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Abstract

In this paper, a new generalized Hukuhara differentiability concept for interval-valued func-
tions defined on R" is proposed, which extends the classical Fréchet differentiability notion
and provides an interval quasilinear approximation for an interval-valued function in a neigh-
borhood of a point at which such function is g H-differentiable. Moreover, it overcomes the
shortcomings generated by the use of the g H -differentiability concept previously presented
in the literature, and this presents a good perspective on interval and fuzzy environments. Sev-
eral properties of this new concept are investigated and compared with the previous concept
properties. Furthermore, the g H-differentiability concept is extended for a fuzzy function,
and its introduction is argued and illustrated with examples.

Keywords Interval-valued functions - Quasilinear functions - Generalized Hukuhara
differentiability

Mathematics Subject Classification 90C30 - 90C70 - 90C99

1 Introduction

It is known that real-valued function differentiability is one of the most important concepts
of real analysis, which has been allowing the rigorous formalizations of important physical
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theories as well as many phenomena of real-world description through mathematical models.
Moreover, the differential calculus development has provided valuable mathematical tools
to several areas as computer science, biology, engineering, economics, among others.

The interval analysis is a mathematics area introduced in the works of Moore (1959),
Sunaga (1958), and Warmus (1956), which have been received great highlight for provid-
ing mathematical tools that allow modelling and dealing with problems under interval type
uncertainties. However, there exist some shortcomings in the algebraic operation “difference”
given in these works, which do not allow developing a consistent differential theory in inter-
val spaces, and it has motived the introduction of some different kinds of algebraic arithmetic
in interval space (Lodwick 2015; Markov 1979; Plotnikova 2005 and its references).

In Markov (1979), a “difference" on interval spaces is defined, with which was introduced
an interval version of the Gateaux differentiability and was demonstrated that calculus for
interval-valued functions of a real variable could be developed. Also in this paper, it was
stated that such interval version of the Gateaux differentiability is equivalent to a specific
interval version of the Frechet differentiability. That statement does not hold as it is shown in
that paper. Basically, the shortcoming in such statement arises from the fact of that interval
spaces do not have a vector structure.

Years later, Stefanini (2008) proposed a generalization of the Hukuhara difference called
the generalized Hukuhara difference (g H-difference for short) that coincides with the dif-
ference defined in Markov (1979). Using the gH -difference, Stefanini and Bede (2009)
introduced a generalization of the Hukuhara differentiability for interval-valued functions
of a real variable called the generalized Hukuhara differentiability (g H -differentiability for
short), which is also an interval version of the Gateaux differentiability and which coin-
cides with the differentiability concept given in Markov (1979) (see Chalco-Cano et al. 2011
for details). Also, in Stefanini and Bede (2009), the authors compared differentiability con-
cepts for interval-valued functions previously proposed in the literature and showed that the
g H-differentiability is more general than these others. Since then, the g H-differentiability
concept has been applied to different fields (Armand et al. 2016; Bede and Stefanini 2013;
Chalco-Cano et al. 2012, 2013a,b; Long et al. 2015; Majumder et al. 2016; Villamizar-
Roa et al. 2015; Wang et al. 2019), and has been proved to be a powerful tool with many
applications in interval and fuzzy-valued functions spaces.

In Ahmad et al. (2016), Chalco-Cano et al. (2013a,b), and Luhandjula and Rangoaga
(2014), the g H-differentiability was extended for interval-valued functions of several real
variables. However, we understand that these definitions have some important drawbacks
which are exposed herein.

Recently, Stefanini and Arana-Jiménez (2019) introduced a new g H -differentiability con-
cept for interval-valued functions of several real variables and they showed that such concept
is equivalent to an interval version of the Gateaux differentiability.

From the approximation theory viewpoint, it is very interesting to obtain a gH-
differentiability definition for interval-valued functions of several real variables that extend
the classical Fréchet differentiability preserving a linear approximation for an interval-valued
function in a neighborhood of a point at which such function is g H-differentiable. Neverthe-
less, due to the nonexistent vector structure on interval spaces, such linear approximation, in
general, it is not possible. In this work, we present a new g H-differentiability definition for
interval-valued functions of several real variables which extends the classical Fréchet differ-
entiability and which provides an interval quasilinear approximation for an interval-valued
function in a neighborhood of a point at which such function is g H-differentiable. Also, it is
shown that this definition is equivalent to the one given (Stefanini and Arana-Jiménez 2019),
and for the one-dimensional case, it also coincides with definitions given by Markov (1979)
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and Stefanini in Stefanini (2008), and gives a correct meaning for the Markov’s statement
above cited.

This work is organized as follows: Sect. 2 recalls some known results about interval anal-
ysis. Section 3 shows that the condition for g H-differentiability given by Markov (1979) is
only sufficient, and then, a necessary and sufficient condition for such g H-differentiability,
which is the starting point for the introduction of g H-differentiability of interval-valued
functions of several real variables, is introduced. Section 4 shows that some of the gH-
differentiability previous concepts for interval-valued functions of several real variables
introduced in the literature have shortcomings, and it provides a new g H -differentiability def-
inition for interval-valued functions of several real variables that extends the classical version
of Fréchet differentiability, generating a g H-differential that is a quasilinear interval-valued
function. Section 4 also shows the g H-differentiability concept for interval-valued functions
of several real variables given by Stefanini and Arana-Jiménez (2019) which is equivalent
to the g H-differentiability one herein introduced. The extension of g H-differentiability to
fuzzy environment is presented in Sect. 5. Finally, Sect. 6 presents our last considerations.

2 Preliminaries
Consider the space I (R) of all closed and bounded intervals of real numbers, that is, I (R) =

{la.@] /a.a e Randa <a}. Given A, B € I(R) and A € R, the interval arithmetic
operations are defined by

a+n=loa+ ) =[a+na+s]. aa={feiin=0 o)
_ (@ A=B+C if w(B) < u(A)
and A Sgn B =C < {(b) B=A+(=D)Cif u(B) > u(A), )

where (1(A) denotes the length of an interval A = [a, a], i.e., u(A) =a —a.

We write A = [o Vv B] if & and B are the end-points of the interval A € I(R),buta < it
is not necessarily satisfied. The g H-difference of two intervals always exists and it is equal
(Stefanini and Bede 2009) to

A ©¢n B = [min{a —b,a — b}, max{a — b, @ — b}l =[a—bVa—bl (3)

The space (1 (R), H) is a complete and separable metric space (Diamond and Kloeden

1994), where H(A, B) = max{|a — b|, |a — b|} is the distance between A, B € I(R). The
absolute value of A € I(R) is the real number ||A|| given by H (A, [0, 0]) = || A].

Next, some known properties related to the interval arithmetic operations and to intervals
length are recalled.

Proposition 2.1 (Markov 1979; Stefanini and Bede 2009) Given A, B, C € I[(R) and A € R,
it follows that:

L. u(A + B) = u(A) + u(B), 6.[0,0] ©gn A = —A,

2. n(AA) = |A|n(A), 7.A6en A=10,0],

3. u(A©gn B) = [n(A) — n(B)|, 8.AS,u B=1[0,01 A=B,
4. 0M(A ©gn B) = LA Ogn AB, 9. (A+ B) ©en B = A,

5.A 0,0 B=—(BO,n A), 10. A6y (A+ B) = —B.

Given n € N, an application F : § € R" — I(R), such that F(x) = [i(x),?(x)] is
called an interval-valued function of several variables, where i R 7 : S — R are real-valued
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functions, such that f(x) < f(x), forall x € S, and f and f are its end-point functions. If
n = 1, then F is called an interval-valued function of a real variable.

Based on the limit concept of set-valued function (Aubin and Cellina 1984), and on the
g H-difference given by Stefanini (2008), the following differentiability concept for interval-
valued functions was introduced.

Definition 2.1 (Stefanini and Bede 2009) Let S € R be an open and nonempty set and let
F : § — I(R) be an interval-valued function, and then, the generalized Hukuhara derivative
(g H-derivative, for short) of F at x* € § is defined by

F(x*+h) ©gn F(x¥)
- .

“

/ N

Fias") = fim,
ItF g’, H (x*) € I(R) satisfying (4) exists, we say that F is generalized Hukuhara differentiable
(g H-differentiable, for short) at x*.

The relationships between the g H -differentiability of an interval-valued function F (x) =
[f (x), f(x)] and the differentiability of its end-point functions, f(x) and f(x), have been
completely studied in Qiu (2020).

3 New necessary and sufficient conditions for gH-differentiability on R

Markov (1979) states that a necessary and sufficient condition for the gH-differentiability
of F at x* is the existence of an interval A € I(R) and an interval-valued function P :
(—e€,€) > I(R) with limy,_,¢ P(h) = [0, 0], such that

F(x* 4+ h) ©,1 F(x*) = hA + hP(h). )

However, this condition, in general, it is not necessary as it is shown in the following example.

Example 3.1 Let F : (—1, D —1 (R) be the interval-valued function given by F(x) =
(1 — xz)[l, 2]. Then, i and f are differentiable functions, and consequently (see Chalco-
Cano et al. 2011), F is gH-differentiable with Fé’,H(x) = —2x[1, 2]. Since

F(x+h) Ogn F(x) = [min [—hz — 2xh, 2(—h2 — 2xh)} , max {—hz — 2xh, 2(—h? — 2xh)}]

forallx € (—1,1) and i € R, such that x + h € (—1, 1), then given x < 0, there exists
€1 > 0, such that s + 2x < O for all & € (0, €1), and consequently

F(x +h) ©gn F(x) = [—h? —2xh, 2(—h* — 2xh)].

However, does not exist any interval-valued function P : B(—e€,€) — I(R), P(h) =
[p(h), p(h)] for all h € (—¢, €), such that

[ — h* —2xh, =2(—h* — 2xh)] = h(=2x)[1, 2] + h[p(h), B(h)]. (6)

Indeed, let us suppose that there exists an interval-valued function P : (—e,€) — I(R),
P(h) = [p(h), p(h)] for all h € (—e, €) such that (6) holds, then setting € = min{e, €;} and
given h € (0, €), it follows that p(h) = —h and p(h) = —2h, that is, p(h) < p(h), which
contradicts the fact that P is an interval-valued function. Therefore, F is gH -differentiable,
but does not exist an interval A € I (R) and an interval-valued function P : (—e¢, €) — I(R),
such that (5) holds.
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Although the condition given by Markov is not necessary for g H-differentiability of F
at x* € § C R, the next result shows that the condition is sufficient. Moreover, such result
presents a relation between the left and right sides of (5) when F it is g H-differentiable at
x* € § € R . Before to present such result, a technical proposition is necessary.

Proposition3.1 Let F,P : S € R — I(R) be interval-valued functions, such that
lim,_, y, P(x) = [0, 0]. Given xo € S, it follows that:

(i) if F(x) = A+ P(x), thenlim,_,,, F(x) = A;

(ii) iflimy_y, F(x) = A, then F(x) € A+ P(x).

Proof (i) This result follows directly from the metric H properties.
(ii) If limy_, x, F(x) = A, from Proposition 7 in Stefanini and Bede (2009), it follows that
limy— x, (F(x) ©gm A) = [0, 0].
Let P : S — I(R) be the interval-valued function given by P(x) = F(x) Oy A for all
x € §. Thus, lim,_, x, P(x) = [0, 0], and from definition of Oy, it follows that:

(@) F(x) = A+ P(x), or

b) A=Fx)+ (—=D)P(x)

{ @ fx)—a=p(x) and f(x)—a=p(x), or

(b) f(x) —a=Dpx) and f(x) —a = p(x) '

If (a) holds, then F(x) = A + P(x). On the other hand, if (D) holds, then f(x) —a =

P(x) = p(x)and f(x) —a = p(x) < p(x), thatis,a+ p(x) < f(x) and f(x) <a+p(x).
Therefore, from (a) and (b), it follows that F(x) € A + P(x). O

(F(x) Ogir A) = P(x) & {

Next results follow directly from Proposition 3.1.
Theorem 3.1 Let S € R be an open and nonempty set and let F : S C R — I(R) be an
interval-valued function. Given x* € S, it follows that:

(i) Ifthere exist aninterval A € I(R) and an interval-valued function P : (—¢, €) — I (R)
with limy_.o P(h) = [0, 0], such that (5) holds, then F is gH-differentiable ar x*.
(ii) If F is gH-differentiable at x*, then there exists an interval-valued function P
(—¢, €) > I(R) with limy,_.qg P(h) = [0, 0], such that
F(x* 4+ h) g F(x™) gth’,H(x*)+hP(h). 7

The following result provides a necessary and sufficient g H-differentiability condition
for interval-valued functions of a real variable providing a correct sense for the Markov’s
statement. This important result is the starting point to define the g H-differentiability for
interval-valued functions of several variables.

Theorem 3.2 Let S C R be an open and nonempty set. An interval-valued function F : S —
I(R) is g H-differentiable at x* € S if and only if there exist an interval A € I(R) and an
interval-valued function P : (—e€, €) — I (R) with lim,_,o P(h) = [0, 0], such that

(F(x* +h) ©gn F(x™)) ©gu hA = hP(h). 3
Proof If F is gH-differentiable at x*, then there exists F é’,H(x*) e I(R), such that

LBl 6y Fuy () = 10,01 Given e > 0, let P : (—e,€) > [(R)
be the interval-valued function given by

limy, ¢

L O Fly ) if h#0,
if h=0.
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Then, limy,_,o P(h) = [0, 0]. Moreover, given h € (—¢, €)\{0}, it follows that:
hP(h) = (F(x* +h) ©gn F(x*)) O4n hFéH(x*).

Thus, (8) holds with A = FéH (x*). On the other hand, it is easy to see that (8) holds with
A = F}(x*) whenever h = 0.

Reciprocally, if there exist an interval A € I(R) and an interval-valued function P :
(—€,€) — I(R) with limy, .9 P(h) = [0, 0], such that (8) holds, then from Proposition 2.1
and Proposition 7 in Stefanini and Bede (2009), it follows that:

* *
. (F(x +h) Ogn F(x )) A
h—0 h

Therefore, F is g H-differentiable at x*. O

Since the g H-differentiability condition given in Theorem 3.2 is an interval version of
the Fréchet differentiability, this result shows that the g H-differentiability concept given
in Markov (1979) and Stefanini and Bede (2009), which is an interval version of Gatéax
differentiability, is equivalent to an interval version of the Fréchet differentiability for interval-
valued functions of a real variable.

4 gH-differentiability for interval-valued functions on R"

This section recalls the g H-differentiability concepts for interval-valued functions of several
variables that were introduced in the literature, and it presents a short discussion about
the shortcomings generated by such concepts. Moreover, this section presents a new gH -
differentiability concept which overcomes the shortcomings above mentioned and it shows
that this concept is equivalent to the g H-differentiability one for interval-valued functions
of several variables given by Stefanini and Arana-Jiménez (2019).

In Ahmad et al. (2016), Chalco-Cano et al. (2013a), and Luhandjula and Rangoaga (2014),
the following interval-valued g H -differentiability definitions for interval-valued-functions
of several variables are considered.

Definition 4.1 Let F be an interval-valued function defined on an open and non-empty set
S € R"andletx* = (x},..., x;) € Sbefixed. Given the interval-valued function H; : R —
I(R) defined by H; (x;) = F(x},....x} |, x;, xl.*H, ..., x)), if H; is g H-differentiable at
x7, then we say that F" has the ith partial g H-derivative at x* that is defined and denoted by

8F * ! k
87i(x ) = H] (x) € [(R).

If there exists %(x*) for all i € {1,...,n}, then the n-tuple (%(x*), e gTi(x*)) of

intervals is called the gradient of F and it is denoted by Vgp F'(x*).

Definition 4.2 Given S C R” an open and nonempty set, let F' : S — I(R) be an interval-
valued function and let x* € S be fixed. F is said to be g H-differentiable at x* if there
exist all the partial g H-derivatives % x),..., % (x) on some neighborhood of x* and are
continuous at x*.

Remark 4.1 Definition 4.2 says that, for n = 1, an interval-valued function F : S C R —
I(R) is g H-differentiable at xo € S if and only if there exist F é g (x) in a neighborhood of xo
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and F’/ 7 1s continuous at xg. Therefore, Definition 4.2 does not coincide with Definition 2.1.
Moreover, if F : § € R — I(R) is a real-valued function, then Definition 4.2 is more
restrictive than the classical real-valued differentiability concept.

Besides Theorem 3.2, our proposal of g H-differentiability concept for interval-valued
functions of several variables is presented based on the following remark.

Remark 4.2 1t is known that in the classical differential calculus theory, where S is an open
set and V is a normed vector space, a function f : § € R — V is differentiable at x* € §
if and only if there exist a linear function Ly« : R — V given by Ly«(h) = f/(x*)h and a
function p : (—e, €) — V with limj_,o p(h) = 0, such that

F&*+h)— f(x*) = Ly(h) +hp(h) forallh € Rwithx* +h € S.

From Theorem 3.2, we have a similar situation for the g H-differentiability on R. Indeed,
given F : § — I(R), from Theorem 3.2, F is g H-differentiable at x* € § if there exist
the interval-valued function T+ : R — I (R) given by Ty«(h) = hF g, y (x*) and an interval-
valued function P : (—¢, €) — I(R) with limy,_.o P(h) = [0, 0], such that

(F(xo +h) ©gn F(x0)) ©gn Tyx(h) = hP(h).

However, the interval-valued function Ty« (h), satisfying (8), may not be linear, since 7 (R)
is not a vector space. For example, let us consider F : (—1,1) — I(R) given by F(x) =
[—1 4+ x, x2]. Considering x* = 0 and given P : (—e¢, €) — I(R) defined by

(F(1)@gn F(0)©gnh—1,0]

P(h) = A it h#0
0 if h=0,
it follows that lim, .o P(h) = [0, 0] and (F(0 + h) ©gy F(0)) ©gn h[—1,0] = |h|P(h).
Therefore, A = [—1,0] = FéH(O)- However, given h| = —% and hy = %, it follows that:

11 1 1
Ty (hy + h2) = To+(0) = O[=1,0] = [0, 0] # [—5, 5} = [0, ﬂ + [—5,0]

1 1
= Ly* (_5) + T <5> = Ty» (h1) + Ty (h2) .

On the other hand, it is easy to prove that if an interval-valued function F is gH-
differentiable at a point x* € § C R, then the interval-valued function Ty+ : R — I(R)
givenby Ty« (h) = hF é H (x*) is a quasilinear interval-valued function in the following sense.

Definition 4.3 (Assev 1986; Rojas-Medar et al. 2005) Considering the inclusion order rela-
tion C, an interval-valued function I' : R” — (I(R), ©) is quasilinear if it satisfies the
following conditions:

(Cl) T(xx) = Al'(x) forall L € R, x € R",
(C2) T(x+y) CI'(x)+TI(y) forall x,y € R".
C3) x}={y}=>Tx ST K.

Clearly, the condition (C3) holds true for every x, y € R”". Thus, an interval-valued
function I' : R” — (I (R), ©) is quasilinear if and only if (C1) and (C2) hold.

Based on Theorem 3.2, Remark 4.2, and on the fact that a real-valued function f : § — R,
defined on an open set S € R”, is differentiable at x* € S if there exists a continuous
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and linear real-valued function L, : R" — R and a function p : B(0,¢) — R, where
0=(0,...,0) e R" and B(0,¢) := {x € R" : ||x] < €}, with lim,_,¢ p(v) = 0, such that

FOF+v) = f() = Ly () + vl p(v),

our g H -differentiability definition for interval-valued functions of several real variables is
given as follows.

Definition 4.4 Given 0 = (0,...,0) € R” and S € R” an open and nonempty set, let
F : § — I(R) be an interval-valued function. We say that F is g H-differentiable at x* € S
if there exist a continuous and quasilinear interval-valued function 7y : R” — I(R) and an
interval-valued function P : B(0, ¢) C R" — I(R) with lim,_,¢ P(v) = [0, 0], such that

(F(x™ +v) ©gn F(x™) O T+ (v) = ||| P (v), (C))

forallv € B(0,¢) := {x € R" : |x|| < €} with (x* + v) € S, and in this case, Ty=(v) is
called the g H-derivative of F at x*. If F is g H-differentiable at all x € S, then F is said to
be g H-differentiable.

Theorem4.1 Given 0 = (0,...,0) € R" and S € R" an open and nonempty set, let
F : S — I(R) be an interval-valued function. Then, F is g H-differentiable at x* € S if and

only if

- (F(x* +v) ©gn F(x*)) ©gn Ty (v)

= [0, 0], 10
lim, ol [0, 0] (10)

where Ty« © R" — I(R) is a continuous and quasilinear interval-valued function that
satisfies (9).

Proof If F is g H-differentiable at x* € S, then directly from Definition 4.4 and Proposi-
tion 2.1, it follows that (10) holds. Reciprocally, if (10) holds, then setting P : B(0,¢€) —
I(R) by

(F(x*+0)Og i F(x*))O g Tyx (v) if 20

P(v) = vl
@ [0,0] if v=0,

it follows that (9) holds with lim,_,¢ P(v) = [0, 0], and consequently, F is g H-differentiable
at x*. O

When n = 1, Definition 4.4 coincides with Definition 2.1 (see Stefanini and Bede 2009).
On the other hand, recently, Stefanini and Arana-Jiménez (2019) presented the following
definition and result, respectively.

Definition4.5 Let F : § € R” — I(R), F(x) = [f(x), f(x)] and let x* € S, such that
(x* +v) € S forall v € R" with |[v|| < § for some given § > 0. We say that F is
g H-differentiable at x* € S if and only if there exist two vectors w = (wy, ..., w,) and
W = (W1, ..., Wy)inR" and two functions € (v), € (v) withlim,_,¢ € (v) = lim,_.¢ €(v) = 0,
such that for all v # 0,

i=1
l(fgf>u¥+vy—<f f)u>
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The interval-valued function Dyg F(x*) : R" — I(R) defined, for v = (v, ..., v,) € R”,

by
n n n
D i |, Y vy 4 | vt i|
i=1 i=1 i=1

is called the g H-differential (or total g H-derivative) of F at x* and Dy F (x*)(v) is the
interval-valued differential of F at x™ with respect to v.

Dy F(x*)(v) = [ > v —
i=1

Proposition4.1 Let F : S C R" — I(R), F(x) = [i(x),?(x)] and let x* € S such that
(x*+v) € Sforallv € R" with ||v|| < 8 for some given§ > 0. Then, F is g H-differentiable
at x* € S if and only if there exist two vectors w € R" and w € R", such that the following

limit condition is true

i (F(x* +v) ©gn F(x%)) ©gn W (V)

=0, 01,
v—>0 vl

where W (v) is the interval-valued function defined by

n n n n
W) = Zviﬁ)i— Zviﬁ)i R Zv,’ﬁ)i-i- Zv,‘lZ),' .
i=1 i=1 i=1 i=1

In this case, for the differential function, we have that Dgpy F (x*)(v) = W (v).

The following result allows us to know exactly the continuous and quasilinear interval-
valued function 7y« given in Definition 4.4 and allows us to see that the g H -differentiability
definition for interval-valued functions of several real variables given in Stefanini and Arana-
Jiménez (2019) is consistent with Theorem 3.2.

Theorem4.2 Let F : S — I(R), F(x) = Lf (), f(X)]. Then, F is gH-differentiable at
x* € § in the sense of Definition 4.4 if and only if F is g H-differentiable at x* € S in the
sense of Definition 4.5

Proof From the unicity of the limit, Theorem 4.1, and from Proposition 4.1, it follows that
for proving this result is sufficient to prove that Dy F(x*) : R" — I(R) is quasilinear,

since from its definition, it is easy to see that it is continuous.
Given v € R" and A € R with 1 < 0, from definition of Dgy F(x*) and from (1), it

follows that:
n n
LY W+ D) ]
i=1 i=1
n n
, A (Zv,‘li)i — Zvﬂi),‘)’ :|
i=1 i=1
n
i=1
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n n
Dy F(x*)(v) = [Z(Amuﬁi — DG
i=1 i=1
n n
= |:)L<Zviﬁ}i+ ZU,’II),’)
i=1 i=1
n n n
:A[Zviﬁ)i— Zviﬁ},’ s ZU,‘UA),‘-F
i=1 i=1 i=1

= ADgu F(x*)(v).
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Now, given A € R with A > 0, from definition of Dgy F (x*) and from (1), it follows that:
n n n
D 0wmi|, Y v + | Y (i) ]
i=1 i=1 i=1
n n n
ZW@') LA (Zviﬁ)i + Zviﬁ}i)’ ]
i=1 i=1 i=1
n n n
D v |, Y v+ | vl i|
i=1 i=1 i=1

Doy F(x*)(Mv) = |:Z(}»Ui)ﬁ)i -
i=1
= |:)» (i viw; —
i=1
= A |: i: v W; —
i=1

= ADgu F(x™)(v).

Thus, Dgpy F(Ax*)(v) = ADgy F(x*)(v) forall A € R.
Given u, v € R”, it follows that:

Do F(x™)(u +v)

n n n
= |: D i+ vy — | (i + vi)i; D (i + i)y i|

i=1 i=1 i=1

n n n n n n
=|:Zuilbi+2vilb,’— Zuiﬂ)i-f-zviﬁ)i s Zuiﬁ)i+zviﬁ)i

i=1 i=1 i=1 i=1 i=1 i=1
n n
Zuiﬁ)i-i-zviﬂ)i :| (13)
i=1 i=1

Do F(x*)(u) + Dgpr F (x™)(v)

n n n
= Zuiﬁ)i— Zuﬂf)i , Zui@i-i-
i=1 i=1 i=1
n n n n
D v — | Y vl [+ Y vy + Y vty
im1 i=1 i=1 i=1 _
n n n n n n
= Y wibi Y vy — (D w4 Y v | wihi + Y vl
i=1 i=1 i=1 i=1 i=1 i=1
n
+ Zv,-i),- . (14)
i=1

Since ‘Zle uii + Y r vizi),-‘ < |Zl'-':1 uiﬁ)i| + |Z§':1 vilZ),", from (13) and (14), it
follows that:

n
C Y (i + v +
i=1

+

and

n
E u; w;
i—1

+

n

E u; W;

i=1

+

Dy F(x™)(u +v) € Dy F(x™)(u) + Dy F (x™)(v).

Therefore, Dgyy F(x*) : R" — I(R) is quasilinear and continuous, and consequently,
Doy F(x*)(v) = Ty« (v) for all v € R”. O
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5 An application of gH-differentiability for interval-valued functions:
extension of gH-differentiability notion to fuzzy functions with
several real variables

Let us recall some basic notions about the fuzzy environment to understand the extension to
fuzzy context.

A fuzzy set on R” is a mapping defined as u : R" — [0, 1]. The «-level set of a fuzzy
set, 0 < o < 1, is defined as

o JIx eR"ulx) > a} ifa e (0,1],
[ul” = cl(supp u) ifa =0,

where c/(supp u) denotes the closure of the support of u, supp(u) = {x € R"| u(x) > 0}.
Definition 5.1 A fuzzy number is a fuzzy set u on R with the following properties:

1. u is normal, that is, there exists xo € R, such that u(xp) = 1;
2. u is an upper semi-continuous function;

3. u(dx + (1 = 2)y) = minfu(x),u(y)}, x,y € R, L €0, 1];
4. [u)°is compact.

Let F¢ be the set of all fuzzy numbers on R.

Obviously, if u € F¢, then [u]* € K¢ for all « € [0, 1], and thus, the a-level sets of a
fuzzy number are given by [u]* = [u,, e ], . o € Rforall « € [0, 1].

For fuzzy numbers, u, v € F¢, represented by [u,,, iy | and [v,,, Uy | respectively, and for
any real number 6, we define the following operations between fuzzy numbers:

u(%),if 6#0,

@+ o)) 0. if 6=0

YJSrug min{u(y), v(z)}, (@u)(x) = {
Hu=v+w,

u@gHU:w<:>{0r iHv=u+(—Dw.

It is known that for every « € [0, 1]

[+ v]* = [+ Vg, U+ Vo] = [ty + vy » o+ Va], (15)
[0u]” = [(Owq, Ou)g] = 0[u]* =0 [uy. iy | = [min{fu,, 01}, max{Ou,, 0uy}],
(16)

and if u ©gp v exists, then, in terms of a-level sets, we can deduce that (see Stefanini and
Bede (2009); Stefanini (2010))

[u ©gr v]" = [u]” Ogn [V]" = [minfu, — vy, e — Vo), max{u, — vy, e — V)] (17)

Given u, v € F¢, we define the distance between u and v as

D(u,v) = sup H([u]*,[v]*) = sup max {|u,
ael0,1] ael0,1]

— Uy 7|ﬁa_ia|}-

Therefore, (Fc, D) is a complete metric space.
We recall the usual order relations between fuzzy numbers (Osuna-Gomez et al. 2016):
Definition 5.2 For u, v € Fc, it is said that

(1) u=xvif [u]*=<[v]* for every a € [0, 1].
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(2) u xvifuxvandu # v,i.e. [u]*=[v]* forevery o € [0, 1], and Jap € [0, 1], such that
[u]* < [v]*.

(3) u < vif uxv and Jag € [0, 1], such that []* < [v]*0.

Note that < is a partial order relation on F¢. Hence, v>u can be written instead of u=<v.
We observe that if u < v, then u < v and, therefore, u=<v.

Let us consider f : § € R" — Fc afuzzy function or fuzzy mapping where S is an open
and nonempty subset of R". We associate with f the family of interval-valued functions
fu i S = I(R) where, for each @ € [0,1], ful0) = [f(01* = [£, (0. Fu)] =

[i(x; a), f(x;a, )], are the a-level sets of f.

As a particular case of fuzzy quasilinear operators (Rojas-Medar et al. 2005), a fuzzy
function is quasilinear if VA € R, x, y € R"

1. ]i()»x):)»f(zc). ~
2. fx+y) 2 fO)+ fFO).

In Bede and Stefanini (2013), we find the gH -differentiability and level-wise gH -
differentiability notions for fuzzy functions of a single variable. The gH -differentiability
for fuzzy functions on R is a more general concept than the H-differentiability and G-
differentiability, but less general than level-wise g H-differentiability, that is based on the
g H-differentiability of every interval-valued function f,.

Let us consider the definition of level-wise g H -differentiable fuzzy function whenn > 1.

Definition 5.3 Let us consider f 1S CR" - Fe, falx) = [ia(x),fa(x)] for each

a € [0, 1Tand let x* € S such that x* + v € § for all v € R” with ||v|| < € (¢ > 0). We say
that f is level-wise g H-differentiable at x* € S if and only if for each « € [0, 1], there exist
two interval-valued functions, 7% continuous and quasilinear and P% with lim,_, g P%(v) =
[0, 0], such that

(fax™ +v) Ogn fu(x™)) Ogn T (V) = [[v]|P*(v).
The family of interval-valued functions {75 }4¢0,17 is called the level-wise g H-derivative of
f atx*.

When S € R (n = 1), from Theorem 3.2, this definition coincides with Definition 23 in
Bede and Stefanini (2013). In the general case, S € R” with n > 1, from Theorem 4.2, it
coincides with Definition 9-A in Stefanini and Arana-Jiménez (2019).

Example 5.1 Let us consider the fuzzy function f SCR? > Fc, defined by
Fx) = (1, 1,1) - xf + (0,0, 1) - x3,

where its a-level sets for all & € [0, 1] are [f(x,,xz)]a = [f), fxia)] =

[x?, x7 + (1 — )x3]. From Theorem 4.2 and Definition 4.5, the level-wise g H-derivatives
of the a-level sets functions satisfying the conditions of Definition 5.3 are

af o

ﬁ()ﬁ o) = 2x; W = 2x;

af = g = 2m2al

Ty (@) =2x wr="—3 =

af .

@(x;(x):O N wr = (1 —a)x;

. ~ 0—2(1—

Yoy =20 oy, | w2 =5 = (A )l
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Then, for each « € [0, 1]
[T ()]* = [2x7v1 + (1 — @)x3vy — (1 — ) |x3 vy
v 2xiv + (1 —a)x3vy + (1 — @) |x3vl].
If x3v2 > 0
[T ()] = [2x7v1, 2xfv1 +2(1 — e)x3v2] = [1(x*, ) (v), T(x*, @) (v)].
If xJva <0
[Ty ()] = [2x7v1 +2(1 — @)x3va, 2xv1] = [1(x*, ) (v), T(x*, @) (v)].

In any case, for each « € [0, 1], T)fi is an interval-valued function.

Fixed x* and v € R”, the family of interval-valued functions given by {[7;(v)]1*}«e[0.1]
defines a fuzzy number.

Then, the fuzzy function f is level-wise g H-differentiable in R? and the level-wise g H-

derivatives are given by
[T+ (0] = [fovl v 2xfor +2(1 — a)x;vz]

that define a fuzzy number. Therefore, the fuzzy function f is g H-differentiable in R?
according to Definition 9-B in Stefanini and Arana-Jiménez (2019).

Example 5.2 Let us consider the fuzzy function f : S € R2 — F¢, defined by

[(1 +a)xa, x7 + (@ + Dx2] if x2 >0,

f(.x], )C2) = { [(a +4)X2, xlz + (1 —+ a)xz] if Xy < 0.

For all « € [0, 1], the end-point functions of the family of interval-valued func-

tions associated with f are: f(x; a) { 8{ 1232 g ii i 8 and f(x;a) =
x4 (@ +dxy if x>0,
{xlz—i-(l +a)xy if xp <0
Let us consider x* = (0, 0), and then, f(0; @) = f,(0) = [0, 0], Va € [0, 1], but f(x; &)
and ?(x; «) are not differentiable at x* = (0, 0), since their partial derivatives with respect to
x do not exist. However, for each o € [0, 1], there exists T% (v), a quasilinear and continuous

function which verifying Definition 4.4

TE (W) = [+ V(@ +Duvsl.

[(1 4+ a)v2, v? + (@ +H2] if v2 >0,

fal&" 4 ) Sgn falx") = [ [ +4)v2, V2 + (1 + 2)va] if vy <0

and
(fu (™ +0) Ogn foa(x®) Ogm TE(v) = [0, v7].

Therefore, for each « € [0, 1], fy is gH-differentiable at x* = (0, 0), and so f is
level-wise g H-differentiable at x* = (0, 0) if there exists an interval-valued function P% :
(—¢, €) — I(R) such that [0, v%] = ||lv|| P*(v) with lim,_¢ P%(v) = [0, O].

[gl0, vf1 if v # (0,0),
[0, 0] if v =(0,0).

Given € > 0, let us define P%(v) = { and it is easy to prove

that limvio P%(w) =1[0,0].
Then, f is level-wise g H-differentiable at x* = (0, 0).
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Let us notice that the family of level-wise g H-derivatives {7 }ue[o0,1] does not have to
determine a fuzzy number. Therefore, although it is a more restrictive notion, it makes sense
to define the fuzzy g H -differentiability.

As we have said, when S € R (n = 1), from Theorem 3.2, Definition 5.3 coincides with
Definition 23 in Bede and Stefanini (2013). In Bede and Stefanini (2013), the fuzzy gH-
differentiability is defined directly, without the use of the interval-valued functions associated
(Definition 20).

Now, we develop a necessary and sufficient condition for fuzzy gH- differentiability
(Definition 20 given in Bede and Stefanini (2013) with n = 1) that can serve as the basis for
further developments of fuzzy differentiability.

Theorem 5.1 Let }i S C R — Fc¢ be a fuzzy function and v € S, such that x* + v € S.
Then, there exists f'(x*) € Fc with

S SO+ 0) O f)
e = 3% v

(18)
if and only if there exists u € Fc and P (—¢€, €) > Fc with limy_,q ﬁ(v) =0, such that

(fO* +v) ©gm f(x*) Ogm vit(x*) = vP(v). (19)
Proof If there exists f’(x*) € Fc satisfying (18), then

i FO* +v) Sgn f(x%)
m

v—0 v

egH f/(X*) = 6
Given € > 0, let us consider the fuzzy function P : (—¢, €) — F¢ given by
Py = | LR o [ty i v 0,
if v=0.

It verifies that lim,_.¢ P(v) = 0, and furthermore, (f(x* +v) S, f(x*)) O¢H vf’(x*) =
vP (v) that coincides with (19). )
If (19) is verified, then £/ 0D o i) = P(v). Taking limit when v — 0
i O V) Sgn f7)

v—>0 v

Ogn i(x") = lim P(v) =0,

and so lim,_, w = fi(x*) that coincides with (18) o

Now, we extend the notion of g H-differentiability to a fuzzy function with several vari-
ables.

Definition 5.4 Given 0 = (0,...,0) € R" and § € R” an open and nonempty set, let
f 1 § — Fc be a fuzzy function. We say that f is g H-differentiable at x* € S if there
exist a continuous and quasilinear fuzzy function T+ : § € R” — F¢ and a fuzzy function
P:B(0,¢) CR" — Fc with lim,_¢ P(v) = 0, such that

(f(x* +v) ©gn F(x*) Ogn Ter(v) = || P (v), (20)

forallv € B(0,¢) := {x € R" : x|l <€}, e > 0 with (x* +v) € §, and in this case,
T+ (v) is called the g H-derivative of f at x* e S.If fis g H-differentiable at all x € §, then
f is said to be g H-differentiable.
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6 Conclusions

In this paper, we present and study a g H -differentiability definition for interval-valued func-
tions of several real variables, which extends the classical Fréchet differentiability notion.

This concept herein introduced overcomes some drawbacks of the g H-differentiability
definition extended for interval-valued functions of several real variables in the previous
literature, generating a g H -differential that is a quasilinear interval-valued function.

The g H -differentiability concept given by Markov (1979), Stefanini and Bede (2009), and
Stefanini and Arana-Jiménez (2019) is extension of the classical Gateaux differentiability
to interval-valued functions. We prove that these concepts and the new definition, which is
equivalent to an interval version of the Fréchet differentiability, are equivalents.

The extension of the new concept of differentiability to the fuzzy environment is presented.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Ahmad I, Singh D, Dar Bilal A (2016) Optimality conditions for invex interval valued nonlinear program-
ming problems involving generalized H-derivative. Filomat 30(8):2121-2138. https://doi.org/10.2298/
FIL1608121A

Armand A, Allahviranloo T, Gouyandeh Z (2016) General solution of Basset equation with Caputo generalized
Hukuhara derivative. J Appl Anal Comput 6(1):119-130. https://doi.org/10.11948/2016010

Assev SM (1986) Quasilinear operators and their application in the theory of multivalued mappings. Proc
Steklov Inst Math 167:23-52

Aubin JP, Cellina A (1984) Differential inclusions. Springer, New York

Bede B, Stefanini L (2013) Generalized differentiability of fuzzy-valued functions. Fuzzy Sets Syst 230:119—
141. https://doi.org/10.1016/j.£s5.2012.10.003

Chalco-Cano Y, Romam-Flores H, Jiménez-Gamero MD (2011) Generalized derivative and rr-derivative for
set-valued functions. Inf Sci 181:2177-2188. https://doi.org/10.1016/j.ins.2011.01.023

Chalco-Cano Y, Flores-Franuli¢ A, Roman-Flores H (2012) Ostrowski type inequalities for interval-valued
functions using generalized Hukuhara derivative. Comput Appl Math 31(3):457—472. https://doi.org/10.
1590/S1807-03022012000300002

Chalco-Cano Y, Lodwick WA, Rufidn-Lizana A (2013) Optimality conditions of type KKT for optimization
problems with interval-valued objective function via generalized derivative. Fuzzy Optim Decis Mak
196(1):305-322. https://doi.org/10.1007/s10700-013-9156-y

Chalco-Cano Y, Rufidan-Lizana A, Romam-Flores H, Jiménez-Gamero MD (2013) Calculus for interval-valued
functions using generalized Hukuhara derivative and applications. Fuzzy Sets Syst 219:49-67. https://
doi.org/10.1016/j.fs5.2012.12.004

Diamond P, Kloeden P (1994) Metric space of fuzzy sets: theory and application. World Scientific Publishing
Co. Inc., River Edge

Lodwick WA (2015) Interval and fuzzy analysis: a unified approach, In: Special issue celebrating the 50th
anniversary of fuzzy sets, Adv. Imaging Electron Phys., vol 148, pp 75-192. https://doi.org/10.1016/
S1076-5670(07)48002-8

Long HV, Son N, Tam H (2015) Global existence of solutions to fuzzy partial hyperbolic functional differential
equations with generalized Hukuhara derivatives. J Intell Fuzzy Syst 29(2):939-954. https://doi.org/10.
3233/IFS-151623

@ Springer f DMAC


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.2298/FIL1608121A
https://doi.org/10.2298/FIL1608121A
https://doi.org/10.11948/2016010
https://doi.org/10.1016/j.fss.2012.10.003
https://doi.org/10.1016/j.ins.2011.01.023
https://doi.org/10.1590/S1807-03022012000300002
https://doi.org/10.1590/S1807-03022012000300002
https://doi.org/10.1007/s10700-013-9156-y
https://doi.org/10.1016/j.fss.2012.12.004
https://doi.org/10.1016/j.fss.2012.12.004
https://doi.org/10.1016/S1076-5670(07)48002-8
https://doi.org/10.1016/S1076-5670(07)48002-8
https://doi.org/10.3233/IFS-151623
https://doi.org/10.3233/IFS-151623

149 Page160f16 R. Osuna-Gomez et al.

Luhandjula MK, Rangoaga MJ (2014) An approach for solving a fuzzy multiobjective programming problem.
Eur J Oper Res 232:249-255. https://doi.org/10.1016/j.ejor.2013.05.040

Majumder P, Mondal SP, Bera UK, Maiti M (2016) Application of generalized Hukuhara derivative approach
in an economic production quantity model with partial trade credit policy under fuzzy environment. Oper
Res Perspect 3:77-91. https://doi.org/10.1016/j.0rp.2016.08.002

Markov S (1979) Calculus for interval functions of a real variable. Computing 22:325-337

Moore RE (1959) Automatic error analysis in digital computation. Technical Report, LMSD-48421, Lockheed
Missiles and Space Co, Palo Alto

Osuna-G6émez R, Chalco-Cano Y, Rufidn-Lizana A, Herndndez-Jiménez B (2016) Necessary and sufficient
conditions for fuzzy optimality problems. Fuzzy Sets Syst 296:112-123. https://doi.org/10.1016/j.fss.
2015.05.013

Plotnikova NV (2005) Systems of linear differential equations with p-derivative and linear differential inclu-
sions. Sb Math 196:1677-1691. https://doi.org/10.1070/SM2005v196n11ABEH003726

Qiu D (2020) The generalized Hukuhara differentiability of interval-valued function is not fully equivalent to
the one-sided differentiability of its endpoint functions. Fuzzy Sets Syst. https://doi.org/10.1016/j.fss.
2020.07.012

Rojas-Medar MA, Jiménez-Gamero MD, Chalco-Cano Y, Viera-Brandao AJ (2005) Fuzzy quasilinear spaces
and applications. Fuzzy Sets Syst 152(2):173-190. https://doi.org/10.1016/.fss.2004.09.011

Stefanini L (2008) A generalization of Hukuhara difference for interval and fuzzy arithmetic. In: Dubois
D, Lubiano MA, Prade H, Gil MA, Grzegorzewski P, Hryniewicz O (eds) Soft methods for handling
variability and imprecision, series on advances in soft computing, vol 48. Springer. An extended version
is available online at the RePEc service: http://econpapers.repec.org/RAS/pst233.htm

Stefanini L (2010) A generalization of Hukuhara difference and division for interval and fuzzy arithmetic.
Fuzzy Sets Syst 161(11):1564—1584. https://doi.org/10.1016/j.fs5.2009.06.009

Stefanini L, Arana-Jiménez M (2019) Karush—-Kuhn—Tucker conditions for interval and fuzzy optimization
in several variables under total and directional generalized differentiability. Fuzzy Sets Syst 362:1-34.
https://doi.org/10.1016/j.fss.2018.04.009

Stefanini L, Bede B (2009) Generalized Hukuhara differentiability of interval-valued functions and interval
differential equations. Nonlinear Anal 71(34):1311-1328. https://doi.org/10.1016/j.na.2008.12.005

Sunaga T (1958) Theory of interval algebra and its application to numerical analysis. RAAG Memoirs, Ggujutsu
Bunken Fukuy-Kai, Tokio, pp 29-48

Villamizar-Roa E, Angulo-Castillo V, Chalco-Cano Y (2015) Existence of solutions to fuzzy differential
equations with generalized Hukuhara derivative via contractive-like mapping principles. Fuzzy Sets Syst
265:24-38. https://doi.org/10.1016/j.fs5.2014.07.015

Wang C, Agarwal RP, ORegan D (2019) Calculus of fuzzy vector-valued functions and almost periodic fuzzy
vector-valued functions on time scales. Fuzzy Sets Syst 375:1-52. https://doi.org/10.1016/j.fss.2018.12.
008

Warmus M (1956) Calculus of approximations. Bull Acad Pol Sci IV 5:253-257

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f bMA


https://doi.org/10.1016/j.ejor.2013.05.040
https://doi.org/10.1016/j.orp.2016.08.002
https://doi.org/10.1016/j.fss.2015.05.013
https://doi.org/10.1016/j.fss.2015.05.013
https://doi.org/10.1070/SM2005v196n11ABEH003726
https://doi.org/10.1016/j.fss.2020.07.012
https://doi.org/10.1016/j.fss.2020.07.012
https://doi.org/10.1016/j.fss.2004.09.011
http://econpapers.repec.org/RAS/pst233.htm
https://doi.org/10.1016/j.fss.2009.06.009
https://doi.org/10.1016/j.fss.2018.04.009
https://doi.org/10.1016/j.na.2008.12.005
https://doi.org/10.1016/j.fss.2014.07.015
https://doi.org/10.1016/j.fss.2018.12.008
https://doi.org/10.1016/j.fss.2018.12.008

	Quasilinear approximation for interval-valued functions via generalized Hukuhara differentiability
	Abstract
	1 Introduction
	2 Preliminaries
	3 New necessary and sufficient conditions for gH-differentiability on mathbbR
	4 gH-differentiability for interval-valued functions on mathbbRn
	5 An application of gH-differentiability for interval-valued functions: extension of gH-differentiability notion to fuzzy functions with several real variables
	6 Conclusions
	References




