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Scalar fields with an energy density dominated by its kinetic part may have played a relevant role in the very
early stages of the Universe. Compared to the standard inflationary paradigm, they may lead to modifications
in observable quantities, e.g., the anisotropies found in the cosmic microwave background. Kinetically
dominated regimes arise in classical fast-roll scenarios as well as in quantum bouncing cosmologies. For
instance, kinetic dominance is typical in interesting preinflationary phases of loop quantum cosmology. In this
work, we analyze the leading-order effects that the presence of a scalar field potential causes on the primordial
cosmological perturbations in these kinetically dominated epochs. These effects can be grouped in two sets,
namely, those that affect the effective mass of the perturbations and those that affect the choice of their vacuum
state. The effective mass is modified directly by terms that include the potential, but also indirectly by the
change in the background dynamics and the relation between the parameterization of these dynamics and the
conformal time, usually employed to describe the evolution of the perturbations. On the other hand, away from
de Sitter inflation, the Bunch-Davies state is no longer the most natural vacuum at all scales. Recent proposals
suggest to modify it by carrying out certain Hamiltonian diagonalization with a suitable asymptotic behavior at
largewave number scales. Both this diagonalization condition and the imposed asymptotic behavior depend on
the effective mass of the perturbations, and therefore the selected vacuum state varies in the presence of the
scalar field potential.
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I. INTRODUCTION

The level of precision that we have reached in cosmo-
logical observations has opened a new era in which we can
falsify the predictions of the standard cosmological model
[1], which includes a sufficiently large epoch of slow-roll
inflation and a Gaussian distribution of perturbative
inhomogeneities that can be explained by assigning to
them a vacuum identified with the Bunch-Davies state [2].
This standard model has proven extremely successful.
Nonetheless, some observations have raised the possibil-
ity that there may exist tensions with the theory [3–6].
For instance, the observations of the cosmic microwave
background (CMB) reported by WMAP and the Planck
mission [7–9] indicate a lack of power at large angular
scales (for multipoles with number l around and below
30). Another example is the lensing amplitude associated
with the gravitational lensing experienced by the CMB

radiation in their propagation from the surface of last
scattering [10]. Although, individually, the statistical
significance of these observational anomalies is small,
their combination points toward the exceptionality of the
observed Universe unless we alleviate the tension with
some new physics, beyond the otherwise successful
standard inflationary paradigm.
Considerable attention has recently been paid to possible

solutions to this tension, in particular to the anomalous lack
of power in the CMB, within the framework of classical
general relativity for spatially flat cosmological models
[11–23]. A solution to this problem could come from the
realization that preinflationary cosmological stages can
leave a trace in the observable Universe (see, e.g., [24]),
for instance if the slow-roll period is not too large, although
sufficiently long to avoid conflicts with the observational
constraints on the number of e-folds [25–27]. The simplest
situation with this behavior is found in models with a single
scalar field in which the short slow-roll period is preceded
by an epoch in which the energy density of the scalar field
is dominated by its kinetic part, experiencing what has been
called a fast-roll inflation [11,14,15,23]. The onset of
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inflation, shortly before slow-roll conditions hold in this
class of models, typically introduces an infrared scale from
which one may observe traces of fast-roll inflation on the
primordial power spectrum [28].
Another possibility to alleviate the tensions comes from

quantum cosmology, i.e., the description of the cosmological
evolution according to quantum principles [29,30]. In quan-
tum cosmological models, the preinflationary history of the
Universe can be modified by quantum gravity phenomena as
one approaches the big bang, in some circumstances provid-
ing even a bouncing mechanism that avoids this singularity.
This is the case, for instance, when one studies certain
physical states for the background in loop quantum cosmo-
logy (LQC) [31–33]. LQC is a quantum description of
cosmological spacetimes [30,34–36] constructed by applying
the techniques of nonperturbative loop quantum gravity
[37,38]. In LQC, there exist certain families of Gaussian
states that are peaked around trajectories on phase space that
never reach the cosmological singularity [30,39,40]. When
the energy density of the scalar field is large, these trajectories
deviate from those of Einsteinian cosmology. In this depar-
ture from general relativity, they experience large quantum
geometry effects. These quantum preinflationary phenomena
may affect the CMB power spectrum [4–6,41–52] if the
energy density of the scalar field is kinetically dominated in
those epochs [53].
Through the consideration of these families of states, it

has been argued that the loop quantization favors a
sufficient amount of slow-roll inflation [54–56]. This
prediction depends on assumptions about the probability
measure on the space of initial data. Actually, with some
proposals about this measure, it is claimed that the most
probable scenario is that the scalar field is in a kinetically
dominated regime at the bounce [55]. For the purposes of
our investigations, the viewpoint that we adopt here is a bit
more pragmatic, in the sense that we are interested in peak
trajectories of phenomenological interest. Namely, they
must be compatible with the CMB observations (in what
respects the amplitude and the spectral index of the scalar
power spectrum) and the contraints on the number of
e-folds during inflation, while displaying quantum geom-
etry effects in the window of wavelength scales that can be
observed today. For this class of trajectories, indeed, the
energy of the scalar field at the bounce happens to be highly
dominated by its kinetic contribution [53].
A similar situation, with kinetically dominated regimes

that can leave traces in the CMB power spectrum, could be
found in other quantum bouncing cosmological models, not
necessarily within the context of LQC. A general framework,
that allows for more general quantizations of the cosmologi-
cal background than a loop quantization, is provided by the
so-called hybrid quantum cosmology formalism. The hybrid
quantization strategy combines such a quantum description
of the background with a Fock description of its gauge
invariant perturbations. The background quantization should

include the construction of a space of states1 and an inner
product over the background geometry. At least within this
hybrid quantization, it is possible to show that the scalar
perturbations, eventually responsible for the temperature
anisotropies of the CMB and that are usually described in
terms of the Mukhanov-Sasaki (MS) field [57–59] (which is
perturbatively gauge invariant), satisfy similar evolution
equations in conformal time as in general relativity, except
for the modification of the effective-mass term that appears in
those equations [60]. In hybrid quantum cosmology, this
mass is given by the ratio of the expectation values of two
geometric operators, on the state that determines the quantum
background. These expectation values are defined with the
aforementioned inner product over the geometry. The quan-
tummodifications of the effective mass affect the propagation
of the primordial perturbations, making it possible that there
appear changes in the primordial power spectrum if inflation
is short lived. In particular, the quantization of the back-
ground cosmology typically introduces a scale of Planck
order in the system, from which imprints of quantum
cosmology phenomena may appear on this spectrum [28,53].
It is worth commenting that MS equations for the scalar

perturbations with an effective mass modified by quantum
geometry effects appear as well in other formalisms of
quantum cosmology, like another approach to LQC called
the dressed-metric formalism [42].2 In this case, the back-
ground also presents an epoch of kinetic dominance, and
the effective mass of the perturbations is given again in
terms of a quantum expectation value, but different from the
ratio of expectation values of the hybrid approach.
A preliminary study of the dependence of the modified

MS dynamics on the scalar field potential, when it is small,
was carried out in Ref. [67]. Nonetheless, apart from being
restricted to the hybrid LQC case, this study is incomplete at
least in two aspects. First, any of the considered expectation
values is subject to the quantum dynamics of the cosmo-
logical background, which is usually described in terms of
an internal degree of freedom. On the other hand, the MS
equations for the perturbations are parameterized in con-
formal time. The relation between this time and the internal
variable used in the background evolution is also affected by
the presence of a potential with respect to the situation with a
free scalar field. This important point was not considered
in Ref. [67].
Moreover, even if we have specific MS equations at our

disposal to dictate the propagation of the scalar perturba-
tions, their evolution cannot be integrated unless we fix

1In general, these states are nonphysical inasmuch as they still
have to satisfy quantum constraints. One usually refers to this
space of states as the kinematic (Hilbert) space.

2Certainly, there exist quantum cosmology formalisms in
which the quantum corrections to the MS equations cannot be
reduced to a modification of the effective mass (see, e.g., the so-
called deformed constraint algebra approach [61–66]), which
escape from the scheme that we consider in this work.
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some initial conditions for them. These initial conditions
are usually interpreted as the choice of a vacuum state for
the perturbations. In a standard slow-roll inflation that lasts
long enough, so that the window of observable scales in the
CMB exited the cosmological horizon only well inside the
slow-roll regime, the relevant part of the evolution can be
approximately described as a de Sitter phase (with small
corrections), and in this sense it is natural to adopt initial
conditions that correspond to the choice of a Bunch-Davies
state for the perturbations [2]. Nonetheless, in scenarios
of fast-roll inflation, for instance in general relativity or
following quantum bounces, or more generically away
from genuine slow-roll schemes, the adoption of a Bunch-
Davies vacuum is no longer justified for scales that can be
affected by the new physics, compared with the standard
model. The vacuum state should be optimally adapted to
the new background dynamics, which is not close to de
Sitter anymore.
Several proposals have been put forward to select a state

with those properties [48,68–70]. Among them, it has been
recently suggested that the choice of a set of positive
frequency solutions, that determines the vacuum state, should
come from a process of diagonalization of the contribution of
the perturbations to the Hamiltonian of the cosmological
system, which involves an extension from the asymptotic
sector of modes with infinitely large wave number [71,72].
This diagonalization provides quantum excitations of positive
frequency that do not interact (at least asymptotically) when
the background dependence of the system is conveniently
taken into account, and in this sense it is natural to consider
the associated solutions as a natural set to define a vacuum. In
addition, it has been shown that this vacuum reproduces the
Bunch-Davies one in de Sitter [71] and that, in phenomeno-
logically interesting situations, one can relate it with other
proposals to choose a state that minimizes the oscillations in
the primordial power spectrum [48,72] (state that is often
called the NO-vacuum). The corresponding choice of positive
frequencies can be given in terms of the imaginary part of a
(mode-dependent) solution to a Riccati equation that includes
the effective mass of the perturbations [71]. The desired
solution to this equation must satisfy a specific asymptotic
expansion for large wave numbers, expansion that also
depends on the effective mass. Therefore, modifications of
this effective mass of the perturbations with respect to the free
scalar field case caused by a potential affect the choice of
the vacuum, both in those preinflationary models in which the
background is described classically within general relativity
and in quantum cosmology models. This influence of the
potential on the choice of vacuum state, and therefore on
the resulting power spectrum, was not studied in Ref. [67].
The aim of this work is to discuss the influence of the

potential on the perturbations in regimes that are kinetically
dominated, analyzing the leading-order corrections around
the case of a free scalar field. Thus, the goal is to reduce all
the complications that a scalar field potential introduces on

the background dynamics to the free case plus manageable
corrections. In this way, one can simplify the complicated
calculations required to solve the cosmological models with
a generic potential, for which there is no analytic solution
available in general, and which would typically need the
implementation of numerical computation techniques.
Furthermore, the evaluation of the effective mass would
have to be performed numerically for each of the possible
values that the scalar field may take (since the effective mass
depends explicitly on this field, both classically and quantum
mechanically), with the subsequent aggravation of the
computational problems. In addition, numerical simulations
would also be needed to invert the relation between the scalar
field and the conformal time3 in order to determine the
effective mass in terms of this time, and these simulations
would have to be performed independently for each potential
that one wants to consider. All these difficulties would
complicate a general investigation of the aforementioned
preinflationary regimes to the extreme. On the contrary, such
a study should be feasible with the approximations that we
develop in this work if one can just handle the case of a free
scalar field.
The rest of this article is organized as follows. In the next

section, we summarize very briefly the hybrid approach to
quantum cosmology, the modified MS equations for the
scalar perturbations, which can be applied to the case of
general relativity in the classical limit, and the basic results
of the asymptotic diagonalization criterion for the choice of
a vacuum state. Section III deals with the corrections to the
effective mass that appears in the (modified) MS equations
owing to the consideration of a scalar field potential. In a
first subsection we calculate the leading-order correction to
the effective mass in terms of the scalar field, interpreted as
the internal degree of freedom with respect to which we
describe the background evolution. The analysis of that
subsection differs from Ref. [67] in several convenient
choices of conventions and a neater extraction of the
nonfree part of the evolution of the scalar field. In a
second subsection we discuss the relation between the
conformal time and the scalar field in our leading-order
approximation in the potential. Finally, in a third subsection
we combine these results to derive the total leading-order
correction to the effective mass of the perturbations, and
comment on the particularization of the result to the cases
of a classical Einstenian evolution, hybrid LQC, and a
hybrid quantum cosmology model based on geometrody-
namics [29]. Section IV investigates the leading-order
effects of the scalar field potential on the choice of vacuum
state if one adopts the asymptotic diagonalization criterion.
Finally, Sec. V contains the conclusions. We take units such

3In the kinetically dominated regimes that we are considering,
the potential remains so small that its presence does not break the
monotonicity of the evolution of the scalar field, even when this
potential is treated exactly.
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that the Planck reduced constant, ℏ, and the speed of light,
c, are equal to the unit.

II. MODIFIED PERTURBATION EQUATIONS AND
CHOICE OF A VACUUM

In order to motivate the kind of modification to
the effective mass of the scalar perturbations that can be
due to quantum geometry effects, let us consider the
hybrid approach to quantum cosmology [60]. We
consider a cosmological spacetime of the Friedmman-
Lemaître-Robertson-Walker (FLRW) type with a homo-
geneous scalar field as matter content, subject to a
potential. We assume compact spatial sections with the
compact topology of the three-torus,4 with orthogonal
coordinates chosen with period equal to 2π. This space-
time will play the role of our background. Around it, we
introduce perturbations, both in the metric and in the
scalar field. We then expand the action in a perturbative
series and truncate it at quadratic order, which is the first
nontrivial perturbative order. This truncation is essential
in all the other steps of the hybrid quantization that we
summarize below. For the sake of conciseness, in this
work we consider only scalar perturbations. The other
physically relevant cosmological perturbations, namely
the tensor ones, can be analyzed in a totally parallel way.
The perturbative degrees of freedom can be described

with a suitable canonical set of variables, similar to those
introduced by Langlois [74]. This set contains the Fourier
mode coefficients of the MS gauge invariant perturba-
tions, the Fourier mode coefficients of its momentum (that
is also a perturbative gauge invariant), the linear pertur-
bative diffeomorphisms constraints of the system in a
convenient Abelianized form, and canonical momenta of
the latter that correspond to gauge degrees of freedom.
This set is canonical as far as the perturbations are
concerned, but it does not include variables for the
background. The set can be extended to a canonical
one for the whole cosmological system composed by
the perturbations and the background along the lines first
proposed by Pinto-Neto and his collaborators [75,76] and
later developed in Ref. [60]. The result is the inclusion of
new canonical variables to describe the background,
obtained from the Fourier zero-modes of the metric and
the scalar field after correcting them with terms that are
quadratic in the perturbations and that respect our order of
truncation in the action [60]. A quantization of this
canonical system leads then to physical states that depend
only on (a configuration subset of) these background
variables and (e.g.,) on the real mode coefficients of the
MS field. We denote these coefficients by vk⃗;ε, where k⃗ is

the wave vector of the Fourier mode5 and ε is a dichotomic
label that indicates its parity.
The hybrid strategy combines a quantum representation

of the background (i.e., the corrected zero-modes) with a
Fock representation of the MS gauge invariant field. In
principle, the quantization of the background variables can
be chosen freely except for basic consistency requirements
and the need to include a kinematic space of states with an
inner product in the FLRW geometry. For the corrected
zero-mode of the scalar field and its momentum, we assume
a standard representation, with the configuration variable
acting by multiplication and its momentum as a derivative.
The hybrid quantum system is subject to a global con-
straint, not yet satisfied in our states, that arises from the
zero-mode of the Hamiltonian constraint of the perturbed
cosmological model, written in terms of our canonical set
of variables. This constraint is the sum of a contribution of
the background and another contribution that is quadratic in
the perturbations. If we call ϕ the (perturbatively corrected)
zero-mode of the scalar field, πϕ its canonical momentum,
WðϕÞ the scalar field potential, and V the volume of the
compact spatial sections, equal to 8π3 times the cube of the
scale factor, the nonperturbative contribution of the back-
ground to the constraint is given in terms of the quantum

operators of the chosen representation as ðπ̂2ϕ − Ĥð2Þ
0 Þ=2,

with

Ĥð2Þ
0 ¼ ½ĤðFÞ

0 �2 − 2WðϕÞV̂2: ð2:1Þ

Here, ĤðFÞ
0 can be viewed as a representation of HðFÞ

0 ¼
2
ffiffiffiffiffiffiffiffiffi
3πG

p jπV jV, where πV would be a momentum variable
conjugate to the volume V andG is the Newton constant. We
take it as a positive operator by construction. Its square is the
geometric part of the Hamiltonian contribution of the back-
ground in the absence of potential and perturbations. On the
other hand, for the moment we adopt the operator 2WðϕÞV̂2

as a natural choice to represent the potential term.
Nonetheless, we leave open the possibility of adopting an
alternative representation, taking into account the freedom to
add commutators that correspond to different choices of
factor orderings (we will actually make use of this freedom in
Sec. III A).
An interesting ansatz for the search of physical states

consists in a separation of variables in their dependence, so
that thewave functions factorize in a part that depends on the
FLRW geometry and another part that depends on the MS
variables. In both partial wave functions, a dependence on
the scalar field variable ϕ is allowed. The partial state for the
background, χ, can then be chosen close to a solution of the
unperturbed system. Furthermore, as an ingredient of our
ansatz, we assume a unitary evolution of this state χ onϕ that

4The noncompact case is obtained by appropriately taking the
limit in which a physical length scale of reference is sent to
infinity; see Ref. [73].

5Zero-modes are excluded in the perturbations previous to
adopting the continuous (noncompact) limit.
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is generated by a positive operator Ĥ0. In consonance with
our requirements, and recalling that we are interested in
regimes with negligible scalar field potential, we take Ĥ0 as

the square root of Ĥð2Þ
0 (or its positive part [67]). Therefore,

we have

χðV;ϕÞ ¼ ÛðV;ϕÞχ0ðVÞ

¼ P
�
exp

�
i
Z

ϕ

ϕ0

dϕ̃Ĥ0ðV; ϕ̃Þ
��

χ0ðVÞ; ð2:2Þ

where χ0 is the initial background state at a given ϕ0, and the
symbol P stands for time ordering with respect to ϕ.
Introducing this ansatz, and neglecting backreaction and

transitions between background states mediated by pertur-
bations,6 one can show that the Hamiltonian constraint
leads to a dynamics for the MS variables that can be
expressed (as a differential equation for the field solutions
in our Fock analysis) in the form [36,60,67]

v̈k⃗;ε þ
�
k2 þ hϑ̂qe þ ðϑ̂oĤ0Þsymiχ

hϑ̂eiχ

�
vk⃗;ε ¼ 0: ð2:3Þ

Here, the dot denotes the derivative with respect to the
conformal time, k is the Euclidean norm of the mode wave
vector k⃗, and the subindex sym stands for the symmetrized
product. Three new background operators appear in the
above formula, that are given by [36]

ϑ̂qe ¼
1

2π

d�1
V

�1=3
Ĥð2Þ

0 ð19 − 18ðĤðFÞ
0 Þ−2Ĥð2Þ

0 Þ
d�1
V

�1=3
þ 3

8π2G
V̂4=3

�
W00ðϕÞ − 16πG

3
WðϕÞ

�
; ð2:4Þ

ϑ̂o ¼
3

π

ffiffiffiffiffiffiffi
3

πG

r
W0ðϕÞV̂2=3ðĤðFÞ

0 Þ−1Λ̂ðFÞ
0 ðĤðFÞ

0 Þ−1V̂2=3;

ϑ̂e ¼
3

2G
V̂2=3: ð2:5Þ

The prime in the potential denotes the derivative with

respect to ϕ, and the operators d½1=V� and Λ̂ðFÞ
0 have been

introduced to take into account some subtleties that arise
in the quantization if one follows loop techniques. The

operator d½1=V� is a regularization of the inverse of the
physical volume, and as a result its composition with V̂ is
not the identity operator for volumes of the Planck order
(see, e.g., Ref. [60]). On the other hand, the definition of

Λ̂ðFÞ
0 is related to that of ĤðFÞ

0 . It represents the quantity

−2
ffiffiffiffiffiffiffiffiffi
3πG

p
VπV , so that jΛ̂ðFÞ

0 j can be viewed as an alternative
representation of ĤðFÞ

0 . In LQC, this alternative represen-
tation is obtained using holonomies along edges of the
double of the basic coordinate length [36,60], in order to
ensure that the action of the operator leaves invariant the
superselection sectors on which the unperturbed
Hamiltonian constraint of LQC is defined [60]. For other
quantum representations of the background, these operators
may admit simpler definitions that simplify the above
expressions. The operators for the inverse and the square

inverse of ĤðFÞ
0 are well defined because we have assumed

in our ansatz that this last operator is positive. As for the
conformal time η that is used in the modified MS
equations (2.3), it turns out to be related with the scalar
field ϕ by [60,67]

hĤ0iχdη ¼ hϑ̂eiχdϕ: ð2:6Þ

ThemodifiedMS equation (2.3) can bewritten in the form
v̈k⃗;ε þ ½k2 þ sðηÞ�vk⃗;ε ¼ 0, with an effective time-dependent
mass s equal to a ratio of expectation values. According to
the arguments of Ref. [72], that are based in turn on the
criterion of asymptotic Hamiltonian diagonalization for the
choice of vacuum state put forward in Ref. [71], a preferred
set of (normalized) positive frequency solutions fμkg of that
equation is

μk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−2ImðhkÞ
p e

i
R

η

η0
dη̃ImðhkÞ; ð2:7Þ

where Im is the imaginary part, η0 is any fixed reference
time, and hk is a solution of a Riccati equation that contains
the effective mass, namely

_hk ¼ k2 þ sþ h2k: ð2:8Þ

More specifically, the desired solution must admit the
following asymptotic expansion for infinitely large wave
numbers [72]:

1

hk
∼
i
k

�
1 −

1

2k2
X∞
n¼0

�
−i
2k

�
n
γn

�
; ð2:9Þ

with γ0 ¼ s and the rest of gamma-coefficients determined
by the recurrence relation

γnþ1 ¼ −_γn þ 4s

�
γn−1 þ

Xn−3
m¼0

γmγn−ðmþ3Þ

�

−
Xn−1
m¼0

γmγn−ðmþ1Þ: ð2:10Þ
6One usually neglects as well a typically small term that would

obstruct the reality of the MS equations and that, in any case, can
be absorbed with a suitable choice of factor ordering in the
perturbative contribution to the constraint [60,67].
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Notice that the effective mass fixes γ0 and also appears
explicitly in this relation.
If the time interval where the positive frequency sol-

utions fμkg are valid includes the end of inflation, the
power spectrum of the scalar perturbations is given, up to a
k-independent multiplicative factor, by [77]

PVðk; ηÞ ¼
k3

2π2
jμkðηÞj2 ¼ −

k3

4π2ImðhkÞðηÞ
; ð2:11Þ

evaluated at a time η when slow-roll inflation has just
finished. If the aforementioned interval does not cover the
inflationary period, one can use our solutions to obtain
initial values for the primordial perturbations at the end of
the kinetically dominated regime and continue the evolu-
tion afterwards with those values.

III. LEADING-ORDER CORRECTIONS TO THE
EFFECTIVE MASS

Since we are interested in studying kinetically dominated
regimes, in this section we want to calculate the leading-
order correction of the potential to the effective mass of the
perturbations around the free scalar field case. For con-
creteness, we consider the expression of the effective mass
s derived in hybrid quantum cosmology [60], which,
according to our discussion in the previous section, is
given by the following ratio of expectation values:

s ¼ hϑ̂qe þ ðϑ̂oĤ0Þsymiχ
hϑ̂eiχ

: ð3:1Þ

For cosmological scenarios in general relativity, one can
take the classical limit of the above expression, replacing
operators by functions on the classical phase space and
expectation values by evaluation on classical solutions,
after having taken due care of the detailed effects of the
potential. We divide our calculations in this section in three
parts. First, we consider the influence of the potential at
leading order in WðϕÞ and its derivatives on the relevant
operators and in the evolution of the background state χ.
Since this evolution is usually described in terms of the
scalar field ϕ, we then discuss the leading-order effect of
the potential in the change to conformal time, which is the
parameter used in the modified MS equations for the
perturbations. Finally, we combine these two classes of
corrections to obtain the leading-order effect of the poten-
tial in the effective mass regarded as a function of the
conformal time, s ¼ sðηÞ. We also succinctly consider the
particularization of our discussion to some classical and
quantum cosmology models.

A. Corrections to the effective mass in terms of the
scalar field

In the following, by linear or higher-order dependence in
the potential we understand a dependence onWðϕÞ or any of

its derivatives (or products of them). The leading-order
contribution of the potential to the different operators that
appear explicitly in the ratio of expectation values that
determines the effective mass is easy to calculate. First,
we notice that ϑ̂e, appearing in the denominator, is indepen-
dent of the potential. On the other hand, ϑ̂o is linear in the
potential, without higher-order corrections. Then, its sym-
metrized product with Ĥ0 has a linear contribution of the
potential that, with our previous definitions, is simply given

by the symmetrized product with ĤðFÞ
0 . Recall that this last

operator is just the generator of the background evolution in
the free case, and was introduced in Eq. (2.1). Finally, in the
caseof ϑ̂qe , it is straightforward to see fromourdefinitions that

ϑ̂qe¼
1

2π

d�1
V

�1=3
ðĤðFÞ

0 Þ2
d�1
V

�1=3
þ
�
17

π
WðϕÞ

d�1
V

�1=3
V̂2
d�1
V

�1=3
þ
�

3

8π2G
W00ðϕÞ−2

π
WðϕÞ

�
V̂4=3

�
þOðW2Þ; ð3:2Þ

where the first term is the free contribution, the term incurved
brackets is the leading-ordercontributionof thepotential,and
the terms OðW2Þ are quadratic or higher-order in the
potential.
The background state χ also introduces a dependence on

the potential because its evolution from the initial state
χ0ðVÞ depends on it. In this subsection, we calculate the
leading-order dependence when the evolution is described
in terms of the scalar field ϕ. This dependence can be
extracted using an interaction picture for the quantum
evolution, along the lines explained in Ref. [67].
However, employing the freedom in the choice of factor
ordering of the contribution of the potential that we
commented in Eq. (2.1), we use a different approximation

to the generator Ĥ0 around the free Hamiltonian ĤðFÞ
0 ,

which proves to be more convenient for the rest of our
calculations. Since most of the arguments parallel the
discussion of Ref. [67], we only explain here the most
important steps.
We first want to approximate Ĥ0 around the generator of

the free evolution up to quadratic and higher-order terms in
the potential. From the definition of Ĥ0 as the square root

of Ĥð2Þ
0 , it is not difficult to check that our operator can be

represented in the form

Ĥ0 ¼ ĤðFÞ
0 −WðϕÞðĤðFÞ

0 Þ−1=2V̂2ðĤðFÞ
0 Þ−1=2 þOðW2Þ:

ð3:3Þ

Our statement can be checked by taking its square and

realizing that the result gives indeed Ĥð2Þ
0 at the considered

order in the potential, up to double commutators that can be
absorbed with a suitable factor ordering [see Ref. [67]
and our remarks after Eq. (2.1)]. The second term on the
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right-hand side of our equation then provides the leading-
order contribution of the potential.
Let us call χðFÞðV;ϕÞ the background state that would

result from the initial state χ0ðVÞ if the evolution in ϕ were
generated by the Hamiltonian of the free case. Explicitly,

χðFÞðV;ϕÞ ¼ exp ½iĤðFÞ
0 ðϕ − ϕ0Þ�χ0ðVÞ: ð3:4Þ

Employing the interaction picture in a convenient way, it is
possible to show that

χðV;ϕÞ¼ exp½iĤðFÞ
0 ðϕ−ϕ0Þ�P

�
exp

�
i
Z

ϕ

ϕ0

dϕ̃ĤðIÞ
1 ðV;ϕ̃Þ

��
×exp½−iĤðFÞ

0 ðϕ−ϕ0Þ�χðFÞðV;ϕÞ; ð3:5Þ

where we have defined

ĤðIÞ
1 ¼ exp ½−iĤðFÞ

0 ðϕ − ϕ0Þ�ðĤ0 − ĤðFÞ
0 Þ

× exp ½iĤðFÞ
0 ðϕ − ϕ0Þ�: ð3:6Þ

The two last expressions are exact to all orders in the
potential. Using them and our approximation (3.3), it is
now easy to obtain the leading-order correction of the
potential to the freely evolved background state. With the
notation χðV;ϕÞ ¼ ÛðWÞðϕÞχðFÞðV;ϕÞ, we get

ÛðWÞðϕÞ ¼ 1 − i
Z

ϕ

ϕ0

dϕ̃ K̂ðϕ; ϕ̃ÞWðϕ̃Þ þOðW2Þ; ð3:7Þ

K̂ðϕ; ϕ̃Þ ¼ exp ½iĤðFÞ
0 ðϕ − ϕ̃Þ�ðĤðFÞ

0 Þ−1=2V̂2

× ðĤðFÞ
0 Þ−1=2 exp ½−iĤðFÞ

0 ðϕ − ϕ̃Þ�: ð3:8Þ

Notice that, with our choice of factor ordering in
Eq. (3.3), the two operators on the right of V̂2 commute,
as well as the two operators in front of it. Furthermore, the

operator K̂ðϕ; ϕ̃Þ is symmetric since so are ĤðFÞ
0 and V̂, by

construction. The above expressions allow us to pass
from the expectation values on the exact state χðV;ϕÞ that
determine the effective mass to expectation values on
χðFÞðV;ϕÞ, which evolves in the scalar field ϕ according
to the free dynamics. We notice the different approach
taken here with respect to the discussion presented in
Ref. [67]. Here, the expectation values are finally referred
to the case of the free evolution, which is left unspecified,
while in Ref. [67] these expectation values were directly
rewritten in terms of the initial background state χ0ðVÞ.

B. Corrections in the relation between the
scalar field and the conformal time

In order to obtain the effective mass in terms of the
conformal time, we still have to invert the relation between
this time and the scalar field used for the parametrization of

the quantum background dynamics, according to Eq. (2.6).
Again, we are interested in extracting the relation for the
free case and the leading-order correction to it produced by
the presence of a potential. One can compute them using
the expressions for the operator Ĥ0 and for the background
state χðV;ϕÞ at leading order in the potential, provided by
Eqs. (3.3) and (3.7) respectively. A simple calculation at
this order leads then to the relation

3

2G
hV̂2=3iχðFÞdϕ − i

3

2G
hIðFÞW ½V̂2=3�iχðFÞdϕ

¼ hĤðFÞ
0 iχðFÞdη −WðϕÞhðĤðFÞ

0 Þ−1=2V̂2ðĤðFÞ
0 Þ−1=2iχðFÞdη

− ihIðFÞW ½ĤðFÞ
0 �iχðFÞdη; ð3:9Þ

where we have introduced the notation

IðFÞW ½Â� ¼
Z

ϕ

ϕ0

dϕ̃Wðϕ̃Þ½Â; K̂ðϕ; ϕ̃Þ�; ð3:10Þ

for any operator Â. In the case of ĤðFÞ
0 , we notice that this

operator commutes with all the factors of K̂ðϕ; ϕ̃Þ except
with the central one, V̂2.
Neglecting in our expressions the contribution of the

potential, we obtain the relation for the free evolution, that
we call ηðFÞðϕÞ. Explicitly,

ηðFÞðϕÞ ¼ 3

2G

Z
ϕ

ϕ0

dϕ̃
hV̂2=3iχðFÞ
hĤðFÞ

0 iχðFÞ
; ð3:11Þ

where we have set, without loss of generality, ηðFÞðϕ0Þ ¼ 0,
and the expectation values in the integrand are computed on
the free evolved state χðFÞðV; ϕ̃Þ. This is why the integral
cannot be calculated trivially and needs the knowledge of
(only) the free evolution (but not of the dynamics when the
potential is present).
This relation can now be substituted in the terms that are

linear in the potential in Eq. (3.9) preserving our leading-
order approximation. Thus, in the last two terms of that
equation, we can substitute dη by ðηðFÞÞ0dϕ (the prime
denoting the derivative with respect to ϕ). Adopting the
notation ηðϕÞ ¼ ηðFÞðϕÞ þ ηðWÞðϕÞ þOðW2Þ for the cor-
rections introduced in the dependence of the conformal
time by the presence of a potential, we conclude then from
Eqs. (3.9) and (3.11) that

ηðWÞðϕÞ ¼ 3

2G

Z
ϕ

ϕ0

dϕ̃
1

½hĤðFÞ
0 iχðFÞ �2

×
h
ðWðϕ̃ÞhðĤðFÞ

0 Þ−1=2V̂2ðĤðFÞ
0 Þ−1=2iχðFÞ

þ ihIðFÞW ½ĤðFÞ
0 �iχðFÞ ÞhV̂2=3iχðFÞ

− ihĤðFÞ
0 iχðFÞ hIðFÞW ½V̂2=3�iχðFÞ �: ð3:12Þ
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Actually, in order to obtain the effective mass in terms
of the conformal time, we need the inverse of the relation
that we have computed, inverse which determines the
dependence of the scalar field ϕ as a function of η. Let us
call ϕðFÞðηÞ the inverse of the functional dependence
(3.11) for the free evolution [so that ϕðFÞðηðFÞðϕÞÞ ¼ ϕ
and ηðFÞðϕðFÞðηÞÞ ¼ η]. Then, at our leading-order
approximation, we can express the relation that we are
looking for in the form ϕðηÞ ¼ ϕðFÞðηÞ þ ϕðWÞðηÞ þ
OðW2Þ with the following leading-order correction of
the potential to the conformal time:

ϕðWÞðηÞ ¼ −ϕðFÞðηðWÞðϕðFÞðηÞÞÞ: ð3:13Þ
This is minus the composition of the inverse of the free
conformal time function with the correction produced by
the potential and composed again with the inverse of the
free conformal time function.

C. Corrections to the effective mass in terms of the
conformal time. Applications

We can finally derive the leading-order correction to the
effective mass, treated as a function of the conformal time.
First, let us define

χ̃ðFÞðV; ηÞ ¼ exp ½iĤðFÞ
0 ðϕðFÞðηÞ − ϕ0Þ�χ0ðVÞ: ð3:14Þ

According to our discussion above, we have that

χðFÞðV;ϕðηÞÞ ¼ exp ½iĤðFÞ
0 ðϕðηÞ − ϕðFÞðηÞÞ�χ̃ðFÞðV; ηÞ:

ð3:15Þ

This expression is exact. Approximating it to leading order
in the potential, we obtain

χðFÞðV;ϕðηÞÞ ¼ ½1þ iĤðFÞ
0 ϕðWÞðηÞ þOðW2Þ�χ̃ðFÞðV; ηÞ;

ð3:16Þ

with ϕðWÞðηÞ given in Eq. (3.13). Combining this with
the corrections of the background state already derived in
terms of the conformal time [see Eq. (3.7)], we con-
clude that

χðV;ϕðηÞÞ ¼
�
1þ iĤðFÞ

0 ϕðWÞðηÞ − i
Z

ϕðFÞðηÞ

ϕ0

dϕ̃ K̂ðϕðFÞðηÞ; ϕ̃ÞWðϕ̃Þ þOðW2Þ
�
χ̃ðFÞðV; ηÞ: ð3:17Þ

We recall that the operator K̂ðϕ; ϕ̃Þ was defined in
Eq. (3.8).
Other than via their dependence on the state χ, the

dependence on ϕðηÞ of the expectation values that provide
the effective mass appears only in the leading-order
correction of the potential, but not on the free contribution
independent of it. Therefore, at the dominant order that we
are considering, the expression of those leading-order
corrections in terms of the conformal time can be obtained
by simply evaluating the scalar field on the trajectory of the
free case, namely on ϕðFÞðηÞ.
With these results, it is then easy to check that the factor

corresponding to the denominator of the effective mass
(3.1) in conformal time can be expressed at leading order in
the potential as

1

hϑ̂eiχ
¼ 2G

3hV̂2=3iχ̃ðFÞ

�
1 − i

h½V̂2=3; ĴðWÞ�iχ̃ðFÞ
hV̂2=3iχ̃ðFÞ

�
þOðW2Þ;

ð3:18Þ
where, to shorten our notation, we have called

ĴðWÞðηÞ ¼ ĤðFÞ
0 ϕðWÞðηÞ −

Z
ϕðFÞðηÞ

ϕ0

dϕ̃ K̂ðϕðFÞðηÞ; ϕ̃ÞWðϕ̃Þ:

ð3:19Þ

One can similarly approximate the numerator of the
effective mass, expressed in conformal time, employing
Eq. (3.2) for the correction of ϑ̂qe and recalling that the other
summand can be replaced at leading order in the potential

with ðϑ̂oĤðFÞ
0 Þsym. Combining this with Eq. (3.18), we

obtain that

sðηÞ ¼ sðFÞðηÞ þ sðWÞðηÞ þOðW2Þ; ð3:20Þ

sðFÞðηÞ ¼ G
3π

h c½1V�1=3ðĤðFÞ
0 Þ2 c½1V�1=3iχ̃ðFÞ

hV̂2=3iχ̃ðFÞ
; ð3:21Þ

with the leading-order correction given by
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sðWÞðηÞ ¼ 2G

3πhV̂2=3iχ̃ðFÞ

��
3

8πG
W00 − 2W

�
hV̂4=3iχ̃ðFÞ þ 17W

	 ˆ�1
V

�1=3
V̂2
d�1
V

�1=3

χ̃ðFÞ

�

þ 2
ffiffiffiffiffiffi
3G

p

π
ffiffiffi
π

p hV̂2=3iχ̃ðFÞ
W0hðV̂2=3ðĤðFÞ

0 Þ−1Λ̂ðFÞ
0 ðĤðFÞ

0 Þ−1V̂2=3ĤðFÞ
0 Þsymiχ̃ðFÞ

þ i

hV̂2=3iχ̃ðFÞ

�
−sðFÞh½V̂2=3; ĴðWÞ�iχ̃ðFÞ þ

G
3π

	�d�1
V

�1=3
ðĤðFÞ

0 Þ2
d�1
V

�1=3
; ĴðWÞ

�

χ̃ðFÞ

�
: ð3:22Þ

In the last formula, the potential and its derivatives are
evaluated at ϕðFÞðηÞ, and the mass sðFÞ, the state χ̃ðFÞ, and
the operator ĴðWÞ at η.
The application of our formulas for the free effective

mass and its leading-order correction in the case of classical
general relativity can be done as follows. First of all, we
notice that the last line of Eq. (3.22) is the implicit
correction of the potential to the purely free contribution
sðFÞðηÞ of the mass. Then, passing from operators to
functions on phase space, ignoring the distinction between

jΛ̂F
0 j and ĤðFÞ

0 , identifying the classical analog of the
inverse volume operator as 1=V in this passage, translating
the commutators of operators in the last line of Eq. (3.22)
into i times the corresponding Poisson brackets f; g, and
interpreting the expectation values as the evaluation on free
classical solutions, we get

sðFÞGR ¼ G
3π

ðHðFÞ
0 Þ2

V4=3 ¼ 4G2V2=3π2V; ð3:23Þ

sðWÞ
GR ¼ 2G

3π
V2=3

�
3

8πG
W00 þ 15W − 3

ffiffiffiffiffiffiffi
3

πG

r
sgnðπVÞW0

�
− 4G2fV2=3π2V; J

ðWÞg: ð3:24Þ

All of the phase space functions that appear in these two
formulas must be evaluated on free classical solutions.
The last term in the second equation is the leading-order
correction of the potential coming from the evaluation of
V2=3π2V on exact classical solutions instead of free ones,
and it is the contribution of the last line in Eq. (3.22). In
our calculations, we have used the identification

HðFÞ
0 ¼ 2

ffiffiffiffiffiffiffiffiffi
3πG

p jπV jV, the symbol sgn denotes the sign
function, and JðWÞ is the classical counterpart of the
operator ĴðWÞ, namely

JðWÞ ¼ 2
ffiffiffiffiffiffiffiffiffi
3πG

p
jπV jVϕðWÞ −

1

2
ffiffiffiffiffiffiffiffiffi
3πG

p jπV jV
Z

ϕðFÞ

ϕ0

dϕ̃Wðϕ̃Þ

×
X∞
n¼0

1

n!
ðϕðFÞ − ϕ̃ÞnfV2;HðFÞ

0 gðnÞ; ð3:25Þ

where we have obviated the explicit dependence of ϕðFÞ and
ϕðWÞ on the conformal time η, and fV2;HðFÞ

0 gðnÞ is the

nth-order Poisson bracket of V2 with the generator HðFÞ
0 of

the free evolution. These brackets appear because the
classical counterpart of Eq. (3.8) is the free evolution of

V2=HðFÞ
0 from ϕ̃ to ϕðFÞ (and HðFÞ

0 remains constant along
this free evolution). In particular, we notice that, when the
potential is set to zero, the only nonvanishing component

sðFÞGR of the mass turns out to reproduce the standard function
−̈z=z ¼ −ä=a in general relativity, with z ¼ a2 _ϕ= _a.
The operator representation for the case of hybrid LQC is

given in Sec. 6 of Ref. [60] and we do not repeat it here. In
that reference, WðϕÞ was particularized to a quadratic
potential,m2ϕ2=2. All relevant operators for our calculations
can be constructed in terms of the volume operator, which
acts by multiplication in the volume representation adopted
in Ref. [60], and of an operator Ω̂0 defined by means of
holonomies, which shifts the eigenvalues of the volume
eigenstates in a way that depends on the so-called Immirzi
parameter of loop quantum gravity [78]. For the specific
definition that we adopt here for Ω̂0 and the conventions
about the numerical factors in this definition, we use
Eq. (28) of Ref. [36]. In particular, in this manner we have

ĤðFÞ
0 ¼ jΩ̂0j. The operator Λ̂F

0 is defined in terms of
holonomies exactly in the same way as Ω̂0, except for the
fact that the coordinate length of the edges of the holonomies
are doubled. Finally, the inverse volume operator is obtained
by means of a regularization that uses holonomies. It is a
standard operator in LQC, and its action on volume
eigenstates can be found, e.g., in Ref. [60].
Finally, let us briefly comment on the case of a hybrid

quantization based on geometrodynamics [29,30]. We can
start with operators â and π̂a for the scale factor and its
momentum, defined in a geometrodynamic representa-
tion in which they respectively act by multiplication,
â ¼ a, and by differentiation. The representation is pro-
vided with an inner product for the background geometry
that is given by the integration over the scale factor with a
certain continuous measure (not necessarily da). The
volume and inverse volume operators can be defined,
respectively, as 8π3a3 and 1=ð8π3a3Þ. We can also define

Λ̂ðFÞ
0 ¼ −ðaπ̂a þ π̂aaÞ

ffiffiffiffiffiffiffiffiffiffiffi
πG=3

p
, and ĤðFÞ

0 exactly in the
same way but replacing −π̂a with jπ̂aj. This simplifies
some products of operators in our expressions for the free
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mass sðFÞ and its leading-order corrections, for instance the
product of powers of the inverse volume and of the volume
in the second summand of sðWÞ in Eq. (3.22). With all these
guidelines, it is a simple exercise to particularize our results
to hybrid geometrodynamic quantum cosmology.

IV. LEADING-ORDER CORRECTIONS IN THE
POSITIVE FREQUENCY SOLUTIONS

Although we have discussed the corrections that the
presence of a potential introduces at leading order in the
effective mass that appears in theMS equations, and therefore
how it affects the propagation of the scalar perturbations, in
order to integrate these equations we still need suitable initial
conditions. In a conventional inflationary period that can be
treated as an approximate epoch of de Sitter inflation, a
natural choice of initial conditions are those corresponding to
a Bunch-Davies state [2]. Nonetheless, in scenarios with
kinetically dominated regimes, and even with bounces
originated by quantum phenomena, the Bunch-Davies state
does not seem to be an adequate choice of state any longer, at
least for wavelengths comparable to the natural scales
involved in these scenarios, e.g., the Hubble radius at the
end of the fast-roll period or the typical scale of the possible
quantum phenomena. As we have commented in Sec. III, in
these circumstances an alternative appealing choice of
vacuum state, and therefore of initial conditions, has recently
been put forward, based on a diagonalization of the con-
tribution of the perturbations to the Hamiltonian constraint
which removes the production of particle pairs, at least
asymptotically in the sector of modes with large wave
number k [71,72]. Moreover, this choice of state seems to
lead to power spectra without superimposed rapid oscillations
with respect to the wave number that, when averaged over
resolution bins, would artificially increase the predicted
power [28,72].
This vacuum state with good properties is associated with

the choice of a set of positive frequency solutions that
are determined by functions of the conformal time, hk, which
are solutions of the Riccati equation (2.8). Notice that this
equation contains the effective mass s. The specific solution
hk of interest has to admit an asymptotic expansion of the
form (2.9), with coefficients γn that are independent of k and
satisfy the recursive relation (2.10). This relation contains
again the effective mass s. In addition, the starting datum to
solve it is the identification γ0 ¼ s. Thus, we see that the
modification of the effective mass away from the free-
evolution value sðFÞ introduces changes in the equation that
hk has to solve and in its characteristic asymptotic expansion.
In this section, we will discuss the leading-order corrections
introduced by the scalar field potential WðϕÞ in hk and the
associated asymptotic coefficients γn.
Similar to the approximations that we have carried out in

the previous section, we take hk ¼ hðFÞk þ hðWÞ
k þOðW2Þ.

The function hðFÞk is a solution to the Riccati equation (2.8)

with the effective mass s replaced with the mass sðFÞ for a
free scalar field. In addition, hðFÞk admits an asymptotic

expansion of the form (2.9) with coefficients γðFÞn that
satisfy the recursive relation obtained with the replacement
of the effective mass with sðFÞ. Moreover, the recursion

starts with the identification γðFÞ0 ¼ sðFÞ. In other words,

hðFÞk is indeed the solution for an asymptotic diagonaliza-
tion of the Hamiltonian contribution of the perturbations in
absence of a scalar field potential. Assuming that we can

determine hðFÞk completely, the question that we want to

investigate is whether we can then fix hðWÞ
k in terms of the

potential, respecting the studied leading order in all our
considerations.
One can easily check that the corrections that the

potential introduces in the Riccati equation with respect
to the free case lead, at this leading order, to the following
linear, first-order, ordinary differential equation:

_hðWÞ
k ðηÞ ¼ sðWÞðηÞ þ 2hðFÞk ðηÞhðWÞ

k ðηÞ: ð4:1Þ

This equation can be integrated exactly, provided that hðFÞk

and sðWÞ are known. The general solution is

hðWÞ
k ðηÞ¼

�
CðWÞ
k þ

Z
η

η0

dη̃sðWÞðη̃Þe−I
ðFÞ
hk

ðη̃Þ
�
eI

ðFÞ
hk

ðηÞ; ð4:2Þ

where CðWÞ
k is an integration constant that we allow to

depend on the particular potential W under consideration
(or its derivatives), η0 is an arbitrary initial time, and we
have called

IðFÞhk
ðηÞ ¼ 2

Z
η

η0

dη̃hðFÞk ðη̃Þ: ð4:3Þ

Moreover, the demand that hðWÞ
k must vanish when the

potential is not present, and hence when sðWÞ is zero,

requires that the constant CðWÞ
k vanish when the potential is

identically zero (for all wave numbers k). Apart from this

requirement, CðWÞ
k remains unspecified for the time being.

If we integrate in our solution the integral that contains sðWÞ
iteratively by parts, we can formally express our function

hðWÞ
k as

hðWÞ
k ðηÞ ¼−

X∞
n¼0

dn

dτnk

�
sðWÞðηÞ
2hðFÞk ðηÞ

�
þDðWÞ

k ðη0ÞeI
ðFÞ
hk

ðηÞ; ð4:4Þ

where we have defined a mathematically convenient time

dτk ¼ 2hðFÞk ðηÞdη, and DðWÞ
k ðη0Þ is a constant that depends

on η0 and CðWÞ
k , given by
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DðWÞ
k ðη0Þ ¼

X∞
n¼0

dn

dτnk

�
sðWÞðηÞ
2hðFÞk ðηÞ

�����
η¼η0

þ CðWÞ
k : ð4:5Þ

On the other hand, the fact that hk must admit a specific
asymptotic expansion fixed by the effective mass s, while

its free scalar field contribution hðFÞk satisfies a similar
asymptotic expansion fixed by the effective mass of the free
case sðFÞ, imposes a restriction on the asymptotic behavior

of the leading-order correction hðWÞ
k . Dividing hðFÞk by hk,

using that the latter is equal to hðFÞk þ hðWÞ
k up to corrections

of order OðW2Þ, and employing the asymptotic expansion

(2.9) and its counterpart for hðFÞk , we obtain that, in the
asymptotic limit of infinitely large k,

hðFÞk

hk
¼ 1 −

hðWÞ
k

hðFÞk

þOðW2Þ ∼ 1þ 2
P∞

n¼0ð2ikÞ−n−2γn
1þ 2

P∞
n¼0ð2ikÞ−n−2γðFÞn

:

ð4:6Þ

Let us adopt an expansion for the coefficients γn similar to the
one that we have introduced for hk and other quantities,
expressing these coefficients as those corresponding to the

case of a free scalar field, γðFÞn , plus a leading-order correction

linear in the potential, γðWÞ
n , plus other higher-order correc-

tions, namely, γn ¼ γðFÞn þ γðWÞ
n þOðW2Þ. It then follows

from Eq. (4.6) (using again the asymptotic expansion of hðFÞk )
that, at the considered order in the potential,

hðWÞ
k ∼

P∞
n¼0ð2ikÞ−n−1γðWÞ

n

½1þ 2
P∞

n¼0ð2ikÞ−n−2γðFÞn �2
: ð4:7Þ

The right-hand side of this asymptotic equality can be
expanded as a series in inverse powers of k in the limit

k → ∞. The coefficients γðWÞ
n satisfy a recurrence relation

that can be obtained by substracting to Eq. (2.10) its analog
for the free case and keeping in the result only terms that have
a linear functional dependence on the potential. In this way,
one obtains the following relation at our approximation order

γðWÞ
nþ1 ¼ −_γðWÞ

n þ 4sðFÞ
�
γðWÞ
n−1 þ 2

Xn−3
m¼0

γðFÞm γðWÞ
n−ðmþ3Þ

�

− 2
Xn−1
m¼0

γðFÞm γðWÞ
n−ðmþ1Þ þ 4sðWÞ

×

�
γðFÞn−1 þ

Xn−3
m¼0

γðFÞm γðFÞn−ðmþ3Þ

�
; ð4:8Þ

with γðWÞ
0 ¼ sðWÞ. This value of the initial coefficient is

obtained directly from the difference of the initial coefficents

γ0 and γðFÞ0 .

The above asymptotic condition on hðWÞ
k restricts the

freedom in the choice of the integration constant in the
solution (4.4) that we have obtained. Indeed, in the case
without potential, the asymptotic equation (2.9) implies

that hðFÞk behaves like −ik up to subdominant terms for
infinitely large values of k. Therefore, the exponential that

accompanies DðWÞ
k ðη0Þ in Eq. (4.4) behaves as e−2ikðη−η0Þ at

this dominant order. The oscillatory behavior of this
exponential is not compatible with an asymptotic series
in inverse powers of k. Hence, in order to get an asymptotic
behavior in consonance with Eq. (4.7), we have to make the

constant DðWÞ
k ðη0Þ equal to zero in this asymptotic regime.

In cases in which there exist a (possibly unbounded) time η0
at which sðWÞ=ð2hðFÞÞ and all its derivatives with respect to
τk vanish, it suffices to choose this time as the reference

initial time and take the integration constant CðWÞ
k equal to

zero. More generally, one can always setDðWÞ
k ðη0Þ to vanish

(asymptotically), and fix our leading-order correction to hk
so as to admit the following expansion when k → ∞:

hðWÞ
k ðηÞ ∼ −

X∞
n¼0

dn

dτnk

 
sðWÞðηÞ
2hðFÞk ðηÞ

!
; ð4:9Þ

This relation can be turned into an exact equality if the
infinite sum of terms can be made meaningful for all k by
any means, as it would be the case, e.g., if the sum
converges.
By its very derivation, the asymptotic expansion (4.9) that

we have found must be consistent with Eq. (4.7). For
illustrative purposes, let us indeed calculate the first terms
in this asymptotic expression. On the one hand, the
recurrence relation for γðWÞ

n leads to the following lowest-
order coefficients (all of them functions of the conformal
time):

γðWÞ
0 ¼ sðWÞ; γðWÞ

1 ¼ −_sðWÞ;

γðWÞ
2 ¼ ̈sðWÞ þ 6sðFÞsðWÞ: ð4:10Þ

With this result and recalling that γðFÞ0 ¼ sðFÞ, we can
compute the first terms in the asymptotic, inverse power
series provided by Eq. (4.7):

hðWÞ
k ∼ −

i
2k

�
sðWÞ þ i

2k
_sðWÞ −

1

4k2
̈sðWÞ −

sðFÞsðWÞ

2k2

�
þOðk−4Þ: ð4:11Þ

In this formula, we have not shown explicitly the depend-
ence on the conformal time to simplify the notation. On the
other hand, the expansion (2.9) for the case of a free
evolution tells us that

PRIMORDIAL PERTURBATIONS IN KINETICALLY DOMINATED … PHYS. REV. D 104, 103520 (2021)

103520-11



1

hðFÞk

∼
i
k

�
1 −

sðFÞ

2k2

�
þOðk−4Þ: ð4:12Þ

Using this asymptotic identity and the definition dτk ¼
2hðFÞk ðηÞdη in the expression (4.9) of our solution hðWÞ

k ,
one indeed recovers an expansion of the form (4.11),
confirming our fixation of this solution.
In summary, we have shown in this section that, at least

formally in the asymptotic region of large wave numbers, it
is possible to fix the leading-order correction caused by the
potential in the function that determines the positive
frequency solutions of the perturbations once this function
is known for the free dynamics, and in this way proceed to
select a vacuum state.

V. CONCLUSIONS

Lately, there has been an increasing interest in cosmo-
logical models with scalar fields that present kinetically
dominated phases in their evolution, both within classical
general relativity and in the context of quantum cosmology.
The departures of this scenario from standard slow-roll
inflation prevent one from employing the approximate
analytical formulas for the power spectrum of the primordial
perturbations that are valid in slow roll, complicating the
calculations, that in most cases have to be done numerically.
The complexity of these numerical calculations is much
worse if the model takes into account the quantum behavior
of the background, incorporating it by means of expectation
values on the background geometry, as it happens in hybrid
quantum cosmology. The background state evolves in time,
requiring a calculation of the involved expectation values at
each moment of the interval in which one studies the
propagation of the perturbations. Moreover, the evolution
of the quantum background state is typically not well
controlled from a theoretical point of view in the presence
of a scalar field potential, without a good knowledge of the
properties of the eigenvalues of the associated quantum
Hamiltonian that generates this background evolution [and
even without a rigorous proof of its self-adjointness for
generic potentials]. In hybrid LQC, for instance, this problem
has been circumvented by considering background states that
are highly peaked on effective trajectories, so that the
discussed expectation values can be very well estimated
by a direct evaluation on those trajectories. The price to pay is
to renounce to consider more general quantum behaviors for
the background. Furthermore, the fact that a quantum state is
highly peaked with respect to certain variables does not
immediately guarantee that the same happens for other
nonlinear functions of those variables, an issue that may
cast some shades on the general validity of the evaluation
on effective trajectories and that would be desirable to check
by comparing this evaluation with a genuine quantum
calculation.

In addition, the freedom to consider different potentials
for the scalar field would make this panorama even more
intricate. In this situation, an interesting possibility, that we
have explored in this article, consists in approximating our
description of the perturbations around the free case with-
out potential, so that only the knowledge of the dynamics of
this particular case is required in full detail. In order to
consider the influence of the potential, it is necessary to
include the corrections that its presence produces on this
free dynamics.
Here, we have analyzed these corrections at dominant,

leading order. These corrections can be grouped in two
sets, depending on whether they affect the propagation of
the primordial perturbations in a strict sense or the natural
vacuum state for those perturbations. The calculation of
the primordial power spectrum actually requires the two
pieces of information; the initial conditions provided by
the vacuum and their evolution, that should eventually
lead to the amplitude of the perturbations at the end of
inflation (or at the end of the kinetically dominated phase,
amplitude that would have to be evolved later on during
the remaining interval until the end of inflation). In
the models considered in this work, the corrections on
the propagation of the perturbations are due to changes in
the effective mass of the MS equations with respect to
the free case. These changes are of three kinds. First, the
explicit expression of the effective mass gets modified by
the presence of a potential. Second, when this effective
mass is given by quantum expectation values, the back-
ground state evolves with respect to the scalar field with a
dynamics that gets contributions of the potential. And
third, the change from the parameterization of this
dynamics in terms of the homogeneous scalar field to
the conformal time that appears in the MS equations is
changed as well by the presence of the potential, in
comparison with the situation with a free evolution. We
have computed in detail these three types of changes and
succinctly explained how the computation can be par-
ticularized to the cases of classical general relativity, of
hybrid LQC, and of hybrid quantum geometrodynamics.
Concerning the changes in the vacuum of the pertur-

bations, we have investigated a recent proposal for the
choice of this state, which rests on a(n asymptotic)
diagonalization of the contribution of the perturbations
to the Hamiltonian constraint. This proposal leads to a
selection of positive frequency solutions that are deter-
mined by a function hk which is a solution of certain
Riccati equation and satisfies suitable asymptotic con-
ditions. We have discussed the corrections to the function
hk at leading order in the potential that are caused by the
modification of the effective mass of the perturbations,
mass that enters in the Riccati equation. In addition, we
have studied the change in the asymptotic condition on hk
owing to the modification of the effective mass. In this
way, we have been able to give an expression for the
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leading-order contribution of the potential to the function
hk, which corrects the value of this function with respect
to the case of a free scalar field. In this manner, we have
derived the necessary tools to compute the leading-order
effects of a small potential in the primordial spectrum of
the perturbations during kinetically dominated regimes.
Let us notice that, in principle, the analysis that we have

presented can be extended to cover higher-order corrections
of the potential (although obviously at the cost of increasing
computational difficulties). Our results open the possibility
of studying issues such as the different effects that various
potentials may produce in kinetically dominated epochs,
if the leading-order approximation is good enough. In
particular, this possibility may simplify the investigation
of the consequences on the power spectra and the discussion
about which potentials lead to an improved fitting between
predictions and observations. Moreover, our results also
facilitate the analysis of the quantum geometry effects on the
primordial perturbations, which in models as those of
effective LQC occur in kinetically dominated regimes.
This could allow us to elucidate whether those quantum
geometry effects leave an imprint on the spectra that can be
observed in practice. Similarly, in principle it is now possible
to discuss how much the vacuum state is changed by the
presence of a potential during kinetically dominated epochs
with important quantum geometry effects, such as those
around the bounce in hybrid LQC.
Another interesting question for future work is the

application of our analysis to discriminate the effects of
a fast-roll inflationary phase in models within general

relativity with respect to the quantum geometry effects
that would be originated during a bounce, for instance in
order to confirm some claims of recent studies in the
literature about these two types of effects [28,79]. Finally,
the analysis that we have carried out here is sufficiently
general so as to admit its extension to other quantum
cosmology formalisms in which the net effect of the
quantization is a change in the effective MS mass. As
we mentioned in the Introduction, this is the case of the
dressed-metric formalism for LQC [41–43]. Another exam-
ple is the hybrid quantization that one obtains in LQC when
the background contribution to the Hamiltonian constraint
is regularized in an alternative, recently proposed way
[80–86]. This regularization leads to an effective MS mass
that is given again by a ratio of expectation values on a
background state, but the operators that are involved are
different from those considered in the standard representa-
tion used in hybrid LQC [87,88].

ACKNOWLEDGMENTS

This work was partially supported by Project.
No. MICINN FIS2017-86497-C2-2-P from Spain (with
extension Project. No. MICINN PID2020–118159 GB-
C41). B. E. N. acknowledges financial support from the
Standard Program of JSPS Postdoctoral Fellowships for
Research in Japan. The authors are grateful to L. Castelló
Gomar, A. García-Quismondo, L. Morala, and S. Prado for
discussions.

[1] B. J. T. Jones, Precision Cosmology: The First Half Million
Years (Cambridge University Press, Cambridge, England,
2017).

[2] T. S. Bunch and P. Davies, Quantum field theory in de Sitter
space: Renormalization by point splitting, Proc. R. Soc. A
360, 117 (1978).

[3] E. Di Valentino, A. Melchiorri, and J. Silk, Planck evidence
for a closed universe and a possible crisis for cosmology,
Nat. Astron. 4, 196 (2020).

[4] A. Ashtekar, B. Gupt, D. Jeong, and V. Sreenath, Alleviating
the Tension in CMB using Planck-Scale Physics, Phys. Rev.
Lett. 125, 051302 (2020).

[5] A. Ashtekar, B. Gupt, and V. Sreenath, Cosmic tango
between the very small and the very large: Addressing
CMB anomalies through loop quantum cosmology, Front.
Astron. Space Sci. 8, 685288 (2021).

[6] I. Agullo, D. Kranas, and V. Sreenath, Large scale anomalies
in the CMB and non-Gaussianity in bouncing cosmologies,
Classical Quant. Grav. 38, 065010 (2021).

[7] C. L. Bennett et al., Nine-year Wilkinson microwave
anisotropy probe (WMAP) observations: Final maps and
results, Astrophys. J. Suppl. Ser. 208, 20 (2013).

[8] N. Aghanim et al., Planck 2018 results. VI. Cosmological
parameters, Astron. Astrophys. 641, A6 (2020).

[9] Y. Akrami et al., Planck 2018 results. X. Constraints on
inflation, Astron. Astrophys. 641, A10 (2020).

[10] Y. Akramiet et al., Planck 2018 results. I. Overview and the
cosmological legacy of Planck, Astron. Astrophys. 641, A1
(2020).

[11] C. R. Contaldi, M. Peloso, L. Kofman, and A. D. Linde,
Suppressing the lower multipoles in the CMB anisotropies,
J. Cosmol. Astropart. Phys. 07 (2003) 002.

[12] J. M. Cline, P. Crotty, and J. Lesgourgues, Does the small
CMB quadrupole moment suggest new physics?, J. Cosmol.
Astropart. Phys. 09 (2003) 010.

[13] I. Wang and K. Ng, Effects of a preinflation radiation-
dominated epoch to CMB anisotropy, Phys. Rev. D 77,
083501 (2008).

PRIMORDIAL PERTURBATIONS IN KINETICALLY DOMINATED … PHYS. REV. D 104, 103520 (2021)

103520-13

https://doi.org/10.1098/rspa.1978.0060
https://doi.org/10.1098/rspa.1978.0060
https://doi.org/10.1038/s41550-019-0906-9
https://doi.org/10.1103/PhysRevLett.125.051302
https://doi.org/10.1103/PhysRevLett.125.051302
https://doi.org/10.3389/fspas.2021.685288
https://doi.org/10.3389/fspas.2021.685288
https://doi.org/10.1088/1361-6382/abc521
https://doi.org/10.1088/0067-0049/208/2/20
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833880
https://doi.org/10.1051/0004-6361/201833880
https://doi.org/10.1088/1475-7516/2003/07/002
https://doi.org/10.1088/1475-7516/2003/09/010
https://doi.org/10.1088/1475-7516/2003/09/010
https://doi.org/10.1103/PhysRevD.77.083501
https://doi.org/10.1103/PhysRevD.77.083501


[14] C. Destri, H. J. de Vega, and N. G. Sanchez, CMB quadru-
pole depression produced by early fast-roll inflation:
Monte Carlo Markov chains analysis of WMAP and SDSS
data, Phys. Rev. D 78, 023013 (2008).

[15] C. Destri, H. J. de Vega, and N. G. Sanchez, Preinflationary
and inflationary fast-roll eras and their signatures in the low
CMB multipoles, Phys. Rev. D 81, 063520 (2010).

[16] D. Boyanovsky, C. Destri, H. J. de Vega, and N. G. Sanchez,
The effective theory of inflation in the standard model of the
Universe and the CMBþ LSS data analysis, Int. J. Mod.
Phys. A 24, 3669 (2009).

[17] R. K. Jain, P. Chingangbam, J. Gong, L. Sriramkumar, and
T. Souradeep, Punctuated inflation and the low CMB
multipoles, J. Cosmol. Astropart. Phys. 01 (2009) 009.

[18] F. Scardigli, C. Gruber, and P. Chen, Black hole remnants in
the early universe, Phys. Rev. D 83, 063507 (2011).

[19] M. H. Namjoo, H. Firouzjahi, and M. Sasaki, Multiple
inflationary stages with varying equation of state, J. Cosmol.
Astropart. Phys. 12 (2012) 018.

[20] E. Dudas, N. Kitazawa, S. P. Patil, and A. Sagnotti, CMB
imprints of a pre-inflationary climbing phase, J. Cosmol.
Astropart. Phys. 05 (2012) 012.

[21] S. Kouwn, O. Kwon, and P. Oh, Large scale suppression of
scalar power on a spatial condensation, Phys. Rev. D 91,
063521 (2015).

[22] P. Chen and Y. Lin, What initial condition of inflation would
suppress the large-scale CMB spectrum?, Phys. Rev. D 93,
023503 (2016).

[23] L. T. Hergt, W. J. Handley, M. P. Hobson, and A. N. Lasenby,
Constraining the kinetically dominated universe, Phys. Rev. D
100, 023501 (2019).

[24] A. Di Tucci, J. Feldbrugge, J.-L. Lehners, and N. Turok,
Quantum incompleteness of inflation, Phys. Rev. D 100,
063517 (2019).

[25] E. Ramirez and D. J. Schwarz, Predictions of just-enough
inflation, Phys. Rev. D 85, 103516 (2012).

[26] E. Ramirez, Low power on large scales in just-enough
inflation models, Phys. Rev. D 85, 103517 (2012).

[27] A. Scacco and A. Albrecht, Transients in finite inflation,
Phys. Rev. D 92, 083506 (2015).

[28] B. Elizaga Navascués and G. A. Mena Marugán, Analytical
investigation of pre-inflationary effects in the primordial power
spectrum: From general relativity to hybrid loop quantum
cosmology, J. Cosmol. Astropart. Phys. 09 (2021) 030.

[29] J. J. Halliwell, Introductory lectures to quantum cosmology,
published in Proceedings of the 1990 Jerusalem Winter
School on Quantum Cosmology and Baby Universes, edited
by S. Coleman, J. B. Hartle, T. Piran, and S. Weinberg
(World Scientific, Singapore, 1991).

[30] A. Ashtekar and P. Singh, Loop quantum cosmology: A
status report, Classical Quant. Grav. 28, 213001 (2011).

[31] A. Ashtekar, T. Pawłowski, and P. Singh, Quantum nature of
the big bang: An analytical and numerical investigation,
Phys. Rev. D 73, 124038 (2006).

[32] A. Ashtekar, T. Pawłowski, and P. Singh, Quantum nature of
the big bang: Improved dynamics, Phys. Rev. D 74, 084003
(2006).

[33] M. Martín-Benito, G. A. Mena Marugán, and J. Olmedo,
Further improvements in the understanding of isotropic loop
quantum cosmology, Phys. Rev. D 80, 104015 (2009).

[34] G. A. Mena Marugán, A brief introduction to loop quantum
cosmology, AIP Conf. Proc. 1130, 89 (2009).

[35] E. Wilson-Ewing, Testing loop quantum cosmology, C.R.
Phys. 18, 207 (2017).

[36] B. Elizaga Navascués and G. A. Mena Marugán, Hybrid
loop quantum cosmology: An overview, Front. Astron.
Space Sci. 8, 624824 (2021).

[37] T. Thiemann, Modern Canonical Quantum General Rela-
tivity (Cambridge University Press, Cambridge, England,
2007).

[38] A. Ashtekar and J. Lewandowski, Background independent
quantum gravity: A status report, Classical Quant. Grav. 21,
R53 (2004).

[39] V. Taveras, Corrections to the Friedmann equations from
loop quantum gravity for a universe with a free scalar field,
Phys. Rev. D 78, 064072 (2008).

[40] A. Bhardwaj, E. J. Copeland, and J. Louko, Inflation in loop
quantum cosmology, Phys. Rev. D 99, 063520 (2019).

[41] I. Agullo, A. Ashtekar, and W. Nelson, A Quantum Gravity
Extension of the Inflationary Scenario, Phys. Rev. Lett. 109,
251301 (2012).

[42] I. Agullo, A. Ashtekar, and W. Nelson, Extension of the
quantum theory of cosmological perturbations to the Planck
era, Phys. Rev. D 87, 043507 (2013).

[43] I. Agullo, A. Ashtekar, and W. Nelson, The pre-inflationary
dynamics of loop quantum cosmology: Confronting quan-
tum gravity with observations, Classical Quant. Grav. 30,
085014 (2013).

[44] I. Agullo, Loop quantum cosmology, non-Gaussianity, and
CMB power asymmetry, Phys. Rev. D 92, 064038 (2015).

[45] I. Agullo, A. Ashtekar, and B. Gupt, Phenomenology with
fluctuating quantum geometries in loop quantum cosmol-
ogy, Classical Quant. Grav. 34, 074003 (2017).

[46] I. Agullo, B. Bolliet, and V. Sreenath, Non-Gaussianity in
loop quantum cosmology, Phys. Rev. D 97, 066021 (2018).

[47] I. Agullo, D. Kranas, and V. Sreenath, Anomalies in the
cosmic microwave background and their non-Gaussian
origin in loop quantum cosmology, Front. Astron. Space
Sci. 8, 703845 (2021).

[48] D. Martín de Blas and J. Olmedo, Primordial power spectra
for scalar perturbations in loop quantum cosmology,
J. Cosmol. Astropart. Phys. 06 (2016) 029.

[49] F. Benítez Martínez and J. Olmedo, Primordial tensor modes
of the early universe, Phys. Rev. D 93, 124008 (2016).

[50] L. Castelló Gomar, G. A. Mena Marugán, D. Martín de
Blas, and J. Olmedo, Hybrid loop quantum cosmology and
predictions for the cosmic microwave background, Phys.
Rev. D 96, 103528 (2017).

[51] B. Elizaga Navascués, D. Martín de Blas, and G. A. Mena
Marugán, The vacuum state of primordial fluctuations in
hybrid loop quantum cosmology, Universe 4, 98 (2018).

[52] B.-F. Li, J. Olmedo, P. Singh, and A. Wang, Primordial
scalar power spectrum from the hybrid approach in loop
cosmologies, Phys. Rev. D 102, 126025 (2020).

[53] I. Agullo and N. A. Morris, Detailed analysis of the
predictions of loop quantum cosmology for the primordial
power spectra, Phys. Rev. D 92, 124040 (2015).

[54] A. Ashtekar and D. Sloan, Probability of inflation in
loop quantum cosmology, Gen. Relativ. Gravit. 43, 3619
(2011).
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