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We study integral representations of the Gevrey series solutions of irregular hypergeo-
metric systems under certain assumptions. We prove that, for such systems, any Gevrey
series solution, along a coordinate hyperplane of its singular support, is the asymptotic

expansion of a holomorphic solution given by a carefully chosen integral representation.

1 Introduction

In [10] (see also [11, 12]) the authors introduce and study A-hypergeometric systems
and their solutions, generalizing many classical hypergeometric differential equations.
General A-hypergeometric systems, also known as GKZ systems, are finitely generated
D-modules, where D := C[x](d) = Clx;,...,x,1{d;,...,9,) stands for the complex n-th
Weyl algebra.

Let us first recall some preliminary notions and results in D-module theory.
Given a left D-ideal J C D, we consider the cyclic D-module M := D/J. A solution f of
M is an element of a left D-module % such that P-f = 0, VP € J. In this paper we only

consider the cases when .# is either the space of holomorphic functions or the space
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of Gevrey series (of order s € R) along Y = {x,, = 0} at p € Y. We recall that such a
Gevrey series is an expression of the form f = > °_ f,,xm* where f,, = f,, (X1, ..., X,_1)
is holomorphic at p and > o _, fr, X2 /(m!)S~1 is convergent at p. The smallest possible s
(if any) so that this latter condition holds is called the Gevrey index of f.

On the other hand, if u, v € R" satisfy u + v € R? one can consider the graded
ideal (or initial ideal) of J with respect to L = (u, v), denoted by in; (J), which is an ideal
in the polynomial ring Clx, £] = Clxy,...,x,,,&;,...,§,], see, for example, [3, page 28]. Its
zero set V(in;(J)) < C?" is the L-characteristic variety of the cyclic D-module M = D/J,
see, for example, [28, Definition 3.1]. If F = (u,v) with u = (0,...,0),v = (1,...,1) then
Ch(M) := V(ing(J)) is simply called the characteristic variety of M. The D-module M
is said to be holonomic if the dimension of Ch(M) is n. The singular locus of M is the
Zariski closure of the image of Ch(M) \ {¢§; = --- = &, = 0} C C?" by the projection
c2n 5 Cnr, (x,£) — x. On the other hand, set V := (—e,,, e,), where e, = (0,...,0,1),
and denote L := F + (s — 1)V for s > 1. The Lg-characteristic variety is known to be
locally constant with respect to s > 1 except at a finite set of values called the slopes of
M along Y, see [17]. If M is holonomic and it has a Gevrey solution with Gevrey index
s > 1 along Y then s is a slope of M along Y, see [18, Théoréme 2.4.2] and [23] for a more
general and stronger statement.

The input data for a GKZ system is a pair (A, 8) where g is a vector in C¢ and
A = (ay) = (al),...,an)) € (ZH" is a d x n matrix whose ¢-th column is a(¢) and
ZA = Zgzl Za(k) = Z2. The toric ideal I, C C[3] := C[d;,...,d,] is the ideal generated
by the family of binomials 9% — 9, where u,v € N” and Au = Av (we assume 0 € N).

Following [10, 11], the hypergeometric ideal associated with the pair (4, 8) is

H,(B):=DIy +DE; — By,....Eg— By,

where E;, = >}, ay,X,9, is the k—th Euler operator associated with the k-th row of A.
The corresponding hypergeometric D-module (or A-hypergeometric system) is M, (8) :=
22

In[11] and [1, Thm. 3.9] the authors prove that any hypergeometric system M, (8)
is holonomic. Moreover, a characterization of the regularity of M,(8), in the sense of
D-module theory [18, 23], is provided in the series of papers [16, 27, 28]. The holonomic
D-module M,(B) is regular if and only if the toric ideal I, is homogeneous for the
standard grading in the polynomial ring C[d]. In particular the condition to be regular

for M, (B) is independent of the parameter vector .
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The dimension of the space of germs of holomorphic solutions of M, (8) around
a generic point in C" equals d!Vol(A,) if 8 is generic (see [11], [1, Cor. 5.20], and [22]).
Here A, is the convex hull in R4 of the points 0,a(1),...,a(n), where 0 € R4 is the origin,
and Vol(A,) is its Euclidean volume. These holomorphic solutions are represented as
I'—series in [11] (see also [24] and [7]) when 8 is generic enough.

A. Adolphson considers in [1, Sec. 2] integral representations of solutions of
M, (B) that involve exponentials of polynomial functions and appropriate integration
cycles. In [6], A. Esterov and K. Takeuchi prove that the generic holomorphic solu-
tion spaces are in fact completely described by Adolphson's integral representations
along rapid decay cycles as introduced by M. Hien in [14] and [15]. Such type of
integrals are also used in [20] and generalized in [21], where they are called Laplace
integrals.

The slopes, see [18], of M,(B) along coordinate subspaces are described in
[28]. Their corresponding irregularity sheaves and Gevrey series solutions, defined
in [23], are studied and described for generic parameters g in [7] (see also [8, 9]).
Moreover, in [4, Proposition 5.3 and Remark 5.4] these Gevrey series solutions of
M, (B) are interpreted as asymptotic expansions of certain of its holomorphic solutions
under some assumption on the Gevrey index of the series, via the so-called modified
A-hypergeometric systems introduced in [29].

In [5], and when A is a row matrix with positive integer entries, the authors
develop a link between Gevrey series solutions of M, (8) and holomorphic solutions in
sectors following Adolphson’s approach. They prove that any Gevrey series solution,
along the singular support of the system M,(8), is the asymptotic expansion of a
holomorphic solution given by a carefully chosen integral representation.

In this paper we further develop this link when the matrix A = (a(1),...,a(n)) €
(Z%)" satisfies two conditions. Since the rank of A is assumed to be d, we may also
assume, after a possible reordering of the columns, that the 1st d columns of A
determine a (d — 1)-simplex o. We further assume that A satisfies the following two
conditions (see Assumption 4.1): (1) the points a(d+1),...,a(n—1) belong to the interior
of the convex hull A of o and the origin; and (2) the point a(n) is not in A and belongs
to the open positive cone of o. Figure 1 shows an example of an allowed column set
configuration for a 2 x 5 matrix A, where A is the triangle.

Under these two conditions we have that ¥ = {x,, = 0} is an irreducible
component of the singular locus of M,(8) [1, Sec. 3], there is only one slope of M, (8)
along Y [28] and, if B is generic enough, the dimension of the space of Gevrey series
solutions of M, (8) along Y is d! Vol(A,) [7].
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Fig. 1.

We prove in Theorem 4.3 that for generic § € C¢, the space of Gevrey series
solutions of M, (), along the hyperplane Y, has a basis given by asymptotic expansions
of holomorphic solutions of M, (B8) described by Adolphon’s integral representations.

These integrals are solutions of type

n
I8 %) =I(Bi Xy, ..., Xy,) == / t P lexp (ertf‘(f)) dt,
c

(=1

where t = (¢;,...,ty), dt = dt;---dt; and C runs over a finite set of cycles on the
)%. These are Borel-Moore cycles or cycles with closed support
)d

universal covering of (C*
on the universal covering of (C*)%, a notion for which we refer to [25, II,5.3]). Moreover,
we prove in Theorem 5.8 that these cycles can be replaced by a set of rapid decay
homology cycles in the sense of [15].

Here is a summary of the content of this paper. In Section 2 we consider a general
matrix A as before but not necessarily satisfying previous conditions (1) and (2) (see
Assumption 4.1). Following a construction in [13, Sec. 4.4], we describe cycles C, s in
the universal covering of (C*)¢, depending on a given point x € C". We fix a maximal
simplex o C {1,...,n}, that is, the set {a(k) |k € o} is a basis of R%. Then this cycle
depends only on x, = (X;);c,, and on vectors p € Z° and § € R’ with components §;
satisfying |§,] < 1/2. In Section 2.3 we give a sufficient condition for the integrand
of I, s(Bix) = Icpyﬁ(ﬂ;x) to have moderate growth along Cpys- This is a step towards
sufficient conditions of convergence for I, ;(8; x) that are developed in Section 3.

In Section 3, we perform the appropriate toric change of variables in the

universal covering of (C*)¢, like in [13], which reduces the description of asymptotic
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expansions for the integrals I, 5(8; x) to the study of integrals of type

n
Fp,a(ﬂ;Y) = / t—F-1 exp |ty +---+tg+ Z yjta(]) d,
P Jj=d+1

where the cycle D,; is the image of C,; under the change of variables. The new
integral Fps(By) looks like a particular case of I, s(B: %), with the 1st d x d submatrix
(a(l),...,a(d)) equal to the identity matrix. However, the matrix A = (a(1),...,a(n)) is
now allowed to have rational non integer coefficients. The crucial point for convergence
statements is a condition of rapid decay at infinity, see inequality (3.10). We prove that,
under some conditions, the integral Fps (B;y) is absolutely convergent when %8, < 0 for
k € o and y € (C*)"¢; see Lemmata 3.1 and 3.2.

Section 4 contains some of the main results of this paper. We assume that the
matrix A defined in Section 3 satisfies more conditions in Assumption 4.4, deduced from
conditions (1) and (2) in Assumption 4.1 already considered for the original matrix. First
we prove that the conditions for convergence in Lemma 4.5, can be obtained in practice
for every y € C"¢ with y,, # 0.

We fix p € Z% and § € R? once for all and we omit these subindexes in our
formulas. As a step towards previously mentioned Theorem 4.3, we prove in Theorem 4.7
that if %B < O, there is an asymptotic expansion with respect to the variable y,, in some
sector in C*:

FB;iy) ~ > A m,y/)y—;‘r:, (1.1)
m)!

0
¥n=> meN

WheI‘e y/ = (yd+1, LIS IYn—l) and

n—1
AB;m,y) :=/ PAmaAm exp [+ g+ D y®Y | de
Dp,s j=d+1

Assumption 4.4 plays an essential role in the proof of this result. Without
assumption (1), we might need to impose further conditions on the arguments of y,
e.g. conditions (3.5); for all j, in order to guarantee the convergence of F(g;y). Without
condition (2), the vertex a(n) could have negative components and the integrals defining
the coefficients A(8; m,y’) would fail to be convergent for m large enough.

Then we prove in Lemma 4.9 that F(8;y) admits a meromorphic continuation
F(B;y), with respect to the variable B, with poles at most in a countable locally

finite union of hyperplanes P in C%. The proof of this lemma uses that the points
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a(d+1),...,a(n) belong to 21?21 R_ya(k) = RZO, which follows from conditions (1) and
(2). The set P is contained in the set of so-called resonant parameters of A [12, 2.9] and
it is explicitly described in terms of the columns of A. We also prove in Lemma 4.10
that, for any fixed parameter 8 ¢ P, the meromorphic continuation F(8;y) admits an
asymptotic expansion along y,, = 0 and that the coefficients A(B; m,y’) of this expansion
are the analytic continuation of the previously introduced A(8; m,y’).

In Section 5 we prove that when RS < 0 and B is sufficiently general, the
integrals F(B;y) are in fact equal to integrals over rapid decay cycles in the sense of
[15] (see Theorem 5.3). The statements involving Borel-Moore cycles are weaker because
the analytic continuations are not expressed by integral along cycles when %8, > 0 for
some k. Another reason is that they are not cycles in the suitable homology adapted to
the problem, like for Hien's rapid decay homology. The notion of rapid decay cycles is
explained in Section 5.1. Section 5.2 is devoted to the construction of rapid decay cycles.
We start from a product of Hankel contours, along which the hypergeometric integrals
are grossly divergent, but then we build a refined towards infinity version of this
product along which convergent integrals are obtained. These integrals in Section 5 are
also defined when %18, > 0 for some k and they are still solutions of M, (8). In Section 5.2
we prove, by using Section 4, that these integrals admit asymptotic expansions as

Gevrey series solutions of M, (8) for non resonant g in ce.

2 Products of Lines for Rapid Decay
2.1 Notations

Let us slightly change our notation used in the introduction and let us start with a pair
(B,y), where B := (b(1),...,b(n)) € (ZH" is a d x n matrix, described as a list of columns
such that ZB := Zb(1) + - - - + Zb(n) = Z% and where y is a parameter vector in Cce. We

are concerned with integrals:

n
Io(yix) =1o(yi Xy, ..., X,) == / tr-1 exp (Zxﬂtb“))dt,
C

(=1

wherel =(1,...,1) € N4 and C is a suitable cycle.

To make precise this definition let us specify some conventions and notations.
As already mentioned, C is a cycle on the universal covering (C¥)% of (C*)%. We identify
(@‘)d with C% or with RZO x R% and write z = (logr + /—10) or (r, ), respectively, for
)d

the coordinates on (C*)¢ with 6, a branch of argt, t, = exp(z;), and r,, = [t;|. We set, for
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any vector v € C%, tV = 1‘[2:1 t,‘gk. This is a multivalued monomial, namely the function

on the universal covering:

d
exp (z,v) = exp (Z vilogry ++v—1 Hk)) ,

k=1

where we set, given two vectors u,v € (Cd, (u,v) = Zgzl U V.

2.2 Description of cycles of rapid decay at infinity

If r C {1,...,n}, we denote by B, the matrix whose columns are b(j) withj € r and by 7
the complement of 7 in {1,...,n}.
Recall that a subset o C {1,...,n} is called a maximal simplex for B if the

columns {b(k),k € o} form a basis of R%. Such a maximal simplex o is also called a
base in [11, Sec. 1.1]. We often identify the set o with the set of columns {b(k), k € o}.

We fix a maximal simplex o for B and take x € C" such that x; # 0 forall k € 0.
We also fix p = (Pp)ke, € Z° = Z%, 8 = (8)ke, € R7 ~ R? such that || < § forall k € o.
We denote by C, ; the cycle in the space (C*)4 described by the following condition on
the argument 6 := argt of t € (C*)¢ (i.e. !0 := (argt,,...,argty)):

arg(xktb(k)) =argx; + (b(k),0) = (1 + 6, +2p,)r forallkeo. (2.1)

Remark 2.1. The cycle C, 5 depends on x,, := (Xp)e, € (C)7 = (C*)? and also on a
choice of its argument. However, a change in this choice yields only a reindexation by p
of the unchanged set of these cycles. For that reason in all our statements we stick on

x, € (C*)° without passing to the universal covering of (C*)°.

From now on we will denote Is(y;x) = Icp,a(V?X)- The cycles Cps are a slightly

modified version of cycles considered in [13, Sec. 4.4].

Let us set © := |Z, 3| + 27Z. The equality (2.1) can be globally rewritten using
matrix notation:
argx, + ‘B0 = (1+68+2p)mw € ©°. (2.2)

There is a unique solution 6 of the previous equation
0 =('B,)"" (—argx, + (1 +5+2p)) (2.3)

so that Cps is the cartesian product of d open half-lines.
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Given p,p’ € Z%, let § = argt, 6’ = argt’ be the corresponding unique solutions
for equation (2.2).

If (‘B,) " '(p—p) € Z¢% then # —6’ € 27 7% and the projections of the two cycles Cps
and C, 5 on (C*)? are the same. We check that the convergence of the two integrals along
the cycles Cp,(S and Cp/,a are then equivalent to each other and, moreover, the integral

solutions differ only by a constant factor:

n

d

Ly s(y;x) = /C et exp( > Xetb“)) dt = e 2TV R ML (y; %)
P8 =1

forsomem; € Z, k=1,...,d.

When p varies in a set of representatives of %, we will see that the
convergence of the integral I, ;(y;x) depends on § (see Remark 2.2 and Lemma 4.5).
However, choosing in each such class an appropriate §, we can find, as a consequence of
our main result and under some conditions (see Assumption 4.1), [Z¢ : Z 'B,] = | detB, |
many integral solutions I, s(v;X) which are linearly independent (see Theorem 4.3).

We will see in the proof of Lemma 3.2, after the change of variables defined in

Section 3, that the cycles C, ; are of rapid decay at infinity.

2.3 Sufficient conditions for moderate growth

Sufficient conditions for the convergence of the integral I, s(y;x) are detailed in the
next section (see Lemma 3.2 and Remark 3.6). As a preliminary step let us look here at a
condition for bounding the exponential term in that integral; let us notice that condition
(2.1) implies that %(x;t*®) < 0 along C,, 5 for any x;, € C*, k € 0. If we additionally could

ensure that
arg(xjtb(j)) € ® forallje o such thatx; #0 (2.4)

(see Remark 2.2 below) then the argument of the exponential has negative real part along
Cp' s; hence, the absolute value of the exponential term in the integral L, s(v; x) is bounded
by 1. Then if we take into account the term ¢t =¥ !, the integrand of I, s(v;x) has moderate

growth along C,, ;

Remark 2.2. Let us notice that condition (2.3) determines a unique cycle Cp;s for a
given p and §. It is not clear that for given x € (C*)° x C? and p € Z° one can always
choose § € R? for this cycle to satisfy conditions (2.2) and (2.4). It is therefore interesting

to weaken these conditions by keeping only the significant ones. In Lemma 3.2 and
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Remark 3.6, completed by Remark 3.3, we do this with a reduced version of the variables

x renamed y.

We will see in the next section that conditions (2.2) and (2.4) are sufficient
convergence conditions for the integrals I, ;(y; x) when combined with a condition on
the parameter y. After an appropriate change of variables we can interpret them as a
condition of rapid decay at infinity, see the proof of Lemma 3.2.

We notice that C,; is a Borel-Moore cycle in (C%9 but not in general a rapid
decay cycle in the sense of [14], see Remark 3.5.

However, we shall prove in Section 5 that the integral along C,; is equal to
an integral along a rapid decay cycle (see Theorem 5.3) under Assumption 4.4, and for
values of y that guarantee convergence. Our result can be then interpreted in the frame
of [6, Th. 4.5].

3 A Change of Variables and Explicit Calculations

We will assume for simplicity, after a possible reordering of the variables, that the
maximal simplex o is {1,...,d}. Let us fix x € (C*)¢ x C" ¢, and an argument of all x;
with k € 0. We consider the finite to one covering (C*H% — (C*% of degree detB,, given

by the formula:
s, = x,t°® fork e o.

We think of it as a (ramified) toric change of variables. We fix a branch of log x, and we

consider the bijective change of variables on the universal covering (C*)¢ ~ C¢, given by
logs; —logx;, =logt- b(k).

Fractional powers like x7 with v € Q¢ have the natural meaning x7 = exp(logx, -
v), and the inverse mapping on (C%% can be read as follows using these fractional

powers:

s B;le(k)
tkz(—) fork € o,

X5

where (x%) is the vector with coordinates s;/x; and (e(k));., is the standard basis of Z<.

The image D,, ; of the cycle C,, ; described in Section 2, is determined by the conditions:

args; = (1 + 6, +2p;)nr forallkeo. (3.1)
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The d- form dtl A A ‘i—';d is well defined on ((E;)d, and we have
dte _ ds®>e® Zd:( 51)
ty Bale) & ik s’

i=1

so % =detB;!. %. The integral I, ; is transformed as follows:

L (yi%) = /C e exp (S xe0) at = |
D8

Cp,s

dt
t77 exp (ertb(e)) r
=/ (X—) exp Zsk-}-ZXXg 'b0) . 5B b0 det(B,, 1)—
Dp,(s

g keo jéo

The final result is

— — _p-1 - _ .
I,s(y;x) = det(B;l)XaBaly/ s~B'r-1 exp Zsk + ZXanB” b0 . 5B '00) | g,
Dps keo jd¢o

Lemma 3.1. Sufficient conditions for the absolute convergence of I, s(y;x) are
vp—1 38! 7B;1b(])SB71b(]) . —
MB, "y <0 and N(x;xy o Py <0 Vjea such that X;#0, Vs€ Dy

Proof. The 2nd condition is a direct translation of (2.4). It is sensitive to the choice
modulo 277 of args;, for k € o, since the matrix B, !b(j) may have coefficients in Q \ Z.

We have s; = —|sk|eﬁ”3k and (Is{],....Is4) € R‘io parametrizes the cycle. Since
all the terms in the argument of the exponential term in I, ;(y; x) have negative real part,

we have

NS s+ D xx, 0 P00 ) < M(Zsk) < —c(ZIskl)

keo Jjéo keo keo
with ¢ := min; cos(wé;) > 0.
Therefore, the integral I, ;(y; x), without the prefactor det(B; )x Bs 7 is domi-

nated by the following convergent integral with o, = R(—(B;ly)) —1 > —1:

/ r"‘exp(—chk)dr—c lrf— dF(a+1),

keo

wherer = (ry,...,rg la|=a; +---+ a4 and F(a+1)=]_[g:1[‘(ak+l). |
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We now define a reduction of the integral Ip,S(y,'X), which contains all the
essential information. We put aside the initial monomial XUBEIV, and the constant
det(B;!), and the remaining integral can be expressed via a function of n — d variables

y indexed by 7

1. 13
GpsVi¥) =Gps(ViVatsir--- 1 ¥n) :=/ s Bo v "lexp Zsk+2ystﬁ b ) ds. (3.2

Dpys keo j¢o

The formula relating I, ;(y; x) to the previous integral is
_ -1
Ls(v;x) = det(B,)x,% 7 G, 5(v; y), (3.3)

_B-1p(
where y; = XX, B, b0 forjeo.

3.1 Reduced version of hypergeometric integrals

In order to simplify subsequent calculations we shall use a more handy version of the
integral Gps(viY) by renaming the exponents.

We consider g € C% and a d x n matrix A = (a(l),...,a(n)) with rational
coefficients and with (a(l),...,a(d)) = (e(1),...,e(d)) the unit matrix. Writing ¢t instead

of s, we define

n
Fps5(Biy) :=/ P exp [t +- g+ Dyt | dt (3.4)
Dps j=d+1

and we recover G, ; by setting A =B;'Band f =B,'y in F, ;.
Now we transpose to F, s(8;y) the two sufficient conditions in Lemma 3.1. The
1st one simply becomes R B, < 0, for all k € o, and we shall assume it until the end of this

section. Then we focus on the 2nd condition in Lemma 3.1. This condition transposed to
F,s(By)is

arg(yjt“(j)) =arg yj+(1+38+2p, a())r € © forj € ¢ such that y; #0. (3.5)

We shall prove in the next two lemmas, that a part of conditions (3.5), is already

sufficient to guarantee the convergence of the integral F, s(8; y).
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We set y, = 1 for k = 1,...,d. Notice that condition (3.5); is satisfied for all
k € o because t;, = y;t*® and |8;| < 1/2. So, condition (3.5) is equivalent to

arg(y,t*Y) = argy, + (1 + 8 +2p, a(f))r € ® for e {1,...,n} such thaty, #0. (3.6)

Recall that A, denotes the convex hull of {0,a(1),...,a(n)} in R%, Let dA, be
the union of the facets of A, not containing the origin and let r, be the set of indices
¢ e{1,...,n} such that a(¢) € 9A,. We denote by n C 7, the set of indices for the vertices
of Ay.

Lemma 3.2. Assume that y, # 0 if £ € 7,4. The set of conditions (3.6), for £ in 7, is
sufficient for the integral F, ;(8; y) to be absolutely convergent, when % < 0.

Proof. Let M(t,y) denote the argument in the exponential term in the integral (3.4). We
need to provide a bound for RM(t, y). We set t := 7, Uo. We can write, forj ¢ t,

a() = > vya) (3.7)

len

with0 <>, vy <landv;, >0forall{ enandj¢r.
We set

£, = |y, t*9| for £ e 7.

By the condition (3.6),, there exists ¢ €]0, %[ such that for all £ € r one has
R(y, t*Y) < —£,cos V.

Recall that

M(t,y) =3y t®O + D yt®? =yt O + Yy [ ey =

Let Jjét Let jér  Len

=2 vt + > [t

tet Jjér Iléen Len

Therefore, we get

v]'[
Zeny%

RM(t,y) < — (z ée)cos o+

tet jét

—(Zég)cosﬁ —i—Kmax((Zée) ,1), (3.9)
let let

(max £ ten it < (3.8)
en
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L\)je is a constant for a fixed value
ten Yy

of y € (C)". Set & := >, ., §. We see that RM(t, y) is bounded by —& cos ¥ + Kmax (§°,1)
that tends to —oo when & — +o0.
It also follows that | exp(M(¢, y))| is bounded:

where k := max;s, (2 e, V) < 1, and K = >

|exp(M(t,y))| < exp(—& cos ¥ + K max (£°,1)) < e,

where L := supée]&o(—g cos ¥ + Kmax (£, 1)).

Since ¢ C 7, we have § = (>, &) > It;] + -+ + |t4] and we get a rapid decay
condition when |t;| + --- + |t ;| — +oo. There are positive constants ¢ > 0 and R > 0
such that

[t] 4+ [tgl > R = |exp(M(t, y))| < exp(—c(|t;|+ -+ [t4]).

It is convenient for further calculation to incorporate the upper bound e’ in a global

inequality. For C = L + cR > 0 we have that
Vt € D, lexp(M(t, )| < exp(C —c(t;|+---+ [tg]). (3.10)

The absolute convergence of the integral F, ;(8; y) follows now exactly as in the proof of

Lemma 3.1 by the assumption %, <Oforallk € {1,...,d}. | |

Remark 3.3. Notice that for fixed p € Z¢ and § € R? with 8,1 < 1/2, the set of
conditions (3.6), on y = (Vg,1,.-.,¥y,), for £ € 74, defines an open set W C Cld+1--mhm
(C*)™a\?, On the factor (C*)™\° this open set is a product of open sectors. In the more
specific situation of Section 4, since 7, = ¢ U {n}, there will be only one sector for the

variable y,,, see Remark 4.6.

Remark 3.4. If y varies in a compact neighborhood of a given point y, € WV we can
replace in (3.10) the constants ¢, C by constants independent from y = (yz,1,...,¥,). We
can also take a uniform bound for [t~#~!|, when % is bounded from below. This implies
that F, ;(8;y) is analytic with respect to (8,y) by Lebesgue’s theorem on dominated

convergence for integrals.

Remark 3.5. Notice that, in general, we don't have rapid decay at the origin. For

example, if the matrix A has only positive entries, the exponential term in the integral
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F,s(B:y) tends to 1, when |t;|+--- 4+ [t4z] — O, and the integrand behaves at the origin as
the factor t—#-1.

Recall that 5 is the set of vertices of A, different from the origin. We may weaken
the hypothesis in Lemma 3.2 as follows: we have an analogous formula to (3.7) for all
j ¢ nUo, namely a(j) = ZZGn nga(é), with Kj = ZZGU v, < L Precisely, ki = 1 for
Yj

>
je
ten Yy

jet\(nUo) and/cj<lforjgér:tAUo.WesetKj: forj ¢ nUo and we

obtain the following.

Remark 3.6. The set of conditions (3.6), for ¢ € 7, is sufficient for the convergence of

F, 5(B;y) when y varies in the nonempty open set in (C*)"~4 defined by ZjET\(nUU) K; <

cos ¥.
More precisely, we can write down a refined upper bound of the real part of the
exponent
Kj 1
WMt y)<—[ D g lcosv+ D K[ D &)+ D K| D&
tenUo Jjé¢t tenUo jet\(nUo) tenUo

Thus, the conclusion follows by an argument similar to the one in Lemma 3.2.

4 Obtaining the Gevrey Series

Given a matrix B = (b(1),...,b(n)) as in Section 2 and v C {1,...,n} we denote by A,
the convex hull of b(k), k € 7, and the origin. We assume, after a possible reordering
of the variables, that o := {1,...,d} is a maximal simplex for B, i.e. {b(1),...,b(d)} is
a basis of R%,

Assumption 4.1. We assume that the matrix B satisfies

(1) The points b(d +1),...,b(n — 1) belong to the interior of A_ and

(2) b(n)isnotin A, and belongs to the open positive cone of .

Remark 4.2. We notice that, under the above assumption, it follows from [1] that,
for any y € C¢%, the singular locus of the hypergeometric system Mjg(y) is equal to
Ukeo1xx = 0} U {x,, = 0}. Furthermore, by [28], Mz(y) has a unique slope along the

coordinate hyperplane {x,, = 0}.

The main result in this section is the following theorem announced in the

Introduction.

220z 2unp gz Uo JasN BJIIASS 8p PepISISAIUN Aq $908Y9S/EZ8 . L/EZ/LZ0Z/2101E/UIWI/LO0Y"dNO"0ILISPEOE//:SARY WO PAPEOUMOQ



Gevrey Expansions of Hypergeometric Integrals II 17837

Theorem 4.3. In the above situation, let us assume that y € C¢ and RB;ly) < 0.
Then,

(1) There exists a finite number of cycles Cps such that all the Gevrey solutions
of Mg(y) along the hyperplane x,, = 0 can be described as linear combina-
tions of the asymptotic expansions of the integral solutions ICp,{S(y;X)'

(2) For each cycle C = C, 4, there are meromorphic continuations with respect to
y in C%, of both I (y; x) and of the coefficients of the asymptotic expansion
to the whole C<.

(3) For any y € C% that is not a pole, the meromorphic continuation of Io(y; x)
has an asymptotic expansion whose coefficients are precisely the values at
y of the meromorphic continuations of the coefficients of the asymptotic

expansion of I(y; x).

In the next three subsections we are proving the analogous result for the reduced
version F,; of the hypergeometric integrals Ic,,: see Section 3.1. The transfer of the

results to the integrals I;_; in the form of Theorem 4.3 is immediate.

4.1 Existence of asymptotic expansions for the integrals

As we did in Section 3.1, let us consider 8 € C% and A = (a(1), ...,a(n)) is a d x n matrix
with rational coefficients and with (a(l),...,a(d)) = (e(1),...,e(d)) the unit matrix.
Let us denote by |a| = a; + --- + a4 the sum of the coordinates of any vector a € Q%.

Assumption 4.1 takes the following form in this reduced presentation.

Assumption 4.4. The matrix A satisfies

(1) Forj=d+1,...,n—1,therational vector a(j) is in the open positive orthant
in Q¢ and la()| < 1.
(2) The rational vector a(n) belongs to the open positive orthant in Q¢ and

la(n)| > 1.

Lemma 4.5. For )i < 0 and under Assumption 4.4 one can find for each y, , € C*,

and each p € Z% a value of the parameter § € ] — %, %[d such that the integral Fps(B:y) is

absolutely convergent.

Proof. Indeed by Lemma 3.2 it is sufficient to choose § such that equation (3.5), is
-1 1
22
(8,a(n)) is an interval | — |a(n)|/2, |a(n)|/2[ of length greater than 1. |

satisfied. Such a § exists because |a(n)| > 1 and the image of ] [d by the map § —
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Remark 4.6. Let us fix p,§ and a branch «,, of argy, o satisfying condition (??),,. This
defines the subset ;R C R of allowed arguments argy,. Let S, ; C C* be the sector
defined by argy,, € R, the connected component of ¢, in . Like in Remark 3.3, S, ; is

independent of the choice of «,,.

Theorem 4.7. If %if, < Oforall k =1,...,d, then for any given Yno € C* there is an

asymptotic expansion with respect to the variable y,, in the open sector S, ;:

ym
FpsBiy) ~ 0 D ApsBimy)

n—0
meN
where y' = (Vg,1,.-., V1) and
n—1 '
Ap,a(,B} m,y/) = / t—B-1+ma(n) exp [ty +---+tz+ Z yjta(]) dt.
P Jj=d+1

Proof. We have to prove that for any integer N > 0 there exists Ky = Ky(8,y) > 0

such that
N-1

ym
FosBiy) = D Aps(Bim,y) 2| < Kyly, Y
m=0
holds for every y,, € S, ;.
Let
N-1_m
dy(z) =€ — z —
m=0
for z € C. Then we have
|2|Y

[Py (2)] < T for all z such that %z < 0.

Recall that by the assumption on § we have 9%(y,t*™) < 0 when ¢ € D, ; since

Vn € Sps- Thus, we have

AR I

N-1 ym
Fys(Biy)— D Aps(Bim, v
m=0

where

Q Vv, N) = te(MN—p~-1 t ¢ = £a() Py (¥, t*™)
pa(Piy ) = exp |t 4 Hitg+ Dy (y (8N

Dps j=d+1
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The absolute value of the integrand in Q,, 5(8;y, N) is bounded by the function

-1
1 N—-p—-1 n§ j
17! ta(n) p exp tl + -+ td + y]ta(’) ’
j=d+1

which is independent of y,, and integrable over D, ; by Lemma 3.2 (that can be applied to
the submatrix of A defined by its 1st n — 1 columns because of Assumption 4.4). Notice

that we use here that R(8 — a(n)N) < 0 for all N > 0 since a(n) does not have negative

coordinates.
Thus, there exists Ky = Ky (B8,y’) > 0 such that Q, 5(B;y,N)| < Ky. This finishes
the proof. |

Remark 4.8. Notice that Apls(ﬁ;m,y/) = Fp5(B — ma(n);y’) for the submatrix of A
defined by its 1st n — 1 columns. In particular it is analytic with respect to (8,y’) by
Remark 3.4.

We extend Theorem 4.7 to nonnegative values of Mg, in Section 4.2.

4.2 Analytic continuation with respect to g

In this section we focus on the analytic dependency of F(B;y) = F, ;(B;y) on B. Let us
take y, o€ C*and p € 7%. We choose § as in Lemma 4.5 and we omit p, § in the remainder
of this subsection. We assume now that y belongs to C?~4~1 x Sp 5, Where the sector S, 5
is defined in Remark 4.6.

The integral F(8; y) is a solution of the reduced GG-system (see [13]):

BFB:y) = D ary F(B—a);y)+F@B—ek)y) fork=1,...,d (41)
{=d+1

F
F(B—a(l)y) = %(ﬁ;y) fort=d+1,...,n. (4.2)
14

Lemma 4.9. The function F(3; y) admits a meromorphic continuation with respect to
B, denoted by F(B;y), with poles at most along the countable locally finite union of
hyperplanes

d
P:= [ J1B € CY B € m(NA)),
k=1

where NA = Na(1) + --- + Na(n) and =y, : Q% — Q denotes the projection to the k-th

coordinate.
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Proof. The initial domain of analyticity of F(B;y) is defined by %8, < 0 for all
k =1,...,d. Let us fix conditions %p;, < 0 for k = 2,...,d and extend the domain
of analyticity in the coordinate B, using equation (4.1); as follows. The functions
FB —al);y) for ¢ = d+1,...,n and F(B — e(1);y) are analytic for R, < a; =
min,{a({),, 1} and hence it follows from equation (4.1); that F(B;y) is meromorphic in
NP, < a, with at most a pole in g; = 0.

In the general inductive step for the variable 8,, we assume that F(8;y) is
meromorphic in the half-space %8, < (q — 1)a,. Then, on the domain defined by
NB; < qa,, the right-hand side of (4.1); is meromorphic, with poles of type g; =c+1, or
B1 = ¢+ a(¥);, where B, = c runs over all the poles of F(8;y). We obtain that F(8;y)
is also meromorphic in the same domain adding these new poles to those already
found. Thus, by induction, we get that F(8;y) is also meromorphic for 8, € C and
NP, < 0 for k = 2,...,d with poles at most along g; = >}’ 4., mea(®), + m’, for all

Mayqr-- My, m’ € N. By an analogous argument in k = 2, ..., d we get the result. [ |

Notice that the equations (4.2) are then satisfied by F(8; y) by analytic continu-
ation on U := C%\ P.

Lemma 4.10. For any fixed g €, F(B;y) admits an asymptotic expansion along y,, =
0 in Sp,(g- Furthermore, the coefficients E(ﬂ;m,y’) of this expansion are analytic with
respect to 8 € U. Hence, they are analytic continuations of the coefficients A(8; m,y’)

described in Theorem 4.7.

Proof. It follows from an induction starting from Theorem 4.7 and parallel to the
one used in the proof of Lemma 4.9 that for any fixed g €, F(B;y) admits asymptotic
expansions along y,, = 0 in Sps- BY construction, these analytic continuations satisfy

equation (4.1), for any 8 € U. This implies that the coefficients A(B8; m,y’) of these

expansions satisfy the following equations fork=1,...,d:
BABim,y) = AB —ekimy)+ > aly AP —a@);m,y)
t=d+1 (4.3)

+ma(n)AB —amn);m—1,y).

Again by an induction like in Lemma 4.9, using (4.3) and Remark 4.8, Zl(,B; m,y’)
is analytic with respect to 8 and y’, hence as a function of 8 it is an analytic continuation
to U of A(B; m,y’). [ |
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We have proved the following theorem that implies the last sentence in

Theorem 4.3 when we return to the integrals I.(8; y).

Theorem 4.11. There is an asymptotic expansion along y,, = 0, in an appropriate open

sector S, ; around any half-line R_ -y, o C C*:

~ ~ ym
Fps(Biv) ~ 2 ApsBimy) L,
meN

where lela (B; m,y’) is the analytic continuation of Aps(B; m,y’)to B € U.

4.3 Parametrizations

We go on working with the reduced form of the integral described in (3.2-3.4), and we

study integrals of the form
n o
Fp,a(,BPY) =/ tp-1 exp [ t; +---+tg+ Z yjta(]) dt.
Prs j=d+1

Lemma 4.12. If %S <0, then

AY5(B) = /D t P Lexp(t) + -+ tg)dt = eV LT @PPHLAIr(p),
DS

where I'(—8) := [[_, T(—8y).

Proof. Theintegrand t~#~!exp(t;+- - -+t )dt is of rapid decay at infinity in the product
of d sectors defined by the condition:

arg(ty) € [(1 + min{0, 8;} + 2p; )7, (1 + max({0,d;} + 2p;)=l, k€ o.

Thus, since this product of sectors contain Dy, and D, 5, we know by elementary

P’
considerations in one complex variable, that Ag,a (B) does not depend on §; €] — %, %[ and
50 A ((8) = A 5(B).

We parametrize D, ; by ¢, = pkeﬁ”@pk“) = —p with p, €]0,+00), and the

result follows directly from the expression that we obtain

Apo(B) = /]0 y exp(v—17(2p +1,—p)p "~ exp(=p; —--- = pg)dp.
;00
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Since Ag,a (B) does not depend on §, from now on we drop § and set Ag(ﬂ) =
Apo(B) = Ap5(B).

We notice that F,;(8;y) is locally constant with respect to § by a similar
homotopy argument. However, the dependency on § of F, ;(8; y) must be kept because
the argument by homotopy works only for small perturbations of §. This does not allow
a reduction of § to zero. Let us now make the analytic continuation of the coefficients
of the asymptotic expansion described in Theorem 4.7 more precise by developing them

with respect to y’.

Lemma 4.13. The coefficients of the asymptotic expansion described in Theorem 4.7

are analytic functions of the variables y’ with the following power series development:

n-1 /m
ApsBimy) = 3 AY(p-mam)— Y ma() | i (4.4)

m'en-d-1 j=d+1

Furthermore, this expansion is still valid for the meromorphic continuation of
Aps(Bim, y’) found in Lemma 4.10 and the meromorphic continuation of Ag(ﬁ) deduced

from Lemma 4.12.

Proof. Recall that, when R < 0 the coefficient we consider has the form

A, s(B;im,y) =/ p(B; Yy vdt

Dp,s

with

n—1
eBiyit) =t P MM exp [ 1)+ g+ D yt?

Jj=d+1

We set [t;| = p for k = 1,...,d and we parametrize Dy s by o € R‘io. We fix a
polydiscQ ={y’ | lyjl <R j=d+1,...,n—-1} C cn-1-4,

The function ¢(B; y’; t) is holomorphic with respect to y’ € C*~94-!, By the same
argument as in the proof of Lemma 3.2 and inequality (3.10), the integrand ¢(8; y’; t)dt
is dominated, via the parametrization ¢, = e(!*%+2PkV=17, and up to a constant

factor, by
pfﬂiﬁera(n)*l exp(C —c(py + -+ pg))dp

for some constants C,c¢ € R_,. These constants depend only on Q but not on y’ € Q by

Remark 3.4 applied to A, ;(8; m,y’) instead of F,, ;(B; y).
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Foreachj=d+1,...,n—1, the integral

dp(B;y'; t
/ A% )dt
Dp'a BYJ

has an expression similar to the one for A, 5(8; m,y’), with g replaced by g —a(j). By the
same argument as for ¢, the integrand %}Z;t)dt is dominated, up to a constant factor,
by

p—mﬂ+ma(n)+a(f)—1 exp(Cj — ¢j(py + -+ + pg))dp

for some constants C;, ¢; € R, independent of y’ in the polydisk Q.
By Lebesgue’s theorem on dominated convergence for integrals, these consider-

ations prove that A, 5(8; m,y’) is holomorphic with respect to y’ and that

dA, s(B;m, ¥ =/ dp(B;v'; t)dt
Dp,(s

ay; ay;
forallj=d+1,...,n— 1. If we iterate the argument we obtain an expression of the
partial derivatives of A, 5, up to any orderm’ = (Mg, ..., M,_;):
™A Bmy) / M™epiyit o
amd+lyd+1 . amn—lyni1 Dps amd+lyd+1 . amn—lyn71

Setting y’ = 0 in this last expression gives the coefficients of the Taylor expansion of
A, s(Bim, y’) with respect to y’ at the origin. This proves the equality (4.4) when Rg < 0.
The last claim of this lemma follows from the explicit calculation in Lemma 4.12

from which we see that the coefficient of ’;;1—17, is equal to

n—1
Ag B —ma(n) — Z m;a(j) | =
j=d+1
\/jln<2 +1,—B+man)+> "} m'a(]')> =
e P F=d 1l TTEEIT [ —B + ma(n) + Z m;a(j)
Jj=da+1

By the standard properties of the I'-function, this coefficient admits a mero-
morphic continuation with respect to 8, with poles along a subset of P defined in

Lemma 4.9.
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When B € C2\ P the right-hand side of (4.4) is still defined and yields a
convergent power series defined for all y’ € C"~9~! because of the conditions |a(j)| < 1
forj=d+1,...,n—1, and standard estimates on I'-functions (see, e.g., [7, Lemma 3.8]).

Therefore, it is an analytic continuation of the power series defined for )i < 0.
The equality (4.4) follows everywhere in C¢ \ P with the meromorphic continuation of
Aps (B; m,y’) on the left-hand side, defined in Lemma 4.10. [ ]

Remark 4.14. Notice that as a consequence of Lemma 4.13 the function Aps(Bi m,y’)

does not depend on §.

4.4 Space of asymptotic expansions and Gevrey series

In this section we finish the proof of Theorem 4.3. For any k € N4 let us set
Agi={k+m= (kg +mg, ...k, +m,) eN"%: A_m ez

and define
yk+m

ScBiy) = D elrlmlny=Ip (g +Ag(k+m)))m.

k+meAy
Notice that the coefficients of the series S, are meromorphic with respect to
B € C% with at most simple poles along each hyperplane in P. In particular, if 8 ¢ P all
these series are well-defined nonzero power series with support equal to A, since the
Gamma function does not have any zero. It can be proved by using standard estimates of
Gamma functions that these series are Gevrey along y,, = 0 with Gevrey index |a(n)| > 1.
Let Q € N"9 be a set of cardinality [ZA : ZA_] such that

{Ak+ZA, : keQ)=TZA/ZA, = ZAZ°.

We notice that the existence of such @ € N"¢ follows from [7, Lemma 3.2]. It is
clear that G = {Si(B;y) : k € @} is a linearly independent set because the series Sy
have pairwise disjoint supports Aj. Using Theorem 4.7, Lemma 4.12, and Lemma 4.13,

we have

qn
. - . nYn
Fp,é(lgrY) Yn—0 2 Ap,B(IBanIY)_qn!
gqneN

q q
= Z Ag(ﬂ —Aﬁq)y—' — Z eV —17(142p,—f+Asq) (=8 + A5 q) Y
qeNn—d T qeNn—d
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k+m

_ oV 1n(142p,—f) V=17 (1+2p,Az(k+m)) 1 (_ Y
—eV 17 > 2 e T (= + A+ m) G
keQ k+meAy

zeﬁn(1+2p,—ﬂ)Zeﬁn(l+2p,A;l{> Z erln(l,Agm)r

keQ k+meAy
Yk+m
— A—(k L S—
(=h + 45+ m) G
:eﬁn<1+2p,—ﬁ) z erln(Zp,Aglt)Sk(ﬂ; y)

keQ

Notice that previous power series is formal with respect to y,,, with convergent
coefficients. More precisely, it is a Gevrey series along y,, = 0 with Gevrey index
la(n)| > 1. We notice also that %8 < 0 implies that %(8 — A5;q) < Oforallq € N*—4, by
using Assumption (4.4), which guarantees the convergence of all the integrals involved
in Section 4.3. By the last claim in Lemma 4.13, this calculation is valid everywhere
in the domain of analytic continuation C¢ \ P, since the argument applies also to the
coefficients of the series Si (8;y).

The matrix of coefficients of the series Si (8; y) in the asymptotic expansions of

the functions

eﬁﬂ<2p+l'ﬂ>Fp,5 B;y)

is (eﬁn(zP'A?m)k'p, where k varies in Q. If p varies in an appropriate set of [ZA : Z%]
elements, this matrix is square and invertible. Indeed, we have ZA/ZA_, = 7A]7% ~
74 /ZM, where M is the matrix of coordinates of the canonical basis of 74 with respect
to a basis of ZA/Z%. Thus, the matrix (eE”(ZP'AFk))k,p is invertible by [19, Proposition
6.3], if p runs in a set of representatives of the quotient Z%/Z M. In particular, if 8 ¢ P
the set of holomorphic functions F, ;(; y), where p varies in this set of representatives,
is a linearly independent set and any Gevrey series along y,, = 0 in the space generated
by the series {Sy(8;y) : k € @} is an asymptotic expansion of a linear combination of
the integrals F, ;(8; y).

Now if we start from the matrix B in Section 2 and we apply the above results
with the matrix A = B, !B = (I, B, ! B;) and the parameter 8 = B, !y, we obtain a similar
statement for the integrals I(y;x) using (3.3) and (3.4) if we set v = XJ-X;Q(D for all
j=d+1,...,n,ory = XEX;BEIBF. Precisely, M can be chosen to be B,. We get that
Xf‘;ly - G is a linearly independent set of Gevrey series solutions of My(y) along x,, = 0

with Gevrey index |a(n)| = |B;'b(n)| > 1 if B ¢ P. Again this transformation involves a
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choice of arg x_, but by Remark 2.1 and (3.3), a change in this choice does not modify the
basis G except for constant factors.

It is enough to prove that the dimension of the space of Gevrey series solutions
of My(y) along x,, = 0 is at most equal to || = [Z¢ : ZB,] when % < 0. To this end,

notice first that, if

f= me(Xlr--an—l)X:Ln

m=0

is a Gevrey series belonging to this space, then the initial part of f with respect to
the weight vector w = (0,...,0,1) € R” has the form in,(f) = f,,(x;,....x,_;)x) for
some m > 0 and it is hence a holomorphic function. Thus, by the same argument as
in the proof of [27, Th. 2.5.5], it is a (holomorphic) solution of in(_w,w)(HB(y)). This
last ideal is the initial ideal with respect to w of the hypergeometric ideal associated
with (B, y) (see [27, p. 4]). In particular, the dimension of the space of Gevrey solutions
is at most equal to the rank of in(_wlw)(HB(y)), because one can choose a basis of
Gevrey solutions of My(y) such that their initial parts are also linearly independent
(see [27, Proposition 2.5.7]).

On the other hand, by using [27, Lemma 2.1.6] for (u,v) = (0,1) and (v/,v) =
(—w, w), we have that the initial ideal of in _,, ., (Hp(y)) with respect to (0, 1) is

ing 1y (n_y, ) Hg(y))) = in, (Hg(y))

for L = (—w, w) + €(0, 1) with € > 0 small enough.

Thus, by [28, Th. 4.21, Rk. 4.23, and Th. 4.28] for L = (—w,w) + €(0,1) and
Assumption 4.1, we have that the holonomic rank of in(fwyw)(HB(y)) equals || if y is
not rank-jumping for B (i.e., if rank(My(y)) = d!Vol(Ap)), a condition that is weaker
than RB = SR(B;I)/) < 0 by [1, Th. 5.15] (see also [27, Cor. 4.5.3]). This finishes the proof
of Theorem 4.3.

Remark 4.15. Notice that the proof of Theorem 4.3 shows that the constructed set
of Gevrey series solutions ngly - G is still a basis of the space of Gevrey solutions of
Mp(y) along x,, = 0 when y is not rank-jumping and g = B, 'y ¢ P, where P is defined
in Lemma 4.9. We do not know if under Assumption 4.1 the condition of y being rank-
jumping implies B € P. However, it is true that if y is rank-jumping then it is semi-
resonant [1]. In particular, under Assumption 4.1, y is semi-resonant for B if and only
if B eP = ngl{ﬂ e CY By € m(ZAN Rgo)}, where 7 is the projection to the k-th
coordinate. Notice also that P € P.
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Remark 4.16. In [7, Sec. 3] the author constructs certain Gevrey series solutions ¢ x
for the hypergeometric system My(y). Using Euler’s reflection formula, I'(z)['(1 — z) =
7/sin(rwz) for z ¢ Z, it can be easily shown that, for all k € Q and when 8 is generic

enough,

ndeﬁnlAgk\
sin(m(—B + Azk))

B;1B5

SkBly; xzx5 7 77) =

@k.

The genericity condition here means that 8 ¢ P and that 8 — A;k does not have

integer coordinates for all k € Q.

5 Integrals Over Rapid Decay Cycles

The goal of this section is to prove that when i3 < 0 is sufficiently general, the integrals
studied in Theorem 4.3, are in fact integrals over rapid decay cycles in the sense of
[15]. These integrals are defined without the condition % < 0 and are still solutions
of our GKZ system when g, > 0 for some k. By meromorphic continuation proved
in Theorem 4.11 they admit asymptotic expansions as Gevrey series solution for all g

sufficiently general in C¢.

5.1 Description of rapid decay cycles

In this section we first briefly recall the theory of rapid decay homology by M. Hien in
[15, Sec. 5.1] and give a sufficient condition to detect a cycle for this homology.

Let U be a complex quasi-projective variety over C of dimension d. Let h € O(U)
and let X be a smooth projective compactification of U, such that D = X \ U is a normal
crossing divisor, and h extends to a map h : X—> P!,

Let us denote by 7 : X(D)—> X" the real oriented blow-up along D as defined
in [26, 8.2]. The space X := X(D) can be embedded into a real Euclidian space as a semi-
analytic subset, and h induces a map h: }?—iﬁ, where Pl — p! is the real blow-up of
infinity.

Let us describe the morphism =, locally at p € D with local coordinates t,,...,t
such thatp =0and D ={¢t, ---t;, =0},

7 ([0,6) x SH¥ x B0, ) F — cé
((rjl e\/jlgj)}czlrt/) = (rl ! e\/?lelw e T eﬁekr t/)/

where t’' = (t;,,,...,ty) and € > 0 is a small real number.
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Consider a regular flat algebraic connection V : &—& ® Q, restriction to U
of a regular meromorphic connection (£4x(xD),V) on X, with &, a lattice of this
connection.

On the oriented blow-up X, we consider the sheaf A;D of holomorphic functions
that are flat along D := 7~ 1(D).

A section of A;,D on an open set V C X is a holomorphic function u on V\ D such
that, for any compact set K C ﬁ, and all N = (Ny,...,N}) € Nk, there exists a constant

Cx y > 0 satisfying
[u(®)| < Cx plty M - |t Ne, Vt=(t;,...,ty) eK\D (5.1)

in terms of local coordinates as above such that locally D = {t; - - - t; = 0}.
The twisted connection V;, = V — dhA = exp(h) o V o exp(—h) on U extends to a

morphism of sheaves over X
7l ® A;,D — a7 ® A;D ®7-104an 7 QYan (D).

The kernel of this extension is denoted by S<P. The restriction of this kernel to
U is the set of horizontal sections of V;, and it is equal to S® exp(h), where S is the local
system of horizontal sections of V. Since the coefficients of a section of S, on a basis of
£ at a point P € D, have at most a polynomial growth, the germ of S<P at a point P € D is
nonzero if and only if exp(ﬁ) satisfies condition (5.1) at P. At such a point it is equal to
the germ of 7~ 1(S) ® exp(h).

The sheaf of rapid decay chains [15, Sec. 5.1] is obtained from the sheaf C):(%

of relative chains mod D by tensoring it with S<P:
4P ._ P g . S<D
X "~ ¥xp °C )

Letj: U < X be the inclusion map. The sheaf S<P is a subsheaf of j,(S®exp(h)),
the latter being isomorphic to j, (S) through the multiplication by exp(—h). Therefore,
C;{.d.,—p is a subsheaf of C;(% ®c J(S ® exp(h)), and in the next lemma we determine
its image in C):(% ®c J«(S). In all what follows we identify C;('d"*p with this image. This

convention is the most appropriate for the expression of integrals.

Lemma 5.1. Let X be a semi-algebraic set in U such that %k tends to —oco on ¥ with

a controlled argument for h, that is, there exists § € ]0, %[ such that for all R > 0 there
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exists a compact set K C U, such that, for all t € X' \ K we have
N(h(t)) < —R and arg(h(t)) € Jmr —§, 7 + §[.

Then the closure ¥ in X is a compact semi-algebraic set. Moreover, let ¥ be any finite
triangulation of X, and let ¥ := >, A ® ¢, be a section of C)i(% ®c J«(S). This is a finite
sum, where A runs, possibly with repetitions, over all the d-simplices of ¥ that are not
included in D and ¢ is a section of S over j~1(A) N U. Then 7 is a rapid decay chain,

whose support is contained in ¥.

Proof. The divisor D is the union of the components (D,);.; of h=}(co0) and of other
components (Dj’.)jej, such that on each D;. the restriction of h is surjective on P! or takes
a finite constant value. From the fact that |k(t)| tends to +oco on the support supp(?’) :=
U{A | g5 # 0} of T, we deduce that supp(Y) N D C h~!(c0) = |J;; D;, where supp(7)
denotes the closure of 7 (supp(7)) in X. Furthermore, the closure of upp(7) in X meets
D only at points such that argh € [z — 8,7 + 5].

Let P € D be such a point and let P = 7(P). We choose local coordinates
(vy,...,v4) centered at P such that a local equation of D is v;...v; = 0. The local

expression of h is

w(vy, ..., Vg)
h(v) = e
Vit vy

with all m; > 0 and w(v) a unit since there are no points of indeterminacy. In a small
enough neighbourhood of , h(v) = —exp(i§(v))|h(v)|, with cos§(v) > cosd > 0 and
lw(vy,...,vg)l = R, for some R’ > 0. Finally, around P we obtain the expected rapid

decay condition because

R’'cos$
|exp(h(v))| = exp(Rh(v)) < exp (— ) .

vy ™ vy %
]

In order to treat integrals I,(f;x) as in the introduction, we consider the
connection (O, Vg) on U = ((C*)d with the differential Vg = d + ,3%/\ and its
meromorphic extension (OX(*D),Vﬁ) to X. It contains a lattice isomorphic to Oy, and
the local system of horizontal sections over U is Sy = C-t7#~1. We set h(t) = >}, x,t*"
and we intend to apply Lemma 5.1 for a fixed value of x. For that purpose, we have to
use a cycle different from the cycles C, 5, considered in Section 2, since the support of

pra always have the origin of C4 in its closure, and when t tends to 0O along Cp,é’ h
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does not tend to +oco. This cycle is described in detail in Section 5.2. It is is still a

Borel-Moore cycle on the universal covering (C*)¢, whose projection ¥ on (C*)? is semi-

algebraic. There is a triangulation ¥ of its closure ¥ in X and a set of d-simplices A € T

not contained in D, such that C is obtained by taking their restriction to (C*% and

an appropriate lifting to the universal covering (C*)4

6a = (t7F), of t7# and we identify C with the twisted chain: >° A ® ¢,. The formula in

. These liftings induce branches

[2, page 23], can be directly adapted to the irregular case:

/ t_ﬁemx,t)ﬁ =/ (t—ﬁ)A eh(x,t)g (5.2)
A®ca t A t

and the construction above shows that the integral I.(8; x) along C is the integral along

this twisted cycle.

Corollary 5.2. Let us assume that in the above situation h(x, t) satisfies the condition
of rapid decay and controlled argument in Lemma 5.1. Then the cycle Y = > A ® g,
associated with C is a rapid decay cycle, and the integral I;(8; x) along this cycle is

convergent.

Proof. Only the last assertion requires a proof. Consider again a point P € D, with

coordinates (vy,...,Vv4) as in the last argument for Lemma 5.1. Since t is algebraic,

1
T Therefore,

—F-1ghxt) § i N ___ Rcoss
t e is locally bounded by an expression of the form v €XP ( |V1|m1---IVk|mk)

t#~1 has at most a polynomial growth around P, with respect to

for some integer m > 0. This yields a convergent integral on U, N (C*)¢ for some closed
neighbourhood U, of P. Since ¥ N D can be covered by a finite number of such U, the

integral is indeed convergent. |

From now on we will identify a cycle on the universal covering and the

corresponding twisted cycle and denote it by the same symbol.

5.2 Realization of solutions by integrals over rapid decay cycles

We state and prove here the main result of this section. We define g, fork=1,...,d, as
the smallest common denominator of the k-th row of A, that is as the smallest integer
such that ga(?); € N, for £ =d +1,...,n. Recall that, for each p € 79 and Yno € C* we

choose § €] — %, %[d such that (3.6),, is satisfied (see Lemma 4.5).
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Theorem 5.3. There is a rapid decay cycle 5p,3 such that the integral

n
/~ P Vexp [ty +- g+ D yt®? | dt
Dy, j=d+1

is equal to F, ;(B;y) up to a nonzero constant factor if g < 0 and gy By ¢ Z, for k =
1,....d

Proof. The proof starts with a preliminary reduction and then has three steps. First,
we build cycles depending on a parameter € > 0 for which Corollary 5.2 can be applied.
We then show that F,s(B;y) is the limit when € —> 0 of the integrals over these cycles
and finally we prove that these integrals are in fact independent of ¢.

If we perform the change of coordinates t; = eﬁ”(Hsz*‘sk)rk fork=1,...,d,

the image of the cycle D), 5, defined in (3.1) is just the positive orthant R‘io, and we find

d n
I = ~\d
F(ﬂ,‘y)z/Rd e VTR P rbexp [ - D" V1T 4 D" 290 Tr (5.3)
>0 k=1

j=d+1

with z; = eV_l’T(HzP”'“@)yj, and %z, < 0, since (3.6),, is satisfied.
For the sake of simplicity we skip the constant e~v~17(1+2P+8.8) and consider

only the casep =6 =, z; = eﬁ”m(")'yj hence reduce to the integral:

n
S\ dr
CU) — —B e ra) | =
H(ﬂ,y)—/Rd rPexp|—-n rg+ E yir o (5.4)

>0 ]=d+l

related to F by the relation: Fy o(8; y) = e V17 IFIH(g; eV~ 1mla@ DIy, eV=Trlamly .

By Lemma 3.2, this integral is convergent since 9 < 0 and the condition (3.5),
transfered to H is f(y,r*™) = r4*™yy, < 0. Finally, we are looking for cycles 7 (e)
such that the integral

n
_ N\ du
Hyo(Biy) == / uPexp|—u — - —ug+ E yju“(’) — (5.5)
T© j=d+1 u

tends to H(B; y) when € — 0. The cycle f’o,o in the statement of Theorem 5.3, is the image
of T'(¢) by t;, = —uy, for some € > 0, with the choice of arguments argt, = argu; + . The

reason is that the same operation changes H(B; y) into Fy o(8; ).
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Fig. 2.

Inspecting the proof, the case of a general value of p,d is a straightforward
adaptation.

Recall that by Assumption 4.4 we have that a(j) € @fo for all j = d +
1,...,n, lajh)l < 1,forj=d+1,...,n—1 and also |a] = a; +--- + a4 > 1, setting

a:=amn) = Yay,...,ay). [ |

Notation 5.4. Letw : ((C*)f,l—>((C*)g be the finite covering of multidegree (q;,...,qy).
given by the formulas VZ" = u;, between two samples of the torus (C*)@. The interest of
this convering is that the exponent M(u, y) in the integrand of Hy (B Y) is a univalent
function of the variable v.

Let us first describe a product of cycles C := y; x - - - x y; on the universal covering (C*4,
In Figure 2 we draw the projection of y; on C7, , and for the projection on the space Cj,
we turn g times on the circle of radius € in the k-th component. In Figure 2 the radius
is ei on the k-th component. We choose the argument of u; to be 0 or 2g;, on the two
half-lines of Figure 2, drawn in C,, . The integrand is the same up to a constant factor
on the 2¢ different products of the d half-lines in (@)d. With these choices we can think
of C in two different ways: as a cycle on (C*)d
or (C*4,

However, there is a problem of convergence for the integral H.(8; y). The cycle C

, or as a twisted cycle on either ((C*)g

is a union of products of the type (S,)" x (l¢, +00)). Here S, is a circle of radius € > 0 and
nUrt ={1,...,d}is a partition of {1,...,d}. On each piece with t # @& # n the integral is
not convergent. Indeed, when k € n and u;, varies in S,, the argument of each monomial
y,u®® takes all values mod 27. Therefore, the monomial itself takes arbitrarily large
positive values, as well as |u,| for ¢ € 7.

We shall build the cycle T'(¢) as a deformed version of C. We identify (@‘)d
with C¢ = R4 + /—1R? and the covering map (@)d — (C*? with the map logr +
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V=1 6—>(rleﬁ91, . ,rdeﬁed). We consider (@)d as fibered over R‘io, by the map
logr++—-10—(ry,...,r4), with fiber isomorphic to +/—1 R4, The image of the restric-

tion of this map to y; x -+ x yg, is le, +00)¢, with semi-algebraic fibers. The fiber
over (ry,...,rg) is logr + v/—1F,, where F, c R is a subset of arguments argu :=
(argu,,...,arguy), which depends on r in the following way:

(1) Above each point (ry,...,ry) in the open orthant Je, +oo)d, there are 2¢ points

with argu e F, = ngl{o, 2qm}.

(2) Above the point {(¢,...,€)}, the argument argu is in F, = ngl[O, 2q,rl.

(3) In general, above the product {€}" x (l¢, +00))?, the fiber has dimension |5|,
the cardinality of 5, with 2!/ connected components. It is described in the

universal covering (€4, by

up € loge+10,2qnlv/—1 1ifken,
u, € logr,+1{0,2q,7}v/—-1 ifler.

We choose instead of y; x --- x y; a cycle T (¢) fibered over the subset of R‘io
described by the equation r > €!%!, which is the union of 2d semi-algebraic strata:

(1) Sy={re RZO | 7@ > elaly

(2 S, =f{re R, | 7% =¢€l9l, and n = {p | r, =ming g7}, if n # 2.
We shall sometimes write re¥—1? instead of logr + +/—16, since the abuse of notation

fits better with the expression of the integral and it is clear from the context that when

the target space is C, arguments 6 are to be considered in R.

Definition 5.5. Description of the cycle T (¢):
(1) The fiber of the support of 7' (¢) over the point r € S, is

T (), := [ [dogry + 0, 2g,w1v/~1) x [ [ogr, + {0, 2q,7}v/~=1).

ken tet

(2) Let us take some r € 8,]. We have r = (p"; (1 )ge.), With p7 € R7 the point
with all coordinates equal to p > 0. When n # &, these data are subject to

the conditions:

p <min((rie,), 1@ = p2en% [ ree = €9, (5.6)

ket
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(3) The projection of S, on the space R, is a bijection S,— U, to the open

subset described by the inequalities:

D jen @
elal - . jen 4j Hr?/z for any ker,

let

and the value of the n-coordinate p of a point r € S, is a function p((r)ge,)
by implicit equation (5.6).

(4) Lets € {0,...,d} be the number of elements in 5. Let us denote T (e), the
union of the pieces of the cycle 7 (¢) above the stratum Sn' Then Y (e),
is the union of 29-5 pieces. A typical piece is indexed by some (E)ker €
({0,117, and parametrized by ern[O,qun] x U, C ern[O,qun] x RZ;, in

the following way:
(@jer Mokee) — (070 eV 5 ). 67)

(5) We choose the coherent system of orientations inspired by the product of
cycles y,, with the circles positively oriented: we orient ern[O, 2qm] x RT,
by its canonical orientation multiplied by the signature of the permutation
(n,7) of {1,...,d}, and by (—=1)3~2é,

In fact one can easily check that there is a radial isotopy from y; x- - - xy, to Y (€),
which yields an oriented stratified isomorphism. Indeed, for r := (ry,...,1y) € (R‘jo),
with r, > € for all k, define ry = min{r;}. On the half-line R_,r there is a unique point
r = (ry,...,r;) with min{r}} = ¢, and a unique point p := (p;, ..., pg), such that p? = €%
(see Figure 3 for d = 2). Let us consider p; = min{p,} and the linear multiplication
on R_,r by the ratio py/e = ryr~%!%l, which depends continuously on r. Then the
map logr + /=10 +— log((py/€)r) + +/—16 from y; x --- x y4 to T (¢) is the mentioned

radial isotopy.

Proposition 5.6. The twisted cycle T'(¢) is a rapid decay cycle. In particular, the

integrals Hy () (B; y) are convergent.

Remark 5.7. Again we think of 7°(¢) as well as a cycle on (@)d, or as a twisted cycle
on either (C*)2 or (C*)%. It can be written as a sum A, ® ¢, or A, ® ¢, with terms

in one-to-one correspondence by A, = @wA,, and the branches ¢, and ¢, of u? are

v’

compatible with the maps ((E;)d—>((C*)§—>((C*)g and yields the change of variables
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Fig. 3.

formula deduced from (5.2):

d
/ u My I _ / vaB M TT g, 2.
Ay Av k=1

u

Since the exponent M(v?, y) is univalent our Corollary 5.2 can be applied to 7' (¢)
seen as a twisted cycle on ((C*)“f endowed with the pullback C-v—{2# of the local system
C - u~?. However, all our calculations can be done with the variable u. Indeed both

variables u and v are equivalent for the control of rapid decay at infinity, since |ul|; :=

2 lugl = 22 v |9

Proof of Proposition 5.6. Let us consider a stratum with n # &. The last monomial of

the argument of the exponential in F(8; y) satisfies
1y, u®™| = |y, 4™, (5.8)

Forn ={1,...,d} the fiber over Sn is a compact subset of (@:‘)d and the integrand
of Hy(B;y) is holomorphic over it, so there is nothing to prove. Let us assume for
simplicity that n = {1,...,s} with 1 < s < d. On the stratum Sn we haver; = - =71, =
p < €. Thus, we imitate the proof of Lemma 3.2 (recall that t, = o U {n} in our case) to
get an upper bound for the real part of M(u,y) = —u; —--- —ug+ Z}‘:dﬂ yju“(f). Recall
that by Assumption 4.4, a(j) = Zgzl vjke(k) forj=d+1,...,n — 1 where v 2 0 and
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la()l = X%, vjx < 1. Hence,

n-1
n Z yjr“(i) =N Z Y Hr”fke(k) Z ly; |(maxre(k))2k 1Yk

j=d+1 Jj=d+1 k=1 j=d+1
(5.9)
d

K
< Kmax 1,(Zre(k)) <Kmax(1,(es+ g,  + - +1g)),
k=1

where K = Z]n ds1 |yl and « = max] d+1 Zk 1 Vjk- Finally, using that %(—u;) < p < € for

j=1,...,, N(— u])_ rjforj=s+1,...,dand(5.8),weobta1n
RM(u,y) < €S—Tg i — - —Tq+|yple®™ + Kmax(l, (es+rg g+ +71g)).  (5.10)

Sincerg,+---+rg < llully =ps+re++rg<es+rg, +---+rgforu e T(e),,
we still get an inequality of type (3.10). There are constants C,, ¢, > 0 (depending also
on y but independent of €) such that RM(y, u) < C, — c,llully forallu e T (e),.

A closer look at the argument that proves (5.10) shows that we can write the

following upper bound for |SM(u, y)|:
SM(w,y)| < de + |y, ™ + K(de + [[ull)*

This upper bound, the relation (5.10) in the form of inequality "M(y,u) < C, — ¢, llul,
and the fact that 0 < « < 1 prove that SM(u,y)/RM(u,y) tends to zero as ||u|; tends to
infinity. In particular the argument of M(u, y) tends to 7= along 7 (€),-

We need a similar result when n = @. We notice that M(u, y) is univalent on the

2% branches of 7'(¢) o Following the proof of inequality (5.10) we obtain the inequality:
RM(u,y) < =1y — -~ — g — Ry, [r*™ + Kmax(1, (r; + - -- 4+ 1").

Since for the imaginary part we have the inequality |[SM(u,y)| < |3y, |[r*™ +
K(|lull)*, we deduce that if we set «,, = |[v — argy,,| € [0,7/2[, we have for any § > 0 and
any ||ull, large enough arg M(t,y) €lr — o, — 8,7 + «,, + §l.

Let us use a good compactification X of (C*)¢, a real blow-up 7 : X—>X of X
along D, and apply Corollary 5.2. The behaviour of arg M(¢t,y) when ||ul; — +oo and
the fact that for any R >, Y'(¢) N {u | |lull; < R} is compact imply that 7' (¢) is a rapid

decay cycle. O [ |
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Let us prove that when %8 < 0, the integral Hr(g)(ﬂ; y) tends, when € — 0, to the
integral (5.4) multiplied by the factor

d
T:= z (—1)4 ¥l exp (2\/—_171 Z,qukék) = H(exp(Z«/—_lnqk,Bk) -1 (5.11)

£e(0,1)¢ k=1

that comes from the parametrization (5.7) for n = @. Since (5.4) is clearly the limit of the
piece of the integral Hy,(B;y) over T (€)4, it suffices to show that the integrals over S,
for n # @ tend to zero.

Let us assume again for simplicity that » = {1,...,s} with 1 < s < d. On each

piece of 7' (¢), the parameters are

O 105y rg) € [ 10, 2q47] x U,
ken

and the change of variables from the parametrization (5.7) induces the following results

in the different factors of the integrand:

d

d
/\ ﬂ:(,/_1d91)/\.../\(‘/_1d95)/\ﬂ/\.../\ﬂ,
k1 Yk T's+1 Tq

k=s+1

s d
u P = p—ﬁl—"'_ﬂsr;ff“ e rc_iﬂd exp|v—1|— Zﬂj i — Z 27 B qréx ’
=

d s d
u P =p MO T r " exp (D 3p0+ D 23 Beaiky

{=s+1 j=l k=s+1
d d
< 679‘(ﬁ1 +e+Bs) H re_mﬂl exp (Z 2 |:‘\§ﬂk|qk) .
{=s+1 k=1

From these inequalities and the fact that the real part of the argument of the exponential

function is bounded from above by
Cn - Cn(rerl +oet rd)

with C,c, € R_, independent of ¢, for ¢ € [0, ¢y], we see that the integral over Y (e),

tends to zero when € — 0 as expected, because —0R(8; +--- + ;) > 0.
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Finally, let us prove that the integral Hy, does not depend on e: take 0 < €; < €5.

We consider 7'(l¢;, €,]), the noncompact (d + 1)-cycle

U (e xre©

e€ler €]

with oriented boundary {¢;} x 7' (¢;) — {€,} x Y (€,). Consider then for R > ¢, the compact

cycle Ty = T'(l€;, €5]1) N (l€;, €,] x Pg), where Py is the polydisk
Pr={ueC%||u;| <R,...,|lugl <R}

Integrals Hy, are of the form Hy, = fr(e) w, where w is a holomorphic d-form

independent of € and hence it is a closed form. We have

=/ dw:/ 1)
Tr TR

The boundary 97y is equal to
(e} x T (€1)) N ey, €5] x Pr) — ({5} x T'(e9)) N (l€;, €51 X Pg) + 0g.

Since by examining the parametrization (5.7) we see that each d-dimensional piece of 95
is included in an hyperplane u; =R, hence, the restriction to it of w is zero. We deduce
that the integral of w on T(€;) NPy (which can replace ({ej} X T(ej)) N([e;, €5] x Pg) because
o does not depend on ¢) for j = 1,2 are equal. Taking the limit when R— 0o we obtain

the result

Hy(e)) = Hr(ey)-

In the case of general p, §, we keep the same cycle and work with the integral

Hy (B Y) 1=/T u P lexp Zefﬁku I Z Zuf

© Jj=d+1

where z; = eﬁ”““p”'“(myj and the proof is essentially the same with only an easy
modification of inequality (5.10).

In particular, the cycle Ep,é in the statement of Theorem 5.3, is the image of 7 (¢)
by t;, = ug - exp(v/ =17 (1 +2p + 8, a(k))).
Conclusion: The integral Hy ) (B;y) is analytic as a function of 8 € C%. Moreover,
when % < 0, e~ V-17(1+2p+3.8) 1 r©(B:y) = T-F,5(B;y), see (5.11). Hence, it equals the
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meromorphic continuation T - ﬁp,ﬁ (B; y) outside the union of hyperplanes P described in
Lemma 4.9.

When q; 8, ¢ Z for all k € {1,...,d}, the factor T is non zero and we
obtain a Gevrey series expansion for the integral along rapid decay cycles Hy () (8;y).
To check this last claim we have to remark that the set of poles of the analytic
continuation ?p,S(ﬂ;y) is contained in P which is contained in the set defined by
T= ngl(exp (2v/=17qpy) — 1) = 0. This latter set is, under Assumption 4.1, the set of
parameters 8 = B, 1y such that y is called resonant for B (see [12, 2.9]).

Coming back to the general situation of Theorem 4.3, the result of this theorem

and the above considerations prove the following theorem:

Theorem 5.8. If Assumption 4.1 is satisfied and y € C? is non resonant for B, then
all the Gevrey solutions of Mg(y) along the hyperplane x,, = 0 can be described as
linear combinations of a fixed set of asymptotic expansions of integral solutions of

type I;(y; x) along rapid decay cycles.
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