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Abstract  11 

Injection-induced electro-convection (EC) of dielectric liquids is a fundamental problem 12 

in electrohydrodynamics (EHD). However, most previous studies with this type of EC 13 

assume that the liquid is perfectly insulating. By perfectly insulating, we mean an ideal 14 

liquid with zero conductivity, and in this situation, the free charges in the bulk liquid 15 

originate entirely from the injection of ions. In this study, we perform a numerical analysis 16 

with the EC of dielectric liquids with a certain residual conductivity based on a 17 

dissociation-injection model. The spatiotemporal distributions of the flow field, electric 18 

field, and positive/negative charge density in the parallel plate configuration are solved 19 

utilizing the finite volume method. It is found that the residual conductivity inhibits the 20 

onset of EC flow, as well as the strength of the flow field. The flow features and 21 

bifurcations are studied in various scenarios with three different injection strengths in the 22 

strong, medium, and weak regimes. Three distinct bifurcation sequences with abundant 23 

features are observed by continually increasing or decreasing the electric Reynolds 24 

number. The present study shows that the residual conductivity significantly affects the 25 

bifurcation process and the corresponding critical point of EC flows.  26 
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Keywords: Electro-convection, dielectric liquids, dissociation-injection, residual 27 

conductivity, bifurcation, numerical analysis. 28 

1. Introduction 29 

Electrohydrodynamics (EHD), a multidisciplinary science that describes the 30 

interaction between the flow field and the electric field, has been employed in many 31 

practical applications, such as electrostatic precipitation and thrust 1, 2, EHD pumping3, 4, 32 

heat transfer enhancement5, 6, EHD mixing7, electrophoretic display8. Electro-convection 33 

(EC) driven by Coulomb force in nonpolar dielectric fluids is a fundamental problem in 34 

EHD9-11. The behavior of poorly conducting nonpolar liquids has received a lot of 35 

attention because of its rich flow features and nonlinear characteristics12-14. There are two 36 

main mechanisms for the generation of free space charges in nonpolar isothermal 37 

dielectric liquids9, namely: 1) injection and 2) conduction. The charges for injection cases 38 

are generated by ionic pairs that are adsorbed in the metal-liquid interface by electrostatic 39 

image forces. The electrochemical reaction at the liquid/electrode interface leads to free 40 

charges entering into the bulk from either single-side electrode (unipolar injection) or 41 

both electrodes (bipolar injection). Several injection laws have been proposed to describe 42 

the amount and rate of injected charges9, 11. For the conduction model, the charges 43 

originate from the un-equilibrium dissociation and recombination processes of liquid 44 

molecules under an electric field. When an external electric field is applied, the rate of 45 

dissociation increases. The electric field enhanced dissociation is usually named the 46 

Onsager effect15, 16. The dissociation and recombination process accounts for the origin 47 

of the residual conductivity of a dielectric liquid. Theoretically, the model based on the 48 

injection-conduction model can explain the current-voltage characteristics for various 49 

dielectric liquids in a wide range of applied voltage.  50 

Electro-convection based on the unipolar injection model has been well studied in 51 
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the past four decades10, 17. Various geometric configurations have been studied using 52 

different methods of theoretical analysis, experiments, and numerical simulations. In 53 

highly symmetrical configurations (such as parallel plates, concentric cylinders, and 54 

spherical electrodes) with homogenous injection, two typical features of the EC system, 55 

including the onset of the flow motion and subcritical bifurcation phenomenon are 56 

observed in extensive investigations13, 18, 19. The competition between two ionic transport 57 

mechanisms (drift due to the electric field and convection by the fluid field) explains the 58 

subcritical bifurcation and also the formation of the charge void region. The linear 59 

stability analysis performed with EC between parallel electrodes demonstrates that the 60 

onset of the flow motion is independent of the mobility parameter but is closely related 61 

to injection strength20, 21. Their results were also confirmed by experimental 62 

measurements22 and numerical simulations13, 19, 23. Electrohydrodynamic flow caused by 63 

the field-enhanced dissociation has also received attention in recent years24, 25. Ryu et al.26 64 

reported the EHD flow generated due to the Onsager effect and a conductivity gradient 65 

caused by a non-uniform electric field. Particle image velocimetry (PIV) techniques were 66 

utilized to visualize such EHD flow. Meanwhile, both analytical and numerical solutions 67 

are performed to discuss the effect of the electric field strength, system geometry, and 68 

alternating current (AC) frequency on the velocity and pattern of the aforementioned 69 

EHD flow. Furthermore, the electrohydrodynamic flow based on the conduction model 70 

attracts the attention of researchers for the application of conduction pumping3, 27-29. This 71 

specific application is expected to be used in many engineering fields, including space 72 

thermal control and flexible microscale pumping, due to its advantages of having no 73 

mechanical components, no noise, easy miniaturization30.  74 

Direct Numerical Simulation (DNS) is an effective and direct method to investigate 75 

the phenomenon of EC. In recent decades, various numerical methods including the finite 76 
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volume method13, compact finite difference method31, finite element32, spectral element 77 

method33, Discrete Unified Gas-Kinetic Scheme (DUGKS)34, Particle-In-Cell method 78 

(PIC)19, and the Lattice Boltzmann Method (LBM)35, 36, have been developed for the 79 

analysis of EC problems. For these numerical works, the main task is to validate the 80 

algorithm’s ability in solving space-charge coupled with the electric field, so the unipolar 81 

injection model is always adopted. Studies have also been extended to other 82 

configurations with more complex geometries and non-Newtonian fluids. Fernandes et 83 

al.37, 38 investigated the critical value corresponding to the onset of flow motion and the 84 

complex flow characteristics of EC between concentric cylinders by performing linear 85 

stability analysis and numerical simulations. They reported that the number of charged 86 

plumes increases with the rise of the applied electric field before the system bifurcates to 87 

chaos. In our previous studies, we performed numerical simulations with the finite 88 

volume method with 2D concentric39 and eccentric40 cylinders. The characteristics of 89 

finite-amplitude bifurcation at the onset and routes to chaos were investigated. Very 90 

recently, Su et al.41 has extended the numerical investigation to the instability in EC of 91 

viscoelastic fluids, while Chen et al.42 has performed the first numerical simulation of 92 

EHD conduction pumping with viscoelastic fluids.  93 

From the literature review described above, the difference between two typical 94 

mechanisms for charge generation in a dielectric liquid can be observed. Investigations 95 

on the EC flow of a dielectric liquid between parallel-placed electrodes observed rich 96 

flow characteristics corresponding to the linear and nonlinear phenomena in the EC 97 

system. When a strong electric field is applied between two parallel electrodes, charges 98 

are generated into the bulk by the injection mechanism and serve as the dominant origin 99 

for the free charges. However, the un-equilibrium of the dissociation-recombination 100 

process under the action of the electric field leads to the origin of residual conductivity in 101 

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
8
6
1
8
9



5 

 

the dielectric liquid. Previous theoretical studies have shown that residual conductivity in 102 

a liquid significantly affects the linear and nonlinear stability of the EC and ETC 103 

systems14, 43. Therefore, in this study, an EC solver based on the dissociation-injection 104 

model is developed, and a series of numerical simulations are performed to investigate 105 

the rich flow features and bifurcation phenomena in dielectric liquids with different 106 

residual conductivities. The present model also considers the Onsager effect in EC flow. 107 

By this model, numerical simulations are believed to become closer to real situations as 108 

the dielectric liquids always possess weak conductivity. Three different injection 109 

strengths are adopted to systematically study such a bifurcation process. The remainder 110 

of this paper is organized as follows. In Sect. 2, the physical problem, governing equations, 111 

and boundary conditions are stated. Sect. 3. briefly explains the numerical methods and 112 

code validation. Results and discussion are presented in Sect. 4. Finally, a conclusion is 113 

drawn in Sect. 5. 114 

2. Problem formulation 115 

2.1 Physical Problem and Governing Equations 116 

 117 

Fig. 1. Sketch of the physical domain and boundary conditions. 118 

As shown in Fig. 1, the system under consideration is a nonpolar dielectric liquid 119 
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layer enclosed between two parallel electrodes. Constant but different electrical potentials 120 

ϕ1 and ϕ0 (ϕ1 > ϕ0) are applied on the bottom and top electrodes, respectively. The injected 121 

ions are assumed to be positive ions that are released autonomously and homogeneously 122 

from the bottom electrode. The dielectric liquid between the parallel plates is assumed to 123 

be Newtonian, incompressible, isothermal, and with weak residual conductivity. Since 124 

both injected ions and electrolytic ions have a common origin in the ionic pairs, the 125 

injected positive ions are assumed to be the same as the positive ions generated due to 126 

dissociation9, 11, 12.  127 

The governing equations include the continuity equation, momentum equation, the 128 

additional equations describing the electric field (the Poisson equation, as well as the 129 

definition of the electric field), and positive/negative charge transport equations. 130 

Following the previous assumptions, the complete formulation of the governing equations 131 

can be expressed as follows9, 11, 12: 132 

 0 =u  (1) 

 ( ) 0

( )
( ) ( )

u
uu u Ep e n n

t

   + −


+  = − +   + −


 (2) 

 0( ) ( )e n n + − = −E  (3) 

 = −E  (4) 

 ( )
2

0 0

2

0

( )( )
( ( ))

( )

eq

eq

e K K nn n n
n K D n n F w

t n
+ −+ + −

+ + + + +

 +
+  −  + = −   

E u E  (5) 

 ( )
2

0 0

2

0

( )( )
( ( ))

( )

eq

eq

e K K nn n n
n K D n n F w

t n
+ −− + −

− − − − −

 +
+  − −  + = −   

E u E  (6) 

In these equations, u   is the fluid velocity and E  is the electric field, p represents the 133 

dynamic pressure. The scalars t,   , ϕ, n+, n− denote the time, fluid density, electric 134 

potential, positive and negative charge density, respectively. The symbols  , μ, K+, K-, 135 

D+, D- represent the electrical permittivity, dynamic viscosity, ionic mobility, and the 136 

charge diffusivity of positive and negative accordingly. In this study, it is assumed that 137 

the ionic mobility and diffusion coefficients are equivalent for both positive and negative 138 
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ions; thus, K+=K-=K, D+=D-=D. e0 is the elementary charge, 
0

eq
n is the concentration of 139 

ionic species without external electric field applied. In equations (5) and (6), F is the 140 

Onsager function and w(|E|) is the enhanced dissociation rate coefficient3, 12,  141 

 

1/2
3

1 0

2 2

(4 ( ))
( ( ))= , ( )

2 ( ) 16

B

O B

I w eL
F w w

w L k 
 

= =   
 

E E
E E

E
 (7) 

Here, I1 is the first-order modified Bessel function of the first kind. kB is the Boltzmann 142 

constant, and θ is the absolute temperature. LB is the distance where the electrostatic 143 

energy between two ions becomes the same order as the thermal energy, which is also 144 

named the Bjerrum distance. The Onsager distance LO is the distance from a point charge 145 

where the magnitude of the external electric field E becomes of the same order as the 146 

electric field produced by the charge in the liquid. The expression of Bjerrum distance LB 147 

and Onsager distance LO is 148 

 

2

0=
8

B

B

e
L

k 
, 0=

4
O

e
L

 E
 (8) 

For universality in the description of the above physical problem, the following 149 

characteristic scales are chosen for non-dimensionalization,  150 

*

i ix x H=  * 2

0( / )t t H =  *

0( / )i i H =u u  

* 2

0( / )p p H =    

*

0( / )H= E E  *

0=     

The governing equations in the dimensionless form are derived, 151 

 0 =u  (9) 

 ( ) 2 2

0 0
ˆ ( ) [( ) )

E
p M Re C C n C n

t
+ −


+  = − +   + + −


u

uu u E  (10) 

 0 0( ) ( )E C C n C n+ − = + −  (11) 

 = −E  (12) 

 ( )
2

0

2

0 0

2
( ( ))

( + ) ( )
E E eq

Cn n n
Re n n Re F w

t C C n
+ + −

+ +

 
+  + −  = −      

E u E  (13) 

 ( ) 0 2

0

2 ( ( ))
( )

E E eq

n n n
Re n n C Re F w

t n
− + −

− −

 
+  − + −  = −      

E u E  (14) 

There are five dimensionless governing parameters of the system, 152 
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 2

0

0

i
e n d

C
 

=


 

2

0 0
0

0

eq
e n d

C
 

=


 
0 0

E

K
Re


=

 


 

 
 

0/
=M

K

 
 

0

=

D

K



  

The parameter C represents the injection strength and three regimes can be defined: 153 

strong (5 < C), medium (0.2 < C < 5), and weak (C < 0.2)43. C0 is the conduction number, 154 

and it is utilized to differentiate between the two limit regimes in EHD conduction: ohmic 155 

regime (C0 >> 1) and saturation regime (C0 << 1)3. The ohmic regime is featured by the 156 

existence of two heterocharge layers next to the electrodes and an electroneutral bulk. 157 

While for the saturation regime, the heterocharge layers span all the volume between 158 

electrodes and overlapping without the existence of electroneutral bulk. The electric 159 

Reynolds number 
ERe is a Reynolds number defined with the ionic drift velocity, and it 160 

plays the role of applied potential. The electric Rayleigh number T has also been widely 161 

used to represent the strength of the applied electric field in previous studies13, 19. 
ERe  is 162 

proportional to T with the relationship 2 = /ERe T M  . The dimensionless mobility 163 

parameter M denotes the ratio of the hydrodynamic mobility and the true mobility of ions. 164 

The number α is the diffusion coefficient of the charges, which always takes a small value 165 

in dielectric liquids.  166 

2.2 Boundary and initial conditions 167 

The non-dimensional computational domain is a rectangular space defined by the 168 

length L and height H. For a better description of the computational domain, a geometric 169 

aspect ratio A= L/H is defined. In this study, the aspect ratio under consideration is fixed 170 

at A= λ/2, where λ is a half wavelength predicted from the linear stability of an infinite 171 

fluid layer. The boundary conditions are depicted in Fig. 1. The fluid velocity is specified 172 

by the no-slip boundary condition at both the top and bottom electrodes. For the electric 173 

potential field, the Dirichlet conditions are applied along the two parallel electrodes. The 174 
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charge density field is defined by applying Dirichlet and Neumann boundary conditions 175 

at the bottom (the emitter electrode) and top electrodes, respectively.  For lateral walls, 176 

free-slip (symmetrical) boundary conditions are adopted to reduce computational cost. 177 

All the associated nondimensional boundary conditions are summarized as follows,  178 

y = 0: 11, 0 1 0, 0x y

n
n u u

y

−
+


= = = = =


， ，   

y = 1: 00, 0 =0 0, 0x y

n
n u u

y

+
−


= = = =


， ，   

x = 0, 0.5λ -0, 0 =0 0, 0
y

x

un n
u

x x x x

+
  

= = = =
   

， ，
 (Free wall)  

These boundary conditions are the same as in previous studies. For initial conditions, the 179 

simulations start either from a hydrostatic state or a state obtained from the previous 180 

simulation. 181 

3. Numerical Methods and Validation 182 

3.1 Numerical methods 183 

The coupled set of governing equations includes the Navier-Stokes equations, the 184 

Poisson equation for the electric potential, and the charge conservation equations for 185 

positive and negative ions. There is a strong non-linear coupling between different fields. 186 

Additionally, the negligible diffusion terms in both positive and negative charge density 187 

equations mean that they are strongly convection-dominant. Therefore, specifically 188 

designed algorithms are required to accurately solve it. In our previous study, by utilizing 189 

the total variation diminishing (TVD) scheme to discretize the convective term in the 190 

charge transport equation, accurate and oscillation-free solutions are obtained in unipolar 191 

injection-induced EC problems39, 44. It is natural to extend such a method to the injection-192 

conduction model and to solve injection-induced EC flow in a dielectric liquid with 193 

residual conductivity. The whole couple of equations are implemented and solved in the 194 
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OpenFOAM® FVM framework45. The governing equations are discretized using a 195 

sequential, iterative solution procedure based on the PIMPLE algorithm as described by 196 

Moukalled et al.46 A collocated grid system is used, in which all variables are stored at 197 

the center of control volumes. The Laplacian terms present in the governing equations are 198 

discretized using a second-order accurate central differencing scheme. A third-order 199 

accurate cubic scheme is used to discretize the gradient terms. The convective terms in 200 

the momentum equations are discretized using a third-order accurate QUICK scheme.47 201 

For the convective terms in the positive/negative charge density equations, a second-order 202 

accurate Total Variation Diminishing (TVD) Van Leer scheme is used.48 The time 203 

derivatives are discretized using the Crank-Nicolson scheme with a weighting factor of 204 

0.9.  205 

 206 

Fig. 2 Flow chart of the calculation procedure.  207 

Note: nOuterCorr is the number of outer corrector loops; nNonOrthoCorr is the number of 208 

nonorthogonal pressure corrector loops, and nCorrector is the number of corrector loops). 209 

The overall sequential solution procedure used to solve all equations is presented in 210 

Fig. 2. We briefly describe it as follows: 211 
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1. Initial conditions are set. 212 

2. The computation begins with solving the Poisson equation to obtain the electric 213 

potential. 214 

3. Then, the electric field is calculated. 215 

4. After that, the positive and negative charge transport equations are solved successively 216 

with the electric field and the fluid velocity field. 217 

5. The body force term included in the momentum equations is calculated. 218 

6. An inner loop is performed to compute the fluid velocity field and pressure using the 219 

PIMPLE algorithm.  220 

7. If you are not at the last time step, return to Step 2 for the next time step. 221 

For the charge transport equations, an inner loop can be designed to couple Eq.(3) to (6) 222 

to enhance the convergence stability.  223 

3.2 Code Validation 224 

The FVM framework of OpenFOAM® utilized in this work has been successfully 225 

adopted in unipolar injection-induced EC, ETC (electro-thermo-convection) problems 226 

and even simulations of solid-liquid phase change process under the effect of an external 227 

electric field.44, 49 In spite of this, two more cases are performed in this section to validate 228 

the solver in simulating the EC induced by injection coupled by the dissociation process 229 

of a dielectric liquid with residual conductivity. First, a 2D parallel plate case with no 230 

flow motion is performed, as depicted in Fig.3(a). The geometrical configuration, 231 

boundary conditions, and all other parameters are set the same as presented in the 232 

literature.3, 50 A sufficiently fine uniform 200 × 200 Cartesian grid system is adopted. A 233 

constant electrical potential ϕ1 (ϕ1 = 1) is applied on the left electrode and the right 234 

electrode is grounded (ϕ0 = 0). The injection process of the system is ignored, and the 235 

charges originate merely from dissociation; therefore, the system remains static, as the 236 
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electrodes are symmetric and the ionic mobilities of the species are assumed to be 237 

identical. Fig.3(b) presents the comparison of the positive/negative charge density (n+, n-) 238 

and the magnitude of the electric field (E) profiles along the x-direction for C0 = 0.1 239 

obtained by the present numerical simulations and the results of the literature. It can be 240 

seen that the present results match well with the numerical results provided in Ref. 3, 241 

which demonstrate the capacity of the present solver in simulating the electric field and 242 

charge distributions of a dissociation process. 243 

(a) (b) 
Fig. 3. (a) Dimensionless configuration for the 2D parallel plate case, along with the net 244 

electric charge distribution at C0 = 0.1, without flow motion. (b)Comparison of profiles 245 

of n+, n-, and E along the x-direction at C0 = 0.1. The literature results are obtained by the 246 

commercial platform COMSOL Multiphysics.3 247 

Table 1 Physical parameters used in the simulations. 248 

Parameter Value Parameter Value 

Working fluid Dodecane Dynamic viscosity η 1.34×10-3PaS 

Diameter of the wire 1mm 
Zero field 

conductivity σ0 
2.96×10-8S/m 

Height and width of the 
domain 

5mm 
Zero field 

concentration C0 
3.28×1019/m3 

Relative permittivity εr 2 Diffusivity Di 7.16×10-11m2/s 

Density ρ 749.50kg/m3 Mobility μi 2.81×10-9m2/sV 

Temperature θ 295K 
Applied electric 

potentialϕ0 
1 and 1.5kV 

 249 
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(a) (b) 

Fig. 4. (a) Sketch of the EHD flow around a single cylindrical electrode bounded by a 250 

pair of flat plate electrodes, (b) overall flow pattern and direction at an applied voltage of 251 

1.5KV. 252 

  

(a) (b) 

Fig. 5. Comparison of the vertical velocity profile along y=3.75mm with two different 253 

voltages: (a) 1.0KV and (b) 1.5KV. Experimental results are taken from Ref. 51. 254 

Secondly, the EHD flow around a single cylindrical electrode bounded by a pair of 255 

flat-plate electrodes is performed to further validate the solver. The schematic of the 256 

physical domain is shown in Fig. 4(a). The flat-plate electrodes are applied with a constant 257 

voltage (ϕ0), and the central cylindrical electrode is grounded. In this case, the electric 258 

field enhanced dissociation effect (Onsager-Wien effect) is considered. Table 1 provides 259 

all the physical parameters used in the simulations, which are set the same as in the 260 

literature.51 As presented in Fig. 4(b), the overall flow pattern and direction at an applied 261 

voltage of 1.5KV are the same as that in the literature. To further validate the solver, one 262 
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more case with an applied voltage of 1.0KV is performed. Fig. 5 presents the comparison 263 

of the vertical velocity profile along y = 3.75mm at ϕ0 = 1.0KV, and 1.5KV. It can be 264 

observed that the present numerical results match well with the experimental results 265 

reported by Fernandes et al.51 The above validations demonstrate the ability of our solver 266 

to simulate the EC phenomena based on the dissociation injection model. 267 

4. Results and Discussion 268 

Numerical simulations are performed to study the flow features and the instability and 269 

bifurcations of the EC system in dielectric liquids with residual conductivities. The 270 

residual conductivity σ0 (
0 0 0=2 eq

e Kn  ) is proportional to the conduction number C0. In the 271 

present study, the residual conductivity σ0 is considered to vary in the range between       272 

10-11 to 10-8 S/m, which are typical values in EHD experiments, and the corresponding 273 

conduction numbers C0 are 0.001 to 1. Three different injection strengths are considered: 274 

weak, medium, and strong regimes with C = 0.1, 1, and 10. Considering that the amount 275 

of charges produced by the injection process is much higher than that produced by 276 

dissociation, C0/C is set to be less than 0.1. The mobility parameter M is fixed at 10, a 277 

typical value widely used in previous studies. Based on a grid sensitivity analysis, a non-278 

uniform grid with 200 × 175 cells is chosen for all the cases. We perform a detailed study 279 

about the effect of applied potential (ReE) and residual conductivity (C0) on the instability 280 

and bifurcation phenomena of the EC system.  281 

4.1 Strong injection regime (C = 10) 282 

We first consider a strong injection with C=10. The residual conductivity in a 283 

dielectric liquid generates additional charges other than the injected ones. As in the case 284 

of pure unipolar injection, the dielectric liquid with residual conductivity stays still when 285 

the applied electric field is weak, and the Coulomb force fails to overcome the viscosity 286 

effects. The static dielectric liquid loses its stability, and a steady EC flow arises through 287 
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pitchfork bifurcation when the applied voltage measured by ReE is over a critical value 288 

ReEc1. For pure injection, the critical value (ReEc1) of dielectric liquid without residual 289 

conductivity is found to be 1.636, which agrees well with the results of Wu et al 52. While 290 

for the injection case of dielectric liquid with residual conductivity C0=0.1, the value 291 

corresponding to the onset of motion is 1.656, which is a little higher than in the pure 292 

injection case.  293 

 294 
Fig. 6. Evolution of the maximum velocity with time for a dielectric liquid with residual 295 

conductivity at C = 10, C0 = 0.1, ReE = 1.75 to 3.0. 296 

Fig.6 plots the evolution of maximum velocity ( )2 2

max Max x yv u u +  in the bulk 297 

liquid with time for strong injection cases in dielectric liquid with residual conductivity 298 

at C0 = 0.1 and ReE = 1.75 to 3.0. The EC systems eventually develop into steady states 299 

for all the cases. The streamline and contours of the positive and negative charge density 300 

distributions for different time snapshots in the test case of C = 10, C0 = 0.1, ReE = 1.75 301 

are presented in Fig.7. Under the simultaneous action of the electric field and flow field, 302 

the isolines of positive and negative charge density distributions gradually deform in time. 303 

The one-cell asymmetric counterclockwise rotating EC flow exhibits a charge void region 304 

in positive charge density distribution. This is a key feature in unipolar injection cases. 305 

The negative charges generated by the dissociation of the dielectric liquid are 306 
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concentrated to the left of the domain center in a concentric egg shape.  Fig.8 shows the 307 

positive and negative charge density and streamline distributions for C0 = 0.1, ReE = 2.5. 308 

The void region in the positive charge density distribution is greater than that in the case 309 

of ReE = 1.75, and the negative charges are more concentrated in the egg-shaped area.  310 

   

   
(a) t = 20 (b) t = 40 (c) t = 100 

Fig. 7. Streamline and contours of the positive (upper) and negative (bottom) charge 311 

density distributions for different time snapshots in the case of C = 10, C0 = 0.1, ReE = 312 

1.75 at: (a) t = 20, (b) t = 40, (c) t = 100. 313 

To intuitively analyze the influence of residual conductivity on the flow field and 314 

charge density distribution, Fig.9 shows the velocity and charge density distribution along 315 

the vertical middle line for EC of dielectric liquids with and without residual conductivity 316 

(C0 = 0.1 and C0 = 0). The velocity and charge density distributions almost overlap with 317 

each other near the upper and lower walls but show some difference in the middle area. 318 
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Around the central area, the magnitudes of the horizontal and vertical velocity of EC flow 319 

in a dielectric liquid with no residual conductivity are larger than those with residual 320 

conductivity. However, the charge-density distribution presents an opposite trend. This 321 

means that the intensity of the EC flow in the dielectric liquid with residual conductivity 322 

is lower than that with no residual conductivity because of the distribution of the egg-323 

shaped negative charges. This is also confirmed by the time evolution of the maximum 324 

velocity for dielectric liquids with different residual conductivities at C = 10 and ReE = 325 

2.5, as shown in Fig.10. The maximum velocity of EC decreases with increasing residual 326 

conductivity. Meanwhile, the growth rate of maximum velocity in the initial growth stage 327 

shows a similar trend. The Coulomb forces acting on positive and negative charges are in 328 

opposite directions at any specific point. The number of negative charges generated 329 

merely from the dissociation process is much smaller than the positive charges that 330 

originated from both the injection and dissociation processes. Therefore, electrical 331 

convection is mainly caused by the directional movement of the positive charges. At the 332 

same time, negative charges under the action of Coulomb force inhibit the intensity of the 333 

electro-convective flow.  334 

  
(a) (b) 

Fig. 8. (a) Positive and (b) negative charge density and streamline distribution for case: 335 

C0 = 0.1, ReE = 2.5. 336 
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(a) (b)  

Fig. 9. (a) Velocity and (b) charge density distribution for C0 = 0 and 0.1 and ReE = 2.5. 337 

 338 
Fig. 10. Evolution of the maximum velocity with time for dielectric liquids with 339 

different residual conductivities at C = 10, ReE = 2.5. 340 

Fig.11 plots contours of both positive and negative charge density at a value of 0.1 for 341 

ReE = 2.5 and different residual conductivities. The positive charge density contour lines 342 

for two weak residual conductivity (C0 = 0.01 and 0.1) almost collapse with each other 343 

while the variation of corresponding negative charge density contour lines is evident. The 344 

regions of positive charge density less than 0.1 surrounded by the isolines plotted in 345 

Fig.11(a) can be viewed as a void region. The void region is not closed and allows for an 346 

open hole on the collecting electrode, which is consistent with previous observations of 347 

EC with zero residual conductivity19, 52. With a further increase in residual conductivity, 348 

the open hole on the collecting electrode expands and the void region shrinks inward. The 349 

void region of the negative charge shows a very different feature. For the dielectric liquid 350 
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with relatively high residual conductivity (e.g. C0 = 0.4), the isoline is distributed 351 

horizontally near the collecting electrode, while the void region of the negative charges 352 

is located above the isoline. As the residual conductivity gradually decreases, the negative 353 

charge void region expands, and the left side of the isolines noticeably bends downward. 354 

For relatively low residual conductivity (e.g. C0 = 0.1), a negative charge void region also 355 

arises; see Fig.11(b). With the further decrease of residual conductivity, the negative 356 

charges cluster to a small egg-shaped area. Fig.12. present the streamlines of ReEE+u and  357 

-ReEE + u fields at C = 10, C0=0.01, ReE = 2.5. The origin of this egg-shaped area is the 358 

term -ReEE + u in equation (14). On the right side of the convective cell, the ion drift is 359 

acting downwards, while the liquid flow is going upwards. Since once the convection 360 

reaches the steady state the liquid velocity is greater than the ion drift velocity, there is a 361 

region from which the negative ions originated by dissociation can not get out. The origin 362 

of this negative charge is similar to the void of positive charge on the left side: the lines 363 

along with the charge are convected by the combined effect of ion drift and flow 364 

convection creates a disconnected region. In the case of positive charges, the injected 365 

charge cannot enter this region. For negative charges, the dissociation originates charges 366 

that can not get out from this region and discharge at the electrode. 367 

Previous studies on dielectric liquids with no residual conductivity demonstrated that 368 

when the driving parameter ReE is further increased over the critical value ReEc2, a second 369 

subcritical bifurcation takes place where the flow transits from one convective cell to two 370 

cells13, 35, 52. The same bifurcation phenomena can be observed in dielectric liquids with 371 

residual conductivity. We further increased the electric Reynolds number ReE to explore 372 

the effect of residual conductivity on such a bifurcation process. Fig.13 shows the 373 

temporal evolution of the maximum velocity for dielectric liquids with different residual 374 

conductivities at C = 10 and ReE = 5.0. After a period of evolution in the one-cell stage, 375 
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the maximum velocity of the EC system drops suddenly and then gradually stabilizes at 376 

a lower value, which corresponds to the state with two convective cells. The dielectric 377 

liquid with higher residual conductivity experiences a longer evolution time in the one-378 

cell state before it bifurcates to the two-cell state. 379 

  
(a) n+  (b) n-  

Fig. 11. (a) Positive and (b) negative charge density contour lines for strong injection at 380 

C = 10, ReE = 2.5.  Both positive and negative charge density contour lines are plotted at 381 

a value of 0.1. 382 

  
(a)  (b)  

Fig. 12. The streamlines of (a) ReEE+u and (b) -ReEE+u fields at C = 10, C0=0.01, ReE 383 

= 2.5.  384 
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 385 
Fig. 13. Temporal evolution of the maximum velocity for dielectric liquids with different 386 

residual conductivities at C = 10 and ReE = 5.0. 387 

When we gradually decrease the applied electric field from the two-cell EC state at 388 

ReE = 7 for dielectric liquids with residual conductivity, the EC systems experience similar 389 

subcritical bifurcation processes to the pure injection case. Such a subcritical bifurcation 390 

phenomenon is another key feature of the unipolar injection EC system. The EC in 391 

relatively high conductivity (C0 = 0.5) cases first bifurcates from the two-cell structure to 392 

the one-cell structure. When the applied electric field is decreased, the EC system returns 393 

from a one-cell steady convective state to a hydrostatic state. The values of two critical 394 

points (ReEf1 and ReEf2) are smaller than the values of the corresponding criteria (ReEc2 395 

and ReEc1). In addition, the influence of residual conductivity on such nonlinear criteria 396 

is clear. A dielectric liquid with lower residual conductivity has lower values of two non-397 

linear criteria, while the corresponding maximum velocity increases. 398 
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(a) 

 

(b) 

 
Fig. 14. Bifurcation diagrams of dielectric liquids with different residual conductivities 399 

at C = 10 with (a) increase and (b) decrease of the electric Reynolds number ReE. 400 

Table 2 The linear and nonlinear criteria (ReEc1, ReEc2, ReEf1 and ReEf2) of dielectric 401 

liquids with different residual conductivities at strong injection strength (C = 10). 402 

C0 0 0.01 0.05 0.1 0.2 0.3 0.4 0.5 

ReEc1 1.636 1.636 1.641 1.656 1.732 1.892 2.152 2.529 

ReEc2 3.12-3.13 3.15-3.16 3.59-3.60 4.36-4.37 5.52-5.53 5.01-502 4.28-4.29 4.13-4.14 

ReEf1 1.97-1.98 1.97-1.98 1.99-2.00 2.03-2.04 2.25-2.26 2.50-2.51 2.79-2.80 3.09-3.10 

ReEf2 1.08-1.09 1.09-1.10 1.12-1.13 1.16-1.17 1.30-1.31 1.50-1.51 1.77-178 2.13-2.14 

Here ReEc1 corresponds to the critical point at which EC happens, ReEc2 denotes the 403 

critical point at which EC bifurcates from a one-cell state to a two-cell state. ReEf1 404 

corresponds to the critical point that the two-cell EC system bifurcates to the one-cell 405 

state, and ReEf2 represents the critical point that the one-cell EC system bifurcates to the 406 

hydrostatic state. 407 

Complete bifurcation diagrams are drawn in Fig.14 to explain the influence of the 408 
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residual conductivity parameters on the bifurcation process with increasing electric 409 

Reynolds number ReE. The four corresponding criteria are summarized in Table 2. The 410 

critical values of the dielectric liquids in the saturation regime represented by weak 411 

conductivity (C0 = 0.01 to 0.1) are slightly higher than those without residual conductivity. 412 

When the residual conductivity is further increased, the values of the linear (ReEc1) criteria 413 

increase significantly. The maximum velocity corresponding to the onset of one-cell EC 414 

decreases as the residual conductivity increases. This indicates that residual conductivity 415 

inhibits the occurrence of EC, especially when the dielectric liquid is at the transition 416 

regime between the saturation regime and the ohmic regime. The second criterion (ReEc2) 417 

and the bifurcation process to two-cell EC flow present a more complex pattern. When 418 

the residual conductivity parameter C0 is less than 0.2, the value of ReEc2 increases with 419 

increasing residual conductivity, while the range of electric Reynolds number ReE in one-420 

cell EC flow state expands. In addition, the maximum velocity corresponding to ReEc2 421 

also increases. However, such maximum velocities in the dielectric liquids with residual 422 

conductivity parameters C0 = 0.1 and C0 = 0.2 are very close to each other. As the 423 

conductivity parameter C0 further increases, the range of ReE at the one-cell EC state 424 

shrinks, and the corresponding maximum velocity reduces. There are two effects of the 425 

residual conductivity on the EC flow in a dielectric liquid. One is that residual 426 

conductivity inhibits the flow intensity of EC flow, the other is that it can stabilize the EC 427 

flow and expand the region of a steady EC system. 428 

To explain the complex rule about the influence of residual conductivity on the above 429 

bifurcation criteria, the contour lines distribution of net charge density (q = n+ - n-) at q = 430 

0.05 and the Coulomb force (Fe = qE) at Fe = 150 for the one-cell EC system at the 431 

critical point that bifurcating to the two-cell EC system are presented in Fig. 15. We define 432 

the region with q < 0.05 as the net charge void region and the region with Fe < 150 as the 433 
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weak electric field force region. For the EC system, with the increase of electric Reynolds 434 

number ReE, the overall intensity of the EC flow increase, and the electric torque required 435 

to maintain the convection increase correspondingly. As shown in Fig. 15, when C0 ≤ 0.1, 436 

the area of net charge void region and weak electric field force region expands with the 437 

increase of C0. This means that with the increase of C0, the net charge concentrates more 438 

at the right side of the region, and the intensity difference of the Coulomb force between 439 

inside and outside of the net charge void region increases with the increase of C0, which 440 

results in stronger electric torque in the system. A stronger electric torque could maintain 441 

the stability of the one-cell EC under a larger driving parameter ReE. When C0 ≥ 0.2, the 442 

area of the net charge void region, as well as the area of the weak electric field force 443 

region, decreases with the increase of residual conductivity. The intensity difference of 444 

the electric field force between inside and outside the charge void region decreases with 445 

the increase of C0, and the electric torque in the domain decreases, making the EC system 446 

unable to maintain the one-cell state under larger driving parameters. 447 

   
(a) (b) 

Fig. 15. The contour lines distribution of (a) net charge density at q = 0.05 and (b) the 448 

Coulomb force at Fe = 150 for the EC systems with different residual conductivity at the 449 

critical point that bifurcates from the one-cell state to the two-cell state. 450 
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4.2. Medium and weak injection regime (C = 1 and 0.1) 451 

In this section, the numerical analysis is extended to the medium and weak injection 452 

regime with C=1 and 0.1 correspondingly. In Fig. 16 the bifurcations of dielectric liquids 453 

with different residual conductivities at C = 1 with increasing and decreasing electric 454 

Reynolds number ReE are depicted. When the electric field is increased, the bifurcation 455 

diagram shows characteristics similar to those in the strong injection cases. After the 456 

initial static state, the system loses its stability and generates one cell EC flow when ReE 457 

is greater than the critical value of ReEc1. The flow strength increases with increasing 458 

electric field. When ReE is greater than the second critical point (ReEc2), the flow evolves 459 

from a one-cell structure to one pair of cells.  460 

(a) 

 

(b) 

 
Fig. 16. Bifurcation diagrams of dielectric liquids with different residual conductivities 461 

at C = 1 with (a) increase and (b) decrease of the electric Reynolds number ReE. 462 
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(a)  

  

(b)  

  

Fig. 17. Streamline and isocontours of the positive (left) and negative (right) charge 463 

density distributions in the case of C = 1, C0 = 0.01 at (a) ReE = 5.4 and (b) ReE = 7.5. 464 

The streamline and charge density of the EC flow with C0 = 0.01 and C = 1 are 465 

depicted in Fig.17. For cases at C0 = 0.01, the EC flow of one cell structure exists only 466 

within a relatively narrow range of ReE before the system bifurcates to the two-cell 467 

structure. The range of ReE at the one-cell state expands for dielectric liquids with larger 468 

residual conductivities. When the applied electric field is reduced from the one-cell EC 469 

states, the EC systems keep the one-cell state at the first linear critical point (ReEc1) until 470 

eventually bifurcate into the hydrostatic state at the first nonlinear critical point ( 1

E f
Re ) 471 

for dielectric liquids with residual conductivity parameter C0 in the range of 0.001 to 0.1. 472 

However, when the applied electric field reduces from the two-cell EC states, the EC 473 

keeps the two-cell EC states without transforming into a one-cell structure, until 474 
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eventually bifurcates into the hydrostatic state at the second nonlinear critical point 475 

( 2

E f
Re ). As explained in the previous study, there are three different possible scenarios 476 

when restarting the computation from the previous two-cell EC state, but with lower ReE 477 

values.52 The flow would keep a two-cell structure but with weaker velocity amplitude 478 

and a smaller area of the charge void region if ReE > ReEf2. If ReEc1 < ReE < ReEf2, the flow 479 

motion (two cells) will jump to rest at first, and then it will restart again but with one cell, 480 

which is due to the loss of the linear instability. If ReE < ReEc1 the flow will return and 481 

keep still. In the present study, as shown in Table 2, the criteria (ReEf1) correspond to the 482 

critical point that the two-cell EC system bifurcates to the one-cell state obeys the rule of 483 

ReEc1 < ReE for EC with residual conductivity in a strong injection regime. It is a little 484 

different for dielectric liquids with different residual conductivity in a medium injection 485 

regime. Table 3 summarizes the linear and nonlinear criteria (ReEc1, ReEc2, 1

E f
Re and 

2

E f
Re ) 486 

of dielectric liquids with different residual conductivities at medium injection strength (C 487 

= 1). Both linear and nonlinear criteria in medium injection cases increase as the residual 488 

conductivity is increased. The maximum velocity at the non-linear critical point also 489 

increases. The value of 1

E f
Re is much less than the value of ReEc1, while 2

E f
Re remaining 490 

close to the value of ReEc1. For C0≤0.02, the criteria (𝑅𝑒𝐸𝑓2 ) correspond to the critical 491 

point that the two-cell EC system bifurcate to the rest state is slightly smaller than the 492 

onset (ReEc1) of one-cell EC, which is the same as the strong injection. For C0 = 0.03, 493 𝑅𝑒𝐸𝑓2  is almost equivalent with ReEc1; while for C0 ≥ 0.04, 𝑅𝑒𝐸𝑓2  is a little greater than 494 

ReEc1. The explanation for this variation is that the greater residual conductivity inhibits 495 

more flow intensity of the EC system. This results in the electric torque becoming lower 496 

than the viscous one and leading to the stop of the EC motion from the steady two-cell 497 

state. 498 

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
8
6
1
8
9



28 

 

Table 3 The linear and non-linear criteria of dielectric liquids with different residual 499 

conductivities at medium injection (C = 1). 500 

C0 0.001 0.01 0.02 0.03 0.04 0.05 0.1 

ReEc1 5.122 5.130 5.149 5.178 5.219 5.278 5.803 

ReEc2 5.68-5.69 5.73-5.74 5.91-5.92 6.33-6.34 6.67-6.68 7.11-7.12 9.72-9.73 

1

E f
Re  2.36-2.37 2.37-2.38 2.39-2.4 2.41-2.42 2.43-2.44 2.47-2.48 2.76-2.77 

2

E f
Re  5.09-5.10 5.10-5.11 5.13-5.14 5.17-5.18 5.22-5.23 5.29-5.30 5.91-5.92 

Here ReEc1 corresponds to the critical point at which electroconvection happens, ReEc2 501 

denotes the critical point at which electroconvection bifurcates from a one-cell state to a 502 

two-cell state. 1

E f
Re  represents the critical point that the one-cell EC system bifurcates to 503 

the hydrostatic state. 2

E f
Re   represents the critical point that the two-cell EC system 504 

bifurcates to the hydrostatic state. 505 

For weak injection (C = 0.1), the EC flow occurs when the applied electric field is 506 

much stronger than that in strong and medium injection cases. In addition, the EC flows 507 

in weak injection cases are always oscillating, which is different from the steady flow 508 

state observed in strong and medium injection cases. As explained in a previous study, 509 

non-linear effects are more dominant in weak injection cases.52 Fig.18 plots the temporal 510 

evolution of the maximum velocity for dielectric liquids with residual conductivities for 511 

C = 0.1 at ReE = 300 and 500. There are always small oscillations even when finer meshes 512 

are adopted. The maximum velocity and amplitude of the oscillation increase with the 513 

increase in ReE. Three snapshots of streamline and contours of the positive (upper) and 514 

negative (bottom) charge density distributions in cases of C = 0.1, C0 = 0.001 for ReE = 515 

300, 500, and 1000 are depicted in Fig.19. The distribution of positive charge density is 516 

more concentrated near the boundary, while the feature of the charge void region is not 517 

as typical as that in the strong and medium cases. However, the non-zero positive electric 518 

charge along the left side is an artifact of the numerical method for weak injection; see 519 

Ref.53. This fact does not invalidate the computation of the critical threshold but may 520 
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influence the details of amplitude oscillations. There exists a charge density decline 521 

region for weak injection cases with residual conductivity. At the same time, the negative 522 

charge density concentrates toward the center of the egg-shaped area and the egg-shaped 523 

negative charge density distributed region is larger. Additionally, different from the flow 524 

field of one cell in the strong and medium injection cases, there are two small angular 525 

vortices located on the diagonal of the larger global vortex cell for ReE = 300 and 500. As 526 

ReE increases, the strength of the flow field increases, and the distributions of positive 527 

and negative charges are more irregular. The positive charges are located more around the 528 

bulk, while the negative charges are concentrated in the center.  529 

Fig. 20 presents four snapshots of the streamline and charge density (q) distributions 530 

in the case of C = 0.1, C0 = 0.001. The two large symmetrical cells structured flow field 531 

as depicted in Fig.20(a) could only be observed at the initial period in the evolution 532 

process of the EC flow when a very strong electric field is applied. The system evolves 533 

into a state featuring a main cell together with a medium cell underneath, as shown in 534 

Fig.20(b). In addition, three extra small vortices in the top left corner of the bulk could 535 

be observed. Subsequently, the size of the main cell expands while the bottom and upper 536 

left vortices disappear, replaced by two new small vortices in the upper right and lower 537 

left corners. Eventually, the system evolves into the main cell, accompanied by several 538 

smaller cells located at the corner. Similar patterns exist for dielectric liquids with larger 539 

residual conductivities. The numerical study by Traoré et al.54 confirms that in the range 540 

of M ∝ [5, 10], the convective structure of a cell is the dominant flow structure. 541 

 542 
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 543 
Fig. 18. Temporal evolution of the maximum velocity for cases of dielectric liquids at C 544 

= 0.1, C0 = 0.001, ReE = 300 and 500. 545 

   

   

(a)  (b)  (c)  

Fig. 19. Streamline and contours of the positive (upper) and negative (bottom) charge 546 

density distributions in the case of C = 0.1, C0 = 0.001 for (a) ReE = 300, (b) ReE = 500 547 

and (c) ReE = 1000. 548 
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(a)  (b)  

  
(c)  (d) 

Fig. 20. Four snapshots of the streamline and charge density (q) distributions in the case 549 

of C = 0.1, C0 = 0.001, ReE = 1200 at (a) t = 10, (b) t = 30, (c) t = 50, and (d) t = 160. 550 

Table 4 The linear criterion (ReEc) and the nonlinear criterion (ReEf) of dielectric liquids 551 

with different residual conductivities at weak injection (C = 0.1). 552 

C0 0.001 0.002 0.003 0.004 0.005 0.01 

ReEc 218.62 224.16 234.52 248.96 263.54 283.97 

ReEf 40-50 40-50 50-60 85-95 90-100 100-110 

Here ReEc corresponds to the critical point at which electro-convection occurs, and ReEf 553 

corresponds to the critical point that the EC system bifurcates to the hydrostatic state. 554 

Table 4 presents the summary of linear and nonlinear criteria (ReEc and ReEf) of 555 

dielectric liquids with different residual conductivities at weak injection strength (C = 556 
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0.1). The values of nonlinear criteria (ReEf) in weak injection cases are not as accurate as 557 

those in strong and medium injection cases. The strong oscillatory EC flow obtained in 558 

weak injection cases can affect the final flow state when reducing the applied electric 559 

field from the previous simulations with higher ReE. For all this, many simulations have 560 

been performed, and the values of ReEf are always within the range given in Table 4. 561 

Therefore, some qualitative rules which are consistent with those in the cases of strong 562 

and medium injection can be obtained. The increase of residual conductivity will inhibit 563 

the occurrence of electroconvection and make the critical value of ReEc increase. At the 564 

same time, the residual conductivity also inhibits the flow intensity of the 565 

electroconvection. When the intensity of the applied electric field gradually reduces, the 566 

residual conductivity in a dielectric liquid accelerates the process of the electric 567 

convection returning to the static state. Therefore, the corresponding critical value ReEf 568 

decreases with the decrease of the residual conductivity.  569 

5. Conclusions 570 

In this study, we extended the numerical analysis of electro-convection (EC) of perfectly 571 

insulating liquids to dielectric liquids with residual conductivity. A finite-volume method 572 

in the framework of OpenFOAM® based on the dissociation-injection model is 573 

developed. Three different typical injection strengths of the strong, medium, and weak (C 574 

=10, 1, and 0.1) were considered. The influence of residual conductivity on flow 575 

characteristics and bifurcation processes was explored. The results showed that the 576 

residual conductivity significantly affects the critical points of the bifurcation. Two effects 577 

of the residual conductivity to the EC flow in a dielectric liquid could be identified. One 578 

is that the residual conductivity inhibits the onset of EC flow and reduces the strength of 579 

the flow field; the other is that it can stabilize the EC flow and expand the region of the 580 

steady EC system. Meanwhile, the existence of both positive and negative charges in 581 
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dielectric liquids with residual conductivity resulted in abundant flow features and charge 582 

density distributions. In addition, three distinct bifurcation sequences for dielectric liquids 583 

with varied residual conductivities at different injection strengths are observed by 584 

gradually raising or reducing the electric Reynolds number. For the strong and medium 585 

injection, the bifurcation from a one-cell state to a two-cell state could be observed. 586 

However, one dominant convective cell accompanied by several small vortices at the 587 

corner is always the main flow structure for the weak injection, even for highly oscillating 588 

EC flow.  589 
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