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1. Introduction

In 1950 A.I. Malcev proved that a solvable Lie algebra is uniquely determined by its
nilradical [19]. A decade later Mubarakzjanov proposed the method of description of
solvable Lie algebra in terms of nilradical and its nil-independent derivations [20]. He
noted that the codimension of nilradical does not exceed the number of nil-independent
derivations and the number of generators of the nilradical. Since then the classification of
solvable Lie algebras with the Abelian, Heisenberg, filiform, quasi-filiform nilradicals is
obtained, see for instance [5,6,21,25,26,24]. Recently, the topic of research has drawn a lot
of attention and in particular in [11] the authors extended Mubarakzjanov’s method to
Leibniz algebras. Therefore, along the last few years have been obtained classifications
with different types of Leibniz nilradicals [10-12,18]. Among all the solvable Lie and
Leibniz algebras special mention deserves the maximal (in dimensional sense) solvable
Lie and Leibniz algebras with given nilradical, due to its properties, they are in some
cases cohomologically rigid [4].

The main goal of this paper is the study of maximal solvable Lie and Leibniz su-
peralgebras with a given nilradical. It should be noted that the structures of solvable
Lie and Leibniz superalgebras are more complex than structures of solvable Lie and
Leibniz algebras [23]. In particular, Lie’s theorem is not true (neither in its general or
its reduced forms) for a solvable Leibniz (respectively, Lie) superalgebras L. Moreover,
the square of a solvable superalgebra is not necessary to be nilpotent [22]. Nevertheless,
throughout this paper we show that under certain conditions Mubarakzjanov’s method
of description of maximal solvable Lie and Leibniz algebras with given nilradical is also
applicable for Lie and Leibniz superalgebras, respectively. In particular, we determine
the maximal dimensional solvable Lie and Leibniz superalgebras with model filiform
and model nilpotent nilradicals. Additionally, we compute the space of superderivations
on the maximal-dimensional solvable Lie and Leibniz superalgebras with filiform and
model nilpotent nilradical and show that all of these superderivations are inner. These
results constitute an extension of the results obtained for similar Lie and Leibniz alge-
bras. Finally, let us note that all Lie and Leibniz superalgebras obtained in this paper
are excellent candidates to cohomologycally rigid superalgebras, we leave this study for
a further work though.

2. Preliminary results

A vector space V is said to be Zs-graded if it admits a decomposition in direct sum,
V = Vy®Vj, where 0,1 € Zy. An element x € V is called homogeneous of degree i if it is an
element of V5,7 € Zo. In particular, the elements of Vj (resp. V;) are also called even (resp.
odd). For a homogeneous element z € V we denote |x| the degree of = (either 0 or 1).

A Lie superalgebra (see [15]) is a Zs-graded vector space g = g5 @ g7 together with
an even bilinear mapping [-,-] : g x g — ¢ ([g5, 95] C 95 [95, 97] C 97 and [g7, 97] C 95),
which for any arbitrary homogeneous elements x, y, z satisfies the conditions:
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L. [mvy} = _(_]_)|$Hy|[y’$]’
2. (=)=l [z [y, 2]+ (= D)1=y, [z, 2]+ (=) ¥I=1[2, [z, y]] = O (super Jacobi identity).

Thus, gg is an ordinary Lie algebra, and g7 is a module over gg; the Lie superalgebra
structure also contains the symmetric pairing S?g; — gg-

In general, the descending central sequence of a Lie superalgebra g = g5 © g7 is
defined in the same way as for Lie algebras: C%(g) := g, C**1(g) := [C*(g),g] for all
k > 0. Consequently, if C*(g) = {0} for some k, then the Lie superalgebra is called
nilpotent. Then, the smallest integer k such that C*(g) = {0} is called the nilindez of
the Lie superalgebra g. Likewise, the derived sequence of g is defined by D%(g) := g,
DF+L(g) = [D*(g),D*(g)] for all k > 0. If this sequence is stabilized in zero, then
the Lie superalgebra is said to be solvable. All nilpotent Lie superalgebras are solvable
ones. FEngel’s theorem and its direct consequences remain valid for Lie superalgebras. In
particular, a Lie superalgebra L is nilpotent if and only if adyx is nilpotent for every
homogeneous element = of L. Moreover, for solvable Lie superalgebras we have that a
Lie superalgebra L is solvable if and only if its Lie algebra Lg is solvable. Nevertheless,
we do not have the analog of Lie’s Theorem and neither its corollaries for solvable Lie
superalgebras.

At the same time, there are also defined two other crucial sequences denoted by C*(g;)
and C*(gq) which will play an important role in our study. They are defined as follows:

C%g7) = g7, C* ! (g7) == [80,C" (g7)], k> 0,i € Zo.

This last sequences allow us to introduce filiform Lie superalgebras. Thus, a Lie su-
peralgebra g = g5 @ g7 is said to be filiform if gj is a filiform Lie algebra (those algebras
with nilindex dim(gg) — 1) and the action of gj over g; has the structure of filiform
gg-module, i.e. dim (C**(g7)/C?(g7)) = 1 for 1 < i < dim(gy).

In the study nilpotent Lie algebras we have the invariant called characteristic sequence
that can be naturally extended for Lie superalgebras.

Definition 2.1. For an arbitrary element x € gg, the adjoint operator ad, is a nilpotent
endomorphism of the space g;, where i € {0,1}. We denote by gz;(x) the descending
sequence of dimensions of Jordan blocks of ad,. Then, we define the invariant of a Lie
superalgebra g as follows:

92(9)=< max  gz5(z) | max 921(5))7
€95 \[90,90] €95 \[90,90)

where gz; is in lexicographic order.
The couple gz(g) is called characteristic sequence of the Lie superalgebra g.
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Let us recall the definition of superderivations for Lie superalgebras [15]. A su-
perderivation of degree s of a Lie superalgebra L, s € Zs, is an endomorphism D € EndsL
with the property

D(ab) = D(a)b+ (—1)*99%aD(b).

If we denote Der,L C EndsL the space of all superderivations of degree s, then
DerL = DergL @ DertL is the Lie superalgebra of superderivations of L, with DergL
composed by even superderivations and DeryL by odd ones.

2.1. Preliminaries for Leibniz superalgebras

Remark that many results and definitions of the above section can be extended for
Leibniz superalgebras.

Definition 2.2. [2]. A Zs-graded vector space L = L@ L7 is called a Leibniz superalgebra
if it is equipped with a product [-, -] which for an arbitrary element z and homogeneous
elements y, z satisfies the condition

[z, [y, 2]] = [[x, 9], 2] — (—l)lyllzl[[ac, z),y]  (super Leibniz identity).

Note that if a Leibniz superalgebra L satisfies the identity [z,y] = —(—1)®II¥[y, 2]
for any homogeneous elements z,y € L, then the super Leibniz identity becomes the
super Jacobi identity. Consequently, Leibniz superalgebras are a generalization of Lie
superalgebras. Also and in the same way as for Lie superalgebras, isomorphisms are
assumed to be consistent with the Zs-graduation.

Let us now denote by R, the right multiplication operator, i.e., R, : . — L given as
R.(y) := [y, z] for y € L, then the super Leibniz identity can be expressed as R, , =
RyR, — (—1)*IVIR, R,

If we denote by R(L) the set of all right multiplication operators, then R(L) with
respect to the following multiplication

< Ra, Ry >= R,Ry — (—1)" RyR, (2.1)

for R, € R(L);, Ry € R(L);, forms a Lie superalgebra. Note that R, is a derivation. In
fact, the condition for being a derivation of a Leibniz superalgebra (for more details see
[17]) is d([z,y]) = (=D)I4W[d(z), y] + [z, d(y)]. Since the degree of R, as homomorphism
between Zo-graded vector spaces is the same as the degree of the homogeneous element
z, that is |R,| = |z|, then the condition for R, to be a derivation is exactly R.([x,y]) =
(=1)I#WWI[R,(x),y] + [z, R.(y)]. This last condition can be rewritten [[z,y], 2] =
(=1)1#19I[[z, 2], y] + [z, [y, 2]] which is nothing but the super (graded) Leibniz identity.
Let us note that the concepts of descending central sequence, nilindex, the variety of
Leibniz superalgebras and Engel’s theorem are natural extensions from Lie theory.
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Let V = V5 @ V7 be the underlying vector space of L, L = L @ Ly € Leid™™, being
Leib™™ the variety of Leibniz superalgebras, and let G(V') be the group of the invertible
linear mappings of the form f = f5 + fi, such that f; € GL(n,C) and f; € GL(m,C)
(then G(V) = GL(n,C)® GL(m,C)). The action of G(V') on Leib™™ induces an action
on the Leibniz superalgebras variety: two laws A1, Ay are isomorphic if there exists a
linear mapping f = f5 + f; € G(V), such that

Ao(z,y) = ffjrljf()\l(f;(x),fj(y))), for any x € V;,y € V;.

Furthermore, the description of the variety of any class of algebras or superalgebras
is a difficult problem. Different papers (for example, [3,8,13,14]) are regarding the ap-
plications of algebraic groups theory to the description of the variety of Lie and Leibniz
algebras.

Definition 2.3. For a Leibniz superalgebra L = Lg ® L7 we define the right annihilator
of L as the set Ann(L) :={z € L:[L,z] =0}.

It is easy to see that Ann(L) is a two-sided ideal of L and [z,z] € Ann(L) for any
x € Lg. This notion is compatible with the right annihilator in Leibniz algebras. If we
consider the ideal I := ideal < [x,y] + (=1)1*lI¥[y, 2] > then T ¢ Ann(L).

Let L = L® L1 be a nilpotent Leibniz superalgebra with dim L = n and dim L7 = m.
From Equation (2.1) we have that R(L) is a Lie superalgebra, and in particular R(Lg)
is a Lie algebra. As Lj has Lg-module structure we can consider R(Lg) as a subset of
GL(V;), where V7 is the underlying vector space of L. So, we have a Lie algebra formed
by nilpotent endomorphisms of V5. Applying the Engel’s theorem we have the existence
of a sequence of subspaces of Vi, Vo C V1 C Vo C --- C V,,, = Vi, with R(Lg)(Vizg) C V.
Then, it can be defined the descending sequences C*(Lg) and C*(Lg) and the super-
nilindex in the same way as for Lie superalgebras. That is, C°(L;) := L;,C**1(L;) :=
[CE(L;), L), k>0, i € Zy. If L = Ly @ L7 is a nilpotent Leibniz superalgebra, then L
has super-nilindex or s-nilindex (p, q) if satisfies

CPH(Lg) #0,  CT7N(Ly) #0,  CP(Lg) =C(Ly) = 0.

We have for Lie superalgebras the invariant called characteristic sequences that can be
naturally extended for Leibniz superalgebras. Thus, we have the following definition.

Definition 2.4. For an arbitrary element x € Lg, the operator R, is a nilpotent endomor-
phism of the space L;, where i € {0,1}. We denote by gz;(z) the descending sequences
of dimensions of Jordan blocks of R,. Then, we define the invariant of a Leibniz super-
algebra L as follows:

z(L) = max zg(x max z1(x) |,
9+(L) <zeL0\[L0,LO]g O( ) EeL()\[L(—),Lﬁ]g i )>
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where gz; is in lexicographic order.
The couple gz(L) is called characteristic sequences of a Leibniz superalgebra L.

3. Maximal-dimensional solvable Lie superalgebras with filiform nilradical

Throughout this section we study solvable Lie superalgebras with maximal dimension
of the complementary space to nilradical, being the nilradical the model filiform Lie
superalgebra L™™. Let us recall that in [9] the authors proved that under the condition
of being L? nilpotent, any solvable Lie superalgebra over the real or complex numbers
field can be obtained by means of outer non-nilpotent superderivations of the nilradical.
Therefore, for any solvable Lie superalgebra t with t2 nilpotent, we have a decomposition
into semidirect sum:

v = te_gn,

[t,n] Cn, [nyn]Cn, [t,fCn

Along the present section we consider as nilradical the model filiform Lie superalgebra
L™™ that is, the simplest filiform Lie superalgebra which is defined by the only non-zero
products

L { [21,2;] = —[zi, 1] = 441, 2<i<n-—1
[21,y] = —lyj,z1] = yj1, 1<j<m—1
where {x1,...,2z,} be abasis of (L™™)5 and {y1,...,¥ym} be abasis of (L™™);. Note that
L™™ is the most important filiform Lie superalgebra, in complete analogy to Lie algebras,
since all the other filiform Lie superalgebras can be obtained from it by deformations
[7]. These infinitesimal deformations are given by the even 2-cocycles Zg (Lmm L),

On the other hand, t = span{ty, t2,t3} corresponds with the maximal torus of deriva-

tions of L™™ which is composed, in particular, by even superderivations. Then t is

Abelian ([t,t] = 0) and the operators adt; (t; € t) are diagonal. A straightforward com-
putation leads to the following action of t over L™™:

[t1, i)

[tlayj] = 7Y;, <j<m
[to, ;] = x5, 2<i<m
[t3ayj]:ij ISJS

Thus, the solvable Lie superalgebra that we are going to consider, and henceforth
named SL™™, is defined in a basis {z1,...,Tn,t1,t2,t3,Y1,.-.,Ym} by the only non-
zero bracket products
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[x1, 2] = —[zi, 21) = 2411, 2<i<n-—1;
[r1,y5] = =y, e = yjp, 1<j<m—1
grmm . [t1, 2] = —[as, t1] = iay, 1 <3< m
[ty = —lyj, il = jy;, 1< <my
[ta, ;] = —[zi, t2] = x4, 2 <1< n;
[t3,y;] = —y; ts] = v;, 1<j<m;

with {z1,...,Zn, t1,12,t3} a basis of (SL™™)5 and {y1, ..., Ym} a basis of (SL™™);. The
purpose now is to find out whether SL™™ is the unique solvable Lie superalgebra with

maximal codimension of nilradical L™™.

Theorem 3.1. An arbitrary compler mazimal-dimensional solvable Lie superalgebra L
with L? nilpotent and nilradical L™™ is isomorphic to SL™™.

Proof. It is easy to see that superalgebra L™"" can be considered as nilpotent Lie algebra
(a Zo-graded Lie algebra), because of the fact that there is no symmetric bracket prod-
ucts in the law of L™™. Note also, that under the condition of being L? nilpotent the
techniques used in Lie superalgebras are rather similar to the ones used in Lie algebras,
i.e. solvable extension by means of (super)derivations of nilradical, for more details it can
be consulted [9]. Considering now L™™ as a Lie algebra, the results of [16] allow us to
assert that there is a unique solvable Lie algebra with maximal codimension of nilradical,
i.e. maximal dimension of the complementary space to nilradical. Moreover this maximal
codimension is equal to the number of generators of the nilradical, 3 in our case. It can
be easily seen that this unique solvable Lie algebra described in [16] is isomorphic to
SL™™ considered the latter as a Lie algebra. Indeed, following to Theorem 3.2 [16] we
have a solvable Lie algebra

(21, 2i] = =z, 21] = Tig1, 2<i<n-1
[r1,y;] = —[y;, 71] = yj41, 1<j<m-—-1
[Zlaxl] - *[xlazl] =Ty,

[21, 2] = —[25,2) = (i — 2)z;, 3<i<m
(22, @;] = —[a;, 20] = s, 2<i<m
[23,y;] = =y, 23] = 5, 1<ij<m

and the isomorphism defined by {t; = z1 + 225 + 23, to = 23, t3 = 23} shows that this
Lie algebra is isomorphic to SL™™.
Now, we consider L™™ as a Lie superalgebra.
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The even superderivations D of L™" are in particular derivations of the Zs-graded Lie
algebra L™™ verifying D(Ly"™) C Ly"™ and D(LY™) C L™, The odd superderivations
D of L™™ on the other hand, verify the following three conditions:

D([zi, z;]) = [D(%:), 2] + [wi, D(xy)],  if @i, x5 € L™ (3.1)
D([zi,y5]) = [D(xi),y5] + [2i, D(yy)], if z; € L™, y; € L™ (3.2)
D([yi, y;]) = [D(yi),y5] = [yi, D(y;)], if yi,y; € L™ (3.3)

The equations (3.1) and (3.2) correspond with the Lie derivation condition. Thus, it
remains to study the equation (3.3). Taking into account now the law of L™™ it can be
easily seen that the only possibility for having at least one non-null term in the equation
(3.3) corresponds with the existence of y; such that zy € D(y;). Next, we explore such
possibilities. For ¢ > 2, we get

D(y;) = D([x1,yi-1]) = [D(21), yi] + [71, D(yi-1)] = [71, D(yi-1)]

Since [x1, D(y;—1)] € span{zs,...,z,} we can exclude i for i > 2. Suppose i = 1, and
then
D(y1) = arx1 + Z QTk, with ay # 0.
k=2

From equation (3.3) we get in particular

D([y1,v1]) = 0= [D(y1),y1] — [y1, D(y1)] = 2a192

and then a3 = 0. Therefore the equation (3.3) vanishes over L™™ and consequently
all the odd superderivations of L™"" are in particular derivations of the Zs-graded Lie
algebra L™™ verifying D(Ly"™) C L™ and D(LY™) C L™,

Thus, all the superderivations of the Lie superalgebra L™ are particular cases of
derivations of the Zs-graded Lie algebra L™™. Therefore, we can assert that SL™™ is
not only the unique maximal-dimensional solvable Lie algebra with nilradical the Lie
algebra L™™, but also is the unique maximal-dimensional solvable Lie superalgebra L
with L? nilpotent and nilradical the model filiform Lie superalgebra L™™. 0O

4. Maximal-dimensional solvable Lie superalgebras with model nilpotent nilradical

Throughout this section firstly we extend the definition of model nilpotent to Lie
superalgebras and after that we obtain the description of maximal-dimensional solvable
Lie superalgebra with model nilpotent nilradical.

Next we recall the definition of model nilpotent Lie algebra, for more details it can
be consulted for instance [4]. Thus, the model nilpotent Lie algebra with arbitrary char-
acteristic sequence (ny,nsg, -+ ,ng, 1) is composed by the Lie algebras admitting a basis
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{Z1, s @ny+1s " » Tngtnat1s * s Tng+ni+1 ) such that the only non-null brackets (ex-
panded by skew-symmetry) are exactly the following

[x1,25] = x40, 2<j <y,

(@1, Tny15] = Tnyti4g, 2 < J < no,

[x17mn1+“'+nk—2+j] = Tni+-tnp_o+1+js 2 <j<ng-i,

[x1’$n1+"-+nk71+j] = Tny+-tnp_1+1+js 2 <j < ng.

Therefore, we present the next definition in a natural way.

Definition 4.1. The model nilpotent Lie superalgebra with arbitrary characteristic se-

quences (n1,- -+ ,ng, 1/mq,--- ,m,) is nothing but the Lie superalgebra admitting a basis
{Z1, ) Tpypmet 1, Yo 5 Ymat+o4m, b With @; even basis vectors and y; odd basis
vectors, such that the only non-null brackets are exactly the following
N(nla oy g, 1|m17 e 7mp):
[z1, 2] = =[x, 71] = Tj11, 2<j<m,

ESTEAP)
= ~[Toytotng+is T1 = Togpoogny+it1, 1<J<k—1,2<i<nj,

[z1,95] = —[y;, 1] = Yj+1, 1<j<m—1,
[$17ym1+---+mj+i] = *[ym1+---+mj+i7931]
= Ymy+otmy+itls 1<j<p—-11<i<mj1—1.

Remark 4.1. Note that the model filiform Lie superalgebra L™™ is exactly N(n—1, 1|m).

Let us consider now t = span{ty, ..., tgy1,1q, ..., 1,} the maximal torus of derivations
of N(ny - jny,1jm - ;m,), Which is composed in particular by even superderivations. A
straightforward computation leads to the following action of t over N(ny,--- ,ng, 1|mq,
,Mp):
[t1, z;] = s, 1<i<ng+--+ng + 1,
[tl,yJ]—Jyp L<j<mit-+my;
[to,z;] = 2<i<ni+1;
[tit2, Tny+- +nj+z] =Tnytogn;+i, 1<J<k—1 2<i<nj+1;
[t vil = vi, 1<i<my;
[t

i1 Ymytetmy+i] = Ymodetmi, 1 <J<p—1, 1<i<mjp.

Thus, the solvable Lie superalgebra that we are going to consider and denoted by
SN(ny, -+ ,ng, 1| my,---,mp) is defined in a basis {x1,...,Zpi+npt+1, t1,- -5 ht1,
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1o ostps Yooy Ymy+-tm, } Dy the only non-zero bracket products: SN(ny,--- ,ng,
my, - \mp):
[x1,7;] = —[2j, 21] = 241, 2<j<mn;
[331a33n1+---+nj+i] = —[$n1+~--+nj+z‘a$1]
= Tpy ooy +itls 1<j<k—-1 2<i<nju;
[z1,y5] = —[y;, 1] = Yjt1, 1<j<mi—1

[xla ym1+~~~+mj+i]
= ~[Ymytotmy+is T1) = Yy totmytivl, 1< J<p—1, 1<i<mypg — 1

[t1, 2] = —[xs, t1] = tzy, 1<i<ng+--+np+ 1,
[tlayj]:_[yjatl]:jij 1§J§m1++mpa
[to, ;] = —[24, ta] = x4, 2<i<n;+1

[

b2, Tnytoven +i)

= —[Tnytotnytis b2l = Tpypoogmy i, 1<J<k—1,2<i<njp+1
(t1, vi] = —[yi, t1] = wi, 1 <i<my;
[t;+1,ym1+~~+mj+i]

= ~[Ymyttmytis U1] = Ymatodmy+is 1 <F<p—1, 1 <i <mjya;

with {z1,. ., %n,4onyt1, t1,-o o tey1, t,...,6,} even basis vectors and {yi,...,
Ymy4--+m, odd basis vectors. Next, we show that this solvable Lie superalgebra is
the unique with maximal codimension of nilradical N(n1,--- ,ng, 1|m,--- ,myp).

Theorem 4.1. Let L be a complex mazximal-dimensional solvable Lie superalgebra with

L? nilpotent and nilradical isomorphic to N(ny,--- ,ng, 1|my, - ,myp). Then there ex-
ists a basis, namely {T1, ..., Tn, 4 ngt1, Ty tort, ooty Yoo Ymy ooy, b Wit
{71, Tyt 1s By g, B, - T, even basis vectors and {yi, - -, Ymy+otmy b
odd basis vectors, in which L is isomorphic to SN (ni,--- ,ng, 1|mq,--- ,mp).

Proof. On account of the lack of symmetric bracket products, N(nq,- - ,nk, 1jmq, -,

m,,) can be regarded as both a nilpotent Lie superalgebra and a nilpotent Zo-graded Lie
algebra. Likewise, under the condition of being L? nilpotent the techniques used in Lie
superalgebras are similar to the ones used in Lie algebras, that is solvable extension by
means of (super)derivations of nilradical.

Let us consider now N(ng,--- ,ng, 1lmi,---,m,) as a Lie algebra, the results of [16]
allow us to assert that there is only one solvable Lie algebra with maximal codimension
of nilradical, which can be expressed in a suitable basis {1, ..., Tn 4 np+15 21s- - - bt 1,
2155 Zpy YLy s Ymy+tm, b» DY the only non zero bracket products:
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[z1,25] = —[zj, 21] = 2j41, 2 <j <y

[z1, $n1+--<+n_7-+i]

= —[Tny4ogny4is T1 = Ty it 1 1<j<k—-1,2<i<njy;
[z1, ;] = —lys, 21] = yjra, 1<j<m—1;
[xlayml+'--+mj+i]

= (Yt tmytis T1] = Yy ooty it 1 l<j<p-11<i<mj -1
[z1,21] = —[z1, 21] = 213
[21, ;] = =[5, 21) = (i — 2)z;, 3<i<n+1;

[21, Ty 4o 4]
= _[xn1+'~-+nj+i7zl] = (7’ - 2)xn1+~~+n]~+ia 1 S .] S k - 17 3 S Z S nj-‘,—l + 17

(21, 9i] = —[yi, 21] = (i — D)y, 2 <9< my;
SRy a——

= ~[Ymyt+tmytis 2] = (0= DYy togmyri, 1 <G <p—1, 2<d <myjg;
[22, 2] = —[xi, 22] = zi, 2<i<n+1;
(2425 Ty 4 etm 4]

= —[Tnyotnytis Zir2] = Toggegn i 1<j<k—-1,2<i<nj+1
[z;+17ym1+~“+mj+i]

= = [Ymittmy s 21l = Ymaotmy s 1<j<p-1,1<i<mjiq;

and the isomorphism defined by

k-1 p—1
tr=z+20+ > (it +n+ 2z | +2+ [ D (mit-+my+ 12, |,
j=1 Jj=1

ti=z,2<i<k+1 and ¢t =2, 1<i<p,
shows that this Lie algebra is isomorphic to the Zs-graded Lie algebra SN(ny,--- ,ng,
Lma, -, myp).

Let us consider now N(nq,--- ,ng, 1/mq,--- ,m,) as a Lie superalgebra. Analogously
as it was seen along the proof of Theorem 3.1, the even superderivations are in partic-
ular Lie derivations, and for odd superderivations the only condition different from Lie
derivation condition is exactly equation (3.3):

D(lyi» y51) = [D(yi), y;] = [yi, D(y;)]

On account of the law of N(nq,---,ng, 1jmq,---,m,) it can be easily seen that the
only possibility for having at least one non-null term in the equation (3.3) corresponds
with the existence of y; such that x; € D(y;). Next, we explore such possibilities. For y;
different from the odd generator vectors, i.e. i ¢ {1,m;+1,m;+mo+1,...,m;+---+
mp—1 + 1}, we get

D(y;) = D([x1,yi-1]) = [D(21), %] + [x1, D(yi—1)] = [21, D(yi—1)]
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As [z1,D(y;—1)] € span{zs,...,x,} we can exclude i fori ¢ {1,m1+1,...,mi+---+
mp—1 + 1}. Suppose now that there exists 4, ¢ € {1,m1 +1,...,mq +---+mp_1 + 1}
such that

ni+-+ngp+1
D(y;) = anzr + Z QpTr, with a3 #0
k=2

From equation (3.3) we get in particular

D([yi,yi]) = 0 = [D(yi), yi] — i, D(yi)] = 2019i+1

and then a; = 0. Therefore the equation (3.3) vanishes over N(nq,--- ,ng, 1jmq,--- ,my)
and consequently all the odd superderivations of N(nq,---,ng,1lmy,---,m,) are in
particular Lie derivations of itself regarded as Zs-graded Lie algebra.

Thus, all the superderivations of the Lie superalgebra N(ni,---,ng, 1lmq,---,mp)
are particular cases of Lie derivations of itself regarded as Zs-graded Lie alge-
bra. Therefore, we can assert that SN(ni,---,ng,1|m,---,m,) is not only the
unique maximal-dimensional solvable Lie algebra with nilradical the Lie algebra
N(ni,---,nk, 1lmq, -+ ,mp), but also is the unique maximal-dimensional solvable Lie
superalgebra L with L2 nilpotent and nilradical the model nilpotent Lie superalge-
bra. O

5. Maximal-dimensional solvable Leibniz superalgebras with non-Lie filiform nilradical

In this section, we consider Leibniz superalgebra whose nilradical is isomorphic to the
filiform (non-Lie) Leibniz superalgebra. This filiform Leibniz superalgebra (denoted by
LP™™) can be expressed by the only non-null bracket products that follow:

(@i, 21] = 2ip1, 2<i<n—1

[yj, 1] = yje1, 1<j<m—1
Theorem 5.1. Let L be a complex mazximal-dimensional solvable Leibniz superalgebra
with L? nilpotent and with nilradical isomorphic to LP™™. Then there exists a basis,
namely {x1,...,%n, t1,t2,t3, Y1,...,Yym} with {x1,..., Ty, t1,t2,t3} a basis of Ly and
{y1,..-,ym} a basis of L1, in which L is isomorphic to the following solvable Leibniz
superalgebra:
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where the omitted products are zero.

Proof. Note that LP™™ can be considered as Zs-graded nilpotent Leibniz algebra. Sim-
ilar to Lie case, we can use the result of paper [1], which give the description of solvable

Leibniz algebras with maximal codimension of nilradical (maximal dimension of the com-

plementary space to nilradical). This maximal codimension is equal to the number of
generators of the nilradical, 3 in our case. Then, using Theorem 4 of [1] we have the

following products:

3 <1< n,
2<j<m,
2 <1< n,
I<j<m,

with b; € {0,1}, 1 < i < 3. Only rest to determine the following products [t,x;], with
3<1i<m, [ty,y;], with 2 < j <m and 1 < k < 3. Using the Leibniz identity and the
induction method we derive the remaining products of SLP™™:

[tlvxi] = [tlvyj] =0,
[ta, 2] = (b
-0,

[, xi]

2<1<n, 1<5<m,
3<i1<n, 2<5<m,

[t3,y;] = (b3 —1)y;, 3<i<n,2<j<m.

Finally, from Leibniz identity for the triples {zo,t1,21}, {to,t1, 23} and {t3,z1,y1}
we obtain by = 0, by = 1 and b3 = 1, respectively.

Now we consider LP™™ as a Leibniz superalgebra. Recall that d is a Leibniz su-
perderivation on LP™™ if d verifies the condition:

d(fz,y]) = (~=1)1"¥[d(2), 9] + [z, d(y)]
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Analogously to Lie superalgebra, the even superderivations of LP™™ are in particular
Leibniz derivations verifying that d(LP;"™) C LP"™ and d(LP{"™) C LP{"™. On the
other hand, the odd superderivations d of LP™™ verify the following:

d([zi, x;]) = [d(x;), z5] + [z, d(x;)], x5 € LPS™; (5.1)
d([i, y5]) = —ld(2i), yj] + [s,d(y;)], 2 € LP™,y; € LP™; (5.2)
d([yj, ]) = [d(y;), @] + [yj, d(z:)], @ € LPS™,y; € LPP™; (5.3)
d([yi,y;]) = —1d(w:), ys] + i, d(y;)], Yi,y; € LPI™. (5.4)

Let d be an odd superderivation. Then, we have that

A1) = arye,  d(@z) = bye, dy) =Y crzy.
k=1 k=1 k=1

Using the equation (5.1) for the pair [z1,21] we get a; = 0 with 1 <7 < m — 1 and
from (5.4) for the pair [y1,y1] we obtain ¢; = 0. From the equations (5.1) and (5.3) we
compute d(z;) with 3 <i <n and d(y;) for 2 < j < m. Thus, we have:

d(z1) = amym, d(x;) = Z br—ivoyr, 2<i<mn,
k—i1

n
d(y;) = Z Ch—j+1Tg, 1 <7< m.
k=j+1

Finally, from the equation (5.1) for the pair [x,,z;] we have that by =0 for 1 < k <
m—-n+2ifm>n-—1.

It is easy to prove that all odd derivations are Leibniz derivations because the equa-
tions (5.2) and (5.4) vanish.

The equations (5.1) and (5.3) correspond with Leibniz derivation condition. Then we
can reason as in Theorem 3.1 and we get that all odd superderivations of LP™"™ are
in particular derivations of the Zs-graded Leibniz algebra LP™™. Then we can assert
that SLP™™ is the unique maximal-dimensional solvable Leibniz superalgebra L with
L2 nilpotent and nilradical the Leibniz superalgebra LP™™. O

6. Maximal-dimensional solvable Leibniz superalgebras with model nilpotent non-Lie
nilradical

In this section, we consider as nilradical the equivalent of the model nilpotent Lie
superalgebra into (non-Lie) Leibniz superalgebras. This Leibniz superalgebra denoted by
NP(nq,--- ,ng, 1| mq,---,m,) can be expressed by the only non-null bracket products
that follow:
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Tj, L] = Tj41,
Tyt tis $1] = Ty i 1
Yir 1] = yj41,

[
[
[
[

Ymi+- +m1+u$1]—ym1+ Fmy+it1,

L? nilpotent and nilradical isomorphic to NP(ny, - - -

sy Ty +--np+1; tlv s

/
» Lngteng+1; ty,.. '7t1€+1; t17 BN}

Tj, 21| = Tjt1,

Ty toeetny i T1] = Ty ooy it 1
y]7$1] =Yj+1,

Yma - +m]+27x1] = Ymit-tm+it1s
t1, 2] =
Z‘l,tl] 1

(z — 2)xy,

—x1,

xi,t1] =
Tyt 1] = (1= 2) Ty oo 45
ijtl} ( 1)%’
Ymateetmytir 1] = (0= DYyt tmy+is
X, ta] = x4,

Ty oo b2 = Ty i

Y 1] = Y5,

[
[
[
[
[
[
[
[
[
[
[
[
[
[

Ymi+-- +m]+utj+1] = Yma+-+mj+i>

atk+17 t/17 s
t,} even basis vectors and {y1, . ..
odd basis vectors, in which L is isomorphic to SNP(nq,- -

2<j<m,

1<j<k—-1, 2<i<nj,
1<j<m—1,
1<j<p-1,1<i<my4 — L

Theorem 6.1. Let L be a complex mazimal-dimensional solvable Leibniz superalgebra with

,myp). Then there ex-
.y ym1+"'+mp} with

7nk71|m17"'
!
7tp) Y1, - -

s Ymateotmy |

s N,y 1|m13 T amp) gZ"U@’ﬂ by

2<j<ng;

1<i<k—-1, 2<i<njy;
1<j<m -1
1<j<p-1,1<i<mjy1 —1;

3<i<n +1;
1<j<k-1,3<i<nj+1;
2<j<my;

1<5j<p—-1, 2<i<myq,
2<i<ni+1
1<i<k-1,2<i<nj+1;
1< <ma;
1<j<p—-1,1<i<mjy;

where the omitted products are zero.

Proof. Similar to Theorem 5.1, we consider the superalgebra NP(nq,--- ,ng, 1|my, - -,
my) as a nilpotent Leibniz algebra (a Zo-graded Leibniz algebra). Thus, we can use the

results of the paper [1] and we obtain the following products:

[t1,21] = (b1 — 1),

[1,t1] = 21,

[x’utl] ( 2)'7;7,7 3 S Z g ni + 17

[Tyt i 0] = (0= 2)Tp 4onys, 1 <J<k—1,3<i<njn+1,
[y;, t1] = (i — )y, 2<j<my,

[

Ymy+-- +mJ+Z7t1] ( - 1)ym1+-~~+m]-+i> 1<j<p-12<i< Mj41,
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to, x2) = (b2 — 1)x2,

antQ] = T2,
tit2s Tpy ooty +2] = (B2 = 1) Tnyton 2

Ty portng+25 2] = Tngtoon, 42,

] (bll - 1)y17

/
j+1’ym1+ +’I’I’LJ+1] (bj+1 - 1)ym1+...+mj+1,

[
[
[
[
[y, t1] = 1,
[t1,
2]
[

Yrmrtotmyt1s Ugp1] = Ymypoodmy+1

Similar to previous case and applying Leibniz identity we obtain the remaining prod-
ucts and b; = 0, bizlwith2§i§k+landb; =1 with 1 < 5 < p. Thus, we get
SNP(ni, - ,ng, Lmq, -+ ,mp).

Now, we consider NP(nq,---,nk,1lmq,---,mp) as a superalgebra. The even su-
perderivations of this superalgebra are in particular Leibniz derivations. Then, we go
to prove that the odd superderivations are also Leibniz derivations. For that purpose, it
is sufficient to verify that the equations (5.2) and (5.4) vanish.

Let d be an odd superderivation. Then, we have

mi+-t+my mi+-+my
dz) = > ayr, d@) = Y by, d@n, g 42)
k=1 k=1

mi-+mp

= Z Qgjyk, 1 <j<k—1,

k=1
nit-+np+1 ni+-+ngp+l
d(y) = Z e, A(Ymy 4o, +1) = Z Bejae, 1<j<p.
t=1 t=1

From the equation (5.1) for the pair [x1,z1] we have that

d(71) = Qmy Yy + 00+ Amy+-4mpYma+--+my

and for the equation (5.4) for the pair [y1,y1] we get to ¢; = 0. Analogously, if we
consider the pairs [Ym, +...4m;+1, Ymy+--+m;+1] With 1 < j < p—1 we have that 3;; = 0.
Thus, it proves that the equation (5.4) is always zero.

On the other hand, we put the equation (5.2). The products [z;, d(y;)] are always zero
because of ¢; = 51 =0 for 1 < j <p—1ind(y;). The other products are trivially zero.

Finally, we conclude that the odd superderivations are in particular Leibniz deriva-
tions. We can assert that SNP(ni,---,ng,1|ms,---,my) is the unique maximal-
dimensional solvable Leibniz superalgebra L with L? nilpotent and nilradical the model
nilpotent Leibniz superalgebra NP(nq,--- ,ng, 1jmq, - ,my). O
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7. Superderivations of the maximal-dimensional solvable Lie and Leibniz superalgebras

In this section we establish that the spaces of superderivations for the superalgebras
,mp), SLP™™,
,myp) consist of inner superderivations. These results extend

obtained in previous sections (that is, SL™™, SN(ny,- - ,ng, l|my,---
SNP(ny, - ng, Lma, -
analogously results for similar Lie and Leibniz algebras.

Theorem 7.1. Any superderivation on the Lie superalgebra SL™™ is inner.

Proof. Our goal is to prove that the following inner superderivations {adx,..., adz,,
adty,adts, adts, adyy,..., adyn,} form a basis of the space of superderivations
Der(SL™™) = Derg(SL™™) @ Derg(SL™™), with {adx1,...,adz,,adt1,adts, adts}
a basis of Derg(SL™™) and {adyi,...,adym,} a basis of Derg(SL™™).

Let D be an even superderivation of SL™™. Then taking into account the embeddings
D(SLy™) C SLy™ and D(SLY™) C SLT™ we set

3 n 3 n m
D(xl) = Zasts + Zakxkv D(mQ) = Zﬂsts + Zbkmkv D(yl) = Zpryra
s=1 k=1 s=1 k=1 r=1
3 n 3 n
D(tl) = Zﬁ/sts + chmk, D(t2) = Z5sts + dexk,
s=1 k=1 s=1 k=1

3 n
D(t3) = Zusts + Z €LTh-
s=1 k=1

According to the even superderivation condition, we can summarize the computation
in the following table:

Pairs Constraints
{z1,t1} a;=0,1<i<3, 71 =0, azg =0, ¢y, =kary1, 2<k<n-1
{z1,t2} 61 =0,dp =ag+1, 2<k<n-1
{z1,t3} v1 =0,e,=0, 2<k<n-1
{Ilyyj—l} d( ) — . 1 . S . 2< 4 <
2<j<m—1 y;) = (G — Dar +p1)y; + Z Pk—j+1Yk, 257 S m
-7 = k=j+1
{y1,x2} b1 =0, B3 =—B1
{z1,22} d(z3) = —f1z1 + (a1 + b2)xs + Z br—17k
k=4
{z3,91} B1=0= B3=0
n
L1, Tj— . .
4 {S ; p nl_} 1 d(l‘l) = ((l — 2)(11 -+ b2)17 + k;1 bk—i+21'k7 3 S [3 S n
{tg,tl} elzen:O
{ts, z2} vy =0
{tl,IQ} ﬁg:’yg:O,clszg,bk:O,4§k§n
{xz,tz} 52:d1:0
{t1,t2} cn = ndy,
{t1,y1} Y3 =0,p2=0b3, pr =0, 3<k<m
{t27y1} 53 =0
{ts,y1} v =0
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Therefore, we get

n—1 n—1
D(t1) = —bsz1 + Z kagr12k + ndpzy,, D(t2) = Z ag+1¢k + dpxn, D(ts3) =0,
k=2 k=2
D(z1) = arz1 + Y _ axy, D(3) = bywa + bsws,
k=3
D(z;) = ((i — 2)a1 + ba)x; + bawiqy, 3 <1< n,
D(y1) = p1y1 + baya,
D(y;) = ((j — Va1 + p1)y; + bsyj+1, 2<j<m.

Thus, we conclude dim(Derg(SL™™)) = n+3. On the other hand, the (n+3) inner su-
perderivations {adz1, ..., adx,, adt, adty, adts} are in particular even superderivations.
Hence, we obtain a basis of the space Derg(SL™™) composed by inner even superderiva-
tions. Moreover, D can be expressed via inner as follows

n—2
D=bs(adz1)— (Z ki1 (adxk)> —dp (adzy, Hay (adty —2adta —adts) +ba (adts) +p1 (adts).

k=2

Analogously, we are going to compute the odd superderivations. Let D now be an odd
superderivation. We put

m m 3 n
D(x1) = aryr, D(r2) = beye, D) =D pets+ > crir,
k=1 k=1 s=1 r=1

D(t1) =) diyr, D(t2) =) gryr. Dlts) =) hiay.
k=1 =1 f=1

According to the odd superderivation conditions we have the following computations:

Pairs Constraints
{z, @i} d(z;) = i br_s 3<i<n
3<i<n-1 0= 2 k—it2Yk, 3 < i<
{m1,91} d(y2) = —pr@1 + Y cko1a
n k=3
T1,Yj— .
3£J1_g]m1il d(y;) = Z Ch—j+1%k, 2S5 <m
=J = k=jt+1
{z2,y2} p1 =0
{z2,91} p2=c1 =0
{t1, 91} p3=0,c, =0, 2<k<n
{z1,t1} di = kag41, 1<k<m-—1
{z1,t2} gr=0,1<k<m-1
{x1,ts} hy =ags1, 1<k<m-—1
{za,t1} by =br,=0,3<k<m
{z2,t2} b2 =0
{t1,t2} gm =0

{t1,ts} dy, = mhoy,
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Thus, we get
m—1 m—1
D(t1) = Y kak1yk + mhinym, D(t2) =0, D(ts) = > art1yk + hmlm,
k=1 k=1

D(z1) =Y axyr, D(x;)=0, 2<i<n, D(y)=0, 1<j<m.
=2

This implies that dim(Derp(SL™™)) = m. On the other hand, we have m odd inner
superderivations (they are {adyi,..., adym,}). Consequently, a basis of Derg(SL™™)
form by inner odd superderivations. In particular, D can be expressed via inner su-
perderivations as follows:

D=- (z_: Ap+1 (adyk)> - hm(a’dym)' |
k=1

Note that all the computations have been duplicated by using the software Mathe-

matica.

Consider now the maximal-dimensional solvable Lie superalgebra with model nilpo-
tent nilradical SN (nq, -+ ,ng, Ljmq, -+ ,mp).
Theorem 7.2. Any superderivation of the Lie superalgebra SN (nq,--- ,ng, 1lmy,--- ,my)
18 inner.

Proof. We are going to prove that the following inner superderivations

{adxy, ... adzy, .y 11,0dty, ... adtyyy,adty, ... adty, adyy, . .. adym, 4. ym, }
form a basis of the space Der(SN(ni,---,ng, 1llmi,---,mp)) with {adzq,...,
adTp, ..nyt1, adty,..., adtpyr, adly,...,adt,} a basis for even superderivations,
Derg(SN(ny,--- ,ng, 1my,--- ,my)), and {adyy, ..., adym,+...ym, } a basis for the odd
ones, Derg(SN(na,--- ,nk, Llma, -+ ,myp)).

Let D be an even superderivation of SN(nq,---,ng,1jmi,---,mp). Then from su-

perderivation property we derive

ni+1 k—1 ni+to+njpa
1

D(z1) = anzy + Y aexs + > aa |,
s=3 j= s=ni+-+n;+3

D(J?l) = ((i—2)a2—|—ﬂ)xi, 2<1<ny+1,

D(Tpy goognyri) = ((1 = 2)on + a5)Tny4ooqmyri, 1<j<k—1,2<i<nj +1,

-1 nit-tn 4

n k
D(t1) = zl: SO 1Ts + Z Z sasi1xs | +
s=2 i

j=1 s=nj+-+n;+2
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k
+ Z(nl oty + 1)biTn 4egon 11,

ni
D(t2) = Qi 1Ts + D12y, 41,

=2

nit-4ngpa
D(tjy2) = Z Qs 41Ts + 0j 4 1%ny 4opny g +15 1<j<k~-1,
s=ni+--+n;+2

D(t;) 0, 1<j<p,
D(yl) ((Z - 1)0[1 + 7)y17 1<:< mi,
D(Ymyttmy+i) = (0 = Do + ¢)Ymy 4oty 1 <J<p—1, 1 <i <myjyg.
Let D be an odd superderivation of SN(nq,---,ng, 1|mq,---,my). Then the su-

perderivation property implies

mi p—1 mi+-4mjp
=Y ety | X
5=2 j=1 \s=mi+-+m;+2

my—1 - mi+--4mjp1—1

- sasﬂys+z )

j=1 \s=mi+--+m;+1

p
+Z +mj)6jym1+m+mjv
j=1
D(t;)=0, 2<i<k+1,
mi— 1

Z As41Ys + Z(S]ymH» +mjo

D(t{):O, 2<i<p,

D(yj):()’ 1§]§m1++mp

Therefore, we have

dim(Derg(SN(n1, -+ ,ng, Lmy, -+ ,my)) = (ng + -

dim(Der;(SN(ni, -+ ,ng, lma,--- ,mp))

)

SQs41Ys

ng+1)+k+14p,

:m1+...+mp_

Now, since both sets of inner superderivations of the statement of the Theorem, even

and odd, are linearly independent we conclude that the set

{adzy, ... adzy, ¢ py11,0dty, ... adtyyy,adty, ... adt), ady, . ..

s adYm, 4oty }
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constitutes a basis of the superalgebra of superderivations Der(SN(nq,--- ,ng, 1|mq, - -,
mp)). O

Since the proofs of the following results based on the application the same arguments
and similar computations as in the proofs of Theorems 7.1 and 7.2 we present summaries
of their proofs.

Theorem 7.3. Any superderivation of the Leibniz superalgebra SLP™™ is inner.

Proof. As a result of computing of the odd and even superderivations properties of the
Leibniz superalgebra SLP™™ we obtain Dery(SLP™™) = {0} and for an arbitrary
d € Derg(SLP™™) we get

d(z1) = axq, i) =B+ 0-2))r; —yrit1, 2<i<n,
d(t1) = vy, d(ta) = d(ts) = 0,
d(y1) = 0y1 —yye, d(y;) = 0+ — Da)y; —vyj+1, 2<j<m,

=
B

for some parameters «, (3,7, 9.

Consequently, dim(Der(SLP™™)) = 4 and hence, we obtain Der(SLP™™)
span{Rg,, Ri,, Riy, Ri,}. In particular, d can be expressed via inner derivations as
follows:

d= 7’)/er + O[Rtl —+ Bth —+ 5Rt3. O

Theorem 7.4. Any superderivation of the Leibniz superalgebra SNP(ny,--- ,ng,1|my,
- ,mp) 1s inner.

Proof. Analogously to the previous superalgebra, we obtain that Der;(SLP(ny,--- ,ng,
1lma,---,mp)) = {0} and for an arbitrary even superderivation d we derive the following:
d(z1) = auy,
d(z;) = (B+ (i — 2)a)T; — YTit1, 3<i<n,
ATy 41) = (B + (1 — 1)a)Tn, 11,
ATy 4ovgmj+2) = 1Tyt 42 = Vg 4ot 435 1<j<k-1,
A @y 4 4my i)
= (7 + (i = 2)Q) Ty oodny ki — Vonatobn i+l 1<j<k-1 3<j<nj,
ATy 4oty 1) = (5 + (M1 = D)y gogony 41, 1< < k=1,
d(t1) = yz1,
d(ti)Zd(tg)ZO, 2<i<k+1,1<j5<p,
d(y1) = 0y — Yy2,
d(y;) = (6 + (j — Da)y; — i1, 2<j<mi—1,
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d(Ym,) = (0 + (M1 = De)ym,,
(Yt ma+1) = VsYmytootmatl = Vmy+otmat2, 1 <8<p—1,
AWy 4t +i)
=W+ (i = D)O)Ym,4otmoti = VWi bodmtitl,  1<s<p—1, 2<i<mgyi—1,
AWy 4tmosr) = Ws + (Msg1 = D)) Ymy4otmeyy, 1<s<p-—1

Then, dim(Der(SLP(n1,--- ,ng, 1lmy, -+ ,mp))) = k + p + 2. On the other hand,
we have k +p + 2 inner derivations, {Ry,, Ry, , Re,, Ry .-, Reyyys Rey, Ry, ., Ry} In
particular, d can be expressed via inner derivations as follows:

k—1 p—1
d=—yRy, + Ry, + SRy, + Y iR, +0Ry + Y vsRy . D
7j=1 s=1
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