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Abstract

In Chapter 1, the concepts of a Lie group and a matrix Lie group are introduced, and
we construct and study the group homomorphism SU(2) — SO(3). In Chapter 2 we
define the notion of a matrix power series, and we do so in a general setting, which
allows to deduce properties of which the matrix case is a particular case. The idea of
a matrix exponential and matrix logarithm is also defined, and we give proofs of their
most important properties. To close the chapter, we give the general statement and
the proof of the differentiability of a matrix power series. In Chapter 3, we start with
the concepts of an abstract Lie algebra and the Lie algebra of a matrix Lie group, pro-
viding the reader with examples of the Lie algebras of the typical matrix Lie groups.
Then, we present the idea of a category and a functor, with lots of examples which
intend to hint at the value of category theory as a unifying language in mathematics.
We do this because in the following section, we prove that there exists a functor from
the category of matrix Lie groups into the category of real Lie algebras, which con-
denses the relation between these two families of mathematical objects. After defining
the concept of the complexification of a real Lie algebra, we prove the main general
results for matrix Lie groups, and in particular, that matrix Lie groups are embedded
submanifolds of GL(n; C). In the beginning of Chapter 4, we show that representa-
tions and actions, of a group or a Lie algebra, are just two sides of the same coin. We
later explain how to understand the class of representations of a Lie group or a Lie
algebra as a category, and show that the representations of a matrix Lie group can
be related with those of its Lie algebra through a functor. After that, we proceed to
classify the finite-dimensional irreducible representations of the Lie algebra of SU(2),
and from that, we determine which finite-dimensional irreducible representations of
the Lie algebra of SO(3) come from representations of SO(3) itself. In the final Chap-
ter 5, we state the Lie group-Lie algebra correspondence, and we use it to show that
the category of the finite-dimensional representations of any simply connected ma-
trix Lie group is isomorphic to the category of the finite-dimensional representations
of its Lie algebra.



Preface

The idea of this end-of-degree project was suggested to me by my advisor on the
summer of 2020. Originally, my advisor proposed to study the theory of Lie groups
in order to later study its applications to mathematical physics, and in particular,
to quantum mechanics. The idea was to study the Lie groups book [Hall1l] of Brian
C. Hall so as to later study the applications of the mathematical theory to physics,
through the study of the book [Hall2], of same author. Specifically, our intention was
to after study Chapter 17 of [Hall2], which address the mathematical physics behind
angular momentum in quantum mechanics. As it usually happens with these things,
I ended up being able to study only half of what was firstly planned. While I was
learning through the material and taking time to solve all the exercises of [Hall1] of
the chapters I read, the mathematics part of the original project turned out to be big
enough on its own. Or at least, the mathematics themselves turned out to be more
than enough material for an EoDP with my study approach. When I study mathemat-
ics, I can’t help myself trying to achieve the most thorough understanding possible
of what I am learning. I usually find myself carefully reading and pondering each
piece of text, not being content with the result until I have convinced myself that I
know what is really happening underneath on each case. For better or for worse, this
system consumes much more time and produces more written text than other study
philosophies.

Since the original idea was to apply the learned mathematics to physics, a part
of the contents of this thesis are of physical interest. These matters are the homo-
morphism SU(2) — SO(3), given in Sect. 1.2, and the classification of the finite-
dimensional irreducible complex representations of SU(2) and of SO(3), given in
sects. 4.4 and 4.5, respectively.

The final text of this EODP you are reading now is based on the very well-written
book by Brian C. Hall, [Hall1]. Following the book, the five chapters of this thesis
mimic the order and contents of the first five chapters of [Hall1]. Most of the text of
the thesis is taken directly from the book of Hall, and either no changes at all or only
some minor changes have been added to the text parts of the thesis which are taken
from it. Some of these minor changes have been introduced to adapt the text to the
scope of the thesis, and some others to add more detail to mathematical arguments.



PREFACE 3

In comparison with the book of Hall, the novelty that this thesis proposes is the for-
mulation of the results in the language of category theory, whenever such results are
suitable for a categorical description. This decision was made because the category
theory that we had to introduce to achieve this was minimal: only the notions of a
category and a functor. This way, the momentary detour from Lie groups we make in
Sect. 3.4 to explain these two concepts does not interrupt the continuity of the rest
of the text. Just with the concepts of a category and a functor at hand, we are read-
ily able to categorically describe a lot of things that happen at the interplay between
Lie groups and Lie algebras. Nevertheless, it must be noticed that with the categor-
ical formulation we are not really producing new content different from that which
was already in [Hall1], and that we include here. Instead, the new thing—at least in
this thesis—is the way in which we phrase already known results, and eventually, the
way in which we phrase its proofs. Here, the categorical approach allows to under-
stand mathematical phenomena from a more general point of view. Lastly, we shall
highlight that the terminology we have chosen in the definitions of the categorical
concepts is that of [Rieh].

In the following list, we specify the text parts of each section of the thesis that are
taken from [Hall1].

(1.1) The part of examples is taken from Sect. 1.2.

(1.2) The material from the beginning until the statement of Proposition 1.11 is taken
from Sect. 1.4.

(2.2) The statement and proof of Proposition 2.12 is taken from Sect. 2.1.

(2.3) is taken from Sect. 2.3, except lemmas 2.16 and 2.17.

(2.4) is taken from Sect. 2.4.

(3.n) is taken from Sect. 3.n, forn =1,2,5,6,7,8.

(3.3) is taken from Sect. 3.4, except Lemma 3.17.

(4.1) Text after Lemma 4.1 and before Definition 4.3 is from Sect. 4.1.

(4.2) All text which is not phrased in categorical terms is taken from Sect. 4.1.

(4.3) is taken from Sect. 4.2.

(4.4) is taken from Sect. 4.6.

(4.5) Twrote the part of the three lemmas. The rest of the text is taken from Sect. 4.7.
(5.1) is taken from Sect. 5.1.

(5.3) is taken from Sect. 5.9.

(5.4) is taken from Sect. 5.10.

Whenever any other text has been taken from other book, the source is indicated
before the corresponding piece of text.
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1 | Matrix Lie Groups

In this thesis, unless stated the contrary, K will always denote the field of real or
complex numbers.

1.1 Definitions and Examples

A Lie group is, roughly speaking, a continuous group, in the sense that the group
elements are parameterized by real parameters. The first examples of Lie groups are
(R", +) and the circumference (S, -), where S' C C is the set of complex numbers of
modulus 1. The way of mathematically concretise what do we mean by “continuous”
in a Lie group is by introducing the notion of a differentiable manifold. So a Lie group
is a group that is at the same time either a curve, a surface, or a hypersurface. On the
contrary, there are the discrete groups, and amongst them we find, for example, the
finite groups, but also infinite groups such as (Z", +).

In the same way that an equation like x* + y® + z* = 1 defines a surface in R>, an
equation like

det(a b):ad—bczl (1.1)
c d

defines a hypersurface in R*. At the same time, the set of 2 X 2 real matrices that
satisfy equation (1.1) has a group structure with matrix multiplication, and so, the set
of 2 X 2 real matrices with determinant one turns out to be a Lie group.! This is a Lie
group made up of matrices, and it constitutes our first example of a matrix Lie group,?
a type of Lie group which find amongst the most studied ones. They are also the ones
that we will treat in this thesis.

Groups in general can be understood as the mathematical tool needed to study
the concept of symmetry. In this picture, the objective of group theory would be to
study the properties and types of symmetries that there can exist, and different types

'We will rigorously prove this later on.
%In Spanish, grupo de Lie matricial.
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of groups would give rise to different types of symmetries. In particular, two differ-
ent general classes of symmetries can be distinguished: discrete and continuous ones.
Examples of the former would be the symmetries of regular polyhedra, or the kind of
symmetry of an infinite hexagonal plane honeycomb pattern. Examples of the latter
would be the rotational symmetry of a sphere, or the translational invariance which
is sometimes postulated in physics in certain physical systems.

The study of Lie groups would then correspond to the study of the continuous
symmetries of things.

| Definition 1.1. A Lie group is a set G which is both a group and a manifold® and
such that these two structures satisfy a compatibility condition: the group operation
GXG — G and the group inverse element map (-) ™! : G — G are both differentiable.

We can reduce the two conditions above to a single one: it is not difficult to show
that a group G which is also a manifold is a Lie group if and only if the map (x,y) €
G x G — x'y € G is differentiable.

| Definition 1.2. For K = R or C and given n € N, we define the general linear
group over K of degree n, denoted GL(n; K), as the set of n X n invertible matrices
with entries in K.

We will denote the set of n X n matrices with entries in K as M, (K).
| Proposition 1.3.  The general linear group is a Lie group.

Proof.  We can identify M,(K) with K" in an obvious way, and K" has the stan-
dard real manifold structure, which is n?-dimensional if K = R and 2n%-dimensional
if K = C. Thus, since the determinant is a continuous function, GL(n; K) = det™! (K\
{0}) ¢ M,(K) is an open set of M, (K), and therefore it inherits a manifold struc-
ture from M, (K), of the same dimension. On the other hand, matrix multiplication
is differentiable and also is the map A € GL(n;K) — A™! € GL(n;KK), since A™!

equals : times the adjugate matrix of A, and both are differentiable functions of
e
A € GL(n; K). O

| Definition 1.4. A matrix Lie group is a closed subgroup of GL(n; C).

GL(n;R) is a matrix Lie group, for if A,, € GL(n;R) and A,, converges to some
invertible matrix A, its entries must be real.

There are two reasons behind Definition 1.4. The principal one is that all inter-
esting groups which are made up of invertible matrices turn out to be closed in the

3We will be always considering C*-differentiable real manifolds. That is, a topological manifold
(alocally euclidean, Hausdorff and second-countable topological space) with a C*-differentiable atlas.

By differentiable, from now on, we will always mean C*-differentiability. We will occasionally
speak of a smooth function to refer to the same concept.
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complex general linear group (this does not mean that they are closed in M,(K)),
amongst of these “interesting matrix groups” there are the matrix groups we will be
considering in this thesis. The other reason comes from the closed-subgroup theo-
rem, which asserts that every closed subgroup of a Lie group G is also an embedded
submanifold of G and thus also a Lie group by its own. We will be proving the closed-
subgroup theorem for the case of GL(n; C). That is, we will prove that every matrix
Lie group is indeed a Lie group.

An example of a subgroup of GL(n; C) which is not closed is the subset of invert-
ible matrices with rational coefficients. Another interesting example is the “irrational
line in a torus” See Fig. 1.1 of [Hall1] and Exercise 10 of Chapter 1 of same book.

Mastering the subject of Lie groups involves not only learning the general theory
but also familiarizing oneself with examples. We now introduce some of the most
important examples of (matrix) Lie groups.

| Definition 1.5. The special linear group, denoted SL(n; K), is the group of nxn
invertible matrices with entries in K which have determinant one. It is a subgroup of
GL(n;C).

If A, is a sequence of matrices with determinant one and A, converges to A, then
A also has determinant one, because the determinant is a continuous function. Thus,
SL(n;R) and SL(n; C) are matrix Lie groups.

Recall that an n X n complex matrix A is said to be unitary if the column vectors
of A are orthonormal, that is, if

n
D AjA = . (1.2)
I=1
We may rewrite (1.2) as
n
Z (A*)jl Ak = Sk, (1.3)

1=1
where §j; is the Kronecker delta, equal to 1if j = k and equal to zero if j # k. Here
A* is the adjoint of A, defined by

(A")jk = A

Equation (1.3) says that A*A = I; thus, we see that A is unitary if and only if A* = A~
In particular, every unitary matrix is invertible.

The adjoint operation on matrices satisfies (AB)* = B*A*. From this, we can see
that if A and B are unitary, then

(AB)*(AB) = B*A*AB=B'A"'AB =1,
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showing that AB is also unitary. Furthermore, since (AA™!)* = I* = I, we see that
(A™1*A* = I, which shows that (A™!)* = (A*)~1. Thus, if A is unitary, we have

(A—l)*A—l — (A*)—lA—l — (AA*)—I — I,
showing that A™! is again unitary.

Thus, the collection of unitary matrices is a subgroup of GL(n; C).

| Definition 1.6. The unitary group of degree n, denoted U(n), is the set of all
unitary n X n matrices. The special unitary group of degree n, denoted SU(n), is
defined to be U(n) N SL(n; C), the set of unitary n X n matrices with determinant one.

It is easy to check that both U(n) and SU(n) are closed subgroups of GL(n; C) and
thus matrix Lie groups.

Meanwhile, let (-, -) denote the standard inner product on C", given by

n
(xy) = Z XjYj-
=1

(Note that we put the conjugate on the first factor of the inner product.) For any
x,y € C", we have

n n n
(x, Ay) = > Fi(Ay); = D % > Ay
Jj=1 J=1 k=1
n n _ n _
= ) 2 ATy = ) (A = (A'x.y).
k=1 j=1 k=1

Thus,
(Ax, Ay) = (A"Ax, y),

from which we can see that if A is unitary, then A preserves the inner product on C",
that is,

(Ax, Ay) = (x,y)

for all x and y. Conversely, if A preserves the inner product, we must have (A*Ax, y) =
(x,y) for all x, y. It is not hard to see that this condition holds only if A*A = I. Thus, an
equivalent characterization of unitarity is that A is unitary if and only if A preserves
the standard inner product on C".

Finally, for any matrix A, we have that det A* = det A. Thus, if A is unitary, we
have
det(A*A) = |det A|*> = det] = 1.

Hence, for all unitary matrices A, we have |det A| = 1.
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In a similar fashion, an n X n real matrix A is said to be orthogonal if the column
vectors of A are orthonormal. As in the unitary case, we may give equivalent versions
of this condition. The only difference is that if A is real, A* is the same as the transpose
A" of A, given by

(A™)jk = Ag;.

Thus, A is orthogonal if and only if A¥ = A™!, and this holds if and only if A preserves
the inner product in R”. Since det(A") = det A, if A is orthogonal, we have

det(A"A) = det(A)* = det] =1,

so that det A = +1. From the same argument as before, the product of orthogonal
matrices is orthogonal and the inverse of and orthogonal matrix is also orthogonal.

| Definition 1.7. The orthogonal group of degree n, denoted O(n), is the set of
all real orthogonal n X n matrices. The special unitary group of degree n, denoted
SO(n), is defined to be O(n) N SL(n; R), the set of real orthogonal n X n matrices with
determinant one.

It is easy to check that both O(n) and SO(n) are closed subgroups of GL(n;C)
and thus matrix Lie groups.

Geometrically, elements of SO(n) are rotations, while the elements of O(n) are
either rotations or combinations of rotations and reflections.

As a final example, we observe that several important groups which are not de-
fined as groups of matrices can be thought as such. The group R\ {0} of non-zero real
numbers under multiplication is isomorphic to GL(1;R). Similarly, the group C\ {0}
of non-zero complex numbers under multiplication is isomorphic to GL(1; C) and the
group S! of complex numbers with absolute value one is isomorphic to U(1).

The group R under addition is isomorphic to GL(1; R)* (1 X 1 real matrices with
positive determinant) via the map x +— [e*]. The group R" (with vector addition) is
isomorphic to the group of diagonal real matrices with positive diagonal entries, via
the map

et 0

(x1,..., %) +

1.2 Homomorphisms

| Definition 1.8. Let G and H be matrix Lie groups. Amap ® : G — H is called a Lie
group homomorphism if (1) ® is a group homomorphism and (2) ¢ is continuous.
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If, in addition, @ is bijective and the inverse map &~ ! is continuous, then @ is called a
Lie group isomorphism.

Given G and H arbitrary Lie groups, it is customary to call a map ® between two
Lie groups a Lie group homomorphism if ¢ is a group homomorphism and @ is smooth,
whereas in the previous definition we have only required that ® be continuous. In
Sect. 3.7 we will show that every continuous homomorphism between matrix Lie
groups is automatically smooth, so that there is no conflict in terminology.

Recall from elementary group theory that the inverse of a bijective group homo-
morphism is also a group homomorphism. Thus, if ® is a Lie group isomorphism, then
sois ®~!. Any two matrix Lie groups G and H between which there exists a Lie group
isomorphism are said to be isomorphic (as Lie groups), and in that case we write
G=H.

The simplest interesting example of a Lie group homomorphism is the determi-
nant, which is a homomorphism of GL(n; K) into GL(1; K) = K\ {0}. Another simple
example is the map & : R — SO(2) given by

() = ( cosf —sind )

sin@ cos0

This map is clearly continuous, and a calculation (using standard trigonometric iden-
tities) shows that it is a homomorphism.

An important topic in the theory of matrix Lie groups and specially in the physics
applications is the relationship between SU(2) and SO(3), which are almost, but not
quite, isomorphic. Specifically, we now construct a Lie group homomorphism & :
SU(2) — SO(3) that is two-to-one and onto.’ To construct the homomorphism and
further study its properties, the next two results will be practical.

| Proposition 1.9. SU(2) is homeomorphic to S>.
Proof. We show that every matrix A € SU(2) is of the form
a=(® P, (1.4)
p «@
where a, f € C are such that |a|? + |B]? = 1.

On the one hand, observe that the columns of (1.4) are an orthonormal basis of
C?, so the matrix of (1.4) is in SU(2).

> Any function f : X — Y, where X and Y are sets, induces an equivalence relationship in its
domain X by the rule: for x,x" € X, we have x ~¢ x” if and only if f(x) = f(x’). By definition, for
any integer n > 1, a function f : X — Y is then said to be n-to-one if all the equivalence classes from
X/~ have cardinal equal to n. That is, f is n-to-one if #f ' (y) = n for all y € Im f; exactly n elements
of X are mapped to each y € Im f. A one-to-one function is the same as an injective function.
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Conversely, suppose
_(* Y
A= (ﬁ 5) e SU(2).

If we call W = span{(a, f)}, then C? = W @ W+, so W' is one-dimensional and
therefore W+ = span{(—p,@)}. Since the columns of A are an orthonormal basis of
C?, we have (y,8) € Wt and thus (y, §) = ¢(—f, @), for some complex number c, so

A=(® ).
B ca
Taking determinant, 1 = det A = c(|a|? + |8]?) = ¢ ||(a, B)||* = c.
We can define a map

SU(2) — §3

(a __ﬁ) > (ai, az, b1, by),
p «

where & = a;+iaz and § = by +iby, with a;, b; € R. This map is surjective and from the
fact that all matrices of SU(2) are of the form (1.4), it also follows that it is injective.
a; +iay —bl + lbz
b1 + lbg a; —iay ’
Therefore SU(2) = S°. O

Moreover, it is continuous and so is the inverse (ay, as, by, b2) —

It deduces that SU(2) is path-connected, since S° is path-connected (in general
SU(n) is always path-connected, see Proposition 1.13 from [Hall1]). Furthermore,
SU(2) is simply connected, since S° is (see for example Theorem 59.3 in [Mun]). In
chapter 5, we will see that the topological property of simple-connectedness is a re-
markable one in the theory of Lie groups.

| Lemma 1.10. The trace of a product of matrices is invariant under cyclic permuta-

tions. That is, if Ay, ..., An € M,(C), then

trace(A1A, - - - Ay) = trace(AzAs - - - ALAq)
= trace(A3Ay - - - ApAL1A)

= trace(Ap,A1As - - - Ap_q).

Proof. 1t is sufficient to prove that trace(AB) = trace(BA), and indeed

n

trace(AB) = Zn:(AB)]-J- = Zn: Zn: ajibij = Zn: Zn: brjajr = Z(BA)kk = trace(BA).

Jj=1 J=1 k=1 k=1 j=1 k=1
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We now build the homomorphism @ : SU(2) — SO(3). Consider the space V of
all 2 X 2 complex matrices X which are Hermitian (i.e., X* = X) and have trace zero.
Elements of V are precisely the matrices of the form

X =

X1 X9 + ix3 ) (1 5)

X9 — iX3 —X1

with x1, X2, x3 € R. If we identify V with R by means of the coordinates x;, x; and x3
in (1.5), then the standard inner product on R* can be computed as

1
(X1, X3) = 3 trace(X;X3).

That is to say,

1 X1 X + ix3 X1 X, + ix;
— trace . ) ’
2 X9 — 1X3 —X1 Xy — IXg —X]

= X1X] + X2 + X3,

as one may easily check by direct calculation.
For each U € SU(2), define a linear map &y : V. — V by
Oy (X) =UXU,
Then, by Lemma 1.10, UXU ! still has trace zero and since U is unitary,
(VAU Y = (U )Y AU* = UAU ™,
showing that UAU ! is again in V.

It is easy to see that ®y,y, = Py, Py,. Furthermore,

%traee (UXU™Y) (UXUTY)) %trace (UX1 XU ™)

1
5 trace (X1 X3),

by Lemma 1.10. Thus, each &y preserves the inner product % trace(X;X3) on V. It fol-
lows that the map U +— &y is a homomorphism of SU(2) into the group of orthogonal
linear transformations of V = R3, that is, into O(3).

We next show the continuity of U — ®p. Let f : V — R3 be the linear isomor-
phism V = R3, explicitly written as

Xll
f(X) =|ReXp |,
Ilez
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and let
1 0 0 1 0 i
Xl_(o —1)’ XZ_(I o)’ X3_(—i 0)’ (1.6)

be the canonical basis of V. This way we have f(X;) = e;, where e; are the canonical
basis vectors of R3. For each U € SU(2), the transformation matrix of the linear
map ®y with respect to the basis (1.6) is (f(UX:U™!) | f(UXU™Y) | F(UX3U™Y)).
Since the inverse matrix is a continuous operation, the entries of this matrix depend
continuously on U € SU(2). That is, the map ® : U € SU(2) — &y € O(3) is
continuous.

Since SU(2) is connected, ®; must actually lie in SO(3) for all U € SU(2).° Thus,
® (i.e., the map U — ®y) is a Lie group homomorphism of SU(2) into SO(3).

Since (=1)X(=I)"! = X, we see that ®_ is the identity element of SO(3).

| Proposition 1.11. The map U +— ®y is a two-to-one and onto map of SU(2) to
SO(3), with kernel equal to {I, —I}.

We do not give here the proof of the proposition, for it is elementary and is found
in [Hall1], Proposition 1.19, and we will not use it further in this thesis in a critical
way.

Proposition 1.11 has an interesting application. Using quotient map theory we can
use it to prove that SO(3) is homeomorphic to RP?, the real 3-dimensional projective
space. Before giving the result, we give a brief overview of quotient map theory. For
more details regarding quotient maps, one may consult §22 from [Mun].

Recall that a quotient map between topological spaces f : A — Bisa continuous
and surjective map such that the codomain B is equipped with the final topology with
respect to f. That is, the topology on B is the finest one among those topologies of
B for which f becomes continuous. Equivalently, f is is a quotient map if it is (i)
surjective and (ii) strongly continuous; where (ii) means that G C B is open if and
only if f71(G) C A is open; this last thing is the same as saying that F C B is closed if
and only if f~1(F) c Ais closed. Thus, a sufficient (although not necessary) condition
for a continuous map to be strongly continuous is to be an open or closed map.

If f : A — B is any continuous function between topological spaces, by the
universal property of the quotient topology there is an induced continuous map f :
A/~p — B (see footnote 5 on p. 10 for the definition of ~¢), which on this case is
also injective. Namely, f is the unique map which fits on the following diagram while

®In more detail: if we compose det o®, we obtain a continuous function from the connected topo-
logical space SU(2) to the set of the possible determinant values of matrices of SO(3), that is, into
{1, -1}. Since every continuous function from a connected topological space into a discrete topologi-
cal space is constant and (det o®)(I) = 1, we have that det o® is a map constantly equal to 1. That is,
Im® c SO(3).
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making it commutative

! s B

ya

It turns out that the function f is a quotient map if and only if f is a homeomorphism

S >

(Corollary 22.3 [Mun]). This is an important characterization of quotient maps. We
could define the concept of a quotient space of a topological space X to be a pair
(Q,p), where Q is a topological space and p : X — Q is a quotient map. If ~ is
any equivalence relationship on X, then p : X — X/~ is always a quotient map
and therefore (X/~, p) is a quotient space of X. With this terminology, the previous
statement “f is a quotient map if and only if f is ahomeomorphism” can be interpreted
as saying that quotient spaces of a topological space X are essentially the same thing
as spaces X /~ with the quotient topology for some equivalence relation ~ on X.

Lastly, recall the closed map lemma, which states that every continuous map f
from a compact topological space A to a Hausdorff space B is also closed: let F € A be
closed. Since closed sets of a compact space inherit the compactness of the space, F is
also compact. Since continuity preserves compactness, f (F) is also compact. Finally,
since every compact subspace of a Hausdorff space is also closed, f(F) is closed.

| Corollary 1.12. SO(3) is homeomorphic to RP?, the real projective space of dimen-
sion 3.

Proof. The map ® : U € SU(2) — dy € SO(3) is a quotient map: by Proposition
1.11 it is surjective and it is strongly continuous, for it is continuous and also a closed
map by the closed map lemma, as SU(2) = S* is compact and SO(3) ¢ M,(R) = R
is Hausdorft, since topological subspaces of a Hausdorff space are also Hausdorff.

We recall from elementary group theory that the cosets of ker ® in SU(2) are
precisely the equivalence classes of ~gp. We thus have SU(2) /ker® = SU(2)/~¢ =
SO(3), where the “=” is both a group isomorphism, by the first isomorphism theo-
rem for groups; and a homeomorphism, by quotient map theory, Corollary 22.3 of
[Mun]. Since ker ® = {I,—I} by Proposition 1.11, the cosets of ker ® in SU(2) are
of the form {A, —A}, with A € SU(2). By the homeomorphism SU(2) = S* given in
proof of Proposition 1.9, quotienting SU(2) by the equivalence relationship ~¢ (whose
equivalence classes are {A, —A}) amounts to identifying antipodes in S°. That is, there
is a homeomorphism RP? = SU(2)/~¢ = SO(3). O

The homeomorphism SO(3) = RP? constructed in the previous proof can be
shown to be really a diffeomorphism, although we will not be using this fact further
on and we have not shown yet that SO(3) is a differentiable manifold.

An alternative proof of Corollary 1.12 is found in Proposition 1.17 of [Hall1].
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It follows that SO(3) is not simply connected, as the fundamental group of RP?
is the group of two elements. In order to prove that the fundamental group of RP? is
indeed of order two, one needs to show that S* — RP? is a covering map (see §53

from [Mun] for the definition of a covering map) and then use Theorem 54.4 from
[Mun].



2 | The Matrix Exponential

2.1 Normed and Banach algebras

The primary objective of this chapter is to define and to study the properties of the
matrix exponential and the matrix logarithm. These two are particular instances of
matrix power series in M, (K). So to study them, we move to a more general setting,
which abstracts the structure of the space M, (K) which is at play when investigating
the properties of a matrix power series; namely, that of a Banach algebra.

| Definition 2.1. An algebra over K or a K-algebra is a pair (A, [, -]) where A
is a K-vector space and [-,-] : A X A — A is a K-bilinear map, which is referred
to as the product of the algebra. If the product is implicitly understood, we will refer
to the algebra (A, [-,:]) simply as A. Whenever the product is either associative or
commutative, we will refer to A as an associative or commutative algebra, respec-
tively. Lastly, if A has a multiplicative identity, that is, an element 1 € A such that
[1,X] = [X,1] = X for every X € A, we will say that A is a unital algebra.

One could also speak of an algebra as a vector space which is at the same a ring
(not necessarily commutative, associative or unital) and such the ring and vector space
structures satisfy a compatibility condition: scalar and ring multiplication are “asso-
ciative,” A(XY) = (AX)Y = X(AY),for A € Kand X, Y € A. Here we have represented
the bracket [X, Y] simply as XY. This notation is primarily preferred for associative
algebras since in this case it makes the associativity explicit (it is nicer to write XYZ
rather than (XY)Z or X(YZ)) and we will be using it for these algebras. In any case, it
can be also used in non-associative algebras if one is careful with the corresponding
parentheses.

If A is a non-zero unital K-algebra, in this case we can identify K with a subring
of A, namely, {114 | A € K}, for A € K = Al € A is a ring homomorphism
from a field to a non-zero ring, and thus it is a ring embedding. So an equivalent
definition for a non-zero unital K-algebra is a ring extension K ¢ A, where A is a
non-commutative, non-associative ring.

| Definition 2.2. A normed algebra over K or a normed K-algebra is an asso-
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ciative K-algebra A which is also a normed space and such that these two structures
satisfy a compatibility condition: || XY|| < ||X]||||Y]|| for every X,Y € A. That is, the
norm is submultiplicative. If A is also a Banach space, we will say that A is a Banach
algebra.

From now on and unless stated otherwise, normed algebras will always considered
to be non-zero.

Example 2.3. M, (K) with any matrix norm (i.e., a submultiplicative norm with re-
spect to the matrix product) is a Banach algebra. More generally, given a Banach space
8, the family of bounded operators in 8B, L(B), is known to be a Banach space with
the operator norm. This norm is also submultiplicative with respect to operator com-
position, and so L(8B) is also a Banach algebra.

It follows from the norm submultiplicativeness and the next result that the product
in a normed algebra is continuous.

| Proposition 2.4. For a bilinear map B : X X Y — Z, where X,Y,Z are normed
spaces over K, the following are equivalent:

1. B is continuous.

2. B is continuous at (0, 0).

3. B is bounded as a bilinear map. That is, there exists C > 0 such that || B(x,y)|| <
Cllxll Iyl for every (x,y) € X x .

Proof. (1= 2).1t’s clear.
(2 = 3). Suppose that 3 is false. For each n € N there exists (x,,y,) € X X Y such
that || B(xp, yn) || > n? ||xn|| l|lynll. Since clearly x, # 0 and y, # 0, we can consider

Yn
n |yl

~ X ~
Xp 1= "— >0 and {,:=

= — 0
n ||xn||

But bilinearity of B now implies that

=1 foreachn

S|

L 1
|B(Zn, G|l > n* - = -
n
and thus 2 is false.

(3 = 1). Suppose 3 holds and let x, — x in X and y, — y in Y. There exists
M > 0 such that ||x,|| < M and ||y|| < M. Then

[1B(xn: Yn) = B(x, y)I| < [1B(xn, yn) = B(otn, )| + l1B(xn y) = B(x, y) |
= |IB(xn, yn = )|l + |B(xn — x, y) |
< Cllxall llyn = yll + Cllxn = x|l Iyl
< CM (llxn = x[[ + llyn = yl) — 0,

and we are done. O
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Example 2.5. On this thesis, when dealing with complex matrices we will be work-
ing with an arbitrary matrix norm. We can do this because the norms in a finite-
dimensional vector space are all equivalent. However, it is nice to have an example of
such a norm. In M, (K), the Frobenius inner product, for each A, B € M,(K) is defined
as
(A, B) = trace(A"B).

The Frobenius inner product is indeed an inner product. In fact, it coincides with the
standard inner product in KM =~ M, (K),

n

(A, B) = trace(A*B) = Z ajibjk.
Jk=0

The induced norm, ||A|| = +/trace(A*A) = ]k 0 |lajk|?, is called the Frobenius norm
or the Hilbert-Schmidt norm. It is a matrix norm: If A, B € M,(K), and if we denote
by A(j) and B¥) the j® row and k™ column of A and B, respectively, then

|AB]|? = Z Z A(;)B®

j=1 k=1

= Z Z |(A(]), BMY|2, where (-, -) is the standard inner product in K",

j=1 k=1
< Z Z||Atr)|| ||B(k)|| where ||-||, is the euclidean norm in K"
J=1 k=1 (here we have used the Cauchy-Schwarz
inequality),
n
= ZIIA(J)II D IBO2
k=1
= ||A|| IIBII.

| Definition 2.6. Let A be a unital normed K-algebra. A power series in A is a

i /ln (X - C)n’
n=0

where A,,¢ € Kand X € A. For the case A = M,(K), we will speak of a matrix
power series.

series of the form

Recall that in a Banach space B every absolutely convergent series is conver-
gent as well. Indeed, if {x,},>1 C B and the series } ;7 x, converges absolutely, it
means that for every ¢ > 0 there exists ng such that ¢ > 77 |[x,|| = 2o, ||xa]l =

[[Smy — Sp|| whenever m” > m > ngy, where S, = Zﬁ:l xn. This way, the sequence
of partial sums {Si }r>1 is a Cauchy sequence and thus, since 8 is Banach, lim Sy =

k— o0

> x, is convergent
n=0*n g .
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| Proposition 2.7. Every convergent power series in K induces a well-defined and
continuous power series in a unital Banach algebra. Specifically, let A be a unital Banach
algebra over K and let

f(x) = Z/ln(x 0" xeK (2.1)
n=0
be a power series, with A,, ¢ € K and suppose that (2.1) has radius of convergencer > 0.

Then N
fO) =) M(X=-0" XeA (2.2)
n=0

is well-defined and is continuous for X € A, || X — || < r.

Proof. Every power series over K is also absolutely convergent in its open disk of

(o)

convergence, so we have Z | Al — ¢|® < +o0 for every x € K, |x — ¢| < r. In other

n=0
words, |[An|ly" < 400 for y € [0,r). Takin = ||X — ¢|| makes the series (2.2)
Yy Yy gY
n=0

absolutely convergent for || X — ¢|| < r and thus also convergent for these values of
X, since B is a Banach space.

Let’s see about the continuity. Without lost of generality, we can suppose ¢ = 0,
for we can perform the change of variable Y = X — ¢. We have thus a series g(Y) =
Yo An Y™ which converges for Y € A if and only if f(X) converges for X = Y +c.
That is, g(Y) is well-defined for every Y € A with ||Y|| < r. And therefore we can
restrict to proving continuity for g.

In order to prove continuity for a power series in A, we now study how can we
bound the expression (X + Y)* — X* in terms of || X|| and ||Y]).

Given a word w = (Xj, ..., X,) € A", we define its product prodw = X7 --- X, €
A and given some Y € A, we define the multiplicity of Y in w as

myw=#{j€{l,..,n} | X; =Y},
that is, my w is the number of Y’s that there is in w.

Given X, Y € A, let

p(X,Y,n,m) = Z prod w

we{X,Yy}mm
my w=n
my w=m

be the sum of the different permutations of X"Y™, so that

k
(X +Y)k = Zp(X, Y,k — m,m).

m=0
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By the submultiplicativeness of ||-||,

”p(X’ Y: k- m, m)”

I
M
=
9
=

A

g
=1
3
(e
=

we{X,Y}¥
myx w=k—m
my w=m
< D IXIFYIm
we{X, Y}k
myx w=k—-m
my w=m
k _
=( )IIXIIk "Ny
m
)
k
X+ V)" = X*| =) p(X, Y, k—mm)
m=1
k
< > lIp(X, Y,k = m,m)]|
m=1
5 (K
k—m m
<
<2 (m)nxn 171l
m=1
= (IIXI+ 1Y ID* = 11~
Finally, to see the continuity of f(X) = Z X", if X, Y € A are such that || X]|| +
n=0
||Y|| < r, then

LFX+Y) = FOON < D IAIIICX + V) = x|
k=0

< 3 AL+ 1Y = 1]
k=0
= h(IX1+ Y1) - A(IX1)

where h(x) = X717, | Ak|xk converges for |x| < .

Hence f(X +Y) — f(X) as |[|Y|| — 0, that is, we have continuity. O
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2.2 The Exponential of a Matrix

| Definition 2.8. The matrix exponential is defined as

and is well-defined and continuous in all M, (C) thanks to Proposition 2.7, for the
X _m
radius of convergence of the complex power series Z — equals r = +oo.
m!

m=0
X = (O _1) .
1 0
We may compute that X? = —I, so that X*> = —X and X* = I. This recursion in the
values of X" allows to evaluate

xm
m!’

X € M,(C),

Example 2.9. Let

a2m+l

aX Z( 1)m( (2m)' (2m+1)'

(2m+1)' (2m)'

sina cosa

(cos a —sin a)

We next state in Proposition 2.12 the properties of the matrix exponential; amongst
of them it finds eXeY = eX*Y for two matrices X, Y that commute. For its proof, we
will need a result which allows us to multiply series “term by term,” so that we can
multiply out the series of eX and e! in order to obtain that of eX*¥.

| Definition 2.10. Given two series Y oo Xp, Yooy Yy in some Banach algebra A,
with X, Y, € A, we define its Cauchy product as

n=0 n=0 n=0

where Z, = 37 Xi Yok

Considering the case of complex numbers, in [Rud1] this definition is found to be
motivated as follows. If we take two power series )., a,z" and )~ b,,z", multiply
them term by term, and collect terms containing the same power of z, we get

o [ee)
Zanz”~2bnz”: (a0+alz+agzz+~~-)(b0+blz+bzzz+~~-)

n=0 n=0
= aobo + (aobl + albo) zZ+ (aobz + (11[71 + azbo) 22 + -

:Co+Clz+C222+"'

Setting z = 1, we would arrive (2.3) for the case of complex numbers.
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In general, given two series in a normed algebra that are convergent, its Cauchy
product may not converge to the product of the series. However, we can give a suffi-
cient condition for this to happen.

| Proposition 2.11 (Mertens’ Theorem for the Cauchy Product). IfY > x, =
X and Y7y, = Y are two convergent series in some normed algebra and at least one
of them converges absolutely, then their Cauchy product converges to XY.

Mertens’ theorem can be regarded as the infinite series generalization of the or-
dinary distributive law of the product with respect to the sum.

We will give the same proof as that of Theorem 3.50 of [Rud1], although there’s a
difference between Rudin’s statement of Mertens’ theorem and ours: he states it for
complex numbers series while we state it here for an arbitrary normed algebra.
Proof. Call z, = 3} Xkyn—k and

n

anznlxk, Y,,:anyk, Zn=Y 2 Yan=Yo-Y.
k=0 k=0

k=0
Then
Zn = XoYo + (Xoy1 + X1Yo) + - - - + (XoYn + X1Yn—1 + - - - + XnYo)
=xoYp+x1Y 1+ +x,Y
=x0 (Y+yn) +x1 (Y +yn-1) +-+x0 (Y +10)
=X, Y + x0Yn + X1¥n—1+ - + XnY0-
Put

Pn = XoYn + X1¥Yn-1+ -+ Xn)o.
We wish to show that Z, — XY. Since X,,)Y — XY, it suffices to show that

lim p, = 0. (2.4)

n—oo

Suppose 3.2, x, converges absolutely and put

x= ) lxll.
n=0

Let ¢ > 0 be given. Since y, — 0, we can choose N such that ||y,|| < eforn > N, in
which case
lpnll < llyoxn + - - + yNxn-N Il + [[yN41Xn-N-1 + - - - + Va0l
< llyoxn + -+ -+ ynxn-nIl +£x-

Keeping N fixed, and letting n — oo, we get

limsup [|pa| < ey,

n—oo

since xx — 0 as k — oo. Since ¢ is arbitrary, (2.4) follows. O
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| Proposition 2.12. Let X, Y be arbitrary complex matrices. Then we have the follow-
ing:

e’ =1
(eX)* = X",

eX is invertible and (e

(a+p)X _ eochﬁX'

X)—l — C_X.
e
If XY =YX, then eXtY = eXo¥

IfC is invertible, then eCXCT = ceX L,

S

Proof. Point 1 is obvious and point 2 follows from continuity of A +— A*, which
allows to take term-by-term adjoints of the series for eX.

Points 3 and 4 are special cases of point 5. To verify point 5, we simply multiply
the two power series term by term, which is permitted by Proposition 2.11 because
both series converge absolutely. Multiplying out eXe' and collecting terms where the
power of X plus the power of Y equals m, we obtain

e XK ymk 1 & m!
XY _ 2 - N N T ykymek 2.5
¢ 2 Kl (m—k)! ;Om!;k!(m—k)! 23)

m=0 k=0

Now, because (and only because) X and Y commute,

m N m! kym—k
(X+Y) :kZ_(;kY(m——k)‘XY s

and, thus, (2.5) becomes

o 1
eXe¥ = Z — (X + Y)™ = XY,
m

m=0 "

To prove point 6, simply note that
(cxchm =cx™c!

and, thus by continuity of matrix multiplication, the two sides of point 6 are equal
term by term. O

The previous proof is formally the same for a Banach algebra, but we have it here
for complex matrices since that is the main focus of the thesis.

| Proposition 2.13. Let X be a n x n complex matrix. Then e'X is a smooth curve in

M, (C) and
ietx = XeX = X X.
dt

In particular,

at |,
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Proof. We will prove that

(t+)X _ tX
lin(l) N%—Xetx =0.
£—

We have
e(Hg)X—_etX_X ‘ (o)X _ X _ oy otX
€ |€|

i e e ~1-ex]

_1ix — (eX)"

- |€| ||e ” Z n!

(le] IIXII)
< ey

)n—z

X
e z—“f' =

X n-2
S O

= |le] ||etX|| 11X 1% e|£|”X” —0 as &£—0.

2.3 The Matrix Logarithm

| Lemma 2.14. The function
N (z-1D"
logz= ) (-1)™!1——
2, -

is defined and analytic in a circle of radius 1 about z = 1.

Forall z with |z — 1| < 1,
elogz

=z.
For all u with |u| < log 2, we have |e* — 1| < 1 and

loge" = u.

Proof. The usual logarithm for real, positive numbers satisfies

d 1 )
Elog(l—x)—m——(1+x+x +)
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for |x| < 1. Integrating term by term and noting that log 1 = 0 gives
2 3
X X
log(l—-x)=—[x+—+—+---].
g(1-x) ( 713 )

Taking z = 1 — x (so that x = 1 — z), we have

logz=—((1—z)+ (1_22)2 + (1_32)3 +)
_ Z(—l)"’“—(z :nl)m. (2.6)
m=1

The series (2.6) has radius of convergence 1 and defines an holomorphic function
on the set {|z — 1| < 1}, which coincides with the usual logarithm for real z in the
interval (0, 2). Now exp(logz) = z for z € (0, 2) and since both sides of this identity
are holomorphic in z, the identity continues to hold on the whole set {|z — 1] < 1}.

On the other hand, if |u| < log 2, then

2 | 2

u u
le* —1| = u+§+-~~‘s|u|+7+--':e|u|—l<1.

Thus, log(exp u) makes sense for all such u. Since log(expu) = u for real u with
lu| < log 2, it follows by holomorphicity that log(exp u) = u for all complex numbers
with |u| < log 2. O

| Definition 2.15. The matrix logarithm is defined as

log A = Z(—nmﬂ%, A € M,(C),
m=1

whenever the series converges.

By the previous lemma and Proposition 2.7, the matrix logarithm is well-defined
and is continuous for A € M, (K), ||A —I|| < 1, where ||| is any matrix norm.

| Lemma 2.16. The set of diagonalizable matrices is dense in M, (C).

Proof. Let X € M,(C). Every complex square matrix is triangularizable (see for ex-
ample [Axl], 5.27), so there exists A € GL(n; C) such that X = ATA™!, where T = ()
is upper-triangular. Eigenvalues are preserved by matrix conjugation:

|X = AIl = JATA™! = AI| = |A(T = ADA™Y = |A||IT = AI||A7Y| = |T = Al

so the eigenvalues of X are thus the diagonal entries of T. Were they all different and
we would know then that X was diagonalizable. But in general X can have repeated
eigenvalues.
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We want to find then a sequence T,, of diagonalizable matrices such that T,, — T.
Define

1 iftin =t =" =thp,
d= min |t —t'| otherwise.
tt'€{t11,t22, s tnn }
t#t’

Form > 1,let T, = (tj(,:")) be the n X n complex matrix defined by

) Lik j#k,
JJ m ’

where §; = #’lﬂ and q; = #{l € {1,2,...,j} : ty = t;;}, that is, g; is the quantity of
ty’s with [ < jand t; = tj;.

In other words, T, is a triangular matrix identical to T except on its diagonal
entries. To them, a little quantity has been added accordingly so that now we can
assure that tj(.]r.") = tlgzo if and only if j = k. Since the t;;’s are the eigenvalues of T,,, we
have that T,, is diagonalizable.! Since matrix conjugation preserves diagonalizability
(the matrix B = ECE™! is diagonalizable if and only if C is diagonalizable), AT, A~
is diagonalizable and by construction lim,, AT,,A™! = A(lim,, T,)A™! = ATA™! =
X. This proves that for any matrix X € M,(C) there exists a sequence { Xy }m>1 of
diagonalizable matrices such that X,, — X. In other words, the set of triangularizable
matrices is dense in M, (C). O

| Lemma 2.17. Let ||-|| be any matrix norm in M,(K). Then for every X € M,(K)
and every eigenvalue A € K of X, we have |[A| < || X]|.

Proof. Let v € K" be an eigenvector of X € M,(K) of eigenvalue A € K. Denot-
ing by (v]0]---]0) the n X n matrix whose first column is v and with the rest of its
entries equal to zero, we have A(v|0|---|0) = A(v]0] - - - |0), so that ||A(0]0] - - - |0)|| =
|A || (©]0] - - - |0)]]. Since ||-|| is submultiplicative, it follows that

Al 1[(w[o] - - 10)]I < IAlHlI (olo] - - - [0) ] -

Since the matrix (0|0] - - -|0) is not the zero matrix (eigenvectors, by definition, are
non-zero), its norm is non-zero and we conclude |A| < ||A]|. |

| Theorem 2.18. The function

logA = i(—l)m“% (2.7)
m=1

'In more detail: since Ty, has n different eigenvalues, it has n eigenvectors of a different eigenvalue
each. Since eigenvectors of different eigenvalues are always linearly independent (see for example
[Ax1], 5.10), for T;, there exists a set of n linearly independent eigenvectors, so this set must be then also
a generating system and thus a basis. That is, T,, has a basis of eigenvectors, i. e., T, is diagonalizable.
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is defined and continuous on the set of n X n complex matrices A with ||[A - 1| < 1,

Forall A with ||[A-1|| <1,
elos4d = A,

For all X with || X|| < log2,

eX —I|| <1 and
logeX = X.

Proof. Convergence and continuity of the series (2.7) for ||A — I|| < 1 follows from
Proposition 2.7 and Lemma 2.14.

Suppose now that A satisfies ||A — I|| < 1. If A is diagonalizable with eigenvalues
Z1, ..., %y, then we can express A in the form CDC™! with D diagonal, in which case

(21 - 1)m 0
(A-D™=C c .
0 (zp—1)™

Since ||A —I|| < 1, each eigenvalue z; of A must satisfy |z; — 1| < 1 by Lemma 2.17 (4
is an eigenvalue for A if and only if A — 1 is an eigenvalue for A —I). Thus,

oo log z; 0
Z A-D™
(_1)m+1( ) — C ... C_l,
— m
m=1 0 log z,,

and by Lemma 2.14,

elogzl 0
elOgA — C C—l — A
0 elogz,,

By continuity and density of diagonalizable matrices (Lemma 2.16), we get el°84 = A
for all A with ||A-1I|| < 1.

Now, the same argument as in the complex case shows that if || X|| < log 2, then
||eX -1 || < 1 and thus log eX is defined. The proof that log eX = X is then very similar
to the proof that e!°84 = A, O

In particular, since exp always gives back an invertible matrix, it deduces that if
A € M, (C) is such that ||A — I|| < 1, then A is invertible.

| Proposition 2.19. There exists a constant ¢ > 0 such that for all n X n matrices B
with ||B|| < 1,
llog (I + B) - BJ| < c[IB]I*.
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Proof. Note that

& B™ s Bm—2
log(I +B) — B = Z(—nmﬂ— = B Z(—l)m“—
m=2 m m=2 m
so that
< ()"
llog(1 + B) - BI| < |IBI* > ~2—,
m
m=2
which is an estimate of the desired form. O

We may restate the proposition in a more concise way by saying that
log(I+B) =B+0 (||B||%),

where O (||B||?) denotes a quantity of order ||B||® (i.e., a quantity that is bounded by
a constant times ||B||? for all sufficiently small values of ||BJ|).

2.4 Further Properties of the Exponential

| Theorem 2.20 (Lie Product Formula). Foral X,Y € M,(C), we have

X Y
&Y = lim (emem).
m—oo

Proof. If we multiply the power series for em and em term by term (we can do this
thanks to Mertens’ theorem, 2.11), all but three terms will involve 1/m? or higher

X Y 1
:I+—+—+O(—2).
m m m

powers of 1/m. Thus

X
m

I~

eme

. X ¥ X Yy . . . .
Now, since emem — [ as m — oo, emem is in the domain of the logarithm for all

sufficiently large m. By Proposition 2.19,

lo (eée%)—lo I+)—(+X+O i
& T8 m m m?2

X Y 1
ol
m m m

2)
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o(2)l)

2
1 C
< — [IXI+ 1Yl + = for some C > 0
m m

1
—2 |IXI+ YT+

1
< ﬁ(IIXII+IIYll+C)2

o)

Exponentiating the logarithm then gives
[mmol)
=exp|—+—-+0(—
m m m

(e’%e%)m = exp (X+ Y+0 (%)) .

Thus, by continuity of the exponential, we conclude that

X
m

I~

eme

and therefore

lim (eée%) =exp(X +Y),

m—00
which is the Lie product formula. O

| Theorem 2.21. For any X € M,(C), we have

det(e¥) = e, (2.8)
Proof. If X is diagonalizable with eigenvalues Ai,...,A,, then eX is diagonalizable
with eigenvalues eM .. et (by Proposition 2.12, Point 6). Thus, since the determi-

nant and trace of a matrix equals respectively the product and sum of its eigenvalues,
det(eX) — e)kl . e/ln — e)tl+~~-+/1n — etrace(X)‘

Since both sides of (2.8) are continuous functions of X, by Lemma 2.16 the identity

follows for all X € M,,(C). O

| Definition 2.22. A one-parameter subgroup of GL(n;C) is a group homomor-
phism A : (R,+) — GL(n; C) which is continuous.

| Theorem 2.23 (One-parameter subgroups). IfA(-) is a one-parameter subgroup
of GL(n; C), there exists a unique n X n complex matrix X such that

A(t) = e,

To prove the theorem we need the following lemma.

| Lemma 2.24. Fix some ¢ € (0,log2). Let B, /2 be the ball of radius /2 around the
origin in M,(C), and let U = exp(B,/;). Then every B € U has a unique square root C
in U, given by C = exp(3 log B).
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exp
Proof. By construction, C is a square root of B, since B,/, & U are inverses of each
log

other, by Theorem 2.18. Also, C is in U, as for log B € B,/,, also %logB € B,/z, and
hence C = exp(% logB) € U.

To establish uniqueness, suppose C € U satisfies C*> = B. Let Y = logC; then
exp(Y) = C and
exp(2Y) = C? = B = exp(log B).

We have that Y € B,/; and, thus, 2Y € B, and also that logB € B,/; C B,. Since,
by Theorem 2.18, exp is injective on B, and exp(2Y) = exp(logB), we must have
2Y = log B. Thus C = exp(Y) = exp(3logB) = C. m|

Proof of Theorem 2.23. 'The uniqueness is immediate, since if there is such an X, then
X = %A(t)| ,—o- To prove existence, let U be as in Lemma 2.24, which is an open set
of GL(n; C). Indeed, exp always gives back an invertible matrix, so U ¢ GL(n;C);
and secondly, since log maps U onto By, we have U = log™'(B,/;) for log being
injective. By the continuity of log, the set U is open in the domain of log, {A € M,,(C) :
|A - I]| < 1} ¢ GL(n;C), which is an open set of GL(n;C), so U is open in GL(n; C).

Since A is a group homomorphism, A(0) = I. Since U is an open neighborhood of
I, the continuity of A guarantees that there exists t, > 0 such that A(t) € U for all ¢
with [t| < t,. Define

1
X = —log(A(ty)),
to
so that t,X = log(A(t)). Then tcX € B,/ and
etOX = A(to).

Now, A(ty/2) is again in U and A(ty/2)> = A(ty). But by Lemma 2.24, A(t;) has a
unique square root in U; namely, exp(% log A(ty)) = exp(toX/2). Thus,

A(to/Z) = exp(toX/Z).

Applying this argument repeatedly, we conclude that
A(to/2F) = exp(toX/2")

for all positive integers k. Then, since A is a group homomorphism, for any integer m
we have

A(mty/25) = At /25)™ = exp(mitoX /25).

It follows that A(t) = exp(tX) for all real numbers t of the form t = mt,/2¥, and the
set of such t’s is dense in R. Since both exp(tX) and A(t) are continuous, it follows
that A(t) = exp(tX) for all real numbers ¢. O
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2.5 The Differentiability of a Matrix Power Series

As a conclusion to the chapter, we devote this section to the proof of the differentia-
bility of a matrix power series. The result is stated and proven in Theorem 2.28. We
are only interested in real differentiability, as this is what it is needed to study Lie
groups from the real manifolds perspective. Even though the results from this sec-
tion deal with one-variable or several-variables complex functions, the focus on real
differentiability will be made patent in their statements.

A matrix power series can be regarded as a special type of several complex vari-
ables power series. For that matter, in order to study the differentiability of the former,
one must be acquainted before with the differentiability of the latter. Lemma 2.25 gives
the differentiability situation for a several complex variables power series.

Right before stating the lemma, we introduce the multi-index notation for mul-
tivariate power series. This notation eases the reasonings with these series and is
therefore ubiquitous in texts from several complex variables theory. From now on, in
this section N = {0,1,2,...} will denote the set of natural numbers with zero. Let
a € N" be a vector of non-negative integers. For z € C", the multi-index notation is

def def def
4= 20“232-“22‘", |2*| = lz1|" |z2|% - - - |za|™, e = o +ag+-+ap.

1

Lastly, if (X, d) is some metric space and x € X, for ¢ > 0 we denote by Bx(x, ¢) =
{y € X | d(x,y) < €} the open ball of radius ¢ and center x.

| Lemma 2.25. If the complex multivariate power series f(z) = 3 ,enn Ca2® con-
verges absolutely when z = w € C", then the series converges absolutely for all z €

;’:1 Bc (0, |wj]) = Bc(0, |wi]) X - -+ X Be(0, |wp|) =: D,,. Furthermore, in this case
and for each j, f is holomorphic with respect to to the variable z; in all D,,. Therefore,
with the canonical identification C = R? we have D,, C R?" and that f is infinitely
differentiable in D,, as a function of several real variables.

Before giving the proof of the lemma, we need two auxiliary results. They are the
Weierstrafl M-test and the term-by-term differentiation theorem of a single complex
variable power series.

| Proposition 2.26 (Weierstral M-test). Suppose that fi : X — B is a sequence
of functions, where X is a set and B is a Banach space, and that there is sequence of
non-negative numbers { My} satisfying the conditions

o |lfi()|l < My foralln > 1 and all x € X, and
© 2oy My converges.

Then the series 3.7 | fi(x) converges absolutely and uniformly on X.
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(We won’t be using the uniformity of the series convergence.) A proof can be
found, for example, in [Rud1], Theorem 7.10. Although there it is proven for 8 = C,
the proof is formally identical for a general Banach space.

| Lemma 2.27 (Term-by-term power series differentiation). Let f(z) = Y,_, a,z"
be a univariate complex power series with radius of convergence R > 0. Then f is differ-
entiable in B¢ (0, R) and

f)= i apnz""! (2.9)
n=1

foreveryz € Bc(0, R). Furthermore, the power series (2.9) has same radius of convergence
R. Therefore f is infinitely differentiable in Bc (0, R).

For a proof, see for example [Rud2], Theorem 10.6. Since f” is also a power series,
the previous lemma applies to f” itself and we get that f” also exists and is written
as a power series with same radius of convergence. This way, proceeding iteratively
we obtain that f(" exists in all the domain of f, or in other words, that f is infinitely
differentiable.

The absolute convergence part of the following proof is taken from [Boas], slide
#4.

Proof of Lemma 2.25. By hypothesis, there is a constant M such that |c,w*| < M for
all @ € N". If some w; is zero, then the statement is vacuously true. Suppose w; # 0
for every j. Now, for each j, let r; € (0,|w;|) and pick some A € (0,1) such that, for
every j, itis r; < Alwj|. In that case, for z € Bc(0,7;) X - - - X Bc(0,r,), and if we call
r=(ry,...,r,), we have

leaz?| < lear®| < |eat!®w®| < MAI,

Now

a C N o an _ 1
ZAII:Z...O;A ) -

aeN" a1=0

by Fubini-Tonelli theorem for series with general term of several indices.

Therefore }’,cnn cqz® converges absolutely by the Weierstraf3 M-test. This ends
the proof of the first part of the lemma.

Let us now see about the differentiability of f in the domain D,,. We shall see
that all partial derivatives Zzl%c of all orders m > 1 exist in D,,. In that case, since a
function of one complex variable that is complex differentiable at some point is real
differentiable at that point too (when considering C = R?), we will obtain that f is

real differentiable in D,, € R?" as a function of several real variables.

For the sake of notational clarity, let us suppose j = n. The proof for existence of
af

——n for the other j’s will be the same.
J
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Since f(z) = 2, enn €o2” is absolutely convergent in D,,, it is unconditionally
convergent in D, and for that matter, there is no problem in reordering the terms in
the sum:

f(z) = Z Z C(a,a,,)z(“’“") = Z Z Claan?y  2am |z, (2.10)

an=1 geNn-1 a1=1 \qeNn-1

where we have applied the Fubini-Tonelli theorem for series. Now, for each z €
D,,, the series (2.10) has the form of a complex power series in z,; and furthermore,
there exists ¢ > 0 such that {(z1,...,2,-1)} X Bc(zn,€) C D,,. That is, for fixed
(z1,-..,2n-1) € m(Dy,), where 7 : z € C" +— (z1,...,24-1), there is an open disk
of possible values of z,, where (2.10) converges. Thus, by Lemma 2.27, f is infinitely
complex differentiable with respect to z,. O

The following theorem corresponds to Proposition 2.16 of [Hall1]. On his book,
Hall states the result just for the matrix exponential, although from close inspection,
his proof seems to be applicable to an arbitrary matrix power series. In fact, Hall im-
plicitly admits the differentiability of the matrix logarithm in the proofs of the results
of Sect. 3.8 of his book (which correspond to our Sect. 3.8). For this reason, here we
state and prove the result in general.

| Theorem 2.28. Every analytic function f : U C C — C, whereU is an open subset
of C, induces an infinitely differentiable function® f : U € M,(C) — M, (C) defined by
the rule:

(o)

Ifc € U and e > 0 are such that f(z) = Zam(z —c)™  forz € Be(e,e) C U,

m=0
[ee)

then f(Z) = Z am(Z = cD)™  for Z € By, ¢y (cl, ).

m=0

(2.11)

Where the set U is the union of all such By, (c)(cl; €), and thus it is open.

Proof. By Proposition 2.7, we know that the matrix power series given in (2.11) con-
verges and depends continuously on Z € By, (c)(c, €).

We must ensure that the value for f of (2.11) is independent of the chosen power
series representation. That is, we must verify thatif c,d € U and ¢, § > 0 are such that

oo

f(z) = Z am(z— )™, z € Bc(ee) C U,

m=0

00 (2.12)
f(z) = Z bu(z—d)™, ze€ Be(d,d) cU,
m=0

’In the sense of real manifolds. Equivalently, since M, (C) = R27* | all partial derivatives of all
orders exist.
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then
am(Z—c)™ = > bu(Z-dD™
;;m ;%m (2.13)

for all Z € By, (c)(cl, €) N By, (c)(dI, 5).

Let c,d € U and ¢,6 > 0 be fulfilling (2.12). Let A € By, (c)(cl, €) N By, (c)(dl, 6)
be a diagonalizable matrix and C € GL(n;C) be such that A = CDC™!, where D is
diagonal with diagonal equal to (ds, ..., d,). These are the eigenvalues of A. Now, by
the Lemma 2.17, it follows that |d; — ¢| < ||[A —cI|| < ¢, since A € C is an eigenvalue
of A if and only if A — ¢ is an eigenvalue of A — cI. Thus },>_; am(d; — ¢)™ converges
and therefore

(o) (o)

— m _ -1 _ m
Z am(A —cl) Z am (CDC cl)

m=0 m=0
(C[D=cI]C1Y™ = C(D—cl)™C!

= Z amC(D — c)™C™?
m=0

(di =)™

= Z amC .. c!
= (dn = )"
o0 (=)™
=C|> an 5 c!
m=0 (dn - C)m
Zm—() am(dl - c)m
=C c!
anozo am(dp —c)™
f(dy)
=C c .
f(dy)
By a totally analogous argument, we get
00 f(dl)
me(A—dI)m:C c
m=0

f(dn)

and so, by continuity and Lemma 2.16, we get (2.13).

Let’s now see about the differentiability of f . Let ¢ € U and pick some ¢ > 0 such
that

[e9]

f(z) = Z am(z—0¢)", z € Be(c,e) CU,

m=0
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for certain coeflicients a,, € C.

We must show that the function

(o)

f(2)= ) an(Z~cD)"

m=0

is differentiable in Z € By, (c)(cl, €). Without loss of generality, we can assume ¢ = 0,
for if we perform the change of variable W = Z —cI, it suffices to show differentiability
for

(o)

g(W) = f(W +cI) = Z amW™, W € By (0)(0, ¢),

m=0

as that would imply differentiability for f (Z) = g(Z - cl) in By, () (cl, €).

For the sake of keeping the same notation, we write then

(o)

]E(Z) = Z anZ™, Z € B, () (0, €).

m=0

Let j,k € {1,...,n} be fixed. We shall show that fjk : By, (c)(0,6) — C given by
fik(Z) = (f(2))x is differentiable. To this aim, we will apply Lemma 2.25. We must
write the matrix power series

(o)

];jk(Z) = Z am(Z™)jk, Z € Bp,(c)(0,¢) (2.14)

m=0
as a several complex variables power series.

The series (2.14) converges absolutely:

D lanll M)l < D lanl 12 < D lanlClIZ™ < C D laml 121" < +oo,
m=0 m=0 m=0 m=0

(2.15)
whenever Z € By, (c),- (0, €), where [|-||, is the infinity norm and where C > 0 is
such that || X||, < C||X]| for all X € M, (C) (recall that we always state our results in
terms of an arbitrary matrix norm ||-||).

It may seem that at first that (2.15) is the absolute convergence required to apply
Lemma 2.25, and it might surprise you that this isn’t true. What happens is that two
different notions of absolute convergence have arisen, and the “absolute convergence”
notion of (2.15) is different from the “absolute convergence” notion of Lemma 2.25.
These notions are, respectively, those of equations (2.16) and (2.17). We will untangle
this problem step-by-step.
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Observe first that the term (Z™) ;i is a homogeneous polynomial of degree m in
the variables z11, z12, . . ., Zun. That is, we can write it as

my o _ (jk) A
(Z )]k - Z CJ'1k1~~~J'mkaJ1kl Z jmkm>
(j1,k1)S"'S(jm,km)

where cj(ljlfl) ik, AT€ non-negative integral coefficients and if (ay, by), (a, b;) € N2,
we write (ay, by) < (ay, by) if either a; < a; or a; = a, and by < b,. That is, < is the
lexicographical order in N?. In other words: we are reading the matrix elements from

left to right and from up to down.

With these notations, the absolute convergence of (2.14) is written as

[e)
(jk)
Z [am] Z € kv Zik1 " Bk | < 00 (2.16)
m=0 (jl:kl)s'“s(jmkm)

for Z € By, (c)(0, €). Problem is, from (2.16) it does not follow that

(o)

ik
Z ] Z cﬁljkl)...jmkm |Zj1k1 " 'ijkm| < +oo, (2.17)
m=0 (k1) << (imokm)

which is the actual condition we would need to apply Lemma 2.25.

We will see how to workaround this matter. Let Z, € By, (c)(0, ¢) be fixed. We
shall see that f is differentiable in Zj.

Define the matrix Zps = (|2o,jk|) to be the matrix of absolute values of the entries
of Zy. Then Zy,s € By, (c)(0,€). Let 1 be the n X n matrix whose entries are all equal
to 1 and pick some § > 0 such that Z’ := Zys + 61 € By, () (0, €) (such a § always
exists for By, (c) (0, €) is open). This way, it is the case that Z, € D/, where

Dz = [ | Be(0.1(Z)) = [ | Be(0, lzoul + )

jk=1 Jk=1

(this notation is taken from Lemma 2.25). Now, since ||Z’|| < ¢ the series ﬁk(Z’)
of (2.14) is convergent, and thus, it converges absolutely in the sense of (2.16), just
as before. Moreover, because (and only because) the entries of Z’ are all positive, it
also converges absolutely in the sense of (2.17). Thus, by Lemma 2.25 the complex
multivariate series

Cﬁ'lj]];)_._jmkmzjlkl C Zjmkm

m=0  (jrki)< < (jmkm)

converges in all Dz and is infinitely differentiable there. So f is infinitely differen-
tiable in Dz N By, (c)(0, €), an open set which contains Z. O

In particular, the theorem applies for the matrix exponential and the matrix log-
arithm. Thus, the matrix exponential is everywhere C* and the matrix logarithm is
C® in By, (c) (I, 1).



3 ‘ Lie Algebras

3.1 Definitions and First Examples

We now introduce the “abstract” notion of a Lie algebra. In a coming section we will
associate to each matrix Lie group a Lie algebra. It is customary to use lower case
Gothic (Fraktur) characters such as g and ) to refer to Lie algebras.

| Definition 3.1. A real or complex Lie algebra is a real or complex algebra
(@, [+,-]) such that

e [+ ] is anti-symmetric: [X, Y] = —[Y,X] forall X, Y € g.
« The Jacobi identity holds:

(X, [V, Z]1+ [V, [Z2,X]] + [Z,[X,Y]] =0

forall X,Y,Z € g.

The map [, -] is referred to as the Lie bracket or bracket operation on g. If
(A, [--]) is a real or complex algebra, then its bilinear form [, -] is anti-symmetric
if and only if it is alternating, i. e., [X,X] = 0 for every X € A. It is clear that
anti-symmetry implies alternation. For the converse, if [-, -] is alternating, then 0 =
(X+Y,X+Y]=[X,X]+ [V, Y]+ [X, Y]+ [V, X]=[XY]+[Y,X].

Note that the anti-symmetry condition for the Lie bracket implies that if g is a Lie
algebra, then g is commutative if and only if its Lie bracket is trivial, [ X, Y] = 0 for all
X,Y € g. In general, the Lie bracket of a Lie algebra is not associative; nevertheless,
the Jacobi identity can be viewed as a substitute for associativity.

Example 3.2. Letg=R3andlet [, ] : R® x R® — R be given by
[x,y] =x X%y,

where x X y is the cross product (or vector product). Then g is a Lie algebra.
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Proof. Bilinearity and anti-symmetry are standard properties of the cross product. To
verify the Jacobi identity, it suffices (by bilinearity) to verify it when x = e;, y = ex and
z = e, where ey, e; and es are the standard basis elements for R3. If either j = k = [
or j,k,l are all distinct, then each term in the Jacobi identity is zero. It remains to
consider the case in which two of j, k, [ are equal and the third is different: we must
verify the identity

les, e ex]] + [e). [ens ej]] + [ex. [e. ;] = 0. (3.1)

The first two terms in (3.1) are negatives of each other and the third is zero. O

Given an associative algebra A, we define its commutator [-,:] : AX A — A
as [X,Y] = XY - YX for X,Y € A. This way, X and Y commute in A if and only if
[X,Y] =0.

| Proposition 3.3.  Every associative algebra is also a Lie algebra with the commuta-
tor as the Lie bracket.

Proof. The bilinearity and anti-symmetry of the bracket are evident. To verify the
Jacobi identity, note that each double bracket generates four terms, for a total of 12
terms. It is left to the reader to verify that the product of X, Y and Z in each of the six
possible orderings occurs twice, once with a plus sign and once with a minus sign. O

If we look carefully at the proof of the Jacobi identity, we see that the two oc-
currences of, say, XYZ occur with different groupings, once as X(YZ) and once as
(XY)Z. Thus, associativity of the algebra (A is essential. For any Lie algebra, the Ja-
cobi identity means that the bracket operation behaves as if it were XY — YX in some
associative algebra, even if it is not actually defined this way. As a curiosity, every Lie
algebra can be embedded in an associative algebra in such a way that the Lie bracket
becomes XY — YX, it is the universal enveloping algebra of a Lie algebra (cf. Sect. 9.3
of [Hall1] for more on this topic).

Of particular interest to us is the case in which A is the space M,(C) of n X n
complex matrices.

| Definition 3.4. A subalgebra of a real or complex Lie algebra g is a subspace b of
g such that [Hy, Hy] € b for all Hy, H, € §). If g is a complex Lie algebra and b is a real
subspace of g which is closed under brackets, then } is said to be a real subalgebra

of g.

A subalgebra of a Lie algebra is a Lie algebra by its own right, with the restriction
of the Lie bracket to the subalgebra in question.

Example 3.5. Let sl(n;C) be the space X € M,(C) for which trace X = 0. Then
sl(n; C) is a Lie subalgebra of M, (C).
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Proof. For any X and Y in M, (C), we have
trace(XY — YX) = trace(XY) — trace(YX) = 0,

since trace is invariant under cyclic permutations (Lemma 1.10). O

| Definition 3.6. If g and b are Lie algebras, then a linear map ¢ : g¢ — b is
called a Lie algebra homomorphism if it preserves Lie brackets; that is, ¢ ([ X, Y]) =
[¢(X),p(Y)] for all X, Y € g.If, in addition, ¢ is bijective, then ¢! is also a Lie alge-
bra homomorphism and ¢ is then called a Lie algebra isomorphism. A Lie algebra
isomorphism of a Lie algebra with itself is called a Lie algebra automorphism.

Indeed, if ¢ : g — b is a bijective Lie algebra homomorphism, then ¢! is linear
and a Lie algebra homomorphism: for every Z, H € b there exists unique X,Y € g
such that ¢(X) = Z, ¢(Y) = H and we have

¢~ ([2,H]) = ¢ ([pC). ¢ = ¢~ ($(X. YD) = [X. Y] = [¢7(2). 6" (V)].

| Definition 3.7. If g is a Lie algebra and X is an element of g, define a linear map
adyx : @ — g by
adx(Y) = [X,Y].

The map X + ady is the adjoint map or adjoint representation.

Although adx(Y) is just [X, Y], the alternative “ad” notation can be useful. For
example, instead of writing

[X, [X, X, [X, Y],

we can now write
(adx)*(Y).

This sort of notation will be essential in chapter 5. We can view ad (that is, the map
X +— ady) as a linear map of g into End(g), the space of linear operators on g. The
Jacobi identity is interpretable in terms of the properties of ady. In a real or complex
algebra (A, [-,-]) a derivation is a linear map D : A — A that satisfies Leibniz’s
law:

D([X,Y]) = [D(X),Y] +[X,D(Y)].

The concept of a derivation generalizes the product rule d(ftg) = %g +f fl—? for real

differentiable functions. With this terminology, it turns out that the Jacobi identity is

equivalent to the assertion that ady is a derivation in the Lie algebra:

adx ([Y,Z]) = [adx(Y), Z] + [Y,adx (2)].
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| Proposition 3.8. Ifg is a Lie algebra, then
ad[X,y] = adx ady - ady adx = [adx, ady];

that is, ad : ¢ — End(g) is a Lie algebra homomorphism.

Proof. Observe that
adixy(2) = [[X, Y], Z],

whereas
[adx, ady](Z) = [X, [V, Z]] - [V, [X, Z]].

Thus, we want to show that
[[Xs Y]’Z] = [X’ [Y’Z]] - [Ys [X’Z]]’

which is equivalent to the Jacobi identity. O

| Definition 3.9. If g; and g, are Lie algebras, the direct sum of g; and g; is the
vector space direct sum of g; and g, with the bracket given by

[(X1, X2), (Y1, Y2)] = ([X3, 1], [Xo, Ya) . (3.2)

If g is a Lie algebra and g; and g, are subalgebras, we say that g decomposes as the
Lie algebra direct sum of g; and g, if g is the direct sum of g; and g, as vector spaces
and [X1, X3] = 0for all X; € g; and X, € g».

It is straightforward to verify that the bracket in (3.2) makes g; @ g, into a Lie
algebra. If g decomposes as a Lie algebra direct sum of subalgebras g; and g, it is
easy to check that g is isomorphic as a Lie algebra to the “abstract” direct sum of g;
and g;. (This would not be the case without the assumption that every element of g;
commutes with every element of g;.)

| Definition 3.10. Let g be a finite-dimensional real or complex Lie algebra, and let
Xi,...,XnN be a basis for g (as a vector space). Then the unique constants cjx; such

that
N

[X5. X, = Z Cik1Xi
I=1
are called the structure constants of g (with respect to the chosen basis).

Although we will not have much occasion to use them, structure constants do ap-
pear frequently in the physics literature. The structure constants satisfy the following
two conditions:

Cjkl + ckj1 = 0,

Z (Cjkncnlm + CkinCnjm + Cljncnkm) =0
n
for all j, k,I, m. The first of these conditions comes from the anti-symmetry of the
bracket, and the second comes from the Jacobi identity.
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3.2 The Lie Algebra of a Matrix Lie Group

In this section, we associate to each matrix Lie group G a Lie algebra g. Many questions
involving a group can be studied by transferring them to the Lie algebra, where we
can use tools of linear algebra. We begin by defining g as a set, and then proceed to
give g the structure of a Lie algebra.

| Definition 3.11. Let G be a matrix Lie group. The Lie algebra of G, denoted g or
Lie G, is the set of all matrices X such that e!X is in G for all real numbers ¢.

Equivalently, X is in g if and only if the entire one-parameter subgroup (Definition
2.22) generated by X lies in G. Note that merely having X in G does not guarantee that
X is in g. Even though G is a subgroup of GL(n; C) (and not necessarily of GL(n;R)),
we do not require that e'* be in G for all complex numbers ¢, but only for all real
numbers ¢t. We will show in Sect. 3.7 that every matrix Lie group is an embedded
submanifold of GL(n; C). We will then show that g is the tangent space to G at the
identity.

We will now establish various basic properties of the Lie algebra g of a matrix Lie
group G. In particular, we will see that there is a bracket operation on g that makes g
into a Lie algebra in the sense of definition 3.1.

| Theorem 3.12. Let G be a matrix Lie group with Lie algebra g. If X and Y are
elements of g, the following results hold.

1. AXA™ e g forall A €G.

2. sX € g for all real numbers s.
3. X+Y€q.

4 XY -YX €g.

It follows from this result and Proposition 3.3 that the Lie algebra of a matrix Lie
group is a real Lie algebra, with bracket given by [X, Y] = XY — YX.

Proof. For Point 1, we observe that, by Proposition 2.12,
et(AXA_l) — Ael’XA—l e G

for all t, showing that AXA™!isin g. For Point 2, we observe that e!X) = 19X which
must be in G for all t € R if X is in g. For Point 3 we use the Lie product formula,

which says that
et(X+Y) = lim (etX/metY/m)m.
m—0o0

(Theorem 2.20.) Thus, (eX/™e!Y/m)™ is in G for all m. Since G is closed, the limit must
be again in G. This shows that X + Y isin g.
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Finally, for Point 4, we use the product rule! and Proposition 2.13 to compute
d
— (etX Ye_tX) = (XY)e’ + (e°Y) (=X)
dt t=0
=XY-YX.

tXYe—tX

Now, by Point 1, e is in g for all ¢. Furthermore, by Points 2 and 3, g is a real

subspace of M, (C), from which it follows that g is a (topologically) closed subset of
M, (C). Thus,

. thYC_hX -Y
XY-YX=lim————
h—0 h

belongs to g. O

Note that even if the elements of G have complex entries, the Lie algebra g of G is
not necessarily a complex vector space, since Point 2 holds, in general, only for s € R.
Nevertheless it may happen in certain cases that g is a complex vector space.

| Definition 3.13. A matrix Lie group G is said to be complex if its Lie algebra g
is a complex subspace of M, (C), that is, if iX € g for all X € g.

Examples of complex groups are GL(n; C) and SL(n;C), as the calculations in
Sect. 3.3 will show.

| Proposition 3.14. If G is commutative then g is commutative.

We will see in Sect. that if G is path-connected and g is commutative, G must be
commutative.

Proof. For any two matrices X,Y € M,(C), the commutator of X and Y may be

3

If G is commutative and X and Y belong to g, then e'X commutes with €' and the
expression in parentheses on the right hand side of (3.3) is independent of t, so that
[X,Y] =0. O

computed as

(3.3)

_d(d ix v x
[X,Y]—dt(dse ee

t=0

Hf A,B:1C R — M,(C) are differentiable matrix-valued functions, where I is an open interval,

dA(t) dB(t)
o B(t) + A(t) o . Indeed,

d
the product rule for matrices is E(A(t)B(t)) =

@ a8 - pim AL+ D) ZAWBE) _ | AG BB+ h) ~ AWB(E + B) + AWB( +) ~ AWB()
dt h—0 h h—0 h
A(t+h) — A()

= lim | =—————B(1+ h)) + lim (A(t)

B(t+h) —B()\ _ dA(})
h T dr

dB(1)

B(t) + A(t) T
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3.3 Examples

Physicists are accustomed to using the map ¢ > X rather than t + e'X. Thus, the
physicists’ expressions for the Lie algebras of matrix Lie groups will differ by a factor
of i from the expressions we now derive.

Note that if G and H are matrix Lie groups, then G N H is also a matrix Lie group
and, by logic, we have Lie(G N H) = Lie G N Lie H.

| Proposition 3.15. The Lie algebra of GL(n; C) is the space M,,(C) of alln X n ma-
trices with complex entries. Similarly, the Lie algebra of GL(n; R) is equal to M, (R). The
Lie algebra of SL(n; C) consists of all n X n complex matrices with trace zero, and the
Lie algebra of SL(n; R) consists of all n X n real matrices with trace zero.

We denote the Lie algebras of these groups as gl(n; C), gl(n; R), sl(n; C), and sl(n; R),
respectively.

Proof. If X € M,(C), then e'X is invertible, so that X belongs to the Lie algebra of
GL(n;C). If X € M,(R), then e'X is invertible and real, so X is in the Lie algebra of
GL(n;R). Conversely, if X is real for all real ¢, then X = d(e'X)/dt|;=o must also be
real. If X € M,(C) has trace zero, then by Theorem 2.21, det(e'X) = 1, showing that
X is in the Lie algebra of SL(n; C). Conversely, if det(e!X) = e!2¢(X) = 1 for all real
t, then

d
trace(X) = —e!raceX| =
dt t=0
Finally, the Lie algebra of SL(n; R) = SL(n; C) N GL(n; R) equals sl(n; C) N gl(n; R),
the set of n X n real matrices with trace zero. O

| Proposition 3.16. The Lie algebra of U(n) consists of all complex matrices satisfy-
ing X* = =X (that is, X is anti-Hermitian) and the Lie algebra of SU(n) consists of all
complex matrices satisfying X* = —X and trace(X) = 0. The Lie algebra of the orthog-
onal group O(n) consists of all real matrices X satisfying X' = =X and the Lie algebra
0f SO(n) is the same as that of O(n).

The Lie algebras of U(n) and SU(n) are denoted u(n) and su(n), respectively. The
Lie algebra of SO(n) (which is the same as that of O(n)) is denoted so(n).

Proof. A matrix U is unitary if and only if U* = U~'. Thus, e is unitary if and only
if

* -1
(etX) = (etX) = e X, (3.4)
By Point 2 of Proposition 2.12, (etx)* = ¢X" and so (3.4) becomes

X =X, (3.5)
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The condition (3.5) holds for all real ¢ if and only if X* = —X (for the implication to
the right, apply %(‘)h:o to (3.5)). Thus, the Lie algebra of U(n) consists precisely of
matrices X such that X* = —X. The Lie algebra of SU(n) = U(n) N SL(n; C) equals
u(n) Nsl(n; C), the family of anti-Hermitian matrices with trace zero. The Lie algebra
of O(n) = U(n) N GL(n;R) equals u(n) N gl(n; R), the family of real anti-symmetric
matrices. Observe that a matrix X € Lie(O(n)) has trace zero, for X is real and so
X" = —X implies that the diagonal elements must be zero. Finally, the Lie algebra of
SO(n) = O(n) N SL(n;R) equals Lie(O(n)) N sl(n;R) = Lie(O(n)), the set of real

anti-symmetric matrices (which therefore must have trace zero). O

| Lemma 3.17. A linear function between Lie algebras preserves Lie brackets if and
only if it preserves them over a generating set. Specifically, let g and) be real or complex
Lie algebras, let {e;}jcr C g be such that span({e;};ey) = g and suppose that¢p : g — b
is linear. Then ¢ is a Lie algebra homomorphism if and only if

¢(lej exl) = [p(ej). p(ex)], forall j k €1 (3.6)

Furthermore, if ¢ is additionally a vector space isomorphism, then ¢ is a Lie algebra
isomorphism if and only if (3.6) holds.

Proof. 'We begin by proving the first part of the lemma.
(=) It is clear.

(&) Let u,0 € g. There exists a finite set /] C I and scalars a;, b;, for j € J, such
that
u= Z ajej, v= Z bje;.

jeJ jeJ
By bilinearity of the bracket and linearity of ¢, we have

¢ ([u,0]) = ¢ Zajej,Zbkek)

JjeJ keJ

=¢ Z ajbk[ej, ek])

j’ke]

= > ajbid(lej, )

jkeJ

= Z ajbk [(ﬁ(ej), ¢(ek)]

jke]

= | > aigle)), > beglen)

| j€J keJ

- _¢ (Z ajej),gb(z bkek)

jeJ kej
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= [¢(u), ¢(v)].

For the second part of the lemma, the implication (=) is clear again so we prove
(&).If ¢ is a vector space isomorphism and (3.6) holds, then we have already proven
that ¢ is also a Lie algebra homomorphism. But then, by definition, ¢ is also a Lie
algebra isomorphism. O

Example 3.18. From Proposition 3.16 it follows that the following elements form a
basis for the Lie algebra su(2):

1(i O 1(0 i 1(0 -1
Ei==(" "), E=2{ 1), E=- .
210 —i 2\i 0 2\1 0
These elements satisfy the commutation relations [Eq, E;] = Es, [Es, E3] = Ei, and

[Es, E1] = E;. In the same manner, from Proposition 3.16 it follows that the following
elements form a basis for the Lie algebra so(3):

00 O 0 01 0 -1 0
F1 =10 0 -1 5 Fg = 0 0 0 5 F3 =|1 0 0].
01 0 -1 0 0 0 0

These elements satisfy the commutation relations [F;, F;] = Fs, [Fy, F3] = Fy, and
[F3, F1] = F,.

Note that the listed relations completely determine all commutation relations among,
say, Eq, E,, and E3, since by the anti-symmetry of the bracket, we must have [Ey, E{] =
0, [E,, E1] = —E3, and so on. Since E1, E,, and Ej satisfy the same commutation rela-
tions as Fy, F;, and F3, by Lemma 3.17 the two Lie algebras are isomorphic.

3.4 Categories and Functors

The text of this section is taken from sections 1.1 and 1.3 of [Rieh]. We have added
minor notational and terminological changes and selected only the parts relevant for
this thesis.

A general strategy in Mathematics when one is dealing with a difficult object—
such as, say, a Lie group—is to associate each instance of this object with a new “sim-
pler” object, easier to study. Usually, the “simpler” object is cleverly chosen so as to
retain some kind of information of the difficult object, in a way that through the study
of the former one can obtain information of the latter.

In our case, the “simpler” object that we associate each Lie group with is its Lie
algebra. After all, vector spaces are easier to study than groups.
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The precise mathematical description of the association map G — Lie G, as Corol-
lary 3.31 asserts, is that of a functor. But before seeing that, we need to define the
concept of a functor, of course. That is what we will do in this section.

A functor is a certain kind of map between categories.

| Definition 3.19. A category consists of

« aclass of objects X,Y,Z, ...
« aclass of morphisms f,g,h,...

so that:

« Each morphism has specified domain and codomain objects; the notation f :
X — Y signifies that f is a morphism with domain X and codomain Y.

« Each object has a designated identity morphism 1x : X — X.

« For any pair of morphisms f, g with the codomain of f equal to the domain of
g, there exists a specified composite morphism? gf whose domain is equal to
the domain of f and whose codomain is equal to the codomain of g, i. e.:

f:X->Y g¢g:Y—>Z ~ gf:X-—>Z
This data is subject to the following two axioms:

« For any f : X — Y, the composites 1y f and f1x are both equal to f.
« For any composable triple of morphisms f, g, h, the composites h(gf) and (hg) f
are equal and henceforth denoted by hgf.

fX->Y, ¢g:Y—>Z h:Z->W ~ hf:X->W.

That is, the composition law is associative and unital with the identity morphisms
serving as two-sided identities.

It is traditional to name a category after its objects; typically, the preferred choice
of accompanying structure-preserving morphisms is clear. Let’s see it with examples.

Example 3.20. Many familiar varieties of mathematical objects assemble into a cat-
egory.

(i) The category of sets, denoted Set, has the class of all sets as its class of objects
and has the functions between sets as its morphisms.
(if) Top has topological spaces as its objects and continuous functions as its mor-
phisms.
(iif) Group has groups as objects and group homomorphisms as morphisms. The
categories Ring of associative and unital rings and ring homomorphisms and
Field of fields and fields homomorphisms are defined similarly.

2The composite may be written less concisely as g o f when this adds typographical clarity.
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(iv) LieGrp has Lie groups as objects and Lie group homomorphisms as morphisms.
MtxLieGrp has matrix Lie groups as objects and Lie group homomorphisms be-
tween them as morphisms.

(v) If K is any field, Vectx is the category of K-vector spaces and K-vector space
homomorphisms. We also denote FinVectk the category of finite-dimensional
K-vector spaces and K-vector space homomorphisms between them.

(vi) If K = R or C, LieAlgxk is the category of Lie K-algebras and Lie K-algebra
homomorphisms. We also denote FinLieAlgy the category of finite-dimensional
Lie K-algebras and Lie K-algebra homomorphisms between them.

(vii) Man has differentiable manifolds as objects and differentiable functions as mor-
phisms.

(viii) Categories Set., Top,, and Man., have sets (respectively, topological spaces and
manifolds) with a specified basepoint as objects and base-point preserving (con-
tinuous, differentiable) functions as morphisms. That is, objects are pairs (X, x),
where X is a set (resp., a topological space or a manifold) and x € X; and mor-
phisms which have domain (X, x) and codomain (Y, y) are (continuous or dif-
ferentiable) functions f : X — Y such that f(x) = y. The category Set. (resp.,
Top,., Man,) is called the category of pointed sets (resp., of pointed topological
spaces and pointed manifolds).?

(ix) Meas has measurable spaces as objects and measurable functions as morphisms.

(x) Poset has partially-ordered sets as objects and order-preserving functions as
morphisms.

The previous examples are all instances of so-called “concrete” categories. In these
categories, each object of the category has an underlying set and morphisms are really
functions between these sets.

However, “abstract” categories are also prevalent:

Example 3.21.

(i) A group G defines a category with a single object. The group elements are its
morphisms, each group element representing a distinct endomorphism of the
single object, with composition given by multiplication. The identity element
e € G acts as the identity morphism for the unique object in this category. More
generally, this construction also works when G is a monoid.

(ii) For a unital ring R, Matp is the category whose objects are positive integers and
in which the set of morphisms from n to m is the set of m X n matrices with
values in R. Composition is by matrix multiplication

A B B-A
n—-m m—k ~ n—k

with identity matrices serving as the identity morphisms.

%In Spanish, “pointed set” is conjunto punteado.
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(iii) A poset (P, <) may be regarded as a category. The elements of P are the ob-
jects of the category and there exists a unique morphism x — y if and only
if x < y. Transitivity of the relation “<” implies that the required composite
morphisms exist. Reflexivity implies that identity morphisms exist. More gen-
erally, this same construction can be carried out if < is a preorder on P; that is,
a binary relation in P which is both reflexive and transitive (if < is additionally

antisymmetric then it is known as a partial order).

The previous examples illustrate the idea that morphisms in a category are not
always functions. For that reason, morphisms are also called arrows or maps, par-
ticularly in the contexts of examples 3.21 and 3.20, respectively.

Nonetheless, in the rest of this thesis the only categories we will ever consider are
just a few “concrete” categories: those of examples 3.20 (iv) and (v).

A subcategory D of a category C is defined by restricting to a subclass of ob-
jects and a subclass of morphisms subject to the requirements that the subcategory
D contains the domain and codomain of any morphism in D, the identity morphism
of any object in D, and the composite of any composable pair of morphisms in D. For
example, there is a subcategory CRing C Ring of commutative unital rings.

A category provides a context in which to answer the question “When is one
thing the same as the other thing?” Almost universally in mathematics, one regards
two objects of the same category to be “the same” when they are isomorphic, in a
precise categorical sense that we now introduce

| Definition 3.22. An isomorphism in a category is a morphism f : X — Y for
which there exists a morphism g : Y — X so that gf = 1x and fg = 1y. The objects
X and Y are isomorphic whenever there exists an isomorphism between X and Y,
in which case one writes X = Y.

An endomorphism, i. e., a morphism whose domain equals its codomain, that is
an isomorphism is called an automorphism.

Example 3.23.

(i) The isomorphisms in Set are precisely the bijections.
(ii) The isomorphisms in Group, Ring, Field, or Vectk are the bijective homomor-
phisms.
(iif) The isomorphisms in the category Top are the homeomorphisms, and the
isomorphisms in Man are the diffeomorphisms.

In mathematics, after introducing a new object, the next thing which is usually
introduced is the kind of map which allows to relate two instances of the same object.
They are the structure-preserving maps of a specific mathematical structure. In ab-
stract algebra, they are the homomorphisms, which relate two instances of the same
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algebraic structure, such as ring, group or module homomorphisms. In category the-
ory, the map which relates two categories is a functor.

| Definition 3.24. A functor® F : C — D, between categories C and D, consists of
the following data:

« An object Fc € D, for each object ¢ € C.

« A morphism Ff : Fc — Fc¢’ € D, for each morphism f : ¢ — ¢’ € C, so that the
domain and codomain of Ff are, respectively, equal to F applied to the domain
or codomain of f.

The assignments are required to satisfy the following two functoriality axioms:

« For any composable pair f,gin C, Fgo Ff = F(g o f).
« For each object c in C, F(1.) = 1p.

Put concisely, a functor consists of a mapping on objects and a mapping on morphisms
that preserves all of the structure of a category, namely domains and codomains, com-
position, and identities.

The previous definition is actually the definition for a covariant functor. In con-
trast, a contravariant functor F : C — D between categories C and D is a thing
which satisfies Definition 3.24 except the first functoriality axiom. Instead, and by
definition, a contravariant functor reverses compositions, so for any composable pair

f.gin C, we have F(go f) = Ff o Fg.
Example 3.25.

(i) There is a covariant endofunctor® P : Set — Set that sends a set A to its power
set PA = {A’ c A} and a function f : A — B to the direct-image function
f+ : PA — PBthatsends A’ ¢ Ato f(A’) C B.

(ii) There is a contravariant functor P : Set — Set that sends a set A to its power
set PA and a function f : A — B to the inverse-image function f~! : PB — PA
that sends B’ C Bto f~'(B’) C A.

(iii) Each of the categories listed in Example 3.20 has a forgetful functor,’ a general
term that is used for any functor that forgets structure, whose codomain is the
category of sets. For example, U : Group — Set sends a group to its underlying
set and a group homomorphism to its underlying function. The functor U :
Top — Set sends a topological space to its set of points. These mappings are
functorial because in each instance a morphism in the domain category has an
underlying function. Other instance of a forgetful functor may be U : LieGrp —
Man, which sends a Lie group to its underlying manifold, forgetting the group

*In Spanish, the word is funtor.
’>An endofunctor is a functor whose domain is equal to its codomain.
%In Spanish, the term is funtor olvidadizo.
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(vi)

(vii)

(viii)
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structure in the process. We also could define the analogous forgetful functor
U : LieGrp — Group.

There is a functor (—)* : Vectx — Vectx that carries a vector space to its dual
vector space V* = Hom(V, K). This functor is contravariant, with a linear map
¢ : V. — W sent to the linear map ¢* : W* — V* that pre-composes a linear

functional W -5 K with ¢ to obtain a linear functional V LA w5 K.

In algebraic topology, the fundamental group defines a covariant functor
1 : Top,, — Group; a continuous function f : (X, x) — (Y, y) between pointed
spaces induces a group homomorphism f. : m;(X,x) — m1(Y,y) and this as-
signment is functorial: it satisfies the functoriality axioms from Definition 3.24.
The chain rule expresses the functoriality of the derivative. Let Euclid, denote
the category whose objects are pointed finite-dimensional Euclidean spaces
(R", a)—or, better, open subsets thereof—and whose morphisms are pointed dif-
ferentiable functions. The total derivative of f : R” — R™, evaluated at the
designated basepoint a € R", gives rise to a the Jacobian matrix defining the
directional derivatives of f at the point a. If f is given by component functions
fiso s fm : R* = R, the (i, j)-entry of this matrix is a%,— fi(a). This defines the
action on morphisms of a covariant functor D : Euclid, — Matg; on objects, D
assigns a pointed Euclidean space its dimension. Given ¢ : R™ — R¥ carrying
the designated basepoint f(a) € R™ to gf(a) € R, the functoriality of D as-
serts that the product of the Jacobian of f at a with the Jacobian of g at f(a)
equals the Jacobian of gf at a. This is the chain rule from multivariable calculus.
A more sophisticated version of the previous Example 3.25 (vi) comes from dif-
ferential geometry. For each differentiable map f : M — N between manifolds
M and N, we have the derivative df, : T,M — Ty N at a point a € M be-
tween the tangent spaces of M at a and of N at f(a). This defines the action
on morphisms of a covariant functor d : Man, — FinVectr, which goes from
the category of pointed differentiable manifolds into the category of real finite
dimensional vector spaces; on objects, d assigns the pointed manifold (M, a)
its tangent space at a. Functoriality here is then precisely the chain rule in dif-
ferential geometry, d(g o f)s = dgs(a) © dfa. If instead of fixing our attention
to particular points on the manifolds, we consider the differential defined be-
tween the tangent bundles df : TM — TN, we get a covariant endofunctor
T : Man — Man. It sends the manifold M to its tangent bundle TM and it sends
the differentiable function f : M — N to the differentiable function df.

A groupoid is a category in which every morphism is an isomorphism. By
Example 3.21 (i), we can regard every group G as a category with one single
object, whose morphisms corresponds to the group elements. In this category,
every morphism is invertible, i.e., every morphism is an isomorphism. For that
reason, we can proceed backwards and define a group to be a groupoid with a
one single object. This begs the question: what is a functor between groups? If
G and H are groups (i.e., groupoids with one single object) and f : G — H is a
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functor, then f(gg’) = f(9)f(g’) for every two morphisms g,g" € G. That is, f
corresponds to a group homomorphism.

The following result is arguably the first lemma in category theory.
| Lemma 3.26. Functors preserve isomorphisms.

Proof. Consider a covariant functor F : C — D and an isomorphism f : x = yin C
with inverse g : y — x. Applying the two functoriality axioms:

F(@)F(f) = F(gf) = F(1x) = 1px.

Thus, Fg : Fy — Fx is a left inverse to Ff : Fx — Fy. Exchanging the roles of
f and g shows that Fg is also a right inverse. The proof when F is contravariant is
analogous. O

| Corollary 3.27.  Functors preserve isomorphic objects: if F : C — D is a functor and
x =2y inC, then Fx = Fy inD.

Examples of applications of Corollary 3.27 are:

(i) Any two path-connected homeomorphic topological spaces must have isomor-
phic fundamental groups (by Example 3.25 (v)).

(ii) Any two diffeomorphic manifolds must have same dimension, for their tangent
spaces must be isomorphic (by Example 3.25 (vii)); as well as diffeomorphic
tangent bundles.

Another remarkable property of functors is that they transform commutative dia-
grams into commutative diagrams, as a commutative diagram is just a graphical rep-
resentation of an equality between compositions of morphisms and functors preserves
composition of morphisms.

Converse of Lemma 3.26 is false. If D is a category with one single object x and
one single morphism—namely, 1,—then there is a functor F from any category C into
D which sends every object of C to x and every morphism of C to 1. If C has a
morphism f which is not an isomorphism, then F would send the non-isomorphism
f to the isomorphism 1. This can also provide a counterexample to the converse of
Corollary 3.27.

| Definition 3.28. A functor F : C — D is said to reflect isomorphisms if when-
ever f is a morphism of C such that Ff is an isomorphism in D then f is an isomor-
phism. The functor F is said to create isomorphisms if whenever x and y are objects
in C such that Fx = Fy then x = y. Lastly, the functor F is said to reflect and create
isomorphisms if it both reflects isomorphisms and creates isomorphisms.

In other words, F reflects isomorphisms if for all morphisms f of C, f is an iso-
morphism if and only if Ff is an isomorphism; and F creates isomorphisms if for all
objects x and y of C, x = y if and only if Fx = Fy.
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A functor that creates isomorphisms is one that is “injective on objects up to iso-
morphism.” Functors that reflect isomorphisms are sometimes also called conserva-
tive functors in the literature.

3.5 The Lie Functor

The following theorem tells us that a Lie group homomorphism between two Lie
groups gives rise in a natural way to a map between the corresponding Lie algebras.

| Theorem 3.29. Let G and H be matrix Lie groups, with Lie algebras g and b, re-
spectively. Suppose that ® : G — H is a Lie group homomorphism. Then there exists a
unique real-linear map ¢ : § — b such that

() = X (3.7)
forall X € g. Equivalently, such that the diagram

g —2

expl exp

G 2

S=x

Ss

commutes. The map ¢ has the following additional properties:

1. $(AXA™Y) = B(A)P(X)P(A)!, forallX € g, A € G.

2. ¢([X, Y] = [¢(X), d(Y)], forall X, Y € g.
3. $(X) = Lo(e!X)|1, forall X € g.

In practice, given a Lie group homomorphism ®, the way one goes about com-
puting ¢ is by using Property 3. In the language of manifolds, Property 3 says that
¢ is the derivative (or differential) of ® at the identity. By point 2, ¢ : ¢ — bhisa
Lie algebra homomorphism. Thus, every Lie group homomorphism gives rise to a Lie
algebra homomorphism. In Chapter 5, we will investigate the reverse question: If ¢ is
a homomorphism between the Lie algebras of two Lie groups, is there an associated
Lie group homomorphism ®?

Proof. The proof is similar to the proof of Theorem 3.12. Since ® is a continuous
group homomorphism, ®(e**) will be a one-parameter subgroup of H, for each X € g.
Thus, by Theorem 2.23, there is a unique matrix Z such that

d(e'X) = % (3.8)

for all t € R. We define ¢(X) = Z and check that ¢ has the required properties. First,
by putting ¢ = 1 in (3.8), we see that ®(eX) = e#X) for all X € g. Next, if d(e'X) = et?
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for all ¢, then ®(e**X) = "%, showing that ¢(sX) = s¢(X). Using the Lie product
formula (Theorem 2.20) and the continuity of ®, we then compute that

PP _ (et(X+Y))

=0 ( lim (etx/mety/m)m)

m— o0

= lim @((etx/mety/m)m)

m—-0oo

lim (q> (efX/m) o (etY/m))’”
= lim (et¢<><>/mer¢<¥>/m)’”

m-—0o0

= ¢! (P(X)+4(Y))

Differentiating this result at t = 0 shows that $(X +Y) = ¢(X) + ¢(Y).

We have thus obtained a real-linear map ¢ satisfying (3.7). If there were another
real-linear map ¢’ with this property, we would have

L!PX) — q)(etX) = !?'(X)
for all t € R. Differentiating this result at t = 0 shows that ¢(X) = ¢’ (X).

We now verify the remaining claimed properties of ¢. For any A € G, we have
et¢(AXA‘1) — e¢(tAXA‘1)

= g
= P(Ae* A
= D(A)D(e)D(A™Y)
= P(A)e? @A),
Differentiating the identity e/?“XA™) = ®(A)e'?X)P(A)~! at t = 0 gives Point 1.

Meanwhile, for any X and Y in g, we have, as in the proof of Theorem 3.12,
d

px YD = ere™| |

dt =0

_ E('b (etXYe—tX)

d
where we have used the fact that a derivative commutes with a linear transformation.”
Thus,

>

t=0

HUX YD) = Za(eN)F(N0( ™)

t=0

"That is to say, if f : U ¢ R" — R™ is differentiable at x, € U, where U is open, and ¢ : R™ — RF
is a linear function, then, by the chain rule D(/f)(x) = Dy¥(f(x0))Df(x0) = ¥Df(x0), for linear
functions are differentiable and coincide with its own differential. If n = 1 then the previous identity

says that %¢(f(x))|,(:x° =y ( %f(x)lx:xo)'
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d
= Eem(x)gb(Y)e_t‘ﬁ(X)

[¢(X), p(V)],

establishing Point 2. Finally, since ®(e'X) = e?(*X) = ¢/¢(X) we can compute ¢(X) as
in Point 3. |

t=0

Example 3.30. let ® : SU(2) — SO(3) be the homomorphism in Proposition 1.11.
Then the associated Lie algebra homomorphism ¢ : su(2) — so(3) satisfies

¢(E]) = Fj, j: 1, 2, 3,

where {Ej, Ey, Es} and {Fy, F,, F3} are the bases of su(2) and so(3), respectively, given
in Example 3.18.

Since ¢ maps a basis for su(2) to a basis for so(3), by Lemma 3.17 we see that ¢
is a Lie algebra isomorphism, even though @ is not a Lie group isomorphism (since
ker ® = {I,-I}).

Proof. If X is in su(2) and Y is in the space V in, then
d

d tX vy —tX
= —e’Y
7 e"Ye

T dt

t=0

Thus, ¢(X) is the linear map of V = R? to itself given by Y +— [X, Y]. If, say, X = Ej,
then direct computation shows that

E X1 X9 + iX3 Xi x; + 1x§
1 . = .
Nxp —ixs —x; x,—ixy  —x; |’

where (x7, x}, x5) = (0, —x3, x). Since

()Y - [X,Y].

t=0

0 00 0\/[x
—X3 | = 0 0 -1 X2 |, (39)
X2 01 0 X3

we conclude that ¢(E;) is the 3 X 3 matrix appearing on the right-hand side of (3.9),
which is precisely F;. The computation of ¢ (E;) and ¢(Es3) is similar and is left to the
reader. O

| Corollary 3.31.  There is a covariant functor, called the Lie functor,
Lie : MtxLieGrp — FinLieAlgr

from the category of matrix Lie groups and Lie group homomorphisms to the category of
finite-dimensional real Lie algebras and Lie algebra homomorphisms. The functor sends
each matrix Lie group G to its Lie algebra g, and it sends each Lie group homomorphism
® : G — H between matrix Lie groups to the induced Lie algebra homomorphism
¢ : g — b from Theorem 3.29.



3. LIE ALGEBRAS 55

Proof. The only thing we need to check is the functoriality axioms. Firstly, since
idg(eX) = X = €% it is clear that Lie(idg) = id4 for each matrix Lie group G. Let
®:H — K,¥ : G — H be Lie group homomorphisms between the matrix Lie groups
G,H, K. Write A = ® o ¥ and denote ¢, {, A the Lie algebra homomorphisms induced
by &, ¥, A, respectively. For any X € g,

A(e™) = &(¥ (X)) = (M) = £V,

Hence, A(X) = ¢(¢(X)). The functor is thus covariant. O
| Corollary 3.32. Any two isomorphic matrix Lie groups have isomorphic Lie alge-
bras.

Proof.  Application of Lemma 3.26. O

Example 3.18 gives a counterexample for the converse: su(2) and so(3) are iso-
morphic although SU(2) and SO(3) are not, as SU(2) is simply connected and SO(3)
is not (see respectively the comments following proof of Proposition 1.9 and the last
paragraph after the proof of Corollary 1.12). In other words, the Lie functor doesn’t
create isomorphisms. This functor neither reflects isomorphisms: In Example 3.30,
even though Lie® = ¢ : su(2) — so(3) is an isomorphism, ® : SU(2) — SO(3) is
not, for ker ® = {I, —I}.

However, in Sect. 5.2 we will see that we can restrict the Lie functor to a subcate-
gory of MixLieGrp so that the restricted functor will reflect and create isomorphisms.
Namely, the the subcategory of simply connected matrix Lie groups.

| Proposition 3.33. If® : G — H is a Lie group homomorphism and Lie® = ¢ :
g — b is the associated Lie algebra homomorphism, then the kernel of ® is a closed,
normal subgroup of G and the Lie algebra of the kernel is given by

Lie(ker ®) = ker(Lie ®).

Proof.  Since @ is continuous, ker @ is closed, so it is a matrix Lie group. If X € ker ¢,
then
(X)) = X = [,

for all t € R, showing that X is in the Lie algebra of ker ®. In the other direction, if
e'X lies in ker @ for all t € R, then

e = (™) =1

for all t. Differentiating this relation with respect to t at t = 0 gives that ¢(X) = 0,
showing that X € ker ¢. O

| Definition 3.34 (The Adjoint map). Let G be a matrix Lie group, with Lie algebra
g. Then for each A € G, define a linear map Ady : ¢ — g by the formula

Ady(X) = AXA™
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| Proposition 3.35. LetG be a matrix Lie group, with Lie algebrag. Let GL(g) denote
the group of all invertible linear transformations of §. Then the map A — Ad, is a homo-
morphism of G into GL(g). Furthermore, for each A € G, Ad, satisfies Ada([X,Y]) =
[Ada(X),Ada(Y)] forall X,Y € g.

Proof. Easy. Note that Point of Theorem 3.12 guarantees that Ads(X) is actually in
g forall X € g. O

That is, the map A +— Ady is really a homomorphism of G into the group of Lie
algebra automorphisms of g. By GL(g) we denote the vector space automorphisms of
g, which do not necessarily preserve the bracket of g.

Since g is a real vector space with some dimension k, GL(g) is essentially the same
as GL(k;R)). Thus, we will regard GL(g) as a matrix Lie group.® The map Ad : G —
GL(g) is continuous. Let {Xi, ..., X} be a basis of g and let f : g — R¥ be the linear
isomorphism given by f(X;) = e;, where e; is the i-th vector of the canonical basis of
R, Then, for each A € G the matrix of Ad, : ¢ — g with respect to this basis is

(f (Ada(XD) | -+ | f(Ada(XD)) = (FAXIATY) | -+ | FAXAT)).

This matrix depends continuously on A, for it is component-wise continuous in A.
Thus, Ad is a Lie group homomorphism.

The Lie functor sends Ad : G — GL(g) to the Lie algebra homomorphism

ad: g — gl(g)
X +— ady,

with the property that
eadX = Adex .
Equivalently, the diagram
d
g —— gl(g)

exp\L \Lexp

G 243 GL(g)

commutes. Here, gl(g) = Lie(GL(g)) is the space of all linear maps from g to itself,
with bracket equal to the commutator of operators.’

8Choosing a basis in g allows to identify GL(g) with GL(k;R). The set GL(g) can be endowed
with a canonical differentiable structure that makes any such bijection GL(g) — GL(k; R) become
a diffeomorphism. See comments before Definition 4.2 regarding the differential structure in GL(V),
with V any finite-dimensional vector space.

9Similarly as before, the space gl(g) can be endowed with a canonical differentiable structure that
makes any linear isomorphism GL(g) = GL(k;R) become a diffeomorphism. As before, see comments
before Definition 4.2 as well.
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| Proposition 3.36. Let G be a matrix Lie group, let g be its Lie algebra, and let
Ad : G — GL(g) be as in Proposition 3.35. Let ad = LieAd : ¢ — gl(g) be the
associated Lie algebra map. Then for all X,Y € g

ady(Y) = [X, Y]. (3.10)

The proposition shows that our usage of the notation ady in this section is con-
sistent with that in Definition 3.7.

Proof. By Point 3 of Theorem 3.29, ad can be computed as follows:

d

adX = — Ad,ix .

dt™ 7|2
If V is a finite-dimensional real vector space of dimension n, the space End(V) of
linear endomorphisms in V' can be identified with R™ . The application map

app : End(V) xV -V
(A 0) — Av

is continuous and thus, if A : (—¢,0) U (0,¢) — End V is such that lim;_,g A(t) exists,

we have
app (lim A(1),0) = lim app(A(1), ).

Hence,
d
adx(Y) = — Ad,wx (Y)
dt 10
d
= — Ad t Y
dt e X( ) =0
— ietX Ye—l'X
dt 10
= [X,Y],
as claimed. O

We have proved, as a consequence of Theorem 3.29 and Proposition 3.36, the fol-
lowing result.

| Proposition 3.37. For any X in M,(C), let ady : M,(C) — M,(C) be given by
adx Y = [X,Y]. Then for any Y in M, (C), we have

eXYe ™ = Adx(Y) = e*¥(Y),

where )
N (Y) =Y +[X, Y] + 5[x, [X, Y]] +---.
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3.6 The Complexification of a Real Lie Algebra

In studying the representations of a matrix Lie group G (as we will do in later chap-
ters), it is often useful to pass to the Lie algebra g of G, which is, in general, only a
real Lie algebra. It is often useful to pass to an associated complex Lie algebra, called
the complexification' of g.

| Definition 3.38. IfV is a finite-dimensional real vector space, then the complex-
ification of V, denoted V, is the space of formal linear combinations

U1 + 10y,

with vy, v, € V. This becomes a real vector space in the obvious way and becomes a
complex vector space if we define

i(Ul + iZ)z) = —0y + i0q.

We could more pedantically define V¢ to be the space of ordered pairs (v1, v2) with
01,02 € V, but this is notationally cumbersome. It is straightforward to verify that the
above definition really makes V¢ into a complex vector space. We will regard V as a
real subspace of V¢ in the obvious way.

| Proposition 3.39. Let g be a finite-dimensional real Lie algebra and gc its complex-
ification. Then the bracket operation on g has a unique extension to gc that makes gc
into a complex Lie algebra. The complex Lie algebra gc¢ is called the complexification
of the real Lie algebra g.

Proof. The uniqueness of the extension is obvious, since if the bracket operation on
gc is to be bilinear, then it must be given by

[X1 +iXo, Y1 +iY2] = ([X1, V1] = [Xo, Ya]) + i ([ Xy, Yol + [Xo, V1) (3.11)

To show existence, we must now check that (3.11) is really bilinear and antisymmet-
ric and that it satisfies the Jacobi identity. It is clear that (3.11) is real bilinear, and
antisymmetric. The antisymmetry means that if (3.11) is complex linear in the first
factor, it is complex linear in the second factor. Thus, we need only show that

[ (X1 +iX2),Y1+iYs] =i [ X1 +iXo, Y1 +iY,]. (3.12)
The left-hand side of (3.12) is
[-X2 +iX1, Y1+ iY2] = (= [Xo, V1] = [X0, Y2]) + i ([ X0, V1] = [Xa, Y2]),
whereas the right-hand side of (3.12) is

i{([X1, V1] = [Xo, Yol) +1 ([ X2, V1] + [ X4, Y2 )}
= (= [Xo, 1] = [ X1, Vo) +i ([ X3, V1] = [ X3, Y2])

Tn Spanish, complejificacién.
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and, indeed, these expressions are equal. It remains to check the Jacobi identity. Of
course, the Jacobi identity holds if X, Y, and Z are in g. Furthermore, for all X, Y, Z €
gc, the expression
[X, [V, Z]] + [V, [Z2, X]] + [Z, [ X, Y]]

is complex-linear in X with Y and Z fixed. Thus, the Jacobi identity continues to hold
if X is in gc and Y and Z are in g. The same argument then shows that the Jacobi
identity holds when X and Y are in g¢c and Z is in g. Applying this argument one
more time establishes the Jacobi identity for g¢ in general. O

| Proposition 3.40. Suppose that g C M,(C) is a real Lie algebra and that for all
nonzero X in g, the element iX is not in g. Then the “abstract” complexification gc of g
from Proposition 3.39 is isomorphic to the complex Lie subalgebra of M, (C) of matrices
that can be expressed in the form X +iY with X and Y in g.

Proof. 'The complex subspace of M,,(C) of matrices of the form X +iY, with X, Y € g,
isindeed a subalgebra of M,,(C) since expression (3.11) is also valid when X3, X5, Y1, Y, €
g € M,(C).

Consider now the map from g¢ into M, (C) sending the formal linear combination
X + 1Y to the linear combination X + iY of matrices. This map is easily seen to be a
complex Lie algebra homomorphism. If g satisfies the assumption in the statement
of the proposition, this map is also injective and thus an isomorphism of g¢c with
g +ig c M,(C). O

Using the proposition, we easily obtain the following list of isomorphisms:

gl(m;R)c = gl(n; C),
u(n)c = gl(n; C),
su(n)c = sl(n; C),
sl(n; R)¢ = sl(n; C),
so(n)c = so(n;C).

IR

IR

Let us now verify two examples, those of the complexifications of u(n) and su(n). For
the first one, if X* = —X, then (iX)* = iX. Thus, X and X* cannot be both in u(n)
unless X is zero. Furthermore, every X in M,(C) can be expressed as X = Xj + iXj,
where X; = (X — X*)/2 and X, = (X + X™¥)/(2i) are both in u(n). This shows that
u(n)c = gl(n; C). The analogous argument also shows that every matrix of sl(n; C)
can be written in the form Xj +iX;, with Xj, X, € su(n). Conversely, if X;, X, € su(n),
then X; +iX5 has trace zero and is thus in sl(n; C). This shows that su(n)c = sl(n; C).

Although both su(2)c and sl(2;R)c are isomorphic to sl(2;C), the Lie algebra
su(2) is not isomorphic to sl(2; R). This is because sl(2; R) has two-dimensional sub-
algebras, whereas su(2) has not. Certainly, the matrices

oo =l )
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are both in sl(2; R), and they generate a two-dimensional subalgebra, as [H, X] = 2X.
On the other hand, if we consider the basis {Ej, Ez, Es} of su(2) given in Example
3.18, then the linear isomorphism ¢ : su(2) — R’ given by §/(E;) = e;, where e;
is the j-th vector from the canonical basis of R?, is also a Lie algebra isomorphism
su(2) = (R3, x) by Lemma 3.17. Here (IR®, X) is the Lie algebra of Example 3.2. And
indeed in (R3, ) there are not two-dimensional subalgebras, since by the right-hand
rule any two linearly independent vectors of R® must have a perpendicular cross
product, this way being the whole R? the Lie subalgebra that they two generate.

| Proposition 3.41 (Universal property of the complexification of a Lie alge-
bra). Let g be a real Lie algebra, gc it complexification, and by an arbitrary complex
Lie algebra. Then every real Lie algebra homomorphism of g into ) extends uniquely to
a complex Lie algebra homomorphism of gc into b.

Proof. 'The unique extension is given by 7(X+iY) = n(X)+in(Y) forall X, Y € g.Itis
easy to check that this map is, indeed, a homomorphism of complex Lie algebras. O

3.7 The Exponential Map

| Definition 3.42. If G is a matrix Lie group with Lie algebra g, then the exponen-
tial map for G is the map
exp:g — G.

That is to say, the exponential map for G is the matrix exponential restricted to the
Lie algebra g of G. It can be shown that every matrix in GL(n; C) is the exponential
of some n X n matrix. Nevertheless, if G ¢ GL(n;C) is a closed subgroup, there may
exist A in G such that there is no X in the Lie algebra g of G with exp X = A.

Example 3.43. There does not exist a matrix X € sl(2; C) with

eX = (_1 ! ) (3.13)

0 -1

even though the matrix on the right-hand side of (3.13) is in SL(2; C).

Proof. If X € sl(2;C) has distinct eigenvalues, then X is diagonalizable and X will
also be diagonalizable (by Point 6 of Proposition 2.12), unlike matrix on the right-hand
side of (3.13). If X € sl(2;C) has a repeated eigenvalue, this eigenvalue must be 0 or
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the trace of X would not be zero. Thus, there is a nonzero vector v with Xv = 0, from
which it follows that

eXv = (i %X’"

m=0 "

(o)

1
v = E — X" =04+0+0+---=0,
Om!
m=

where we have used the continuity of the application map, as in proof of Proposition
3.36. We conclude that X has 1 as eigenvalue, unlike the matrix on the right-hand
side of (3.13). |

We see, then, that the exponential map for a matrix Lie group G does not neces-
sarily map g onto G. Furthermore, the exponential map may not be injective on g, as
may be seen, for example, from the case g = su(2): the matrices

2k i 0
0 —2kmi

are in su(2) and exp sends them all to the 2 X 2 identity matrix. Nevertheless, the
exponential map provides a crucial mechanism for passing information between the
group and the Lie algebra. Indeed, we will see that the exponential map is locally
bijective (Corollary 3.47), a result that will be essential later.

| Theorem 3.44. For0 < ¢ <log2, letU, = B, 0)(0,6) = {X € M (C) : ||X]| < ¢}
and let V; = exp(U;). Suppose G ¢ GL(n; C) is a matrix Lie group with Lie algebra g.
Then there exists ¢ € (0,log 2) such that for all A € V., A is in G if and only iflog A is
ing.

The condition ¢ < log 2 guarantees (Theorem 2.18) that for all X € U,, log(eX) is
defined and equal to X. Note that if log A is in g, then A = e!°84 is in G. Thus, the
content of the theorem is that for some ¢, having A in V. N G implies that log A must
be in g.

We begin with a lemma.

| Lemma 3.45. Suppose B, are elements of G and that B,, — 1. Let Y, = log By,
which is defined for sufficiently large m. Suppose that Y,, is nonzero for all m and that
Yo/l Y|l = Y € M,,(C). Then Y is in g.

Proof. Since B,, — I, we have ||Y,,|| — 0. Thus, we can find integers k,, such that
km ||Ym|| — t.!! Then, by the continuity of the exponential, we have

Y
1Yol

UFor real x, denote by | x| = max{k € Z : k < x} the floor function of x and by {x} = x — | x| the
mantissa of x, which is always 0 < {x} < 1. Then, if x,,, are non-zero real numbers with x,, — 0, we

have x,, LﬁJ =X, (L - {L}) =t—Xp {ﬁ} — tand k,, = [ﬁJ are the desired integers.

Xm

gkmim = exp

(Km 1Y)

] Y
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However,
ekntm = (¢¥m)km = (B,,)fm € G

and G is closed, and we conclude that e’¥ € G. This shows that Y € g. O

Proof of Theorem 3.44. Let us think of M,(C) as C" = R?" and let D denote the
orthogonal complement of g with respect to the usual inner product on R?". Consider
the map @ : M,(C) — M,(C) given by

®(Z) = eXe?,

where Z = X +Y with X € gand Y € D. By Theorem 2.28, the exponential is
continuously differentiable, and thus the map & is also continuously differentiable.
We may compute then that

d

Loux,0) =x
dt =0

d

—(0,tY =Y.
dt (.10 t=0

This calculation shows that the derivative of ® at the point 0 € R?"" is the identity.
(Recall that the derivative at a point of a function from R?" to itself is a linear map of
R2" to itself.) Since the derivative of ® at the origin is invertible, the inverse function
theorem says that ® has a continuous local inverse, defined in a neighborhood of I.

We need to prove that for some ¢, if A € V,.NG, then log A € g. If this were not the
case, we could find a sequence A,, in G such that A,, — I as m — oo and such that
for all m, log A, ¢ g.!2 Using the local inverse of the map ®, we can write A,, (for all
sufficiently large m) as

Ap =eme'm X, eq, Y, €D,

with X;,, and Y,, tending to zero as m tends to infinity. We must have Y,,, # 0, since

X

otherwise we would have log A,, = X, € g. Since e*” and A,, are in G, we see that

By = e XmA,, = e'm
isin G.
Since the unit sphere in D is compact, we can choose a subsequence of the Y,,’s
(still called Yy,) so that Y,/|| Y|l converges to some Y € D, with ||Y|| = 1. Then, by

the lemma, Y € g. This is a contradiction, because D is the orthogonal complement
of g. Thus, there must be some ¢ such that logA € g forall Ain V, N G. O

1

12 1ndeed, for each m > —— and setting e = -,

Tog? we could take some A, € Vi, NG withlog Ay, # g.

exp

For any 0 < ¢ < log2, the maps U, 2 V, are inverse homeomorphisms of each other, and V; is
log

open, since log is continuous and injective and we thus have V, = log’1 (Ue), where U, is open. Hence,

since {Ui/m}m>1/log2 is @ local basis at 0, we conclude that {V/p, }p>1/10g 2 is @ local basis at I. Thus, by

construction, A,,, — L.
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3.8 Consequences of Theorem 3.44

In this section, we derive several consequences of the main result of the last section,
Theorem 3.44.

| Corollary 3.46 (Closed-subgroup theorem for matrix Lie groups). Let G be
a matrix Lie group with Lie algebra g and let k be the dimension of g as a real vector
space. Then G is a smooth embedded submanifold of M,,(C) of dimension k and hence a
Lie group.

It follows from the corollary that G is locally path connected: every point in G has
a neighborhood U that is homeomorphic to a ball in R¥ and hence path connected.
Thus, the connected components of G coincide with its path connected components
(see, for example, Theorem 25.5 of [Mun]) and, in particular, G is connected if and
only if it is path connected.

Proof. Let ¢ be such that Theorem 3.44 holds. Then for any A, € G, consider the
neighborhood AV, of Ay in M,(C). Note that A € AyV, if and only if A;'A € V..
Define a local coordinate system on A,V; by writing each A € AV, as A = AyeX, for
X € U, ¢ M,(C). More precisely: the maps

AOV:e < Ue
A log(A'A)

AoeX — X

are inverse diffeomorphisms of each other, by Theorem 2.28. For A € A,V,, it follows
from Theorem 3.44 that A € G if and only if X = log(A;'A) € g. Thus, in this local
coordinate system defined near Ay, the group G looks like the subspace g of M, (C).
Since we can find such local coordinates near any point Ay in G, we conclude that G
is an embedded submanifold of M, (C).

Now, the operation of matrix multiplication is clearly smooth. Furthermore, the
map A — A™! is also smooth in GL(n; C) (Proposition 1.3). The restrictions of these
maps to G are then also smooth, showing that G is a Lie group. O

It follows that the exponential map of a matrix Lie group is smooth.

| Corollary 3.47. IfG is a matrix Lie group with Lie algebra g, there exists an open
neighborhood U of 0 in g and an open neighborhoodV of I in G such that the exponential
map takes U diffeomorphically onto V. Furthermore, the inverse of this map is the matrix
logarithm restricted to' V.

Proof. Let ¢ be such that Theorem 3.44 holds and set U = U.Ng and V = V.NG. Theo-
rem 3.44 implies that exp takes U onto V. Observe that V, is open, for the reason given
in footnote 12 of page 62, so V is open in G. Furthermore, exp is a diffeomorphism
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of U onto V, since by Theorem 2.28 it is differentiable and there is a differentiable
inverse map, namely, the restriction of the matrix logarithm to V. O

In other words, log and exp are local diffeomorphisms, respectively, at I € G and
at 0 € g between the group and the Lie algebra.

| Corollary 3.48. Suppose G C GL(n;C) is a matrix Lie group with Lie algebra g.
Then a matrix X is in g if and only if there exists a smooth curve y in M,(C) with
y(t) € G for allt and such that y(0) = I and % ,—o = X. Thus, g is the tangent space
at the identity to G.

Proof. If X is in g, then we may take y(t) = e’ and then y(0) = I and % o0 =
X. In the other direction, suppose y(t) is a smooth curve in G with y(0) = I. For
all sufficiently small ¢, we can write y(t) = e%®), where §(t) = log(y(t)) is in G
and §(0) = 0. Since exp is infinitely differentiable, Proposition 2.13 tells us that the
differential of exp at the zero matrix equals the identity, and thus, by the chain rule,

we have

y'(0) = Dexp(5(0))8'(0) = 5(0).

Since §(t) belongs to g for all sufficiently small ¢, we conclude (as in the proof of
Theorem 3.12) that §’(0) = y’(0) belongs to g. O

It follows that if G is matrix Lie group, then eXisin G for all t € (—¢,¢) if and
only if e'X is in G for all real t.

| Corollary 3.49. IfG is a connected matrix Lie group, every element A of G can be
written in the form
A=eKieXe. .. gXm (3.14)

for some X1, X5, ..., Xy, € g.

Even if G is connected, it is in general not possible to write every A € G as a
single exponential, A = exp X, with X € g. (See Example 3.43.) We begin with a
simple analytic lemma.

| Lemma 3.50. Suppose A : [a,b] — GL(n;C) is a continuous map. Then for all
€ > 0 there exists & > 0 such that if s, t € [a, b] satisfy |a — b| < 6, then

|A(s)A) ™ —1|| < e.
Proof. We note that

|A(s)A) ™ = 1| = ||[(AGs) — A A |

< I1AGs) - AW A . (.19

Since [a, b] is compact and the map ¢ — ||A(t)_1|| is continuous, there is a constant
C such that ||A(t)_1|| < Cfor all t € [a,b]. Furthermore, since [a, b] is compact,



3. LIE ALGEBRAS 65

Theorem 4.19 in [Rud1] in tells us that the map A is actually uniformly continuous
on [a, b]. Thus, for any ¢ > 0, there exists § > 0 such that when |s — t| < §, we have
I|A(s) — A(2)|| < ¢/C. Thus, in light of (3.15), we have the desired é. O

Proof of Corollary 3.49. Let V be a neighborhood of I in G such that V is contained
in the image of the exponential map of G (such a V exists due to Corollary 3.47). For
any A € G, choose a continuous path A : [0,1] — G with A(0) =1 and A(1) = A. By
Lemma 3.50, we can find some § > 0 such that if |s — t| < &, then A(s)A(t)"! € V.
Now divide [0, 1] into m pieces of equal length, where 1/m < §. Thenfor j =1,...,m,
we see that A((j — 1)/m)~1A(j/m) belongs to V, so that
A((j - 1)/m)A(j/m) = €9
for some elements Xj, ..., X, of g. Thus,
A=A0)"1A®1)
= A(0)T'A(1/m)A(1/m) T A(2/m) - - - A((m = 1) /m) T A(1)
= XX ... X

as claimed. O

Given a category C and objects x, y of C, it is traditional to write
C(x,y) or Hom(x,y)
for the class of morphisms from x to y.

| Definition 3.51. Let C and D be categories. A functor F : C — D is said to be

faithful®® if for each two objects x,y € C, the induced map C(x, v) KR D(Fx, Fy)
is injective. If O is a subclass of the class of objects of C, the functor F is said to be
faithful for morphisms departing O if for each two objects x of O and y of C the

map C(x,y) 4 D(Fx, Fy) is injective.
| Corollary 3.52.  The Lie functor is faithful for morphisms departing connected ma-
trix Lie groups.

Proof. Let G and H be matrix Lie groups with Lie algebras g and §, respectively, and
assume that G is connected. Suppose ®; and @, are Lie group homomorphisms of G
into H and let ¢; and ¢, be the associated Lie algebra homomorphisms of g into .
We assume ¢; = ¢, and show that then &, = &,.

Since G is connected, Corollary 3.49 tells us that every element of G can be written
as eX1eXe ... Xm ith X; € g. Thus,

(131(6X1 e eX’”) = <I>1(eX1) .. .q)l(eXm)
= e¢1(X1) e e¢l(Xm)

= e¢2(Xl) . e¢2(Xm)

= (I)z(exl e eXm)’

B1n Spanish, the word is funtor fiel.
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as claimed. O

| Corollary 3.53. Every continuous homomorphism between two matrix Lie groups
is smooth.

Proof. Let U and V be open neighborhoods, respectively, of 0 in g and of I in G

exp
such that U 2 V are inverse diffeomorphisms of each other. If g € G, then gV is
log

open, for the right-multiplication map in a Lie group is a homeomorphism (the inverse
of the continuous map h +— gh is the continuous map h +— ¢ 'h). Observe that
h € gV © g 'h € V and consider the coordinate map

figV—=U
h i+ log(g 'h)

from the open neighborhood gV of G and the open set U of the vector space g. It is
indeed a coordinate map, for it is a diffeomorphism: its inverse is f™! : X € U
geX € gV and both f and f~! are smooth, since exp and log are and so is right-
multiplication in a Lie group.

Let ® : G — G’ be a Lie group homomorphisms between matrix Lie groups G and
G’. Then ®, read with coordinates given by f, is

O(f71(X)) = 0(ge¥) = D(g)D(e¥) = B(g)e? ),

which is a smooth function of X € U, since right-multiplication and the exponential
map of a Lie group are both smooth. So we have that ®o f~! is smooth in U. Since f is
also smooth, the composition (® o f~!) o f = ®|,y is smooth as well. This shows that
for each g € G, the map @ is smooth in an open neighborhood of g; or, equivalently,
that ® is smooth in the whole G. m]

| Corollary 3.54. IfG is a connected matrix Lie group and the Lie algebra g of G is
commutative, then G is commutative.

This result is a partial converse to Proposition 3.14.

Proof.  Since g is commutative, any two elements of G, when written as in Corollary
3.49, will commute. O



4 | Basic Representation Theory

4.1 Representations and Actions

If M is a manifold, X is a set and f : M — X is a bijection, the function f induces both
a topology and a differentiable structure in X in a natural way, so that f is a diffeomor-
phism. Furthermore, this differentiable structure is independent of diffeomorphisms
in M in the following sense:

| Lemma 4.1. If¥ : M — M is a diffeomorphism, then the induced differentiable
structures on X by f and by f o ¥ are the same.

Proof. Let Xj and X, be the manifold with underlying set equal to X and with topol-
ogy and differentiable structure equal to that induced by f and f o¥, respectively. The
two topologies on X are the same one: since both f: M — X;and fo¥ : M — X,
are homeomorphisms, we have

U C X is open & f'(U) C M is open,
& Y I(f1(U)) c Mis open,
& (Fov) (¥ I(f1(U))) c X, is open.

U

Similarly, the two differentiable structures in X are the same one. Let U C X be open
in X (equivalently, in X;) and G € R" be open. Let U; and U, be the manifold with
underlying set equal to U and with differential structure equal to the restriction to U
of that of X; and X3, respectively. Then, since both f : M — X;and fo ¥ : M — X;
are diffeomorphisms, we have

¢ : Uy — G is a diffeomorphism & ¢ o f: f 1 (U) - G is a diffeom.
Spofo¥: ¥ (f1(U) -G isadiffeom.
S pofoVYo(fo¥)™':U,— G isadiffeom.

@
(4.1)
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The situation is depicted in the following commutative diagram:

v, L% () 2 ) L o,

]

Equivalence (4.1) means that coordinate maps of X; are the same ones as those of X,.
That is, X; = X, have same differential structure. O

If V is a finite-dimensional real or complex space, let GL(V) denote the group
of invertible linear transformations of V. If we choose a basis for V, we can identify
GL(V) with GL(n; R) or GL(n; C). Any such identification gives rise to a differentiable
structure on GL(V), and from Lemma 4.1 it follows that the differential structure is
independent of the choice of basis. With this discussion in mind, we think of GL(V)
as a matrix Lie group. Similarly, we let gl(V) = End(V') denote the space of all linear
operators from V to itself, which forms a Lie algebra under the bracket [X,Y] =
XY — YX. Choosing a basis in V allows to identify the space gl(V) with gl(n;R) or
gl(n; C), and as before, this identification induces a differentiable structure on gl(V)
which is seen to be independent of the choice of basis by Lemma 4.1.

| Definition 4.2. Let G be a matrix Lie group. A complex representation of G is
a Lie group homomorphism
I1: G — GL(V),

where V is a finite-dimensional complex vector space (with dim(V) > 1). A real
representation of G is a Lie group homomorphism IT of G into GL(V'), where V is a
finite-dimensional real vector space.

If g is a real or complex Lie algebra, then a complex representation of g is a Lie
algebra homomorphism 7z of g into gl(V'), where V is a finite-dimensional complex
vector space. If g is a real Lie algebra, then a real representation of g is a Lie algebra
homomorphism 7 of g into gl(V).

If IT or 7 is an injective homomorphism, the representation is called faithful.

If in any of the previous cases the involved vector space V is finite-dimensional,
the representation is called finite-dimensional.

All representations of Lie groups and Lie algebras that we shall consider will be
finite-dimensional. After all, matrices are the main object of interest in this thesis.

Whenever one wants to insist on the implicated vector space, a representation of
a Lie group or Lie algebra is sometimes also defined as a pair (V,II), where V and
IT are like in Definition 4.2. The analogous notation (V, 7) for a representation of a
Lie algebra may be used as well. Also, if it is the field of scalars of the vector space
what one wants to highlight, one speaks of a K-representation of a Lie group or Lie
algebra in a vector space V, where K is the field of scalars of V.
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A representation can be understood as a linear action of a group or Lie algebra on a
vector space (since, say, to every g € G, there associated an operator I1(g), which acts
on the space V). If the homomorphism IT : G — GL(V) is fixed, we will occasionally
use the notation

g-v (4.2)

in place of I1(g)v. We will often use terminology such as “Let II be a representation
of G acting on the space V”

If a representation II is a faithful representation of a matrix Lie group G, then
{TI(A) | A € G} is a group of matrices that is isomorphic to the original group G.
Thus, IT allows us to represent G as a group of matrices. This is the motivation for
the term “representation.” (Of course, we still call IT a representation even if it is not
faithful.) Despite the origin of the term, the goal of representation theory is not simply
to represent a group as a group of matrices. After all, the groups we study in this thesis
are already matrix Lie groups! Rather, the goal is to determine (up to isomorphism)
all the ways a fixed group can act as a group of matrices.

Linear actions of groups on vector spaces arise naturally in many branches of both
mathematics and physics. A typical example would be a linear differential equation
in three-dimensional space which has rotational symmetry, such as the equation that
describe the energy states of a hydrogen atom in quantum mechanics. Since the equa-
tion is rotationally invariant, the space of solutions is invariant under rotations and
thus constitutes a representation of the rotation group SO(3). The representation the-
ory of SO(3) (or of its Lie algebra) is very helpful in narrowing down what the space
of solutions can be. See, for example, Chapter 18 in [Hall2].

There is a precise way to understand what do we mean by an “action” of a group
when considering representations of the group.

| Definition 4.3. Let G be a group and let X be a set. A group action of G on the
set X is a map

:GxX > X
(g.x) > g-x

that satisfies the group action axioms:

Identity: e*x =x,
Compatibility: g+ (h+x) = (gh)+x

forall x € X and g, h € G. If X is a vector space, then the group action is linear if

g (u+v)=gru+g-v
9(Av) = A(g+v)
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for all g € G, u,v € X and every scalar A. That is, if for each g € G, the mapv +— g+ v
is linear.

If G is a Lie group and X is a manifold, a group action of G on X is called a Lie
group action if the action + : G X X — X is smooth.

It is customary to say things like “the group G acts on the set X” to refer to an
action GXX — X. The compatibility axiom makes possible to use the notation gx for a
group action, instead of g-x. This is because compatibility enables writing expressions
like ghx, which can be interpreted unambiguously (where g,h € G and x € X), and
so, the compatibility axiom can be regarded as an “associative law” of the action.

A group action is the way in which symmetry on a object is mathematically dis-
closed, it is the way to explicit the symmetry of the object. There is this idea that
mathematical groups encode all the possible ways in which things can be symmet-
ric; and in this picture, the group actions are deemed to be the way to express the
symmetry of a particular object through this group coding. For that reason, there are
some mathematicians that argue that group actions are the raison d’étre of groups
themselves.

Given an action of G on a set X, it follows from the action axioms that, for each
g € G, the map x + g+ x is a bijection, since its inverse is x > ¢g~! « x. Furthermore,
if Sym X is the symmetric group of X (that is, the group of bijections X — X), then
every group action « : G X X — X induces a map

IL. : G — SymX
g IL(g) = (x = g-x)

which is seen to be a group homomorphism, by the compatibility axiom. A permuta-
tion representation of a group G on a set X is defined to be a group homomorphism
G — Sym X. The previous observation is then stated as “every group action on a set
induces a permutation representation of the group on the same set” If X = V is a
vector space and the action is linear, then the induced permutation representation is
really G — GL(V) c SymV, and this is a representation of G on the vector space
X. If G is Lie group, the space V is a finite-dimensional K-space, with K = R or C,!
and the linear action is a Lie group linear action, then the induced homomorphism
G — GL(V) is smooth and thus a Lie group K-representation: let {v;,...,v,} be a
basis in V and let f : V. — K" be the linear isomorphism given by f(v;) = e;, where
e;j is the j-th vector from the canonical basis of K". Then, for each g € G, the matrix
of the linear automorphism v +— g+ v of V with respect to our basis is

(f(g-e) |- f(g-en)). (4.3)

!We can endow any real or complex finite-dimensional V with a canonical differentiable structure
by means of choosing a a basis on V and after identifying V' = K" (where K is the field of scalars of

V). By Lemma 4.1, the differential structure is independent of the choice of basis.
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Since f is smooth and so is the group action, each entry of this matrix depends
smoothly on g and thus the induced homomorphism G — GL(V) is smooth.

Conversely, every permutation representation of a group on some set induces a
group action on the same set. If IT : G — Sym X is a permutation representation of G
on X, then the map

q:GXxX > X
(g.x) = g+ x=1I(g9)x

is shown to be a group action of G on X. If X = V is a vector space and the permutation
representation is actually a representation IT : G — GL(V), then the induced group
action on V is linear. If, in addition, G is a Lie group, the space V is finite-dimensional
real or complex and IT : G — GL(V) is a Lie group representation, then it follows
from the fact that the application map is differentiable (see proof of Proposition 3.49)
that the induced linear action -1 is smooth and thus a Lie group linear action.

| Proposition 4.4. Let G be a group and X be a set. There is a one-to-one correspon-
dence

{Group actions of G on X} <> {Permutation representations of G on X}
- IL (4.4)

'H(—|H

Furthermore, if X = V is a vector space, then the maps of (4.4) induce a one-to-one
correspondence

{Linear group actions of G on V} < {Representations of G on V'}, (4.5)

and if G is a Lie group and V is a is finite-dimensional K-vector space, where K = R or
C, then the maps of (4.4) induce a one-to-one correspondence

{Lie group K-linear actions of G on V} < {Lie group K-representations of G on V}.
(4.6)

Proof. The previous discussion shows that the maps that go from left to right and
the maps that go from right to left in (4.4), (4.5) and (4.6) are well-defined.

The only thing left to be proved is that these maps are bijective, and for that it
suffices to show bijectivity in (4.4). It must be shown that if * : G X X — X is a group
action then «f;, = *, and that if ¥ : G — Sym X is a permutation representation, then
I1., = 3. Since this is only a matter of untangling the definitions of each induced map,
the proof can be left safely to the reader. O

Group actions and group permutation representations are just two sides of the
same coin, and it makes no difference to work with one of the first type or of the
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second type. Only context can say when it is more appropriate to either write things
with the “action notation” or with the representation one. When some action or rep-
resentation is fixed, mathematicians tend to change without further notice between
the action and the representation at their own convenience, because this is allowed
by Proposition 4.4.

| Corollary 4.5. Every linear group action of a matrix Lie group on a finite-dimensional
real or complex vector space that is continuous is also smooth, and thus a Lie group action.

Proof. Let G be a matrix Lie group, V be a finite-dimensional real or complex vector
space and suppose that+: G X V — V is a continuous linear action of G on V. Then,
expressing the matrix of IL.(g) in some basis of V like we did in (4.3), we get that
the associated representation I. : G — GL(V) is a continuous group homomorphism
between matrix Lie groups. Thus, by Proposition 3.53, we have that I1. is smooth. This
means that I1. is on the right-hand side of (4.6), and by the one-to-one correspondence,
this implies that the action « was on the left-hand side of (4.6) the whole time. O

There also a way to understand representations of a Lie algebra as Lie algebra
actions on a vector space.

| Definition 4.6. Let g be a Lie algebra over the field K = R or C and let V be a
vector space over the same field K. A Lie algebra action of g on the vector space V
1s a map

cigXV >V
X,0) > X0

that satisfies the Lie algebra action axioms:

Linearity: Xe(u+v)=X-u+X-0, X-+(Av)=A(X-0)
Compatibility of the bracket: [X,Y]-o=X:(Y-0)-Y-(X-0)

foreveryu,o €V, X,Y egand A € K.

We will say that the Lie algebra action is complex (resp., real) if V' is a complex
(resp., real) vector space. Additionally, we allow the case in which the Lie algebra is
real and the vector space V is complex. The axiom of linearity must be then fulfilled
for all complex scalars A and we will speak of a Lie algebra action of a real Lie
algebra on a complex vector space.

If g is a Lie algebra and V is a vector space, then every Lie algebra action+ : gxV —
V of g on V induces a Lie algebra representation

m:g — gl(V)
X m(X)=(rH X-0)

The property of bracket preservation by the map 7. is precisely the compatibility
axiom.



4. BASIC REPRESENTATION THEORY 73

Conversely, if we start with a Lie algebra representation 7 : g — gl(V) of g on
the vector space V, then the representation induces a Lie algebra action

i gXV >V
(X,0) > X+, 0=n(X)o.

Similarly as before with the case of groups actions and group representations, we
have the following correspondence.

| Proposition 4.7. Let g be a complex or real Lie algebra and let V be a complex or
real vector space, but complex if g is complex. There is a one-to-one correspondence

{Lie algebra actions of g on V} < {Lie algebra representations of g in V'}
Y

ox T

Proof. By the previous discussion, the map from left to right and the map from right
to left is well-defined.

Analogously as with the case of groups, the only thing that must be proven is that
if ¥ : XV — V is a Lie algebra action, then «;, = %, and that if o : ¢ — gl(V) is a Lie
algebra representation, then 7., = 0. O

4.2 Properties of Representations

| Definition 4.8. Let II be a finite-dimensional real or complex representation of
a matrix Lie group G, acting on a space V. A subspace W of V is called invariant
if I(A)w € W for allw € W and all A € G. An invariant subspace W is called
nontrivial if W # {0} and W # V. A representation with no nontrivial invariant
subspaces is called irreducible.

The terms invariant, nontrivial, and irreducible are defined analogously for
representations of Lie algebras.

Even if g is a Lie algebra, we will consider mainly complex representations of g.
It should be emphasized that if we are speaking about complex representations of a
real Lie algebra g acting on a complex space V, an invariant subspace W is required
to be a complex subspace of V.

| Definition 4.9. Let G be a matrix Lie group, let IT be a representation of G acting
on the space V, and let X be a representation of G acting on the space W. A linear
map ¢ : V — W is called an intertwining map of representations? if

$(II(A)o) = 2(A)¢(0)

%In Spanish, one might say aplicacién entrelazadora de representaciones.
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forall A € G and all v € V. Equivalently, the following diagram commutes for all
AeG:

VL)W

H(A)\L iz (A)
¢

V—mWw

The analogous property defines an intertwining maps of representations of a Lie al-
gebra.

If ¢ is an intertwining map of representations and, in addition, ¢ is invertible, then
¢ is said to be an isomorphism of representations. If there exists an isomorphism
between V and W, then the representations are said to be isomorphic.

Whenever the representation maps are needed to be made explicit, the notation
¢ : (V,II) — (W, %) will be used for an intertwining map ¢ between representations
(V,II) and (W, ) of G. It is not difficult to check that the inverse function of an
isomorphism of representations is also an intertwining map.

If we use the action notation, the defining property of an intertwining map may
be written as

$(A-v) = A-$(0)

for all A € G and v € V. That is to say, ¢ should commute with the action of G. A
typical problem in representation theory is to determine, up to isomorphism, all of
the irreducible representations of a particular group or Lie algebra. In Sect. 4.4 we
will determine all the finite-dimensional complex irreducible representations of the
Lie algebra sl(2; C).

If K = R or C, given a matrix Lie group G we can define Repy (G) the category
of representations of G in vector spaces over K, whose objects are pairs (V, IT) which
are representations of G in vector spaces over the field K and whose morphisms are
intertwining maps of representations of G between these representations, (V,II) —
(W, %). Analogously, given a real or complex Lie algebra g, we can define Repc(g)
the category of complex representations of g. Similarly, if g is a real Lie algebra, we
can define Repp(g) the category of real representations of g. If we restrict to finite-
dimensional representations, we will write FinRepyk (G) € Repg(G) for the subcate-
gory of finite-dimensional K-representations of G. And FinRepy (g) ¢ Repk(g) for
the subcategory of finite-dimensional K-representations of g (where K =R or C if g
is real and K = C if g is complex).

The previous categories are well defined, since the identity map is an intertwining
map and since the composition of intertwining maps gives an intertwining maps. For
example, for the case of groups, if (V,II), (W,2) and (U,T') are representations of
the matrix Lie group G and ¢ : (V,II) —» (W,X) and ¢ : (W,X%) — (U,T) are
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intertwining maps, then, for all A € G, we have that each square subdiagram of

v 2w v
H(A)l zwl lrm)
VW —>U

commutes, and from that, commutativity of the whole diagram follows. That is, /o ¢ :
(V,II) — (U,T) is an intertwining map.

After identifying GL(V') with GL(n;R) or GL(n; C), Theorem 3.29 has the follow-
ing consequence.

| Proposition 4.10. Let G be a matrix Lie group with Lie algebra g and let II be a
(finite-dimensional real or complex) representation of G, acting on the space V. Then
there is a unique representation i of § acting on the same space such that

H(eX) = ™)

for all X € g. The representation 7 can be computed as

d
X) = —I1 tX
7(X) = )|
and satisfies
7 (AXA™") = (A (X)II(A)™!

forallX € g and all A € G.

The induced representation is precisely 7 = Lie Il. Given a matrix Lie group G
with Lie algebra g, we may ask whether every representation 7 of g comes from a
representation II of G. As it turns out, this is not true in general, but it is true if G is
simply connected. See Sect. 4.5 for examples of this phenomenon and Sect. 5.2 for the
general result.

| Proposition 4.11.  Any intertwining map ¢ : (V,11) — (W, ) between representa-
tions (V,I1) and (W, ¥) of a matrix Lie group G is also an intertwining map ¢ : (V, ) —
(W, o) between the induced representations (V, ) and (W, o) of the Lie algebra g (where
= Liell and o = Lie ).

Proof. For all A € G, we have ¢ o II(A) = %(A) o ¢, and in particular, ¢ o II(e*X) =
%(e'X) o ¢ for all X € g. In that case, by the product rule for linear operators (see
footnote 1 in page 42), we have

d tX
—[¢ o TL(e™)]

b o (ime”‘)

sy,
= (3 o g]

REES
t=0

t=0

; e

dt
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¢ on(X) =o0(X) o ¢,

as claimed. m|

| Proposition 4.12. Let K = R or C. There is a covariant functor
FinRepk (G) — FinRepk (g)

from the category of finite-dimensional K-representations of a matrix Lie group G to the
category of finite-dimensional K-representations of its Lie algebra g. This functor sends
each K-representation (V,II) of G to the representation (V, ) of g, where & = Liell,
and sends each intertwining map of representations ¢ : (V,II) — (W,X) of G to the
intertwining map ¢ : (V, ) — (W, o) itself, now between the induced representations
(V, ) and (W, o) of the Lie algebra g of G (where = = LieIl and o = Lie X).

Furthermore, this functor is faithful.

Proof. Functoriality axioms follow at once from the fact that, set-theoretically speak-
ing, the intertwining map ¢ : (V,II) — (W,ZX), as a function, is the same as the
intertwining map ¢ : (V,7) — (W, 0), so thatif ¢ : (W,%) — (U,T) is another in-
tertwining map of representations of G, then, as linear maps between vector spaces,
p: VoW, y:W—->Uandyo¢:V — U are always the same functions.

The functor is thus faithful by construction. O

By construction, this functor is faithful (recall Definition 3.51) and it reflects iso-
morphisms (recall Definition 3.28). If in addition G is connected, the functor gets an-
other interesting property, namely, that of fullness.

| Definition 4.13. Let C and D be categories. A functor F : C — D is said to

be full® if for each two objects x,y € C, the induced map C(x,y) 4 D(Fx, Fy) is
surjective. A functor which is full and faithful is said to be fully faithful.* Similarly
as in Definition 3.51, if O is a subclass of the class of objects of C, the functor F is
said to be full for morphisms departing O (resp., fully faithful for morphisms

departing O) if for each two objects x of O and y of C the map C(x, y) 4 D(Fx, Fy)
is surjective (resp., bijective).

If C and D are categories, we say that D is a full subcategory of C if D is a
subcategory of C and the inclusion functor D — C is full. That is, D contains all
possible morphisms between its objects. A faithful functor that is also injective on
objects is called an embedding and identifies the domain category as a subcategory
of the codomain. A fully faithful functor that is also injective on objects is called an
full embedding of the domain category into the codomain category.

3In Spanish, the word is funtor pleno.
*In Spanish, funtor plenamente fiel.
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The next lemma gives a remarkable property of fully faithful functors, a property
that we will further use in Chapter 5. There, on Sect. 5.2, we will show that the Lie
functor restricted to the full subcategory of simply connected matrix Lie group is fully
faithful.

Recall Definition 3.28 for the concept of a functor that reflects and creates isomor-
phisms.

| Lemma 4.14. Fully faithful functors reflect and create isomorphisms.

Proof. Let F : C — D be a fully faithful functor between categories C and D. Let
first see that F reflects isomorphisms. Suppose f : x — y is a morphism in C such

that Ff is an isomorphism. We now show that f is an isomorphism. There exists
g’ € D(Fy, Fx) such that

Ffog =1p,
g o Ff = 1p,.
Since F is full, there exists h € C(y, x) such that Fg = g’. Equations (4.7) mean that

(4.7)

F(fog)=FfoFg=1p, = F(1y)

(4.8)
F(go f) = FhoFf = 15, = F(1,),

but since F is faithful, this implies that fg = 1, and gf = 1,. That is, f is an isomor-
phism.

Next we show that F create isomorphisms. Suppose x and y are objects in C such
that Fx and Fy are isomorphic. Let’s see that then x and y are isomorphic as well.
There exist f* € D(Fx, Fy) and ¢’ € D(Fy, Fx) such that

f/gl = 1py
g,f, = 1px.

Since F is full, we can pick morphisms f € D(x,y) and g € D(x, y) such that Ff = f’
and Fg = ¢'. For that reason, equations (4.9) now read as does equations (4.8). In

(4.9)

consequence, since F is faithful, we have that fg = 1, and gf = 1,. Thatis,x =y. O

| Proposition 4.15. IfG is a connected matrix Lie group, then the functor
FinRepk (G) — FinRepyk(g)

of Proposition 4.12 is a full embedding.

This proposition says that the study of representations of a connected matrix Lie
group is a particular case of the study of representations of its Lie algebra.

Proof. By construction, the functor is faithful. It is also injective on objects: If (V, II)
and (W, ) are representations of G such that (V,Liell) = (W,LieX), then V = W
and so, by Proposition 3.52, also IT = ¥ (if G is connected). To show fullness, let (V, II)
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and (W, %) be representations of G and write (V, ) and (W, o) for the correspond-
ing induced representations of the Lie algebra g of G. Let ¢ : (V,7) — (W, 0) be
an intertwining map or representations. We must show that there exists some inter-
twining map (V,II) — (W, X) whose image under the functor of Proposition 4.12 is
¢. Due to the manner in which the functor is defined, the only possibility for such
an intertwining map (V,II) — (W, ) is ¢ itself. For that matter, we shall prove that
poIl(A) =2(A)o¢p forall A € G.

Let A be in G. Corollary 3.49 says that there exist Xi,..., X, € g such that A =

Xi...¢Xm g0 we have

e e
¢ oTI(A) = poII(e™ ---e¥m)
= II(e™) - - - TI(e™m)

— pem () . gm0

For any, X € g, we know that ¢7(X) = o(X)¢. This identity implies that ¢ (X)*
o(X)¥¢ for each k, and hence that g™ ™) = X, since, by continuity of the product
of linear operators, we have

Thus, swapping each ¢e™ %) = 7)) one by one,

PII(A) = ¢eﬂ(X1) o T Xm)
a(X1) .. eU(Xm)¢

=e
=3(eM) - 2(e" )¢
=3 eXm)¢
=2(A)9,

as we wanted to show. O

| Proposition 4.16.

1. Let G be a connected matrix Lie group with Lie algebra g. Let I1 be a representation
of G and r be the associated representation of §. Then r irreducible implies I1
irreducible, and the converse also holds if G is connected.
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2. Let G be a matrix Lie group, let I1; and 11, be representations of G, and let m;
and m, be the associated Lie algebra representations. Then I1; and I1, isomorphic
implies 71 and rry isomorphic, and the converse also holds if G is connected.

Proof. For Point 1, suppose first that  is irreducible. We want to show that II is
irreducible. So, let W be a subspace of V that is invariant under IT(A) for all A € G.
We want to show that W is either {0} or V. In particular, W is invariant under IT(e*X)

for all X € g and, hence, under

d
n(X) = EH(etX)

t=0
Indeed, as in proof of Proposition 3.36, for v € W we have

Y

d
X)o = —TII(e"™
2(X)o = —Tl(e )t=0

d
= — ()0
dt . )
ew =0
and the previous expression is in W, since we are taking a limit inside the topologically

closed space W.

Since 7 is irreducible and W is invariant under each 7(X), W must be either {0}
or V. This shows that II is irreducible.

In the other direction, suppose that G is connected and assume that IT is irreducible
and that W is an invariant subspace for 7. Let A € G. Corollary 3.49 tells us that A
can be written as A = ¢X1 - - - eX» for some Xj, . .., X;, in g. Since W is invariant under
7(X;) it will also be invariant under exp(7(X;)) = I+ 7(X;) + 7(X;)?/2+---, by the
continuity of the application map (see proof of Proposition 3.49) and due to the fact
that W is topologically closed. Hence, W will be also invariant under

(A) = (X - eXm) = TI(eXY) - - - TI(eXm)

= on(0) L (X

Thus, since I is irreducible, W is {0} or V, and we conclude that x is irreducible. This
establishes Point 1 of the proposition.

For Point 2, the first part follows from Corollary 3.27 and Proposition 4.12, so we
have that in general I1; = II, implies 7; = 7. If, in addition, G is connected, the
functor of Proposition 4.12 is fully faithful (by Proposition 4.15) and thus it creates
isomorphisms, by Lemma 4.14. That is, we have that 7; = x, implies II; = II, for G
connected. O

| Proposition 4.17. Letg be a real Lie algebra and g¢ its complexification. Then every
finite-dimensional complex representation w of § has a unique extension to a complex-
linear representation of gc, also denoted . Furthermore, 7 is irreducible as a represen-
tation of gc if and only if it is irreducible as a representation of g.



80 LIE GROUPS, LIE ALGEBRAS AND REPRESENTATION THEORY
Of course, the extension of 7 is given by 7 (X +iY) = 7#(X)+iz(Y) forall X, Y € g.

Proof. The existence and uniqueness of the extension follows from the universal
property of the complexification of a Lie algebra (Proposition 3.41). The claim about
irreducibility holds because a complex subspace W of V is invariant under 7(X) for
all X € gifand only if it is invariant under 7(X +iY) = #(X) +in(Y) forall X, Y € g.
Thus, the representation of g and its extension to gc have precisely the same invariant
subspaces. O

4.3 Examples of Representations

A matrix Lie group G is, by definition, a subset of some GL(#n; C). The inclusion map of
G into GL(n; C) (i.e., the map II(A) = A) is a representation of G, called the standard
representation of G. If G happens to be contained in GL(n;R) ¢ GL(n;C), then
we can also think of the standard representation as a real representation. Thus, for
example, the standard representation of SO(3) is the one in which SO(3) acts in the
usual way on R® and the standard representation of SU(2) is the one in which SU(2)
acts on C? in the usual way. Similarly, if g € M, (C) is a Lie algebra of matrices, the
map 7(X) = X is called the standard representation of g.

Consider the one-dimensional vector space C. For any matrix Lie group G, we can
define the trivial representation, IT : G — GL(1; C), by the formula

I(A) =1

forall A € G. Of course, this is an irreducible representation, since C has no nontrivial
subspaces, let alone nontrivial invariant subspaces. If g is a Lie algebra, we can also
define the trivial representation of g, 7 : ¢ — gl(1;C), by

7(X)=0

for all X € g. This is an irreducible representation. Observe that both the Lie functor
and the functor of Proposition 4.12 send the trivial representation of G, on the first
case as a morphism and the second one as an object, to the trivial representation of
Lie G.

Recall the adjoint map of a group or Lie algebra, described in definitions 3.34 and
3.7.

| Definition 4.18. If G is a matrix Lie group with Lie algebra g, the adjoint repre-
sentation of G is the map Ad : G — GL(g) given by A — Ady,. Similarly, the adjoint
representation of a finite-dimensional Lie algebra g is the map ad : g — gl(g) given
by X + ady.
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If G is a matrix Lie group with Lie algebra g, then by Proposition 3.36, the Lie
algebra representation associated to the adjoint representation of G is the adjoint
representation of g.

Example 4.19. Let V,, denote the space of homogeneous polynomials of degree m in
two complex variables. For each U € SU(2), define a linear transformation I1,,(U) on
the space V;,, by the formula

[L(U)f](2) = f(U'2), f€Vn. (4.10)
Then II,, is a representation of SU(2).

Elements of V,, have the form

f (z1,22) = apz]" + alzT_IZZ + agz;”_zzg +tapzy (4.11)

with z1,z; € C and the a;’s arbitrary complex constants, from which we see that
dim V;, = m + 1. Explicitly, if f is as in (4.11), then

m
_ _ -k _ _ k
(1L (U)f] (21, 22) = Z ar (Un'z1 + UR'z)" ™ (Upt'za + Uz 22) "
k=0

By expanding out the right-hand side of this formula, we see that I1,,(U) f is again a
homogeneous polynomial of degree m. Thus, I1,,(U) actually maps Vj, into Vj,.

To see that II,, is actually a representation, compute that

Iy (U1) [T (Uz) £1(2) = [T (U2) f1 (U '2) = £ (U7 U7 %)
= I_Im (UlUZ) f(Z)
The inverse on the right-hand side of (4.10) is necessary in order to make II,, a rep-
resentation. We will see in Proposition 4.20 that each II,, is irreducible and we will
see in Sect. 4.4 that every finite-dimensional irreducible representation of SU(2) is

isomorphic to one (and only one) of the II,,’s. (Of course, no two of the II,,’s are
isomorphic, since they do not even have the same dimension.)

The associated representation 7, of su(2) can be computed as

(X)) (2) = 2 F ()

t=0

Now, let z(t) = (21(t), z2(t)) be the curve in C? defined as z(t) = e"'Xz. By the chain
rule, we have

of dz
aZl dt

L 9f dz
=0 aZZ dt

”m(X)f =

t=0

. dz .
Since — = —Xz, we obtain

dt 1t=0

d d
Tm(X)f = —i (X1121 + X1222) — % (X2121 + X2222) . (4.12)
1 2
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We may then take the unique complex-linear extension of 7 to sl(2; C) = su(2)c, asin
Proposition 3.41. This extension is given by the same formula, but with X € sl(2; C).

If X, Y, and H are the following basis elements for sl(2; C):

H:C oy :(o1y :C ﬁ’ (4.13)
0 -1 0 0

10
then applying formula (4.12) gives

(H) 9 + 9

TT, =—Z1— + 29—

" lazl 2822
d

T (X) = —2p—

m( ) Zal

d
Y)=—-2z,—.
”m( ) Z1 92,

Applying these operators to a basis elements z;”'kz’zC for V,, gives

nm(H)(mkk)—(muk)zmk’g, 0<k<m,

Em(X)( m—k k) __(m k)zm k-1 k+1’ 0<k<m,

mgn(mkk) —kzm Rk 0<k<m, (4.14)
and 7,(X)(2})') = mn(Y)(2]") = 0. Thus, 2["~ kzlz‘ is an eigenvector for 7, (H) with

eigenvalue —m + 2k, while 7,,(X) and ﬂm(Y) have the effect of shifting the exponent
k of z, up or down by one. Note that since 7, (X) increases the value of k, this operator
increases the eigenvalue of ,,(H) by 2, whereas 7,,(Y) decreases the eigenvalue of
7m(H) by 2.

| Proposition 4.20. For each m > 0, the representation r,, is irreducible.

Proof. It suffices to show that every nonzero invariant subspace of V,, is equal to V,,,.
So, let W be such a space and let w be a nonzero element of W. Then w can be written
in the form

w=azl + a12] 2y + a2 TS + -+ a2l

with at least one of the a;’s being nonzero. Let ky be the smallest value of k for which
ar # 0 and consider
T (X)™ R0y,

Since each application of 7,,(X) raises the power of z; by 1, 7,(X)™ % will kill
all the terms in w except akoz;"_kozlgo term. On the other hand, since ﬂm(z;"_kzlzc) is
zero only if k = m, we see that m,,(X)™ % w is a nonzero multiple of zy'. since W
is assumed invariant, W must contain this multiple of zJ' and so also 2" itself. Now,
for 0 < k < m, it follows from (4.14) that er(Y)kz is a nonzero multiple of zk o k|
Therefore, W must also contain zkzm k for all 0 < k < m. Since these elements form

a basis for V,,,, we see that W = V,,,, as desired. O
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4.4 Representations of sl(2;C)

In this section, we will compute (up to isomorphism) all the finite-dimensional ir-
reducible complex representations of the Lie algebra sl(2; C). This computation is
important for several reasons. First, sl(2; C) is the complexification of su(2), which in
turn is isomorphic to so(3), and the representations of so(3) are of physical signifi-
cance. Indeed, the computation we will perform in the proof of Theorem 4.21 is found
in every standard textbook on quantum mechanics, under the title “angular momen-
tum” Second, the representation theory of su(2) is an illuminating example of how
one uses commutation relations to determine the representations of a Lie algebra.

We use the basis (4.13) of sl(2; C), which have commutation relations

[H,X] = 2X
[H,Y] = -2Y
[X,Y] = H.

If V is a finite-dimensional complex vector space and A, B, and C are operators on V
satisfying [A, B] = 2B, [A,C] = —-2C, and [B, C] = A, then by Lemma 3.17, the unique
linear map 7 : sl(2; C) — gl(V) satisfying

n(H)y=A, #n(X)=B, =n(Y)=C
will be a representation of sl(2; C).

| Theorem 4.21. For each integer m > 0, there is an irreducible complex representa-
tion of sl(2; C) with dimension m + 1. Any two irreducible complex representations of
sl(2; C) with the same dimension are isomorphic. If & is an irreducible complex repre-
sentation of sl(2; C) with dimension m+1, then 7 is isomorphic to the representation r,,
described in Example 4.19.

Our goal is to show that any finite-dimensional irreducible representation of sl(2; C)
“looks like” one of the representations r, coming from Example 4.19. In that exam-
ple, the space V}, is spanned by eigenvectors for 7,,(H) and the operators 7,,(X) and
m(Y) act by shifting the eigenvalues up or down in increments of 2. We now intro-
duce a simple but crucial lemma that allows us to develop a similar structure in an
arbitrary irreducible representation of sl(2; C).

| Lemma 4.22. Let 7 : sl(2;C) — gl(V) be a representation of sl(2; C) acting on a
complex vector space V and let u be an eigenvector of w(H) with eigenvalue a € C. Then
we have

a(H)rn(X)u = (a+2)xr(X)u

Thus, either 7(X)u = 0 or n(X)u is an eigenvector for m(H) with eigenvalue a + 2.
Similarly,
a(H)r(Y)u = (a—2)x(Y)u
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so that either £(Y)u = 0 or n(Y)u is an eigenvector for m(H) with eigenvalue a — 2.

Proof. We know that [7(H), 7(X)] = n([H, X]) = 27(X). Thus

a(H)yn(X)u = n(X)r(H)u + 27(X)u
= (X)) (au) +22(X)u
= (a+2)1(X)u.
The argument with 7(X) replaced by 7z(Y) is similar. O

Proof of Theorem 4.21. Let 7 be an irreducible representation of sl(2; C) acting on a
finite-dimensional complex vector space V. Our strategy is to diagonalize the opera-
tor 7(H). Since we area working over C, the operator 7(H) must have at least one
eigenvector. Let u be an eigenvector for 7(H) with eigenvalue a. Applying Lemma
4.22 repeatedly, we see that

r(H)x(X)*u = (a + 2k) 7 (X)*u.

Since an operator on a finite-dimensional space can have only finitely many eigen-
values, the ﬁ(X)ku’s cannot all be nonzero. Thus, there is some N > 0 such that

a(X)Nu 0

but
a(X)N*y =o.

If we set ug = 7(X)Nu and A = a + 2N, then,

7w (H)ug = Auy, (4.15)
7(X)ug = 0. (4.16)

Let us define
up = 1(Y)*u,

for k > 0. By Lemma 4.22, we have
m(H)ug = (A = 2k)uy.
Now, it is easily verified by induction that
a(X)ug =k[A— (k- 1)]ug—, k=>1. (4.17)

Furthermore, since 7(H) can have only finitely many eigenvalues, the u;’s cannot
all be nonzero. There must, therefore, be a non-negative integer m such that, for all
k < m,

U = n(Y)kuo #0
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but

Um+1 = ”(Y)MHUO =0.

If upms1 = 0, then 7(X)upm+1 = 0 and so, by (4.17),
0=7(X)ums1 = (Mm+ 1) (A — m)uy,.

Since u,, and m + 1 are nonzero, we must have A — m = 0. Thus, A must coincide with
the non-negative integer m.

Thus, for every irreducible representation (7, V), there exists an integer m > 0
and nonzero vectors uy, . . ., U, such that

m(H)u = (m = 2k)uy

) Uy ifk<m
”(Y)”"_{ 0 ifk=m (4.18)
k(m—-(k—1)u_; ifk>0

The vectors must be linearly independent, since they are eigenvectors of 7(H) with
distinct eigenvalues (see, for example, 5.10 of [Ax1]). Moreover, the (m+1)-dimensional
span of uy, . . ., U, is explicitly invariant under 7 (H), 7(X), and 7(Y) and, hence, un-
der 7(Z) for all Z € sI(2;C). Since r is irreducible, this space must be all of V.

We have shown that every irreducible representation of sl(2;C) is of the form
(4.18). Conversely, if we define 7(H), 7(X), and 7z (Y) by (4.18) (where the u;’s are
basis elements for some (m+ 1)-dimensional vector space), it is not hard to check that
operators defined as in (4.18) really do satisfy the sl(2;C) commutation relations.
Furthermore, we may prove irreducibility of this representation in the same way as
in the proof of Proposition 4.20. In any case, Proposition 4.20 already showed that
sl(2; C) has an (m + 1)-dimensional irreducible representation, namely, 7,.

The preceding analysis shows that every irreducible representation of dimension
m + 1 must have the form in (4.18), which shows that any two such representations
are isomorphic. In particular, the (m + 1)-dimensional representation r,, described in
Example 4.19 must be isomorphic to (4.18).

This completes the proof of Theorem 4.21. O
In particular, Theorem 4.21 says that every irreducible complex representation of

sl(2; C) comes from a representation of su(2). By Proposition 4.17, this supposes the
classification of the finite-dimensional complex representations of su(2).
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4.5 Group Versus Lie Algebra Representations

We know from Chapter 3 (Theorem 3.29) that every Lie group homomorphism gives
rise to a Lie algebra homomorphism. In particular, every representation of a matrix
Lie group gives rise to a representation of the associated Lie algebra. In Chapter 5,
we will give a partial converse to this result: If G is a simply connected matrix Lie
group with Lie algebra g, then every representation of g comes from a representation
of G. (See Theorem 5.1.) Thus, for a simply connected matrix Lie group G, the Lie
functor induces a one-to-one correspondence between the representations of G and
the representations of g. The precise statement of this result is given in Corollary 5.3.

It is instructive to see how this general theory works out in the case of SU(2)
(which is simply connected) and SO(3) (which is not). For every irreducible com-
plex representation sz of su(2), the complex-linear extension of 7 to sl(2; C) must be
isomorphic (Theorem 4.21) to one of the representations 7, described in Example
4.19. Since those representations are constructed from representations of the group
SU(2), we can see directly (without appealing to Theorem 5.1) that every irreducible
complex representation of su(2) comes from a representation of SU(2). (Where we
are using the fact that a representation of a real Lie algebra is irreducible if and only
if the complex-linear extended representation to its complexification is irreducible,
Proposition 4.17.) Since SU(2) = S° is connected, by Point 1 of Proposition 4.16, this
classifies all finite-dimensional complex irreducible representations of SU(2).

Now, by Example 3.18, there is a Lie algebra isomorphism ¢ : su(2) — so(3) such
that ¢(E;) = F;, j = 1,2,3, where {Ey, Ey, Es} and {F;, F,, F3} are the bases listed in
the example. Thus, the irreducible complex representations of so(3) are precisely of
the form o, = 7y, o ¢~!. We wish to determine, for a particular m, whether or not
there is a representation %, of the group SO(3) such that 3,,(eX) = X for all
X € s0(3). Since SO(3) = RP? is connected, by Point 1 of Proposition 4.16, all such
>m are all the finite-dimensional irreducible complex representations of SO(3). This
supposes the classification of such representations of SO(3).

| Proposition 4.23. Let 0, = 1, o ¢~ be an irreducible complex representation of
the Lie algebra so(3) (m > 0). If m is even, there is a representation X, of the group
SO(3) such that 3,(eX) = e?»X) for all X € so(3) (that is, such that Lie %, = oy,). If
m is odd, there is no such representation of SO(3).

Note that the condition that m be even is equivalent to the condition that dim V,, =
m+ 1 be odd. Thus, it is the odd-dimensional representations of the Lie algebra so(3)
which come from group representations. In the physics literature, the representations
of su(2) = so(3) are labeled by the parameter £ = m/2. In terms of this notation, a
representation of so(3) comes from a representation of SO(3) if and only if ¢ is an
integer. The representations with ¢ an integer are called “integer spin”; the others are
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called “half-integer spin.”

In order to prove Proposition 4.23, we will need Lemma 4.27, which is just a mix-
ture of lemmas 4.24 and 4.25.

Recall the review of quotient topology after Proposition 1.11. If f : A — Bis a
function between sets A and B, the fibers of f are the sets f~1(b) C A, where b € B.

| Lemma 4.24 (Universal property of quotient spaces). Let X be a topological
space and let (X', p) be a quotient space of X. That is, X’ is a topological space and
p : X — X' is a quotient map (i.e., a surjective and strongly continuous map). Every
continuous map f : X — Y which preserves the fibers of p (that is, f sends each fiber
of p to a unique point in Y ) factors through p by a unique continuous mapf X' > Y,
f op = f. That is, there exists a unique continuous map f that makes the following
diagram commute:

For a proof, see Theorem 22.2 of [Mun]. The condition “f preserves fibers of p”
is the same as condition “f respects relation ~,,” which means that x; ~, x, implies
f(x1) = f(x2). Lemma 4.24 is just the universal property of the quotient topology
in disguise. On the statement, if we replace X’ by X /~, where ~ is some equivalence
relation on X, and p : X — X’ by the natural projection X — X/~, we end up with
the u.p. of quotient topology. In this dictionary, ~ would correspond to ~.

| Lemma 4.25 (Universal property of group epimorphisms). Let®: G — G’ be
a group epimorphism between groups G and G’. Any group homomorphism¥ : G — H
which kills ker ® (that is, such that ¥ sends ker ® to e € H) factors through ® by a
unique group homomorphism ¥ : G’ — H, ¥ o ® = ®. That is, there exists a unique
group homomorphism ¥ that makes the following diagram commute:

G —Yspg

A
@\L ad
O

Gl

Observe that the condition that ¥ kills ker @ is equivalent to the condition that
¥ preserves fibers of ®. By elementary group theory, the cosets of ker® in G are
precisely the equivalence classes of ~¢ (see footnote 5 on p. 10 for the definition of
~g¢), which in turn coincide with the fibers of ®. Succinctly, ®(x) = ®(y) if and only
if x € yker ®. Indeed, suppose ¥ were to kill ker ®. Then if x, y € G were in the same
fiber, we would have ®(x) = ®(y), so x € yker ® and then x = yz for some z € ker ®.
Hence, ¥(x) = ¥(yz) = ¥(y)¥(z) = ¥(y). That is, the whole fiber of x is mapped
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by ¥ to a same point. Conversely, if we now suppose that ¥ preserves fibers of @,
in particular it would preserve ® !(ey) = ker ®, so that ¥(ker ®) would be then a
singleton, namely, {ey}. That is, ¥ kills ker ®.

Proof. Uniqueness is immediate, for if such an ¥ existed, it would satisfy
¥(x) = ¥(d(x)), xe€GC. (4.19)

That is the images of ¥ at all point of G’ are determined by ® and ¥, since ® is
surjective.

For existence, we define ¥ as in (4.19). That is, for each x” € G’ and because ®
is surjective, we can pick some x € ® 1(x’) and define ¥(x’) = ¥(x). This map is
well-defined, for the fibers of ® are preserved by ¥, and by construction, it fulfills
¥ o & = V. Furthermore, it is a group homomorphism: If x” and 1 be in G’ and let
x € d1(x') and y € ®1(v/), then

P (x'y) = ¥(@(x)0(y)) = ¥(P(xy)) = ¥(xy)
= ¥(x)¥(y) = F(@(x)F(2(y) = F(x)¥ ().

O

| Definition 4.26. A topological group is a set G which is both a group and a topo-
logical space and such that these two structures satisfy a compatibility condition: the
group operation G X G — G and the group inverse element map (-)™! : G — G are
both continuous.

A topological group homomorphism is a group homomorphism between topo-
logical groups that is also continuous.

Every Lie group is a topological group. Every Lie group homomorphism is a topo-
logical group homomorphism. In other words, there is a forgetful functor LieGrp —
TopGrp from the category of Lie groups to the category of topological groups.

| Lemma 4.27 (Universal property of topological quotient groups). Let G be
a group and let (G, p) be a topological quotient group of G. That is, G’ is a topological
group and p : G — G’ is a group homomorphism and a quotient map. Any topological
group homomorphism ¥ : G — H which kills ker ® factors through ® by a unique
topological group homomorphism ¥ : G’ — H, ¥ o ® = &. That is, there exists a unique
topological group homomorphism ¥ that makes the following diagram commute:

G —Ysg

7
c1>l ad
A

G/

Proof. The proof is just the conjunction of lemmas 4.24 and 4.25. O
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Proof of Proposition 4.23. We will be using notation of Example 3.18, so ¢ : su(2) —
so(3) will be a Lie algebra homomorphism such that ¢(E;) = F;, j = 1,2,3, where
{E1, E;, Es} and {Fy, F,, F5} are the bases listed in the example. Like we did in Example
2.9, we may compute that

1 0 0
e?™ =0 cos2r —sin2z|=1 (4.20)
0 sin2w cos2m

Meanwhile, oy, (F1) = 7 (¢ (F1)) = 7w (E1), with E; = iH/2, where, as usual,
H is the diagonal matrix with diagonal entries (1, —1). We know that there is a basis
Ug, U, - - ., Uy for Vp, such that uy is an eigenvector for ,,,(H) with eigenvalue m — 2.
This means that u; is an also eigenvector for o, (F1) = im,(H)/2, with eigenvalue
i(m — 2j)/2. For that reason, in the basis {u;}, we have

i
am
3(m—2)

om (F1) = (4.21)

3(=m)

Suppose first that m were odd and that there exists a representation %,, of SO(3)
with Lie ¥, = op,. Then m — 2j would be an odd integer and, thus, e27om(F1) would
have eigenvalues e2mi(m=2))/2 — _1 in the basis {u;}, showing that e2mom(F1) — T We

have achieved a contradiction, since by (4.20),
[=3,(1) = Zp(e¥) = e2mom) = .

Therefore, if m is odd, it cannot exist a representation %, of SO(3) that yields the
(m + 1)-dimensional representation o, of s0(3), Lie %, = op,.

Suppose now that m were even and let’s look for a representation %, of SO(3)
with ¥,, = Lieoy,. Recall from Example 3.30 that the Lie algebra isomorphism ¢
comes from the surjective group homomorphism & in Proposition 1.11, where ker & =
{I, —I}. Let I1,, be the representation of SU(2) in Example 4.19. Now, e?"E1 = _T and,
thus,

Hm(—l) — Hm(eZHEl) — eﬂm(ZHEl).

By (4.21) and for 7,,(E1) = o, (Fy), the matrix e™(?7F1) is diagonal in the basis {u;}, so
since m is even, its eigenvalues are ¢27'(m~2))/2 = 1, showing that I1(=I) = e™ (1) =
I. This means that IT,, kills ker ®. The map & is a quotient map (this was reasoned
in proof of Corollary 1.12). Thus, by Lemma 4.27, there exists a continuous group
homomorphism %, : SO(3) — GL(V,,) such that II,, = %,, o ®. Equivalently, such
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that the following diagram commutes:

SU(2) =3 GL(V;)

A
P -
// Zm

SO(3)

(Recall that continuity implies C*-differentiability for group homomorphisms be-
tween matrix Lie groups, Corollary 3.53.)

By functoriality, 7, = Lie %,, o ¢, so that Lie %,, = 7, 0 ¢~} = 0, showing that
>m is the desired representation of SO(3). O



5 | The Lie Group-Lie Algebra
Correspondence

5.1 The “Hard” Questions

Consider three elementary results from the preceding chapters of this thesis: (1) Every
matrix Lie group G has a Lie algebra g. (2) A continuous group homomorphism ¢
between matrix Lie groups G and H gives rise to a Lie algebra homomorphism ¢ :
g — b. (3) If G and H are matrix Lie groups and H is a subgroup of G, then the Lie
algebra h of H is a subalgebra of the Lie algebra g of G. Observe that (1) and (2) are
condensed in the assertion “there exists a functor MtxLieGrp — LieAlgr.” Each of
these results goes in the “easy” direction, from a group notion to an associated Lie
algebra notion: in the direction of the Lie functor. In this chapter, we attempt to go in
the “hard” direction, from the Lie algebra to the Lie group: in the opposite direction
of the Lie functor. We will address three questions relating to the preceding three
theorems.

+ Question 1: Is every finite-dimensional, real Lie algebra the Lie algebra of some
matrix Lie group? In other words, is the Lie functor essentially surjective?

+ Question 2: Let G and H be matrix Lie groups with Lie algebras g and b, re-
spectively, and let ¢ : ¢ — b be a Lie algebra homomorphism. Does there exist
a Lie group homomorphism ® : G — H such that Lie ® = ¢? In other words, is
the Lie functor full?

+ Question 3: If G is a matrix Lie group with Lie algebra g and }) is a subalgebra
of g, is there a matrix Lie group H € G whose Lie algebra is §?

The answer to Question 1 is yes; see Sect. 5.4. The answer to Question 2 is, in gen-
eral, no, but yes if G is simply connected; see Sect. 5.2. The answer to Question 3 is
no, in general, but is yes if we allow H to be a “connected Lie subgroup” that is not
necessarily closed; see Sect. 5.3.

Throughout this chapter, we will be stating the theorems that answers the ques-
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tions while skipping their proofs. The interested reader will be redirected to the cor-
responding proofs in [Hall1]. Instead, we will focus on the consequences of the the-
orems and its corollaries. Our point of view will be categorical, and it is the style in
which we will be formulating the theorems and the rest of results.

The tool that is needed for proving these profound results is the Baker—Campbell-
Hausdorff formula, also known as the BCH formula, for short. This formula expresses
log(eXe'), where X and Y are sufficiently small n X n matrices, in Lie-algebraic terms,
that is, in terms of iterated commutators involving X and Y. The formula implies that
all information about the product operation on a matrix Lie group, at least near the
identity, is encoded in the Lie algebra. In its series form the formula may be stated the
following way: there is a neighborhood of the zero matrix in gl(n; C) such that for all
matrices X and Y in this neighborhood,

log(e¥e’) = X +Y + 3[X, Y] + 5 [X, [X, Y]] = [V, [X, Y]] + -,

3

where the “- - -7 refers to additional terms involving iterated brackets of X and Y.

To see a precise statement of the formula and its proof, see sections 5.3, 5.4 and
5.5 of [Hall1].

5.2 Group Versus Lie Algebra Homomorphisms

The Lie functor assigns, to each Lie group homomorphism ® : G — H between
matrix Lie groups, the induced Lie algebra homomorphism ¢ : g — § between their
Lie algebras. We now state a partial converse of this result, and study its consequences
in categorical terms. Recall Definition 4.13 for the concept of a fully faithful functor
for morphisms departing a subclass of objects of the domain category.

| Theorem 5.1. The Lie functor is fully faithful for morphisms departing simply con-
nected matrix Lie groups.

Since simply connected topological spaces are in particular connected spaces,
Corollary 3.52 tells us that the Lie functor is faithful for morphisms departing simply
connected matrix Lie groups. That makes half of Theorem 5.1. The fullness part is
exactly what Theorem 5.6 of [Hall1] states: if g and }) are the Lie algebras of some
matrix Lie groups G and H, where G is simply connected, and ¢ : ¢ — b is a Lie
algebra homomorphism, then there exists a Lie group homomorphism ® : G - H
with Lie® = ¢. This last result is a profound one and we redirect to Hall’s book
for the proof. The proof idea is the following: at first, one starts with the Lie alge-
bra homomorphism ¢ : ¢ — b and uses the BCH formula to construct a local ho-
momorphism from G into H. Then one extends the local homomorphism to a global
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homomorphism—i.e., to an ordinary Lie group homomorphism—and exploits the sim-
ple connectedness of G to prove that the global homomorphism is well-defined. Lastly,
one checks that the Lie functor sends this global homomorphism G — H to the orig-
inal Lie algebra homomorphism ¢.

Theorem 5.1 has lots of applications. In particular, it implies that the restriction! of
the Lie functor to the full subcategory of simply connected matrix Lie groups, denoted
MtxLieGrpgiypi, is a fully faithful functor,

Lie : MtxLieGrpgimp — FinLieAlgg. (5.1)

We deduce two results, the first of which is a partial converse of Corollary 3.32.

| Corollary 5.2. IfG and H and simply connected Lie groups with isomorphic Lie
algebras, then G = H.

Proof.  Since the functor (5.1) is fully faithful, it creates isomorphisms by Lemma
4.14. -

Let C and D be categories. We say that C and D are isomorphic, and we write
C = D, if there exists a pair of covariant functors F : C — Dand G : D — C such
that GF = 1¢ and FG = 1p, where 1¢ and 1p are the identity functors on C and D,
respectively. In that case, F and G will be called isomorphisms of categories. It is
not difficult to check that a functor is an isomorphism of categories if and only if it is
fully faithful and both injective and surjective on objects.

| Corollary 5.3. Let K =R or C. IfG is simply connected, then the functor
FinRepy (G) — FinRepk(g) (5.2)

of Proposition 4.12 is an isomorphism of categories.

Proof.  Since simply connected implies connected, by Proposition 4.15, the functor
(5.2) is a full embedding. It is left to show surjectivity on objects. Let 7 : g — gl(V) be
a representation of the Lie algebra g on some finite-dimensional vector space V. The
map 7 is a Lie algebra homomorphism and, hence, since G is simply connected, by
Theorem 5.1, we have that there exists a Lie group homomorphism IT : G — GL(V)
such that Lie IT = . That is, the functor (5.2) sends the representation (V,II) of G to
the representation (V, ) of g. O

This corollary says that to study the finite-dimensional real (resp., complex) rep-
resentations of a simply connected matrix Lie group is the same as to study the finite-
dimensional real (resp., complex) representations of its Lie algebra.

In general, the restriction of a functor F : C — D to any subcategory E C C is a functor as well,
F|E :E—D.
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5.3 Subgroups and Subalgebras

In this section, we address Question 3 from Sect. 5.1: If G is a matrix Lie group with
Lie algebra g and ) is a subalgebra of g, does there exist a matrix Lie group H € G
whose Lie algebra is H?

The answer to Question 3, as stated, is no. Suppose, for example, that G = GL(2; C)

(i

where a is irrational. If there is going to be a matrix Lie group H with Lie algebra b,

and

t e R}, (5.3)

then H would have to contain the closure of the group

et 0
olf; 2

which is (Exercise 10 in Chapter 1 of [Hall1]) the group

i0
el oses]

But the Lie algebra of H would have to contain the Lie algebra of H;, which is two

t e R}, (5.4)

dimensional!?

Fortunately, all is not lost. We can still get a group H for each subalgebra § if
we weaken the condition that H be a matrix Lie group. In the above example, the
subgroup we want is Hy, despite the fact that H is not closed.

| Definition 5.4. If H is any subgroup of GL(n;C), the Lie algebra } of H is the
set of all matrices X such that
eX e H

for all real .

It is possible to prove that for any subgroup H of GL(n; C), the Lie algebra h of H
is actually a Lie algebra, that is, a real vector space—possibly zero-dimensional—and
closed under brackets. (See Proposition 1 and Corollary 7 in Chapter 2 of [Ross].) This
result is not, however, directly relevant this section.

| Definition 5.5. If G is a matrix Lie group with Lie algebra g, then H ¢ G is a
connected Lie subgroup of G if the following conditions are satisfied:

2The two dimensionality can be seen using the fact that, since H, is a matrix Lie group, Corollary
3.47 says that there is a neighborhood of the identity in H; which is mapped by log to a neighborhood
of zero in ; = Lie H;. Thus, there exists a neighborhood of zero in f; in which all matrices are of the
(i9 0
form :
0

ng) with (0, ¢) € U ¢ R?, where U is some open neighborhood of (0, 0).
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1. H is a subgroup of G.
2. The Lie algebra b of H is a Lie subalgebra of g.
3. Every element of H can be written in the form eXieXe . eXm with X;, Xo, ..., X, €

b.

Note that any group H as in the definition is path connected, since each element
of H can be connected to the identity in H by a path of the form

F i emDXi (120X | o(1=)Xn

| Theorem 5.6. Let G be a matrix Lie group with Lie algebra g and let ) be a Lie
subalgebra of g. Then there exists a unique connected Lie subgroup H of G with Lie
algebra ). Namely, H = {eXieXe ... eXm | X1, Xy, ..., X;n € B).

Observe that, in any case, H = {eXieXe ... eXm | X1 X, ..., X € B} is always
a subgroup of G ¢ GL(n;C). For that reason, the only thing that must be proven
in Theorem 5.6 is that the Lie algebra of H is }. For a proof, see Theorem 5.20 of
[Hall1]; this proof uses the BCH formula. From the theorem we deduce that if f) is the
subalgebra of gl(2; C) in (5.3), then the connected Lie subgroup H is the group Hy in
(5.3), which is not closed.

If a connected Lie subgroup H of GL(n;C) is not closed, the topology H inherits
from GL(n; C) may be pathological, e.g., not locally connected. Nevertheless, we can
give H a new topology that is much nicer.

| Theorem 5.7. Let H be a connected Lie subgroup of GL(n; C) with Lie algebra ¥).
Then H can be given the structure of a smooth manifold in such a way that the group
operations on H are smooth and the inclusion map of H into GL(n; C) is smooth.

Thus, every connected Lie subgroup of GL(n; C) can be made into a Lie group. In
the case of the group Hj in (5.3), the new topology on H is obtained by identifying
H, with R by means of the parameter ¢ in the definition of H.

For a proof of Theorem 5.7, see Theorem 5.23 of [Hall1]. The proof of Hall’s book
is not a completely detailed one, but using the smooth manifold chart lemma (Lemma
1.35 of [Lee]) one can give the details left in the proof.

5.4 Lie’s Third Theorem

Lie’s third theorem (in its modern, global form) says that for every finite-dimensional,
real Lie algebra g, there exists a Lie group G with Lie algebra g. We will take this G
to be a connected Lie subgroup of GL(n; C).
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| Theorem 5.8. Ifg is any finite-dimensional, real Lie algebra, there exists a connected
Lie subgroup G of GL(n; C) whose Lie algebra is isomorphic to g.

Our proof assumes Ado’s theorem, which asserts that every finite-dimensional
real or complex Lie algebra is isomorphic to an algebra of matrices. (See, for example,
Theorem 3.17.17 in [Var].)

Proof. By Ado’s theorem, we may identify g with a real subalgebra of gl(n; C). Then,
by Theorem 5.6, there is a connected Lie subgroup of GL(n; C) with Lie algebrag. O

It is actually possible to choose the subgroup G in Theorem 5.8 to be closed. In-
deed, according to Theorem 9 on p. 105 of [Got], if a connected Lie group G can be
embedded into some GL(n; C) as a connected Lie subgroup, then G can be embedded
into some other GL(n’; C) as a closed subgroup. Assuming this result, we may reach
the following corollary.

| Corollary 5.9. The Lie functor is essentially surjective.
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