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A B S T R A C T

The potential applications of constant-force mechanisms (CFMs) have increased in recent years
with the development of new designs. This paper focuses on the experimental evaluation and
the mathematical modelling of a CFM. The mechanism is based on the use of cams, rollers
and springs, which allows for a large stroke and user-adjustable force value. The evaluation
and validation of the mechanism is carried out by performing a series of tests examining the
constancy of the input force, and where the influence of friction forces and the manufacturing
process on the performance of the mechanism is revealed. A multibody model of the constant-
force mechanism is developed and calibrated with the help of the experimental results. This
model is based on the assumption of rolling without sliding between the cam and the roller,
what makes the multibody model to include velocity constraints. The calibration of the model
pursues the development of a mathematical tool to study the performance of the mechanism in
conditions that are different from those of the experiments presented. The CFM model is used
to perform a sensitivity analysis of some important design parameters of the mechanism.

. Introduction

Constant-force mechanisms (CFMs) are designed to achieve a constant force value on the input link for a certain prescribed range
f displacement. These mechanisms are applied in several fields of engineering, where the design solution given in each case will
epend on the intended use.

Constant-force mechanisms can be classified into two main groups according to the type of components that provide mobility
o the mechanism [1]. A first group includes those mechanisms based on flexible links, the so-called compliant mechanisms [2–4],
here the mobility of these mechanisms is provided by flexible elements and can be designed in one single piece. The flexible
arts are usually designed with relatively complex geometries to achieve the characteristic of constant-force in a certain range of
ovement of the mechanism. The geometry of the flexible element can be obtained from optimization techniques [5–9] and from

he pseudo-rigid body method [5,10–13]. Compliant CFMs can be designed for a one directional constant force [14,15] or for a
onstant torque [7,16]. Some CFMs proposals are based on the use of a positive stiffness element together with a negative stiffness
lement, so that when acting together the resulting force–displacement curve presents some region with null or almost null slope,
.e. nearly null stiffness [13,17–20]. One way to achieve negative stiffness is by using beam elements subjected to buckling, where
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the stiffness of the beam can be known from the Euler equation [21–23]. Compliant CFMs are of particular interest in applications
that do not require large displacements, have the advantage of being simple and compact construction, and have no friction losses.

The second group of CFMs includes those that use springs together with a non-linear transmission. Compared to compliant CFMs,
hey have the advantage of being designed for larger displacements [15,24], although in most cases the influence of the friction must
e taken into account in the design [14,24,25]. Some proposals are based on the use of rigid links together with springs arranged
n a particular configuration [26–28], as is the case of the well known desk lamp holder, which compensates the weight of the
amp for a wide range of positions [29]. In other cases springs are used together with cams with a particular geometry. In some
esigns a non-circular cam rotates winding a cable around its surface, which lengthens a linear spring. By combining the linear
pring characteristic with the variable radius cam, a constant torque can be achieved on the cam’s axis of rotation [30,31]. Other
esigns use springs and rollers, where the springs are lengthened by rolling the rollers over a cam surface [14,15,24,32,33]. The
articular geometry of the cam allows maintaining a constant force value on the input link of the mechanism. Some solutions allow
he force value to be modified by presetting the initial spring tension [14] or by arranging several springs in parallel [24].

A generalization of the CFMs are mechanisms with user-defined stiffness. Instead of designing the mechanism for zero stiffness
constant force), the same design methods can be applied to obtain a non-linear spring with an specific stiffness curve [34,35].
idgoly et al. [36] derive the geometry of several cams to achieve constant torque, cubic, hyperbolic tangent and sinusoidal springs.

Constant-force mechanisms are undergoing considerable development in the field of robotics, where they are used as gravity-
alancing mechanism [28], as safety systems against overloads [17], or in the manipulation of objects to limit the gripping
orce [8,19,37,38], thus avoiding the use of complex force control systems. CFMs have found new applications in fields such
s surgery, with the design of grasping forceps to control the clamping force [10,39] or in cardiac ablation catheter [40]; in
he development of 2-DOF grippers [41]; in assistive exoskeletons [42]; in end-effectors for polishing/deburring operations [43];
n microgripers for biological cell micromanipulation [44]; in body building machines, where they seek to eliminate the inertia
orces present in weight-stack machines [45,46] or for their use in low-gravity environments [47]; in snap-fit connectors [48]; in
utomotive clutches [49] or in electrical contacts [50].

The multibody modelling of cam mechanisms is a problem that is definitively influenced by the contact modelling between the
am and the follower. Using multibody system dynamics theory, Cardona et al. [51] presented a methodology for the optimal design
f the cams of motor engine valve trains including nonlinear geometrical, kinematical and dynamical constraints. Ouyang et al. [52]
lso utilized a dynamic multibody model of a cam-follower mechanism in the optimal design problem of the cam profile. The contact
roblem between circular and non-circular bodies, as that of the cam and the follower in general cam mechanisms, has been treated
n detail by Xu [53], who proposed a general methodology for planar multibody systems which is applicable in case single and
ulti-point contact. Since cam profiles are often numerically represented, it is common to use interpolation to reconstruct the cam
rofile between data points. In this sense, the influence of interpolation errors in the kinematics and dynamics of cam mechanisms
s studied by Borboni et al. [54]. Analyses of computational multibody models’ results of cam mechanisms in comparison with
xperimental performance data can be found in the works of [55,56].

In the present work, a CFM based on a cam and springs is experimentally evaluated and mathematically modelled and studied.
he CFM prototype evaluated here is based on one of the three conceptual designs of CFMs proposed in a previous work [24], and

s intended for the future fabrication of a full-scale CFM for bodybuilding machines [45].
This paper is organized as follows: Section 2 includes, first, a brief description of the conceptual design of the CFM developed,

he force equation condition for constant force and the numerical derivation for the cam profile; second, the description of the
rototype developed; and third, the evaluation of the manufacturing errors in the fabricated cam. Section 3 contains a series of tests
arried out to evaluate the performance of the mechanism and includes some simulations for comparison. Next, Section 4 deals with
he formulation of the multibody model of the CFM and Section 5 discusses the influence of different parameters on the constant
orce characteristic. Lastly, Section 6 draws the main conclusions.

. The constant-force mechanism

The CFM developed basically comprises a symmetric cam profile, two rollers, and a spring attached to both roller axes (Fig. 1).
he pulling force is exerted on a cable (or a rod) aligned with the axis of symmetry of the mechanism, where this cable bifurcates

nto two braces that are connected to both roller axes respectively. As the cable moves vertically, the rollers move upward by rolling
ver the cam surface and the spring elongates by exerting a force opposing the movement. With this arrangement, a certain cam
rofile can be found that allows a constant force value to be maintained throughout the entire stroke of the mechanism.

Once the conceptual design of the CFM has been introduced, this section begins with a summary of the input force equation, the
onstant force condition, and the numerical integration required to obtain the roller centre trajectory (a more detailed description
f this procedure can be found in our former work [24]). Subsequently, the CFM prototype is described. Finally, the manufacturing
rrors of the cam profile are measured and discussed.

.1. Force equation and cam profile

Fig. 1 shows the forces acting on the right roller when the roller moves upward. Note that, due to the symmetry of the mechanism,
2

oth rollers move at the same time and the force diagrams are also the same for both rollers. From the equilibrium equations in
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Fig. 1. Conceptual design of the CFM and forces diagram for the roller.

he horizontal and vertical directions, the moment equilibrium equation 𝐹𝑓 𝑟 = 𝑁𝑑, and some basic relations, the input force can
e written as [24]

𝐹 = 4𝐾 𝛥𝑥
(

1 − 𝜇𝑟 tan 𝛽
tan 𝛽 + 𝜇𝑟

− tan 𝛼
)−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴

, (1)

where the input force 𝐹 results as a function of the spring stiffness coefficient 𝐾 and its elongation 𝛥𝑥, the rolling friction 𝜇𝑟, the
slope of the curve 𝛽 and the angle 𝛼 of the brace. Eq. (1) shows that the force 𝐹 will be constant if the trajectory of the roller centre
verifies that the term 𝐴 keeps constant. It must be noted that Eq. (1) has been obtained for the upward movement of the rollers,
while for the downward displacement the sign preceding 𝜇𝑟 must be changed. This means that, due to friction, the cam can only
be designed for an exactly constant force curve in one of the two directions of displacement.

Next, from Eq. (1), the following nonlinear first order differential equation can be derived [24]

d𝑥
d𝑦

=
1 − 𝜇𝑟𝑓 (𝑥)
𝜇𝑟 + 𝑓 (𝑥)

, (2)

where

𝑓 (𝑥) = 1
𝐴
(𝑥 − 𝑥0) +

𝑥
𝑙𝑡

(

1 −
(

𝑥
𝑙𝑡

)2
)− 1

2

. (3)

To obtain Eq. (2) from Eq. (1), the relations tan 𝛽 = d𝑥
d𝑦

and tan 𝛼 = 𝑥
𝑙𝑡

(

1 −
(

𝑥
𝑙𝑡

)2
)− 1

2

have been used. Then, a first order implicit

integration formula can be used to solve the differential Eq. (2) [24], resulting in the trajectory of the roller centre.
Finally, the cam profile can be obtained with the CAD software AutoCAD from AUTODESK. First, the points of the roller centre

path obtained from the numerical integration are joined by means of a spline. Secondly, the cam curve is obtained using the
equidistance tool provided by the software, where the radius of the roller is used for the equidistance.

2.2. Prototype

In order to experimentally validate the design proposed and to analyse its performance, a prototype of the CFM has been
elaborated. Fig. 2 shows the CAD model and a picture of the prototype. The cam profile of the mechanism has been designed
for a maximum stroke of 250 mm and to achieve a constant force value 𝐹 of 50 N for a spring stiffness 𝐾 of 1.38 N/mm. Table 1
summarizes the main characteristics of the CFM. Due to the initial uncertainty of the value of the rolling friction coefficient, the
3
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Fig. 2. (a) CAD design of the CFM and (b) an image of the prototype mounted in a H5KS Hounsfield testing machine. Labels in (a): 1 cam, 2 pulling link, 3
and 5 braces (length = 200 mm), 4 and 6 rollers (radius = 16 mm).

Table 1
CFM design parameters.
Constant force, 𝐹 (see Eq. (1)) 𝐹 = 4𝐾𝐴, with 𝐴 = 9.058
Number of springs in parallel 2/4/6
Possible stiffness, 𝐾 (N/mm) 1.38/2.76/4.14
Possible force values, 𝐹 (N) 50/100/150
Stroke (mm) 240
Brace length, 𝑙𝑡 (mm) 200
Spring rest length, 2𝑥𝑜 (mm) 136
Roller radius, 𝑟 (mm) 16

cam profile has been derived for 𝜇𝑟 = 0. To achieve a low rolling friction coefficient, the cam is made of stainless steel ASTM A 240
(AISI 304) and two different materials have been tested for the rollers (steel and nylon).

The shaft of the rollers has been prolonged to be able to use up to six springs arranged in parallel. In this way, it is easy to
modify the constant force value of the mechanism. According to Eq. (1), the force 𝐹 is proportional to the spring stiffness. Then, the
force value can be changed by adding several springs in parallel or replacing the springs by other with different stiffness constant. In
Table 1, three different values of force 𝐹 are listed (50 N, 100 N, and 150 N), which are achievable by arranging 2, 4, or 6 springs
in parallel, with a stiffness of 0.69 N/mm stiffness in each spring. Moreover, others values of force can be obtained using springs
with different stiffness. Note that all the springs must have the same rest length, since the distance between the right side and the
left side of the cam is conditioned by the spring rest length (defined as 2𝑥𝑜 in Fig. 1). To compensate for possible differences in
spring length or manufacturing errors, individual spring tensors (M4 × 0.7 mm screws) have been used for each spring to adjust
the spring rest length.

2.3. Evaluation of the manufactured cam profile

A precise fabrication of the cam profile is essential to get the constant-force characteristic of the mechanism. The prototype
cam has been obtained with a CNC laser cutting machine from the CAD drawing. This manufacturing method has been preferred
instead of milling, due to the much lower price of the former. The cam has been obtained from a 10 mm thick steel plate. To
evaluate the manufactured cam profile, it has been measured with an optical measuring machine with vision system TESA-VISIO
300 (1 μm resolution) and then compared with the designed profile. Due to the dimensions of the cam and the limited working
area of the measuring machine, only the lower half of the cam profile has been measured (first 150 mm of the cam profile). Cam
profile measurements were taken at 0.5 mm intervals. The best fit between the set of measured points and the set of model points
has been obtained with an iterative closest point (ICP) algorithm, where the registration of the sets of points has been done by
iterative reweighted least squares [57]. After the transformation (translation plus rotation) of the measured points sets, a very good
fit between both curve points has been obtained, with a root-mean-square error (RMSE) of 0.023 mm and standard deviation (SD)
of 0.017 mm. Fig. 3 shows the error in 𝑥 coordinate between the measured points and the model, for the right and left sides of the
cam. Negative values indicate that the measured points of the fabricated cam profile are inside the design profile (lower cam width).
These results, which show small manufacturing errors, together with the experimental results described in Section 3, confirm the
feasibility of the CNC laser cutting.
4
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Fig. 3. Error in 𝑥 coordinate between the measured and the theoretical cam profile.

Table 2
Measured stiffness constant of the springs.
Spring #1 #2 #3 #4 #5 #6

Stiffness (N/mm) 0.683 0.682 0.681 0.686 0.686 0.679

3. Experimental results

A series of tests have been carried out to analyse the performance of the mechanism. The constant-force mechanism has been
ested for three different spring stiffness values and two rollers materials. Previously, some initials tests have been done to obtain
he real stiffness constant of the springs and to adjust the spring rest length in the mechanism. All force tests have been done in a
5KS Hounsfield testing machine (see Fig. 2b). This model H5KS includes a 5 kN load cell with a 0.5% load measurement accuracy
nd 0.001 mm position accuracy. The machine has a maximum stroke of 750 mm and a test speed range from 0.001 mm/min to
500 mm/min. Tests have been conducted starting with the rollers located at the bottom of the cam and moving upwards. Once the
aximum stroke of the mechanism has been reached, with the rollers at the top of the cam, the rollers begin to move downward
ntil they return to the initial position. Most of the tests have been done with a travel speed of 500 mm/min and a sampling rate
f 35 Hz.

As described above, the prototype can incorporate up to six springs arranged in parallel (2, 4, or 6 springs are possible). The
tiffness of each spring has been obtained through tensile tests. Table 2 lists the stiffness constant values for each spring. The spring
est length will have influence in the force curve of the mechanism, specially in the first section of the cam [24]. For each pair
f springs, it has been adjusted the spring rest length from tensile–compression tests results, where the spring rest length can be
odified through a screw. Fig. 4 shows the force curves obtained for five different adjustments of the spring rest length of the pair

f springs #1 and #2. The step between two consecutive adjustments corresponds to two complete turns of the screw. In Fig. 4, it
s represented the upwards and downwards displacements of the mechanism in the same curve, where the resultant hysteresis loop
or each test is appreciated. The curve with the best approximation to the constant-force characteristic has been defined as ‘adjust

0 mm’ in Fig. 4. Variations in the spring rest length result in deviations in the force curve, being more pronounced in the first
ection of the cam. These results are in accordance with the theoretical results obtained in Ref. [24].

The force value can be modified by adding springs arranged in parallel. Fig. 5 shows the force hysteresis loop measured for
, 4, and 6 springs. Force curves show some fluctuations due to the errors of the manufactured cam profile and also some noise
ainly due to the surface roughness of the cam. In the three force curves, the same fluctuation pattern can be observed. The force

urves show larger hysteresis loop for higher spring stiffness, where the area within the hysteresis loop mainly depends on the
olling friction coefficient and the force value. It is interesting to note that the area within the hysteresis loop is not linear with
he force (Table 3). For each section of the hysteresis loop (upward and downward displacement), Table 3 summarizes the mean
orce value, the standard deviation and the maximum and minimum values. Additionally, it is included the theoretical value of the
orces, calculated from Eq. (1) with the measured spring stiffness constant and for null friction coefficient. These force values have
een represented with dashed lines in Fig. 5.

All force curves obtained in the different tests showed high repeatability. As example, Fig. 6 shows five repetitions of the force
est for four springs in parallel.

The tests described so far have been done with rollers of steel. With the aim of studying the effect of other materials in the
olling friction, rollers of nylon have been tested. The curves for the three force levels obtained for steel rollers have been compared
ith the curves obtained for nylon rollers, showing small differences between the curves. As expected, since the rolling friction for
5

ylon material is slightly higher, the hysteresis loop is somewhat larger when nylon rollers are used. This difference is more easily
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Fig. 4. Force curves for variations in the spring rest length.

Fig. 5. Force curves for 2, 4, and 6 springs in parallel.

Table 3
Parameters of the force curves in Fig. 5.
Springs arranged in parallel 2 (#1 and #2) 4 (#1 to #4) 6 (#1 to #6)

Spring equivalent stiffness (N/mm) 1.365 2.732 4.097
Theoretical force (N) 49.46 98.99 148.4
Displacement up/down up/down up/down
Mean force (N) 49.67/48.27 98.94/96.62 148.27/144.17
Standard deviation (N) 0.427/0.425 0.949/1.02 1.38/2.12
Max. force (N) 51.00/49.33 101.0/99.00 151.33/148.00
Min. force (N) 48.00/46.33 95.33/92.17 143.17/136.00
Hysteresis loop area (N m) 0.406 0.555 1.069

observed in the curves of higher value of force. Fig. 7 shows the curve force for the two type of rollers and for 6 springs, with
hysteresis loop areas of 1.069 Nm and 1.220 Nm for steel and nylon rollers, respectively.

Test displacement speed may influence the force curve results. Previous results were conducted at 500 mm/min. Next, Fig. 8
hows the force curves for five different velocities, from 100 mm/min to 1500 mm/min (maximum allowed by the testing machine).
ince the displacement velocity is low in all tests, no appreciable influence of inertia forces is expected. All curves show the same
ain fluctuation due to the small deviation in the manufacturing process, but the noise due to surface roughness increases with
ecreasing speed. As representative values, the standard deviations for the upward displacement section of the curves are 0.693 N,
.551 N, 0.427 N, 0.359 N and 0.318 N for the velocities between 100 mm/min and 1500 mm/min shown in Fig. 8.

Finally, this section presents a comparison between experimental results and simulations using the measured cam profile
escribed in Section 2.3. The simulations were performed with SOLIDWORKS motion commercial software, which uses the
DAMS/Solver simulation engine to solve the equations of motion and calculate the forces on each component of the assembly.
he real model has been simplified for simulations. Braces, springs and shafts have been included as virtual links without mass.
n addition, no mass has been considered for the rollers. Therefore, no inertial effects are considered, which have no significant
6
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Fig. 6. Force curves for five repetitions of the force test (4 springs).

Fig. 7. Force curves for steel rollers and for nylon rollers (6 springs).

Fig. 8. Force curves for different displacement velocities (2 springs).
7
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Fig. 9. Force curves from experimental result and from simulations with the measured cam profile and different values of the rolling friction coefficient. (a)
raw data and (b) filtered curves.

influence due to the low accelerations. As in the tests, the simulations were performed with a low displacement velocity of
500 mm/min. Lastly, the contacts between the rollers and the measured cam profile have been imposed as non-penetrating and
with allowable separation, and the rolling friction coefficient 𝜇𝑟 has been included.

Fig. 9(a) shows the measured force as well as the simulated results for rolling friction coefficient values of 𝜇𝑟 = 0.002 and
𝜇𝑟 = 0.004, and for no friction. For an easier comparison of the results, the data reported in Fig. 9(a) have been back and forth
filtered with a sixth order Butterworth filter with cut-off frequency of 2 Hz, leading to the smoother curves drawn in Fig. 9 (b).
From the similarity in the fluctuations shown in the experimentally measured and simulated curves, it is confirmed that the force
fluctuations are due to manufacturing errors. The error induced by the machining process defined as the difference between the
force measured in the test conducted on the manufactured mechanism and the force obtained by simulation using the profile sent
to the manufacturer is studied later on in Section 4, where a dedicated multibody model of the CFM mechanism is developed.
Besides the similarity of the curves, a drop in the experimental curve with respect to the simulated curves can be appreciated in the
initial section of the displacement. This may be indicative that the spring rest length introduced in the simulation (the theoretical
one) does not fit the real one (see Fig. 4). In Fig. 10, the simulation has been repeated for 𝜇𝑟 = 0.002, but a spring rest length of
136.5 mm (0.5 mm longer than the theoretical) has been used instead. In this way, the simulated curves of Fig. 10 follow a more
similar pattern in the initial section.

In addition, the results of the simulations allow obtaining an indicative value of the rolling friction coefficient. In Fig. 9(a), the
areas of the hysteresis loops in the section between 40 mm and 210 mm of the input displacement result in 0.233 Nm and 0.410 Nm
for 𝜇𝑟 = 0.002 and 𝜇𝑟 = 0.004, respectively, and 0.259 Nm for the experimental measurement. In Fig. 10(a), for 𝜇𝑟 = 0.002, the area
s 0.232 Nm (almost the same as for Fig. 9(a)). These values indicate that, for this case, the real rolling friction coefficient will be
lightly higher than 0.002. Once the value of the rolling friction coefficient has been identified, the cam profile could be designed
8
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Fig. 10. Force curves from experimental result and from simulation with the measured cam profile, a spring rest length of 136.5 mm and a rolling friction
oefficient of 0.002. (a) raw data and (b) filtered curves.

y including that value in Eq. (1). This allows maintaining a more accurate constant force curve in one of the directions of the
isplacement.

. Multibody model of the CFM mechanism

The objective of this section is to develop a multibody model of the CFM that reproduces the experimental results presented
efore. Once the model is validated by comparison with the experimental results, it will be used to investigate the influence of
nertial effects and manufacturing tolerances on the CFM performance.

In order to be able to study a wide range of manufacturing errors, the mathematical model of the CFM does not make use of
ymmetry. Instead, the two cam profiles of the CMF are modelled separately. The model comprises a total of five moving bodies
hich are described as follows (see Fig. 11). Body 2 is a slider that translates vertically when pulled up by the user. It is the input
ody of the mechanism. Both bodies 3 and 5 are connecting rods articulated to the slider and the two rollers, bodies 4 and 6, which
re assumed to roll without slipping over the left and right cam surfaces. The assumption of no slipping is reasonable as long as the
ollers have low inertia torques and low friction torques. They just follow the cam profile as the slider is pulled upwards.

Since the cam profile has a curved shape, the contact between the roller and the cam is implemented by using two non-generalized
oordinates to locate the contact point of each roller. The vector of coordinates is as follows:

𝒙 =
(

𝑠2 𝜃3 𝜃4 𝜉4 𝑦4 𝜃5 𝜃6 𝜉6 𝑦6
)T , (4)

where 𝜉4 and 𝑦4 are the non-generalized coordinates used to define the contact of roller 4 and the right cam profile, and 𝜉6 and
𝑦 are the non-generalized coordinates used to define the contact of roller 6 and the left cam profile. This set of coordinates is
9
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Fig. 11. Sketch of the mathematical model of the constant force mechanism.

constrained by eight constraints (six holonomic plus two velocity constraints). The holonomic constraints are as follows:

𝒄ℎ (𝒙) =

⎛

⎜

⎜

⎜

⎜

⎝

𝒓𝟐 + 𝒓𝟑 + 𝑪𝟒𝑷 − 𝒓𝑷𝟏
𝒕𝑷𝟏 ⋅ 𝑪𝟒𝑷

𝒓𝟐 + 𝒓𝟓 + 𝑪𝟔𝑸 − 𝒓𝑸𝟏
𝒕𝑸𝟏 ⋅ 𝑪𝟔𝑸

⎞

⎟

⎟

⎟

⎟

⎠

= 𝟎6×1, (5)

with

𝒓𝑷𝟏 =
(

𝑥4(𝑦4) 𝑦4 0
)T , (6)

𝒓𝟐 =
(

0 𝑠2 0
)T , (7)

𝒓𝟑 =
(

𝐿3 cos 𝜃3 𝐿3 sin 𝜃3 0
)T , (8)

𝑪𝟒𝑷 =
(

𝑅4 cos
(

𝜃4 + 𝜉4
)

𝑅4 sin
(

𝜃4 + 𝜉4
)

0
)T , (9)

𝒓𝑸𝟏 =
(

𝑥6(𝑦6) 𝑦6 0
)T , (10)

𝒓𝟓 =
(

𝐿5 cos 𝜃5 𝐿5 sin 𝜃5 0
)T , (11)

𝑪𝟔𝑸 =
(

𝑅6 cos
(

𝜃6 + 𝜉6
)

𝑅6 sin
(

𝜃6 + 𝜉6
)

0
)T , (12)

where 𝐿3 and 𝐿5 are the lengths of the bodies 3 and 5, respectively, and 𝑅4 and 𝑅6 are the radii of the rollers 4 and 6. Moreover,
𝒕𝑷𝟏 and 𝒕𝑸𝟏 are two vectors tangent to the right and left cam profiles at contact points 𝑃 and 𝑄, respectively. Note that 𝑥4(𝑦4) and
𝑥6(𝑦6) are expressed explicitly as functions of 𝑦4 and 𝑦6, respectively. Vectors 𝒕𝑷𝟏 and 𝒕𝑸𝟏 are calculated from the known functions of
the cam profiles, 𝑥4 = 𝑥4(𝑦4) and 𝑥6 = 𝑥6(𝑦6), as follows:

𝒕𝑷𝟏 =
d𝒓𝑷𝟏
d𝑦4

=
(

d𝑥4
(

𝑦4
)

d𝑦4
1 0

)𝑇

, (13)

𝒕𝑸𝟏 =
d𝒓𝑸𝟏
d𝑦6

=
(

d𝑥6
(

𝑦6
)

d𝑦6
1 0

)𝑇

. (14)

n addition, two velocity constraints expressing the rolling without slipping contacts are added as follows

𝒄𝑛ℎ (𝒙, �̇�) =

(

𝒕𝑷𝟏 ⋅
(

�̇�𝐶4
4 + 𝝎𝟒 × 𝑪𝟒𝑷

)

𝒕𝑸𝟏 ⋅
(

�̇�𝐶6
6 + 𝝎𝟔 × 𝑪𝟔𝑸

)

)

= 𝟎2×1, (15)

here �̇�𝐶4
4 and �̇�𝐶6

6 are the absolute velocities of the rollers’ centres. Note that the previous equations are linear in the velocities and
hey can be expressed as 𝒄 𝒙, �̇� = 𝑩 𝒙 �̇�, being 𝑩 𝒙 a coordinate dependent 2 × 9 matrix.
10
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r

In order to perform the simulations, the motion of the slider, Body 2, is prescribed through the introduction of the following

heonomic constraint:

𝑐𝑟ℎ(𝒙, 𝑡) = 𝑠2 − 𝑓 (𝑡), (16)

being 𝑓 (𝑡) defined by the following cycloidal displacement profile:

𝑓 (𝑡) = 𝑠02 + 𝐴
( 𝑡
𝑇

− 1
2𝜋

sin
( 2𝜋𝑡

𝑇

))

, (17)

where 𝑠02 is the vertical initial position of the slider, the parameter 𝑇 is used to control the speed of the exercise and 𝐴 is the vertical
stroke of the slider. The cycloidal profile has been selected in order to start and end the elevation of the slider at zero velocity and
zero acceleration. Observe that by adding the last rheonomic constraint, the kinematics and the dynamics of the mechanism can be
solved as follows:

1. Find an admissible initial position coordinate vector, 𝒙𝟎, by solving the six holonomic constraints as follows:

𝒄ℎ
(

𝒙𝟎
)

= 𝟎6×1 for
𝑠2(0) = 𝑠02
𝜉4(0) = 𝜋
𝜉6(0) = 0

(18)

where three out of nine coordinates can be prescribed.
2. Numerically integrate the following system of first order differential equations:

�̇�ℎ (𝒙) + 𝛽𝒄ℎ (𝒙) = 𝟎6×1, (19)

𝑩 (𝒙) �̇� = 𝟎2×1, (20)

�̇�𝑟ℎ(𝒙, 𝑡) + 𝛽𝑐𝑟ℎ(𝒙, 𝑡) = 01×1, (21)

𝒙(0) = 𝒙𝟎, (22)

where 𝛽 is a positive parameter introduced to stabilize the holonomic and the rheonomic constraints during numerical
integration according to Baumgarte’s method [58]. Note that, in order to find a first order differential system, both the
holonomic and the rheonomic constraints have been differentiated with respect to time. Therefore, if no means were taken
to prevent the numerical drift due to the integration, the results could be completely useless. Introducing the holonomic
constraints as in Eq. (19) and the rheonomic constraint as in Eq. (21), one may use a conventional numerical integrator
avoiding constraint violations. As a result of this step, one finds the trajectories and velocities from initial time to time 𝑇 .

3. Differentiate the holonomic and rhenomic constraints twice with respect to time and the velocity constraints once with respect
to time to find a system of 9 equations in which the acceleration vector, �̈�, is the unknown as follows:

𝜕𝒄ℎ (𝒙)
𝜕𝒙

�̈� + 𝜕
𝜕𝒙

(

𝜕𝒄ℎ (𝒙)
𝜕𝒙

�̇�
)

�̇� = 𝟎6×1, (23)

𝑩 (𝒙) �̈� + 𝜕
𝜕𝒙

(𝑩 (𝒙) �̇�) �̇� = 𝟎2×1, (24)

𝜕𝒄𝑟ℎ (𝒙, 𝑡)
𝜕𝒙

�̈� + 𝜕
𝜕𝒙

(

𝜕𝒄𝑟ℎ (𝒙, 𝑡)
𝜕𝒙

�̇�
)

�̇�+

2
𝜕2𝒄𝑟ℎ (𝒙, 𝑡)

𝜕𝒙𝜕𝑡
�̇� +

𝜕2𝒄𝑟ℎ (𝒙, 𝑡)
𝜕𝑡2

= 𝟎1×1, (25)

4. Knowing the positions, velocities and accelerations of the mechanism, use the equations of motion to find a set of 9 Lagrange
multipliers as follows:

𝒎 (𝒙) �̈� +𝑫𝑇 (𝒙, 𝑡)𝝀 = 𝒒 (𝒙, �̇�) (26)

where 𝒎 (𝒙) is the 9 × 9 system mass matrix, 𝒒 (𝒙, �̇�) is the 9 × 1 generalized applied force vector, which includes gravity
forces, 𝝀 is the 9 × 1 Lagrange multipliers vector and 𝑫 (𝒙, 𝑡) is the 9 × 9 constraints’ Jacobian, which is built as follows:

𝑫 (𝒙, 𝑡) =

⎛

⎜

⎜

⎜

⎜

⎝

𝜕𝒄ℎ (𝒙)
𝜕𝒙

𝑩 (𝒙)
𝜕𝒄𝑟ℎ (𝒙, 𝑡)

𝜕𝒙

⎞

⎟

⎟

⎟

⎟

⎠

. (27)

Since the mechanism is kinematically driven, the Jacobian of the constraints is a full rank square matrix and the Lagrange
multipliers are evaluated by inverse dynamics analysis at any time 𝑡 as follows:

𝝀 =
(

𝑫𝑇 (𝒙, 𝑡)
)−1 (𝒒 (𝒙, �̇�) −𝒎 (𝒙) �̈�) . (28)

Finally, the external force required to move the slider, Body 2, according to Eq. (16) is found from the value of the ninth
Lagrange multiplier with opposite sign.
11
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Fig. 12. Comparison of the simulated and experimental results.

Fig. 13. Analysis of the error in the input force due to the manufacturing process.

Following the previous procedure, the performance of the CFM mechanism, whose design parameters were summarized in
able 1, has been simulated. The measured masses and moments of inertia of the different bodies are: 𝑚2 = 0.068 kg, 𝑚3 = 𝑚5 =

0.077 kg, 𝑚4 = 𝑚6 = 0.38 kg, 𝐼𝐺3 = 𝐼𝐺5 = 2.57 ⋅ 10−4 kg m2 and 𝐼𝐺4 = 𝐼𝐺6 = 4.61 ⋅ 10−6 kg m2. In the simulation, the designed
cam profile was utilized, which is obviously absent of manufacturing errors. Since the designed profile is obtained by following the
numerical procedure described in Section 2.1, the derivatives of the cam profile need to be evaluated numerically, too. To that end,
a second order finite difference formula has been used. The obtained derivatives have been low pass filtered to avoid oscillations
due to numerical differentiation. The simulation has been conducted starting with a value of 𝑠02 of 206.5 mm for a stroke of 100 mm.
Eqs. (19)–(21) have been integrated using a conventional fourth order Runge–Kutta method.

The results of the simulations are compared with the experimental ones in Fig. 12. It can be observed that the numerical
multibody model captures quite well the behaviour of the CFM mechanism for the three settings selected. The comparison shows
a very good agreement in a large part of the simulated stroke. However, there are appreciable differences at the beginning of the
stroke that are attributed to manufacturing errors. Such differences are studied and quantified next.

In order to assess the error induced in the input force by the machining process, the difference between the experimental input
force and the simulated input force has been analysed and plot in Fig. 13. Note that the simulation is based on the designed cam
profile, which was sent to the manufacturer. Therefore, such error force is attributed to deviations of the real cam profile from
the designed one due to manufacturing. As shown in Fig. 13, the error increases with the stiffness of the springs set. The standard
deviation of the error along the simulated stroke for each set of springs is included in the figure legend. In all cases the standard
deviation is approximately 0.8% of the target load.

5. Sensitivity analysis

Once the multibody model has shown a good fit with the experimental results, it is used in this section to study the influence of
some decisive design parameters of the CFM, as well as some possible manufacturing or assembly errors, following the previously
described solution procedure. The first analysis carried out is aimed at studying the influence of the inertial forces on the force
required for the slider to follow the cycloidal profile of Eq. (17), with 𝐴 = 100 mm, starting at 𝑠02 = 220 mm. The total time taken to
elevate the slider, 𝑇 , is varied from 0.125 s to 1 s, thus generating different acceleration peaks. The results are shown in Fig. 14,
12

where it can be seen that the inertial effects become significant for small enough values of 𝑇 . The results show that for the set of
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Fig. 14. Analysis of the inertial effect on the CFM response. The normalized force, 𝐹𝑇 (𝑡)∕𝐹1(𝑡), is calculated by dividing the input force for an execution time
, 𝐹𝑇 (𝑡), by the input force for an execution time of 1 s, 𝐹1(𝑡), for which the inertial effect are negligible.

arameters studied, a reduction of the execution time, 𝑇 , leads to significant variations of the input force required to perform the
troke following the cycloidal profile. Thus, reducing 𝑇 from 1 s to 0.125 s results in peaks of the input force of 91.8%, 56.6%

and 44.7% for the 2 springs, 4 springs and 6 springs sets, respectively. Remarkably, the influence of the inertial effects becomes
less important as the design input force increases. As a mean of comparison, it may be considered that lifting an equivalent death
weight following the same cycloidal profile results in peaks that are max[�̈�2(𝑡)]∕𝑔 times larger than the moved weight. This means
n increase of 310% for 𝑇 = 0.125 s. Therefore, while the CFM is sensitive to the inertial forces, it shows a more stable input force
hen compared to a pure weight lifting.

Using the cycloidal lifting profile, an execution time of 0.125 s during a stroke of 0.1 m results in a mean velocity of 0.8 m/s
nd a maximum velocity of 1.6 m/s, which are values close to those of a typical 60% of 1 RPM execution of bench press exercise
ccording to the literature [59,60].

The CFM is designed for the slider to move along the symmetry axis of the cam. Nevertheless, deviations may occur during the
echanism actuation, as could occur in the case of cable actuation in bodybuilding machines. Therefore, it is interesting to study

he influence of a deviation of the slider trajectory from its designed one. The calibrated CFM model has been used to simulate the
alues of the input force required to move the slider along a cycloidal profile with 𝐴 = 100 mm, 𝑠02 = 212 mm and 𝑇 = 10 s for
ifferent values of the angle of deviation of the slider trajectory. To that end, the cam profiles have been rotated an angle 𝛼 around
he coordinate point (0,0). The results are shown in Fig. 15 for 𝛼 values from 0◦ to 5◦. Notice that the results are equal no matter
he angle 𝛼 is rotated clockwise or counter clockwise. It can be seen that the load increases significantly during a 100 mm stroke.
his allows identifying the importance of caring about the inclination of the input force. The results show that the input load may

ncrease as much as a 20% of the design input force for a deviation of 5◦.
Finally, a possible manufacturing error is investigated. In this case, it will be assumed that the profile has been cut so that the

am profiles are rotated symmetrically an angle 𝛼 around the coordinate point (0,0). This results in the horizontal width of the
am varying linearly from bottom to top with respect to the design profile. The calibrated CFM model has been used to simulate
he values of the input force required to move the slider along a cycloidal profile with 𝐴 = 100 mm, 𝑠02 = 220 mm and 𝑇 = 10 s
or different values of the angle 𝛼. The results are shown in Fig. 16 for 𝛼 values from −0.4◦ to 0.4◦. It can be observed that the
oad varies during a 100 mm stroke. The results show that the input load may increase about an 8% of the design input force for a
anufacturing error of 0.4◦. According to this simulation, performing a high quality cut of the cam becomes highly important.

. Summary and conclusions

The design of the constant-force mechanism manufactured has demonstrated good performance with respect to the primary
eature of constant force. The design of the mechanism, based on springs and cams, allows achieving large strokes and a changeable
orce level. The main factors that affect the ideal constant force curve are the friction between the rolling elements and the
anufacturing process. Frictional forces inevitably lead to hysteresis loops. In spite of this hysteresis, by identifying the value of the

olling friction coefficient, the cam profile could be designed for a more precise constant force in one of the displacement directions.
13
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Fig. 15. Analysis of the influence of the slider misalignment on the CFM response.

Fig. 16. Analysis of an angular manufacturing defect on the CFM response.

Surface irregularities in the cam surface due to the laser cutting manufacturing process cause noise in the force curve. However,
if required, these irregularities could be avoided with more precise manufacturing by CNC milling. Some fluctuations in the force
curve, that are present in the experimental results but are absent in the multibody simulation following the design cam profile,
could be identified to being caused by an imprecise manufacture of the cam profile.

An ad-hoc multibody model of the CFM has been developed and validated against the experimental results presented in this
paper. Thus, by using the multibody model of the CFM, relevant conclusions could be drawn on the influence of the inertial effects,
a typical execution error and a possible manufacturing error. In this way, it could be concluded that, by reducing the execution time,
𝑇 , significant variations of the input force required to perform the stroke following the cycloidal profile may arise. Nevertheless, the
analysed CFM shows a much less sensitive behaviour than the pure weight lifting. Therefore, it is an excellent candidate to design
training or rehabilitating exercise machines where the resistant force should be as constant as possible.

The simulations also revealed a significant influence of possible manufacturing errors as a linear deviation of the cam profiles.
Therefore, controlling the quality of the cam profile becomes highly important. In addition, the simulation showed that significant
variations of the input force may arise as a consequence of a deviation in the slider trajectory. Therefore, the importance of caring
about the inclination of the input force during the mechanism stroke is clearly identified.

Finally, the multibody model will be useful in the design of future CFMs. Thus, the design and fabrication of a full-scale CFM to
be incorporated into a body-building machine is planned for the future.
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