf€G (1)

between function spaces F and G has a very long history, mainly when the spaces F and G are spaces of continu-
ous, holomorphic or analytic functions. But there has been relatively little study of multiplication operators between
Banach measurable functions spaces. Takagi and Yokouchi [15] studied continuity and closedness of range of mul-
tiplication and composition operators between different L? spaces over a o-finite measure space. More recently
Sirotkin [13] characterizes when a multiplication operator on a Banach function space is compact-friendly, a concept
related to the problem of existence of invariant subspaces. See [1] and [2] for more information on this topic and its
relationship with multiplication operators. We consider here multiplication operators between spaces of pth power
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integrable functions with respect to a vector measure. These spaces of integrable functions provide an interesting tool
to obtain representation theorems for a large class of abstract Banach lattices. See [5,6,8].

The aim of the present paper is to describe several properties of multiplication operators (1) when F and G are
different L?-spaces of a vector measure in terms of the function g, as continuity and some others related to differents
kinds of compactness. Let us start with some notation and essential definitions about integration with respect to vector
measures.

Let m: X — X be a vector measure defined on a o -algebra of subsets X of a nonempty set £2; this will always
mean that m is countably additive on X with values in a real Banach space X. We denote by X’ its dual space, and
by X" := (X’)’. Also B1(X) denotes the unit ball of X. The semivariation of m is the set function ||m|| : ¥ — [0, 00)
defined by

[mll(A) :=sup{|(m,x")|(A): x' € Bi(X)}, AeX,

where |(m, x’)| is the total variation measure of the scalar measure (m, x") given by (m, x’)(A) := (m(A), x’), for all
A€ X. Aset A e X iscalled m-null if [|m]||(A) = 0. Let L°(m) be the space of all R-valued X -measurable functions
on §2. Two functions f, g € L%(m) are identified if they are equal m-a.e., that is, if {w € £2: f(w) # g(w)} is an
m-null set. A function f € LO(m) is called weakly integrable (with respectto m) if f € LY(|(m, x")]), forall x’ € X'.
In this case (see [14, Corollary 3]) for each A € X' there exists an element f 2 fdmeX " (called the weak integral
of f over A) suchthat ([, fdm,x')= [, fd(m,x’), forall x' € X. The space L) (m) of all (equivalence classes of)
weakly integrable functions becomes a Banach lattice when it is endowed with the natural order m-a.e., and the norm

1L oy ::sup{/|f|d|(m,x/>|; x/egl(x/)}’ felLlm).
2

We say that a weakly integrable function f is integrable (with respect to m) if the vector [ 4 fdm e X, for all
A € X (see [9,10]). The set L' (m) of all (equivalence classes of) integrable functions becomes an order continuous
closed lattice ideal of Lllv(m). In general, we have L!(m) C L}U(m). Associated with the Banach lattice L' (m) is the

integration operator I : L' (m) — X given by f — /, o f dm. The operator I is always linear and continuous.

Now, if 1 < p < 0o, we say that a measurable function f:£2 — R is weakly p-integrable (with respect to m) if
| fIP e LL)(m), and p-integrable with respect to m if | f|” € L' (m). We denote by LP (m) the space of (equivalence
classes of) p-integrable functions and by LY (m) the space of (equivalence classes of) weakly p-integrable functions.
Obviously we have L?(m) C L% (m). The natural norm for both spaces is given by

AN L2 om) ::sup{</|f|l’d|(m,x/)|>1’; x/EBl(X’)}, feLl(m).
2

We know neither L? (m) nor L%, (m) are reflexive spaces even if p > 1. See [8] for a detailed study of the relationship
between the spaces L?(m) and L% (m). In particular, the inclusion L, (m) € L'(m) holds for all p > 1. Moreover
this embedding operator is L-weakly compact (see below for the definition).

We also consider the space L°°(m) of (equivalence classes of) essentially bounded functions (modulo m-
a.e.) equipped with the supremum norm || - ||zoc(m). The inclusion L*°(m) C L'(m) holds and I llLrony <
Il £ 1l oo gmy Im I ($2), for all f in L (m).

Our references for Banach lattices are [3,11,12]. Nevertheless, let us introduce some notation and recall some basic
definitions about the classes of operators that we will consider through this paper. If E and F are Banach lattices we
denote by B(E, F) the Banach space of all linear and continuous operators from E into F. We will consider several
operator classes in B(E, F) (see [12, 3.6.9]); namely an operator T € B(E, F) is said to be in:

e S(E, F), if T(B1(E)) is approximately order bounded in F, that is, for every ¢ > 0 there exists 0 < g € F such
that T(f) € [—g, gl + eB(F), for all f € B{(E). Operators in S(E, F) are called semi-compact operators.

e L(E,F),if T(B|(E)) is L-weakly compact in F, that s, ||g,||r — O for every disjoint sequence (g,), contained
in the solid hull of 7' (B (E)). Operators in L(E, F) are called L-weakly compact operators.

e M(E, F),if |T(fy)|lF — O for all disjoint sequences ( f;;),, in B (E). Operators in M(E, F) are called M-weakly
compact operators.



Finally we denote by KX(E, F) and W(E, F) the ideals of compact and weakly compact operators, respectively. It
is known (see [12, Proposition 3.6.12]) that L(E, F) C W(E, F) and M(E, F) C W(E, F). Moreover L(E, F) C
S(E, F) and these classes coincide if F has order continuous norm (see [12, Proposition 3.6.10]).

For a given function g € L(m), we can always consider the multiplication operator

Myg: f e L(m) — My(f) =gf € L(m).

In the following sections of this work we will study multiplication operators from L?(m) to L' (m), with p > 1, in
Section 2 and also from L? (m) to L?(m), with p > 1 in Section 3. The behavior of the multiplication operator from
L' (m) into L?(m), with p > 1, is quite different and will be considered elsewhere.

2. Multiplication operators from L? into L1, with p > 1

We begin by proving some basic facts which will be used throughout what follows.
Lemma 1. If p, g > 1 are conjugated exponents, then

(A) L4(m)- LP(m)=L{,(m)-LP(m) = L9(m) - L}(m) = L' (m).
(B) L&(m)-LEm) =L} (m).

Proof. By symmetry on the exponents p and ¢, (A) can be reduced to prove L9 (m) - LP(m) = L% (m) - LP (m) =
L'(m). Since L9(m) C L% (m), we have L9(m) - LP(m) C L% (m) - L (m). Moreover, given g € LL,(m) and f
LP(m) let us see that gf € Li(m). Taking a sequence (¢,), of simple functions such that || f — @, |l Lrm) — 0, we
get gy, € Ly (m) C Ll(m), foralln =1,2,..., and using Holder’s inequality yields

Igf = gnll Lt omy = [8Cf =@ 11 (uy < NN LE I f = @nllLrm)-

Therefore, ||gf — 8‘Pn||Llw(m) — 0 and, since L!(m) is closed in LL}(m) we conclude that gf € L'(m). Finally, if
f e L'(m), then

F=sign(f)| £l =sign(£)If]7 - |fI7 = (sign(£)£17) - |f]7.

1 1
with (sign(f)|f]9) € L9(m) and | f|? € LP (m).
The proof of (B) is immediate. O

For conjugated exponents p,g > 1 and g € Li,(m), Lemma 1 guarantees that the multiplication operator
Mg :LP(m) — L'(m) is well-defined. Moreover, if g € L9(m), then the multiplication operator M, : Lhm) —
L1(m) is also well-defined. In fact, both these operators are continuous:

Lemma 2. If p, g > 1 are conjugated exponents and g € L1(m), then

1) My € B(LY(m), L' (m)).
2) Mg € B(LP(m), L'(m)).

In both cases, the norm of the operator My coincides with ||g||La (n)-

Proof. Part 2) follows directly from part 1) taking into account the continuity of the inclusion L (m) C LY m).

Let us prove part 1) by the Closed Graph Theorem. Assume that (f,,), C L%, (m) is a sequence such that f, — f
in LY (m), and My(fu) =8fn — h in L'(m). Using a Rybakov control measure [7, Theorem IX.2.2] for m and
replacing the sequences by subsequences if necessary, we can certainly assume that f, — f and gf, — h pointwise
m-a.e. Thus, we have gf, — gf pointwise m-a.e. and hence i = gf. This proves that the graph of M, is closed and
so My € B(LL,(m), L' (m)).

Moreover, |Mg ()l L1 < ||f||L5(m)||g||Lq(m) for all f € L} (m), by Holder’s inequality and, if we consider the

-1
function A := 'gqu/,, , then it is easy to show that h € L?(m) C L% (m) and Mg (M)l L1y = IgllLa(m)- Therefore

eIy
IMcll = lIgllLagmy. O




We will also need the following lemma. Its proof can be found in [8].

Lemma 3. Let ¢ > 1 and (gy), be a norm bounded, positive, increasing sequence in LY, (m). Then g := sup, g, exists
and g € LI (m).

Theorem 4. Let p, q > 1 be conjugated exponents and let g € L°(m). The following conditions are equivalent:

1) g€ L(m).

2) Mgy € B(LP(m), L'(m)).
3) Mg € B(LP(m), L} (m)).
4) My € B(LY (m), LL (m)).

Moreover, in such a case, the norm of the operator My coincides with |81l -

Proof. Let us consider the measurable sets A, := {w € £2: |g(w)| < n} and the bounded functions 0 < g, :=|g|xa,,,
forall n=1,2,....Itis clear that g, € L9(m) C L% (m), g, 1 |g| pointwise m-a.e., |g| = sup,, g» and, by Lemma 2,
lgnllLam) = IMg, ||, foralln =1,2,....

The proof of 1) = 2) is analogous to the one of Lemma 2. Let us see the implication 2) = 1). If f € L?(m),
then g, f € L'(m), and by hypothesis 2), |g| f € L'(m). Moreover, g, f — |g|f pointwise m-a.e. and, since L' (m)
has order continuous norm, it follows that g, f — |g|f in L'(m), that is, Mg, (f) = Mg (f) in L(m). Therefore,
the Banach—Steinhaus Theorem guarantees that sup,, || g, || L4 (n) = sup,, || Mg, || < oo, and hence, Lemma 3 gives |g| €
L (m), thatis, g € LY (m).

The implication 1) = 4) follows from part (B) of Lemma 1 and the Closed Graph Theorem, and 4) = 3) is evident.
We now pass to prove 3) = 1). Given f € LP(m) andn=1,2,..., we have

Therefore, || My, || < ||Mg]|, foralln =1, 2,..., and hence

sup [l gn L m) = sup | My, || < oo.
n n

Applying Lemma 3, we conclude that |g| € L% (m), thatis, g € L%, (m).
Let us see now that | M|l = [Igll .4 - On the one hand, from Holder’s inequality we have || Mg (f)llz1(n) <

181 29 oy | FllLrGmys for all f € LP(m), and hence || M|l < gl () On the other hand, since Ly, (m) has the Fa-
tou property [6, Proposition 1] it follows that [|gll g ;) = sup, lgnllzaen) = sup, |Mg, | < [IM]l. Thus, |M|l =
ligllza (y as claimed. O

Theorem 5. Let p, g > 1 be conjugated exponents and let g € L°(m). The following conditions are equivalent:

1) g€ L9(m).
2) Mg € B(LY(m), L' (m)).

Proof. 1) = 2). This is proved in Lemma 2.
2) = 1). Since the inclusion L?(m) C L% (m) is continuous, the last theorem gives g € L¥ (m). Let us see that,

in fact, g € L9(m). Since g € L% (m) we have |g|? € L% (m), and hence Mq(|g|?) = g|g|? € L'(m). Therefore,
q q
lgllgl? € L'(m), but |g||g|? = |g|?. Thus, we conclude that g € LI (m). O

Remark 6. It is clear that it is not possible to add any other (equivalent) continuity condition in the last theorem.
A glance to Theorems 4 and 5 makes evident that the continuity of the multiplication operator possesses some kind
of asymmetry with respect to the domains of definition. However, this asymmetry disappears when we study compact
conditions instead of continuity conditions on the multiplication operator, as we next see.



Theorem 7. Let p, g > 1 be conjugated exponents and let g € L°(m). The following conditions are equivalent:

1) g€ Li(m). 10) Mg € M(LP(m), L} (m)).
2) My € B(LY (m), L' (m)). 11) Mgy € W(LL, (m), L (m)).
3) My e L(LY(m), L' (m)). 12) Mg € W(LP (m), L' (m)).
4) Mg e L(LP(m), L' (m)). 13) My € W(LL, (m), LY (m)).
5) My € L(LL(m), L (m)). 14) Mg € W(LP (m), L} (m)).
6) Mg € L(LP(m), L) (m)). 15) Mg € 8(LY,(m), L (m)).
7) My € M(LY (m), L' (m)). 16) M, € (L (m), L' (m)).
8) M, € M(LP(m), L' (m)). 17) Mg € S8(LL(m), L (m)).

9) My e M(LY(m), LY (m)).  18) Mg € S(L?(m), L} (m)).

Proof. The equivalence 1) < 2) is just Theorem 5 and the implication 3) = 2) is evident.

1) = 3). We already know that M, € B(LL (m), L' (m)) so we only need to show that Mg(Bl(Lﬁ(m))) is an
L-weakly compact set in LY(m). Since M ¢(B1 (LY (m))) is norm-bounded and solid in L' (m) it is sufficient to prove
that ||h,1||L1(m) — 0 for every disjoint sequence (h,), € Mg (B (L% (m))). Let us consider the disjoint measurable
sets A, :={w € £2: h,(w) #0}, forn=1,2,.... Thus, h, = My(f,) = gfn = 8fn XA, = 8Xa, Jn for some sequence
(fun S By (LY (m)). From Holder’s inequality we deduce that ||hn||L1(m) = ||Mg(fn)||L1(m) = ||gXAnfn||Ll(m) <
g xa, lLamy 1fnll 2 oy < 18X A, L2 Gm), UL I8 XA, ILd (M) — O since (g x4, )n is an order bounded disjoint sequence
in L9(m) and the space L4 (m) is order continuous.

3) = 4). The inclusion L?(m) € L% (m) is continuous and the composition of a continuous operator (to the right)
with an L-weakly compact operator (to the left) is an L-weakly compact operator.

Implications 5) = 6), 11) = 12), 13) = 14) and 17) = 18) follow by the same argument.

4) = 1). In particular, 4) implies that M, € B(L” (m), L'(m)) and thus Theorem 4 yields g € LY (m). To prove

that g € L9(m), let us consider the measurable sets Ay :={w € £2: k —1 < |g(w)| <k}, for k=1,2,..., and
let us denote by B, the set Uzzl Ay, for all n =1,2,.... Note that (Ay)x is a disjoint sequence of measurable
sets and g, := |glxB, 1 |g| pointwise m-a.e. It is sufficient to show that (g,), is a Cauchy sequence in L9 (m).
Suppose, contrary to our claim, that there exist ¢ > 0 and two increasing sequences (nx)x and (my)x in N, with
mp<np<mp<np<---<mg<ng<---,suchthat ||g,, — gm,llLeom) =¢,forallk=1,2,.... Letus consider the
—1
disjoint measurable sets Cy := U;’imkﬂ A;, and the disjoint measurable functions f; := H li,‘:/p xc fork=1,2,....
L9 )

On the one hand, since g,, — gm, = |g|xc,, we obtain

lgxcillLagm >&, k=1,2,.... (2)
On the other hand, since ¢ = p(qg — 1), it follows that | f¢|? = Hg|||§‘: xc, and hence || f|lLrm) < 1, thatis, (fi)x is

L3y om)

in the unit ball of L” (m). By hypothesis we deduce that || M ( fx) ||L1(m) — 0, but

gt L g7
My (fi) = gfk =8 ——F— xc, =sign(g) —5—xc.»
P P
181 g oy 181 g

q
and hence [[1g1%xc, l1ny = 1811 ) 1Me ()11 - Therefore,

1 1
lgxcillaom =181} o | Me(F |1y = ©-
contrary to (2).
3) = 5). It is obvious, since L!(m) C Llu(m) with coinciding norms.
Implications 11) = 13), 15) = 17) and 16) = 18) follow by the same reasoning.
6) = 4). If My, € L(LP(m), L} (m)), then, in particular, we have M, € B(LP(m), L} (m)). Theorem 4 implies
M, € B(LP(m), L'(m)) and hence My (LP (m)) C L' (m) which gives M, € L(LP (m), L' (m)).



Implications 14) = 12) and 18) = 16) can be deduced by the same arguments.

=TI (fun S By (L5 (m)) is a disjoint sequence, then so is (gfy)n S Mg (B (LY (m))), and consequently
Mg (fi)ll 1y = O-

7) = 3). Let G :={w € £2: g(w) # 0} be the support of g. If (gf,)» is a disjoint sequence in Mg(Bl(Lﬁ(m))),
with (f,)n € By (LY (m)), then (xc fn)n 1s a disjoint sequence in B (LY (m)). Moreover, Me(xG fn) =8XG n =8

and hence, by hypothesis we deduce that | g f;, ||L1(m) =M, (Xan)”Ll(m) — 0.
The same arguments used to prove equivalence 3) < 7) apply to the equivalences 4) < 8), 5) < 9), and 6) < 10).
3) = 11). Every L-weakly compact operator is weakly compact.
11) = 2). Every weakly compact operator is continuous.
12) = 1). If My e W(LP (m), L' (m)), then, in particular, we have M, € B(LP(m), L'(m)) and hence Theorem 4
yields g € L (m). To see that, in fact, g € L1(m), let us define the measurable sets

Ap={we2: k—1<|gw)|’ <k}, k=1,2,...,

and the sequence (S;,), given by

50 .—Z/|g|qozm Z/|g|mkdm /ngkdm /|g|2|g|q g dim. 3)

k=14,

Writing f, :=sign(g) >y_, 181 ' xa,, we have S, = [, gfudm, forn=1,2,..., thatis, S, = I o My(f,), where
I is the integration operator

I:hel'(m)— I(h) :=/hdmeX.
2
The continuity of the integration operator and the weak compactness of multiplication operator guarantee that
I oMy eW(LP(m), X). Since | f|” < |g|?, it is easy to check that inequality || f|lzrm) < ||g||Lq( ) holds, that

is, the sequence ( f;,), is included in a multiple of By(L”(m)) and hence (S,), is contained in a relatively weakly
compact subset of X. Therefore, there exists a subsequence (S, )x which is weakly convergent to some xo in X.
In addition, from (3) we deduce that, for every x’ € X',

(S, x") < /|g|qdm x> /|g|qdm x') —>Z/|g|qdm x')

k= lA _lA k= lA

Z/Igl"d(m,x/)=</ Iglqdm,x/>
2 e

and hence (S,), converges in the weak* topology of X" to [, g|?dm € X". Since the weak* topology of X" coin-
cides in X with the weak topology of X, we conclude that |, o l8l9dm=xp € X.

Given any measurable set A, we now apply the above argument again, with g replaced by gyxa, to obtain
fA |g|?dm € X, for all A € X. Thus, we have proved that |g|? € L(m), that is, g € L9(m), as claimed.

Finally, since semi-compact operators and L-weakly compact operators coincide when the final space has order
continuous norm, we obtain the equivalences 3) < 15), and 4) < 16). O

3. Multiplication operators from L? into L?, with p > 1
Theorem 8. Let g € L°(m), the following assertions are equivalent.

1) g € L®(m).

2) Mg € B(LP(m), LP(m)), forall p > 1

3) My € B(LP(m), L?(m)), for some p > 1.
4) Mg € B(LY,(m), LY (m)), forall p > 1.



5) M, e B(LL (m), L (m)), for some p > 1.
6) My € B(LP(m), LY (m)), forall p > 1.
7) Mg € B(LP(m), LY (m)), for some p > 1.

Moreover, in case of equivalence, we have || Mg || = ||g |l Lo (m)-

Proof. 1) = 2).If p > 1, it is well known that L°°(m) - L? (m) € L (m), and the operator My is well-defined. The
Closed Graph Theorem assures that M, is continuous. Moreover, the following inequality holds || Mg (f)|lLrm) <
gl oy IL.f 1y for all £ in LP (m).

2) = 3). Itis obvious.

3) = 1). Let g be in LO(m) and suppose that Mg € B(LP(m), LP(m)) for some p > 1, thus |M,| < co. We
shall prove that |g| < || M,|| m-a.e. Thus we will obtain that g € L°°(m) and also the inequality [|gl|z00m) < | Ml
It suffices to prove that, if € > 0, then the set A, :={w € £2: |g(w)| > [| M| + €}, is m-null, that is, ||m|[(A;) = 0.
To this end we consider the increasing sequence (to §2) of measurable sets A, := {w € £2: |g(w)| < n}, for all
n=1,2,..., and the sequence of bounded functions f, :=sign(g)xa,na,, forn=1,2,.... Note that || f; || Lrm) =

1
(lml]l(A, M Ag)) 7. By the continuity of the operator M, we deduce that

1
| Mg (£l Loy < 1M NI (ImII(A, N AD) P, n=1,2,.... “4)

On the other hand we have that Mg (f,,) = |g|xa,na, and in this way we have

1
[ = (s00] [ 161720, a2 ' € Brcx) )
2

1
>(sup{ / (||Mg||+8)pd|(m,x’)|:x/eBl(X/)})]

ApNAg
1
= (IMgll + &) (sup{ | {m, x")|(An N Ap): X" € BI(XD})?
1
= (IMgll + ) (Imll(An N Ag)) 7. ()
From (4) and (5) we obtain that
1 1
(IMg ] + &) (Iml (A N AD)? < IMg Il (Imll(An N Ap)) 7, (6)
foralln=1,2,.... Since ||m| (A, N Ag) — |[m|(As), taking limit when n tends to infinity in the inequality (6) we
obtain
1 1
(IMgll + &) (Imll(Ae)) ? < IMglI(Imll(Ae)) 7. (7

But the inequality (7) only holds whenever ||m|(A;) = 0, as we wanted to prove.
The equivalences 1) < 4) < 5), and 1) < 6) < 7) can be established in a similar way. O

Remark 9. Note that if g € L%(m) and p > 1 are such that M, belongs to B(L?(m), L% (m)), then g € L% (m) and
this implies that M, belongs actually to B(L” (m), L? (m)).

In the sequel we will study which conditions assure that the multiplication operator Mg:Lﬁ(m) — LP(m) is
continuous. As we may see, these conditions will be, as in Theorem 7, equivalent to the weak compactness of the
operator M,, considered between different spaces of functions L” (m) and LY (m), for p > 1. To this end we will
use the following general construction. For a fixed set G € X' we consider the measurable space (G, Xg), where
Yg:={A € X: AC G}, and the vector measure mg:A € Xg — mg(A) :=m(A) € X.

Consider the space of measurable functions L%(m¢), the extension map,

& f e Lmg) — E(f) € LO(m),



defined by E6(f) = f in G and E(f) =01n £2 \ G, and the restriction map,
Rg: f e Lm) — Ra(f) € L(mg),
defined by R (f) = f. It is not difficult to establish the following properties:

(P1) E6(RG(f)) = xc f. forall f € L(m).

(P2) Rg(Eg(f)) = f, forall f e L%(mg).

(P3) Ra(g-Ec(f) =Rg(g) - f. forall g € L%(m) and f € LO(m).

(P4) EG € B(LP(mg), LP(m)), forall p > 1, and [|Eg()lLrem) = I flLrme), for all f € LP (mg).

(P5) R € B(LP(m), LP(mg)), forall p > 1, and R ()ILramg) = X6 fllLeany < 1 fllLrm), forall f e LP (m).

Note that L?(m¢g) can be identified with the band in L” () which contains the functions that are null outside the
set G. We can also replace the spaces L” by L%, in properties (P4)—(P5).

Theorem 10. Let p > 1. For a function g € Lo(m), we denote by G, :={w € £2: |g(w)| > %},for alln=1,2,....
The following assertions are equivalent:

1) g€ L*®(@m) and Lg,(mGn) =LP(mg,), foralln=1,2,....
2) My € B(LY(m), LP (m)).

Proof. Suppose that M, € B(L},(m), LP (m)). Particularly, M, belongs to B(L%,(m), L%, (m)) and by Theorem 8 we
know that g is in L°°(m). Note that i := m € L*(mg,) since the inequality [Rg, (g)| > % holds, and thus

My € B(LP(mg,), L? (mg,)). Now we must prove that L{f,(m(;n) C L?(mg,). We claim that the composition
& R
L2 (mg,) <25 L2 (m) 255 1P (m) 225 LP(mg,) 225 LP(mg,)
is simply the inclusion map. Indeed, if f € L}, (m¢,) we have that
MyRG,M&q, () = MyRa, (g6, (f)) = MR, (8) f = f.

Conversely, we suppose now that conditions in 1) hold. By Theorem 8 we have that M, € B(LEL (m), LY (m)). Con-
sider now the sequence (Mg, ), of multiplication operators. We claim that My, belongs to B(LE (m), LP (m)),
foreachn =1,2, .... Indeed, according to the hypothesis 1) we have that the composition

M R E
LP (m) = LP (m) —> LP (mg,) = LP(mg,) —=> LP (m)

is a continuous operator. But, bearing in mind the property (P1), we get £, R, M (f) =&, R, (8f) =8f xG, =
Mgy, (f), foreach f € LP (m).
We consider now the set G := {w € £2: g(w) # 0} and denote by C,, := G\ G, foralln =1, 2, .... Then we have

Mg — Mgy, |52 ). L2 my) = 1Mexc, | B@Lm). L7 (m))
=sup{llgxc, Fll oy 1F1L0 g <1}

1
<llgxe, lLem) < e 0.

Therefore M, is the uniform limit in B(LY,(m), L}, (m)) of the operators Mgy, € B(LY,(m), LP(m)). Since L (m)
is closed in L% (m) we conclude that M, belongs to B(LL(m), LP(m)). O

Remark 11. In general the hypothesis 1) of the previous theorem cannot be relaxed by L? (mg) = LY (mg), even
when the measure m is atomless. Let us consider a sequence of finite atomless positive scalar measure spaces
(£2,, X, up) such that (u,($2,),) € co, the space of null-sequences, and denote by Lz(un) the corresponding
space of square integrable functions. Also consider the co-sum of the spaces (L?(u,)),, that is, the Banach lattice

E:=L*u)®L*(u) & - ‘)¢, of all the sequences of functions (f,), satisfying that (|| full12(,,))n € co With the



norm [|(fu)nll := I1(ll fall 24, ))nllco- This norm is order continuous and (xg,)» is @ weak order unit in the ¢o-sum E.
Define the measurable space (£2, X'), where §2 := |_|n>1 £2,, and

Y ={AC2: AN,eX,, n=1,2,...}.

The function m: A € ¥ — m(A) € E, given by m(A) := (xang,)n, defines a countably additive positive vector
measure such that L' (m) = E. In fact, the elements of this space L' (m) are (equivalence classes modulo m-a.e. of)
functions f:$2 — R such that (|| fx, | 12(,,))n € co- Similarly the space L}U(m) consists of (equivalence classes
modulo m-a.e. of) functions f:$2 — R such that (|| f x«, [l .2(,,))n € oo, the space of bounded sequences. From
here, we can get for all p > 1 that

L?my={f e L°m): (I f xe, 120 (u,)), € 0} and
LI m) ={f € LO0m): (I1f x2u 20 () € Coo)-

Moreover, it is not difficult to see that
€L
2 2”
1122 =sup{(/|f| Pdun) Dn= 1,2,...}, feLhm).
2n

Now consider the function g := ZZO:I % X2, € L®(m). Thus it is clear that for this function, G = §2, and so

LP(mg) = LP(m) # L% (m) = L% (mg). But the operator M, € B(LL (m), LP(m)), for all p > 1, as we can see
easily.

In the proof of the following theorem, where we characterize the weak compactness of the operator M, defined
between different spaces L”(m) and L} (m), the reflexivity of the spaces L”(m¢,) will play an important role. If
p > 1, it is well known that L”(m) is reflexive if and only if L%, (m) is reflexive, and that happens if and only if
LP(m) = L% (m). See [8, Corollary 3.10]. For p = 1 these equivalences are not true, but it remains true the equality
L}U(m) = LY(m), if L' (m) is reflexive. See the proof of the implication (e) = (f) in the cited corollary.

Theorem 12. Let p > 1. For a function g in L°(m), we denote by G, := {w € 2: |g(w)| > %},for alln=1,2,....
The following assertions are equivalent:

1) g€ L®(m) and LP (mg,) is reflexive foralln = 1,2, ....
2) My € W(LE, (m), LP (m)).
3) My € W(LY, (m), LY, (m)).
4) Mg € W(LP(m), LY (m)).
5) My € W(LP(m), LP(m)).

If p > 1, these conditions are also equivalent to
6) M, € B(LY,(m), LP (m)).

Proof. 1) = 2). Since g € L*°(m), by Theorem 8 we have that M, € B(LY, (m), LY (m)). Consider now the sequence
(Mg, )n of multiplication operators defined in L5 (m). For each n = 1,2, ..., we claim that Mgy, belongs to

W(LL (m), L? (m)). Indeed, note that the composition
M R E
LP(m) = LP (m) =% LP (mg,) = LP(mg,) —= L (m)

is a weakly compact operator, because L?(mg,) is reflexive and, particularly, Lﬁ,(m(;n) = LP(mg,). But, for each
f € LY (m), having in mind the property (P1), we have that €6, R6,Mg(f) =E6,Ra,(8f) =8f xG, = Mgyg, (f)-
Let us consider now the set G := {w € £2: g(w) # 0} and denote C,, := G \ G, foralln =1, 2, .... Thus we have



IMg — Mgy, 5Lt om).50my) = 1Mexc, 15 L8 omy. L8 o))
= Sup{”gXC,,f”L{u(m) ”f”Lf,))(m) < }

1
<llgxe, leem < = — 0.

Therefore M, is the uniform limit in B(LL (m), LL (m)) of the operators M ¢xc, Which belong to W(LE (m), L? (m)).
Since L?(m) is closed in L, (m) we conclude that M, € W(LE (m), LP (m)).

The implications 2) = 3), and 3) = 4) are evident.

4) =5).If Mg e W(LP (m), L% (m)), then Mg € B(LP(m), L% (m)) and by Theorem 8 we obtain that g € L™ (m).
Therefore, My (L?(m)) € LP(m) and My, € W(L?(m), L? (m)).

5)= 1. If My, e W(LP(m), L? (m)), then in particular we have M, € B(L?(m), L?(m)) and by Theorem 8
we know that g € Loo(m) Note that & := Ro @ (g) € L®(mg,) since the inequality |Rg, (g)| > % holds, and hence
M), € B(L?(mg,), L?(mg,)). We shall now prove that the identity operator in L?(mg,) is weakly compact and
therefore L” (m¢,) would be reflexive. Note that the composition

& M R
LP(mg,) —2> LP(m) =5 LP(m) —2 LP(mg,) 2% LP(mg,)
is weakly compact. But, for each f € L”(m¢,) we have that

MR, MyEc,(f) =MiRa, (886, (f)) = MiRa, Q) f = f-

If p > 1, the equivalence 1) < 6) is just Theorem 10, having in mind that L?(mg,) is reflexive if and only if
LP(mg,) = Ly(mg,). O

Remark 13. As we noted in the Remark 11, in general, the hypothesis of the reflexivity of L?(mg,), for all n =
1,2,..., of the previous theorem cannot be replaced by the reflexivity of L”(mg), even when the measure m is
atomless.

Corollary 14. Let m be an atomless vector measure with o -finite variation. Let g € L°(m) such that the operator
Mg € W(LY(m), L' (m)). Then g = 0.

Proof. It is sufficient to prove that ||m||(G) = 0 where G is the set {w € £2: g(w) # 0}. Suppose, on the contrary, that
|lm||(G) > 0. Then there is some n > 1 such that ||m||(G,) > 0, where G,, :={w € £2: |g(w)| > %}. By the previous
theorem we have that L' (m G,) is reflexive. On the other hand, it is easy to prove that m, is also an atomless vector
measure with o-finite variation. By the remark after [4, Theorem 4] we conclude that Li(m G,) 1s not reflexive. This
contradiction establishes the result. O

Remark 15. (1) From the equivalences of Theorem 12 it follows that Corollary 14 remains valid if we consider
multiplication operators in W(L'(m), L} (m)), W(L} (m), L' (m)) or in W(L} (m), L}, (m)).

(2) In general, as we will show in the following examples, it is not possible to obtain a similar result to the previous
corollary neither for p > 1, nor for vector measures m with no o -finite variation.

(E1) The vector measure m, defined on the o -algebra of the Borel subsets of [0, 1], by m(A) := x4 € LZ[O, 1], has
no o -finite variation. It is well known that L (m) = L}U(m) = L2[0, 1] and every function in L°°[0, 1] defines a
weakly compact multiplication operator.

(E2) If m is the Lebesgue measure on the interval [0, 1] we have that L? (m) = LY (m) =LP[0, 1], for all p =1, and
again, every function in L°°[0, 1] defines a weakly compact multiplication operator whenever p > 1.

The characterization of the compactness of the multiplication operator is similar to that obtained for the weak
compactness in Theorem 12.

Theorem 16. Fix p > 1 and let g be a function in Lo(m) we denote by G, .= {w € 2: |g(w)| > }, forall n =
1,2,.... The following assertions are equivalent:



1) g € L*®(m) and dim(L?(mg,)) < oo, foralln=1,2,....
2) My e K(LY)(m), LP (m)).
3) My € K(LY,(m), LY (m)).
4) Mg € X(LP(m), LY, (m)).
5) My € X(LP(m), L (m)).

Furthermore, in this case, the following sets {*ngdm: A e X}, {ngdm: A e X} and m(Xg) =

1
(llm|I(A) P
{m(A): Ae X, A C G} are relatively compact in X.

Proof. The proof of the equivalences 1)-5) follows the lines of the those of Theorem 12.
In order to prove the last statement we must have in mind that, whenever the equivalence is true, the composition
of the multiplication operator M, with the integration operator, that is, Jg : f € L” (m) — Jo(f) := [, o&fdmeXis
1

a compact operator, therefore the set J, (B (L” (m))) is relatively compact in X. Since || xallL» oy = (|lm||(A)) 7, for
all A € ¥; itis easy to prove that

{71/gdm: Ace Z‘} CJg(Bi(LP(m))) and
(lmll(A))»

A

{fgdm: Ae 2} < (Im1(22)) 7T (B1 (LP (m))).

To finish, we shall prove that the set m(X) is relatively compact in X. To this end, for each n = 1,2,..., let us
consider the following decomposition:
m(A)=m(AﬁG,,)+m(Aﬂ(G\Gn)), AeXg. ®)

Note that, since || xanG, |l Lr(mg,) = (Im{I[(AN G,,))% < (||m||(G))%, we get that the set {xang,: A € X} is bounded
in L?(mg, ). Since the integration map 7 : L” (m¢,) — X is continuous and dim(L” (mg,)) < oo, we conclude that
{m(ANG,): Ae Xg} is relatively compact in X forall n =1, 2, .... On the other hand, since xg, = x¢ in Li(m)
it follows that [|m||(G \ G,) — 0. Therefore, for a fixed ¢ > 0, there is some ng such that |m|(G \ G,,) < ¢. Thus,
by (8) we obtain that m(Xg) € {m(A N Gpy): A € X} + ¢B1(X) and, consequently, m(X) is relatively compact
inX. 0O
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