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Abstract

We consider the Hodge filtration on the sheaf of meromorphic functions along free divisors for which the
logarithmic comparison theorem holds. We describe the Hodge filtration steps as submodules of the order
filtration on a cyclic presentation in terms of a special factor of the Bernstein-Sato polynomial of the divisor
and we conjecture a bound for the generating level of the Hodge filtration. Finally, we develop an algorithm
to compute Hodge ideals of such divisors and we apply it to some examples.

1 Introduction

For a reduced divisor D in a complex manifold X of dimension n, we consider the sheaf Ox (*D) of meromorphic
functions along D. It is well-known that this is a coherent and holonomic left Dx-module, which underlies a
mixed Hodge module on X (see [Sai88| [Sai90] and more specifically [Sai93]). The latter can be constructed in
a functorial way as j.Q[n], where U := X\D, j : U < X is the canonical embedding, and Qf[n] denotes
the constant pure Hodge module on U. The aim of this paper is to describe the Hodge filtration on the mixed
Hodge module j*Q{}’ [n] for certain divisors and to compute it explicitly in some examples. This question has
some history, but has recently been reconsidered in a series of articles (see [MP19al, IMP19bl [MP20al, MP20b])
by Mustata and Popa (in the algebraic setting though), from a birational point of view. The authors of these
papers introduce the so-called Hodge ideals: these are coherent sheaves of ideals (D) C Ox measuring the
difference between the Hodge filtration FJZO(*D) and the pole order filtration P,Ox (xD). The latter consists
of locally free Ox-modules of rank one given by P,Ox (xD) := Ox((k 4+ 1)D). Indeed, by a classical result
of Saito ([Sai93, Proposition 0.9]) we always have FiZOx (xD) C P,Ox (xD), with equality if and only if D is
smooth (the “only if” part of the latter statement is also due to Mustata and Popa, see [MP19al, Theorem A])
and then one puts
Tx(D) - Py(D) := FOx (xD).

It is known (see [MP19al Proposition 10.1] as well as [Sai09, Theorem 0.4]) that the zeroth Hodge ideal Zy(D)
coincides with the multiplier ideal J((1 — €)D). Notice that the latter, although originally defined either
analytically or via birational methods (see, e.g., [Laz04, Section 9] and the references given therein) was already
known to have a description via D-modules, see [BS05, Theorem 0.1]. For X projective, there is the celebrated
Nadel vanishing theorem for multiplier ideals, and one looks for similar statements for the higher Hodge ideals
(see [MP19al, §§ G and H] and also [Dut20]); these have applications e.g. if X = P"™ or if X is an abelian variety.
The known results on Hodge ideals are mostly either global in nature, or concern the case of isolated singularities,
see e.g. [JKYST9.[Zhal8]. In this paper, we are interested in a specific class of divisors with highly non-isolated
singular loci (namely, we will have codimp(Dsing) = 1, in particular, these divisors are not normal). These
are the so-called free divisors, introduced and first studied by K. Saito almost 40 years ago (see [Sai80]). They
often appear as discriminants in a generalized sense, e.g., discriminants of singularities of maps (e.g. isolated
hypersurface or complete intersection singularities, see, e.g. [Loo84], or of reduced space curves [vS95]) or
discriminants in quiver representation spaces (see, e.g., [GMNS09]). Another important class of free divisors
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are free hyperplane arrangements (see, e.g., [Dim17, Chapter 8]); we will perform some computations for Hodge
ideals for low-dimensional examples of free arrangements in section [5| below.

Although our methods are adapted to the special situation of free divisors, we believe that they have the
potential to give insights into the structure of the Hodge filtration steps on Ox (D) in more general situations.
As an example, we consider cases of divisors that are not free, but close to it at the very end of the paper. More
generally, it is clear that the Hodge filtration on Ox (D) can always be accessed using the approach of our
paper, that is, by some non-trivial use of the V-filtration along this divisor (see below), however, the concrete
calculation of this V-filtration might sometimes be difficult. A related, though different approach, also using
the V-filtration is found in [MP20al IMP20b]. In concrete classes of examples, such as hyperplane arrangements,
we hope that our results, and more generally the study of Hodge ideals will be useful for classical questions,
like Terao’s conjecture, or the homological characterization of freeness ([DSS™13]).

Let us briefly recall the definition of free divisors. For a complex manifold X, we denote by Q% resp. by Ox
the locally free O x-module of holomorphic p-forms resp. the locally free Ox-module of tangent vector fields or
of C-derivations of Ox. If D C X is a reduced divisor, then we write Q% (log D) resp. ©x(—log D) for the
sheaf of logarithmic one-forms resp. of logarithmic vector fields on X, that is:

Q% (log D) := {a € Q% (D) |da € Q% (D)}, Ox(—log D) :={0 € ©x |0(Z(D)) C Z(D)},

where Z(D) C Ox is the ideal sheaf of D. These are coherent and reflexive Ox-modules. The examples of
divisors that we are studying in this paper are given by the following condition.

Definition 1.1 (see [Sai80]). A divisor D C X is called free if the sheaf Q% (log D) (or, equivalently, the sheaf
Ox(—log D)) is a locally free Ox-module.

If D is free, then we have the equality

/\ @k (log D) = Q% (log D) = {a € Q% (D) |da € Q5 (D) }.

Hence the terms of the so-called logarithmic de Rham complex of (X, D), i.e., the complex (2% (log D), d), are
locally free Ox-modules. Notice that the most basic example of a free divisor is a divisor with simple normal
crossings, in which case the logarithmic de Rham complex is a well studied object. It is particularly useful
for the construction (due to Deligne, see, e.g., [PSO8| 11.4]) of a mixed Hodge structure on the cohomology
of the complement U = X\D, in case it is quasi-projective. If D has simple normal crossings, then it is
classical that the logarithmic de Rham complex computes the cohomology of U, in other words, we have a
quasi-isomorphism Rj,Cy = (Q%(log D),d). This is not always true for any free divisor, but if it is, we
say that the logarithmic comparison theorem holds for D (see [CINMMO96]). This is in particular the case
under a condition called strongly Koszul (see [NM15, Corollary 4.5]), which we recall in the next section (see
Deﬁnition below). Strongly Koszul free divisors are the objects of study of this paper. Many interesting free
divisors, such as free hyperplane arrangements, or more generally locally quasi-homogeneous free divisors satisfy
the strong Koszul hypothesis. A nice feature of divisors in this class is that we have a natural isomorphism
Dx ®Qyp Ox (D) = Ox(xD), where V2 is the sheaf of logarithmic differential operators with respect to D, from
which we obtain an explicit representation of Ox (xD) = Dx /Z, where Z is a left ideal in Dx. As a consequence,
we can consider another filtration (besides the Hodge filtration) F*4Ox (*D), called the order filtration, which
is simply given by the image of FoDx (the filtration by order of differential operators) under the isomorphism
Dx @yp Ox(D) 5 Ox (D) (or, equivalently, is induced from F¢Dyx when writing Ox (xD) = Dx /T for the
ideal Z mentioned above).
The main tool to describe the Hodge filtration Ff Ox (xD) is to look at the graph embedding ij, : X — C; x X,
where h is a local defining equation of D, and to comsider i +Ox(xD). It also underlies a mixed Hodge
module (on C; x X), and it is well-known that the Hodge filtration on Ox (D) can be deduced from the one
on ip+Ox (D) (up to a shift by one), and vice versa. More precisely, recall that i), 1 Ox (D) = Ox (xD)[0}]
(we recall the Dg, x x-module structure on Ox (xD)[d;] in Formula on page [15| below), and that under this
isomorphism, we have

FFOx(xD) = (F2 1in+Ox(xD)) N (Ox(xD) ® 1). (1)

Hence we are reduced to determine F7i, . Ox (xD). In order to do so, we use a key property of mixed Hodge
modules, which is known as strict specializability. It can be rephrased as a formula (see [Sai93, Proposition 4.2])



describing the Hodge filtration on a module which is the extension of its restriction outside a smooth divisor
(which is the hyperplane {t = 0} C C; x X in our case). In order to use it, we have to compute some steps of
the canonical V-filtration along {t = 0} of the module i}, t Ox(xD), denoted by V&, in +Ox (*D). Here we rely
crucially on a previous result of the second named author ([NMI5, Theorem 4.1]), namely, that the roots of the
Bernstein-Sato polynomial by (s) of h are contained in (—2,0) and that they are symmetric around —1. As we

will see below, the set of roots of by (s) bigger than —1 plays a particular role, and we put
By, :={a; € QN (0,1) |bp(c; — 1) = 0}. (2)

for later reference. For an element o; € By, we write [; for the multiplicity of the root a; — 1 in b,. The
polynomial HaieB;L (s — a; + 1)k € CJs] is the special factor of the Bernstein-Sato polynomial by, (s) mentioned
in the abstract.

We can consider another V-filtration on the module ij, + Ox (*D), induced from V*Dg, x x for a cyclic presenta-
tion Dg, xx /L' of 45,1+ Ox(*D) obtained from the cyclic presentation Dx /Z of Ox (xD) mentioned above. We
will denote it by V2 in +Ox (D). Knowing that by (s) is closely related to the b-function of Vi in + Ox (xD)
(see Lemma below), we can describe V. i,  Ox(*D) at least for integer values of k as a submodule of
ViE in+Ox (D).

1
Our main result can then be summarized as follows:

Theorem. (see Proposition and Theorem below) Let D C X be a strongly Koszul free divisor, and
suppose that it is globally given by a reduced equation h € Ox. Then:

1. We have the following inclusions of coherent Ox-modules:

FEOx(xD) C FOx (xD) C P,Ox (D).
2. The zeroth step of the canonical V -filtration on i 4 Ox (*D) can be described as follows:

Vowin+ Ox (+D) 2 Vilgin + Ox (+D) + [] (9t + )" Vidin,+ Ox (xD).

aicB,

3. For all k € Z, we have the following recursive formula for the Hodge filtration on Ox (xD) (recall the shift
convention between FXOx (xD) and Flij  Ox(xD)):

FlOx(xD) = [0,Fip + Ox (xD) + V2, in + Ox (xD)] N (F™Ox (xD) ® 1) . (3)

Notice that part 2 actually holds under weaker assumptions on D, see Proposition below for more details.
Combining these three results and taking into account equation allow us to determine the Hodge ideals of
D. Theorem below (and specifically Formula ) gives a concrete and explicit way to calculate the Hodge
filtration steps on ip +Ox (D) resp. on Ox(*D) and the Hodge ideals of D. In the second part of section
we apply our method to certain interesting examples.

In applications, it is sometimes useful to study the behaviour of a Hodge module under the duality functor.
It is defined for objects of the category MHM, but it restricts to the usual holonomic dual of the underlying
D-module. We give (see Theorem some statements estimating the Hodge filtration on the dual Hodge
module with underlying Dx-module DOx (xD), following standard convention, this Dx-module is denoted by
Ox (D). Interestingly, our results on the dual Hodge filtration also involve the cardinality of the set By, i.e.
the number of roots (counted with multiplicity) of by lying strictly in the interval (—1,0). Finally, we state a
conjecture (see Conjecture estimating the generating level of the Hodge filtration FX Ox (*D), namely, we
expect that it is always generated at level |By,|. Computation of examples in section |5|supports this conjecture.

The paper is organized as follows: In section we first introduce rigorously the class of divisors we are
interested in, and define the order filtration on Ox (xD) globally. We prove an important fact for the filtered
module (Ox (xD), F*Y), which is known as the Cohen-Macaulay property (see Proposition . It is known
from Saito’s theory that the same property holds for (Ox (*D), FX), i.e., the filtered module underlying the
mixed Hodge module j.QX[n]. We are using the Cohen-Macaulay property of both filtrations to give the
estimation of the Hodge filtration on the dual module of Ox (xD) (see Theorem referred to above.



In section [3| we recall some general facts on V-filtrations and then describe (see Proposition the canonical
V-filtration on the graph embedding module of Ox (xD). In the subsequent section [4 we use these results to
prove formula (see Theorem [4.4). Finally, in section [5, we develop techniques for the computation of Hodge
ideals, and perform them for some significant examples.

Acknowledgements: We would like to thank the anonymous referee for valuable suggestions to improve the
readability, as well as for pointing out a mistake in the proof of Corollary in a former version of this paper.

2 Filtration by order on Ox(xD)

The purpose of this section is to introduce the class of divisors we are going to study in this paper, these are
free divisors satisfying the strong Koszul hypothesis. In that case, we can define a particular good filtration
Fo™ on the sheaf Ox (*D). We call it order filtration, because if locally we choose a reduced equation h for D,
then the strong Koszul hypothesis implies that there is a canonical representation of Ox (xD) as a cyclic left
Dx-module (generated by h™!) Dx /Z(h), and then our order filtration is the filtration on Dy /Z(h) induced
by the filtration on Dx by the order of differential operators. Nevertheless, as we will see below, FO™Ox (xD)
is globally well defined. As mentioned in the introduction, one of our main results is that for each k € Z the
Hodge filtration FZOx (*D) is a coherent O x-submodule of F*¥Ox (xD) as well as a precise description of the
inclusion Ff Ox (xD) C F*4Ox (xD) (see Theorem 4.4 below). We will also show in this section that the order
filtration F*90Ox (xD) shares a key feature with FZ Ox (xD), known as the Cohen-Macaulay property. This is
used in section 4] (see the proof of Theorem to give some statement about the dual Hodge filtration.

For the remainder of this paper (except in subsection where we explicitly relax these assumptions), we will
assume X to be an n-dimensional complex manifold, and D C X a free divisor. We will be specifically working
with those free divisors satisfying an additional hypothesis called strongly Koszul, that we define now.

Denote as before by ©x the locally free Ox-module of rank n of vector fields and by Dx the sheaf of linear
differential operators with holomorphic coeflicients, endowed with the filtration FyDx by the order of differential
operators. For each divisor D C X we write Ox (xD) for the sheaf of meromorphic functions with poles along
D and Q% (*D) the meromorphic de Rham complex. If D is a free divisor, we denote by ©x(—logD) C Ox
the locally free Ox-module of rank n of logarithmic vector fields and by Q% (log D) the logarithmic de Rham
complex. Moreover, we let

VX = {P € Dx | P(Z(D)*) C Z(D)* Vk € Z} C Dx

be the sheaf of rings of logarithmic differential operators with respect to D. It is filtered by the order of
differential operators as well, namely F,V2 := V2 N Fy,Dx for all k € Z, and there is a canonical isomorphism
of graded Ox-algebras (see [CM99, Remark 2.1.5])

Sym¢,  Ox(—log D) = Grl V¥.

The sheaf Ox (D) C Ox(*D) of meromorphic functions with poles of order < 1 is a left VZ-module by the
definition of V£ and we have a canonical Dx-linear map ([CMNMO5, §4])

L
Dx ®V)J? Ox(D) — Ox(*D) (4)
We quote the following result (see [CMNMO05, Corollaire 4.2]):

Theorem 2.1. Let D C X be a free divisor. The following properties are equivalent:

(i) The logarithmic comparison theorem (LCT) holds for D (i.e. the inclusion Q% (log D) — Q% (xD) is a
quasi-isomorphism of complexes of sheaves of C-vector spaces).

(i) The map s a quasi-isomorphism of complexes of left Dx-modules.

L
Let us notice that property (i) in the above theorem means that the complex Dx ®yp Ox (D) is concentrated
in degree 0 and the canonical Dx-linear map

a:Dx ®V)E() Ox(D) — Ox(*D)

is an isomorphism of left D x-modules.



Definition 2.2. Assume that D C X is free and that the logarithmic comparison theorem holds for D. We
define the order filtration F*Ox (xD) by

FeOx (+D) i= a ((FDx) @yp Ox(D)) € Ox (+D),

which by definition is a filtration by Ox -coherent submodules.

Let us give a more explicit local description. Let p € D, and take a basis d1,...,d, of ©x(—logD), as well as
a local equation h € Ox, of D around p, such that §;(h) = o;h. Assume that the LCT holds for D, then we
have the following explicit local presentation

Dx p/Dxp(01 + a1y, 0p + an) = Ox p(xD), (5)

where the class [1] is send to h™1 (see the explanation after Corollaire 4.2 in [CMNMAO05]). Under this isomor-
phism, the filtration FO™Ox (*D), is the induced filtration on Dx ,/Dx (61 + a1,...,6, + @) by FeDx p,
which explains its name.

We now introduce the strong Koszul hypothesis. It implies that the LCT holds for D C X, but it is stronger.
Its additional assumptions will be needed in the next section.

Definition 2.3. Let D C X be a free divisor and let p € D. Let h € Ox p be a local reduced equation of (D, p)
and let 41,...,6, be any Ox ,-basis of Ox p(—log D) with ;(h) = a;h.

1. We say that D is Koszul at p € D if the sequence

(01),...,0(0,)

s reqular in Grf Dx.p. (Here and at later occasions, for an element P in a filtered ring, we denote by
o(P) its symbol, i.e. its class in the associated graded ring.)

2. We say that D is strongly Koszul at p € D if the sequence
h,o(61) —a18,...,0(0n) — ans

is regular in Grl Dx ,[s] (where TéDx p[s] is the filtration on Dx ,[s] for which vector fields on X as well
as the variable s have order 1, we will call it the total order filtration on Dx p[s]).

We say that D is Koszul resp. strongly Koszul if it is so at any p € D. Since the strong Koszul assumption will
be our main hypothesis later, we will sometimes abbreviate it by saying that D is an SK-free divisor.

Let us notice that, in the above definition, the ordering of the sequences is not relevant because their elements
are homogeneous. Let us also notice that if D has an Euler local equation h € Ox p, i.e. h belongs to its
gradient ideal (with respect to some local coordinates), then there is a basis 01, ...,d,-1,x of ©x(—logD),
with §;(h) = 0 and x(h) = h. In such a case, D is strongly Koszul at p if and only if h,o(d1),...,0(0n—1)
is a regular sequence in Grl’ Dx,p (compare with Definition 7.1 and Proposition 7.2 of [GS10] in the case of
linear free divisors). For D to be strongly Koszul is equivalent to be of “linear Jacobian type”, i.e. the ideal
(h,hl ..., h% ) is of linear type, and any strongly Koszul free divisor is Koszul (see Propositions (1.11) and
(1.14) of [NM15]).

Any plane curve is a Koszul free divisor. Any locally quasi-homogeneous free divisor is strongly Koszul
[CMNMO05, Theorem 5.6], and so are free hyperplane arrangements or discriminants of stable maps in Mather’s
“nice dimensions”. In particular, any normal crossing divisor is strongly Koszul free.

Let us recall the following properties of SK-free divisors.

Proposition 2.4. If D is a strongly Koszul free divisor, then we have:

1. D is locally strongly Euler homogeneous, that is, for each p € D there is a vector field x € ©x , which
vanishes at p and such that x(h) = h for some reduced local equation h of D at p.



2. The LCT holds for D, in particular, we have the local cyclic presentation of Ox(xD) from formula
above. More specifically, if for each p € D, we take h and x as in point 1 and if we let é1,...,0,—1 to
be a basis of germs at p of vector fields vanishing on h, in such a way that d1,...,0,_1,X 1S a basis of
O©x(—log D),, then there is an isomorphism of left Dx p-modules

Dxp
DX,p (61) e a(sn—lax + 1)

= OX,p(*D)v (6)

sending the class of 1 € Dx, to h™! € Ox p(xD).

3. Let p € D be a point, h € Ox, be a reduced local equation of D at p and by(s) the Bernstein-Sato
polynomial of h (i.e., the monic generator of the ideal of polynomials b(s) € C[s| satisfying P(s)h**! =
b(s)h® for some P(s) € Dx pls]). Then we have by(—s — 2) = xby(s). In particular, if {ou,...,or} C Q
is the set of roots of bp(s), with oy < ... < ap, we have a; € (—2,0) and a; + agy1-; = —2 for all i.

Proof. Part 1 is a consequence of Propositions (1.9) and (1.11) of [NM15]. Part 2 is a consequence of Corollary
(4.5) of [NM15]. Part 3 is a consequence of Corollary (4.2) of [NMI5]. O

Remark 2.5. Deﬁnition is purely algebraic and makes sense in rings other than analytic local rings Ox p,
for instance in polynomial rings R := Clx1,...,xy,], algebraic local rings of polynomial rings at mazimal ideals
or formal power series rings. Under this scope, if h € Clxy,...,x,] is a non-constant reduced polynomial,
D = V(h) is the affine algebraic hypersurface with equation h = 0 and D™ C C™ is the corresponding analytic
hypersurface, we know that D is a (algebraic) free divisor if and only if D" is a (analytic) free divisor, and if
so, the following properties are equivalent:

(a) The (affine algebraic) divisor D is strongly Koszul, i.e. for some (and hence for any) basis 01,...,0, of
Der(—log D) = {6 € Derg(R) | 6(h) € (h)}, the sequence

h,o(01) —a18,...,0(0,) — ans, with &;(h) =a;h, a; €R,

is regular in Grl W(s], where W = R(Dy, ..., dy) is the Weyl algebra and Grl W[s] = R[o(d1),...,0(dn), ]
is the graded ring of W(s| with respect to the total order filtration.

(b) For each mazimal ideal m C R containing h, D is strongly Koszul at m, i.e. for some (and hence for any)
basis 01, . ..,0n of Der(—log D)m = Der(—log Dp) = {6 € Derc(Rm) | 6(h) € (h)}, the sequence

h,o(61) —a1s,...,0(0n) —ans, with 6;(h) =ah, a; € Ry,

is reqular in Grl Wy [s], where Wy = Ry (01, ...,0,), and Grl Wy [s] = Ru[o(d1),...,0(0,),s] is the
graded ring of Wy, [s] with respect to the total order filtration.

(¢) The (analytic) divisor D™ is strongly Koszul (in the sense of Definition [2.3 above).

The next step is to discuss some deeper properties of the order filtration F*4Ox (D). The main result is
Proposition below, which is concerned with the dual filtered module D(Ox (xD), F™). In order to do this,
we need to recall a few facts about the duality theory of filtered modules. The original reference is [Sai88|
Section 2.4], but for what follows below, [Schi4l § 29] provides enough background information.

For any complex manifold X, we consider the (sheaf of) Rees ring(s) RrDx of the filtered ring (Dx, F,), that
is RFDy = ®rezFiDx - 2¥ C Dx|[z]. In local coordinates z1,...,2, on U C X, we have

Ry = F(U, RFD)() = OU[Z} <Z(911, ceey Zarn> C F(U, Dx[z]) = OU[ZKarN- RN 8zn> (7)

The ring RrDx will be denoted by D x. For what follows, we will need an interpretation of this sheaf in terms
of Lie algebroids, more precisely, we will use the fact that Dx is the enveloping algebra of the Lie algebroid
20x[z] C Derglz)(Ox|[2]) of rank n = dim X over the C[z]-algebra Ox[2].

Lie algebroids are the sheaf version of Lie-Rinehart algebras (see [Rin63]). They were originally studied in the
setting of Differential Geometry (the book [Mac0d] is a complete reference here), and for instance in [Che99)
the complex analytic case is considered.

For the ease of the reader, let us recall the notions of Lie-Rinehart algebras and Lie algebroids. Let us take a
commutative base ring k and a commutative k-algebra A (resp. a sheaf of commutative k-algebras A over a



topological space X). A Lie-Rinehart algebra over (k, A) is a (left) A-module L which is also a k-Lie algebra,
endowed with an anchor map ¢ : L — Dery(A): a (left) A-linear morphism of k-Lie algebras such that

A, aXN] = al\, ]+ o(N\)(a) N

for all \, N € L and a € A. Respectively, a Lie algebroid over (k,.A) is a (left) A-module £ which is also a sheaf
of k-Lie algebras, endowed with an anchor map ¢ : £ — Deri(A): a (left) A-linear morphism of sheaves of k-Lie
algebras such that

[\ V] = oA, V] + o(\) @)V

for all local sections A\, \' of £ and a of A.

We usually assume that L is a projective A-module (resp. L is a locally free A-module) of finite rank. It is
clear that for each point p € X, by using the natural morphism Dery(A), — Dery(A,), any Lie algebroid £
over (k, A) gives rise to a Lie-Rinehart algebra £, over (k,.A,).

For any Lie-Rinehart algebra L over (k, A) (resp. for any Lie algebroid £ over (k,.A)), there is a universal
k-algebra U(L) (resp. sheaf of k-algebras U(L)), endowed with canonical maps A — U(L) and L — U(L) (resp.
A — U(L) and L — U(L)), called the enveloping algebra of L (resp. of L£). One easily proves that for each
p € X, there is a canonical isomorphism U (L,) = U(L),. Enveloping algebras are naturally (positively) filtered.
Over a complex analytic manifold X, our basic example is k = C, A = Ox and £ = O x = Derg(Ox), where the
anchor is the identity. In this case, the corresponding enveloping algebra is the sheaf of differential operators Dx
(cf. [Che99, § 2]). The fact that RpDx is the enveloping algebra of the Lie algebroid z©x [z] over (Clz], Ox|[z]),
where the anchor map is given by the inclusion 20 x[z] C Derg(:)(Ox|[2]), is easy (it is basically [SS19, Exercise
8.7]). In general, the enveloping algebra of any Lie algebroid comes equipped with a natural filtration, but in
the case of RpDx, we have an additional structure: the grading by z. All the objects C[z], Ox|[z], 2©x 7] are
graded by the powers of z, and the enveloping algebra of 20 x[z] inherits a graded structure which coincides
with the original one in RpDyx. Later, we will come back to the role of graded structures on our Lie algebroid
(or our Lie-Rinehart algebra).

On the other hand, the natural filtration on D x as enveloping algebra of 20 x[z] can be derived from its graded
structure in the following way (notice that it is not the usual filtration associated to the grading):

k—1 0
=0 i=k

We have a canonical commutative diagram of graded Ox[z]-algebras

Syméx[z] (2©x[2]) —= GrF Dy

I |

Sym, (.1(Ox[2]) —— Grl(Dx[2]) (8)

«| F

Sym$, (Ox)[z] —— Gry'(Dx)[2],

where Fo(Dx|z]) := (F¢Dx)[z] and where the horizontal arrows are isomorphisms by the Poincaré-Birkhoff-
Witt theorem for Lie algebroids resp. Lie-Rinehart algebras (see, e.g., [Rin63l Theorem 3.1]). Let us notice
that all objects in the above diagram are bigraded (where the additional grading is given by the z-degree), and
all maps in the diagram are morphisms of bigraded algebras.

For a filtered left (resp. right) Dx-module (M, F,), we write R(M, F,) := RrM = @pezFpM - 2* for its
associated Rees module, which is naturally a graded (by degree in z) left (resp. right) Dy-module. A graded
left (or right) Dx-module M is called strict if it has no z-torsion. Associating R(M, F,) to (M, F,) defines a
faithful functor from the category of filtered left (resp. right) Dx-modules to the category of graded left (resp.
right) D x-modules. It is readily verified that a graded left (resp. right) D x-module M is the Rees module of a
filtered left (resp. right) Dx-module (M, F,) iff it has no z-torsion. Notice that in this case we naturally have

M/(z— DM = M and M)z M = GrE M. (9)



Moreover, for a sequence of filtered Dx-modules
(M F) 5 (M, F) B (M7, FY), withpoi =0,
the following properties are equivalent:

1. The underlying sequence of Dx-modules M’ 5 M B M” is exact and strict with respect to Fy (i.e
FyMN (kerp) = i(F[ M) for all k € Z).

. ~ ] R .
2. The associated sequence of Dy-modules R g M’ Ri, RrM =2 Rpn M is exact.

3. The associated sequence of Gr Dx-modules Gr’ "MEE G « M — SP Gr F M" is exact.

The left Dx-module Ox will be always endowed with the trivial filtration

0 if k<0
F’“OX_{OX it k>0,

such that RpOx = Ox[z] is a graded left Dx-module with the usual z-grading, that will be denoted by Ox.
The canonical right Dx-module (see [SS19, Example 8.1.9])

n

Bx = J\ (20x[2])" = 27 "wx]2,

can also be seen as the Rees module R pwyx associated with the canonical right Dx-module wyx endowed with

the filtration
0 if k<-n

wyx if k> —n. (10)

kaX = {

The main advantage to work with (graded) D x-modules rather than with filtered Dx-modules is that the former
category is abelian whereas the latter is not.

Let k be a commutative graded ring (e.g., k = C[z]) and B a sheaf of graded k-algebras over a topological
space X (e.g., B= 5}( or B=0 x for X a complex manifold). We recall the sheaf version of some well-known
definitions for graded modules over graded rings (cf. [FE74] §1]).

For any graded left resp. right B-modules /\/l N, let us denote by Homz (./\/l N ) the sheaf of graded k-modules

@ Homgrg(ﬂ, N@)) c Homg(ﬂ, N),
i€z

where the N(i) is the shifted graded module defined as N (i i) = N(i+j) for all i, j € Z. The above inclusion

is an equality whenever M is locally of finite presentation.
For any graded rlght B-module Q and any left B-module /\/l the graded tensor product Q ®B M is the sheaf

of k-modules Q ®gz M endowed with the grading
(0,85, My] = @oylaelQliye Mlit+i=d), WpeX.

Clearly, %mg(ﬂ(i),ﬁ(j)) = momg(Mv,J\N/')(j — i) and Q(i) @§M(j) = (@ @EM\/) (i + 7) for all integers 1, j.
If M is a left resp. right g—module, then *i-lomg(/’\\/lj, E) is a graded right resp. left B-module.
The complex R%mﬁx ((5 X, 5)() can be computed by means of the Spencer resolution of Ox

Sp%x((ax) =... > Dx ®5, /\z@x[z} .. Dy ®5, *Ox[z] — Dx — 0,
graded by

6}( ®5, /\Z@X[z] = [’5X}k7i Rox /\@X7 1=0,...,n.




The complex R%mﬁx ((5 X, D x ) is concentrated in homological degree n and we have a canonical isomorphism

of graded right Dx-modules
wx = H" R%mﬁx (6)(75)() = *Swt%x(@X,ﬁX).

As for the non-graded case, we have natural equivalences of categories between graded left Dx-modules and
graded right Dx-modules:

1. For any graded left D x-module /T/L we define

N'ht, ~ % N A~
Mrlg =Wy ®6XM = Wwx ®OX M

with grading {Mﬂghﬂ = wx ®ox Miyn.
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2. For any graded right Dx-module M , we define

Mleft = *7-[0m(5x (ax, M) %’Hom(gx (oJx, M)
with grading {lee&} =Homo (wX,MVi_n).

For a complex of graded left (resp. right) Dyx-modules M (which may not come from a complex of filtered
Dx-modules (M, Fy)), we define its dual complex to be

DM := RHomz (M, Dx)""[dim X] (11)

(resp. *IDM — R%mﬁx (ﬂ, 5X)right [dlm X} = R&}-lomﬁx (ﬂ, wx T@@x ﬁx)[dlm X]) (12)

We have canonical isomorphisms of graded left (resp. right) D x-modules (actually, complexes concentrated in
degree 0)

DOx = Ox (resp. Dy = Dy). (13)

We also have canonical isomorphisms

D(M(i)) = ("DM)(—i) (14)

for all i € Z.
Given a filtered holonomic module, one can consider the dual of its Rees module. However, this is not in general
the Rees module of a filtered module. The next lemma gives a criterion to know when this is the case.

Lemma 2.6 (see, e.g., [SS19, 8.8.22]). Let (M, F,) be a filtered left or right holonomic Dx-module, and
M = R(M, F,) its associated Rees module. Then H'("DM) =0 for all i # 0 and H°("DM) has no z-torsion
iff (M, F,) has the Cohen-Macaulay property, that is, iff Grf M is a Cohen-Macaulay Grl Dx -module.

In this case, HO(*EMV) is the Rees module of a filtered module, the underlying Dx -module of which is DM and
we denote the filtration thus defined by FPDM. We call (DM, FP) the dual filtered module, and FPDM the
dual filtration on Fe M.

From (13)), the canonical left (resp. right) Dx-module Ox (resp. wx) is self-dual as filtered module with the
trivial filtration (resp. with the filtration )

It is clear that if (M, F,) is a filtered holonomic Dx-module having the Cohen-Macaulay property, then
(M, F(i)s) also has the Cohen-Macaulay property and (see (14]) above)

(Fori)? = F2; (15)
for any integer 1.

Let us come back to the situation of a free divisor D C X. The sheaf of logarithmic differential operators
VP C Dx is the enveloping algebra of the Lie algebroid ©x(—log D) C ©x over the C-algebra Ox (this is
basically [CM99l Corollary 2.2.6]). The Rees ring 17}? of the filtered ring (VZ, F,) turns out to be the enveloping
algebra of the Lie algebroid 20 x (—log D)[2] C Dercp,)(Ox|[2]) of rank n over the (C[z], Ox[z]).



The Lie algebroids 20 x[z] and 20 x (— log D)[z] with their z-grading are graded Lie algebroids in the sense that
they are graded as Ox[z]-modules and as sheaves of C[z]-Lie algebras, and that their anchor maps

20x(—log D)[2], 20x|2] = *Dercy)(Ox[2])

are graded too. Moreover, the inclusion 20 x (—log D)[z] C 20x][z] is graded and so is a map of graded Lie
algebroids in the sense we leave the reader to write down.

We know that the relative dualizing module (see Definition (A.28) of [NM15]) for the inclusion of Lie algebroids
Ly := Ox(=logD) C L := Ox is wgp, = Homo, (we,we,) with wy = A" L* = wx, we, = N' L =
wx (log D), and so wg/z, = Ox (D).

In a completely similar way, the relative dualizing module of the inclusion Lo := 20 x (—log D)[z] C L := 20 x[Z]
is wg z, = Homg (wz,wzo) with wy; = A" L* = 27 "wx[z] = @x, Wz = A" L = 27"wx(log D)[2]) =:
wx (log D), and so we have a canonical isomorphism Wrg, = Ox(D)lz], but in this case, due to the graded

structures, this relative dualizing module is also naturally graded since it can be defined by using y?-loméx
instead of Homg _, and of course, this grading coincides with the z-grading of Ox (D)[z].

We have seen before (see Theorem that if D C X is such that the LCT holds (e.g. if D is strongly
Koszul), then there is an isomorphism of left Dx-modules Dx ®@yp Ox (D) = Ox(xD). Clearly, Ox (D) is a
left V2-module that is locally free (actually, of rank one) over Ox.

This situation can be generalized by replacing Ox (D) by an integrable logarithmic connection (ILC) & with
respect to D, which by definition is a locally free Ox-module of finite rank endowed with a left V2-module
structure. This notion is useful when one aims at studying the cohomology of X\ D with respect to some local
coefficient system (i.e., the local system of horizontal sections of £). The next two results will be stated and
proved in this greater generality. Although we will use them in this paper only for the case £ = Ox (D), we
believe that they may be useful for future applications. Moreover, for the final proof of Proposition below
(even if we are only interested in the case & = Ox (D)) some intermediate steps need to be carried out for an
arbitrary ILC.

Given an ILC & with respect to D, we define (in complete analogy to Definition the order filtration on
Dx @yp € to be:

F];)rd (DX ®V§ g) = im (FkDX Rox 5) C Dx ®V>[() €.

In other words, (Dx Qpp £, F™d) is the filtered tensor product of Dy with its order filtration and £ with its
trivial filtration given by Fip& = € for k > 0 and Fi& = 0 for k < 0.
We have a natural Dx-linear graded map

Dx ®pp £ — R(Dx @yp €, F™) (16)

induced by the 17)?—linear graded map

&= E[z] — R(Dx ®V§’ E,Ffrd)

Yieirt — S (1®e;)zt
Notice that R(Dx @yp &, Ford) s a left graded g)?—module through the inclusion ]7)? C Dx.
Lemma 2.7. Let D be a Koszul free divisor, and let & be an ILC with respect to D. Then:

1. The map (@ 18 an isomorphism of graded 5X—m0dules

L
2. The complex Dx *®9D E is concentrated in degree O and so we have an isomorphism in the derived category
X

of complexes of left graded D -modules



Proof. Both properties can be proved by forgetting the graded structures. It is easy to see that under the
Koszul hypothesis on D, the inclusion of Lie algebroids (over the C[z]-algebra Ox|[z])

20x(—log D)[z] C 20x]7]

is a Koszul pair in the sense of [CMNMO09), Definition 1.16], i.e., some (or any) local Ox[z]-basis of z© x (— log D)[z]
forms a regular sequence in Symg, , 1,1(2© x [2]), namely, by using the inclusion Symg, 1, (2©x[z]) = Symg (Ox)[2])
(see diagram above) and the fact that the Koszul property means exactly that the inclusion of Lie algebroids
(over Ox) Ox(—log D) C O©x is a Koszul pair.

Following [CMNMO09, § 1.1.2], we can define for both inclusions of Lie algebroids O x(—log D) C ©x and
20x(—log D)[z] C 20x][z], for an ILC £ (which is a left V2-module) and the corresponding Rees module £

(which is a VZ-module) the Spencer complexes Sp;),:(; (&) and Sp;j),:(, (€), which are, respectively,
Spyo(€) :
o= V2o N"Ox(—logD) ®oy € — - = VR ®o, Ox(—log D) ®o, € = VR @0, € — 0,
and
SpHe &) :
= VR @5, N"20x(—log D)2l ®5, £ = = VR @5 20x(—logD)[z] @5, £ = VR ®5 € —0.

They have augmentations to £ resp. to £ and are a locally free V- resp. 17)’:(’—resolution of £ resp. E.
We can also consider the complex SP;Q,DX (€) == Dx ®yp Sp;g (&) resp. Sp%@?,ﬁx (&) =Dx ®pp Sp%})? &),
which are

Sp{))’?,px(g)?
o= Dx ®oy N"Ox(—logD)®o, € — -+ — Dx @0, Ox(—logD) ®p, £ = Dx Roy £ — 0,
and
sp;}),_;,ﬁx(é);
> Dx ®g, N"20x(—logD)[z] @5 € —= -+ = Dx @5 20x(—logD)[2] @5 E = Dx ®g, & — 0,

respectively. According to [CMNMO09, Proposition 1.18], since both inclusions of Lie algebroids are Koszul pairs,
the cohomology of both complexes is concentrated in degree 0, and equal to D®V§ € and D®y;p €, respectively.
X

This proves in particular the second statement.
But actually the proof of this result in loc. cit. gives us an additional strictness property for Sp{,}? Dy &).
Namely, if we filter this complex as

3 (DX ®oy [\ Ox(—log D) @0, g) = Fy_iDx @0y [\Ox(~logD) @0y &, i=0,...,n,

we obtain that

Grf (DX ®yp Sp;))? (5)) = (GI‘? Dx oy /\GX(* 10gD)> ®oy &,

and this complex is concentrated in degree 0 by the Koszul hypothesis (and so is Sp;)? py (€)), but this result
also implies that the differentials

i ) i—1
DX ®OX /\GX(ilogD) ®Ox£d—>DX ®0X /\eX(ilogD) ®OX 57 7::17"'7’”’
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are strict for the above filtrations. In particular, the right exact sequence
(Dx ®0y Ox(—log D) @0y & F') L (Dx @0y & F) — (:DX @y £, F,Ord) =0
is strict, or equivalently, the sequence
Rp1(Dx ®ox Ox(—log D) ®oy €) = Rpo(Dx ®ox £) = Rpgra(Dx ®Qpp E)—=0 (17)

is exact. Notice also that we clearly have
i ~ i ~
R i (DX Rox /\@X(— log D) Koy 5) = Dx ®5x /\Z@X(— log D)[Z] ®5x & (18)

for all i € {0,...,n}, since F,Dx, Ox(—log D) as well as £ are Ox-locally free (hence, flat over Ox).
To finish, consider the commutative diagram of graded left Dyx-modules

ﬁX ®(5X (2©x(—1log D)[z]) ®@X g% 5){ ®(5X g—> ﬁX ®\7)1? g% 0

| | |

REt (DX Rox @X(f IOgD) ®oy 5) —_— RFO(DX ROy 5) —_— RF.ord(DX ®V)E<J 5) — 0.

The first row is exact since Sp{;D By (g) is a resolution of ISX Qpp g, the second row is so as we have just
X X

explained (sequence ([L7]) above). By (18), the first and second vertical arrows are isomorphisms and so is the

third one. |

To prove our main result in this section, we will use a graded (and Lie-algebroid) version of Theorem (A.32)
of [NM15]. However, instead of stating it in full generality (for general graded Lie algebroids or Lie-Rinehart
algebras), we will only state it for the case we need, namely, the inclusion of graded Lie algebroids Lo =
20x(—log D)[z] C £ = 20x][z] and the corresponding map of graded enveloping algebras V2 < Dx.

Proposition 2.8. Let F be a graded locally free O x -module of finite rank endowed with a graded left module
structure over V2. We have a canonical isomorphism in the derived category of graded Dx -modules

L L
Dx ®pp (OX(D)[z] ®5. .7-"*) ~ Dy (DX ®p ]-") :

where F* = %méx (F,Ox) as graded left i)lg—module.

Proof (Outline). This proof is a straightforward translation of the proof of Theorem (A.32) of [NM15] to the
graded case. It essentially consists of replacing functors Hom and @ by Hom and ® in all the constructions in
the Appendix of loc. cit., as well as the fact that the relative dualizing module wz 7 is naturally graded. We

sketch it for the convenience of the reader, and, actually, we propose a shorter and slightly different approach.
Let us recall that wz = = %m@X (Wx,wx(log D)) = Ox(D)[z]. For each left graded VZ-module N, the

natural graded 9} x-linear map
wZ/Zo T}?@X %méx (&X(log D), %’-Lomgg (./\/, 9;?)) — %max (ax, t;‘-iomg),:(, (N, 5){))
f®g r— iogof,

where 7 : )7)? — Dy is the inclusion, turns out to be left ]7)[() ‘linear. It induces a natural graded Dx-linear map

left ~ left

Dx ®yp (wz/zo g, [Homsp (V. Vfc))]le&> — [Homsp (. Dx)|
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and so a natural map in the derived category of left graded D x-modules
~ * * ~ *L
Dx ®‘~}£ (wz/zo ®(5X *JDf)x (N)) — *JDﬁx Dx ®‘7£ NI,

which, by standard reasons, is an isomorphism whenever N is coherent. To finish, notice that if N is a graded
locally free Ox-module, then we have a canonical isomorphism

Dy, (V) = Homg (N, Ox) = N*
(cf. Corollary (A.24) of [NMIH]). O
We are now ready to prove the announced result on the dual of the filtered module (Dx Qpp E,Ford).

Proposition 2.9. Assume that D C X is a Koszul free divisor and that £ is an ILC with respect to D.
Consider the filtered holonomic Dx-module M := (Dx Qpp E,F*Y), and its corresponding Rees module M :=

R(Dx ®yp €, Ford). Then the dual module DM is strict, that is, H’(*]I)Mv) =0 fori+#0 and 7—[0(*]1).//\/7) has
no z-torsion. Moreover, we have an isomorphism of graded left Dx-modules

HO('DM) = R(Dx ®yp £*(D), Fe™).
In particular, the filtered module (Dx Qpp E, ForY) satisfies the Cohen-Macaulay property and its dual filtered
module is isomorphic to (Dx ®yp £*(D), Ford),
Proof. By Lemma [2.7] we have
L
X X

and so we have

1%

—~ ~ L ~
Dy M Dy, <DX T@T;}Jg 5) Lemma [2.7] 1.4-2. applied to the ILC &

1%

~ L ~
Dx @gg ((’)x(D)[z] @5)( 8*) Proposition 2:§]

—_~—

~
Dx ®g£ 5*(D)

1%

—~—

= Dy @ypp E5(D) Lemma [2.7] 2. applied to the ILC £*(D)
= R(Dx @yp £°(D), Ford) Lemma [2.7] 1. applied to the ILC £*(D).

Notice that we write £ =Homo, (£, Ox) and similarly £* =Homg (€,0x).

In conclusion, the dual ﬁx—module of M is strict, and the dual filtration F° DM is given as the order filtration
Fo*don DM = Dx ®yp (D). O

Remark 2.10. For the case € = Ox (D), we can directly deduce from the local representation

Dxp @yp Oxp(D) = Oxp(+D) =Dxp/(b1,- - 0n-1,x +1)

(see formula (6))) that Grimord (Dx ®yp O(D)) is a Cohen-Macaulay Grf Dx-module, since the symbols in
Grf Dx of the operators 61,...,0n—1,X + 1 form a reqular sequence. However, later (see the proof of The-
orem below) we need to know that the dual filtration FP D(Dx ®yp Ox (D)) is Ford(Dx ®yp Ox), which
s provided by the proof above.

The following is an easy variant of Proposition [2.9] which we will need later in section [
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Corollary 2.11. Let, as above, D C X be a Koszul free divisor and £ be an ILC. Then for any k € Z, the
filtered holonomic module (D ®yp E,F°) has the Cohen-Macaulay property, and its dual filtered module is

otk
given by (Dx @yp £*(D), F},).

Proof. The statement of the corollary follows simply by combining the proof of Proposition with formula
and the remark that surrounds it. O

3 Canonical and induced V-filtration

In this section we are discussing in detail the V-filtration on the module i), + Ox (D), where 5, is the graph
embedding for some local reduced equation h of D C X. This will be used in the next section in order to obtain
information on the Hodge filtration on i 4 Ox (xD), and on Ox (xD) itself.
Recall that for any complex manifold M, and for a divisor H C M with Z = Z(H), we have the filtration V*D,,
defined by

VEDy == {P € Dy | PT' C THF} .

VD), is a sheaf of rings, notice that it equals the sheaf of logarithmic differential operators (with respect to H),
which was denoted by V& in the previous chapter. Moreover, all V¥D) are sheaves of VODj-modules. We will
usually suppose that H is smooth, and moreover that it is given by a globally defined equation t € T'(M, Oy).
For any holonomic Dj;-module M, and any section m € M, we write b/!(s) for the unique monic polynomial
of minimal degree satisfying b (0;t)m € tV°Dy, - m. Moreover, if U M is a good V-filtration on M, then it
has (locally) a Bernstein polynomial denoted by b (s), which is the minimal monic polynomial satisfying

b (s)(0st — K)UFM c UM M.

We start by recalling the canonical V-filtration on a holonomic Dj;-module. In general, it is indexed by the
complex numbers, and in order to define it, one needs to choose an ordering on C such that for all a, 8 € C,
we have a <a+1,a< f<=a+1<f+1and a < S+ m for some m € Z. Notice however that for Hodge
modules, only rational indices can occur. Moreover, we will later only use the integer parts of this filtration.

Definition-Lemma 3.1. Let M and H = {t = 0} as above, and let M be a holonomic Dys-module.

1. (See [Sai88, Definition 3.1.1], [Sai94, Section 1.2] and [MMO4, § 4]) Then there exists a filtration

(Ve M)aece uniquely defined by the following properties:

(@) Upee VIM =M,

(b) (V*Dar) - (VM) C VETM,

(¢c) For all a € C, the module V2, M is VODys-coherent,

(d) t- VI M=VEIM for a>0,

(e) The action of the operator 0y -t — o on Gry, M := VG M/VZ¥M is nilpotent, where VM =

U5>a‘/;€nM'

Ve .M is called the canonical V-filtration or Kashiwara-Malgrange filtration on M with respect to H or
tot. It can be characterized by

Ve M= {m e M|roots of b}!(s) C [a,00}},
where [a,00) :={c € C|a < c}.

2. If M =Dy /T is a cyclic Dyr-module, where T is a sheaf of left ideals of Dy, then we put for any k € Z

VED VEDy +T
k o M~ M
VinaM T INVEDy T ’

and we call the filtration V5 M the induced V -filtration on M. In particular, if M is holonomic, then
ViegM has a (minimal and monic) Bernstein polynomial b{}_".d(s) € Cls].
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We will mainly use the above definitions for the case where H is the divisor {t = 0} ¢ M = C; x X and
where M = i, 4 Ox(xD), ij, being the graph embedding of a defining equation for a divisor D C X. Using
a construction that goes back to Malgrange (see [Mal75]), one can find a cyclic generator for this module, so
that it has an induced V-filtration. It is essentially well-known that the Bernstein polynomial of this filtration
is given by the Bernstein polynomial by, (s) of the equation h defining D, up to a change of variables. However,
we recall the proof for the convenience of the reader. Notice also that this result holds quite generally for any
divisor, and does not depend on freeness or any Koszul assumption.

We therefore let D C X be a divisor defined locally at a point p € X by a reduced equation h = 0, and we
denote by i : X — C; x X its graph embedding. We put

N(h‘) = (ih,-‘rOX,p(*D))((Lp) 3

then N(h) is a holonomic Dg, » x,(0,p)-module. Since iy, is a closed immersion, we have that

N(h)

1

(in,«Ox (D)) (0,p) 0]

as Og, x x,(0,p)-modules. It becomes an isomorphism of D¢, » x,(0,p)-modules when equipping the right hand side
with the Dg, « x,(0,p)-structure given by

a-(mdk) = (am)f, Ou, - (mOF) = (Do, m) OF — (W, m) O Vi=1,....m,

19
t-(moF) = (hm)dF — (km)oF="t, 8, - (moF) =moFt, (19)

for any m € Ox ,(*D) and any a € Ox .

Lemma 3.2. In the above situation, write j € Zi~o for the negative of the smallest integer root of by (s). Then
we have

b(—s = 5) = by ().

Proof. Following the constructions in [Mal75, § 4], one can show that N(h) = (in,«Ox (xD))(o,p[s] - h°, using
that ¢ = h is invertible in N (h) and substituting —0;t by s, where h® is a symbol on which tangent fields £ act
as £(h®) = sh™1&(h) - he.

The fact that —j is the smallest integer root of by(s) is equivalent to say that Ox ,(*D) is generated as a
Dy p-module by h=7. Therefore, N(h) is generated by A7 - h*, that we will write h*~7 from now on. Hence
we can consider the filtration Vi3 N(h) = V*Dg,x x,0,p) - h*~73. The V-filtration on De¢x x,(0,p) Ccan be written
as VODCXX’(OJ)) = wa[att], VkDCxX,(O,p) = VODCXX’(Q’;D) . tk fOI‘ k‘ Z O and Vk = Z,L_:ko VODCXX,(O,p) . 8; fOI‘
k < 0. Therefore, we obtain that

(in,+Dx ) (0,) [8]h° 7 k=0,
VikiN(h) = (in+Dx)(0.p) [S]hsfﬁk‘ - k>0,
S (0 Dx) o ls]sTR* 1 k<0,

where we have used that s = —0;t and t = h in our alternative representation of N (h).
As a consequence, we have isomorphisms

(ih7*DX)(0ap)hs_j+k ~ ‘/;IkldN(h) (20)
(in«Dx )0 pyhs =9+ VRN (1)

for every k£ > 0. On the other hand, for k£ < 0, we have that
VETIN(h) = (inDx) o [s]s F R ITE 4 ViE (N (R),
S0 we obtain surjections

Ve 'N(h)

—kt1ps—j+k—1 )
Vina N (h)

Pk - (ih,*DX)(O,p) [8]8

Since
(inDx ) (0,p)[8)8 F TR IE C (i1, . Dx )0 [S]s "R 7F C ViE N (R),
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we see that ¢y, ((in,+Dx)(0,p)[s]s FT1h*77+k) = 0. As a consequence, we obtain a surjection

B (Zh *DX> [ ]S k+1hs—j+k:—1 V;ﬁglN(h)
N - —»
Pk (in. *Dx) )[ s]s—k+1ps—i+k ViﬁdN(h)

for any k < 0.
We finally obtain surjections

(ih,*DX)(O,p) [s]hs_j+k_1 ~ (ih,*DX)(O,p) [5]5_k+1hs_j+k_1 E}lg Vvlﬁ;lN(h) (21)
(ih,«Dx) (0,p)[s]R—IFF (in,+Dx)(0,p)[s]s~F LRSI +k Vik N (R)

for any k < 0, where the first isomorphism holds because for any [ > 0 and any I’ € Z, s is a non-zero divisor
on the modules (i5,.Dx ) (0 p)[s]s'h*+.

By the Bernstein functional equation, we know that by(s) sends h® to Dx p[s]h*T!, hence by (=0t — j + k)
annihilates the left-hand side of equation and bp(—0it — j + k — 1) annihilates the left-hand side of the
surjection (|2 , so they annihilate the respective right-hand sides as well. In other words, by, (—d:t — j + k) kills

the quotient V¥, N (h)/V;ET1N(h) for any k € Z. This means precisely that by(—s — j) = bN( )( ), as desired.
O

The next result gives a precise description of the canonical V-filtration for N(h) for divisors satisfying the
additional assumption that the roots of b, are included in the open interval (—2,0).

Proposition 3.3. Let X, D, h and N(h) be as in the previous lemma. Assume moreover that the roots of
br(s) are contained in (—2,0). Then for all k € Z, we have

VELN(R) = VR IN () + T (0t =k + i) Vila N (h); (22)
OéieB;L

recall from the introduction (see Formula ([2))) that B}, := {a; € QN (0,1)| by (c; — 1) = 0}.
In particular, we have
Vk

can

N(h) C VigaN (h).
for all k € Z.

Proof. Since the roots of by(s) are in (—2,0), we know thanks to Lemma that the roots of b (h)( ) =
bp(—s — 1) are contained in (—1,1). Now we argue as in the proof of [Ka883, Theorem I] (cf. also [MMO4,
Proposition 4.2-6]): Let A\; < ... < A be the set of roots of bN( )( ) with —1 < X\; < 0, with respective
multiplicities Iy, ...,l.. We write

by (s) = [J (s — M) -0/ (s)

ind
i=1

with o'(A;) #0 for all i € {1,...,c}. Then for each k € Z put

VIN(h) = Vi 'N(h) + [ [ (01t — k= X)" Viig N (k) © Viig N (). (23)
i=1

Then V"N (h) is a good V-filtration on N (h) and moreover, []¢_, (s — (A; +1))% - b/(s) is a Bernstein polynomial

for V°N(h), namely we have that

f[(@tt — N+ 1) = k) V(0 — k) [VEF'N(R)] = (0t — k) ﬁ(&tt — N+ 1) = k)SVERLN ()

i=1 =1

EV@t -V TINGB) c VTN ®)
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and
c C

[T@t — (xi +1) = k)" -/ (0st — k) | [ (Oet — b — M) Vil N (h)

=1 i=1

= [T@t = i+ 1) = &) - s (Ot — k) Vi N (R)
i=1

c [J(@et = (i + 1) = R)SVESN(R) € VN (),

=1

where the two inclusions marked as C are due to the definition of the filtration V° N (h), i.e., due to formula
(23). Hence we obtain that

(ﬁ(@tt — 1) — k)b (Ot — k)) (VkN(h)) c V" N,

i=1

that is, [];_,(s — (\; +1))% - b/(s) is a Bernstein polynomial for V°N(h). We conclude that V°N(h) is a good
V-filtration on N (h) such that its Bernstein polynomial has all its roots in the interval [0, 1).
Now by [MMO04l, Proposition 4.3-5] we conclude that

—k
Ve N (h) =V N(h).
holds for all k£ € Z, and this shows Formula ([22).

O

Remark 3.4. Without the assumption that the roots of by(s) are in (—2,0) (i.e., for general h € Ox ) the
previous result is no longer true in general. Namely, since in general the roots of bp(s) are negative rational

numbers, we know by Lemma that the roots of bgfﬁ) are contained in (—j,00), where —j is the smallest

integer root of by(s). It can thus happen that bg.(:l) has roots bigger than 1, and this prevents the inclusion

VEk N(h) C VE N(h) to hold in general. The roots of by(s) are contained in (—2,0) for the class of SK free

divisors (see point 3 of Proposition and [NM15, Theorem 4.1]), but it also holds for instance when h defines
a central hyperplane arrangement by [Sail6, Theorem 1] (which is not necessarily a free divisor).

In the remaining part of this section, we restrict our attention to SK free divisors. We study more in detail
the induced V-filtration on the module N(h), since as we have seen, it helps to understand (at least the integer
steps of) the canonical V-filtration on that module. In particular, we will prove (see Proposition below)
a compatibility property between the induced V-filtration and the order filtration on that module (which is
similar to the order filtration F*4Ox (xD) studied in section . Its statement is similar to [RS20, Proposition
4.9]), although the presentation of the proof is slightly different.

We first give a concrete cyclic presentation of the graph embedding module for equations defining an SK free
divisor, starting from the presentation for Ox (xD) discussed in the previous section (see Equation above).

Lemma 3.5. Let D C X be a free divisor and let p € D be such that D is strongly Koszul at p. Let h € Ox
be a reduced equation for D near p. Letip : X — Cy x X,  — (h(x),x) be the graph embedding of h, then we
have an isomorphism of D¢, x x(0,p)-modules

D¢, x x,(0,p)
(t— hy01, -y 0n_1,X + Ot + 1)'

(in,4+Ox (xD))(0,p) =

We still denote this module (resp. this cyclic presentation) by N(h).

Proof. This is a consequence of the logarithmic comparison theorem, as stated in point 2 of Proposition
Namely, we know that
Dxp

(613'“7677,717)(—"_1).

OX,I)(*D) =
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Now we consider the direct image of this object under the graph embedding. Then we have

Dx.p ) _ De,xx,0.0)
617'~-a5n717X+1) (t_h7617"'55nflax+hat+1)’

(ih,+Ox (xD)) 0, x X,(0.p) = ih,+ ((

by taking into account that §;(h) =0 for every ¢ = 1,...,n — 1 and x(h) = h. The claim now follows from the
fact that in N(h) we have hd; = 9;h = 0;t (here and later on, we sometimes denote operators and their classes
in a cyclic quotient module by the same symbol). O

We will be later interested in calculating the Hodge filtration on a mixed Hodge module which has i, + Ox ,(*D)
as underlying Dg, x x,(0,p)-module. For that purpose, we consider the filtration FordN(h) which is induced on
N (h) by the filtration FeDg,« x,(0,p) by the order of differential operators.

For the sake of brevity, let us write O := O¢, x x,(0,p) and D := Dg, x x,(0,p)- Consider the ring

g = OCtxX,(O,p)[Ta Xl, ce ;Xn] = C{If,l‘l, ce ,xn}[T, Xl, ce ,Xn]

Then we have G = Grf D (where, as before, F,D is the filtration on D by the order). Obviously, G is graded
by the degree of the variables T, X1, ..., X,, and we write G; for the degree [ part.

Lemma 3.6. Let D C X be a free divisor and let p € D such that D is strongly Koszul at p and locally defined
by some h € Ox ;. Write
I(h) = (tf h,51’~~~75n—1,X+5tt+ 1)3

so that N(h) = D/I(h). Then the set {t — h,d1,...,0n-1,X + Ot + 1} is an involutive basis of the ideal I(h),
that is, we have the equality

U(I(h)) = (t - h30(51)5 < 'ao—(an—l)va(X+att+ 1) = U(X) +7- t)

of ideals in G. Recall that we denote for an element P € D its symbol in G by o(P) and by o(I(h)) the ideal
{o(P)|P€I(h)}ing.

Proof. The proof basically follows the argument in [CM99, Proposition 4.1.2] once we know that symbols of the
generators of I(h), i.e., the elements

t—h,0(01),...,000p-1),0(x)+T -t

form a regular sequence in the ring G. Notice also that Lemmabelow is a similar statement (in a commutative
ring though), and we will give some indications of the proof there.

In order to show this regularity statement, first recall that since D is strongly Koszul at p by assumption, it is
in particular Koszul (see Definition and the subsequent remarks). Hence we know that

0—(51)3 R U((Sn—l), U(X)
is a regular sequence in the ring Grf(DX’p) = C{x1,...,2,}[X1,...,X,]. Then clearly the sequence
0(51)7 s 70'(571*1)’ U(X)a T

is regular in the ring C{z1,...,z,}[T, X1, ..., X,]. On the other hand, we have the following equality of ideals
of C{Sﬁ'l, N 7$n}[T, Xla N 7Xn]:

(0(01),...,0(0p-1),0(x),T) = (6(61),...,0(0n-1),0(x) +T-h,T)

so that also the sequence
0(61)7 s 70'(571—1)7 U(X) + T - h,T

is regular in C{z1,...,2,}[T, X1,...,X,]. Since we have an isomorphism of rings
C{zy,..., 2 }[T, X1,..., Xn] — C{t,x1,..., 2 }T, X1,..., X,]/(t = h),

we obtain that the sequence
t—h,0(61),...,0(0n-1),0(x)+T -h,T
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is regular in G = C{¢t, z1,..., 2, }[T, X1,...,X,]. Then again by equality of ideals
(t - h70(61)7 AR 70(6n—1)a U(X) +7- th) = (t - h70(61)> [ U(én—l)va(X) +T- L, T)

in G we get that
t—h,0(01),...,0(0n-1),0(x)+T-t,T

is a regular sequence in G, but then also the shorter sequence
t— ha 0(61)5 ey 0(5n—1)7U(X) +T-t
must be regular in G. O

We denote by V*G the filtration induced by V*D (the V-filtration on D with respect to the divisor {t = 0} C
C; x X) on the ring G. It can be described as

X7dg = Z ok, Bl P XPT € G laagkp €C k—-1>d
ak,B,l

For any f € G, we write ord” for the maximal b € 7Z such that f € VbG. The graded ring of G with respect to
the filtration V' looks quite similar to G itself, namely, we have

Gry G = C{zy, .., wn} [t T, Xy, X,

since V* induces the t-adic filtration on the ring C{t,x1,...,Tn}.
As usual, for f € G we denote by oV (f) € Gry; G the symbol with respect to V, ie., the class of f in
Gr%/ G = ®iez Grl‘7 G. Now consider an ideal I = (f1,..., fr) C G. We write

oV ()= {" ()| et}

Then we have the following fact (which is analogous to the statement of Lemma above, and in fact holds in
a more general setting for certain filtered rings, although we do not consider such a generality here).

Lemma 3.7. Suppose that Uv(fl), e ,0‘7 (fx) is a regular sequence in Gr%/ G. Then we have the equality

V(1) = (a7 (F1), 0" (1)
of ideals in Gr;f; g.
Proof. We follow the argument given (in a more algebraic situation though) in [SST00, Proposition 4.3.2]. We

obviously have 0‘7(1) > (Uv(fl), . ,av(fk)) and we need to show the converse inclusion. Assume that it

does not hold, that is, take f € I (so that 0"7(‘]“) € 0‘7(1)) such that 0"7(f) ¢ (Jv(fl),...,ov(fk)). For a
representation

K
F=> 9t (24)
1=1

write

o(g) = min (ord"(g)) +ord” (£7)),

[RRRE}

then clearly o(g) < ordv( f). Choose a representation f = Zle gi - fi such that o(g) is maximal. Since
av(f) ¢ (Uv(fl), .. ,0‘7(]";@))7 we have ord" (f) > o(g). We conclude that

3 " (g1) - 0" (1) =0.

i:ordV (gi)+0rd‘7 (fi)=o(g)
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Now by assumption the symbols av(fl), . ,Uv(f;ﬁ) form a regular sequence in Grf; G, and this implies that
the module of syzygies between these elements of G is generated by the so-called Koszul relations, i.e.,

(=" (w) ")+ (¥ (1) o7 (1) = 0.
In other words, we have an equality

> oV = > h]l( (fi)ee—o (fl)ej)

i:ordﬁ(gi)+ord‘7(fi):o(g) 1<j<i<k

of elements of G¥ (where ¢; is the i-th canonical generator of G*). Reordering the right hand side of the above
equation yields

~ k ~ ~
Z Uv(gi)'eizz Zhliav(fl)_zhijov(fj) €4,

i:ora” (g:)+ord? (f1)=o(g) i=1 \ I<i i<j
and hence
Z hliU‘?(fl) - Z hijav(fj) =0
I<i 1<y
for all ¢ € {1,...,k} such that ord" (9:) + ordf/(fi) = o(g). Hence if we replace those g; in equation by

gi =g — (Zl<i huifi =i hijfj) (and collect all the f;), we obtain a new expression f = Zle 9. fi such
that

,min (Ordv(gé) + Ord‘?(fi)) > o(g)

which contradicts the above choice of a relation g with maximal o(g). Hence we must have that 0‘7( f) €
(0‘7(f1)7 ... ,av(fk)) and so 0‘7(1) = (0"7(](1), ... ,0‘7(]";@))7 as required. O

We apply the previous lemma in the situation where I is given as the ideal o(I(h)) C G (recall that o denotes
the usual symbol with respect to the order filtration FyD). For notational convenience, put Gy := t — h,
Gy :=01,...,Gp_1 == 0p—1 and G,, := x + Ot + 1, so that I(h) = (Go,...,G,) C D. Then we obtain the
following consequence.

Corollary 3.8. Let D C X be a free divisor and let x € D such that D is strongly Koszul at x and locally
defined by some h € Ox . Then the set

{o(Go), .., 0(Gn)} = {t = h,0(01), .-, 0(0n-1),0(X) + T - 1}

is an involutive basis of the ideal o(I(h)) C G with respect to the filtration V*G induced from the filtration V*D
that is, we have

oV (o(I(h)) = Gr%, G-(0V (0(Go)),...0" (7(Gy))) = G G- (h, oV (0(61)),-. .0V (0(6p_1)), 0" (o(x)) + T - t) .

As a consequence, any f € o(I(h)) C G has a standard representation with respect to ‘7', that is, there are
elements ko, k1,...,kn € G with f =" ki -0(Gi) =ko-(t —h) + >, Yki - 0(8;) 4 kn - (0(x) + T - t) such
that ord" (k;) + ordv( (Gy)) > ordv(f) holds for all i € {0, ... ,n}.

For the last statement, we remind the reader that the filtration Veg is descending, and that consequently, for
g € G, ord"(g) denotes the maximum of all I such that g € V!G.

Proof. Consider the ring extension

Gri(D[s]) = C{z1,..., 20 }[s, X1,..., X0] < Gry(9) = Clan, .., 2 J[t, T, X,y -0, X

s — =Tt
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then clearly Gr;(G) is a flat Grl(D[s])-module, since for any ring R, we have that R[t,T] is a flat (and even
free) R[—T - t]-module.
From the very definition of the strongly Koszul property (see again Definition , we know that

ha 0—(51)3 EERE) U(énfl)’a(X) -

is a regular sequence in Grl(D[s]). Now notice that the elements o(6;),...,0(0,_1),0(x) lie in the ring
C{z1,...,2,}[X1,..., Xp], which is a subring of both G and of Gr"7((]). Clearly, forp € C{x1,..., 2, }X1,..., X5]
we have oV (p) = p, therefore, we know that

hooV (0(81))s ., 0V (0(6n-1)), 0" (a(x)) — s

is a regular sequence in Grl (D[s]). Since the ring extension Grl (D[s]) C Gri;(G) is flat, it follows (see, e.g.,
[BouO7), Proposition 9.6.7 and remark right after it]) that the elements

h.o¥ (0(81)..0" (0(0um1)).0V (o (0) + T -1
form a regular sequence in Gr{;(G). Now the assertion of the Corollary follows from Lemma above. O

The next statement is a rather direct consequence of the previous results. We include it here since it will be
used in section [5| where we discuss techniques for computation of Hodge ideals.

Corollary 3.9. Let D C X be a free divisor, let p € D such that D is strongly Koszul at p and locally defined
by some h € Ox . Then

IM)NVD =(t—h,61,....0, 1,x+ 0t +1D)NVID=VD(t —h,61,...,8,_1,x + 0t +1).

Proof. Since the generators of I(h) belong all to VD, which is a ring, the inclusion I(h) N VYD > VOD(t —
hyo01,...,0n—1,Xx + Ot + 1) is trivial. Let us show the reverse one.
Let P be an operator in I(h) NV D and let us prove that it lies within VOD(t — h, 01, ...,6,_1,x + Ot +1) by
induction on the order of P with respect to FyD, written ord” (P).
If ord?(P) = —1, the claim is trivial, for then P = 0. Let us now assume that the statement is true for all
Q € Fy_1D for a given non-negative integer d, and let us prove it for any P € FyD. Since P € I(h), we have

the expression
n—1

P=A(t—h)+Y Bidi+C(x+oit+1).
i=1
Thanks to Lemma we know that A € FyD and the B; and C are in Fy_1D and also that o(P), which
belongs to VY9G, can be written as

n—1
o(P) =c(A)(t—h) + Y _ o(Bi)o(8;) + a(C)(a(x) + Tt).
i=1
On the other hand, we know after Corollary that we can choose A € Grf(D)n VG and some B;,C €
Gr (D) N VG such that

n—1

o(P)=A(t —h)+ > Bio(d;) + Clo(x) + Tt).
i=1
Then we have that

¢:=(0(A) — A,0(By) — Bi,...,0(Bn_1) — Bp_1,0(C) — C) € G"*!

is a syzygy of the tuple (t — h,0(d1),...,0(0p—1),0(x) +Tt). By Lemma again, since this tuple is a regular
sequence in G, ¢ will be a sum of Koszul syzygies (i.e., those of the form a;e; — aje; € G"*! for some elements
a;,a; of the regular sequence, e; and e; being the corresponding unit vectors).

Now notice that for all &, [, the canonical map

FEDNVFD — VG,
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is surjective. Hence, we can choose A’ € FyDNVOD and B;,C’ € F;_1DNVD such that o(A’) = A, o(B) = B;
for every i and o(C") = C. Then the tuple (A — A’,B; — B},...,B,_1 — B, _;,C — C') can be written as a
sum of Spencer syzygies of (t — h,01,...,0n—1, x + Ost + 1) (that is, the respective lifts of the Koszul ones in G
that come from the expression of the [G;, G;], for any 4, j, as a linear combination of the form )", o). Gy with
coefficients in O) plus another tuple (A", BY,...,B)!_;,C"), where now A” € Fy_1D and B}, C" € Fy_,D.

7
Let us call now
n—1

Pi=A"t—h)+ Y B/6i +C"(x + 0t +1).
=1

Consequently,
n—1

P=A(t—h)+ Y Bjsi+C'(x+0t+1)+P"

i=1
Summing up, we obtain that P” € F; 1D NVYDNI(h), so by the induction hypothesis, it can be written as a
linear combination of t — h, 61, ..., 0n_1,x + O¢t + 1 with coefficients in V9D and thus P too. O

Now we can show the following result expressing a certain compatibility between the induced V-filtration and
the order filtration on N (h).

Proposition 3.10. For all k,l € Z, the canonical morphism
FDNV*D — FPMN(h) N VE N (h)
18 surjective.

Proof. We reformulate the surjectivity we want to prove as a compatibility property between three filtrations
on D, the first two being FoD and V*D. The third one is defined (somewhat artificially) as

I(h) Vr <0,
JD =
D Vr > 0.

It is clear that the statement of the proposition is equivalent to the surjectivity of the map
EDNV*DNJ.D — 'FGt! DnV*Gr! D (25)

for r = 0, where we denote by 'F, resp. by V*® the filtrations induced by F,D resp. V*D on Gr;]D (notice
that for r = 0, these are nothing but FO™N(h) resp. V;24N(h)). Since both the J- and the F-filtration are
exhaustive, we can now apply [Sai88, Corollaire 1.2.14] from which we conclude that surjectivity of the map
holds (for all I, k,r) if and only if the map

EDNV*DNJ,D — VFEGF DN J.CeF D =V*G N J,.G. (26)

is surjective for all I, k,r. Again, J,G, is the filtration induced by JoD on G, ie., J,G = G, if r > 0 and
Jr-Gr = oi(I(h) N FiD) if r < 0, where, as usual, o, : F;D — G, denotes the map sending an operator of degree
[ to its symbol in G;. However, the surjectivity of is a nontrivial condition only for » < 0 (and it is the

same condition for all negative ): For r > 0, it means that the map F;D N V*D — ngl is surjective, which
is true, as we have already noticed in the proof of Corollary If » < 0, the map is nothing but

EDNV*DNI(h) — V*G noy(I(h) N ED).

We will see that the surjectivity of the latter map follows from the involutivity properties proved above. Namely,
let 0(P) = 0;(P) € V¥G, be given, where P € I(h) N F;D. Then by Lemma [3.6/ we have an expression

recall that we had put Gy :=t —h, G; := 61,...,Gp—1 := dp,—1 and G,, := x + Ot + 1 for the involutive
basis of I(h). Since obviously the symbols o(G;) are homogeneous elements in the ring G = Grf D, we have
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that deg(k;) = | — deg(c(G;)) = | — ord(G;). On the other hand, we know by Corollary that ordv(ki) >
ord" (o(P)) — ord" (¢(G;)), that is, ) )
k; € i}ordv(o(P))—ordv(U(Gi))g'

Moreover, it follows from the concrete form of the operators Go,..., G, that ordf/(o(Gi)) = ord"(G;) = 0,

hence k; € Vordv("(P))g. Now choose any lift of k; to an operator K; € Fi_gq(q,)D N Vord‘?("(P))D. Such a lift
exists since, as we have already noticed above, the map

EDNVFD — VFG,

is surjective for all [, k. Then the element P’ := Y " K, -G; € I(h) is the preimage we are looking for, i.e.,
o(P") = o(P) and we have

P e EDnvod CP)p c DA VD

recall that we had chosen o(P) € VG, N o;(I(h) N FyD), meaning that k < ord” (o(P)). Hence we have shown
the surjectivity of B
EDNV*DNI(h) — VEGr DNnoy(I(h) N EFD),

and as we said at the beginning of the proof, using [Sai88| Corollaire 1.2.14], the surjectivity of
EDNV*D=EDNV*DNJy — EGry DNV*Gr) D = F"N(h) N VE N (h),

as required.

4 Description of the Hodge filtration

This section is the central piece of the article. We apply the results on the canonical V-filtration from the last
section to compute the Hodge filtration on the mixed Hodge module which has Ox(xD) as underlying Dx-
module. The main result is Theorem 4.4} which gives a precise description of FXO x (*D). We also complement
it with some statements about the Hodge filtration on the dual module Ox (!D), see Theorem which we
expect to be useful for future applications. We conjecture (see Conjecture some bound for the so-called
generating level of the Hodge filtration (see Definition for this notion), which is supported by computation
of examples in section [5| below.

Notice that some of the results in this section (first part of Theorem or Theorem hold globally on
X, however, for most of the proofs we will need to require that D C X is defined by an equation h. As
already indicated, we will determine the Hodge filtration using the graph embedding iy, : X — C; x X and by
considering extensions of Hodge modules from C; x X to C; x X.

Hence, let again X be an n-dimensional complex manifold and D C X a reduced free divisor, which is strongly
Koszul at each point p € D. We assume for now (until and including Corollary that D is given by a
reduced equation h € T'(X,Ox). Notice also that contrary to the last section, we will consider all the objects
as sheaves since this is more convenient when applying the functorial constructions from the theory of mixed
Hodge modules.

Put U := X\D, and consider the following basic diagram:

U—" 0 xX
; ; (27)

X#Ctxx

Here j and j’ are open embeddings, whereas i), and ¢}, (both are given by z — (z,h(z)) and may be called
graph embeddings) are closed.

We are considering the pure Hodge module Qg [n] on U. By the functorial properties of the category of mixed
Hodge modules, we know that there is an object j.QH[n] € MHM(X), whose underlying Dx-module is the
module Ox (D) of meromorphic functions. We are interested in describing the Hodge filtration F on Ox (xD).
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The Dy-module underlying Q¥ [n] is simply the structure sheaf Oy and we have FZOp = 0 for all k < 0 and
FHOy = Oy for all k > 0. We obviously have

Oy X j*Derx(—log D) = Opd1 & ... ® Opyd,_1 ® Opx,

recall from Proposition that the basis d1,...,d0,_1,x of Derx(—log D) was chosen such that ;(h) = 0 for
t=1,...,n—1and x(h) = h. Hence we have the following presentation

Dy
((51,...,5n,1,x+ 1),
identifying the class of 1 € Dy on the right-hand side with the function h~! € Op. Under this isomorphism,
FHOy = Fo"9Dy /(61,...,6n_1,x + 1), here F2' denotes the filtration induced on a cyclic D-module by the

filtration on D by the order of differential operators.
From this presentation, we deduce the following statement.

Oy =

Lemma 4.1. The pure Hodge module Z;L*Qg[n] has the underlying Des x x -module

Der x x
Dcz«xx(t—h,él,...,én_l,>2+ 1)’

-/
Zh7+OU =

where X := x + Oyt. Under this isomorphism, we have the following description of the Hodge filtration on
i, Q]

D+
FE (i, Op) = F CoX , (28)

ol DCZ‘XX(t - h’a 617 s 7671—175(/—1_ 1)
where again FO™ is the filtration induced from FoDeyxx-

Proof. We rewrite the morphism 4/, as the composition i}, = )i} o ()3} where Vi) : U — €} x U is the graph
embedding of the restricted morphism hj;; : U — Cj (in particular, it is closed) and where

@i CrxU — CirxX
(t,x) — (t,x)

is the canonical open embedding. Notice however that the composed morphism ¢}, : U — C; x X is closed, since
the closure of its image is contained in Cf x U.
We can extend the above diagram as follows:

Cy xU
U o Cr x X
J i’
X i C; x X.
We have
D D Derxvu
(1)1 O = (1)1 U — (1)1 U 9,1 = t X
Zh’+ v Zh’+(517"~75n—17x+1) Zh’* ((517' -,6n—1,X+1)> [ t] (tfhvéla "aén—la%+1)

and (see [Sai93| Formula 1.8.6])
Flﬁl((l)i;LHrOU) = Z (I)Z;L,*Fk}f (’DU/((Sl"‘-udnth""_ ]-)) 61]562
k1+ko=k

= Z (1)7:;1,*F131rd (DU/(alv"'76n—17X+1))852
k1+ko=k

= F" (Desxv /(t—hy 61, 6nm1,X + 1)) .
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Again, since

Supp (DCIXU/(t - h’v 51) B 6’n—1a 5</+ 1)) = lm((l)Z%) C C: X U7 (29)

we obtain
(Q)ilh’+ (Dctfo/(t— h,&l,...,5n,1,§+ ].)) = ’DCt*XX/(t_ h,517~~«75n7175€+ 1)

Now we consider the Hodge filtration on the module
ih+Ou = (Piy) 1 (Degxu /(= hyb1, 601, X + 1)) = Degx /(= b1, 651, X+ 1),

We use once more the inclusion in formula (29)), which gives, when applying [Sai93, Formula 4.2.1] to the module
M =Dcixx/(t —h,01,...,0n-1,X + 1) and the morphism (2)1';1, that

Fl i Ou = (D)) F™ (Des xu /(t— hy 61, ., 0ne1, X + 1)) = F™ (Desxx /(t = hy 01,001, X + 1)),

(the second equality follows since the closure of Supp (F,Srd(Dcsz/(t —h,01,. ey 0n_1,X + 1))) in Cf x X is
contained in C; x U, i.e., from formula (29)). O

Next we will deduce from this result a description of the Hodge filtration on the Hodge module j’(i}).Qf [n].
This is the crucial step towards our first main result (Theorem below). We will use the results from the last
section concerning the canonical V-filtration of the graph embedding module 5+ Ox (*D) in an essential way.
The result we are after can be stated as follows.

Proposition 4.2. The mizved Hodge module j.ij, QH[n] has ip +Ox (xD) as underlying De,x x -module. Under
the isomorphism

. DC XX
in+Ox(xD) = : — =: N(h
ot X( ) DCtXX(t_h761a"'a6n—laX+1) ( )
from Lemma (which, as indicated at the beginning of this section, we write here as an isomorphism of
sheaves of Dg, x x -modules rather than of germs) we have the following inclusion of coherent Og,x x -modules
for all k € Z.:
Fi!(in,+Ox (xD)) C FI9N () (30)

Proof. First put for notational convenience

DC*XX .
"(h) = L — >~ Op.
N( ) DC:XX(t_h7517"'75nflax+1) Zh,+ v

Now it is known (see [Sai93| Proposition 4.2]) that the Hodge filtration on the Hodge module j,ij, . QH[n] =

in«j«QH [n] has the following description (this is due to the construction of the open direct image for mixed
Hodge modules, see [Sai90, Section 2.7-2.8]):

Ff(in4+Ox(+D)) =Y _ 0} (VN (h) N L) B jin 1+ Ox (+D)) | (31)

>0

but since
(") B (in+ Ox (D)) = FL i}, Oy = F™S N (h),

we are left to show that we have

281 Can ord Nl( )) ord N( )

i>0

Since

GFN (k) € FN(h)
holds for all r,4 € IN| it is sufficient to show the inclusion

VO N(h) N LE N (h) € FE N (h)

can
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for all r € IN. We have seen in Proposition [3.3| that VX N'(h) € Vi¥ N'(h) holds for all k € Z (recall that since

we assume in this section that D is SK free, we know that the roots of by (s) are included in (—2,0) by [NM15|
Theorem 4.1], so that the assumptions of Proposition are satisfied). Thus it suffices to show that we have

ViOaN () N GLESIN' (h) € N (h)

for all » € N. Let an element m € V2 N (h) N jLF"IN”(h) be given. Then there is some p € IN such that
tP-m € V2 N (h)NFrN (h) (see also the proof of [Sai88), Proposition 3.2.2], especially the implication (3.2.1.2)
= (3.2.2.1)): Since the filtration F2" is exhaustive on V.2 N (h) we know that there is some [ € IN such that
m € FPYIN(h) N VO N (R), if I < 7, we are done by putting p = 0. Otherwise, since m € j.F*N’(h) (which
means by definition that mc: x x € FP™N(h)) it follows that the class of m in the quotient F* N (h)/FrN (h)
is a t-torsion element in that module. Notice that FP*N (h)/F* N (h) is Og, « x-coherent, hence there is some
p such that the class of t? - m is zero in this quotient, that is t* - m € F°*IN'(h), and obviously we have
t?-m € VP N(h) since m € V2 N (h).
Now by Proposition we know that there exists an operator P’ € VPDg,«xx N F.De,xx projecting to
tP-m € VE N (h)NEN (R). By definition, P’ can be written as P’ = P - P, where P € VD¢, x x N F, Dg, x x -
Then the class [P] of P in N'(h) satisfies [P] € FO*4N (h) and obviously we have [P] = m. Hence the inclusion
VO N (R) N jLEIN(h) C ForAN () is proved. O

Using the description of the canonical V-filtration on the module N'(h) along the divisor {t = 0} from Corollary
we can give a more precise description of the Hodge filtration on that module. We also recall from such
corollary that By, := {a € QN (0,1)|by(ev — 1) = 0}, and for @ € B}, we write [, for the multiplicity of o — 1
in bh (S)

For the sake of brevity, we will sometimes write in the following FHA/(h), translating the Hodge filtration on
in,+Ox (xD) using the isomorphism N (h) 24 1 Ox (D).

Corollary 4.3. Under the isomorphism i +Ox(xD) = N'(h), we have the following (equivalent) descriptions
of the Hodge filtration steps FEOx (xD) for all k € Z.:

F]flih,+0X(*D) = Zaz can Ford z Zaz ‘/c(']ln Ford zN(h)) ) (32)
>0
Flin 1 Ox(xD) = ;KL in + Ox (D) + Vo, N(h) N OrdN( ) (33)

1%

OFLyin 4 Ox (+D) + | VipaN (h) + T (0t + ) VN () | 0 ERGN (R). (34)

a€Bj,

Proof. From the proof of the last lemma we know already that

Ff(in 4 Ox(+D)) =Y 0} (VN (h) N GLEF N (h)) (35)
>0

so that in particular FHij, ;Ox(*D) = 0 for all k < 1 since FP*"A’(h) = 0 for negative I. The same holds
for FP*4N(h), hence, the above formulas are proved when k < 1. We rewrite formula in a recursive way,
namely

Ff (in 4 Ox (xD)) = Y 0f (VN (1) N JLF N (R)) + VN () 0 L FES N (R)

>0

e D0 (VN (B) N JLFZES N (R) | + VN () N LN (R)

>0
= 0 FiL 1 (in+ Ox (+D)) + VN (h) 0 JLEX N (h) (36)

where the last equality uses again formula .
Now we conclude using Proposition We know from equation that FH (ij,+ Ox (xD)) C FrIN(h),
hence we obtain

VO N(h) N FIAN(R) € VO N (h) NN (h) C FE (i, + Ox (+D)) € FAN(h).

can can
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since we clearly have F'4N(h) C jLF*AN’(h) by the very definition of the functor (j'). and where the

inclusion C follows from equation above. As a consequence, the first inclusion VO N(h) N FrAN(h) C
VO N(h) N jLF N (R) is in fact an equality, and therefore equation becomes

FH (i, Ox(*D)) = O F | (ip 1 Ox (xD)) + V2 N (h) N F N (h),

so that the recursive Formula (33) is shown. Formula follows by replacing the term V2 A(h) with the
expression from Proposition Moreover, it is clear that the non-recursive Formula follows from the

recursive one by induction.
O

Our main purpose is to describe the Hodge filtration on Ox (*D). This description will be obtained as a
consequence of Proposition and Corollary Recall that the graph embedding module A/(h) can be
alternatively described as M (h)[8;], where the left action by Dg,xx on M(h)[d;] is given by Formula (19).
We then have the following result.

Theorem 4.4. Consider a strongly Koszul free divisor D C X. Then we have the following inclusion of coherent
Ox -modules (which holds globally on X and does not require that D is given by a global equation)

FEOx(xD) C FMOx (+xD),

where FXOx (xD) is the filtration such that the filtered Dx-module (Ox (xD), F2) underlies the mived Hodge
module j.Q[n].
If h = 0 is a local reduced equation for D and using the local isomorphism M(h) = Ox(xD), we have the
recursive formula

FllOx (+D) = F M(h) = |0 FIN () + [ VAN () + TT @it + )= VON () | | (M) ©1), (37)

a€Bj,
where the intersection takes place in M(h)[0y] = N (h).

Formula is recursive despite the appearance of the same index k on both sides: in order to calculate (locally)
the k-th filtration step of the Hodge filtration on Ox (xD), we need to know the k-th filtration step of the Hodge
filtration on N'(h), the knowledge of which is equivalent to the knowledge of F& , M(h) = FH  Ox(*D) (see
the discussion in the proof below, in particular, Formula (39))).

Proof. Tt is sufﬁcient to prove the second statement, since locally where D is defined by an equation h =
0, formula exhibits FZOx(*D) as a submodule of F"¥M(h). However, the statement Ff Ox(xD) C
Ford(’)x(*D) (where F4Ox (D) is as in Definition 2.2 E holds globally on X, once it is shown at each p € D.
First notice that we have the equality

inJ=Q [n] = 41}, .Qf ]

of objects in MHM(C; x X). It follows that the filtered module (NV'(h), FH) (where FZ is the filtration considered
in Proposition and Corollary underlies the mixed Hodge module iy, .j.QH [n]. Then [Sai93, Formula
(1.8.6)] yields the following relation between the filtration FZA(h) and the Hodge filtration on j.Qf[n] (which
is FEOx (xD), and again we will freely denote it by FX M(h) using the isomorphism M(h) 2 Ox (xD)):

Z Fk 1— ] ® ag7 (38)
§>0
in other words, we obtain
Fil10x(xD) = KT M(h) = FIN(h) N (M(h) ® 1) (39)

for all £ > 1. As we have noticed in Corollary [£:3] we have the inclusion

Fllin +Ox (xD) = FIN(h) € FZN (h),
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and since obviously F™ N (k) N (M(h) @ 1) = F N (h) N (F* M(h) @ 1), we obtain by plugging in formula
that

FfTOx(+D) = |0 FL N (h) + | ViaN(h) + [T et + ) VN (R) | N FZIN(B) | 0 (F S M(R) @ 1)

a€B],

Shifting the indices by one, the inclusion

F'Ox(+D) C [0 FIN () + [ ViaN(h) + [T (0t + @) VigN () | | 0 (FFiM(h) @ 1)
a€Bj,
is then clear. But we also have the inclusion in the other direction: Let a € 9, FZN(h) and b € VL, N(h) +
HaeB,’ (Ot + )l VO N (h) and assume that a +b € Fr9M(h) @ 1 € FP"9N(h). Then since &, FAN (k) C
OEF AN (h) C FPrdN (h), we must necessarily have b € FP*IN(h), so that

atb € (O FIN) + | ViaN () + ] (0t + )" VRaN (h) | 0 FZON (R) | n(FFM(h) @ 1) = K Ox («D),

a€By,

as required.

Remark 4.5. (see also subsection below) As shown in [Sai93, Proposition 0.9] we have
FAOx(+D) C P,Ox (D)

for any reduced divisor, where P,Ox (xD) := Ox ((k 4+ 1)D) is the pole order filtration. In our situation of a
strongly Koszul free divisor, we obuviously have

FlOx(xD) c F"Ox (xD) C P,Ox (D), k>0,

with FFOx (xD) C F§"0x (xD) = PyOx (xD). One can thus consider FX*Ox (xD), in the current situation,
as a better approximation to the Hodge filtration than the pole order filtration PoOx (xD) (though both are
equal at level k = 0) . A very special example is the case where D has normal crossings, then for any local
reduced equation h =0 for D the only root of by(s) is —1, and one easily obtains FEOx (xD) = F*Ox (xD).
Correspondingly, we have F Ox (D) = F™Ox (D) = PyO(xD) = O(D), so that Iy(D) = Ox, but the higher
Hodge ideals are non-trivial even for the normal crossing case, precisely because FP*9Ox (D) G PO (xD) for
k> 0.

We have seen so far that FZOx (xD) C F&*9Ox (D), with equality iff —1 is the only root of by, (s) for any local
reduced equation h of D. However, we can actually give an inclusion in the reverse direction, but with a specific
shift, which we conjecture to be the generating level of the Hodge filtration on Ox (xD) (see Conjecture
below). As a preparation, we need the following result.

Lemma 4.6. Let (D,p) C (X,p) be a germ of strongly Koszul free divisor with reduced equation h = 0, let
B(s) = HaeB; (s + a)l>, where l, is the multiplicity of o — 1 in by(s) and put v := deg 3(s). Consider the
generator [1] € N'(h), then we have
[1] € EE N ().

Proof. Write 8(s) = Y.i_,a;s" with ag,...,a, € C. We have [t - (9it)"1] € VL N (h) N FIN(h) for all
1€ {1l,...,7}. Now we may rewrite Formula as

FEAN) 2 00 (0B N )+ (BOAVEN (h) + Vika (1)) 0 FESATR)) + (BOVEN (1) + Vika A (h)) 0 FEN ().
Then we have for all i € {1,...,r}

[(8:t)'] = 0y - [1(0:t)" 1] € Oy [VinaN (h) N FPXIN ()] € BN (h) € FEL N (R).

On the other hand, we have 3(9;t)-[1] € B(dut) VO N (R)NFIN (h) € E N (R). Since B(0it)—Y ", a;(0it)' =

K2

ap we find that ao[l] € FZ N (h). By definition of the set B}, we have 3(0) # 0 and hence ag # 0, so that
finally [1] € £, N'(h), as required. O
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We obtain the following two consequences that we will use below to discuss the dual Hodge filtration.
Corollary 4.7. With the aforementioned notations, we have
1. [1] € EEM(h),
2. For all k € Z>o, we have the inclusion of coherent Ox -modules F*S M(h) C FEM(h).
Proof.
1. Recall Formula , which says that
FLAM(h) = FEN(R) N (M(h) ®1).

Now obviously the element [1] € N'(h) belongs to the submodule M(h)®1 C N (h), hence we obtain from
Lemma [4.6/ that the element [1] € M(h) lies in FI M(h).

2. The statement is trivial for £ < r. On the other hand, we have by definition that for any k > r any class
[P] € Fg™d M(h) can be represented by an operator P € Dx of order k —r. Moreover, FX M(h) is a good
filtration (in particular, compatible with FyDx), so [P] = P-[1] € Fy,_,Dx - [1] C Fy_,Dx - FEM(h) C
FHM(h). Hence Fg'd M(h) € FEM(h), as required.

O

Let us call bp(s) the least common multiple of the local b-functions of all reduced local equations of D
at p, for p € D, whenever it exists (it always exists if D C X is algebraic or if X is compact), By =
{a; € QN (0,1)|bp(a; —1) =0} and Bp(s) = HaeB/D(S + a)l=, where I, is the multiplicity of a — 1 in
bp(s) and put r := degfp(s). The strong Koszul hypothesis on D then implies the symmetry property
bp(—s—2) = +bp(s) and so r = § (deg(bp(s)) — mult,,(s)(—1)). The following global result about the divisor
D C X is a consequence of the first point of Theorem [£.4] and of Corollary [£.7}

Corollary 4.8. Under the above conditions, we have:
Fo40Ox(xD) c FEOx(xD) C FO'Ox (xD). (40)

We will finish this section by showing some results about the Hodge filtration on the dual Hodge module
Dj.QH[n]. Its underlying Dx-module is DOy (*D), which we denote by Ox (!D). From the logarithmic com-
parison theorem we know that Dx ®yp Ox (D) = Ox (D), and so we can apply Proposition (for the case
&€ = Ox(D)) to obtain that the holonomic filtered module (Ox (*D), F2*®) has the Cohen-Macaulay property
and moreover that the dual filtered module of (Ox (xD), F') is isomorphic to (Ox (!D) = Dx ®yp Ox, Ford).
We recall that a similar property holds for the Hodge filtration, more precisely, we have the following.

Theorem 4.9 ([Sai88, Section 2.4], [Sai88, Lemme 5.1.13], see also [Schl4] Theorem 29.3]). Let (M, F,)
be a filtered left or right Dx-module underlying a pure Hodge module M of weight w, then (M, F,) has the
Cohen-Macaulay property. In particular, its dual module is strict, and underlies a pure Hodge module DM
of weight —w. Similarly, if (M, WeM) is a mized Hodge module, then so is (DM,DW_qM). In particular, if
(M, F,) underlies a mized Hodge module M, then it also fulfills the Cohen-Macaulay property. Its dual filtration
FEP(DM) is the Hodge filtration FY"" (DM) of DM up to a shift, i.e., we have

FPP(DM) = F [ x) DM). (41)

With these preparations, we obtain the following result concerning the Hodge filtration on the dual module
Ox(ID).

Theorem 4.10. Let, as above, D C X be a strongly Koszul free divisor, then we have the following inclusions
of coherent Ox -submodules of Ox(D):

FOx (D) ¢ FEPOx (D) ¢ FZ4Ox(1D).
In particular, since FO2O(ID) = 0, we obtain the vanishing

FEP 0y (D) = F>2_ 04 (D) = 0.

n—r—1
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Proof. Equation from Corollary says
FrOx(xD) ¢ FEOx (D) c FoOx (D).

Applying the Rees functor R(—) defined on page 7| to the first inclusion yields a short exact sequence of graded
D x-modules
0 — (RperaOx (xD))(—r) — RpuOx(xD) — C — 0, (42)

recall that for a graded Dx-module M, we write Mv(l) for the same module with grading Mv(l)k = Mk+l. Notice
that the cokernel C is a z-torsion module, since, e.g., for any section s € FfOx (*D) we have s € F*4Ox (xD)
(due to the second inclusion from Formula (4.8)). Hence [s] - 2% € (RporaOx (xD))g = (Rpora Ox (*D)(—7)) k4
and therefore [s] - z* maps to 0 in C.

Now apply the duality functor for graded left Dx-modules (defined by formula ) to the short exact sequence
(42). From Corollary we deduce that

D(R pora Ox (D) (—71)) =2 HOD(R pora Ox (D)) (r) = (Rpora Ox (D)) (7).

On the other hand, by Theorem we know that the filtered module (Ox (*D), FH) satisfies the Cohen-
Macaulay property as well, and we write as before (O(!D), FI'P) for its dual filtered module.
Hence, the triangle resulting from applying *D to the sequence has the following long exact cohomology
sequence:

0 — H"DC — RpupO(!D) — (RporaOx (!D))(r) — H*DC — 0. (43)

The Dx-module C is a z-torsion module, which implies that H°*DC is so (since z is a central element in ZSX)

The Dy-module RproO(!D) (and similarly (R peaOx (1D))(r)) has no z-torsion, since it is the Rees module
of a filtered Dx-module, hence H°*DC = 0. Notice however that #'*DC does not necessarily vanish, since the
homological dimension of the rings Ry defined in Formula is bounded from above by 2n 4+ 1 only (which is
the global homological dimension of Grf" Ry = Opy[z, €1, ..., &,], where & is the symbol of zd,,), see [HTTOS,
Theorem D.2.6 and Theorem D.4.3 (ii)]. Summing up, the exact sequence yields the injective morphism
RproO(ID) — (RpeaOx (1D))(r) of graded Dx-modules, which gives an inclusion

F"POx (D) ¢ Fr4Ox(!D) (44)

of coherent Ox-modules for any k € Z.
The very same argument, starting from the inclusion FZOx(xD) C F"Ox(*D) (and using the Cohen-
Macaulay property of (Ox (xD), F2™) proved in Proposition instead of the one of (Ox (xD), FH) as above)
yields that

Frdox(ID) ¢ FPPOx(1D)

for all k € Z, which completes the proof. O

Finally, we will state a conjecture about the so-called generating level of the Hodge filtration. Let us recall the
following definition from [Sai09].

Definition 4.11. Let X be a complex manifold and let a well filtered module (M, Fy) be given. Then we say
that the filtration FeM is generated at level k if

FDx - FyM = Fr M
holds for all 1 > 0, or, equivalently, if for all k' > k, we have
FiDx - FyM = Fpr g M.
The smallest integer k with this property is called the generating level of Fe M.

Based on our calculations in section [5, we conjecture the following bound for the generating level of F/ on

Conjecture 4.12. Under the assumptions of Theorem and Corollary the Hodge filtration FEO(xD)
is generated at level r := 5 (deg(bp(s)) — multy,, (5 (—1)).
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Remark 4.13. 1. As we will see in section[5, this bound for the generating level is not always better than
the known general bound, which is n — 2 (see [MP19d, Theorem B]). For the specific class of linear
free divisors, it is known however that deg(bn(s)) = n, and in this case the bound r would be a drastic
improvement, see subsection below. Notice also that the general bound n — 1 — [ap]| from [MP20d,
Theorem A] is not helpful in our situation, since the minimal exponent &p, which is the negative of the
biggest root of the reduced Bernstein polynomial by (s)/(s + 1), lies in (0,1), so that this bound is again
n—2.

2. There is a criterion in [Sai94, Lemma 2.5] that guarantees generating level smaller or equal to k for a
filtered module (M, Fy) satisfying the Cohen-Macaulay property in terms of vanishing of the dual filtra-
tion. It cannot, however, directly be applied in our situation since for this we would need the vanishing
Fp't Ox(ID) instead of F>"™ Ox (ID) = 0, which is provided by Theorem E One may hope though
that some refinement of this argument (see, e.g., [MP20d, Proposition 3.53] for a statement in a related

situation) can give the desired result.

3. As an immediate consequence of the conjecture, we would obtain a local vanishing result for a log resolution
of an SK-free divisor, as provided by [MP19d, Theorem 17.1]. Namely, for a log resolution w : X — X
which is an isomorphism over X\D and where E := (77Y(D))rea (a reduced normal crossing divisor on

X ) we would have (provided that Conjecture holds true)
k n—k —
Rim, Q" (log E) =0

for all k > r.

5 Computations of Hodge ideals and examples

The purpose of this section is to develop some techniques to calculate Hodge ideals of a strongly Koszul free
divisor using our main result (Theorem . We will illustrate these methods by concrete computations of
Hodge ideals and of the generating level of the Hodge filtration for some interesting examples. We start with
the following preliminary result.

Lemma 5.1. Let D C X be a free divisor, let p € D such that D is strongly Koszul at p and take a reduced
local defining equation h € Ox ), of (D,p) C (X, p). Consider the vector fields 61,...,6,—1,X as in Lemma ,
Let B(s) be any polynomial in C[s]. Then

VODe,xx,(0.0)(t, B(Ost),t — h,61, ..., 6n—1,X + 1) N Dx ,[0:t] = Dx p[0st](h, B(Ost), 61, ..., 0n1, X +1). (45)

Proof. For the sake of simplicity, let us denote Dg, x x,(0,p) just by D. Before starting the proof, let us explain
something we will take for granted throughout it: we know that V9D = C{z,t}[d,, d;t] and that any P € VD
can be expressed in a unique way as a series

P = a a:o‘téaﬁ Ot
Z Z al )

|B]+m<d ol

with constant coefficients, and for each (5, m), the series Za 0y z "xot! is convergent. Now, by using the
identity t¢(9;t)™ = (04t — £)™t* we find another unique formal representation

P= Z an zx“aﬁ (9,t)t*
[B]+i<d a,t

with
By _ B8, —i
Ca,z - Z a;“(é)(_g)m Za
i<m<d
and one easily sees that for fixed 3,1, ¢ the series ) cg’léx”‘ is convergent. So we have a unique formal expression

P=> Pt with Pp= > Y cla®0l(0it)" € Dx ,[0nt],
4

|Bl+i<d o
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and it makes sense to consider P € Dx ,[9,t][[t]], where the last ring is the completion of Dx ,[9,t][t] with respect
to the (t)-adic topology. Here one has to use that the left ideal generated by t coincides with the right ideal
generated by ¢, and so it is a bilateral ideal, and also that the monomials t/, ¢ > 0, form a basis of Dx ,[0;t][t]
as a left and as a right Dx ,[0st]-module.

Let us now begin with the actual proof and denote by 7 the ideal (t, B(Ost),t — hy 01, ., 6n_1,X + 1) of VOD.
The inclusion D in equation is trivial, let us show the reverse one. We will use a more suitable set of
generators of 7, namely {t,ﬁ, hy01, ... 0n—1,X + Ot + 1}, where B= B(—x —1).

Let then P € Z N Dx ,[8;t]. Then there exist operators @, R, A, B',..., B"~! C € VD such that

n—1
P=Qt+RB+An+> B's;+C(Y+1). (46)

i=1

Our goal is to show that @ must vanish and that the other operators belong actually to Dx ,[0:t]. Let us write
Q = Y, Qit®, with Qi € Dx p[0:t], and analogously for R, A, the B; and C. We can express the right-hand
side of equation as a new operator S = ), Spt*, where again S), € Dx p|0it]. Moreover, since t, 3, h,

d1,...,0n—1 and X + 1, when seen as elements of Dx ,[0,t][[t]], are homogeneous in ¢, we have for every k£ > 0
that )
Sk = Qror + BB+ Axh+ Y Bidi + Cr(x — k +1).
i=1

Comparing the Sy € Dx p[0,t] with the terms of degree k in ¢ at the left-hand side (recall that P € Dx ,[0;t]),
we find that Sy = 0 for every k > 0.

Let us write now R = R — Ry and similarly with the other operators. Each of them can be written as a series
in ¢ and we have checked that

n—1
Qt+RB+Ah+Y B'oi+Y Ce(X—k+1)t" =0.
1=0 k>0

Therefore, since Y-, Cr(X — k + 1)tk = C(X + 1),

n—1
P =Rof+ Aoh+ > Bibi+ Co(X + 1).
=0

Summing up, we have been able to write P as a linear combination of h, B, the ¢; and x + 1 with coefficients
in Dx ,[0st], as we wanted.
O

Theorem 5.2. Let D C X be a free divisor, let p € D such that D is strongly Koszul at p and let h € Ox
be a reduced local equation of D. Let 5(s) = HaeB;L (s + a)lo, where 1, is the multiplicity of a — 1 in by(s),
N(h) = N(h)p) and m, : Dx p[s] = N(h) the morphism of Dx p[s]-modules given by P(s) — [P(—0st)] (where
we give N (h) the Dx p[s]-module structure coming from the inclusion Dx p[s] < D¢, x x,(0,p) s€nding s to —0yt).
Consider also the ideal J, of Dx p|s] defined as

jp = DX,p[SKh7B(_S)7513 .. -a6n—1ax —s+ 1)
Then,

1. Dx pls] can be endowed with a structure of VODg,x x (0,p)-module such that m, becomes VODg,x x (0.p)-
linear. As a consequence, the terms of the total order filtration TeDx p[s] (see Definition are
Oc, x x,(0,p)-modules.

2. For any k > 0, we have the following equality of Og, x x(0,p)-modules:

(VON D) A FFN(R)) ) = T Ty 0 TeDxc ls). (47)
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and so
FIfN(h)(Op) - atFk 1N( ) (0,p) +7Tp(«7p N T IDX,p[ ])

k—
Z (7p(Tp N Th—1-iDx p[s])) - “8)

=0

Proof. Following the same convention as in Lemma above, we will write O and D for Og,xx,(0,p) and
D¢, x x,(0,p)> respectively.

We will define on Dx ,[s] an action of O by putting ¢ - P(s) := P(s + 1)h and extending it by linearity. Let us
check that such an action is well-defined. Indeed, let a(z,t) = ka aakr®t* be a series in O and let us show
that we can multiply by a in Dx p[s]. As a first step, we will restrict ourselves to consider an element P € Dx .
In order to show that a - P lies within Dx ,[s], it is equivalent by linearity to show it for P = 97, with 8 € IN".
Then we will have

l
0 9= Y aora® Rt = Z“ Sy wl(ﬁ)waﬁ ¥ o=k

a,k ¥<B "
y<a (49)
— Z v( )35—7 Z (ai!v)'aakxa”hk = 2:(-1)'"*| (f) 9P~ .97 (a)(z, h),
~<pB a>v,k ’ v<B

where we use the common component wise partial ordering and the standard multi-index notation for the
factorial and the binomial numbers. Therefore, a - 9° is a finite sum of monomials in the 9; times certain
convergent series, so it belongs to Dx , C Dx p[s].

Consider now Ps/ € Dx ,[s]. Then,

a-Ps’ = ;aakxa s+ k)nk = Zaakx Z (i) s"kITT R

, (50)

-3 (1) b= () (o )

r=0

which is another finite sum of elements in Dy p[s]. Thus a - Ps’ belongs clearly to Dx ,[s], as we wanted to
show.

Now the action of O on Dx ,[s] can be extended to an action of VOD. Indeed, we have [t,s] - P(s) = P(s +
1)h = ¢ - P(s) for any P(s) € Dx p[s], so we can take the action of d;t as that of —s. Now using that
VOD = Dx p[s] ®oy, O as Ox p-modules, we can extend both actions by linearity to get the desired one of
VOD.

Let us check now that m, becomes VOD-linear with the new structure on Dx ,[s]. Indeed, consider an operator
P(s) € Dx p[s] and a series a = Y, ; aarz®tF € O as before. Then,

a-my(P Z aakxo‘tk (—0t)] = Z aorr® P(—0it + k)tk = Z aapr® P(—0it + k)hk (51)
a,k a,k
= 7Tzn(a - P(s)).

Note that we are replacing the powers of ¢ by those of i in the third equality. To justify this step, let us rewrite

Zaakl‘ P(—0yt + k)t* 285 (Ot) ™ pg.m(x,t) =: P,

o,k B,m

the pg, being convergent functions in O. Now dividing all such functions by ¢ — h we can write them as
Pam (T, t) = gam(x,t)(t — h) +1gm(x). (This is a very particular instance of the Weierstrafl division theorem for
convergent power series whose proof is elementary in this case.) Consequently,

/

P=|Y 0%0t)"qpm(@.t) | (t—h)+ > 07 (0t) " rpm(z) =t A-(t—h)+P.
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For every 8 and m we know that r,@m(x) = pgm(x, h), hence, we have an expression

= Z aarr® P(—0st + k)h*

and thus [P] = [ﬁl} in N(h) which shows the third equality in Formula
Let us show the second point of the theorem. Take an element & € VcoanN ( ) N EFP"N(h). Since by Proposition
we have V2 N(h) = VL N(h) + B(0:t)V2 N (h), we know that there is a representative P € D of £ and
that there are operators Q, R € VD and A, By,...,B,_1,C € D such that
n—1
P=tQ+B0t)R+Alt—h)+ Y Bisi +C(X+1).

=1

€I(h)

It is clear that t@ can be rewritten as @'t for a suitable Q' € V?D. Regarding B(@tt)ﬁ, let us expand R as
oy RitF with Ry, € VOD in an analogous fashion as in the proof of Lemma ﬂ Then,

BOit)R =" Ryt*B(dst + k) =

k>0
=RB(Ot) + Y Rit*(B(Oet + k) — B(0it)) =
E>1
=RA(0t) + > _ Ret" 1 (B(0st + k — 1) — B(Ost — 1))t = RB(,t) + R't,
E>1

where R’ € VOD. Therefore, renaming Q' + R’ as Q € VoD, we have a new expression
n—1
P =Qt+RB(wt)+ At —h)+ Y Bidi + C(Y + 1). (52)
i=1
Notice that since
5 € VaunN(h) N FZAN (h) C Vigg N (h) N FMN(h),
it follows from Proposition that we can pick a new representative Pe F,DNVOD of &, that is, we have
P—P € I(h). Moreover, when writing P as an element in Dx ,[0;t][[t]], we can replace any positive power of ¢ by
h, and this will not change the order. Hence, there exists an operator P € F;DNDx p[8tt] with P—P = A(t—h).
It follows that P — P € I(h), or, said otherwise, there are coefficients A, B, ..., B],_;,C" € D such that
» n—1
P-P=A(t-h)+Y Bis+C([X+1).
i=1
Hence (by replacing P with the expression from equation (52)) we obtain that the class £ € VO N (h)NF™ N (h)
can be represented by an operator P € FD N Dx ,[0;t] which has an expression

n—1

P =Qt+RB(0t) + At —h)+ > _ Bidi + C(X + 1),

=1

where A := A+ A’ B; := B; + B! and C := C+C. By construction, the operators P, @Q and R are elements
in VOD. Then we apply Corollary and conclude that A, By, ..., B,_; and C belong to VD as well.
Summing up, we can choose P inside

VOD(t,t — h, B(9st), 61, ..., 0n—1,X + 1) N FxD N Dx ,[0st].
Applying Lemma [5.1] above, we obtain that
P S DX,p[att](ha /B(att)7 517 o 7571—17 5( + 1) N TkDX,p[att]a

and replacing 0t by —s provides the desired claim. For the last part, Formula , we combine Formula
(or its non-recursive version, Formula (32))) with Formula (47)). O
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As a first application of Theorem and Theorem [4:4] we can give a formula to calculate the zeroth Hodge
ideal IQ (D)p

Corollary 5.3. Under the assumptions of the previous Proposition, let (Jo), be the ideal of Ox , defined as
(Jo)p = Tp N Oxp = Dx p[s](h, B(=5),01, ..., 01, X = s + 1) N Oxp.
Then
1. FIIN(h) = {[f] € N(h) : [ € (Jo)p}-
2. Fy'M(h) = {[f] € M(h) : f € (Jo)p}-
3. Zo(D)p = (Jo)p-

Proof. Point 1 is a consequence of Corollary [£.3] and Theorem [5.2] above. For the second point we use formula
[B9). We know that F§'M(h) = F{IN(h) N (M(h) ® 1), where M(h) is seen as a Ox ,-submodule of N(h).
However, since (Jy)p, C Ox,p, there is actually no proper intersection and the claim follows.

In order to obtain the formula for the zeroth Hodge ideal we just need to recall its definition and the isomorphism
between Ox ,(*D) and M (h) (see point 2 of Proposition. Since F{Ox ,(*D) = Zo(D), - Ox (D), we just
need to multiply by A the elements of (Jo),-h™' C Ox (D), but again, (Jo), C Ox,p, so In(D), = (Jo), and
we are done. O

Remark 5.4. Notice that the ideal J, from Theorem equals, up to changing s by s + 1 the ideal

Ty = Dx pls](h, B(s), 61, ..., 6p_1,X —5),

where E(s) = [loen, (s — a)le, with By, and l, being, respectively, the set of roots of by, in the interval (—1,0)
and the multiplicity of each root a. Then we have

Tl = Dxpls)(h, 61, ... 6n1,x — 8) € Ty

and it is known (see, e.g., [CMNMQ09, Theorem 1.24] and [NM15, § 4])) that jp’ is the annihilator of the class
h® in Dx p[s] - h*/Dx p[s] - h*+1. Hence, by the Bernstein functional equation, we know that by(s) € ._7;’. The

polynomaial B(s), which is a proper factor of bp(s), is not an element oszﬁ in general.

Our next aim is to describe an algorithm to calculate effectively the filtration steps F{¥Ox(*D) resp. the
Hodge ideals I (D) for an SK-free divisor. The starting point is Formula . Recall (see the explanation
before Lemma that there is a left D¢, « x,(0,p)-linear isomorphism

V:N() — M3
Q — Yra@Quor

which we need to make explicit in order to describe our algorithmic procedure to obtain the modules F; ,fI Ox (xD).
Let us consider the C-algebra automorphism ¢ : D¢, x x,(0,p) = DPe,x x,(0,p) defined as

vla)=a VaeOx,y, o(t) =t +h,
Q(0,) = 0p, —h,, 0y Vi=1,....,n, ¢(0;) =0,

It is clear that ¢(8) = § — 6(h)0; and ¢~ 1(6) = & + 6(h)9; for each 6 € O p, and ¢~ 1(t) =t — h. Now given
a class [Q] € N(h), by division by ¢ we find unique operators A € D¢, xx,(0,p) and Q" € Ox p(0s,; - -+, 0x,, 0)
such that

Q) =At+Q (ord(Q') < ord(Q)).

Then we write
ord(Q)

Q' = > Quf, Qr€Dxy,

k=0
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and taking classes in M (h) we obtain the element Eord(Q) [Qr]OF =: U([Q)]) € M (h)[0;] which is readily verified
to be well-defined. Notice that the inverse map ¥~ sends an element ZZZO[Qk}@k € M(h)[0:], with Qi € Dx p,

to
lZ@ (@ 6’“1 € N(h).

Let us define F{"4 (M (h)[0y]) := W (F™N(h)). Then we clearly have

k
F& (M (W)[od]) = DEEM (h) 8), k€ Z.

=0

Similarly, put FH (M (h)[0y]) := ¥ (FFN(h)). Formula becomes:

FE(MW)[0]) = 0Fiy (M(R)[D]) +¥(Tp N Ti-1Dx p[s) (53)
k—1

= Zati@(jpﬁTk—l—iDX,p[s])- (54)
=0

where we put ¥ = ¥ o .
We denote ® : M(h) = Ox p(*D) the isomorphism of left Dx ,-modules given by ®([Q]) = Q(h™!), for each
Q € Dx, (see formula ), and by ® : M(h)[0;] = Ox ,(*D)[d;] the induced isomorphism of Dg,x x,(0,p)"

modules: }
(Z Qk a’f> ZQk
k=0

We recall from Formulas and that the relationship between the Hodge filtrations on Ox ,(xD)[d;] =
N(h) = (in, 4+ O(*D))(0,p) and on Ox ,(*D) is given by

e
|
—

F (Ox (+D)[04]) = (L1 i0x.,p(+D)) 9y,

<.
Il
=]

FlfOX,p(*D) = Flg-l (OX,p(*D)[at]) N Ox p(xD)
for all k € Z. We obviously have ®(FHX M (h)) = FFOx ,(xD) and ®(FE (M (h)[0,])) = FEOx ,(xD)[0y].
The pole order filtration P,Ox ,(*D) = Ox ,((k+1)D), k > 0, induces a filtration on Ox ,(*D)[0]):

Py (Ox ,(+D)[8y]) @ox,p (k—i+1)D)d}, k>0.

With these preliminary remarks, we can now explain an effective procedure to compute a system of generators
of the Ox p-modules F'Ox ,(xD), k > 0:

Step 1: We compute an involutive basis B = {Pi, ..., Py} of J, with respect to the total order filtration 7" on
Dx pls], i.e. P1,..., Py are such that

Gry (Jp) = Gry (Dxp[s]) (@ (P1),..., 0" (Pn)),

where for P € Dx ,[s], o7 (P) denotes the symbol of P in Grl(Dx ,[s]). Let us write ordr(P;) = d;.
Consequently, for each k > 0, a system of generators of the Ox ,-module J, N TpDx p[s] is given by

{s'05P; [ 1 +]al+d; < k}.
Step 2: After equation (54)), a system of generators of the Ox ,-module Ff,, (M (h)[0;]) is

{0jW(s'00P)) | L+ |a| +dj +i < k}.
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Step 3: By means of the isomorphism ®, we obtain a system of generators of the Ox ,-module F | (Ox ;,(xD)[8]),
that we call &, e = 1,..., R. Since Fll, (Ox ,(*D)[d:]) is a submodule of the rank (k + 1) free Ox -
module Py (Ox ,(*D)[0;]), we have

k
€= &i0) € Oxp((k+1)D) & Ox (kD)0 @ - @ Ox ,(D)IF, e=1,...,R.
=0

Finally, a syzygy computation allows us to compute a system of generators of the Ox p,-module

Oxp(€1s. . €r) N Ox p((k+1)D) = K | (Ox ,(*D)[9y]) N Ox (xD) = FF Ox ,(xD).

In the following subsections we apply this algorithm to calculate the Hodge ideals and the generating level for
some interesting classes of examples. Since it is known ([MP19al Proposition 10.1]) that Zo(D) = J((1 —¢)D),
and since an algorithm for the calculation of multiplier ideals exists already (see [BL10]), our approach first
of all provides an alternative way to compute these multiplier ideals. In some cases our methods yield results
whereas the algorithm in loc. cit. does not terminate. Moreover, we can effectively calculate higher Hodge
ideals, and we indicate them below in some of the cases for which the generating level of the Hodge filtration
FHOx (D) is positive.

We also determine the generating level of the Hodge filtration, always confirming Conjecture In many
cases, the Hodge filtration is even generated at level zero. This is not always true, however, and we show in
particular that for linear free divisors, the conjectured bound from is sharp. Examples with low generating
level are interesting because of the local vanishing conjecture (see point 3 of Remark as well as [MP19al,
Theorem 17.1]). Notice that only plane curves, normal crossing divisors (cf. the introduction of [MP19a]) and
surfaces with rational singularities ([MP20a, Corollary B]) were previously known to have generating level equal
to zero.

5.1 Divisors with normal crossings

If X is any complex manifold and D C X is a reduced divisor with only normal crossings, then it is elementary
to check that D is free and strongly Koszul at each of its points. As we have already pointed out in Remark
[4.5] it easily follows from the fact that —1 is the only root of bp(s) that we have

FEOx(xD) = F"Ox (D).

Consequently, since obviously the order filtration is generated at level 0, so is the Hodge filtration (a fact that is of
course well known from Saito’s theory). For the Hodge ideals themselves, we obtain that Zj, (D) - F*4Ox (xD) =
P,Ox(xD), and an easy local calculation shows that this coincides with [MP19al Proposition 8.2].
Summarizing, if the divisor D has only normal crossings, then our results easily imply the known facts about
the Hodge filtration resp. the Hodge ideals for such divisors.

5.2 Surfaces

We consider two kinds of free surfaces in C*, namely (two-dimensional hyper-)plane arrangements and Sekiguchi’s
free divisors ([Sek09]). Let D be a central hyperplane arrangement Ule H; C X = C". Tt is a longstanding
question to detect when an arrangement is a free divisor; for a recent account, see [Diml17, Chapter 8]. How-
ever, if D is free, then it is strongly Koszul since it is locally quasi-homogeneous (see, e.g., [CMNMO02| for this
implication), so that the methods from this paper do apply.

Below are some results for low-dimensional free arrangements:

Name Equation Zo(D)
Ap (z —y)(z = 2)(y — 2) (y—zz—2)
D3 | (2% —y?) (2% - 22)(y? — 2°) | (2 — 23,222 — 22,93 — y2?, ay? — 222, 2%y — y2?, 2% — 22?)

In both cases the Hodge filtration on Ox (xD) is generated at level zero. Of course, these results do not depend
on the fact that dim(D) = 2, similar calculations are possible for other arrangements, but the ideal Zy(D)
becomes difficult to print.
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Let us consider now the examples of divisors in € that are discussed in the paper [Sek09]. We refer to loc.
cit. for details on their construction and only produce the results of the calculation of Zy(D) here. All these
examples are given by weighted homogeneous equations in three variables, and we write (d;dy,dy,d.) for a
weight vector, where d,, d, and d, are the weights of x, y and z and d is the degree of the defining equation
for the divisor D C C3.

Name | Weight vector | Equation/Zy (D)
h = 16z%z —423y? — 1282222 + 144xy°2
o4 3
AL (12:2,3,4) 27y" + 2562
To(D) : (99 —32zz,2° 4+ 122)
h = 2a5—3z%z + 1823y — 18xy%z + 27y* + 2°
As (12;2,3,4)
IO(D) : (y27 ‘772 - Z)
h = z2(2%? —4y® — 4252 + 18xyz — 2727)
B (9;1,2,3)
To(D) :  (y* —3wz,zy — 92,272 — 3yz)
h = z(—2y®+ 9zyz + 452°)
Bs (9;1,2,3)
To(D) : (%Y%)
h = 100zy* +9° + 4029z — 10zy®2 + 422>
15,2, 2 .3
s (15:1,3,5) 1527y=" + 2
To(D) :  (y* — =z, 122%yz — 2%, 122%2 — y2)
h = a3y —yS +3zy82 + 23
Hs (15;1,3,5)
Lo(D) : (y%yz2")

We have managed to perform the analogous calculations for all of Sekiguchi’s examples but H;. The Hodge
filtration on Ogs (xD) is generated at level 0 for all of them.

5.3 Linear free divisors

The paper [BMO06] introduced a large class of examples of free divisors which appear as discriminants in pre-
homogenous vector spaces. Since the module ©(—log D) has a basis of linear (in the global coordinates) vector
fields in these examples, the divisor D is called linear free. A rich source of linear free divisors comes from
representation of quivers. It can be shown that the strong Koszul assumption is satisfied in these cases if the
underlying graph of the quiver is of ADE-type. Quivers of type A yield free divisors with normal crossings, so
the first non-trivial example is the discriminant in the representation space of the D4-quiver. Here we have

D C Mat(2 x 3,C) = {(“11 12 ‘“3> lai; € @},

a1 QAg22 (23

where D = V(h) and h = Ay - A - Az, with Ay, As and Aj being the three maximal minors of an element
of Mat(2 x 3,C) (hence, h is a homogenous equation of degree 6). In this case, we have by(s) = (s + 1)*(s +
2/3)(s +4/3) and hence we consider

J = (h,s—=1/3,01,...,05,x — s+ 1) C Dgs[s].
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The intersection with Ogs (which can equivalently be calculated as Dge (b, 1, ..., 05, x +2/3) N Ogs) is
To(D) = (a13a22 — a12a23, 13021 — A11023, A12021 — G11G22)-

The Hodge filtration on Ox (D) is generated at level 1, and the first Hodge ideal is minimally generated by 13
polynomials in the variables a;; of degree 7 at most (for typsetting reasons, we refrain to print it here).

This discriminant is a first example of the series where the underlying graph of the quiver is of D,-type. The
next example is the Ds-quiver, where the discriminant in the 10-dimensional representation space yields a
hypersurface of degree 10. A defining equation h € Cla, b, ¢, k, e, f, g, h, 1, j] for D is given by

h = aZkeSghiz — azcezfghi2 + 2abk62fghi2 — 2abcef29hi2 + bz}’cefzghi2 — b2cfgghi2 — a’cke®h?i? — abk?e®hi® + a2026fh2i2
— b%k%efh%i® + abc® F2h%i% 4+ b2k 2R — a®kePg?ij + a®ce® fgPij — 2abke® fg2ij + 2abeef?g*ij — b2 kef2g%ij + biefgrij
+ azczkehzij + 2abckzeh2ij + bZk:Behzij — a2c3fh2ij - 2abczkfh2ij — b2ck:2fh2ij + a20k6292j2 + abk:26292j2 - a2026f92j2
+b%k%efg?j? — abc® f2g%5% — b2ckf2g%5% — a’ckeghj® — 2abck?eghj® — b2k eghj® + a®c® fghj? + 2abc’kfghj® + b2 ck® fghj®

and we obtain
To(D) = (aei + bfi — acj — bkj,aeg + bfg — acr — bkr, keri — cfri — kegj + cfgj).

Notice that for this example, the computation of the multiplier ideal J((1 —¢)D) with the methods from [BL10]
does not terminate. The generating level of the Hodge filtration on Ox(*D) is two here. The first Hodge
ideal Z; (D) has a minimal generating set consisting of 24 polynomials of degree 13 at most, whereas Zo(D) is
minimally generated by 124 polynomials, their maximal degree being 22.

In fact, Conjecture [4.12] would yield the following estimate for the generating level of the full D,,-series.

Conjecture 5.5. Let D C X = C*"~10 be the linear free divisor D,,. Then, the Hodge filtration on Ox (xD) is
generated at level n — 3.

Proof assuming Congjecture[{.13 The dimension of the divisors D,, can be found in [GMS09, p. 1347]. The
result then is just a consequence of applying the statement of Conjecture [4.12] once we know a general formula
for the Bernstein-Sato polynomials of the divisors D,,. It can be found at [Sevll, Table 4.1] that they are,

respectively,
4 n—3 2 n—3
<s + 3> (s + 1)1 <s + 3) .

Note that this conjecture, if true, would give a bound for the generating level which is exactly a quarter of the
general one given in [MP19al, Theorem B]. We also believe that such bounds are attained for all of the D,, (i.e.
that the generating level is exactly n — 3), as we have checked for n =4, 5.

Another typical example of a linear free divisor in low dimensions is the discriminant in the space of binary
cubics (see, e.g., [GMNS09, Examples 1.4. (2)]). Here we have D = V(h), where h = —y222 + 423 + 4yPw —
18zyzw + 27x2w? € C[z,y, 2, w], and we obtain that

O

Io(D) = (2% — 3yw, yz — 9zw, y* — 322).
In this case the Hodge filtration on Oga (D) is generated in level one, with first Hodge ideal

T, (D) =(y?2* — 4x2® — 4w + 182xyzw — 272 w?, 22° — 15y23w + 27y 2w? + 27x2%w? — Slayw?,
yzt — 27x23w — 182 w? 4 135zyzw? — 2432203, 222* — y3 2w — Yy w + 27xy w? — 272220,
ryz® — 2ytw + 9zy? 2w — 2722 22w + 272 yw?, yte — 182223 — 27xySw + 13522 yzw — 24323w?,
2y5 — 152132 + 2722%y2% + 272y w — 8123 2w).
Notice that similar computations are possible up to some extent for other linear free divisors of SK-type, such
as those given by the Fg- and Fr-quivers. Under the assumption of Conjecture 4.12] one could give generating
level bounds, using the calculation of Bernstein polynomials from [BarIg].

We finish this subsection with some examples of non-reductive linear free divisors in low dimension, as found
in [GMNS09, Example 5.1, Table 6.1], that we summarize in the table below.
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Name Equation Zo(D)
dim 3 (y? +22)2 (y,2)
dim 4, case 1 (y? + x2)zw (y,2)
dim 4, case 2 (yz + zw)zw (z,w)
dim4, case 3 | z(y® — 3zyz + 32%w) (7, %)
r Yy =z
Sym;(C) T ‘ y Yy u v (xv — yz, 20 — Y2, w20 — TYV)
Y z v ow

In all those cases, the Hodge filtration on the corresponding ring of meromorphic functions is generated at level
0.

5.4 The Whitney umbrella and the cross caps

We finish this section by mentioning two examples that slightly fall out of the general setup of this paper.
Namely, consider the Whitney umbrella D = V(h) = V(2 — y?2) C €. This is not a free divisor, indeed, we
have ©(—log D) = Z?:l Og3d; where

81 = y0y — 220,09 = —yz0, — 0y, 03 = —y20, — 220,,0, = x = (1/2)x0, + (1/3)y, + (1/3)20.,
so that ©(—log D) is not O¢s-locally free. However, the isomorphism
Dgs /(01,02,03,x +1) = Ogs (+D)

of left Dgs-modules still holds true, and we find that by (s) = (s + 1)%(s + 3/2). According to Lemma from

N

above, we have bv_fﬁ) = s%(s — 1/2). One checks that the main results of this paper can also be applied to this

example. In parti(‘:rﬁlar, it follows that the integer r appearing in Lemma [4.6|is zero, and hence we deduce from
Corollary [4.7] that
F,H(’)@s (xD) = F.Ordocs (xD).

In particular, in this example the generating level of the Hodge filtration is zero since F2"O¢s(xD) is generated
at level 0.
A similar reasoning applies to the higher dimensional example

D = V(h) = V(z 1202524 + Th25 — 2ivies + rhry — v10505 + 3v0q32475 — 2717372 — 23) C CP,
called cross-cap, which again is not free (the module of logarithmic vector fields has 9 generators), here we have
br(s) = (s +1)*(s +3/2)(s +4/3)(s + 5/3).

As a conclusion, we obtain that for both the Whitney umbrella and the cross-cap we have Zy(D) = Ox, but
Ik(D) - Ox for all k> 1.

Actually, these two examples are the first two of a whole series, which is discussed in [HL0O9]. However, it is
unclear at this point whether we always have the equality F Ocn(xD) 22 F"9Ogn (xD) since this needs the
fact that the roots of by (s) are contained in (—2,—1], and a general formula for the Bernstein polynomial for
the elements in this series is not known (actually, it seems computational impossible to obtain by(s) even for
the next example, which is a divisor in C7).
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