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Abstract

Given an m-periodic link L C S3, we show that the Khovanov spectrum X7 con-
structed by Lipshitz and Sarkar admits a group action. We relate the Borel cohomology
of A7 to the equivariant Khovanov homology of L constructed by the second author.
The action of Steenrod algebra on the cohomology of X} gives an extra structure
of the periodic link. Another consequence of our construction is an alternative proof
of the localization formula for Khovanov homology, obtained first by Stoffregen and
Zhang. By applying the Dwyer—Wilkerson theorem we express Khovanov homology
of the quotient link in terms of equivariant Khovanov homology of the original link.

Mathematics Subject Classification Primary 57M25

1 Introduction
1.1 Overview

Khovanov homology [27] is a link invariant that assigns to any diagram D C R? of
alink L C $3 a bigraded cochain complex CKh**(D), whose homology groups,
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Kh**(D), are a link invariant. Inspired by the construction of Cohen et al. [10],
Lipshitz and Sarkar [33] constructed a spatial refinement of Khovanov homology.

Theorem 1.1 [33, Theorem 1.1] Let D be a diagram representing an oriented link L. C
S3. Forany q € 7 . there exists a CW-complex Xy, I (D) such that the reduced cellular
cochain complex C* (Xgh(D) Z) is a copy ofthe Khovanov complex CKh*4(D; 7).
Inparttcular H (Xgh(D) 7)) is equal to Kh'-4 (D; 7). Moreover, the stable homotopy
type of XKh(D) is an invariant of the link L.

Define Axn(D) = \/q Xféh (D). We will often write Xk (L) instead of Xkn (D)
noting that Xk (L) is defined up to stable homotopy. The space Aky (L) is called the
Khovanov homotopy type of alink L. There are various constructions of the Khovanov
homotopy type, see [15,22,28,33], we refer to [32] for a survey.

Givenalinkin S' x D2,in[1] Asaeda et al. (see also [41]) showed that the wrapping
number around the S! factor induces a filtration of the Khovanov complex

0C - CCAt_ CCA; C CAgqp C --- C CKh**(L). (1.1)

The annular Khovanov homology of L, denoted AKh***(L), is the homology of the
associated graded cochain complex CAKh***(L). Lifting the annular grading to the
Khovanov flow category, leads to a construction of the annular Khovanov homotopy
type Xakn(L) =/ ; jikez AKh (L), i.e. a spatial refinement of the annular Khovanov
homology.

A link L in §3 is said to be m-periodic if there exists an orientation-preserving
action of a cyclic group Z,, on S such that L is an invariant subset of S3 and the fixed
point set is an unknot disjoint from L. A diagram D of a link L is called m-periodic
if 0 ¢ D and D is invariant under rotation p,, of order m of the plane about the point
0 € R?. The Khovanov complex of an m-periodic link admits an induced action of
Zm [8,38].

Removing a tubular neighborhood of the fixed point axis F of the rotation of S°
produces an annular link L C S' x D? invariant under a fixed point-free rotation of
S' x D?. Such links in S' x D? are also called m-periodic. The Z,,-action on the
Khovanov complex preserves the filtration (1.1), hence it descends to a Z,,-action on
the annular Khovanov chain complex.

The primary purpose of this paper is to study the Khovanov homotopy type and
the annular Khovanov homotopy type of periodic links. The following two theorems
constitute the central geometric part of the present article.

Theorem 1.2 (a) Let D,, be an m-periodic diagram of an annular link L.

(1) Forany q,k € Z, X,ZKh(Dm) admits an action of the finite cyclic group of
order m which is compatible with the action of Z,, on the annular Khovanov
complex of Dy,.

(2) The equivariant annular stable homotopy type of Xgié‘h(Dm) is an invariant of
the associated annular m-periodic link.

(b) Let D,, be a m-periodic link diagram.
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(1) Foranyq € Z, Xgh(Dm) admits an action of the finite cyclic group of order
m which is compatible with the action of Z,, on the Khovanov complex of Dy,.

(2) The equivariant stable homotopy type of X]‘gh (Dyy) is an invariant of the asso-
ciated m-periodic link.

If we set m = p a prime number, we have the following result.

Theorem 1.3 (Geometric fixed point theorem)

(a) Let D, be a p-periodic diagram of an annular link L and let D be the associated
P
quotient diagram. For any q,k € 7

/,k ’k
XKKh(DI?)Zp = X1, (D),

where ¢’ = pg — (p — Dk.
(b) If D, is a p-periodic link diagram and D is the associated quotient diagram. Then
forany q € Z

/’k/
X (D) = \/ Xign (D).
q' k' eZ
g’ —(p—hk'=q

From Theorems 1.2 and 1.3, we can obtain nontrivial relations between the (annular)
Khovanov homology of a periodic link and the annular Khovanov homology of the
quotient thereof. The simplest forms of the relation are the following versions of the
Smith inequality.

Theorem 1.4 Let p be a prime and let L, be a p-periodic link with associated quotient
link L. Then, for every q, k € Z the following holds

Z dimp, AKh*P4~P=DRk(L Ry > Z dimp, AKh/K(L; ).
i j

Theorem 1.5 For any p-periodic link L, C S3 and any q € 7 we have

> " dimp, Kh'"/(L,: F)) > > dimg, AKh 9K (L Fy)
i qu/‘k/
pq'+(p—k'=q
> Zdime Kh/*4(L; F)).
j

Lipshitz and Sarkar [34] showed that the action of stable cohomology operations on
the Khovanov homology might lead to substantially stronger link invariants. Similarly,
in our case, stable cohomology operations can be used to strengthen Theorems 1.4 and
1.5. As a corollary of our construction, we obtain Theorem 8.10, which gives a func-
torial way to determine the annular Khovanov homology of the quotient link from the
equivariant (annular) Khovanov homology of a periodic link. To be more precise, we
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1236 M. Borodzik et al.

show in Theorem 8.3 that equivariant (annular) Khovanov homology is isomorphic to
the Borel equivariant cohomology of Xy, (respectively X'akn). Careful analysis of the
action of the Steenrod algebra on appropriately localized Borel cohomology, see [14],

recovers the cohomology of the fixed point set X,ﬁf (Xf{gh, respectively). Finally, by

Theorem 1.3 we know that Xfﬁ’ (and XZ{;}]) are determined by Xy, (and Xakp) of the
corresponding quotient link. This gives a passage from the Khovanov homology of a
p-periodic link to the Khovanov homology of the quotient (with coefficients in Z ).
For details we refer to Sect. 8.4. Furthermore, a careful study of stable cohomology
operations leads to a refinement of the periodicity criterion of [5], for which we refer
the reader to a separate paper [39].

1.2 General context

Since the advent of various homological invariants for three-manifolds or knots in
three-manifolds, there has been a question on the behavior of these invariants under
passing to the quotient by a group action. One direction of the research was in the
Floer theory. Early results in knot Floer homology include Levine’s paper [30], which
was later used by Hendricks to obtain a rank inequality for knots in double branched
covers (see [18]). More recent advances in this direction include another paper of
Hendricks [19], and finally, a paper by Lidman and Manolescu [31], where Smith-
type inequalities are obtained for monopole Floer and Heegaard Floer homologies.

For Khovanov homology theory, the first localization results were obtained by
Seidel and Smith [44], where the authors used their own definition of Khovanov
homology based on the Lagrangian Floer theory [43]. Note that the equivalence of the
Seidel-Smith Khovanov homology with the original one is still conjectural in positive
characteristic. Motivated by their results, Hendricks et al. [20] constructed equivariant
Lagrangian Floer theory for more general groups.

The classical combinatorial definition of Khovanov homology enables an equivari-
ant version [38], generalizing earlier constructions of Chbili [8].

In order to study Khovanov homology using techniques from algebraic topology,
it is convenient to realize Khovanov homology of a link as the singular homology of
a topological space. In a series of papers, Lipshitz and Sarkar, later also with Lawson,
defined and studied the so-called Khovanov homotopy type [28,33-35] (see also [9] for
areview in a language of algebraic topology) with the property that cohomology of the
space is the Khovanov homology of a link. A question remained whether Khovanov
homotopy type (sometimes called ‘Khomotopy type’) that they constructed admits a
group action if the underlying link is periodic.

The affirmative answer was given in the first version of this paper, and, indepen-
dently by Stoffregen and Zhang [46]. The updated version of this paper contains
proofs of fixed point results, which were not present in the first version. In particular,
Theorems 1.2 and 1.3 were proved first by Stoffregen and Zhang. Note that the two
constructions, even though they lead to the same result, are of substantially different
nature. Stoffregen and Zhang use the approach to Khovanov homotopy type via the
Burnside category [28]. Conceptually, this approach seems to require more case-by-
case analysis. On the other hand, Burnside rings have deep connections with ordinary
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homology theory and Mackey functors; see the book of Costenoble and Waner [11].
Therefore, the construction of equivariant Khovanov homology via Burnside rings has
the potential of revealing deeper structure in the equivariant Khovanov homology.

On the contrary, our approach is very concrete and down-to-earth. Most of the
arguments reduce either to the Riemann—-Hurwitz formula or to Counting Moduli
Lemma 6.6, which is a direct application of relations in Cobf Nt Moreover, we give a
specific and conceptual reason why the fixed point category of the Khovanov flow cat-
egory is the annular Khovanov flow category and not just the Khovanov flow category;
see Sect. 7, especially Lemma 7.5.

Even more important is that we get an explicit cell decomposition of geometric
realizations. Consequently, without much effort we obtain an identification of the chain
complex Cy (Xkp) with the Khovanov chain complex CKh as R[Z,,] modules (for some
ring R); see Proposition 8.2. It follows that Borel homology of the geometric realization
is the equivariant Khovanov homology defined by Politarczyk. Theorem 8.3 might
seem to have complicated proof, but this is because we have rather general assumptions
on the coefficient module. Finally, methods of algebraic topology, like the Dwyer—
Wilkerson theorem, allow us to recover the annular homology of the quotient link in
terms of the equivariant Khovanov homology of the original link; see Theorem 8.10.
The latter result is not present in the Stoffregen—Zhang paper. Furthermore, to the best
of our understanding, passing from the results of Stoffregen and Zhang to Theorem 8.10
might require a few steps.

We expect that the equivariant homotopy type of Stoffregen—Zhang is equivariantly
homotopy equivalent to our construction. We do not have proof of that fact.

The special case (p = 2) of Theorem 1.4 was proved by Zhang [51]. She also
proved Corollary 1.5 for p = 2 and certain classes of periodic links.

1.3 Outline of the paper

Our construction of the equivariant Khovanov homotopy type is based on the con-
struction of the Khovanow homotopy type via cubical flow categories [28], which is
a simplification of the original construction [33]. We consider an equivariant version
of cubical flow category, called equivariant cubical flow category (see Sect. 3.4). A
remarkable difference from the non-equivariant definition is that the grading function
gr is replaced by an equivariant grading function gr; taking values in the representa-
tion ring RO (G). Consequently, the moduli spaces are expected to be of dimension
grg(x) — grg (y) (refer to Definition A.7 for the definition of “dimension” in this set-
ting). This approach is motivated by the construction of ordinary (Bredon) homology
theory [11], and it makes the construction of equivariant Khovanov homotopy type
significantly simpler.

After defining equivariant cubical flow categories and a suitable generalization of
the notion of a neat embedding to the equivariant case, we construct the equivariant
Khovanov homotopy type. Thanks to the choice of the grading function, this part of
the construction is straightforward.

To show invariance under the choice of link diagram, we need to do substantially
more work. The key tool is, as in [33], the Whitehead theorem, but in the equivariant
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case, the assumptions of the Whitehead theorem are much harder to verify. In particular,
before proving invariance, we have to study fixed points of the equivariant cubical flow
category; Sect. 3.8 is devoted to this study. Apart from that, the invariance of the group
action on the choice of the diagram is proved analogously as in the non-equivariant
case.

The fixed point theorem requires even more work. From Sect. 3.8, we know that the
fixed point category is a cubical flow category, but we need to show that this category is
the (annular) Khovanov flow category of the associated quotient link. This is the state-
ment of Theorem 7.1. The proof requires a more in-depth understanding of topological
and combinatorial properties of the morphism spaces M (x, y). The general idea is to
use Bar—Natan’s formulation of the Khovanov theory in terms of dotted cobordisms.
A moduli space M (x, y) is nontrivial if there exists a suitable cobordism X between
resolution configurations. Counting Moduli Lemma 6.6 expresses the number of con-
nected components of the moduli spaces in terms of the genera of the components
of X. If we pass to a cover, we can use the Riemann—Hurwitz Theorem to study the
genus of the cover of the cobordism. Then, Bar—Natan’s formalism allows us to relate
the moduli spaces of the periodic link and the moduli space of its quotient link.

Next, we pass to homological statements. Our primary tool is the BQAS (Borel—
Quillen—Atiyah—Segal) Localization Theorem [3,40] and a Smith-type inequality [45]
which relates the rank of the homology groups of a periodic knot with the rank of the
homology group of the quotient knot. As an immediate corollary of Theorem 1.2 we
obtain Smith inequalities for (annular) Khovanov homology.

While analogs of the BQAS Localization Theorem recover only the rank of the
homology of the quotient knot, by applying more refined tools from algebraic topol-
ogy we obtain a significantly stronger result. Indeed, using the result of Dwyer and
Wilkerson [14], itis possible to give a complete description of the Khovanov homology
of the quotient knot in terms of the equivariant Khovanov homology of a p-periodic
knot, for a prime p. By Theorem 8.3, the Borel cohomology of Ak (D) can be iden-
tified with the equivariant Khovanov homology EKh**(L; F,) introduced by the
second author [38]. Repeating the construction of [38] one can obtain the equivariant
annular Khovanov homology EAKh***(L; I ,), which, by an analog of Theorem 8.3,
is isomorphic to the Borel cohomology of Xakn(L). Therefore, EKh**(L; IF),) and
EAKh*™**(L; IF,) admit an action of the cohomology algebra H*(BZ,; IF,,), of the
classifying space of Z, and the action of the mod p Steenrod algebra A,. These two
algebraic structures are sufficient to recover the annular Khovanov homology of the
quotient knot from equivariant annular Khovanov homology of the periodic knot, as
shown in Theorem 8.10.

The structure of the paper is as follows. Section 2 recalls the construction of Lipshitz
and Sarkar. The reader familiar with the construction can skim through this section,
maybe except Sect. 2.2, where the degree of the cover map f is expressed in terms of
maximal chains in suitably defined posets. Section 3 generalizes the construction of
a geometric realization of a cubical flow category to the construction of a geometric
realization of an equivariant cubical flow category. The results in this section are stated
for general equivariant flow categories and general finite groups.

Section 4 deals with Khovanov homotopy type. We construct the equivariant Kho-
vanov flow category as well as its annular analog. We show that passing to geometric
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realization yields a space that is independent of various choices up to equivariant stable
homotopy equivalence. This independence is proved in Sect. 5. In Sect. 6, we make
preparatory steps to prove the fixed-point theorems. We recall Bar—Natan’s construc-
tion of Khovanov homology via Cobf Ji-category and use this construction to establish
Counting Moduli Lemma 6.6, which computes the number of connected components
of the moduli space in terms of the genus of the cobordism in Bar—Natan’s setting.
Sect. 7 proves Categorical Fixed Point Theorem (Theorem 7.1).

In Sect. 8, we change the setting and deal with homologies of geometric realizations.
We show that Borel homology of the equivariant geometric realization of the Khovanov
category coincides with Politarczyk’s equivariant Khovanov homology of a periodic
link (Theorem 8.3). The Dwyer—Wilkerson theory allows us to calculate the Khovanov
homology of a quotient link in terms of the equivariant Khovanov homology of the
associated periodic link, see Theorem 8.10.

Some technical results are moved to the Appendix. In Appendix A, we review the
definitions of manifolds with corners, while in Appendix B, we review the definition
and basic properties of permutohedra. We also establish a technical result, Propo-
sition B.11, which essentially says that the intersection of a permutohedron with a
hyperplane is a permutohedron of lower dimension. To the best of our knowledge, it
is a result not known in the literature. A consequence of this technical fact is Proposi-
tion B.18. It states that if a group acts on R” by permuting coordinates, a fixed point
set of a permutohedron is again a permutohedron.

Finally, we note that we present detailed examples of computations in a forthcoming
paper [4].

2 Flow categories and their geometric realizations
2.1 Flow categories

In this section we use the notion of an (n)-manifold introduced in the Appendix A.
The necessary background on permutohedra is given in Appendix B.

Definition 2.1 A flow category is a topological category C such that the set of objects is
finite, discrete, and is equipped with a grading function gr: Ob(C) — Z. Morphism
spaces satisfy the following three conditions:

(FC-1) For any x € Ob(C), hom¢(x, x) = {id}.

(FC-2) For any x, y € Ob(C) with gr(x) — gr(y) = d, hom¢(x, y) is a (possibly
empty) (d — 1)-dimensional (d — 1)-manifold.

(FC-3) If gr(x) — gr(y) = d, then the composition maps induce diffeomorphisms of
(d — 2)-manifolds

|| home. y) x home(x. 2) 2 8 home (x. y).

2€0b(O)\[x,y}
gr(z)—gr(y)=i
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1240 M. Borodzik et al.

Moreover, for any x, y € Ob(C) we define the moduli space from x to y as

home(x, y), ifx #y,
0, otherwise.

Me(x, y) ={

If t € Z, we define the t-th suspension of C, X7 (C), to be the flow category with
the same objects and morphisms and associated grading function

grzr(c)(x) =gre(x) + 7.

Definition 2.2 (see [28, Section 3.1]) The cube flow category Cube(n), forn € Z., is
the flow category such that:

(1) Ob(Cube(n)) = {0, 1}" with grading defined by
gru) = |ul =Y i,
i

where u = (uy,us,...,u,). The set of objects of Cube(n) can be partially
ordered:

u>v, ifu; >v;foralll <i <n.

For two objects u > v of the flow category with gr(u) — gr(v) = d we define

MCube(n)(Ma v) =TIl C l_[ R,

i:uj>v;

where I1;_1 is a (d — 1)-dimensional permutohedron as in Definition B.1.
(2) Composition of morphisms

Mecubem) (W, V) X Mcubem) (U, w) = Mcuben) (U, V) 2.1
is defined with the aid of identification from Lemma B.4. Namely, for a triple of
objects u > w > v such that gr(u) — gr(w) = k, gr(w) — gr(v) = [, there exists
ai,az,...,ap+ €{1,2...,n} witha; < a» < --- < a4y, such that

Ugy =Uay = = Ugy =1, Vay =gy =+ =g, =0,

and u; = vj, for j # ay, az, ..., apq. Let P be the subset of {1, 2, ...,k +1}
consisting of indices s such that w,, = 1. By Lemma B.4 the facet (see Sect. B.1
for terminology) Ilp of Il;4;_; can be identified with

I x g1 = Mcupem) (W, v) X Mcupe@) (U, w).
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The composition (2.1) is given by the embedding map

Mecube@) (W, v) X Mcube) (u, w) = TI;j—1 x x| = [p < dIMcupbern) (1, v).
2.2)

We use the notation 0, = (0,...,0) € Ob(Cube(n)) and 1, = (1,...,1) €
Ob(Cube(n)).

Example 2.3 In [33, Definition 3.14] there is described a method to assign a flow
category Cr to every Morse-Smale function f: M — R, where M is a smooth
compact manifold. Objects of C are critical points of f, the grading of an object is
the index of the associated critical point, and the morphism spaces are moduli spaces
of non-parametrized gradient flow lines of f.

The n-dimensional cube [0, 1]” can be equipped with the structure of a CW-complex
with cells

Xup={w=(wi,...,wy,) €[0,11": Vici<n v <w; <u;},

where u = (uy,...,uy) € {0,1}", v = (v1,...,v,) € {0,1}" and v; < u; for

every 1 <i <n.Let C*([0, 1]"; F») denote the cellular cochain complex of the cube
associated to the CW-structure described above.

Definition 2.4 A sign assignment v is a cochain v € C'([0, 1]*; F) such that 8*v =
1,, the cochain in C2([0, 17"; IF») with constant value 1.

Since H'([0, 1]"; F,) is trivial, it is always possible to find a sign assignment.
Moreover, for any two sign assignments v; and v, we have v; — v, = 9*¢ for some
t € C°([0, 11", F,). The standard sign assignment is given by the following formula

vst((ela"~7€j717 19€j+17-"7€n)7(615"~7€j717076j+1"'~76n)) =€1+'+€]717
2.3)
where we use the shortened notation v(X,, ) = v(u, v).

Definition 2.5 (See [28, Section 3.5]) A cubical flow category is a flow category C
equipped with a grading-preserving functor §: £X*C — Cube(n), for some t € Z
and n € N, such that for any pair of objects x, y of C the map f,,,: Mc(x,y) —
Mcube(n) (F(x), () is a covering map.

To conclude this subsection we recall a definition of [33, Section 3.4.2].

Definition 2.6 Let C be a flow category and let C’ be a subcategory of C. We say that
C' is downward closed (respectively upward closed) if, for any x, y € Ob(C) such
that Mc(x, y) # ¥, x € Ob(C’) implies that y € Ob(C’) (respectively, y € Ob(C’)
implies that x € Ob(C")).

Given a downward closed subcategory C’ of C, we consider a full subcategory C”
of C whose objects are objects not in C’. The category C’ is upward closed. We call it
the complementary upward closed category of C’. A complementary downward closed
category of an upward closed category is constructed similarly.
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2.2 Posets associated to cubical flow categories

The goal of this subsection is to calculate combinatorially the degree of the map
fe.y: Mc(x,y) — Mcube(f(x), f(¥)). Proposition 2.13 is a step in establishing
Counting Moduli Lemma 6.6 below, which is needed to prove the Categorical Fixed
Point Theorem (Theorem 7.1).

Let P be a finite poset. A chain in P is a linearly ordered subset of P. A chain is
called maximal if it is maximal with respect to the inclusion relation. We denote by
max(P) the set of maximal chains of P.

Example 2.7 Let u, v € Ob(Cube(n)). Define the poset
P(u,v) = {w € Ob(Cube(n)): u > w > v}.

Ifc ={w; > w2 > --- > wi}is achainin P(u, v), then we say that c is a full chain
if w; = u and wy = v. Every maximal chain is necessarily full.

We write P (Cube(n)) for the poset of all objects of Cube(n). While P (Cube(n)) =
Ob(Cube(n)), we use the notation P (Cube(n)) whenever we want to emphasize the
partial order on the objects of the cube category.

Choose u > v in Cube(n). Set s = gr(u) — gr(v). An element w € P(u, v)
determines a facet of Mcupe(n) (¢, v) = I1s—1, which is the image of

Mcubemy (W, v) X Mcuben) @, w) = Mcubem) (, v).
More generally, every full chain in P (u, v) determines a face of I1;_;. Namely, to a

full chain v > wy; > --- > wg > v, we associate the face which is the image of the
composition map

Mcuben) (Wi, V) X Mcube(ny (Wr—1, Wi) X - - - X Mcube(n) (#, w1) — Mcube(m) (@, v).

2.4)
A maximal chain in P (u, v) corresponds to a vertex of Mcuype(n) (1, v). Conversely,
to a vertex z = (21, ..., Zg) of I1,_1 we associate a maximal chain u = w| > wy >

- > wy = v such that w; differs from w; at the z;-th coordinate. Denote this
maximal chain by P, (u, v).

Suppose now C is a cubical flow category and f: C — Cube(n) is the cubical
functor. Until the end of this subsection, we will make the following assumption.

Assumption 2.8 For any x, y € Ob(C) such that gr(x) — gr(y) = 1, the moduli space
Me(x, y) is either empty or it is a single point.

Note that this assumption is trivially satisfied in the case of the Khovanov, respec-
tively the annular Khovanov flow category, defined in Sects. 4.3 and 4.4.

Under Assumption 2.8 we can define the following relation on objects: we say that
x > yifgr(x) —gr(y) = 1 and Mc¢(x, y) is non-empty. In general > is the transitive
closure of this relation.

Lemma 2.9 Given x,y € Ob(C), x > y if and only if M¢c(x, y) is non-empty.
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Proof If x > y, there exists a chain x = xg > x| > --- > x; = y and therefore
M (x, y) contains Mg (xs—1, x5) X Mo (x5—2, xg—1) X - - - X M (x0, x1), SO itis non-
empty. Conversely, if M¢ (x, y) is non-empty, then it is a union of permutohedra IT;_ ;.
Choose a vertex of one of these permutohedra, which corresponds to Mg (x5—1, x5) X

Me(xg_2, x5-1) X -+ x Mc(xo, x1) for some sequence x = xq, X1, ...,xs =y of
objects in C. Then, gr(x;j_1) — gr(x;) = 1 and Mg (x;—1, x;) is non-empty. Hence
Xxij—1 > x; and therefore x > y O

Remark2.10 The map f: Ob(C) — Ob(Cube(n)) is order-preserving.

Let x,y € Ob(C) and s = gr(x) — gr(y). Assume that M¢(x, y) is non-empty.
The poset Pe(x, y) is the poset of all x* € Ob(C) such that x 3= x" 3= y. Any full
chain x = xop > x1 > x2 > .-+ > xy = y in Pg(x,y) corresponds to a face
of M¢(x, y) defined via the composition map M (xs_1, xg) X - -+ X Mc(xg, x1) C
Me(x, y).isacodimension one face. We recall this distinction (present in LLS papers)
in the appendix and we’ve checked all the instances of face/facet used in the paper. A
maximal chain in Pg(x, y) corresponds to a single vertex in M¢(x, y), because if the
chain is maximal, all the moduli spaces M (x;, x;j+1) consist of a single element by
Assumption 2.8.

Definition 2.11 For a maximal chain m € P¢(x,y), the associated vertex v,, €
Me(x, y) is the vertex associated to m by the above construction.

The correspondence can be reversed. Each face of M¢(x, y) determines a chain in
Pc(x, y) precisely as in the case of the cube flow category. The following result is a
special case.

Lemma 2.12 For every vertex v € Mec(x,y) there exists a maximal chain m €
Pe(x, y) such that v = vy,.

Proof By definition, a vertex v in Mc¢(x,y) is an image of Mc(x,,y) X -+ X
M (x, x1), where all moduli spaces are zero-dimensional. In particular, with xg = x
and x,41 = y, we have gr(x;) — gr(x;j—;) = 1, which implies that the chain

xp > --- > xr41 is maximal. Clearly, the vertex associated to this chain is v. O

Given u = f(x), v = f(y) two objects in Cube(n), the map f, ,: Mc(x,y) —
Mcuben) (u, v) induces a map of posets

f£ 2 Pe(x,y) = Peuben) (4, v).

For any vertex z € I1,,_; wedefine P,(x, y) C Pc(x, y) tobe the preimage of P, (u, v)
P
under fy ;.

Proposition 2.13 For any vertex z of I1,,_1,

#max P,(x,y) = #ro(Mc(x, y)).
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Proof Fix a vertex z € I1,_1. As the map f is a cover, we infer that #7ro(Mc(x, y)) =
#f);‘y(z). To show that # max Py(x, y) = #f;’]y(z), let first v € f;ly(z), and denote
by m the maximal chain m in P(x, y) associated to v. Clearly m € max P,(x, y).
On the other hand, every maximal chain m € max P,(x, y) has an associated vertex
v € Mc(x, y) such that f(v,,) = z. This shows that there is a bijection between
max Py(x, y) and f; !, (2). o

2.3 Neat embeddings

Recall that Lawson, Lipshitz and Sarkar described in [28, Section 3] a construction that
turns a cubical flow category into a CW-complex. The construction is a simplification
of the construction of Lipshitz and Sarkar in [33]. In Sects. 2.3, 2.4 and 2.5 we give a
brief review.

Let (C, f) be a cubical flow category, and fix dy = (do, d, ..., d,—1) € N" and
R > 0. For any u > v in Ob(Cube(n)) define

Jul—1
Euv=| [T1=R RI% | x Mcupem (u, v).

i=[v]

For any triple of objects u > v > w thereisamap Y: Ey X E, , = E,  defined
as the composition:

|lv]—1 Jul—1
Evw % Euw = [T [=R. RI% x Mcupen (v, w) x [ [T1-%. R]"J} X Mcube(n) (@, v)

i=lw| J=Ivl
|u]—1
= 1_[ [—R., R1% x Mcube(ny (Vs w) X Mcybe(n) (1, v)
i=|w|
Jul—1
— 1_[ [—R, R]di X Mcube(n) U, w) = Ey . (2.5)
i=|w]

A cubical neat embedding  of a cubical flow category (C, f) relative to dy =
(do, dy, ...,d,—1) € N" is a collection of neat embeddings

tr,y: Me(x, y) = Ej), 5

such that

(CNE-1) For each x, y € Ob(C) the following diagram commutes
Me(w,y) :

Ej(a) i)
fa:,y J . .
projection

MCube(n) (f(l?) f(y) )
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(CNE-2) For any u, v € Ob(Cube(n)) the map

|_| lx,y: |_| Mece(x,y) = Eyy
F(o)=u,j(y)=v FO=u,f(y)=v

is a neat embedding (see Definition A.5).
(CNE-3) For any triple x > y > z € Ob(C) the following diagram commutes
Mely, =) x Me(,y) ——— Me(a, 2)

T

Biw)i) * Eija).itw) Bi@).f(2)-
Here the vertical maps are given by ¢, the top horizontal map is the compo-
sition of morphisms and the bottom horizontal map is as defined in (2.5).

2.4 Framed cubical neat embeddings

To perform the construction of Lawson, Lipshitz and Sarkar, we need to construct an
extension of ¢ to a framed cubical neat embedding 1, i.e a collection of embeddings

() 1
Lyt ] [=eel® x M. y) = g,
i=I)l

for some € > 0, in such a way that the commutativity from (CNE-3) is preserved with
t replacing ¢. In general ¢ can be constructed as follows:

[fOx) =1
Zx,y: 1—[ [_E»e]di
i=[f(y)l
[fCx)[—1
x Mc(x,y) = Ejq).j) = l_[ [—R, R1% x Mcubem) (F(x), §())
i=[f(y)l
A y) >+, ey (), Tty (V). (2.6)
where
Jul—1 lul—1
Ty l_[ [—R, R1 x Mcupeq (1, v) — l_[ [—R, R]%, 2.7)
i=|v| i=|v|
Jul—1
e TTI=R. RI% x Mcube(m (1, v) = Mecupeqm) (. v) (2.8)

i=[v|

are projections, with f(x) = u, f(y) = v.
If 7 is a framed neat embedding of the cube flow category, then ¢ determines a sign
assignment. Namely, foru, v € {0, 1}" such that gr(u) —gr(v) = 1, wesetv(u, v) =0
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if 1y, v (Mcuben) (., v)) is framed positively with respect to the standard framing of
[—R, R1%", and v(u, v) = 1 otherwise. In this case, we say that 7 refines v.

Lemma 2.14 Any sign assignment v determines a framed cubical neat embedding of
the cube flow category which refines v.

Proof The lemma follows directly from [33, Proposition 4.12]. O

Any sign assignment for the cube flow category induces a sign assignment for
its cover in an obvious way. In particular, a framed neat embedding of a cubical flow
category induces a framed neat embedding of the underlying cube flow category, hence
a sign assignment on the cube flow category; see [28, Section 3.5] for more details.

2.5 Cubical realizations

Let us fix a cubical flow category (C, f), a cubical neat embedding ¢ of C relative to
atuple dy = (do, d1,...,d,—1) and fix € > 0 in such a way that the map (2.6) is an
embedding. As in [28, Definition 3.29] we construct a based CW-complex (||C|], xo)
in the following way:

(1) For any x € Ob(C), if u = f(x), we define the cell associated to x as

lul—1 n—1

X@) = [[I=R RI% x []l=€ el x Mcubewn @, 00),  (2.9)

i=0 i=u|

where /WCube(n) (u, 0,) is defined to be {0} if u = 0, and [0, 1] x Mcuben) (1, 0,)
otherwise.

(2) The cells X (x) are glued together inductively. First we start with a disjoint union
of cells X (y) for {y: f(y) =0, € {0, 1}"}. For arbitrary x € Ob(C), the cell X (x)
is glued to the union Uy: f0)=f() X (). The gluing map is described below.

(3) For any x, y € Ob(C) with f(x) = u > v = f(y) the cubical embedding provides
an embedding 6, ,: X(y) x Mc(x, y) — X(x) given by

X(y) x Mc(x,y) =
|lv|—1 n—1

= []1=R RI% x []l—e €l x Mcubewn (v, 0) x Mc(x, y)

i=0 i=|v|

i=0 i=lul i=|v|

|lv|—1 n—1 lul—1
= []1=R R x []1-€ €l x Mcube(n (v, 0) x (H [—€, €] x Mec(x, y))

lv|—1 n—1 Jlul—1

o []I=R RI% x []I-€ €l x Mcubeon @,0) x | []I=R, RI* x Mcubeq (, v)
i=0 i=|ul i=|v|

|lul—1 n—1

= []1=R. R x []l—€ €l* x Mcupew) (v, 0) x Mcubeen (1, v)
i=0

i=|u|
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Jul—1 n—1

< []1=R RI% x [] =€ el x 0(Mcubew) (. 0) C X(x). (2.10

i=0 i=|ul

The first inclusion is given by the map iy y. The last inclusion comes from the
composition map if v 7# 0, or the inclusion {0} < [0, 1] if v = 0. Denote by
Xy (x) C X(x) the image of the above map.

(4) The attaching map for X (x) sends X, (x) = X(y) x Mc(x, y) to X(y) via the
projection onto the first factor. The complement of Uy X, (x) in d X (x) is mapped
to the base point.

Remark 2.15 Itis proved in [28, Lemma 3.30] that the attaching maps are well-defined.
This boils down to showing that if x, y, z € Ob(C) are such that f(x) > f(y) > f(z),
then there exists a map « y,, that makes the following diagram commute.

X-(x) N Xy ()= Xy (x) —= X(y) @2.11)

X (x)

l

X (z) X, (y)

Definition 2.16 The CW-complex ||C|| is called the cubical realization of the cubical
category C. The formal desuspension:

X(C) =g ddimmdoie),
where 7 is as in Definition 2.5, is called the C-homotopy type.

We note that we deviate slightly from [28]. We want the cubical realization to be
a CW-complex, i.e. a topological space. After desuspension we obtain an object in
the Spanier—Whitehead category, for which we use different notation &X' (C). Thanks
to this distinction, many statements become more transparent, like the statement of
Proposition 3.27.

Remark 2.17 It follows directly from the construction that if C is a union of cate-
gories Cp, ..., Cs (in the sense that objects are set sums of objects, and there are no
morphisms between objects in different summands), then X'(C) is the wedge sum of
X(Cy), ..., X(Cy).

2.6 Chain complex associated with a cubical flow category
For completeness of the exposition, we recall how to compute the singular cohomology

of the cubical realization. A detailed accountis given in [33, Section 3] and [28, Section
3.2].
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Let (C, f) be a cubical flow category with f: X*C — Cube(n). Choose a sign
assignment v for Cube(n). Define a cochain complex C*(C, ) in the following way:

e The group CK(C) is freely generated over Z by the objects of C whose grading is
equal to k;
e If x € Ob(C) has grading k, then we define

Ax) =Y mey), (2.12)
ye0b(C)
gr(y)=k+1

where ny y is the signed count of points in M¢(x, y). In particular, if we choose
a framed cubical neat embedding which refines a sign assignment v, then

ney = (=D"TOT%Me (x, y). (2.13)

The following result follows immediately from the construction of ||C||.

Lemma 2.18 C*(C, f) is a cochain complex, that is, 3* = 0, and its associated coho-
mology is equal to the cohomology of X (C), the C-homotopy type.

3 Equivariant flow categories

In this section we adapt the construction from Sect. 2 to the equivariant setting. First,
we will introduce some terminology from equivariant differential topology. General
references include [37,47,49].

3.1 Terminology

Let G be a finite group. An orthogonal representation of G is a homomorphism
p: G — O(V),where O(V) denotes the group of orthogonal automorphisms of some
inner product space V. In particular, V is implicitly equipped with an inner product
which is preserved by G. In the present article, we consider only finite-dimensional
representations.

If it does not lead to confusion, we will refer to a representation p: G — O(V) as
V. In particular, for a subgroup H C G, the notation V |y means the representation
plg: H — O(V). For two representations, V, W we denote by homg(V, W) the
space of G-equivariant linear maps from V to W.

If W C V are two G-representations, then by V — W, we denote the orthogonal
complement of W in V. This notation is extended to the case when W is not necessarily
a subrepresentation of V by introducing a Grothendieck group (actually a ring) of
representations. More specifically, the representation ring RO(G) is the ring whose
elements are formal differences V — W of orthogonal G-representations, where V| —
Wi = Vo — Ws in RO(G) if Vi & W, is equivalent to V> @& Wj. Notice that if
W C V,then V — W is isomorphic in RO (G) to the orthogonal complement of W
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in V. The direct sum induces the addition, and the tensor product over R induces the
multiplication.

We pass to the definition and basic properties of G-manifolds. Some more technical
results are deferred to the Appendix. General references for group actions on manifolds
include [26,47,49].

We say that M is a G-manifold, if it is a manifold (possibly with boundary) equipped
with a smooth action of G. Observe that for any x € M, the isotropy group G, acts
on the tangent space T, M. By abuse of notation, we will denote by 7y M the tangent
representation of G . For any subgroup H C G define

M7 ={x e M:Vyegh-x=x}={x € M: H C G,}.

We say that M is of dimension V. — W € RO(G), if for any x € M there exists an
isomorphism of G -representations 7xM & Wlg, = Vg, .

Let M be a compact G-manifold and let p: E — M be a vector bundle over M.
We say that E is a G-vector bundle if there exists an action of G on E by vector
bundle morphisms such that p commutes with the action of G on E and M. If V is a
G-representation, then a V-bundle is a G-vector bundle p: E — M such that for any
X € M there exists an isomorphism of G, representations between V|, and ().
We denote by V,, the trivial V-bundle over M,ie. V, =V x M.

Example 3.1 Let M be a G-manifold and let V be a G-representation. The tangent
bundle 7'M is a V-bundle if and only if M is of dimension V.

A framing of a V-bundle is a choice of an isomorphism of V-bundles¢: E — V ;,.
A stable framing is a choice of an isomorphism of V-bundles¢p: E®Q W, — V,, &
W ,, for some trivial bundle W ,,. Any framing of a V -bundle determines an orientation
of the bundle.

3.2 Equivariant cell complexes

In order to fix the terminology, we recall the notion of a G-cell and a G-cell complex.

Definition 3.2 Let H C G be asubgroup and let V be an H -representation. A G-cell of
type (H, V), denoted by E(H, V),is G xg Br(V), where B (V) denotes the closed
ball in V centered at 0 and of radius R > 0. Notice that if V is a G-representation,
then E(H, V|g) = G xy Br(V). A G-cell complex is a topological space X with a
filtration

XoCcXiC---CX,C---

such that

e X is a disjoint union of orbits,
e foranyn >0, X, = X,_1 Uy E(H,, V,), where

f:0E(H,, V) = X,
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is an equivariant map,
e X = colim, X,,.

The G-cell complex is called a Rep(G)-complex in [16, Section 1.13]. If we restrict
the class of cells allowed in the construction, we obtain the following special cases.

e If we assume that all representations V,, are of the form a V @ R%, for some fixed
representation V' and some integers a,, we obtain a G-CW(V) complex in the
sense of e.g. [11, Section 1.1.2] or [37, Section X.2].

e If, on the other hand, all V are trivial representations, we obtain a G-CW complex
asin [11, Section 1.1.3] or [37, Section 1.3].

Topological spaces we construct are usually G-cell complexes, while in Sect. 8, we
apply theorems for G-CW complexes. Therefore we need to translate from one object
to another. The following result is well-known to experts.

Proposition 3.3 Any G-cell complex has a G-homotopy type of a G-CW complex.

Proof There are essentially two ways of approaching this result. In [37, Proposition
X.2.8] it is proved that a G-CW (V) complex is G-homotopy equivalent to a G-CW
complex, and the proof can be adapted to the case of general G-cell complexes.
Another way is to refine the cell structure, namely to find a triangulation of Bg (V)
by cells such that G acts on Bg(V) by permuting cells. This can be done using the
results of Illman [24] (if G is a finite group, [23] suffices). m]

3.3 Equivariant Spanier-Whitehead category

For completeness of exposition we recall the definition of equivariant Spanier—
Whitehead category. Suppose X and Y are finite G-CW complexes. A (G-)equivariant
homotopy of G-maps f, g: X — Y is an equivariant map

H: Xx[0,1]—>Y,

where G acts trivially on [0, 1]. We denote by [X, Y]¢ the set of homotopy classes
of maps f: X — Y. A G-map is called a (G-)equivariant homotopy equivalence if
it admits an equivariant homotopy inverse. A G-map f: X — Y is an equivariant
stable homotopy equivalence if there exists a G-representation V' such that the map

fAidg:XASY —>YASY

is an equivariant homotopy equivalence. Here, SV is the one-point compactification
SV of V.

Definition 3.4 The equivariant Spanier—Whitehead category SWg is the category
whose objects are the pairs (X, V), where X is a finite G-CW complex and V is
a virtual G-representation. Morphisms are defined by

Homsw, (X, V), (¥, W)) = colim [X ASYOZ y A SW®Z]G ,
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where Z runs through the family of finite-dimensional G-representations such that
both V & Z and W & Z are G-representations.

The equivariant Spanier—Whitehead category is a full subcategory of the equivariant
stable homotopy category, see [37, Proposition XII.7.3] and the preceding discussion.

3.4 Group actions on flow categories

We introduce now the definition of a group action on a flow category. To understand the
details, it might be helpful the reader to keep in mind that the construction is modeled
on the flow category associated with an equivariant Morse function.

Definition 3.5 Let G be a finite group and let C be a flow category. We say that C is
a G-equivariant flow category (as usual, we will omit G when it is clear from the
context) if it is equipped with the following data:

(1) for any g € G there exists a grading preserving functor
Gg: C—C,
(2) there is an equivariant grading function

grg: Ob(C) — |_| RO(H).
HcG

Moreover, these data must satisfy the following conditions:

(EFC-1) G, is the identity functor.

(EFC-2) For any g1, g2 € G we have G, 0 Gg, = Gy .0,

(EFC-3) (Gg)x,y: Mc(x,y) — Mc(Gg(x),Gg(y)) is a diffeomorphism of
(gr(x) — gr(y) — 1)-manifolds, which satisfies the following property

(gg)x,y|/\/tc(z,y)></\/lc(x,z) = (gg)z,y X (gg)x,z,

for all z € Ob(C) such that gr(y) < gr(z) < gr(x). Here we identify
Mec(z, y) x Mc(x, z) with the respective facet of I M (x, y).

(EFC-4) gr;(x) € RO(Gy), where Gy = {g € G: G4(x) = x}.

(EFC-5) dimp grg(x) = gr(x).

(EFC-6) Ifthereexists g¢ € G suchthat G, (x1) = x2, for some x1, xo € Ob(C), then
grg(x2) = ve(grg(x1)), where vg: RO(Gyx) — RO(Gg.x) is induced
by the map

le ngg_l =Ggyx.

Gy>hw+— ghg™
In particular, for any g1, g2 € G, Ug, 0 Ug, = Vg, .g,.
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(EFC-7) Let x,y € Ob(C) and define G, = {g € G: G,(Mc(x,y)) C
Mec(x, y)} = Gy N G,. The moduli space M¢(x, y) is a compact G, -
manifold of dimension

gre(lg,, —greWMla,, — R.

In the non-equivariant setting, it is possible to define the suspension £*C of a flow
category C by shifting the grading function by k € Z. In the equivariant setting, we
define the suspension of a flow category C by any virtual representation V — W €
RO(G). The category V=" has the same objects and morphisms as C but different
grading function given by

(grg)sv-wex) = (grg)e(x) + (V = W)lg, € RO(Gy).

Definition 3.6 Given two G-equivariant flow categories C; and Cs, a functor f: C; —
C; is said to be an G-equivariant functor if

e f commutes with group actions on C; and C3,
e for any object x in C; there is a G -equivariant map

fargn: grg(x) — grg(f(x)), 3.1

such that for any g € G, we have

Ug © fng(;c) = fgrc(gg()f)) O Ug.

Definition 3.7 A G-equivariant functor f: C; — C; is called a (trivial) G-cover if
for any x,y € Ob(Cy) the map fy y: Mc, (x,y) — Mc,(j(x), f(y)) is topolog-
ically a (trivial) covering map and for any object x, fgr,(x) is an isomorphism of
G, -representations.

The notion of a cover will allow us to check easily some of the conditions (EFC-
1)-(EFC-7) for C; if they are satisfied for C,. More precisely, we have the following
result.

Lemma 3.8 Suppose Cy is a G-equivariant flow category, Cy is flow category and
f: C1 — Cp is a trivial cover. Assume there is an action of G on C satisfying con-
ditions (EFC-1), (EFC-2) and (EFC-3), such that §f commutes with the action. Then,
there is a unique structure of a G-equivariant flow category on Cy such that { is a
trivial G-cover.

Proof For an element x € Ob(C;) we set grs(x) = grg(f(x)). Then (EFC-4)-(EFC-

6) are satisfied. Condition (EFC-7) follows from the fact that the G-dimension is
preserved under maps that are local G-diffeomorphisms. O
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3.5 Equivariant cube flow category

Recall that objects of the cube flow category are elements of {0, 1}".If 0 € Perm,, is a
permutation of an n-element set such that o™ = id, then o induces an action of Z,, on
{0, 1}". As in Appendix B.3 consider the action of Z,, on R" defined by formula (B.3).
We will denote this representation by V,,. For x € Ob(Cube(n)) denote by (Z,,), the
isotropy group of x and consider the following (Z,,)-representation

Proposition 3.9 Let o € Perm,, satisfy o™ = id. The cube flow category Cube(n)
can be equipped with the structure of a Z,-equivariant flow category such that the
action on the set of objects is generated by o. Moreover, for any object x we have

gz, (x) = V.

Proof For x € Ob(Cube(n)) and 1 < k < m we define G «(x) = ok (x). In order
to define G« on morphisms (it is enough to define G, only), recall that we regard
Mcuben) (x, ¥) as a subset of [ | R c R". Now, o yields a linear isomorphism

i: Xi>Yyi

MCubc(n) ('7;7 7/) i MCubc(n) (O'(I), O-(y))

[ [

IL. x>y R - IL:. a(@)i>o(y)i R.

Therefore, we can define (Go)x,y = 0| Mcypeq (x.y)- Lemma B.17 implies that condi-
tions (EFC-1), (EFC-2) and (EFC-3) are satisfied.
In order to define the grading function

grz,,: Ob(Cube(n)) - | | ROH),
HCZy,

observe that Lemma B.17 implies that for any x € Ob(Cube(n)), the space
Mecuben) (x, 0,) is a (V, — R)-dimensional manifold. Therefore, in order to satisfy
condition (EFC-7), the only choice for gry, (x) is gry, (x) = Vi. to argue that EFC-7
holds. Conditions (EFC-4), (EFC-5) are satisfied automatically. Condition (EFC-6) is
satisfied, indeed, if g = ok e Zy and y = g - x, then the map

ok Vi > Vy
gives the required identification of the (Z,).-representation gry (x) and the

(8(Zm)rg~ " )-representation gry, (). O

Corollary 3.10 Using the notation from Proposition 3.9, suppose that o is a product of
n/m disjoint cycles of lenght m. Then, for any x € Ob(Cube(n)) we have gry, (x) =
R[(Zy) 18O/ 1Em)x|,

Proof If o is a product of n/m disjoint cycles of length m, then V, = R[Z,,]"/™. It is
easy to verify that V,, = R[(Z,,) ]&"®/1Zm)x], o
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Definition 3.11 Given o € Perm, such that 6™ = id, we denote by Cubee(n) the
Zn-equivariant cube flow category for which the action on objects is generated by o.

Let C be a Z,,-equivariant flow category. We say that C is a Z,, -equivariant cubical
Sflow category if it is a cubical flow category and, for some Zj,-virtual representation
V —W andsome o € Perm,, satisfying 0 = id, the functorf: £V~WC — Cubeq(n)
is a Z,,-equivariant cover.

Remark 3.12 In the construction of the equivariant Khovanov homotopy type it is
enough to restrict to categories Cube (1), where o is a product of n/m distinct cycles
of length m.

Remark 3.13 Note that the constructions in this section work equally well with any
fixed subgroup G C Perm,,. We restrict our attention to cyclic groups because this is
the only relevant case for us.

3.6 Equivariant neat embedding

Let G = Z,, and let (C, f) be a G-equivariant cubical flow category. Fix a sequence
ee = (ep, €1, ...,e,—1) of positive integers. For an orthogonal G-representation V
and any u > v € Ob(Cube,(n)) define

Ju|—1
EW)uw =[] BRVi) x Mcubem (1, v), (32)

i=lv|

where Bg (V) denotes the closed ball in V centered at 0 and of radius R. We abbre-
viate V,, = V|g,,, recalling that the symbol Vg denotes the restriction of the
representation to the subgroup H, the underlying linear space is the same.

Definition 3.14 An equivariant cubical neat embedding of a cubical flow category
(C, §) relative to e, and relative to the representation V/, is a cubical neat embedding
(i.e. satisfying axioms (CNE-1), (CNE-2) and (CNE-3)). The maps ¢, , are required
tobe G,y := G, N Gy-equivariant. Furthermore, any x, y € Ob(C) and any g € G
the following diagram is commutative

L.T.?
Me(x,y) d EWV)i@),jw)
(Gy)e Jg o)
Lgz,gy
Me(gz, gy) EV)j(gw),iaw)-

The right vertical arrow is labeled by g - (—), which should be read that the map is
induced by the group action. More specifically, G actson V and g € G takes V,, , to
Vou,gv- Moreover, g takes Mcupe,(n) (4, V) t0 Mcube, (n) (g1, gv). Combining these
actions we have the map that takes E(V)s(x),5(y) t0 E(V)5(gx),f(gy)- This is the right
vertical map in the above diagram.

Remark 3.15 From Definition 3.14 it follows that the diagrams of maps in (CNE-1)
and (CNE-3) are diagrams of G y maps (in case of (CNE-1)), respectively G,y ., =
G N Gy NG, (in case of (CNE-3)).
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Proposition 3.16 Any equivariant cubical flow category admits an equivariant cubical
neat embedding.

Proof Consider x,y € Ob(C). The space M¢(x,y) is, by (EFC-7) a compact
Gy, y-manifold of dimension grg;(x)|g, , — grg(¥)lG,, — R. In particular, by the
Mostow-Palais Theorem (see Theorem A.11) there exists a representation Wy ,, such
that Mc(x, y) embeds in W, . Define V to be the direct sum of Wy , over all pairs
x,y € Ob(C).

We want to construct embeddings ¢ y: Mc(x,y) — E(V)jx) (). Recall we
have E(V),., = ]_[l‘uzll_v‘l Br(Vi,v)¥ X Mcubee () (#, v). The map ¢, will be a product
Jx,y X f, where

[Feol-1
Jry: Me(x,y) — H Br(Vix),i(»)"
i=lf()l

and f: Mc(x,y) = Mecubeam) (F(x), f(¥)) is given by the definition of the cubical
flow category (see Definition 2.5 above).

Our task is therefore to construct the map j, y. We shall proceed by induction
on § = |f(x)] — |f(y)|. For § = 1, the space M (x, y) is a finite set of points. The
construction of jy y in this case is obvious. Conditions (CNE-1), (CNE-2) are satisfied,
while (CNE-3) is empty. The diagram in Definition 3.14 commutes.

Suppose the embedding has been constructed for all x, y with § < k and we aim
to construct a map jy,y for [f(x)| — [f(y)| = k. By the induction assumption, the
map j, y is defined already on the boundary of M¢(x, y). We extend this map to a
G-equivariant map on the whole of M¢(x, y) by Lemma A.10, maybe increasing the
values of some of the e;. Conditions (CNE-1) and (CNE-2) for jy , x f is trivially
satisfied. Condition (CNE-3) follows from the construction, because j, ; on the interior
of Mc(x, z) is an extension of jy . on the boundary. Commutativity of the diagram
in Definition 3.14 follows from equivariance of jy y. O

The next step in the construction of Lawson, Lipshitz, and Sarkar is the construction
of a framed cubical neat embedding. The notion of an equivariant framed cubical neat
embedding is a direct generalization of the notion of a framed cubical neat embed-
ding. Namely, given the set of maps ¢y ,: Mc(x,y) — E(V)s0),5(y) constituting
an equivariant cubical neat embedding (see Definition 3.14), an equivariant framed
cubical neat embedding is an extension of .y to equivariant maps

I0)l-1
Lyt [ Be(Vjwonio)® x Me(x, y) = E(V )50
i=lj)|

We require that that (CNE-3) holds for ¢ , replaced by 7, , and M¢(x, y) replaced

by the product nlljlff)(‘y)\ BS(Vf(X)’f(y))e’ X Mc(x, y).
In the non-equivariant setting, passing from a cubical neat embedding to a framed

cubical neat embedding is described in Sect. 2.4. In the equivariant setting, no adjust-
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R

ments are needed, because the projections 7,

already equivariant by construction.

, and 7M considered in Sect. 2.4 are

3.7 Equivariant cubical realization

We consider now an analog of the construction of a CW-complex ||C|| givenin Sect. 2.5.
For each x € Ob(C) such that u = f(x) we define:

|lu|—1 n—1
EX(x) = [ | BROV)% x [ Be(V)* x Mcubeq (. 0), (33)
i=0 i=lul

where M(u, 0) = [0, 1] x M(u, 0) if u # 0 and M(0, 0) = {0}. The group action
on the interval [0, 1] is assumed to be trivial. Note that EX(x) is homeomorphic to the
cell X (x) constructed in Sect. 2.5 (we need to set d; = ¢; dim V'), the point is that the
present construction is equivariant.

For x,y € Ob(C) such that f(x) = u > v = f(y) we construct a map
E'y x: EX(y) x Mc¢(x, y) < EX(x) by an analogous formula as (2.10) in Sect. 2.5,
namely

EX(y) x Mc(x,y)

[v|—1 n—1
= [T Br")¥ x [ Be(V) x Meupeu(m (. 0) x Mc(x. y)
i=0 i=|v|

lu]—1 n—1 |ul—1
= J] Br") x [] Be(V)* x Mcupeg () (v.0) x (]‘[ Be(V)“ x Mc(m))

i=0 i=lu| i=|v|
vl—1 n—1

< [ BROV x [] Be(V)¥ x Mcubewn) (v: 0)x
i=0 i=u|

Jul—1
X ( l_[ Br(V)“ x Mcubeg(n) (t, v))

i=[v]

u]—1 n—1
= ] BrV)% x [] Be(V) x Mcupeg () (- 0) X Mcuben(n) (@ v) <
i=0 i=lul
Ju|—1 n—1 _
> [] B x [] Be(V)* x d(Mcupeg ) (@, 0)) C EX(x). (3.4)
i=0 i=ul

In fact, with the choice of d; = ¢; dim V' and an identification EX(x) = X (x), E is
exactly the same map as 6. Again the key pointis that E*, , is G y-equivariant. Write
EX,(x) C EX(x) for the image of E*(y).

Analogously to the non-equivariant case, the complex ||C|| is constructed induc-
tively by taking the cells EX(x) and the attaching map taking EX (x) to EX(y) via
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the projection EX, (x) = EX(y) x Mc¢(x, y) < EX(y). As in the non-equivariant
case, the remaining part d EX(x) \ Uy EX, (x) is mapped to the base point.

Remark 3.17 The map E6, , gives a well-defined attaching map, see item (4) in
Sect. 2.5 and equation (2.11). This is because, as we mentioned above, E6 is essen-
tially the map 6 from Sect. 2.5. Another possibility is to observe that the map
Kx,y,z constructed in the proof of [28, Lemma 3.16] is equivariant because of the
axioms (EFC-1)-(EFC-3). We omit the details.

Proposition 3.18 The space ||C|| has the structure of a G-cell complex of Defini-
tion 3.2.

Proof If x1,x, ..., x; is an orbit of x; € Ob(C), then there exists an equivariant
homeomorphism

Jul—1 n—1

EX(x) UEX(x2)U- - -UEX(x4) = Gy, X, (]_[ Br(V) x [] Be(V)* x Brgrg(x)) | .
i=0

i=lul

(3.5)
i.e. we obtain a G-cell of type (G, Ve -1 @ gr.(x1)). It is easy to verify that
the gluing maps are compatible with the homeomorphism from (3.5). O

Definition 3.19 The equivariant cubical realization of C is defined to be the G-cell
complex ||C||. The formal desuspension X' (C) := ¥ oWy [IC]|, where W
denotes a representation of G such that f: ¥WC — Cubey(n) is the cubical functor,
is called the equivariant C homotopy type.

Remark 3.20 By a formal desuspension ©="=V""""~1||c|| of ||C|| we mean the
object of the Spanier—Whitehead category SWg given by (||C||, —W — Vet +en-1).
compare Sect. 3.3. Note that Stoffregen-Zhang’s equivariant Khovanov homotopy type
belongs to the same category [46, discussion below Proposition 4.17].

The following result is a direct consequence of the construction: to explain the
notion of a G-CW-complex in more detail.

Proposition 3.21 Let (C,f: ¥WC — Cubeq(n)) be a G-equivariant cubical flow
category. Let « be an equivariant cubical neat embedding relative to e, =
(eo, €1, ...,en—1) € N" and relative to an orthogonal G-representation V. There
exists a G-cell complex ||C||, such that every object x € Ob(C) corresponds to a
single cell of ||C|| of dimension grs(x). Moreover, the forgetful functor (i.e. the one
which forgets the action of G) maps ||C|| to the stable homotopy type constructed by
Lawson et al. [33].

3.8 Fixed points of the cubical realization
The purpose of this subsection is to study the fixed point sets (with respect to a subgroup

H) of the group action on the cubical realization. The results will play an essential
role in the proof of the invariance of the equivariant Khovanov homotopy type under
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Reidemeister moves. Recall that X denotes the set of fixed points of H, that is,
X? ={xeX|x -h=x,Vh € H).

Let C be an equivariant cubical flow category. For any H C G define the H -fixed
subcategory C! in the following way.

e The objects of C! are those objects of C that are fixed under the action of H, that
is Ob(C*) = 0b(0)#;
e The morphisms between objects are given by fixed point submanifolds, that is,

Mc@e, ™ x #y

MCH(xv)’)Z {ld} x=y;

e The grading of x € Ob(C)# is dim grg(x).

Remark 3.22 1f H is a normal subgroup of G (in the paper we work with G cyclic,
so any subgroup of G is normal), it is possible to endow C¥ with the structure of a
G/ H-equivariant flow category.

We will now give an instance of an H-fixed subcategory that is the most important
in our approach.

Proposition 3.23 Let H be a subgroup of Z, and consider Cubeg (n) for o € Perm,,
such that ™ = id. Then there is a functor RH: Cubee(n)! — Cube’) that
induces an isomorphism of categories.

The integer n' is calculated as follows. If o is a product of p disjoint cycles
(@1, . .., ain;) with n;|m and Z{’:] n; = n, then we set {; = gcd(n;, m/|H|) and
n. =n;/l;. We have n’ =) " n.

Proof The key idea is to use Theorem B.15. There is a technical difficulty namely
Theorem B.15 does not give us a canonical diffeomorphism. Therefore we first fix a
concrete diffeomorphism between Mcupe(n) (11, 0,)" and Meubey (17, 04), next
we show that it can be used to define a map between all moduli spaces of the Cube (1)
category and corresponding moduli spaces of the Cube(n’) category.

To begin with, if (vy, ..., v,) is an object in Ob(Cubeg (1)), then by definition
it is an object in Cube () fixed by the action of H. This amounts to saying that, for
i=1,...,pand j=1,...,n}, wehave

Vi,j = Vi jn) = = Vi jr(t;—1)n}s

where to simplify the notation we write v; ; instead of v, ;. The functor R on objects
is defined as
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H
R (Ul,..., v,,) = (1)1,1, ey Ul,n’l’ U2,1,~--, vpyn/p). (3.6)

We now define R’ on morphisms.

Consider first 0, 1, € Cube (n). They are fixed under the action of any subgroup
H C G. The space Mcubey(n) (11, 0,) is, by definition, the permutohedron IT,,_; C
R". The set Mcubeg(n) (1, 0,) of fixed points under H is given by I,,_1 N L, where
L is a linear subspace of R" given by

p i
L= ﬂ ﬂ{xi,j =Xijtn, == xi,j+(l,~71)n[’.}v
i=1j=1

where we also used the notation x;_; as a shorthand for Xaj ;- ‘We note that the dimension
of L is precisely Y n. =n’.

By Theorem B.15 there is an identification ¥ of I1,_; N L with IT,/_;. Choose one
such . The map v identifies Mcube, (n) (11, 0, with Mecubey (Ln7, Op).

Take now general u, v € Ob(Cubeg (n))" with u > v. We assume that u # 1y,
v # 0,. The case where precisely one inequality holds is analogous and it is left to
the reader. Consider the product

1_Iu,v = MCube@(n)(vv 0,) x MCubeoe(n)(uv v) X MCubem(n)(lnv u).

By the axioms of the cube category I, ,, embeds as a codimension 2 face in the moduli
Space MCubem(n) (1n s On) = 1_In—l .
In fact, consider the partition

p="PluUPuyUPyo (3.7)

and Py (with (', v') = (1, u), (', v') = (u, v) and (', v') = (v, 0,)) is the set
of indices i such that u} # v;. Then IT,, , corresponds to the face ITy,.

We define now the map R : Mcube () (1, V) — Meype (R u, R v) as the
composition:

MCubem(n)(”, U)H g MCubem(n)(Ua On)H X MCubem(n)(uv U)H X MCubem(n)(ln, “)H g

14
i MCube(n’)(RHv’ On’) X MCube(n’) (RHM7 RHU) X MCube(n’)(ln’v RHU) g
= Meuey (R u, R v).

The first map is an embedding to a fiber {pt} x Mcubey ) U, V) x {pt} for two
chosen points in Mcybe, (n) (V, 0,)f and Mecubee(n)(Lns wH, respectively. RH does
not depend on the choice. The last map is the projection onto the second factor. The map
Y was defined above as a map from IT,_; N L to I,/_;. It takes the face Iy, to the face
1'1;3 »» where IT" = I1,y_; and p? is a reduction of p with B determined from the orbits

of o'; see Proposition B.18. A straightforward calculation using (3.6) reveal that p? is

a partition into three subsets P;z and ’Pi where P”. denotes

’
H9,0,,° " REu,RHv o RAw
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the subset of indices at which the vectors in the subscripts differ. This means that 1'[;J B
is exactly Mcype(ny (R v, 0,1) x Mcubey (R7u, R7v) x Mcupey (1o, R w);
we omit the details.

We sketch the proof of the fact that R respects the compositions. Suppose that
u,w,v € Ob(Cubee () with u > w > v. Let R¥u, R¥w, R v be the corre-
sponding objects in Cube(n’). We need to show that the following diagram commutes.

Mubeq i (W, V) X Meypeg, )i (4, w) Mubeg i (1, V)

= =
Mecuey (REw, R7v) x Mcupeny (R u, R¥w) —— Meypemn (R u, REv).

(3.8)
This commutativity is true if ¥ takes

M, = MCubem(n)(lnv M)H X MCubem(n)(us w)H x MCubem(n)(wa U)H X MCubem(n)(vv On)H
to

My = Megbe(ny (- R 1) x Meypeqry R u, R w) x Meypequy (R w, R v)
XMCube(n/) (RHU, On/).

Consider the refinement p,, of the partition p defined in (3.7) given as
Pw = Pl,,,u ) Pu,w V) Pw,v U ,Pv,O,,’

where the subsets P. . are as above (below (3.7)). Let I1,, 4, ,, be the face corresponding
to this partition. Then M = I, ,, , N L. By construction of , it takes A to a face
1'[’()g s of IT’, where (p,,)? is the reduction of p,,.

On the other hand, the reduction (p,,)? is easily seen to be the partition

(pB)w = P/,,/,RHM U ,P;QHu,RHw U ,P7/€Hw,RHu U ,P;QHU,O,,/'
qu» s = M>., which essentially boils down to
the statement that refinements commute with reductions. We can still add some more
details, but the proof might eventually become less readable. Making the morphism v
in Proposition B.11 might be possible, but it would definitely required a much longer
proof.

Finally, the equivariant grading on Cube (n) described in Proposition 3.9 has the
property thatif x € Ob(Cube (n)H, then grg (x)H is equal to the grading of RHE (x).
This is a straightforward verification. O

But then the corresponding face is IT

Lemma 3.24 The pair (C, §1), where {1 = R¥ o §|lou and R is as in Proposi-
tion 3.23, is a cubical flow category.
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Proof Tn order to prove that C7 is a flow category, we need to verify the axioms (FC-
1), (FC-2) and (FC-3). The axiom (FC-1) is obvious. The axiom (FC-2) follows
from the axiom (EFC-7) and Proposition B.11. The axiom (FC-3) follows from the
axiom (EFC-3). This shows that C¥ is a flow category. It remains to prove that the
functor {/ makes C* a cubical flow category.

Since § commutes with the group action, it takes objects in C that are fixed under
H to objects of Cube (1) that are fixed under H. In particular, {¥ is well-defined on
objects.

To show that it is well-defined on morphisms, observe that for any x, y € ob(0)H,
the map

fr.y: MeGe, W — Mceubeg o F0), FONT

is a diffeomorphism when restricted to any connected component of M¢(x, y)?. In
particular R o f,. y is a covering map. Therefore, ¥ turns C* into a cubical flow
category. O
Lemma 3.25 Let C be a framed cubical flow category and ¢ a neat embedding of C

relative to eq = (€1, €2, ..., e,—1) and relative to a representation V. Then, for any
H C G, v yields a neat embedding of C*, denoted by (", relative to

H H
e, =(e1+---+e—1,ex+exr1+ - +exun—t1,..., enktentyr1+--+e)and V",

where k denotes the order of H.

Remark 3.26 (Remark 3.22 continued). One can construct ¢/ in such a way that it is
a G/ H-equivariant neat embedding.

Proof An equivariant neat embedding of C is given by a collection of equivariant maps

e,y Mc(x,y) = E(V)iw),5(y) satisfying axioms (CNE-1), (CNE-2) and (CNE-3),
see Definition 3.14. An equivariant neat embedding

te,y: Me(x, y) = E(V)5ix). ()

where x, y € Ob(C)#, yields an embedding

beylis M, 7 = EWV{ 50
Observe that
[fOx)]=1

€
EWfty s =TT (BrOVfh500)" % Meueum (G0, 00"
i=[f(»)l
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because H C Gi(x) f(y)- Since [f(x)| = k- |f (x)| and [f(y)| = k- [§(y)|7, there exists
an equivariant linear embedding

If(x)|—1 1§17 (x)|—1
nH: 1_[ Br(VHyei s H B (VH)ekiterivitteritn-1
i=[f(y) i=|f (y)|

for some R’ > R. Using the map R* from Proposition 3.23 we obtain a neat embed-
ding

H H. H H
N X RE: EWio 1) = BV i1 i (-

We define Li{y = x R") o (tx y|n)-
Properties (CNE-1), (CNE-2) and (CNE-3) for ¢ f y follow immediately from anal-
ogous properties of the maps ¢y y. O

Proposition 3.27 Suppose ||C|| is an equivariant cubical realization of an equivariant
cubical flow category C. Then the fixed point set ||C||H is homeomorphic to the cubical
realization of the fixed point flow category C.

Proof We need to show essentially two facts: the equality of cells, and the equality
of attaching maps. First, if x € Ob(C)", we can construct a cell X (x) using the
construction of Sect. 2.5 taking C*! as the starting category. This corresponds to a cell
used for constructing ||C*||. Alternatively we can take EX (x)* to be the set of H-fixed
points of the cell EX(x) constructed in Sect. 3.7. We claim that X 7 (x) = EX(x)?
once we have set d; = ¢; dim V.

To see this recall that by (3.3) we have

[Fool-1 n—1

EX0)" = [ Be(V™)9 x [T Be(V¥) x Mcubeqm (Fx). 0)",
i=0 i=[f()]
117 (0)1-1 Y -1 L
Xp)= [] BrV")" x [ Be(V") x Meupew)F (x). 00).
i=0 i=|f (x)|

where eiH = ek +ekit1+ -+ er+1)—1 and k denotes the order of H. Discussion
in Proposition 3.23 implies that EX(x)" = Xy (x), for any x € ob(cH).

In order to complete the proof of Proposition 3.27, we need to show that the attach-
ing maps coincide. This holds, provided that 0y (y, x) = E*(y, ), where 0y (v, x)
is the map 6 of Sect. 2.5 constructed for CH and E (v, x)H is the restriction of E*
to the set of fixed points. Choose x, y € Ob(C)". Going through the construction of
6 and E" (given in (2.10) and (3.4)) we see that the equality E (y, O =0y (v, x)
follows from the commutativity of the diagram
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oH
MCuhea(n)(f(y)v On)H X MCube,,(n) (f(=), f(y»H - MCubeq(n)(f(:L')v OTL)H
RH x RH RH

MCube(n)H (fH(y) 071) X MCube(n)H (fH (T)v fH (:l/)) — MCube(n)H (fH (T)v 0")7
where R¥ is a map from the fixed point set of a permutohedron to a permutohedron of
lower dimensions, as described in detail in the proof of Proposition 3.23. Commuta-

tivity of the diagram follows from the construction of this map (see Propositions B.11,
B.18). O

3.9 Equivariant chain complexes

In Sect. 2.6 we constructed a cochain complex C*(C, f), whose cohomology was equal
to the cohomology of the cubical realization ||C||. Suppose now that the underlying
cubical flow category admits an action of the group G = Z,,. In order to describe the
induced action of G on the chain complex, notice that, for any g € G, we obtain a
homomorphism of abelian groups

Gg: C*(C.H) > C*(C. D,

yielding an action of G. This action, however, does not, in general, commute with the
differential on C*(C, §).

The differential of the chain complex (2.12) depends on the sign assignment v on
the cube flow category Cube(n),, see (2.13). We will denote, abusing the notation, a
generator of G by o. The symmetry group acts on sign assignments via

o()(x,y) =v(o(x),o(y)).

However, in general, o (v) # v, that is, the sign assignment v is not necessarily
o-invariant.

To remedy this, we recall that the sign assignments form a 1-chain in [0, 1]* with
values in [F; (see Sect. 4.1). The difference between any two sign assignments satisfies
a cocycle condition. Therefore, there exists a 0-cochain ¢ € C (10, 171*; F,) such that
o(v) — v = 0*c. That is,

V(o (f(x)), o (F(y)) — v(F(x), f(y) = c(fx)) — c(f(y)). (3.9)
Lemma3.28 Themapty,: C*(C) — C*(C) givenbyx > (—1)¢FNG  (x) commutes
with the differential and therefore it generates the G-action on the chain complex

C*(C). is to define the group action on C*(C).

Proof We need to check that the coefficient in 9¢, (y) at ¢, (x) is equal to the coefficient
in dy at x. The latter is equal to

(—I)U(f(x)’f(y))#MC(X, ), (3.10)
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compare to (2.13). We want to compute now the former. Write y' = G, (), X" = Go (x).-
By (2.13) the coefficient in 9y’ at x’ is equal to

(_I)U(f(x’),f(y'))#Mc(x/’ y/) — (—I)U(f(xl)’f(y,))#/\/lc(x, y), (3.11)

Given the definition of 7, we have 75 (x) = (—1)¢F&Dx’ and 15 (y) = (—1)<TOD
Thus, in light of (3.11), the coefficient in d¢, G(y) at #, (x) is given by

(— 1)C(f(x))+c(f(}‘))+v(f(0'(X)),f(U(Y)))#MC(x’ ¥). (3.12)

Finally, to show the equality of (3.10) and (3.12) we need to guarantee that

c(f(x) + c(F(y) +v(flo (), flo () = v(f(x), f(y)) mod 2,
but this follows immediately from (3.9). O

Remark 3.29 This sign problem is not uncommon. It appears in the construction of the
equivariant Khovanov homology [38, Section 2]. The approach in [38] is essentially
the same as the one we use here, but it is expressed in a different language.

3.10 Equivariant subcategories

Suppose that C’ is an equivariant downward closed subcategory of C. Let C” be the
complementary upward closed subcategory. As C’ is invariant under the group action,
the subcategory C” is also an invariant subcategory.

The following result is a direct generalization of [33, Lemma 3.32].

Proposition 3.30 IfC, C' and C" are as above, then there exist three equivariant maps,
an inclusion t: ||C'|| — ||C||, a collapse «: ||C|| — ||C"|| and the Puppe map
o:1C"| = Z||C'||, that induce the following cohomology long exact sequence

o Hilel S 2 ey S @ e S (3.13)

Suppose C is an equivariant cubical flow category, C’ is a downward closed subcat-
egory, and C” is the complementary upward closed category, and let the maps ¢, « and
p be as in Proposition 3.30. We ask under which conditions one of these maps is an
equivariant homotopy equivalence. This holds under some extra assumptions that we
spell in Lemma 3.31. Although these assumptions are harder to verify, the methods
developed in Sect. 3.8 simplify the process.

Lemma 3.31 Let i, k and p be as described in Proposition 3.30.

(a) If for any subgroup H C G the reduced homology ﬁ*(| \C"17) is trivial, then the
map t is an equivariant stable homotopy equivalence.

(b) If for any subgroup H C G the reduced homology H*(||C'||") is trivial, then the
map k is an equivariant stable homotopy equivalence.
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(c) If for any subgroup H C G the reduced homology H *(I|CI\H) is trivial, then the
map p is an equivariant stable homotopy equivalence.

Proof We prove only part (a) since the proofs for the other two statements are analo-
gous. Our assumptions imply that for any H C G,

H. H H
I = iel

is a stable homotopy equivalence. Since ||C’|| and ||C|| are equivariantly homotopy
equivalent to G-CW-complexes by Proposition 3.3, the equivariant version of the
Whitehead Theorem (see e.g. [37, Section VI.3]) implies that ¢ is an equivariant stable
homotopy equivalence. O

4 Khovanov homotopy type

In this section we introduce the equivariant Khovanov homotopy type. We start with a
short recollection of the construction of the Khovanov chain complex and the annular
Khovanov chain complex (Sects. 4.1, 4.2). Next, we give a rather brief review of the
construction of the Khovanov homotopy type and the annular Khovanov homotopy
type (Sects. 4.3, 4.4). Finally, in Sect. 4.5 we construct the equivariant Khovanov flow
category. The results from Sect. 3 lead immediately to the construction of the equivari-
ant Khovanov homotopy type and the equivariant annular Khovanov homotopy type.
Invariance of the equivariant homotopy types is proved in Sect. 5.

4.1 Khovanov chain complex

In this subsection we rely on [33, Section 2]. Let V be a two-dimensional vector space
over a field FF with 4 and _ as generators. We make it a graded space by assigning a
grading ¢(4+) = 1, g(=) = —1, called the quantum grading.

A resolution configuration D is a pair (Z(D), A(D)) where Z(D) is a set of pairwise
disjoint embedded circles in $? and A(D) is a totally-ordered set consisting of disjoint
embedded arcs in S? such that the boundary of every arc lies in Z(D). The index of
the resolution configuration D, denoted ind(D), is the cardinality of A(D). A labeled
resolution configuration is a pair (D, x) consisting of a resolution configuration D and
a map x assigning a label, 4 or _, to each element of Z(D).

Given two resolution configurations D and D,, we define the resolution configu-
ration D \ D; by declaring, see [33]:

Z(D1\ D2) =Z(D)\Z(D2), A(Di1\Dy) ={A € A(D1): Vzez(p,)0AN Z =0}

For a resolution configuration D we can choose a subset B C A(D) and obtain a
new resolution configuration sp (D), called the surgery of D along B, by performing a
surgery along the arcs in B. We use a shortened notation s (D) for the surgery s p) (D).
Another operation that we can perform on a resolution configuration D is taking the
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v ........
TN

Fig.1 Dual arcs

dual resolution configuration D*: Z(D*) = Z(s(D)) and A(D*) consists of arcs dual
to arcs from A(D), as explained in Fig. 1.

We can define a partial ordering on the set of labeled resolution configurations. Let
(D, x) and (D', y) be two resolution configurations such that ind(D) — ind(D’) = 1.
We say that (D, x) < (D', ) if D’ can be obtained from D by surgery along a single
arcin A € A(D) and one of the following conditions holds:

(1) If 0A is on a single circle Z which splits during the surgery into two circles Z
and Z,, then

o If X(Z) = 4 then either Y(Z;) = 4 and ¥(Z3) = _— or y(Z;) = _ and
y(Z2) = +.
e Ifx(Z) = _theny(Z) = —and y(Z,) = _.
(2) If 0A lies on two circles Z; and Z, which are merged during the surgery into a
single circle Z, then
o IfX(Z1) =x(Z2) = 4, theny(Z) = 4.
e IfX(Z)) =4 andx(Zy) = _orx(Zy) = _ and Xx(Z3) = 4+, theny(Z) = _.

For general labeled resolution configurations the partial order is defined as the transitive
closure of the above relation.

Definition 4.1 A decorated resolution configuration is a triple (D, X, y) where (D, y)
and (s(D), x) are labeled resolution configurations such that (D, y) < (s(D), X).

Define P (D, x, ) to be the poset consisting of all labeled resolution configurations
(5A(D),¥"), where A C A(D), such that

(D,3) = (5a(D),5) = (5(D),%).
Fix a field F. Let D be an oriented link diagram with n = n4 + n_ ordered

crossings, where ny and n_ denote the number of positive, respectively negative,
crossings. For every v € {0, 1} we can define a resolution configuration Dp (v) =

v 0-resolution X 1-resolution > <

Fig.2 Resolutions of a crossing
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(Z(Dp(v)), A(Dp(v))) obtained by smoothing the ith crossing of D according to
the i’ coordinate of v, as depicted in Fig. 2. The arcs correspond to O-resolutions;
in Fig. 2 the dotted line represents the arc associated to that particular resolution. To
avoid cumbersome notation, we will drop the subscript D when it is clear from the
context.

Let V(D(v)) be the vector space over IF generated by all possible labeled resolution
configurations (D(v), x). Define the Khovanov complex of D in homological grading
i =|v]|—n_as

CKh (D;F)= P V(D).

ve{0,1}"
|v|=i+n_

The vector space CKh' inherits the quantum grading from V. To be more precise, to
a homogeneous elementx = ¢, @ --- Q@ ¢, € V(D(v)), €; € {+, —}, we associate the
grading g(x) = Y_ q(¢,) +ny —2n_+|v|. Then CKh' splits as a direct sum of spaces
CKh'+9, where the second index denotes the quantum grading.

In order to make CKh* into a cochain complex, we need to choose a sign assignment
v. This done, we define the differential of an element (D(v), X) with homological
grading i as

3 (D(v),X) = > (=1’ (D), y).
[ul=lv|+1
(D@, H<Dw).

The cohomology groups of the complex CKh, that is Kh-?(D) = ker(d;)/ Im(d;_1),
are link invariants [27]. They are the Khovanov homology groups of the link represented
by D.

4.2 Annular Khovanov chain complex

Asaeda, Przytycki, and Sikora [1] gave a construction of a variant of Khovanov homol-
ogy for a link in the solid torus. This construction was later refined by Roberts [41].
Given L C S! x R?, we fix a diagram D of L so that D can be drawn on an annulus
S x R!. The starting point of the construction of Asaeda, Przytycki, and Sikora is to
assign an extra annular grading to each of the generators of the Khovanov complex of
D. For any v € {0, 1}" and any labeled resolution configuration D = (D(v), X),
the annular grading of D, denoted Ann(D), is defined in the following way. Let
Z(D(w)) = {Z1, Z>, ..., Z;}. We say that the circle Z;, for 1 < i < k is trivial,
if it is null-homotopic in § I« D!, and nontrivial otherwise. For any 1 <i <k we
define

1, if Z; is nontrivial and x(Z;) = 4,
Ann(Z;,x) = { —1, if Z; is nontrivial and x(Z;) = _,

0, if Z; is trivial,
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and

k
Ann(D, X) = ZAnn(Zi, ).

i=1
It is easy to check that for any decorated resolution configuration (D, X, y) we have
Ann(D,y) > Ann(s(D), X).

Indeed, the above property is trivial for decorated resolution configurations of index
one. The general case follows from the transitivity of the relation >. Consequently,
there exists a filtration of the Khovanov complex

0C - CCA;_1(D) C CAK(D) C CAg41(D) C --- C CKh™*(D),

where CAg (D) is the subcomplex of CKh*™*(D) generated by those labeled resolution
configurations (D(v), x) suchthat Ann(D(x), X) < k. The annular Khovanov complex
of D is the triply-graded cochain complex defined as

CAKR'/*(D) = (CKh'/ (D) N CAL(D)) / (CKB/ (D) N CA1(D)).

In this setting, the annular Khovanov homology of D, denoted by AKh*™**(D), is
defined as the homology of CAKh***(D). Annular Khovanov homology is an invari-
ant of an annular link.

4.3 Khovanov homotopy type

In this subsection we apply constructions described in Sects. 2 and 3 to a specific flow
category, the Khovanov flow category, which is at the heart of the Lipshitz—Sarkar
construction. Let D be an oriented link diagram with n = n + n_ ordered crossings.
The starting point of the construction is to assign to every decorated resolution con-
figuration (D(v), X, y) the moduli space Mgy (D(v), X, ¥), which is a disjoint union
of permutohedra IT,,_, with m = ind(D(v)). If m = 1, Mgn(D(v), X, y) consists
of a single point. If m = 2, the moduli space Mxp(D(v), X, y) can be defined once
we choose another piece of data called the ladybug matching (for details refer to [33,
Section 5.1]). For m > 2 the moduli spaces Mxp(D(v), X,y) can be constructed
inductively.

Definition 4.2 [33] The Khovanov flow category, Cxn (D), is a cubical flow category
such that:

e Ob(Ckn(D)) consists of all labeled resolution configurations (D(v), X), where v €
{0, 1}". The grading of an object is equal to its homological grading i (D(v), X) =
|v| — n_ (recall that each object has an additional quantum grading, as explained
in Sect. 4.1).
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e The morphism space is defined in the following way

Me, (DW), %), (DW), 7)) = Mxn (D) \ D), X", ¥, if (D(MA)J) < (D), x),
R otherwise,
where X’ and ' are the restrictions of X and ¥, respectively, to D(u) \ D(v) and
s(D(u) \ D(v)).
e The functor §: X"~ Cgn(D) — Cube(n) maps a labeled resolution configuration
(D), x) to v.

Remark 4.3 1t is worth to stress that while My denotes the moduli space associated
with a pair of configurations (D(v), X, y), the morphism space for the Khovanov flow
category Ckp is denoted by Mgy, .

By definition Mgy (D (v), X, ) = @ unless the g-gradings of (D, ) and (E(D), X)
are equal. Consequently, forany j € Z, we can distinguish the full subcategory C’IJ<h (D)
of Cxn (D) consisting of objects whose g-grading is equal to j. It is easy to see that

Ckn(D) = |_| (D). @1
JEZ

In this setting, and after making some choices (such as a framing and a neat embed-
ding of Cxn(D)), we obtain the cubical realization of the Khovanov flow category
[|Ckn(D)|]. This CW-complex is called the Khovanov space. The Khovanov homol-
ogy of D, as constructed in Sect. 4.1, is canonically isomorphic with the reduced
cohomology of ||Ckn(D)||, up to grading shift. Finally, the stable homotopy type of
the formal desuspension of the Khovanov space X"~ ||Ckn(D)|| is the Khovanov
homotopy type Xkn (D) constructed in [28,33], where it was proven to be a link invari-
ant.

Notice that the decomposition (4.1) induces a decomposition

Xgn(D) = \/ X4, (D),
JjeZ

where Xléh(D) denotes the cubical realization of Céh(D).

4.4 Annular Khovanov homotopy type

Recall that any labeled resolution configuration D of alink L C S! x D?, has an asso-
ciated annular grading Ann(D). Define the annular Khovanov flow category Caxn(D)
to be the subcategory of Cxp (D) with the same set of objects but with morphisms
preserving the annular grading.

For k € Z, define the subcategories CIk<h(D)’ CI%]: (D) and Cé’f(D) of the flow
category Ckn (D) as the categories consisting of all labeled resolution configurations D
suchthat Ann(D) = k, Ann(D) > k and Ann(D) < k, respectively. Then, Caxn (D) =

I_IkeZ Clléh(D)'
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Forx, y € Ob(Ckn) wehave Mc, . (x, y) = Qunless Ann(x) = Ann(y).Inthelat-
ter case Mc, ., (x, y) = Mgy, (x, y). For a labeled resolution configuration (D, X, y)
we also denote by Makn (D, X, y) the moduli space Mc¢, ., ((s(D), X), (D, y)).

Lemma 4.4 The categories Caxn(D), CI%JIIC (D), CE{: and C{%h are cubical flow cate-
gories.

Proof The cubical functor §: Cxp(D) — Cube(n) restricts to a cubical functor on
each of these categories. Verifying the axioms of the cubical flow category is straight-
forward. O

Given Lemma 4.4 we can define ||Caknll, ||C§{:||, ||CI§{:|| and ||Clk<h|| as a cubi-
cal realization of the suitable categories and then the corresponding desuspensions
X(Cakn), X (Cﬁ{f ), X (Cé’f )and X (Clk(h). Notice that the decomposition of the annu-
lar flow category Cakn (D) according to the quantum and annular gradings induces a
decomposition

Xaxn(D) = \/ X, (D),

Jj.keZ

where Xgifh(D) is the cubical realization of C% (D). Repeating the proof of the
invariance of the stable homotopy type of Xk (D) under Reidemeister moves, we
obtain the invariance of the stable homotopy type of Xaxnh(D) under Reidemeister
moves in the solid torus. Therefore, the stable homotopy type Xaxn (D) is an invariant
of an underlying link L. The following result relates the cohomology of the cubical
realization Cakp with the annular Khovanov homology.

Lemma 4.5 For any k € Z, and any quantum grading q € 7, there exists an isomor-
phism

H* (X(cg’l’gh(m)) ~ AKh*9* (D).

Proof By construction of the category Cakp, the cochain complex associated with

AKh*9* is precisely the cochain complex for ||CZ’I§h|| up to a shift. We conclude by
Lemma 2.18. O

4.5 Equivariant Khovanov flow category

Our goal is to construct a group action on the Khovanov flow category of a periodic
link. Let m be an integer. Let D,, be a diagram of an m-periodic link and consider
G = Z,,, which acts effectively on R? by rotations, preserving the diagram D,,. The
action of G permutes the crossings of D,,. Let o be a permutation corresponding to
a generator of G. We have 0 = id. The following proposition shows how to extend
the action of G on crossings of Dy, to the action on the Khovanov flow category.
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1 2
WD
(a) (b) (c)

Fig.3 A diagram D of the trefoil knot with numbered crossings (a), the resolution D(1, 1, 0), (b), and its
image under the rotation of the group Z3, leading to the resolution D(1, 0, 1), (c)

Proposition 4.6 The action of Z,, on D,, induces a group action on the Khovanov flow
category Cxn(Dy,). The assignment §: (D(v), X) > |v| can be extended to an equiv-
ariant cubical functor §: ER[ZW‘]L/WC’KI1 (D)) — Cube(n); in particular Cxn (D)
is an equivariant cubical flow category.

Proof The permutation o induces an action of Z,, on {0, 1}" (we will denote this
action by o as well). In order to define the action of Z,, on the set of objects of the
Khovanov flow category, consider (D(v), x), with v € {0, 1}", a labeled resolution
configuration, and define G, (D(v), X) = (D(c(v)), x o 6 ~!); see Fig. 3. Clearly, G,
induces an action of Z,, on the set of objects of Cxp(D,,). We need to describe the
action on morphisms, that is, on the moduli spaces Mg (D(v), X, y) (see Sect. 4.3
for the definition of Mkp and M¢,, and the relation between the two).

Recall that the action of Z,, on the cube flow category was linear when restricted
to any moduli space Mcype (f(x), f(v)). Therefore, the group action on morphisms in
the cube category is completely determined by its restriction to the set of vertices of
the respective permutohedra. This indicates that the group action on the moduli spaces
My, (x, y) should be built inductively with respect to the dimension of the moduli
spaces.

We shall take care of axioms (EFC-1)—(EFC-3); Items (EFC-4)—(EFC-7) are taken
care by Lemma 3.8.

The construction of G, is straightforward for index 1 decorated configurations.
Namely, Mxn(D(v), X, y) is a single point by construction (see the construction of
Mxgn(D(v), x, y)in[33, Section 5]). This means thatif x, y € Ob(Ckyp) haveind(y) =
ind(x) — 1 and Mgy, (x, y) is non-empty, the functor § induces a diffeomorphism
between the moduli spaces Mc,, (x, y) and Mcypen) (f(x), f(y)), because each of
them consists of a single point. Therefore G, on zero-dimensional moduli space is
uniquely determined by the action of G, on the cube flow category Cube(n).

We now pass to the construction of G, for moduli spaces corresponding to index
k + 1 decorated configurations and k > 1. The construction is inductive. That is, in
the construction we suppose G, has already been constructed for all moduli spaces
corresponding to resolution configurations of index k or less.

Consider an index k& + 1 decorated configuration (D(u) \ D(v), x,y). Take the
moduli space Mc¢,, (x, y) withx = (D(v), %), y = (D), y).

Assume that (D(u) \ D(v), X, y) is not a ladybug resolution configuration. By the
inductive assumption the map G, is already defined on the boundary of each connected
component of M¢,, (x, y) = Mgn(D(v)\D(u), X, y) and maps it onto the boundary
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of Mcy, (Gox, G y) = Mgn(D(o (v)) \ D(o (1)), x oo,y 0 o~!). Moreover, the
following diagram is commutative
DMCKh (:r, y) OMCKh(gvxv gay)

Fa.y Jfg”m.gny
Cub

8~/\/lCube(7L) (f(I)7 f(y)) = aMCube(n) (f(gax)v f(gﬂy))
The extension of G, can be defined on M¢,, (D(v), x, y) as follows. Let

Go

MCKh(x,y) =YiU¥hoU..--UY,
Mey, (Gox,Goy) = YUY, U---UY;

denote the respective connected components. Without loss of generality, we may and
will assume that G, maps dY; onto BYI.’. For any 1 <i < k, we define

Goly, = Go@),%.5) |Yi/)_1 o GEube o fow).x 7y 4.2)

The axioms (EFC-1) and (EFC-2) are trivially satisfied and (EFC-3) is guaranteed by
the fact that the construction is performed inductively.

To complete the proof we need to consider the case, when (D(u) \ D(v), x,y) is
a ladybug configuration. The action of Z,, preserves the ladybug matching by [33,
Lemma 5.8]. Therefore, we again obtain a well-defined extension of | to the whole
Mxn(D(v), X, y) and the extension of G, is given again by (4.2). This completes the
construction of the group action on the flow category Ckn(D;,). Conditions (EFC-1)—
(EFC-3) are trivially satisfied.

We define the grading via Lemma 3.8. As this is an important step of the construc-
tion, we unfold the definition of the grading. Namely, for an element y = (D(v), X) €
Ob(Cxn (D)) we define

g6 () = grg,, (D6, — RIZnllG)" "
— (R[Gf(y)]gr()’)/lem\)|Gy _ R[Gy]n—/lel
— R[Gy](gf()’)*n—)/le\_ (4.3)

In the last equality in (4.3) we have used the fact that R[G]|g = R[H]IC/IH]

With this definition, the functor §: S RIZn "=/ Cxn(Dy,) — Cubeg(m) preserves
the grading. O

Remark 4.7 We remark that shifting by R[Z,,]"-/™ is an overall shift corresponding
to the grading shift by n_ in the non-equivariant setting.

Corollary 4.8 For a periodic link diagram D, in a solid torus, the category Caxnh (D)
is a Zmy-equivariant cubical flow category.

Proof The action of 7Z,, on the Khovanov flow category Ckxn(D,,) constructed in
Proposition 4.6 preserves the annular flow subcategory Cakp (D) inducing the desired
structure. O
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5 Proof of Theorem 1.2

We will prove only part (b) of the theorem, namely that X' (Cky) is a well-defined
object in the equivariant Spanier—Whitehead category. The case of annular Khovanov
homology is completely analogous.

Suppose that D,, is an m-periodic diagram representing an m-periodic link L. By
Proposition 4.6, the Khovanov flow category Cxn(D,,) admits a group action. Propo-
sition 3.21 shows that the cubical realization ||Z" Ckn(D,»)|| admits a Z,,-action, for
an appropriate representation V. In particular, it ensures the existence of the Kho-
vanov homotopy type as an object in the equivariant Spanier—Whitehead category,
see Sect. 3.1.

To conclude the proof of Theorem 1.2, we need to show that the equivariant stable
homotopy type X (D,,) does not depend on the choices made. We prove invariance
step by step.

e Independence of R and €. Arguing as in [33, Lemma 3.25], we see that different
choice of parameters R and ¢ yields equivariantly homeomorphic spaces.

e Independence of e,. Any cubical neat embedding ¢ of C relative to e, =
(e1, ..., en—1) induces a cubical neat embedding ¢’ relative to ¢, = (eq, ..., ¢; +
1,...,e,—1). Arguing as in the proof of [33, Lemma 3.26] we conclude that

2VICle, 2 [IClle; -

e I[ndependence of V.Letus introduce the following notation. Suppose ty is a cubical
neat embedding relative to e, and relative to a representation V. Let V < W be
an equivariant embedding. Composing this embedding with ¢y we obtain a neat
embedding relative to e, and W, which we denote by L‘V,V . We observe that if
W =V @ V’, then by construction

=VCly Z 1(Cly -

Suppose ty and ¢y are two cubical neat embeddings relative to e, and V and to
eey and V', respectively. By increasing the entries of e, and e, and using inde-
pendence on e, discussed above, we may and will assume that e,y = ey = €.
We will also assume that the entries of e, are sufficiently large.

Under the latter assumption, with W = V @ V’, the two embeddings L{//V and va,
a re equivariantly isotopic by the Mostow—Palais Theorem (Theorem A.11). By
this we mean that for any x,y € Ob(C), there exists an equivariant isotopy tt
(t € [0, 1]) such that (¥ by = (L )x,y and L Xy = (LV,)X y satisfying compat1b11-
ity relations (EFC- 1) (EFC- 3) for all ¢ € [0, 1]. Such isotopy is constructed by
defining ]x’ y»> once ]x’ yand ]x’ , have been defined (see proof of Proposition 3.16).
The construction of ;i y is inductive as in Proposition 3.16, using Mostow—Palais
Theorem at each stage. We omit straightforward details.

Given the isotopy, we obtain that ||C| |L“7 and ||C| W/ are equivariantly homotopy
equivalent, and therefore |[C||,, and [|C||,,, are equivariantly stably homotopy
equivalent, as desired.
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C1 Cs Cy
Cn—2k [ 1 [ [ I
—— N T T —
Cn+2k—1
(a) (b) (c) (@ (e) (®)

Fig.4 The equivariant R2-move and the resolution configurations described in proof the independence of
Xxh (D) on Reidemeister moves

Proving the independence on the choice of the diagram and on the ladybug matching
is more complicated; we prove these results in Sects. 5.1 and 5.2, respectively.

5.1 Independence under equivariant Reidemeister moves

Let D,ln and D,zn be periodic link diagrams representing the same periodic link L.
Then C(D) ) and C (D,%,) can be connected by a sequence of equivariant isotopies
and equivariant Reidemeister moves. Here by an equivariant Reidemeister move we
understand a Z,, orbit of a single Reidemeister move that is performed in a ball disjoint
from the rotation axis. See [46, Section 2.6, especially Figure 2.2] and [38, Proposition
2.6] for a more detailed discussion.

Proposition 5.1 The equivariant stable homotopy type of Xxn (D) is invariant under
the equivariant Reidemeister moves.

Proof We prove the invariance under the equivariant R2-move, following the same idea
as in [33, Proof of Proposition 6.2]. The proof of the invariance under other equivariant
Reidemeister moves follows the same lines as in [33]; the necessary adjustments to
make these proofs work in the equivariant case are the same as the adjustments for
the proof of the invariance under equivariant R2-move, which we give in detail. For
all equivariant Reidemeister moves, the main difficulty in the proof is to verify the
assumptions of Lemma 3.31.

Let D, be a diagram with crossings ci,...,c,. Let D] be the diagram
obtained after performing an equivariant R2-move on D,,, and let (¢,+1, cht2),
(cn+3, Cntda), - - - (Cn+2m—1, Cn+2m) be the m pairs of new crossings created during

the process; see Fig. 4a.

For each v € {0, 1}"+2" write D' (v) = Dpy, (v), and recall that v;, the i coordi-
nate of v, corresponds to the type of resolution of the crossing c; of D),.

Consider now the subcategory of Ckn(D,,), denoted Cy, consisting of those labeled
resolution configurations (D’(v), X) such that:

e cither there exists a value of k with v,42¢—1 = 0 and v,42; = 1, and x assigns a
label 4 to the extra circle created (see Fig. 4b);
e or there exists a value of k satisfying v,42k—1 = vy42k = 1 (see Fig. 4c).
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Fig.5 The pairing illustrating €1 €1
the proof of Lemma 5.2 ~~——" ~~—_—
(¢j € {4, -}, fori =1,2)

— e~

It is clear that C; is an upward closed category. It corresponds to the upward closed
category 4 in [33, Proof of Proposition 6.3].

Lemma 5.2 The subcategory Cy is G-invariant, and for each subgroup H C G the
corresponding complex C* (ClH ) is acyclic.

We defer the proof of Lemma 5.2 past the proof of Proposition 5.1.

Let C; be the complementary downward closed subcategory of C;, consisting of
those labeled resolutions which do not satisfy any of the two previous conditions.
Next, we consider a subcategory C3 of C>. The objects of C3 are the labeled resolution
configurations (D’ (v), X) such that there exists a value of k satisfying:

e cither v,42r—1 = 0 and v, 421 = 1, and the extra circle is labeled by _;
e or Vy42k—1 = 0 and vy40k = 0;

see Fig. 4d, e. We observe that C3 is an upward closed category.

Lemma 5.3 The subcategory C3 is G-invariant, and for any subgroup H C G the
complex C* (Cf ) is acyclic.

We omit the proof of Lemma 5.3, since it is analogous to the proof of Lemma 5.2.

Let C4 be the complementary category of C3 in Cy; that is to say, C4 is the category
such that there exists a value of k satisfying v,42r—1 = 1 and v,4+2r = O (see Fig. 4f).
Moreover, observe that Cy4 is isomorphic to the category Cxn(D,,) corresponding to
the original diagram D,,.

In this setting, we apply Lemma 3.31 twice to get the desired result. Namely, we
first state that ||Ckn(Dj,)|| is equivariantly stably homotopy equivalent to ||C2|| and
then that ||C|| is equivariantly stably homotopy equivalent to [|C4]| = ||Ckn(Dm)]|-
This concludes the proof of Proposition 5.1. O

Proof of Lemma 5.2 For any a € {0, 1}, let C*(a) denote the cochain complex gen-
erated by objects of C; of the form v,410tr—1 = a; and v,42r = 1. Notice that
Cc*(1,1,...,1) is a subcomplex of C*(Cy). Moreover, the differential yields an iso-
morphism of chain complexes

C*ai, ..., a;-1,0,ai11,...,an) — C*(ar, ..., ai—1, 1, diy1, ..., am);
see Fig. 5. Therefore, there exists an isomorphism of chain complexes

[ CH(C) =C*(1,..., 1) ® C*(Cube(m)).
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Since C*(Cube(m)) is acyclic, the Kiinneth Theorem implies that C*(C;) is also
acyclic.

An analogous argument works for the fixed point sets categories. Namely, let H C
G be a subgroup of order k and consider C lH .Let o denote the permutation of crossings

/ . . .
of D;,. Notice that the subset of crossings {c,+1, Ca42, - - . » Chy2m} consists of two
orbits of G

Cnt1s Cnt3s Cut 5, - - Cnt2m—1  and €42, Cogdy oo oy Cugom.

Moreover, if o (cy42i—1) = cpi2j—1 then o(cyy2i) = cpazj, forany 1 < i < m.
Let cij,ciyy o .-y Ciis foriy < ip < --- < im, be representatives of orbits of the
action generated by o™/ restricted to the subset {cht+1, cnt3, Cntss - - oy Cngam—1}- If
(D' (v), x) belongs to Cy, then v is constant on orbits of o™k and therefore values of
v on representatives of orbits determine its values on the whole subset of crossings
{Chs1s .-+ Cnyom). Leta € {0, 1})"/k. Define C3, (a) to be the submodule of C*(C)
generated by labeled resolution configurations such that v;; = a;, for 1 < j < m/k.
Again, the components of the differential induce isomorphisms

* = *
Cylar,az,...,a;-1,0,ai11,...,amu) = Cylai,az,...,ai—1, 1, aiv1, ..., amgp),

and therefore we obtain an isomorphism of chain complexes

N eRI (o)) = c*,1,..., HH @ C*(Cube(m/k)).

We can apply once more the Kiinneth Theorem to conclude that C*(C 1” ) is acyclic. O

5.2 Independence of the ladybug matching

Before we give the proof of the independence of the ladybug matching, we introduce
some notation: given a link diagram D,, together with a Z,,-action by rotations, we
write D,, for the link diagram with a Z,, action by rotations in the opposite direction.
We write Ckn(D,,) for the corresponding equivariant Khovanov flow category; the
underlying non-equivariant Khovanov flow category is the same, but the group action
is inverted.

Proposition 5.4 Let D,, be a periodic diagram and let Cgy (D) (Cﬁh(Dm)) be its
associated equivariant Khovanov flow category built using the right (respectively,
left) ladybug matching. Then ||Cxn(Dp,)|| and ||C§h(Dm)|| are stably equivariantly
homotopy equivalent.

Proof The proof is essentially the argument of [33, Proposition 6.5], but there is one
subtlety regarding the group action.

Let D, be the reflection of the diagram D,, along the y-axis after switching all
crossings (that is, D), is the result of rotating D,, by 180°). The diagrams D,, and D},
represent the same link, but the rotation of the group action is inverted. In other words,
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D, and D_;n represent the same equivariant link. Therefore these diagrams can be
related by a sequence of equivariant Reidemeister moves. By Proposition 5.1 we have
an equivariant stable homotopy equivalence between ||Cky(Dy,)|| and ||Cxn (D_;n)ll.

There is also an equivariant stable homotopy equivalence between | |C§h (Dy,)|] and
[1Ckn (D_;n) ||. This is shown using the same argument as in the proof of [33, Proposition
6.5]: the isomorphism of framed flow categories Cﬁh (Dy,) and Ckp (Dyy) is equivariant,
if we revert the group action on one side.

The composition of the two equivariant stable homotopy equivalences yields the
desired equivariant stable homotopy equivalence. O

6 Moduli spaces via the Cobf /1 category

In order to prove the Categorical Fixed Point Theorem 7.1 and, more generally, in
order to understand the fixed point set of Xk (D) when D is a periodic link diagram,
we need a deeper understanding of the structure of moduli spaces Mky,. The key tool
is Bar-Natan’s cobordism category Cobf ; reviewed in Sect. 6.1. The main result of
this section, which is used in the proof of the fixed point theorem, is the Counting
Moduli Lemma 6.6, which computes the number of connected components of the
moduli space Mk, in terms of the genus of the associated cobordism.

6.1 Dotted cobordism category of R3

As alluded to above, we begin with recalling Bar—Natan’s formulation of Khovanov
homology; see [2]. Let Cobf denote the graded additive category whose objects set is
generated by finite collections of disjoint simple closed curves, i.e.,

(1) If Z c R? is a finite collection of pairwise disjoint simple closed curves, then
Z € Ob(Cob}),

) ifZ e Ob(Cobf), then a formal shift of Z, denoted Z{¢}, for some ¢ € 7Z, also
belongs to Ob(Cobf),

3) if 21,2, € Ob(Cobf), then their formal direct sum Z; @& Z, also belongs to
Ob(Cob}).

As Cob? is an additive category, it is enough to define morphisms on generators. If
Z1, Z, are two finite collections of disjoint simple closed curves in R2, elements of
Homg3(Z1, Z;) are represented by formal linear combinations of boundary preserv-
ing isoto'py classes of dotted cobordisms

T CRZx[0,1], % =Z;U—2Z,.
For such a cobordism we define

deg ¥ = x(X) — 2#dots,
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O @

(a) (b) ()
= o
= +
SIS
(d

Fig.6 Local relations in Cobf e The neck cutting relation is depicted in Fig. 6d

where x (X) denotes the Euler characteristic of . Cobordisms are usually drawn
from left to right or from bottom to top. Dots can move freely within the connected
components of a given cobordism and decrease the degree of the respective map by 2.

The category Cobf /I is the quotient of Cob? by local relations depicted in Fig. 6.
Particularly useful is the neck cutting relation depicted in Fig. 6d. Indeed, a recursive
application of the neck cutting relation quickly reduces any morphism in Cobf ptoa
morphism given as a disjoint sum of unknotted surfaces of genus 0 and 1.

Lemma6.1 [2] Let X be a dotted surface representing a morphism in Homg 3
(Z1, Z2), for some Z1, Z» € Ob(Cob] -

/1
(1) If any connected component of X is of genus greater than 1, then
X=0¢ Homcobzﬂ(zl, Z)).

(2) If any connected component of X is a singly-dotted torus, then

Y=0¢ HomCObE/I(Zl, Z5).

Proof The lemma is a consequence of the relation drawn in Fig. 7, which follows
directly from the neck cutting relation shown in Fig. 6d and the fact that a double dot
annihilates every morphism, as shown in Fig. 6c. O

=2 @

Fig.7 The relation used in the proof of Lemma 6.1
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Fig.8 Caps generating

Homys @, §1) T4 = T— =

Fig.9 Caps and their duals, i.e. * *

cocaps (drawn on the right-hand @ = @ @ = @
side of the equality sign)

Lemma 6.2 [2] Morphisms in Cobf /I satisfy the following properties:

(1) A singly-dotted sphere generates
HomCObf/[ @, 0) = 7.
() IfZ =S, then
~ r72
HomCObz/l D, Z2)=7Z

is generated by dotted and undotted caps, i.e. by surfaces depicted in Fig. 8.
B Ifze Ob(Cobf /[) has c connected components, then

HomCobf/,(@, 7) = Homcobz/l @, §1)® = 72

is generated by surfaces consisting of ¢ disjoint dotted or undotted caps.
(4) Forany Z € Ob(Cobf /l) the composition map

HomCobz/](Z W) x HomCObfﬂ @, 7) > HomCObz/l @, 9)
is a nonsingular bilinear pairing, hence there exists an isomorphism
HomCobf/,(Z’ 7)) = HomCobf/, (@, Z)* = Homy, (HomCobf/, @D, 2),7).
Consequently, HomCObs/[ (Z, ) is generated by c disjoint surfaces dual to caps,
i.e. cocaps (see Fig. 9).
O Ifzy, 2y € Ob(Cobf /l) have c1 and ¢y connected components, respectively, then

HomCobf/,(Zl’ ZH) = HomCobf/, @D, Zr) ® HomCobf/l(Zl’ ?)

is generated by a disjoint union of ¢\ cocaps bounding Z\ and c caps bounding
7).

Proof Properties (1), (2) and (3) follow clearly from Lemma 6.1 and the neck cutting
relation (Fig. 6d). Point (4) follows from points (1) and (3) together with the sphere
and dotted sphere relations (Fig. 6a, b). The last point follows from points (3) and (4)
together with the neck cutting relation. O
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Example 6.3 By Lemma 6.2(4), if Z € Ob(Cobf /1) consists of ¢ connected compo-
nents, then HomCObs/I(@, Z) is generated by c disjoint dotted or undotted caps. For

any field F, we can identify
Homeyp (4, 2) @ F = Ve,

where V is the vector space used in Sect. 4.1. In order to do that enumerate circles of
Zby Zy,...,Z..If c =1, the identification is given in Fig. 8. The case ¢ > 1l isa
simple extension. Indeed, if

C=CiuCyu---ucC,
is a disjoint sum of caps such that C; bounds Z;, for | <i < ¢, then

C—1®+Q - -®4cV®,
[ ——

¢ factors
where the sign of the i-th factor is 4 if C; is undotted and — otherwise, for 1 <i < c.

For any Z;, Z» € Ob(Cobf/l) a distinguished generator in HomC0b3/] (Zy1, Zy) is
a disjoint union of cocaps and caps as described Lemma 6.2(5). The distinguished
basis of HomCObs/l (Z1, Z») is the basis consisting of distinguished generators. If ¥ €

HomCOba/l (Z1, Z») is a distinguished generator, denote by >° and X° the subsurface

of ¥ consisting of undotted and dotted components, respectively.

Given a diagram D of a link L C §3, Bar—Natan [2] constructed a cochain com-
plex called the Bar—Natan bracket of D, denoted [[ D]lgn. The Bar—Natan bracket is
obtained by resolving crossings of D, as depicted in Fig. 2. Vogel [48] later improved
the construction of Bar—Natan in such a way that the chain homotopy type of [ D]lgn
does not depend on the choice of the diagram D and is an invariant of L.

Lemma 6.4 [2] The functor Ty : Cobfﬂ — ZMod given by

Tkn(Z) = HomCobf/, 9, 2)

is Khovanov’s TQFT. In particular, given any field F and a link diagram D, there is a
canonical isomorphism of cochain complexes

T([Dlsn) ® F = CKh**(D).

Lemma 6.4 gives us a translation between labeled resolution configurations (D, X)
and distinguished generators of HomCob3/, (@, Z(D)).

Remark 6.5 The isomorphism in Lemma 6.2(5) can be described in the following way.
For two objects Z1, Z> € Ob(Cobf /1), the composition in Cobf i induces a trilinear
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map

Oz,.2,: Txkn(Z2)* x Homc(,bg/l(zl, Z3) x Txn(Z1) — HomCObg/Z @, 9),
which yields an isomorphism
z,.2,: HomCObg/l(Zl, Zy) = Tkn(Z2) @ Trn(Z1)*.

Ifx e HomCOba/] (Z1, Z»), then it is easy to check that

F2,.2,(2) = Y 0z,2,(55. 5,88 ® St € Tan(Z2) ® Txn(Z1)*,
S1,52

where the summation extends over distinguished generators S1 and S of 7 (Z1) and
Txn(Z>), respectively.

6.2 Counting moduli lemma

Let (D, x, y) be a decorated resolution configuration of index n. Enumerate the arcs in
A(MD)by Ay, ..., Ay.Letz = (21,22, ..., 2n) € I1,,_1. Define the surface ¥(z, D) C
R? x [0, n+1] as a trace of the surgery on Z (D), where the surgery on the i-th arc occurs
at the level z;. As the arcs are pairwise non-intersecting, the surface is well defined
even if some of the coordinates z; of z are equal. Notice that the map 7xh (X (u, D))
does not depend on the choice of z € IT,,_.

For any surface ¥ C R2 x [a, b] we define its bottom boundary dpX and the top
boundary 01 X via

HE == NR? x {a}), 91T =T N [R? x {b)).

The result we present next is the key tool in the study of the fixed points of moduli
spaces.

Lemma 6.6 (Counting moduli lemma) Let (D, X, y) be a decorated resolution config-
uration of index n. Let S| € Tgn (D) be the distinguished generator corresponding to
the surgery configuration (D,y) under the isomorphism from Lemma 6.4. Likewise,
let Sy € Tgn(Z(s(D))) be the distinguished generator corresponding to the labeled
resolution configuration (s(D), x) Then, for any z € I1,_1,

Oz(D),z(s(D)) (52, (2, D), S1) = #mo(Mxn(D, X, y)).

In particular, if Mgn(D,x,y) # 0, then

241

Myn(D, %, 3) = | |,
i=1
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where c1 is the number of genus 1 connected components of X (z, D).

Remark 6.7 The lemma can be deduced from the discussion at the end of [29, Section
2.11]. As the precise statement is absent in that paper, and the result is widely used in
the present paper, we present a sketch of the proof using Cobf / ;-categories and posets.

Proof For a resolution configuration (s54(D),X’), where A C A(D), let Sax €
Txn(Z(D)) denote the distinguished generator corresponding to (54 (D), X').

Without loss of generality we can pick z = (1,2,3,...,n) € II,_;. Proposi-
tion 2.13 implies that #7o(D, X, y) = #max P,(D, X, y), so it is sufficient to prove
that

#max P,(D,X,y) = OzDy 7(s0(D))(S1, Z(z, D), $2). (6.1)

In order to prove (6.1), we proceed by induction on the index of the resolution

configuration. Let Zoy, ..., Zogy be the circles in Z(D) and Zi1, ..., Z14, be the
circles in Z(s(D))).

For an index 1 resolution configuration, the poset P, (x, y) consists of a single chain
x > y and the surface ¥ has genus 0. Then both sides of (6.1) are equal to 1.

Suppose now that (6.1) has been proved for all index n — 1 resolution configurations,
and let (D, x, y) be a resolution configuration of index n. There are two cases. Either
Aj is a split, or it is a merge. We will deal only with the (harder) case, when A is a
split, leaving the other case to the reader., we give only the half of the proof.

Suppose Zg; splits into two circles Zg1; and Zg1. If y(Zp1) = —, then there
is a unique y; such that (D,y) < (s{a,)(D), y;). We infer that #max P,(x,y) =
#max P,i(x, y1). The neck-cutting relation shows that

O(S1, (2, D), §1) = O(S1, (2!, Dy), S3). (6.2)

Suppose finally that y(Zp;) = 4. Then there are two different assignments y; and
Yo such that for y; = (s(4,}(D), y;) we have y < y; (with j = 1, 2): one assigns
to Zp11 and _ to Zo2, the other one does the opposite. In particular

max #P,(x, y) = max#P, (x, y1) + max #P,1 (x, y2).

Let S3, S4 be the distinguished generators associated to y; and y», respectively. We
need to prove that

O(82, 2z, D), 1) = O(S2, T(2', D1), $3) + OS2, (2", D), ), (6.3)

which follows from the neck-cutting relation (see Fig. 10). m]
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Fig. 10 Proof of Lemma 6.6. The generator S| is a single circle without dots (corresponding to 1). The

new generators S3, Sy are two disks, one of them containing a dot

7 Categorical and geometric fixed points

7.1 Categorical fixed point theorem

Throughout this section, p denotes a fixed prime number. Define the map

m,: C* — C¥,

ﬂp(g) = ;p»

where ¢ denotes the complex coordinate on C\ {0} = C*. If D is a resolution configu-
ration in C*, then define the p-/ift of D to be the p-periodic resolution configuration D,
suchthatZ(D,) =7 3 1(Z(D)) and A(D p) =T » L(A(D)). Analogously, for a labeled
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resolution configuration (D, X) and a decorated resolution configuration (D, X, y) we
define the p-lift (D), X)) and (Dp, X, yp), where X, =X o7, and ip =Yyom,.

Theorem 7.1 (Categorical fixed point theorem) Let D, be a p-periodic annular link
diagram and let D denote the quotient diagram. For any q,k € Z there exists an
isomorphism of cubical flow categories

AKh(D) Cpq ([7 l)k k(D )ZP

which induces the following isomorphism of cubical flow categories, for any q € Z,

/,k/ Ty ,
| | clu (D) =5 e (Dy)Pr.
ql,k/

pq'—(p—Dk'=q

As a corollary we obtain the statement equivalent to Geometric Fixed Point Theo-
rem 1.3.

Corollary 7.2 For any annular link diagram D we obtain
q. pg—(p—Dk.k Z q Z q’
Xl (D) = XLy (Dp)™", Xy (Dp)™r = \V XAKh (D).
q’,k’
pq'=(p—Dk'=q

Proof of Corollary 7.2 Notice that by Proposition 3.27 and Theorem 7.1 we have

Z,
k k Dk, k
¥ (CHcom)” = (Rl o™) = % (el m).
The case of the Khovanov flow category is analogous. O

Proof of Theorem 7.1 The desired isomorphism of cubical flow categories will be first
defined on objects, then on morphisms.

Lemma 7.3 The formula F,(D,x) = (D), X p) induces a bijection

Fp: Ob(CaR(D)) = Ob(Caxn(Dy))%r.

The map F preserves the annular grading.

Proof of Lemma 7.3 The inverse map is given by taking the quotient of a respective
labeled resolution configuration. Moreover, invariance of the annular grading under
the map F), is evident. m|

We will now pass to constructing the map on morphisms. The key property that we
will require is that for all resolution configurations (D, X, y) the following diagram
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o
(@ (b)
O-
(¢) (d)
.
(e) ®

Fig. 11 Index one resolution configurations in R2 \ {0}. The black dot is the fixed point set of the rotation

commutes:

Fp

Makn(D,Z,7) Makn(Dp, Tp, §p) %

f [

FCube
MCubc(n) (’lt, U) — MCubcc, (pn) (ups Up) (7 1)

where u = (D, y), v = §(s(D), X), up = f(Dp.y),) and vp = j(s(Dp), X ).

We begin with morphisms in Cakn (D) corresponding to index one configurations.
All these configurations are depicted in Fig. 11. We recall now a result of Zhang, which
is proved on a detailed case-by-case analysis.

Lemma 7.4 (See [51, Section 5.3]) For all configuration depicted in Fig. 11 we have
Makn(D, X,y) #0 = Makn(Dp, Xp,y,) # V.

Next result connects M agn with Mxy, for index one configurations.

Lemma7.5 Suppose (D,X,Y) is one of the configurations of Fig. 11. If Mgn(Dp,
Xps yp)Zp is non-empty, Ann(D, yp) = Amn(s(Dp), X p).

Proof of Lemma 7.5 The proof is done on a case-by-case analysis. Cases (e) and (f) of
Fig. 11 are trivial, because no circles in D), or s(D),) is non-trivial (in the sense of
Sect. 4.2). Thus Ann(D,, y,) = Ann(s(D,), xp) = 0.

Case (b)isdual to (a), and case (d) is dual to (¢), soitis enough to prove the lemma for
cases (a) and (c) only. We will deal with case (a) only, leaving case (c) (which is easier)
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Z3

Fig. 12 Proof of Lemma 7.5

to the reader. The resolution configurations D, and 5(D),) are depicted in Fig. 12. Note
that the annular grading of any resolution configuration on the right is zero, because
there are no non-trivial circles. Therefore, it is enough to show that if the resolution
configuration on the left has non-trivial annular grading, then Mgn (D, X p, ip)ZP =
0. The configuration (D, y,,) has non-trivial annular grading in precisely two cases:
either y, assigns _ to both circles on the left, or it assigns - to both circles. In the first
case, as the surgery on any of the arcs merges two circles labeled with _, the moduli
space Mgn(Dp, Xp, V) is empty.

The other case is that y, assigns  to both circles. After the surgery on one of the
arcs connecting the two circles, we obtain a single circle labeled with 4. All other
p — 1 arcs are splits. Any split of an | labeled circle yields a circle labeled with
and a circle labeled with _, while a split of a circle labeled with _ has two circles
both labeled with _. It follows that X, assigns 4 to a positive number of circles and
also to a positive number of circles. Such configuration (the underlying p circles are
drawn in Fig. 12 on the right) cannot be Z ,-invariant. Hence Mgn (D, X p, ip)Zl’ is
empty. This concludes the proof of case (a). O

Corollary 7.6 For any index one configuration, there is a bijection between
Makn(D, X, 5), Makn(Dp. Xp, 3 ,)%r and Mxn(Dp, Xp, 5 ,)%r.

Proof From Lemma 7.5 we immediately obtain a bijection between
Makn(Dp, X p, yp)z,, and Mgn(Dp, X p, ip)ZP. By Lemma 7.4, it is enough to con-
sider the case, when Makn(D, x,y) is non-empty. Then it is a zero-dimensional
permutohedron I, that is, a single point. Call it z. Let X (z, D) be the corresponding
surface. It has genus zero.

Let z, € HZ‘Z | denote the unique fixed point of the Z, action. The surface
X(zp, Dp) is a p-fold cover of X(z, D) and it is easily seen to have genus zero
as well. From Counting Moduli Lemma 6.6 we deduce that Magn(D, X p, 7,;) is
connected, hence it is diffeomorphic to IT,_;. Therefore Maxn (D), X, yp)Zp isa
single point. O

Remark 7.7 Since the moduli spaces in Corollary 7.6 are either empty or a single point,
the bijection of Corollary 7.6 is uniquely defined.
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Fig. 13 Ladybug configurations e = \‘ Re ; \‘ Re - \‘
in R2\ {0} N \ .
O ‘
() (b) (c)

Continuing the proof of Theorem 7.1, we extend F, from objects to morphisms
corresponding to index one resolution configurations. We now discuss the index two
resolution configurations.

Assume first that (D, x, ¥) is not a ladybug and M akh (D, X, y) is non-empty. Then
(D, x,y) is a genus zero resolution configuration. In particular, M axn (D, X, y) = I1;
is an interval with two boundary components. By dimension counting argument,
Makn(Dp,%p,y p)ZP is aunion of some number of copies of one-dimensional permu-

Fp
tohedra IT;. By the induction assumption dMaxn(Dp, X, ¥ p)Z,, = IMakn(D, X, ).

Hence Maxn(Dp, X p, 7[,)21’ is also an interval. Then f takes it diffeomorphically to

zZ
MM, = ;. We define 7, = §~1 o Fecupe o f, 50 (7.1) commutes.

If the genus of (D, x,y) is one, the moduli space is not connected. Decorated
resolution configurations of index two and genus one are called ladybug configurations,
they are depicted in Fig. 13.

We discuss these three cases separately.

Lemma?7.8 If (D,x,y) is as in Fig. 13a, then Mxn(Dp,X),y,) = @ and
Makn(D, X, y) = 0.

Proof For the first part note that the genus of (Dp, X, ¥ ,) isequal to p > 1. Therefore,
the moduli space is empty, by Lemma 6.1(1).

For the second part note that (D,y) < (s(D), x) if and only if y assigns 4+ to the
unique circle in D and X assigns _ to the unique circle in (D). Then Ann(D, y) #
Ann(s(D), X), so Maxn(D, x,y) = 0. O

The two other cases are dealt with in the following lemma, whose proof is deferred
to Sect. 7.2.

Lemma 7.9 Suppose (D,Xx,y) is a ladybug configuration depicted in Fig. 13b or
Fig. 13c. Then

Mxn(D. %, 5) = Mgn(Dp. Xp., 7).

The isomorphism makes the diagram (7.1) commutative.

Lemma 7.9 finishes the construction of F), for index 2 resolution configurations.
Suppose ind(D, X, y) > 2. The map F,: Makn(D,x,y) = Makn(Dp, Xp, yp)Zl’
has already been constructed on the boundary. Now Makn(D,X,y) and
MAKh(Dp,)?pip)Zﬂ are disjoint union of disks of dimension ind(D, x,y) — 1.
The map F), is already defined on the boundaries of these moduli spaces. As
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ind(D,x,y) — 1 > 1, there is a unique (up to homotopy) extension of F), to the
whole of Maxn(D, X, ). m]

7.2 Proof of Lemma 7.9

We will prove Lemma 7.9 only for the resolution configuration depicted in Fig. 13b.
The case of Fig. 13c is similar (and easier), we leave it to the reader.

Lemma 6.6 implies that Mg (D, x,y) = H{ L H% has two connected components.
Let Z denote the unique circle in D and let A; and A, denote the arcs, where Aj is
the arc lying inside Z. As x > y we must have y(Z) = 4 and X(Z) = _ and in this
case the poset P(x, y) consists of four elements x > 35/ =y, j=1,...,4, where:

X1 = (5(4,)(D), Xy ), X2 = (54,)(D). X5,).

X3 = (5(4)(D), Xy,), X4 = (5(4,)(D). X3,).
Here fi‘ , assigns 4 to the inner circle and 4. to the other circle and f%‘ , the opposite way.
The assignments fl‘ . and fi , are such that (s{4,;(D), fk ) and (s(4,)(D), 2}42) are
paired under right ladybug matching, that is, the vertices corresponding to posets x >
X1 > yand x > X3 > y belong to the same connected component of Mgn(D, x, y);
see [33, Section 5.4].

Consider now the cover. Denote by Z Lz2 . ,ZP the circles in D, and
A}, A%, e, Af, A;, R Ag the lifts of A; and A,, respectively. The lifts of the
circles in s{4,)(D), i = 1,2 are denoted by ij where s = 1, ..., p enumerates the
circles and j = 1, 2 corresponds to the left/right or inner/outer circle in the orbit. The
lifts of 54, 4,)(Z) are denoted 7'\ 7P,

We need to introduce an extra piece of notation. Let o1, 02 € Perm, be permu-
tations and fix ji, j» € {0, ..., p}. Define the resolution configuration x5, ,, whose

underlying set of circles is given by S0 oD
1 seen Ay JANT

flg‘/l,gz of 4, _ to each of the circles is given as follows. Leti € {1, ..., p}:

o ifi € {o1(1),...,01(j1)}andi € {o2(1), ..., 02(j2)}, then the resolution config-
uration contains Z" and we assign _ to it; _

o ifi € {o1(1),...,01(j1)} and i ¢ {o2(1),...,02(j2)}, then Z’lj belong to the
resolution configuration (j = 1, 2) and we assign )?1141 to it;

e ifi ¢ {o1(1),...,01(j1)} and i € {02(1),...,02(j2)}, then Z’zj belong to the
resolution configuration (j = 1, 2) and we assign Yk , toit;

e ifi ¢ {o1(1),...,01(j1)} and i ¢ {02(1),...,02(j2)}, then Z' belong to the
resolution configuration and we assign 4 to it.

Every maximal chain containing if’ is of the form

Voron 1= (D, ¥) < x20 <o < xP0 < xPl < < xP PN < (5(Dy), ).
102 102 102 102
(7.2)
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Likewise, every maximal chain containing f; is of form

01 Op Ip p—Lp ¥
ooy < R Xl < Xplgy < < X5 P < (5(Dp), X).

Woi0, := (Dp,y) < X
Recall that in Definition 2.11 and Lemma 2.12 we established a correspondence
between maximal chains and vertices in the moduli space. We will use this corre-
spondence in the rest of the proof. Our next aim is to prove the following result.

Lemma7.10 The vertices v4,o, and Wy, o, belong to the same connected component

OfMCKh ('xpv yp)

Proof of Lemma 7.10 Fix o and o and write x'/ for xf,]; - Denote by u'/ the maximal
chain

00 10 xiO 1

200 < x10 <0 L < < LT LD LD 2 o PP

We note that u”? = Vo0, and u? = W0, - Moreover, u'0 = yitlr by construction. It
is therefore enough to prove that u’/ and /T belong to the same connected component
of Mgy, (x, y). To this end define

00 . .
Wyrarr =X < --- < x' € MCKh()CU, y)

Wend = xl+1’]+l <+ =< x’“’p < x’+2'p <...<xxPPc MCKh(x, XlJrl']Jrl)
wp =x" < KL o L+l ¢ MCKh(xl+l’J+l,xlj)

wy = xtd < xBIHL < iFLIFL ¢ Mey, (x| xiHithy,

Lett: My, (x7, y) x Mey, (I Xy s My, (x, xIF1I4) e My, (x, y) be
the inclusion. We have that u'/ = ((Wsrare, W1, Weng) and u ' = ((Wsrare, w2, Wend)-
Therefore it is enough to prove that w; and w; belong to the same connected compo-
nent of Mc,, (x'T1/F1 xi/) There are two cases.

e 01(i + 1) #0oa(j+ 1y
eoii+ =020 +1D.

In the first case the associated surface consists of two components, both being pair of
pants. As the genus is zero, by Lemma 6.6 Mc,, (x' 1/, xi/) is connected.

The second case corresponds to the ladybug matching. Writing s = o1(i + 1)
we obtain that Mc,, (x'T1/F Xy = Me, (DY, %%, 3F), where Z(DY) = Z*,
ADY) = (A}, A5}, V5(Z%) = _, X¥(Z"”) = 4, that is, this is the moduli space
corresponding to a ladybug configuration. Our definition of assignments ¥ and y7
implies that w and w; belong to the same connected component of the moduli space.
This concludes the proof of Lemma 7.10. O

Lemma7.11 Let o], 05 € Perm, be another permutation and let v,',: be a chain

as in (7.2). Then the vertices corresponding to vy, and Vslo} belong to the same
connected component of Mgy, (Xp, Yp).
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Proof 1t is enough to prove the result if oy = o and o differs from o, by swapping
two adjacent elements (or 02 = o5 and o differs from o] by a single transposition of
elements). The proof in that case is essentially a repetition of the argument used in the
proof of Lemma 7.10 so we leave it to the reader. O

Let IT be the connected component of Mgy, (x,, y,) that contains all of the vy,o,
and Vg4, Note that the group action takes vg(q, t0 Vo/,/ for some other permuta-

tion o}, 03, therefore the component IT; is preserved. The fixed point set % is a

one-dimensional permutohedron IT,, which is diffeomorphic with Hf;_l. The dif-
feomorphism is realized by the restriction of the cover map f: Mg, (xp, yp) —
Mcubee2p) (FCxp)s F(3p))-

We define now the isomorphism Mg, (x, y) — Mcy, (xp, yp)ZP in such a way
that the segment connecting the vertices x > X; > y and x > X3 > y in Mg, (x, y)
is mapped to a segment in IT2» (which is a disjoint union of segments). The segment
connecting the vertices x > X > y to x > X4 > y is mapped to the other connected
component of My (x, yp)ZI’.

8 Equivariant Khovanov homology

We begin with a brief review of the construction of the equivariant Khovanov homol-
ogy [38]. Later on, we merge this construction with the construction of the equivariant
Khovanov homotopy type that we introduced in Sect. 4.

8.1 Review of the construction

Let D be an m-periodic diagram representing an m-periodic link L. The symmetry of
L can be realized by a cobordism in §3 x I in the following way. Suppose the rotation
center is at 0 € R?. Consider D x I C R? x I and twist it by the diffeomorphism
n: RZx] — RZx][ givenby (x, 1) > (Wor//mX, t), where Wy is a counterclockwise
rotation by the angle 6. The image

Sp=n(Dx1I) (8.1)

is a cobordism from D to D. Note that this is a product cobordism, and there are no
handle attachments.

In [2] a map ¢5,, of Khovanov chain complexes was associated to each cobordism
of diagrams X. The chain homotopy class of this map was later shown to be functorial,
i.e., not depending on the isotopy type of X; see [48]. is well-defined and can be used
to show that the group action on the Khovanov chain complex is well-defined. In
fact, defining a group action is relatively easy, but many proofs of invariance can be
simplified, once we have a functorial map ¢y, Notice that only the chain homotopy
type of ¢s,, is well-defined. However, since Xp is a composition of Reidemeister
moves, it is possible to choose a representative for ¢x,,, which induces a group action
on the Khovanov complex.
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Proposition 8.1 [38, Section 2] Let R be a commutative ring with a unit. It is possible
to choose a representative of the cobordism map ¢x,,, which induces a group action
on the chain complex CKh(D; R).

The Khovanov complex CKh(D; R) admits an action of the cyclic group Z,,.
Therefore CKh(D; R) can be regarded as a A-module, where A = R[Z,,]. For an
R-module M, define the equivariant Khovanov homology of L in gradings k and g as

EKh/*9(L; M) = Ext), (M; CKh*™?(D; R)). (8.2)

Since Extf\ (M; CKh*4(D; R)) does not depend on the chosen diagram D, equivariant
Khovanov homology is an invariant of periodic links [38].

The construction of equivariant Khovanov homology also works in the annular case.
The methods of [38] carry over to the annular case without significant modifications.
Namely, we observe that the annular chain complex CAKh*4:k (D; R) admits a Z,,-
action, hence it is a A-module. Next, we define

EAKW 9 (L; M) = Ext), (M; CAKh*9*(D; R)).

Essentially the same argument as in [38] can be used to show that EAKh is an invariant
of an annular link.

8.2 Equivariant Khovanov homology as Borel cohomology

We now have two ways of getting equivariant homology from the Khovanov theory.
One way is to use the definition given in (8.2). Another way uses the Borel cohomology
of space Xk (D). We will now show that the two constructions agree. In the rest of
this section we denote by C*(Xkn(D); R) the reduced cellular cochain complex of
Xxn (D) associated to the CW-structure described in Sect. 3.7.

First we state a preparatory result.

Proposition 8.2 Let D,, be an m-periodic diagram of a link. There exists an identifi-
cation of cochain complexes of R[Z,]-modules

C*(Xxn(Dy): R) = CKh*(Dy; R). (8.3)

Here it should be understood that the structure of the R[Z,] cochain complex is given
by the Zy,-action on C*(Xgn(Dy,); R) and on CKh(Dy,).

Proof The statement is a consequence of the construction of the cochain complex of
C* (Xkn(Dnm)). The cellular cochain complex c *(Xkn(Dy); R) was constructed in
Sect. 2.6. The construction is that the generators of C* (Xxh(Dp); R) correspond to
the generators of CKh*(D,,; R). The differential on C* (Xkn(Dpy); R) is the same
as in CKh(D,,; R). In Sect. 3.9 it was shown that the induced group actions on
C*(Xkn(Dy); R) and CKh(D,,; R) coincide. O
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In order to state and prove the next result, we need to set up some notation and
recall some basic facts from homological algebra. If C, is a chain complex, we will
associate to it a cochain complex C defined by C;" = C, with the differential
a7 C7" — Cr_”Jrl defined by d."* = (—1)"d,, where d,: C, — C,_1 is the
differential in C.. For two cochain complexes C* and D* we define the Hom cochain
complex

Hom’% (C*, D*) = [ | Homg(C?, DP*™),
PEL

with the differential dfy ., (f) = djyo f —(=1)" f od{. If P*is a projective resolution
of a cochain complex C* and I* is an injective resolution of D*, then

Ext’s (C*, D*) = H" (Hom’ (P*, I*)) = H" (Hom’y (P*, D*)) = H" (Hom’ (C*, I*)).
(8.4)
Recall that to any discrete group G, we can associate a contractible space EG
equipped with the free action of G. By BG = EG /G we denote the classifying space
of G. For a G-space X and any finitely generated R[G]-module M we define the Borel
equivariant cohomology of X

HE(X; M) = HY(EG xg X; M) = Ext}}[G](Cr*(X; R); M),
where C}(X) denotes the cochain complex associated to the cellular cochain complex
C.(X) of X using the convention described above. In particular, we have C*(X; R) =
Hom%, (C}(X); R).

There is a natural G-map EG x X — EG which, after taking quotient of both
sides, yields a map

EG xc X 5 BG.
We define the reduced Borel cohomology of X, to be
ﬁé(X; M) = coker <H*(BG; M) LN HE (X M)) .
It is easy to check that
HE(X: M) = Extyg (CF(X; R): M) .
Theorem 8.3 Let D, be an m-periodic link diagram of a link L,, and fix a field F.

For any F[Z,,]-module M, the equivariant Khovanov homology EKh-9(L,,; M) is
isomorphic to the reduced Borel cohomology of Xxn (D)

EKh"4(L,,: M) = Hy (Xgn(Dy), Homp (M, F)),
where g € G acts on Homp (M, F) via (g - f)(x) = f(g~! - x).
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Proof To begin with, observe that
EKh*9(L,,; M) = ExtE[G](M, CKh*(D,,; F)) = Ext]’E[G] (M, 5*(XI‘<1h(Dm); F)) .

Here the first equality is the definition of equivariant Khovanov homology while the
second equality follows from Proposition 8.2.
Next, let P} be a projective resolution of M. We have

~ (D ~
EXtﬁi‘[G](Mv C*(Xgh(Dm)§ F)) = EXtﬁi‘[G](Mv Hom]F(C;k (XKh(Dm)q§ F),F)) =

o) ~
= H*(Homig,(Pjy. Homp(C) (X, (Dp); F), F))) =

(3) ~
= H*(HOIH%(P;CI QF[G] Cf(XIgh(Dm); F),F) =

“ ~
= H*(Homp(C; (Xkn(Dm): ), Homp (Py;, ))),

where (1) comes from the definition of C(Xkn(Dy,)?; F), (2) is the definition of the

Ext functor and the isomorphisms (3) and (4) come from [6, Exercise 1.0.6]. Since
is a field, any projective F[G]-module is also injective by [12, Exercise 1.10.24]. The
functor

M +— Homp(M, F)

defined on the category of left F[G]-modules is exact by [12, Exercise 1.10.22] and
maps projective modules to projective modules by [12, Corollary 1.10.29]. Therefore,
Hom™(P};, F) becomes an injective resolution of the F[G]-module Homg (M, IF).
Consequently, by (8.4)

Extig) (M. C* (X, (D) F)) = Extly g, (C(Xin (D)), Homg (M, F))

and the proof is finished. O

We remark that the same argument as in the proof of Theorem 8.3 shows the
following result.

Proposition 8.4 Let L,, be an m-periodic annular link and let D,, be an m-periodic
diagram of L,,. For a field F and any F[G]-module M, it holds

EAKW"9¥(L,,; M) = HE(XLE (D,y), Homp(M, F)).

8.3 Stable cohomology operations
Given two generalized cohomology theories X () and Y (-), a stable cohomology oper-

ation of degree k is a family of natural transformations between functors X!(-) and
Y*+(.) commuting with suspension. We focus on stable cohomology operations in
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singular homology over a finite field. These operations form a Steenrod algebra. Stan-
dard references include [17, Section 4.L.] and [13, Section 10.4].

The Steenrod algebra A, over Z, is generated by the Steenrod squares
Sq': H*(-, Zo) — H*Ti(-, Z,), with Sq! being the Bockstein homomorphism corre-
sponding to the short exact sequence 0 — Zy — Z4 — Zy — 0.

For a prime p > 2, the Steenrod algebra A, is generated by the Bockstein
homomorphism g, and operations PX: H*(-, Z,) — H****(=D(. 7). The homo-
morphism f is of degree 1, and it is the connecting homomorphism of the long
exact sequence of cohomology induced by the short exact sequence of groups
0—>Zp—>Zyp — Zp—0.

Coming back to Khovanov homology we make the following observation, see [34,
35].

Proposition 8.5 Let o be a stable cohomology operation of degree k over Z,. Then,
given a link L and q € 7, the map « induces a well defined map

ag: Kh*9(L; Z,) — Kh*t5a(L; Z,).

There appeared several algorithms for computing Steenrod squares in Khovanov
homology, so the invariants based on Steenrod squares can be effectively computed
(see [35,36]). The knotkit package [42] implements the algorithm of [35]. We remark
that the maps Sq' and g are determined by the integral Khovanov homology, see [35,
Section 2.5].

The next statement shows that Steenrod operations commute with group action.

Theorem 8.6 Let L, be an m-periodic link and F a field. Any stable cohomology
operation

a: H*(— F) — H*™(— F)
commutes with the action of Z,, on Kh(L,,; F).
Proof Cohomology operations are natural, so they commute with the group action on
cohomology of Xxn(D,,), where D,, is some m-periodic diagram of L,,. On the other

hand, Proposition 8.2 shows that the Z,,-action on the cohomology of X}, commutes
with the group action on the Khovanov homology of L,,. O

8.4 Fixed Point theorems

Recall that BZ,, is the classifying space of the finite cyclic group of order p. The
cohomology ring of BZ, is given below, see [17, Example 3E.2],

Fa[X], for X € H'(BZ: F»), p=2

H*(BZ,; F,) = s 1
FplY1®s, Af (2), for¥ € HX(BZy; Fy) and Z € H'(BZp; F)), p > 2,
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where AEP (Z) is the exterior algebra over IF, generated by Z. Write S, C
H*(BZp; F,) for the multiplicative set generated either by X, if p = 2, or by Y,
when p > 2.

Theorem 8.7 [3,40] Let X be a Z,-CW-complex with p a prime. There exists an
isomorphism of graded Z,-algebras

STHE(X Fy) = SV H (X9, Z,).
As an immediate corollary of Theorems 8.7 and 1.2, we get

Theorem 8.8 Let L, C S' x D? be a p-periodic link with L denoting the quotient
link. For any q, k € Z there exists an isomorphism of S;l H*(BZp; F)-modules

S, H*(BZy: F))) ®F, AKh***(L; F,) 5 S, EAKn*P4= (= DR ).

Let A, denote, for any prime p, the mod p Steenrod algebra, i.e. the algebra of
stable I ,-cohomology operations. It turns out that Theorem 8.8 can be strengthened
considerably when we take into account the action of the Steenrod algebra. Before
stating the main result, let us introduce the following terminology.

For p = 2, consider the sequence of nonnegative numbers I = (s1, 52, ..., Sn)-
The sequence I is admissible if s; > 2s;41, for 1 < i < m. Define the degree of I,
[I| = s1+ 852+ ---+ s, and excess of I, e(I) = 2s1 — |I|. To any sequence I we
associate the cohomology operation Sqg/ = Sq*1S¢* --- S¢*» € A,. Forany k > 0
we set:

La(k) ={I: e(I) = k}.

For p > 2,let I = (€0, S0, €1, 51, - - - Sm» €m), Where s1, 52, ..., S, are nonneg-
ative integers and €; € {0, 1}, for 0 < i < m. The sequence I is admissible if
Si > psit+1 +€i,forany 0 < i < m. Define the degree of I, |I| = 2(p — 1)(s1 + 52 +
coodSy)t+eoter+- - -+ey, andexcessof I, e(1) = 251 p+2€9—|1|. To any sequence
I we can associate a cohomology operation P! = €0 PS1g€1 ps2... psmgen ¢ A,
Let, for any £ > 0,

Lytk)y={l:e(l) > k+1, ore(I) =k and ¢y = 0}.

Definition 8.9 For a graded .A,-module M* the submodule of unstable elements,
Un(M)*, is a graded submodule defined as

fx € M*: Vie,a) Sq'(x) =0}, p=2,

Un(M)* =
(M) {xeM":V,ELP(k) PI(X)=0}, p>2.

Equivariant annular Khovanov homology EAKh*™**(L; F ) is isomorphic to Borel
cohomology of Xaxn (L), hence the action of the Steenrod algebra on AKh***(L; IF,)
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extends to EAKh***(L; F,). By [50, Proposition 2.1], the action of .A, on equiv-
ariant annular Khovanov homology extends uniquely to an action on the localization
S;l EAKh***(L; F)).

Theorem 8.10 Let p be a prime.
(@) IfL, C S x I is p-periodic link and L is the quotient link, then for any q, k € 7

there exists an isomorphism of rings
k

AKNTH(LiFy) @, H*(BZp; Fp) = Un (S, EAKN*71=0=DEk( 1))

Consequently

*

AR (L3 Fy) 2 Fy @ (a2, Un (S, EAKRP1=0=DRA(L 1))

(b) For a p-periodic link L, C S3 and for any q € 7 it holds:
! ’ *
B AR H (L, Fy) = F, sz, Un (S;l EKh*9 (L Fp)) ,
q' k' eZ
pq'—(p—Dk'=q

where L denotes the quotient link.
Proof This is an immediate corollary of [14, Corollary 2.5.] and Theorem 8.3. O

Smith inequalities given in Theorems 1.4 and 1.5 are corollaries of Theorem 8.10.
We prove now Theorem 1.4; an analogous proof works for the case of Theorem 1.5.

Proof of Theorem 1.4 We have the following chain of inequalities

dimp, AKh*P4=(P=DRK(L  F ) > rank e(pz,:5,) BAKh® P4~ P=DRE(L ) >
—1 pa—(p—Dkk 7 . L
ZrankH*(BZp;Fp)Un<Sp EAKh*P?—(P=D (LP,IE‘I,)) _
= dimg, AKh*9K(L; F)).

The first inequality is a consequence of the definition of equivariant annular Khovanov
homology. The second inequality is a natural consequence of the properties of the
localization, and the last equality follows from Theorem 8.10. O
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Appendix A. (n)-manifolds
A.1. Manifolds with corners

We say that M is a k-manifold with corners if it is locally modelled on open subsets of
RX , where Ry = [0, 0o). In other words, M is equipped with an atlas A = {(U, ¥y)}
such that every U is an open subset in ]R’_i and the transition maps vy, o Yy, for any
U and V such that U NY # @, are C* diffeomorphisms. Compare [25, Definition
2.1].

For every point x € M we can define its codimension, denoted by c(x), which
records the number of coordinates of ¥y (x) which are zero for any chart (U, ¥y)
for which x € U. Moreover, we define codimension-i boundary to be the set {x €
M : c(x) =i}. A connected face of codimension i of M is the closure of a connected
component of the codimension-i boundary of M. A face is a (possibly empty) disjoint
union of connected faces of the same codimension. A codimension-1 face is usually
called a facet. A k-dimensional manifold with faces is a k-manifold with corners such
that every point x € M belongs to exactly c(x) non-empty connected facets of M.
Moreover, we say that M is an k-dimensional (n)-manifold if M is an k-dimensional
manifold with faces and there exists a decomposition IM = oM U, M U---Ud, M
such that

e 0; M is afacetof M, forevery 1l <i <n,
e 0;M N9d;M is a facet of both 9; M and 9; M, forevery 1 <i < j < n.

We refer to [25, Section 2] for discussion of the notion of an (n)-manifold.

Example A.1 (see [33, Definition 3.9]). For an (n + 1)-tuple dy = (dy, dy, ..., dy) of
non-negative integers define

E% =R% x Ry x RY x Rxg - -+ x R x R,
We make Ef‘ an (n)-manifold by declaring that

JE% =R x Rog x R x Rsg...RU -1 x {0} x R x ... x Rsg x R,
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Example A.2 An n-dimensional permutohedron has a structure of an (n)-manifold, see
Subsection B.1 below.

We will need the following construction, see [28, Construction 3.4].

Construction A.3 Suppose X is an (n)-manifold and Y is an (m)-manifold. The product
X x Y is given the structure of an (n + m)-manifold by declaring.

0; X Y ifi <
0(x x vy = | G%) % L=
X x (0j—,Y) 1ifi > n.

In some cases, it is more convenient to view (n)-manifolds as certain functors to the
category of topological spaces. Let 2! denote the category consisting of two objects 0
and 1 with a single non-identity morphism 0 — 1. For an integer n > 1 let

2" =2 x 2l x ... x 2!,

n

For two objects a,b € 2", wesetb < a if b; < a;, for any 1 < i < n, where
a=(ay,a,...,ay)and b = (by, by, ..., b,). An n-diagram, for n > 1, is a functor
from the category 2" to the category of topological spaces.

We can associate an n-diagram to a given (n)-manifold X by declaring, for every
a=(ay,a,...,a,) €2":

X, ifa:(l,],”"l),
X(a) = .
(Niza;=0 % X, otherwise.

Moreover, forany b < ain2" the map X (b) — X (a) is the inclusion. We point out that
X (a) is an (|a|)-manifold with the corresponding |a|-diagram obtained by restricting
X to the full subcategory of objects b such that b < a (recall that |a| = Y_ a;).

Let M be a manifold with corners. Choose a Riemannian metric on M. We have
the following generalization of a classical result.

Proposition A.4 There is an open tubular neighborhood U of d M, homeomorphic to
M x [0, 1) and a subset V.C T M|y such that the exp map yields a diffeomorphism
between U and V.

Proof The proof is analogous to the proof of the collar neighborhood theorem, see,
for instance, [21, Section 4.6]. O

We now recall the concept of a neat embedding, which roughly means an embedding
with no pathological behavior near the boundary. Various similar notions are discussed
in detail in [25, Section 3].

Definition A.5 Let X and Y be two (n)-manifolds. A neat embedding is an embedding
t: X — Y such that:
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(1) ¢is an n-map, i.e. (@, Y) = 9 X, for any 1 <i <n,
(2) the intersection of X (a) and Y () is perpendicular with respect to some Rieman-
nian metric on Y, for b < a in 2".

The following result is a direct consequence of [33, Lemma 3.11].

Theorem A.6 [33] Every compact {n)-manifold admits a neat embedding
10 X — E,f‘,

for some d, € N"*1,

A.2. Group actions on (n)-manifolds

Let Diff,, (X) denote the group of diffeomorphisms of the (n)-manifold X that are also
n-maps. If G is a finite group, then a smooth action of G on X is a homomorphism

y: G — Diff, (X).

An action of G is said to be effective if y is injective. Throughout this paper, we assume
that group actions are effective. Moreover, we will often identify g € G with its image
y(g) € Dift, (X).

Definition A.7 Let V — W € RO(G). We say that X is of dimension V — W, and
denote it by dim X = V — W, if for any interior point x there exists an isomorphism
of representations

I\ X®Wlg, =Vlig,.

We have the following equivariant analog of Proposition A.4.

Proposition A.8 Let M be an (n)-manifold with an action of a finite group G. Choose
a G-invariant Riemannian metric on M. Then oM admits a G-equivariant tubular
neighborhood U such that there exists a G-invariant subset V. C T M|y such that
the exp-map takes V diffeomorphically and G-equivariantly to U.

Proof The proof for standard manifolds with boundary is given in [26, Section 3]. The
case of manifolds with corners is analogous. O

Definition A.9 Let M be an (n)-manifold acted upon by G. Let V be an orthogonal
representation of G. The manifold M is said to be subordinate to V if for each x €
M there exists an invariant neighborhood U, of x, and an equivariant differentiable
embedding of U, in V' \ {0} for some ¢. We write G(V) for the category whose objects
are G-manifolds subordinate to V and whose maps are continuous equivariant maps.

Next result is an equivariant version of [33, Lemma 3.11]. It is needed in the proof
of Proposition 3.16.

@ Springer



1300 M. Borodzik et al.

LemmaA.10 Let M be a compact (n)-manifold with a group action. Suppose M is
subordinate to a representation V. If ty: dM — V< is a G-equivariant embedding,
then there exists d > d and a G-equivariant embedding 1: M — V@ such that

tlam = ta.

A key ingredient in the proof is the equivariant version of Whitney embedding
theorem, due to Mostow and Palais.

Theorem A.11 (Mostow—Palais Theorem [49, Corollary 1.10]) If M is in G(V) and
the (real) dimension of M is n, then any G-equivariant map

fiM—V

can be uniformly C*-approximated by an equivariant immersion if t > 2n, and by an
equivariant 1-1 immersion if t > 2n + 1. Moreover, if A is a closed subset of M and
f 1 is a I-1 immersion, then the approximation may be chosen in such a way that it
agrees with f on A.

Proofof Lemma A.10 Let U be a G-equivariant collar neighborhood of d M. Using
Proposition A.8 we identify U with a subset Z C Tyy M via a G-equivariant diffeo-
morphism ¥ : U — Z that takes M to the zero section of Thy M. The G-bundle
Tym M is a subbundle of a trivial bundle V% for some dy > 0. Then ¢4 can be extended
to U via the composition

idxty

Z 5 TyuM < v s g 12 ydo o yd
Suppose dy + d > 2dim M, otherwise increase dy. Extend the embedding of Z
to a smooth G-equivariant map 7: M — V% x V< Then, 7 can be perturbed to
an equivariant embedding by the Mostow-Palais Theorem (Theorem A.11). By the
second part of this theorem, we can keep 7 equal to ¢ in a neighborhood of M. O
Appendix B. Permutohedra
B.1 The construction
We refer to [7, Chapter 1] for general properties of permutohedra.

Definition B.1 Choose a strictly increasing sequence S = {si, ..., s-} of positive
integers. The permutohedron Ilg is the convex hull in R” of the set of points

(SO'(Sl)s ey Sa(sr))a
where o runs through all permutations of the set S.

We write I1,_ for the permutohedron in the special case when S = {1, ..., r}.
The subscript is 7 — 1 and not r, because dimI1,_; =r — 1.
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(2,3,1)

(1,3,2

$(3,2,1)

(1,2,3)e

(3,1,2)

(2,1,3)

Fig. 14 A permutohedron with S = {1, 2, 3}

Example B.2 A permutohedron for S = {1, 2, 3} is depicted in Fig. 14.

To describe the faces of a permutohedron we first set

i
T; =ZS]'. (B.1)
=1

Lemma B.3 (see [7, Theorem 1.5.7]). The permutohedron T1g is given by the equation
3" xi = 1, and the set of inequalities

in = 7P|
ieP
where P runs through all non-empty proper subsets of {1,2, ..., r}.
From Lemma B.3 we deduce the following fact [28, Section 2].

LemmaB.4 For any proper subset P of {1, ..., r} the intersection of Ils with the
hyperplane y_; .p x; = typ| defines a facet of T1s, which is diffeomorphic to Tls, x
[s,, where Sy = {s1, ..., sip|} and S = S\ Sip| = {s/p|+1, - - -, 5}

Example B.5 (Example B.2 continued). For § = {1, 2,3} and P = {I, 2}, the facet
is given by x; 4+ xp = 3. This is a product of a one-dimensional permutohedron
I1; spanned by (1, 2) and (2, 1) in the (x1, x3)-coordinates, and a zero-dimensional
permutohedron I1(3; given by {x3 = 3} C R. For P = {3} we obtain the opposite
facet of the hexagon. It is given by {x3 = 1}, {x; + x» = 5}. See Fig. 15.

Sketch of proof of LemmaB.4 If P = {a, ..., a;p|} and

{I,....,r} \' P = {b1,...,b,_p}, the diffeomorphism takes the element
(x1,...,x,) to an element (x4, . ..,xam) X (Xpys vy Xb,_p) € RIPI x R =IP1,
It is routine to verify, using Lemma B.3, that the image is indeed equal to I1gs, x I1g,.

O
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(2,3,1)
(1,379 : /\

7 Mpa gy x Ty

(3.2.1)
(1,2,3)s
11 1I;-
o @/ (.1.2)

(2,1,3)

Fig. 15 Illustration of Example B.6

Definition B.6 The facet corresponding to P is denoted by T1p s\ p (often simply ITp)
and it is called the facet associated with subset P.

In the following corollary we use the notation of the proof of Lemma B.4.

Corollary B.7 For a proper subset P C {1, ..., r} the facet Tlp s\p is contained in
the subset of T1,,_1 consisting of points such that

[Pl

Y < s,
i=1
r—|P|
D Wb ZSpie
i=1

From Lemma B.4 we can obtain an inductive description of codimension & faces
of I1s. They correspond to partitions p = (Py, ..., Pr+1) of {1,...,r} into k + 1
non-empty subsets Py, ..., Px41. Each such face, denoted by I1p,  p,,, or, in short
Iy, is a product of (k + 1) permutohedra I1s, x I1g, x --- x I1g, ., where

Sj=ls: [Pil 4+ +IPjoal <t < [Pil+ - + [P},

In particular if we set

0;llsg = |_| p.s\vpy,
PcS
|P|=i

for1 <i <r —1, I1g becomes an (r — 1)-dimensional (r — 1)-manifold.

Remark B.8 For consistency of the notation, we observe that the interior of I1g corre-
sponds to the trivial partition p of {1, ..., r} into a single subset.

The following notion is intuitive.
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DefinitionB.9 Letp = (P, ..., Pk+1) be a partition of {1, ..., r}. A refinement of
pisa partition Py, .. Pk+1) such that there exist indices O =ayg < a; < a <

< ap = k+1 Wlth the property that Pa, +1 U Pa, 42 UL U 77[,,_1 = P; for
i=1,... k.

It is clear that if p and p’ are two partitions of {1, ...,r}, then [Ty, C I if and
only if p’ is a refinement of p.

B.2. Intersecting a permutohedron with a hyperplane

We describe the intersection of a permutohedron with hyperplanes given by sets of
equations {x,, = xp,}. It turns out that this intersection is a lower-dimensional per-
mutohedron. The key statement in this section is Proposition B.11, which identifies
the intersection of a permutohedron I1g N L with Iy, . The identification of
Proposition B.11 is such that the combinatorial structure of the boundary is preserved.
In order to spell this control over the combinatorial structure, we need to introduce a
simple notion.

Definition B.10 Let p = (P, ..., Ps) be a partition of {1,...,r}. Let1 < b < r.
Assume that no P; is equal to the singleton {b}. A reduction of p with respect of b is
a partition pb = (Pb, o Pﬁ’) of {1,...,r — 1}, where

e if x € P; and x < b, then x 67);’;
o if x € Piand x > b, then x — 1 ePl.b.

If B={by,..., Db} is afinite subset of {1, ..., r} and p is a partition such that no P;
is a subset of B, the reduction of p with respect to B is a partition p? obtained as a
subsequent reduction of p by the elements b;, starting from the largest element, then
taking the second largest and so on.

The following result can be deduced from the cubical decomposition of a permu-
tohedron, see [28, Section 3.4]. We give a self-contained proof of that result.

Proposition B.11 Let L be a hyperplane in R” given by {x, = xp} for some a #*
b. Let Tlg be a permutohedron in R" for some (strictly) increasing sequence S =
(s1,...,58r). Consider

[y =TsNL. (B.2)

Then there exists a diffeomorphism v between Il and T, s ). Moreover, if
p = (P1, ..., Pry1) is a partition of {1, ..., r} then

e ifa, b do not belong to the same subset of the partition, then I, N L is empty;
e ifa, b belong to the same subset of the partition, then I1y, N L is mapped by
diffeomorphically 1o T1,»

ExampleB.12 Let r = 3 and L = {x; = x3}. The intersection of L with I1g is an
interval whose endpoints are (SH'S2 53, S‘“stz) and(sﬁz's3 , 81, s242'53 ).ForS = {1, 2,3}
this yields the segment connecting (1.5, 3, 1.5) with (2.5, 1, 2.5). See Fig. 16.
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4
(2,3,1)
L3
*(3,2,1)
(1,2,3)e
L\ eBLY
(2’3:3) I 1 T

z

Fig. 16 Illustration of Proposition B.11. Observe that the plane x| = x3 intersects only two faces of the
boundary: Iy 3) x Iz and I3y x Iy} 3y in accordance with Lemma B.13

Proof of Proposition B.11 The following lemma takes care of the first item in the state-
ment of Proposition B.11 and is needed for the proof of the second one.

LemmaB.13 Suppose p = (Py, ..., Pxy1) is a partition of {1, ..., r}. Then T, N L
is empty, unless there exists an index i such that a,b € P;.

Proof We argue by contradiction. Suppose, a € P;, b € P; withi # j. We have an
inclusion Iy C Ip, s\p;.

By Corollary B.7, if x = (x1,...,x,) € Ilp, s\p;, then x, < syp;) and xp >
S|P, 1+1- Since sy is a strictly increasing sequence, we conclude that x, < x;, hence
[p, s\p, N L = ¢. In particular [Ty, N L = . O

Continuation of the proof of Proposition B.11. We will construct the isomorphism by
induction, starting with the lowest dimension faces, i.e. vertices.

For a partition p of length r, IT, N L is empty by Lemma B.13. Suppose p is a
length r — 1 partition. Unless a and b belong to the same subset of the partition,
[T, N L = @. Consider the case, when {a, b} subset P; for some j =1,...,r — L.
Obviously P; = {a, b} and all other subsets ;, consists of single elements, P; = {p;}
for some p; different than a and b. By Corollary B.7, Iy, is given by

Xp, =1, ifi < j Xp, =i+ 1, ifi >.
Xg+xp=j+G+1), Xa,xp €[j,J+1]
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The intersection of T, with x, = x; is clearly given by

xp, =1, ifi <j, xp, =i+1,ifi > j, xa=xb=j+§.

Now p” is a partition such that all its subsets have one element, namely p? =
(PP, ..., PP ) with: P’ = {p;} fori # jand p; < b, P? = {p; — 1} fori # j and
pi > b, and finally 737 = {a}. Therefore, I, is a single point, given by {x,, = s;} if
pi < b, {xp,—1 =s;}if p; > b, and x, = s5;. The map  is a map between to points
Y:MyNL > 1)

We pass now to the induction step. Suppose ¥ has been constructed for all boundary
components of codimension at least k+ 1 and consider a partitionp = P1U- - -UPy41.
Then, Iy is a convex polytope whose boundary is a union of polytopes ITj for all
refinements p of p. Therefore, the intersection Iy N {x, = xp} is a convex polytope
whose boundary is the union of ITy N {x, = xp}.

By Lemma B.13, for each such refinement p, either [z NLisempty,or Iz NL =
1'1517. By the induction assumption, in the latter case the restriction of ¥

‘MHEOL: MFNL— H’ﬁb
has already been constructed. This means that v restricted to the boundary of IT, N

L is an isomorphism onto the boundary of Hpb. Therefore, we can extend ¥ to a
diffeomorphism

Yy NL — .
O
Remark B.14 The isomorphism v constructed in the proof of Proposition B.11 does
not need to be affine. Two convex polytopes with the same combinatorics are not
necessarily affine equivalent.

Now we state a result on intersections of [1g with more than one hyperplane.
Theorem B.15 Suppose I1s C R" is a permutohedron and H is a linear subspace of
R" given by equations {xq;;, = -+ = Xay, b {Xazy =+ = Xap, b oo {Xayy = -+ =
Xayy, } Withall the a;j pairwise distinct. Then, the intersection [1s N H is diffeomorphic
to T = T(y,...5,_x) Where K = (ki — 1) = codim H. The diffeomorphism takes

the face of Tl s corresponding to a partition p to the face corresponding to the reduction
p8, where

B:{alz’"-9alk17a221"'aa2k29-~-1aw27'--9awkw}'

Proof Apply inductively Proposition B.11. O
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B.3. Permutohedra, group actions and posets

Choose a permutation o € Perm,, of order m. We can define an action of a cyclic
group Z,, on R" in terms of o'

o(X1, X2, ..., Xn) = (Xo (1) X5(2)» - - - » Xo(n))- (B.3)

Since IT,,_; is an invariant subset, Z,, acts on IT,_1.

We are now going to show that action ¢ endows I1,_; with a structure of a Z,,-
manifold, and we will compute its Z,, -dimension. Let V,, denote the Z,,-representation
induced by the action of o on R”. If ¢ is a product of p disjoint cycles of lengths
ni,na, ..., np, then there is an isomorphism of representations

p
Vo = P RIZy,],

i=1

where R[Z, | denotes the real group algebra of Z,,,, fori = 1,2, ..., p, and Z,, acts
on R[Z,,] via the projection Z,, — Zj,. Permutohedron IT,_; is contained in the
affine hyperplane

n
nn+1)
= fen s =R,
i=1

which is invariant under Z,,. Orthogonal projection of L onto the hyperplane

n
Lo= i(xl,xz,...,xn): in =0} ~V, —R
i=1

shows that the action of ¢ restricted to L yields a representation isomorphic to V, —R.

RemarkB.16 Recall that V, — R denotes the orthogonal complement of a one-
dimensional trivial representation R inside V.

LemmaB.17 Let & be as above.

(1) Atevery interior point x of T1,,_1 the tangent representation T, I1,,_1 is isomorphic
to (Vo — R)|(z,,).» where (Zy,)x denotes the isotropy group at x € I1,_.

2) If P C {1,2,...,n} and Tlp denotes the face of I1,_1 defined in Lemma B.4,
then 6’(1_[7)) = HU(']D).

(3) o restricted to T1,,_1 is an n-map, i.e., 6 (9;I1,—1) = 0;I1,,_1.

(4) Suppose that ay < a; < --- < ag are elements of P and by < by < -+ < by
are the elements of its complement. Suppose that o (P) = P and define maps

T P—=>{1,2,...k}, Ti(a;)) =i, 1<ic<k,
o {L2,....,n}]\P—=>{1,2,...,n—k}, wb)=i, 1<i<n—k.
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If we identify Tlp with Tjpj—1 x I1,,_p|—1 as in Lemma B.4, then

- ~1 ~1
olnp = (t1oolpot ) X (2oolj12,. . . apPOTy ).

Proof The first statement follows readily because I1,—1 C L = V, —R has non-empty
interior.

In order to prove the second statement recall that TT(p (1. ,p\p) = [,—1 N dLp,
where

PI(IP| +1
Lp=q1(1,...,xn): ZME%

i€|P|

Since 6 (Lp) = Ly (p), the statement (2) follows.
Next, recall that by the definition of 9;

M= |J Oegmp)-

Pc{l,2,...n}
Pii

The fact that |0 (P)| = |P| completes the proof of the third statement.
In order to prove the last assertion notice that if P is invariant under o, then its
complement is also invariant. O

Proposition B.18 Fix a permutation o € Perm,, of order m. Assume that o is a product
of p disjoint cycles of lenghts ny,ny, ..., n, and let N = Zle(n,- — 1). There is a
smooth diffeomorphism r taking H%ﬂl to a permutohedron Tl,,_N_1. For a partition

pof{l,...,n}, ifl'[%’" is not empty, then  (Ily) is the face I,z of Tl —, where B is
the set obtained from {1, . .., n} by removing the smallest element of each cycle of o.

Proof As ¢ acts by permuting coordinates, the fixed point set of the action is a hyper-
plane L defined as x; = x;, whenever i and j belongs to the same orbit of the action
of 0 on {1, 2, ..., n}. The statement follows from Theorem B.15. m|
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