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Abstract

One of the main drawbacks of the practical use of neural networks is the long time required in the training process. Such a
training process consists of an iterative change of parameters trying to minimize a loss function. These changes are driven
by a dataset, which can be seen as a set of labeled points in an n-dimensional space. In this paper, we explore the concept of
a representative dataset which is a dataset smaller than the original one, satisfying a nearness condition independent of
isometric transformations. Representativeness is measured using persistence diagrams (a computational topology tool) due
to its computational efficiency. We theoretically prove that the accuracy of a perceptron evaluated on the original dataset
coincides with the accuracy of the neural network evaluated on the representative dataset when the neural network
architecture is a perceptron, the loss function is the mean squared error, and certain conditions on the representativeness of
the dataset are imposed. These theoretical results accompanied by experimentation open a door to reducing the size of the
dataset to gain time in the training process of any neural network.
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1 Introduction factors: first, the large amount of weights to be adjusted in

the current architectures and second, the huge datasets used

The success of the different architectures used in the
framework of neural networks is doubtless [1]. The
achievements made in areas such as video imaging [2],
recognition [3], or language models [4] show the surprising
potential of such architectures. In spite of such success,
they still have some shortcomings. One of their main
drawbacks is the long time needed in the training process.
Such a long training time is usually associated with two

R. Gonzalez-Diaz, M. A. Gutiérrez-Naranjo and E. Paluzo-
Hidalgo have contributed equally to this work.

< Eduardo Paluzo-Hidalgo
epaluzo@us.es

Rocio Gonzalez-Diaz
rogodi@us.es

Miguel A. Gutiérrez-Naranjo

magutier@us.es

Dept. of Applied Mathematics I, Universidad de Sevilla,
41012 Sevilla, Spain

Dept. of Computer Science and Artificial Intelligence,
Universidad de Sevilla, 41012 Sevilla, Spain

Published online: 05 May 2022

to train neural networks. In general, the time needed to
train a complex neural network from the scratch is so long
that many researchers use pretrained neural networks as,
for example, Oxford VGG models [5], Google Inception
Model [6], or Microsoft ResNet Model [7]. Other attempts
to reduce the training time are, for example, to partition the
training task in multiple training subtasks with submodels,
which can be performed independently and in parallel [8],
to use asynchronous averaged stochastic gradient descent
[9], and to reduce data transmission through a sampling-
based approach [10]. Besides, in [11], the authors studied
how the elimination of “unfavorable” samples improve
generalization accuracy for convolutional neural networks.
Finally, in [12], an unweighted influence data subsampling
method is proposed.

Roughly speaking, a training process consists of
searching for a local minimum of a loss function in an
abstract space where the states are sets of weights. Each of
the training sample batches provides an extremely small
change in weights according to the training rules. The aim
of such changes is to find the “best” set of weights that
minimizes the loss function. If we consider a
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“geometrical” interpretation of the learning process, such
changes can be seen as tiny steps in a multi-dimensional
metric space of parameters that follow the direction settled
by the gradient of the loss function. In some sense, one may
think that two “close” points of the dataset with the same
label provide “similar” information to the learning process
since the gradient of the loss function on such points is
similar.

Such a viewpoint leads us to look for a representative
dataset, “close” to and with a smaller number of points
than the original dataset but keeping its “topological
information,” allowing the neural network to perform the
learning process taking less time without losing accuracy.
Proving such a general result for any neural network
architecture is out of the scope of this paper and, probably,
it is not possible since the definition of neural network is
continuously evolving over time. Due to such difficulties,
we will begin in this paper by proving the usefulness of
representative datasets in the perceptron case; that is, we
formally prove, for the perceptron case, that the accuracy
of a neural network evaluated on the representative dataset
is similar to the accuracy of the neural network evaluated
on the original dataset under some constraints on the rep-
resentativeness of the dataset. Besides, experimental evi-
dence indicates that neural networks trained on
representative datasets perform similar to neural networks
trained on the original datasets in the case of multi-layer
neural networks.

Moreover, in order to “keep the shape” of the original
dataset, the concept of representative datasets is associated
with a notion of nearness independent of isometric trans-
formations. As a first approach, the Gromov—Hausdorff
distance is used to measure the representativeness of the
dataset. Nonetheless, as the Gromov—Hausdorff distance
complexity is an open problem', the bottleneck distance
between persistence diagrams [14] is used instead as a
lower bound to the Gromov-Hausdorff distance since its
time complexity is cubic on the size of the dataset (see
[15D).

The paper is organized as follows. In Sect. 2, basic
definitions and results from neural networks and compu-
tational topology are given. The notion of representative
datasets is introduced in Sect. 3. Persistence diagrams are
used in Sect. 4 to measure the representativeness of a
dataset. In Sect. 5, the perceptron architecture is studied to
theoretically prove that the accuracy of a perceptron
evaluated on original and representative datasets coincide
under some constraint. In Sect. 6.1, experimental results
are provided for the perceptron case showing the good
performance of representative datasets, compared to ran-
dom datasets. In Sect. 6.2, we illustrate experimentally the

! It seems to be intractable in practice [13].
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same fact for multi-layer neural networks. Finally, some
conclusions and future work are provided in Sect. 7.

2 Background

Next, we recall some basic definitions and notations used
throughout the paper.

2.1 Neural networks

The research field of neural networks is extremely vivid
and new architectures are continuously being presented
(see, e.g., CapsNets [T], Bidirectional Feature Pyramid
Networks [16] or new variants of the Gated Recurrent
Units [17, 18]), so the current notion of neural network is
far from the classic multi-layer perceptron or radial basis
function networks [19].

As a general setting, a neural network is a mapping
Nyao: R — [0,k] (where [0,k]=1{0,1,...,k}) that
depends on a set of weights w and a set of parameters @
which involve the description of the synapses between
neurons, layers, activation functions and whatever consid-
eration in its architecture. To train the neural network
N w,®, We use a dataset which is a finite set of pairs D =
{(x,cx) where point x lies in X C R" and label c; lies in
[0,k]}, for a fixed integer k € N. Observe that it should be
satisfied that a point cannot have different labels. The sets
X and [0, k] are called, respectively, the set of points and
the set of labels in D.

To perform the learning process, we use: (1) a loss

function which measures the difference between the output

of the network (obtained with the current weights) and the
desired output; and (2) a loss-driven training method to
iteratively update the weights.

Finally, let us introduce the concept of accuracy as a
measure to evaluate the performance of a neural network.

Definition 1 The accuracy of a neural network N, g
evaluated on a dataset D = {(x7 c):x€XCR" and
cx € [0,k]}, is defined as:

ADN,) = > h(x),

‘X| xeX
where, for any x € X,

Iw(x) = { 1 lf Cx = ~/\/w.ll)()(f)7

0 otherwise.
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2.2 Persistent homology

In this paper, the representativeness of a dataset will be
measured using methods from the recent developed area
called computational topology whose main tool is persis-
tent homology. A detailed presentation of this field can be
found in [14].

Homology provides mathematical formalism to count
holes where holes refer to connected components, tunnels,
cavities, and so on, being the g-dimensional homology
group the mathematical representation for the g-dimen-
sional holes in a given space. Persistent homology is usu-
ally computed when the homology cannot be determined.
An example of the latter appears when a surface is sampled
by a point cloud.

Persistent homology is based on the concept of filtration,
which is an increasing sequence of simplicial complexes.
The building blocks of a simplicial complex are g-sim-
plices, being a O-simplex a point, a 1-simplex a line seg-
ment, a 2-simplex a triangle, a 3-simplex a tetrahedron, and
so on. An example of filtration is the Vietoris—Rips filtra-
tion (see [20]) that is built by successively increasing the
radius of the balls centered at the points of a given set in an
n-dimensional space and joining those vertices (points)
whose balls intersect forming new simplices.

We say that a g-dimensional hole is born when it
appears at a specific time along the filtration and it dies
when it merges with another g-dimensional hole at a
specific time along the filtration. One of the common
graphical representations of births and deaths of the g-di-
mensional holes over time is the so-called (g-dimensional)
persistence diagram which consists of a set of points on the
Cartesian plane. This way, a point of a persistence diagram
represents the birth and the death of a hole. Since deaths
happen only after births, all the points in a persistence
diagram lie above the diagonal axis. Furthermore, those
points in a persistence diagram that are far from the diag-
onal axis are candidates to be “topologically significant”
since they represent holes that survive for a long time. The
so-called bottleneck distance can be used to compare two
persistence diagrams.

Definition 2 The (g-dimensional) bottleneck distance
between two (g-dimensional) persistence diagrams Dgm

and DAgr/n is:

oo

dp(Dgm, Dgm) = inf sup [l — (=)

where o € Dgm and ¢ is any possible bijection between

Dgm U A and D/é?n U A, being A the set of points in the
diagonal axis.

An useful result used in this paper is the following one
that connects the Gromov—Hausdorff distance between two
metric spaces and the bottleneck distance between the
persistence diagrams obtained from their corresponding
Vietoris—Rips filtrations. For the sake of brevity, the (g-
dimensional) persistence diagram obtained from the Vie-
toris—Rips filtration computed from a subset X of R”, with
q < n, will be simply called the (g-dimensional) persistence
diagram of X and denoted by Dgm, (X).

Theorem 1 [21, Theorem 5.2] For any two subsets X and
Y of R", and for any dimension q <n, the bottleneck dis-
tance between the persistence diagrams of X and Y is
bounded by the Gromov—Hausdorff distance of X and Y:

dg(Dgm,(X),Dgm,(Y)) <2dgu(X,Y).

Let us recall that dgy(X,Y)=1inf;, {du(f(X),
g(Y)) }, where dy(X,Y) = max{ sup,ey infyey ||x —yll,
sup,cy infrex [lx—y|l }, and f: X — Z (resp. g: Y — Z)
denotes an isometric transformation of X (resp. Y) into
some metric space Z. Summing up, we can conclude that

2 ds(Dgm, (X), Dgm, () < do (X, ¥) < du(X, ).

3 Representative datasets

In this section, we provide the definition of representative
datasets which is independent of the neural network
architecture considered. The intuition behind this definition
is to keep the “shape” of the original dataset while
reducing its number of points.

Firstly, let us introduce the notion of &-representative
point.
Definition 3 A labeled point (x,c;) € R" x [0,k] is &
representative  of (x,c,) € R" x [0,k] if ¢, =¢¢ and
|lx — X]| <&, where ¢ € R is the representation error. We
denote x =, x.
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The next step is to define the concept of ¢-representative
dataset. Notice that if a dataset can be correctly classified
by a neural network, any isometric transformation of such
dataset can also be correctly classified by the neural net-
work (after adjusting the weights). Therefore, the definition
of e-representative dataset should be independent of such
transformations. The concept of A-balanced e-representa-
tive datasets is also introduced and it will be used in Sect. 5
to ensure that similar accuracy results are obtained when a
trained perceptron is evaluated on a representative dataset
rather than on the original dataset.

Definition 4 A dataset D= {(¥,c;) : ¥€ X CR" and
ce € [0,k]} is e-representative of D = {(x,c,) :x €X C
R" and c, € [0,k]} if there exists an isometric transfor-
mation f: X — R", such that for any (x,c,) € D there
exists (¥,c;) € D satisfying that f(X) ~, x. The minimum
of all those possible ¢ for which an isometric transforma-
tion exists is called to be optimal. Finally, the dataset Dis
said to be A-balanced if for each (¥,c;) € D, the set
{(x,¢x) : f(X) = x} contains A points and for each (x,¢,) €
D there exists only one (¥, c¢) € D such that f(%) =, x.

Remark 1 Let us point out that A-balanced datasets cannot
be computed for most datasets when they are required to be
subsets of the datasets. Even if it is too restrictive, in
Sect. 5, we will provide several theoretical results using
that assumption. Nevertheless, we will prove experimen-
tally in Sect. 6 that, without that assumption, ¢-represen-
tative datasets still perform well.

Proposition 1 Ler D be an e-representative dataset (with
set of points X C R") of a dataset D (with set of points
X C R"). Then,

dGH(X,X) S .

Proof By definition of e-representative datasets, there
exists an isometric transformation from X to R" where for
all x € X there exists ¥ € X such that [x —f(¥)| <e.
Therefore, dy(X,f(X)) <e. Then, by the definition of the
Gromov—Hausdorff distance, dgy (X, X) <dy(X,f(X)) <e.

O

Notice that the definition of e-representative datasets is
not useful when ¢ is “big.” The following result, which is a
consequence of Proposition 1, provides the optimal value
for .

Corollary 1 The parameter ¢ is optimal if and only if
&= dGH (X, X)
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Therefore, one way to discern if a dataset D is “repre-
sentative enough” of D is to compute the Gromov—Haus-
dorff distance between X and X. If the Gromov—Hausdorff
distance is “big,” we could say that the dataset D is not
representative of D. However, the Gromov-Hausdorff
distance is not useful in practice because of its high com-
putational cost. An alternative approach to this problem is
given in Sect. 4.

3.1 Proximity graph algorithm

In this section, for a given ¢ > 0, we propose a variant of
the proximity graph algorithm [22] to compute an e-rep-
resentative dataset D of a dataset D = {(x,c,) :x € X
C R" and ¢, € [0,k]}.

Firstly, a proximity graph is built over X, establishing
adjacency relations between the points of X, represented by
edges.

Definition 5 Given ¢ > 0, an e-proximity graph of X is a
graph G,(X) = (X, E) such that if x,y € X and ||x — y|| <e
then (x,y) € E.

See Fig. 1 in which the proximity graph of one of the
two interlaced solid torus is drawn for a fixed e.

Secondly, from an e-proximity graph of X, a dominating
dataset (also known as a vertex cover) X C X is computed
satisfying that if x € X then x € X or there exists y € X
adjacent to x. We then obtain an e-representative dataset
D= {(x,c¢): € X and (%,c¢) € D} also called domi-
nating dataset of D. Algorithm 1 shows the pseudo-code
used in this paper to compute a dominating dataset of D.

Fig. 1 A point cloud sampling two interlaced solid torus and the e-
proximity graph of one of them for a fixed .
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Algorithm 1 Dominating Dataset Algorithm

Input: A dataset D = {(z,¢;) : 2 € X C R” and ¢, € [0,k]} and a parame-

ter e >0
Output: A dataset D C D
: forc=0toc=k do
Xe=A{x:(z,c) € D}

1
2:
3: X, = DominatingSet(G.(X.))
4

: e~nd for .
: X - UlgzoXc

[N

: D={(v,¢) 12 € X and (z,c) € D}

Here, DominatingSet(G,(X.)) refers to a dominating set
obtained from the proximity graph G.(X.). Among the
existing algorithms in the literature to obtain a dominating
set, we will use, in our experiments in Sect. 6, the algo-
rithm proposed in [23] that runs in O(|X| - |E|). Therefore,
the complexity of Algorithm 1 is O(|X|* + |X|- |E|)
because of the size of the matrix of distances between
points and the complexity of the algorithm to obtain the
dominating set. Let us observe that the algorithm proposed
in this paper is just an example to show how we can
compute representative datasets. Other more efficient
algorithms to compute representative datasets are left for
future work in Sect. 7.

Lemma 1 The dominating dataset D obtained by running
Algorithm 1 is an ¢-representative dataset of D.

Proof Let us prove that for any (x,c,) € D there exists
(X,¢x) € D such that x ~, x. Two possibilities arise:

1. If (x,c;) € D, it is done.

2. If (x,¢,) €D, since X. is a dominating dataset of
G.(X.,), then there exists ¥ € X, such that ¥ is adjacent
to x in G,(X..,). Therefore, (¥,c,) € D and x ~, .

O

4 Persistent homology to Infer
the representativeness of a dataset

In this section, we show the role of persistent homology as
a tool to infer the representativeness of a dataset.

Firstly, from Theorem 1 in page 5, we will establish
that the bottleneck distance between persistence dia-
grams is a lower bound of the representativeness of the
dataset.

Lemma2 Let D be an e-representative dataset (with set of
points X C R") of a dataset D (with set of points X C R").
Let Dgm,(X) and Dgm, (X) be the g-dimensional

persistence diagrams of X and X, respectively. Then, for
g<n,

%dg (ngq(X), ngq()f)) <e.

Proof Since D is an e-representative dataset of D then
dgr(X, X)<e by Proposition 1. Now, by Theorem 1,
3dg(Dgm,(X),Dgm,(Y)) <dgu(X,Y) <e. O

As a direct consequence of Lemma 2 and the fact that
the Hausdorff distance is an upper bound of the Gromov—
Hausdorff distance, we have the following result.

Corollary 2 Let D be an e-representative dataset (with set

of points X C R") of a dataset D (with set of points
X C R") where the parameter ¢ is optimal. Let Dgm,(X)

and ngq()f) be the g-dimensional persistence diagrams

of X and X, respectively. Then,

2 dy(Dgm, (X), Degm, (X)) < & < dy (X, X).

In order to illustrate the usefulness of this last result, we
will discuss a simple example. In Fig. 2a, we can see a
subsample of a circumference (the original dataset) toge-
ther with two classes corresponding, respectively, to the
upper and lower part of the circumference. In Fig. 2¢c, we
can see a subset of the original dataset and a decision
boundary “very” different to the one given in Fig. 2a.
Then, we could say that the dataset shown in Fig. 2c does
not “represent” the same classification problem than the
original dataset. However, the dataset shown in Fig. 2b
could be considered a representative dataset of the original
one since both decision boundaries are “similar.” This can
be determined by computing the Hausdorff distance
between the original and the other datasets, and the bot-
tleneck distance between the persistence diagrams of the
corresponding datasets (see the values shown in Table 1).
Using Corollary 2, we can infer that 0.08 <¢&; <0.18 for

@ Springer



Neural Computing and Applications

(a) A binary classifica-
tion problem given by
a sampled circumference.
In this case, the classi-
fication problem tries to
distinguish between the
upper and the lower part
of the circumference.

(b) (¢1-Representative
dataset) A subset of
the sampled circumfer-
ence given in Fig. 2a. Let
us observe that the deci-
sion boundary obtained
is similar to the one
showed in Fig. 2a.

(c) (e2-Representative
dataset) A subset of
the sampled circumfer-
ence given in Fig. 2a. Let
us observe that the deci-
sion boundary obtained
is quite different to the
one showed in Fig. 2a.

Fig. 2 Illustration of a binary classification problem and the representative dataset concept

Table 1 The 0-dimensional bottleneck distance (dp), the 1-dimensional bottleneck distance (dp), and the Hausdorff distance (dy) between the
persistence diagrams of the dataset given in Fig. 2a and the datasets given in Fig. 2b and c, respectively

Datasets % dpo % dp du
Original (Fig. 2a) and ¢;-representative (Fig. 2b) 0.07 0.08 0.18
Original (Fig. 2a) and &;-representative (Fig. 2c) 0.13 0.08 0.3

the dataset given in Fig. 2b and 0.13 <&, <0.3 for the
dataset given in Fig. 2c. Therefore, the dataset given in
Fig. 2b can be considered “more” representative of the
dataset shown in Fig. 2a than the dataset given in Fig. 2c,
as expected.

In Table 2, we show the output of Algorithm 1 applied
to the dataset pictured in Fig. 2a and different values of &,
in order to obtain different dominating datasets. Let us
observe that, depending on the value of the parameter &, the
size of the resulting dominating dataset is different. Finally,
let us remark that the values of the parameter used in
Algorithm 1 does not correspond, in general, to the optimal
¢ (see Definition 4).

Table 2 The 0-dimensional bottleneck distance (dp,) and the Haus-
dorff distance (dy) between the persistence diagrams of the dataset
(D) given in Fig. 2a, composed of 22 points, and the dominating
datasets (D) obtained applying Algorithm 1 for different values of &,
and a random dataset (R) of the same size than the corresponding
dominating dataset

¢(Alg. ) |D| ldg(D,D) 1ids,(D,R) dy(D,D) du(D,R)
0.6 8 022 0.29 0.39 0.83

0.3 14 013 0.16 0.23 0.7

0.2 18 0.05 0.15 0.19 0.71

@ Springer

5 Theoretical results on the perceptron case

One of the simplest neural network architecture is the
perceptron. Our goal in this section is to formally prove
that the accuracy of a perceptron evaluated on the original
dataset and on its representative dataset are equivalent
when we impose certain conditions on the
representativeness.

For the sake of simplicity, in this section, we will restrict
our interest to a binary classification problem, although our
approach is valid for any classification problem. Therefore,
our input is a binary dataset D = {(x,c) : x € X C R" and
cx € {0,1}}. Besides, we will assume in this section that
the training process tries to minimize the following error
function:

E(w. D) = 17 S i),

xeX

where, for (x,c,) € D and w € R™™,

1

EX(W) = 5 (Cx - yw(x))z

is the loss function considered, called the mean squared
error (MSE). An example of such a training process is the
gradient descent training algorithm.

First, let us introduce the definition of a perceptron.
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Definiton 6 A perceptron N, :R" — {0,1}, with
weights w = (wg, wi,...,w,) € R""! is defined as:

1
1 ) w >_7
if yw(x)2 5

0  otherwise;

Ny(x) =

being y,, : R" — (0, 1) defined as
yw(x) = a(wx)

where, for x = (x1,...,x,) € R",

WX = Wy + WiX| + ...+ WyXy,
and 6 : R — (0, 1), defined as
1
@ =T
is the sigmoid function.
Remark 2 1In the previous definition, let us point out that

the condition y,,(x) > % is the same as the condition wx >0
that usually appears in the definition of perceptron.

A useful property of the sigmoid function is the easy
expression of its derivative. Let ¢ denote the composition

m m—times
e O'

g =0

Lemma 3 Ifm € N and z € R then

m+1
0<(0")(2) = ma"()(1 - a(2)) < (L) .

m—+1

Proof Firstly, let us observe that (¢™)'(z) = ma”(z)(1 —
a(z)) > 0 since 0<a(z) <1 for all z € R. Secondly, let us

find the local extrema of (™)’ by computing the roots of its
derivative:

(0")"(2) = ma" (2)(1 = a(2)) (m — (m + 1)a(z)).

Now, (¢)"(z) =0 if and only if m — (m+ 1)a(z) = 0.
The last expression vanishes at z =log(m). Besides,
(6™ (z) > 0 if and only if m — (m + 1)a(z) > 0 which is
true for all z € (—oo,log(m)). Analogously, (¢™)"(z) <0
for all z € (log(m), +o0), concluding that z = log(m) is a

m+1
global maximum. Finally, (o-m)'(]og(m)) = (miﬂ)
concluding the proof. O

From now on, we will consider that the associated iso-
metric transformation f by which the dataset is e-repre-
sentative is applied to the representative dataset. Therefore,
by abuse of notation, £ will mean f(x). Analogously, X will
mean f(X) and D will mean f (D).

In the following lemma, we prove that the difference
between the outputs of the function y]; evaluated at a point

x and at its e-representative point X depends on the weights
w and the parameter e.

Lemma 4 Let w € R™! and x, ¥ € R" with X ~, x. Then,

1 () = Y@ < pullwll.ce,

where
(6™ (2), if log(m) <z,
P = Plwxwim) = (a™)(2), if Z7< log(m),
(™)' (log(m)), otherwise.

with z = min{wx, wx} and 7 = max{wx, wx}.

Proof Let us assume, without loss of generality, that
wx <wx. Then, using the mean value theorem, there exists
p € (wx,wx) such that

Y@ = () = (") (B) (wx — wx).

By Lemma 3, the maximum of (¢”) in the interval [z, Z] is
reached at log(m) if z< log(m) <z, at z if log(m) <z, and

at 7z if Z<log(m), with z= min{wx,wx} and
Z = max{wx, wx}. Consequently,
150 (x) = YR ) < pyullw(x = x)|]. (1)

Applying now the Holder inequality we obtain:
[Iw(x = )| < [Iwl, [[£ = x| < [wll.&-

Replacing ||w(x — x)|| by ||w]|,& in Eq. (1), we obtain the
desired result. O

The following result is a direct consequence of Lemma
3 and Lemma 4.

Corollary 3 Letw € R"! and x, ¥ € R" with X ~, x. Then,

m+1
m/ = m m
b2 =) < (—) l.e.

m+1

The next result establishes under which conditions e-
representative points are classified under the same label as
the points they represent.

Lemma 5 Let D be an e-representative dataset of the
binary dataset D. Let N, be a perceptron with weights
w e R™. Let (x,c) € D and (%,c) € D with X ~, x. If

[lwx]
wll

[
(x) = N, (x).

then

e<
Ny

Proof First, if wx =0, then ¢ = 0, therefore x = x and
then N, (x) = N, (x). Now, let us suppose that wx<0.
Then, y,(x)<31 and N, (x) =0 by the definition of
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perceptron. Since &< % then x and x belong to the same

semispace in which the space is divided by the hyperplane
wx = 0. Therefore, wi<0, then y,(X)<3} and finally
N, (%) =0. Similarly, if wx > 0, then

N, (x) = 1 = N, (x), concluding the proof. O

By Lemma 5, we can state that if ¢ is “small enough”
then the perceptron N, evaluated on D and D will
coincide.

In the following results, we will restrict ourselves to /-
balance datasets as a theoretical convenience.

The next result relies on the accuracy (see Definition 1)
of a perceptron evaluated on the original dataset and its

representative dataset.

Theorem 2 Let D be a A-balanced e-representative data-
set of the binary dataset D. Let N\, be a perceptron with

weights w € R""!. If ¢ < min { ”HWXHH D (x,ey) € D} then

A(D,N,) = AD,N).

Proof Since D is J-balance &-representative of D, then
|X| = 4 - |X| and we have:

A(D,Ny) - Nw)

1 .
|X|; ﬁzlw(x)

Z L,(%))

xeX

|X|Z D

XEX XN‘»X

Finally, I,,(x) = I,,(x) for all x ~, ¥ and (%,c¢) € D by

[l

Lemma 5 since &< ‘7 for all (x,cx) € D. O

Next, let us compare the two errors E(w, D) and [E(w, D)
obtained when considering the binary dataset D and its A-

balanced e-representative dataset D.

Theorem 3 Let D be a A-balanced ¢-representative data-
set of the binary dataset D. Then:

a2 (e + ) It )]

| xeX

|E(w, D) — E(w, D

where p,, (being m = 1,2) was defined in Lemma 4, and
for each addend, x ~; X.

Proof First, let us observe that:
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_1 IR e
|X|Z;( X yw( )) |X|%( yw( ))
= 75 (1 e =l = DT s =3 9°).

Now, since D is J-balanced e-representative of D then
|X| = 4 - |X|. Therefore,

||[E<w D) — E(w, D)
i 122 2600 = 0(9) + 400 = D)
< chxllyw () = Il + Y2 @) = 2@,

where, for each addend, X =, x. Applying Lemma 4 for
m = 1,2 to the last expression, we get:

Z 2c,p1 + ,02) [w(x —x)||.

| xeX

|E(w, D) — E(w, D)|

O

From this last result, we can infer the following: We can
always fix the parameter ¢ “small enough” so that the
difference between the error obtained when considering the
dataset D and its e-representative dataset is “close” to zero.
Fig. 3 aims to provide intuition for this result.

Theorem 4 Let 6 > 0. Let D be a J-balanced e-repre-
sentative dataset of the binary dataset D. Let N, be a

perceptron with weights w € R"!, If ¢ < 43HWH d, then

IE(w, D) — E(w, D) || <.

e<

k(w) -6
4

E

Fig. 3 Intuition for Theorem 4. The error function can be understood
as an error surface. For a fixed set of weights w, the difference
between the error computed on the original dataset, E = E(w, D), and
on its A-balanced e-representative dataset, E= E(w, ﬁ), is bounded
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Proof First, p; <} and p, < & by Corollary 3. Second,
since ¢, € {0, 1}, we have:

LS~ 2ewpr + p2) Iwlx - 9|

|X|xEX

1 1 8

<> (545 ) Iw =9l
w2 i+

43 1 -
—gm% [w(x — x)]|.

Applying Holder inequality to the last expression, we get:
1 43

— 2¢y X <= .

X2 Gey -+ n) It =) < Gl

Therefore, by Theorem 3, if ¢ < ﬁé, then ||E(w, X) —

E(w,X)| <9 as stated. d

Summing up, we have proved that the accuracy and
error of a perceptron evaluated on the binary dataset D or
on its A-balanced e-representative dataset, are equivalent.
This fact will be highlighted in Sect. 6.1 for the perceptron
case and in Sect. 6.2 for neural networks with more com-
plex architectures.

6 Experimental results

In this section, we experimentally prove that the accuracy
of a neural network trained on the original dataset and on a
dominating dataset is correlated with the parameter e.
Besides, we also show that the accuracy is worse if we train
the neural network on a random dataset. Evaluation metrics
will be computed to show the performance of the trained
neural network using different datasets. Specifically, MSE
is the mean squared error, Recall is the ratio of positive
identifications correctly classified over all positive identi-
fications. Precision is the ratio of positive identifications
correctly classified over all those classified positive. AUC
is the area under the ROC curve. The ROC curve plots true
positive rates vs. false positive rates at different classifi-
cation thresholds.

6.1 The perceptron case

In this section, two experiments are provided to support our
theoretical results for the perceptron case and to illustrate
the usefulness of our method.

In the first experiment (Sect. 6.1.1), several synthetic
datasets are presented showing different distributions.
Random weight initialization is considered, and the holdout
procedure is applied (i.e., the datasets were split into

training dataset and test set) to test the generalization
capabilities.

In the second experiment (Sect. 6.1.2), the Iris dataset is
considered. The perceptron is initiated with random
weights and trained on three different datasets: the original
dataset, a representative dataset (being the output of
Algorithm 1) and a random dataset of the same size as the
size of the representative dataset. Now, the trained per-
ceptron is evaluated on the original dataset. This experi-
ment supports that a perceptron trained on representative
datasets get similar accuracy to a perceptron trained on the
original dataset.

Besides, we show that the training time, in the case of
the gradient descent training, is lower when using a rep-
resentative dataset and that representative datasets ensure
good performance, while the random dataset provides no
guarantees.

6.1.1 Synthetic datasets

In this experiment, different datasets were generated using
a Scikit-learn Python package implementation.” Roughly
speaking, it creates clusters of normally distributed points
in an hypercube and adds some noise. Specifically, we
considered three different situations: (1) distribution with-
out overlapping; (2) distribution with overlapping; and (3)
a dataset with a “thin” class and a high ¢. In the last
experiment, we wanted to show that the choice of ¢ is
important, and that there are cases where representative
datasets are not so useful. In all three cases, the perceptron
was trained using the stochastic gradient descent algorithm
and the mean squared error as the loss function.

The methodology followed in the experiments per-
formed in this section is outlined in Fig. 4 and summarized
in the following steps.

e Input: A dataset D= {(x,c;) :x €X CR* and ¢, €
{0,1}} and a parameter ¢ > 0.

e Divide the dataset D in a training dataset S and a test
set 7.

e Compute a dominating dataset Sof S using Algorithm
1.

e Compute a random dataset R of S.

e Train the perceptron AV, on X, for X € {S,S, R}.

e Evaluate the trained perceptron on 7.

The aim of the second step in the methodology is to
compute an e-representative dataset using Algorithm 1 (see
Lemma 1 of Sect. 3.1). Nevertheless, using Algorithm 1 is
not mandatory, and we could replace it by any other

2 It can be found in https://scikit-learn.org/stable/modules/generated/
sklearn.datasets.make_classification.html.

@ Springer


https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_classification.html
https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_classification.html

Neural Computing and Applications

Random dataset

Neural network

Training dataset

Dominating dataset

o... :::. 9 . . .

‘ Similar performance on the test set‘

Fig. 4 Methodology followed in the experiments carried out in Sects. 6.1.1 and 6.2.1

process to compute an e-representative dataset. Observe
that the reduction is done in the fifth step since the idea is
to train the neural network on the e-representative dataset
instead of on the training dataset.

In the first case (see Fig. 5a), 5000 points were taken
with the two clusters well differentiated, i.e., without
overlapping between classes. The 20% of the points were
selected to belong to the test set, and the rest of the points
constituted the training dataset. Then, an e-representative
dataset of the training dataset was computed using Algo-
rithm 1 with ¢ = 0.8, obtaining a dominating dataset with
just 17 points. Similarly, 17 random points were chosen
from the training dataset (see Fig. 5c). Later, a perceptron
was trained on each dataset for 20 epochs and evaluated on
the test set. The mean accuracy results after 5 repetitions
were: 0.96 for the dominating dataset, 0.82 for the random
dataset, and 0.98 for the training dataset. Besides, the
random dataset reached very low accuracy in general. In
the second case (see Fig. 5d), a dataset composed of 5000
points with overlapping classes was generated. As in the
first case, the dataset was split into a training dataset and a
test set. Then, the e-representative dataset of the training
dataset was computed using Algorithm 1 with ¢ =0.5,
resulting in a dominating dataset of size 22. After training a
perceptron for 20 epochs and repeating the experiments 5
times, the mean accuracy values were: 0.73 for the domi-
nating dataset; 0.67 for the random dataset; and 0.86 for the
training dataset. Finally, in the third case (see Fig. 5g), one
of the classes was very “thin,” in the sense that the points
were very close to each other displaying a thin line.
Therefore, if a “big” ¢ were chosen, that class would be
represented by a pointed line as shown in Fig. 5Sh where
& = 0.8, reducing the dominating dataset to 15 points. With
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this example, we wanted to show a case where represen-
tative datasets were not so useful. The perceptron was
trained for 20 epochs, and the mean accuracy of 5 repeti-
tions was: 0.72 for the dominating dataset; 0.76 for the
random dataset; and 0.99 for the training dataset. In terms
of time, the training for 20 epochs on the training dataset
took around 20 seconds, and the training on the dominating
dataset took half a second. The computation of the domi-
nating dataset took around 7 seconds. In Table 3, some
evaluation metrics are provided on the test set.

6.1.2 The iris dataset

In this experiment, we used the Iris Dataset® which corre-
sponds to a classification problem with three classes. It is
composed by 150 4-dimensional instances. We limited our
experiment to two of the three classes, keeping a balanced
dataset of 100 points that will be our original dataset.

The methodology followed in the experiments per-
formed in this section is outlined in Fig. 6 and summarized
in the following steps.

e Input: The original dataset D= {(x,c,):x € X C R*
and ¢, € {0,1}} and a parameter ¢ > 0.

e Compute a dominating dataset D of D using Algorithm
1.

e Compute a random dataset R of D.

e Train a perceptron N, on X, for X € {D,D,R}.

e Evaluate the trained perceptron on D.

3 https://archive.ics.uci.edu/ml/datasets/iris.
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Fig. 5 Different synthetic datasets generated using the Scikit-learn
python package implementation. The first column corresponds to
original datasets, the second column corresponds to dominating
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(i) (Synthetic) case 3:
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datasets of the training datasets, and the third column corresponds to
random subsets of the training datasets of the same size as the
corresponding dominating set

Table 3 Evaluation metrics on

(Synthetic) Dataset Accuracy Recall Precision AUC MSE
the test set for a perceptron
trained on the training datasets, (g6 Training 0.98 0.99 0.98 0.99 0.01
the dominating datasets and the L.
random datasets computed from Dominating 0.96 0.97 0.97 0.99 0.09
the synthetic datasets shown in Random 0.82 0.96 0.82 0.84 0.15
Fig. 5 Case 2 Training 0.86 0.85 0.93 0.92 0.1
Dominating 0.73 0.89 0.72 0.79 0.18
Random 0.67 0.93 0.66 0.78 0.2
Case 3 Training 0.99 0.98 0.99 0.99 0.01
Dominating 0.72 0.87 0.64 0.95 0.18
Random 0.76 0.71 0.61 0.71 0.22
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Random dataset

Original dataset

Dominating dataset

Neural network

‘ Similar performance on the original dataset ‘

Fig. 6 Methodology followed in the experiments performed in Sects. 6.1.2 and 6.2.2.

(a) (Iris) original

dataset dataset

(b) (Iris) dominating

(¢) (Iris) random
dataset

Fig. 7 Visualization of the Iris dataset: the original dataset is composed of 100 points, and the dominating dataset and the random dataset are

composed of 16 points

Algorithm 1 was applied to the original dataset to obtain
an e-representative dataset of 16 points with £¢<0.5. A
random dataset extracted from the original dataset with the
same number of points than the dominating dataset was
also computed. These datasets are represented in R® in
Fig. 7a, b and c, respectively. Besides, the associated
persistence diagrams are shown in Fig. 8a, b and c. The
Hausdorff and the O-dimensional bottleneck distances
between the original dataset, and the dominating and ran-
dom datasets are given in Table 4.

We trained the perceptron with different initial weights
and observed that the perceptron trained on the dominating
and the original datasets converged to similar errors. In
Table 5, the difference between the errors using a fixed set
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of weights for the dominating and the random dataset is
provided. In Table 6, different metrics were evaluated on
the original dataset when training on the original, the
dominating and the random dataset, respectively. The
table shows that the dominating dataset provides better
metrics than the random dataset (Table 6). In Table 7, the
computation time in seconds when using the different
datasets is shown.

6.2 The multi-layer neural network case
In this section, we will experimentally check the usefulness

of representative datasets for more complex neural network
architectures than a perceptron. Two different experiments
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Fig. 8 Persistence diagram of the original, dominating and random datasets obtained from the Iris dataset and Digits dataset, respectively

Table 4 The Hausdorff distance (dy) and the O-dimensional bottle-
neck distance (dp) of the dominating and random datasets with
respect to the original datasets obtained from the Iris dataset and the
Digits dataset, respectively

Dataset Size 1dg dy
(Iris) Original 100 — -
Dominating 16 0.11 0.58
Random 16 0.5 1.12
(Digits) Original 1797 - -
Dominating 173 0.09 0.29
Random 173 0.09 0.31

were made, one using synthetic datasets and the other using
the Digits dataset®.

* https://scikit-learn.org/stable/auto_examples/datasets/plot_digits_
last_image.html.

6.2.1 Synthetic datasets

This experiment consists of two different binary classifi-
cation problems on synthetic datasets with 5000 points.

The methodology followed in the experiments per-
formed in this section is outlined in Fig. 4 and summarized
in the following steps.

e Input: A dataset D= {(x,c;) :xEXCR’ and ¢, €
{0,1}} and a parameter ¢ > 0.

Table 5 Comparison between the exact error differences computed
over the random and the dominating datasets for the Iris classification
problem

Dataset |E(w,X) — E(w,X)||
(Iris) Dominating 0.05
Random 0.27

The values correspond to the mean of the exact error differences
obtained using 100 different random weights
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Table 6 Different metrics for

the Tris and the Digits dataset Dataset Accuracy Recall Precision AUC MSE
experiments calculated as the (Iris) Original 1 1 1 0.99 0.003
mean values of 5 repetitions and .
evaluated on the original dataset Dominating 0.9 1 0.9 0.9 0.11
Random 0.6 0.2 0.2 0.36 0.39
(Digits) Original 0.95 0.94 0.96 0.99 0.01
Dominating 0.77 0.76 0.78 0.95 0.04
Random 0.63 0.62 0.64 0.89 0.06

e Select a multi-layer neural network architecture A W,
to classify D.

e Divide the dataset D in a training dataset S and a test
set 7.

e Compute a dominating dataset Sof S using Algorithm
1.

e Compute a random dataset R of S.

e Train the multi-layer neural network N wo on X for
X e {S,S,R}.

e Evaluate the trained neural network on 7.

Each synthetic dataset (case A and case B) was split into a
training dataset and a test set with proportions of 80% and
20%, respectively. Then, a dominating dataset of the
training dataset, and a random subset of the training dataset
with the same size as the dominating dataset, were com-
puted and used for training a 3 x 12 x 6 X 1 neural net-
work. It used ReLU activation function in the inner layers
and sigmoid function in the output layer and was trained
using stochastic gradient descent and mean squared error as
the loss function for 20 epochs.

In the first case (see Fig. 9a), an unbalanced dataset with
overlapping was considered, and an e-dominating dataset
was computed with ¢ = 0.8 composed of 67 points (see
Fig. 9b). Then, a random dataset with the same size as the
dominating dataset was considered. The multi-layer neural
network was trained, and the mean accuracy values after 5
repetitions were: 0.85 for the dominating dataset; 0.74 for
the random dataset; and 0.86 for the training dataset. In the
second case, a balanced dataset with overlapping was

Table 7 Time (in seconds) required to compute the dominating
datasets using Algorithm 1 and time (in seconds) required for the
training process on the Iris and Digits datasets

Dataset Alg. 1 time Training time
(Iris) Original — 3.06 sec

Dominating 0.04 sec 0.8 sec
(Digits) Original - 65.6 sec

Dominating 0.57 sec 11.78 sec

The training method consists of the gradient descent algorithm for the
Iris dataset experiment. In the case of the Digits dataset, a multi-layer
neural network was trained for 1000 epochs using the Adam training
algorithm
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considered (see Fig. 9d), and the same process as in the
first case was carried out but with ¢ = 0.3, obtaining a
dominating dataset of size 319. The mean accuracy values
after 5 repetitions were: 0.92 for the dominating dataset;
0.91 for the random dataset; and 0.93 for the training
dataset. In Table 8, different evaluation metrics on the test
set for the two cases are shown.

6.2.2 The digits dataset

The Digits dataset® used in this experiment consists of
images classified in 10 different classes corresponding to
digits from 0 to 9. An example of an image of each class is
shown in Fig. 10. The Digits dataset is composed by 1797
64-dimensional instances.

The methodology followed in the experiments per-
formed in this section is outlined in Fig. 6 and summarized
in the following steps.

e Input: A dataset D= {(x,¢,) :x €X CR* and ¢, €
{0,1,...,9}} and a parameter & > 0.

e Select a multi-layer neural network architecture N’ w,®
to classify D.

e Compute a dominating dataset D of D using Algorithm
1.

e Compute a random dataset R of D.

e Train the multi-layer neural network A wao on X for
X € {D,D,R}.

e Evaluate the trained neural network on D.

In this experiment, Algorithm 1 was applied with ¢ = 0.2
to obtain a dominating dataset of size 173. The corre-
sponding persistence diagrams can be seen in Fig. 8d, e and
f. The Hausdorff and the bottleneck distances are shown in
Table 4. In this case, we used a multi-layer neural network
with 64 x 400 x 300 x 800 x 300 x 10 neurons with sig-
moid activation function in the hidden layers and softmax
activation function in the output layer. The neural network
was trained using Adam algorithm and categorical cross-
entropy as the loss function for 1000 epochs. It was laun-
ched 5 times for the dominating dataset and the random

> https://scikit-learn.org/stable/auto_examples/datasets/plot_digits_
last_image.html.
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(a) (Synthetic) case A:
training dataset

(d) (Synthetic) case B:
training dataset

Fig. 9 The first column shows the training datasets obtained as
subsets of two different synthetic datasets generated using the Scikit-
learn python package implementation. The second column shows

(b) (Synthetic) case A:
dominating dataset

(e) (Synthetic) case B:
dominating dataset
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(f) (Synthetic) case B:
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dominating datasets computed from the training datasets, and the third
column shows random subsets of the training datasets with the same
size as the corresponding dominating dataset

Table 8 Evaluation metrics on

.. (Synthetic) Dataset Accuracy Recall Precision AUC MSE

the test set for the training of a

multi-layer neural network on Case A Training 0.86 0.61 0.85 0.88 0.11

the training dataset, on the L

dominating dataset and on the Dominating 0.85 0.64 0.8 0.84 0.14

random dataset obtained from Random 0.74 0.05 0.38 0.73 0.18

the synthetic dataset experiment  Case B Training 0.93 0.95 0.93 0.98 0.05
Dominating 0.92 0.96 0.92 0.98 0.07
Random 0.91 0.94 0.92 0.98 0.09

dataset. The mean accuracy values of different metrics for
the 5 repetitions when training the neural network on the
three different datasets and evaluated on the original
dataset are shown in Table 6. Finally, in Table 9, different
values for ¢ were used to compute the size of the domi-
nating dataset and the accuracy of the neural network
trained with the dominating dataset both on the dominating
dataset and on the original dataset.

7 Conclusions and future work

The success of practical applications and the availability of
new hardware (e.g., GPUs [24] and TPUs [25]) have led to
focus neural network research on the development of new
architectures rather than on theoretical issues. Neverthe-
less, a deeper understanding of the data structure is also
necessary for field development, such as new discoveries
on adversarial examples [26] have shown, or the one given
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Fig. 10 (Digits) Example of an image of each class of the digits dataset. They are 32 x 32 arrays in gray scale

Table 9 Mean accuracy values after 5 repetitions of the neural net-
work trained on the dominating dataset and evaluated on both the
dominating dataset and the original dataset for the Digits classifica-
tion problem

€ Size  Accuracy on the original Accuracy on the
dataset dominating dataset

0.1 1363 0.95 0.95

0.15 531 091 0.98

0.18 283 0.82 0.99

in [27], where the redundancy of several datasets is
empirically shown.

In this paper, we propose the use of representative
datasets as a new approach to reduce learning time in
neural networks based on the topological structure of the
input dataset. Specifically, we have defined representative
datasets using a notion of nearness that has the Gromov—
Hausdorff distance as the lower bound. Nevertheless, the
bottleneck distance of persistence diagrams (which is a
lower bound of the Gromov—Hausdorff distance) is used to
measure the representativeness of the dataset since it is
computationally less expensive. Besides, we have theoret-
ically proved that the accuracy of a perceptron evaluated
on the original dataset coincides with the accuracy of the
neural network evaluated on its representative dataset when
the neural network architecture is a perceptron, the loss
function is the mean square error and certain conditions on
the representativeness of the dataset are imposed. Fur-
thermore, the agreement between the provided theoretical
results and the experiments supports that representative
datasets can be a good approach to reach an efficient
“summarization” of a dataset to train a neural network.

@ Springer

Planned future work is to provide more experiments
using high-dimensional real data and different reduction
algorithms. Furthermore, we plan to formally prove that the
proposed approach can be extended to other neural network
architectures and training algorithms using milder con-
straints. Let us observe that in the case that the dataset is
already small, and then, it will not make sense to compute a
representative dataset. The sparsity of the dataset may be a
feature to be considered as a future work. Finally, we plan
to investigate more efficient ways of computing dominat-
ing datasets in particular and representative datasets in
general, since the algorithm proposed is just an example
and, in general, will not compute the smallest possible
representative dataset nor is it the fastest possible.
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