Transportation inequalities for coupled systems of
stochastic delay evolution equations with a
fractional Brownian motion

Abstract

We prove an existence and uniqueness result of mild solution for a system
of stochastic semilinear differential equations with fractional Brownian motions
and Hurst parameter H < 1/2. Our approach is based on Perov’s fixed point
theorem, and we establish the transportation inequalities, with respect to the
uniform distance, for the law of the mild solution.
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1 Introduction

The existence and uniqueness of solutions of stochastic differential equations have been
significantly studied by many researchers (for instance, see [1-6] just to mention a few).
Stochastic differential equations are used as models in many different applications
from the real world. This is due to a combination of uncertainties, complexities, and
ignorance on our part which inevitably cloud our mathematical modeling process [7,8].
This interest is due to the fact that there are many applications of this theory to various
applied fields such as problems arising in mechanics, medicine and biology, economics,
electronics and telecommunication etc. For a discussion of such applications, one may
refer to [2,9].

During the past few decades, the research of coupled systems has received consid-
erable interest, since they have come to play an important role in mechanics, electrical
engineering, and biological systems (see [10-12] and references therein).

Some phenomena can be better described by coupled systems. For example, in
epidemiology, the migration of migratory birds from all over the world may bring some
infectious diseases, then the transmission rate of infectious diseases will increase with
a sea of migratory birds migrating. Furthermore, considering the existence of random
disturbance and time delays, the investigation of stochastic systems of delay evolution
equations with a fractional Brownian motion is of great significance and worthy to
study further.

It is known that many different arguments have been developed to establish the
transportation inequalities. Among others, the Girsanov transformation argument in-
troduced in [13] has been efficiently applied, see, e.g., [14] for infinite-dimensional
dynamical systems, [15] for time-inhomogeneous diffusions, [16] for multi-valued SDEs
and singular SDEs, [17] for neutral functional SDEs.



Recently, Saussereau [18] established Talagrand’s T (C') and T5(C') inequalities for
the law of the solution of a stochastic differential equation driven by a fractional Brow-
nian motion, Li and Luo [19] proved the quadratic transportation inequalities for the
law of the mild solution of stochastic functional partial differential equations and neu-
tral partial differential equations of retarded type driven by fractional Brownian motion
with Hurst parameter H > 1/2; while to the best of our knowledge, there is no paper
dealing with the existence of solution and the property T5(C') for coupled systems of
stochastic evolution equations driven by a fractional Brownian motion with H < 1/2.
The existence and the transportation inequalities for the law of the mild solution of neu-
tral stochastic differential equation with bounded variable delay driven by a fractional
Brownian motion with Hurst parameter H < 1/2 has been examined by Boufoussi and
Hajji [20]. Following this line, in this paper we study the existence and uniqueness
of solutions, and we investigate the property T3(C') for the law of the mild solution
of the following coupled stochastic functional equations with finite delay driven by a
fractional Brownian motion with H < 1/2:

de(t) = (Awx(t) + fi(t, z, y0))dt + o1 (t)dBE(t), t € J =10,T),
dy(t) = (Agy(t) + folt, z, y))dt + oo(t)dBY (1), t € J, (1.1)
l’(t) = ¢1(t)7 tedy= [_T’O]v ‘
y(t) = o), te
The states x(-), y(-) take values in a real separable Hilbert space U with inner product
(+,+) and norm || - ||, where {A;, i = 1,2} are the infinitesimal generators of analytic

semigroups of bounded linear operators {S;(t),t > 0}, B¥ is a fractional Brownian
motion on a real and separable Hilbert space K, with Hurst parameter H < 1/2, and
with respect to a complete probability space (Q F,F;,P) furnished with a family of
continuous and increasing o—algebras {F;,t € J} satisfying F; C F. Fix T' > 0 and
let Q be another probability measure on Fr. We say that Q is absolutely continuous
w.r.t. P|z. (the restriction of P to Fr) and write Q < PP if

P(A) =0= Q(A) =0 for all A e Fr.

Also r > 0 is the maximum delay. As for x;, y; we mean the segment solution which
is defined in the usual way, that is, if z(-,-) : [-r,T| xQ — U and y(-,-) : [-r,T] xQ —
U, then for any t > 0, x4(+,-) : [-r,0] x Q@ — U is given by

z(0,w) = z(t +0,w), for § € [—r,0], we Q.

Before describing the properties fulfilled by operators f;, o; , we need to introduce some
notation and describe some spaces.
We define Dy as the space of all continuous processes ¢ : [—r,0] x 2 — U such that
©(0,-) is Fo-measurable for each € [—r,0] and sup E|p(#)|> < co. In the space D,
ge[—r,0
we consider the norm: -
lellp, = sup Elp(0)[*.

oe[—r,0]
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Next, we denote by C(a,b; L*(;U)) = C(a, b; L*(Q, F,P;U)) the Banach space of all
continuous functions from [a, b] into L?(;U). Now, for a given T' > 0, and for given
initial data (¢1, ¢2) € Dy x Dy for our problem, we define, for i = 1,2,

Dh = {z € O(—r,T; L*(%U)) with 2(t) = ¢;(t),t € [-r,0] and [SOUJI%E(]z(t)|2) < o0},

with the metric induced by the norm

I2llpz. = sup (E(Iz(t)P)St:[tér;]\/(E(lz(t)PH|I¢i(-)|\po,

te[—r,T]

which ensures that D is a complete metric space.

Together with our initial data (¢q, ¢2) € Dy x Dy , we will consider another real sep-
arable Hilbert space IC and suppose that Bg = B is a K-valued fractional Brownian
motion with increment covariance given by a nonnegative trace class operator @) (see
next section for more details), and let us denote by L(/C,U) the space of all bounded,
continuous and linear operators from K into U.

Assume f; 1 J x Dy X Dy — U and 0, : J — LH(K,U). Here, L{)(K,U) denotes the
space of all Q-Hilbert-Schmidt operators from I into U, which will be also defined in
the next section.

Let us now consider the kinds of inequalities we will deal with. To measure dis-
tances between probability measures, we use the transportation distance, also called
Wasserstein distance. Let (E,d) be a metric space equipped with the o-field B, such
that d(-,-) is B ® B-measurable. Given p > 1 and two probability measures p and v
on F, we define the Wasserstein distance of order p between p and v by

P
2

Wi = it ([ dwprante)

mell(p,v)

where I1(u, v) denotes the totality of probability measures on E x E with the marginal
1 and v. The relative entropy of v with respect to p is defined as

log W ay, v <

O R

H(v|p) = B TS
+00 otherwise.

The probability measure p satisfies the LP-transportation inequality on (F,d) if there
exists a constant C' > 0 such that for any probability measure v,

Wi, v) < v/2CH{ )

As usual, we write p € T,,(C') for this relation. The properties T5(C') are of particular
interest. We will investigate the properties T5(C') for the law of mild solutions to
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stochastic delay evolution equations driven by fractional Brownian motion with Hurst
parameter H < 1/2 under the L? metric and the uniform one as well.

The aim of this paper is to study the existence and the properties T5(C') of mild
solutions of semilinear systems of stochastic differential equations with fractional Brow-
nian motion. The content is organized as follows. In Section 2, we introduce all the
background material used in this paper such as stochastic calculus and some properties
of generalized Banach spaces. In Section 3, we state and prove our main results by
using Perov’s fixed point type theorem in generalized Banach spaces. In Section 4, we
investigate the properties T5(C') for law of the solution of stochastic delay evolution
equations driven by fractional Brownian motion with Hurst parameter H < 1/2 under
the L? metric and the uniform metric. Finally, we present an example to illustrate the
efficiency of the obtained result in Section 5.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which will
be used throughout this paper. In particular, we consider fractional Brownian motion
as well as the Wiener integral with respect to it. We also establish some important
results which will be needed throughout the paper.

Definition 2.1. Given H € (0,1), a continuous centered Gaussian process B =
{BH(t),t € R}, with the covariance function

Ru(t,s) = E[B"(1)8"(s)] = %(It\w + s — [t — s[*),t, s R

15 called a two—sided one— dimensional fractional Brownian motion, and H s the Hurst
parameter.

Moreover B has the following Wiener integral representation:

B (1) = / Ku(t, s)dp(s), (2.1)

where = {f(t) : t € [0,T]} is a Wiener process, and Kp(t,s) is a square integrable
kernel given by (see [21])



for H < 5 and ¢ > s, where ¢y = \/(1—2H)/3(21Ij2H,H+§) and (-, -) is the Beta function

(we will use this notation for the beta function since no confusion is possible with that
of Brownian motion).
We set Kg(t,s) =0if t <s. And from (2.2), it follows that:

|Ku(t,s)| < 2ch ((t— )24 s7712). (2.3)

In the sequel, we will use the following inequality:

0Ky
‘W(t’ s)

1
<cy (5 - H) (t —s)H=3/2, (2.4)
Let us consider the operator Kj; ;- from U to L*([0, T]) defined by

(K)(5) = Ku(T9)p(0) + [ (ot = o) 2 rs)dr (29

We refer to [21] for the proof of the fact that Kj; ; is an isometry between ¢ and
L*([0,T]). Moreover for any ¢ € U, we have

/0 o(5)dB" (s) = 5" () = / (K r0) (DB,

We also have for 0 <t < T

/0 o(s)dH (s) = / (K 2000 (8)d5(s) = / (K3y0) (5)dB(s),

where K7j;, is defined in the same way as in (2.5) with ¢ instead of T'. In the next, we
will use the notation K7j; without specifying the parameter ¢t € [0, T7.

Let @Q € L(K,U) be an operator defined by Qe, = \,e, with finite trace tr@Q) =
Yoo Ay < 00, where A\, > 0 (n = 1,2,---) are non-negative real numbers and {e,}
(n=1,2,---) is a complete orthonormal basis in . We define the infinite-dimensional
fBm on I with covariance @) as follows:

BH(t) = Bg(t) = Z \/)‘_nenﬂf(t)a t=>0,

where 32 are real, independent fBms.

To define Wiener integrals with respect to the Q-fBm, we introduce the space
LYy = LL(K,U) of all Q-Hilbert-Schmidt operators ¢ : K — U. We recall that
v € L(IKC,U) is called a @-Hilbert—Schmidt operator, if

2 2
lllzo, = 2 [V Anpen|” < oo.
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Now, let 04(-), s € [0, 7], be a function with values in Lg. The Wiener integral of o;
with respect to B is defined by the following:

[t = 3 [ nendsls

= > | VK (0ien))(s)dBu(s), (2.6)

n=1+0

where f3, is the standard Brownian motion used to represent % as in (2.1), and the
above series is well defined when > °7 | A, || K} (0ien)]|? < oo.

Definition 2.2. Let (0, F,P) be a probability space. A random variable in R? is a
measurable mapping from (2, F) to (R x R, B(R) ® B(R)) . Notice that this mapping
possesses the form of a pair of two real random variables X andY,

(X)Y) : Q>R
wr— (X (w),Y(w))

The joint law of X and Y is the measure of P by (X,Y), in other words, the measure
Pxy) on R? defined by

Pxy)(B1 x Ba) P((X,Y) N (B1 x By))
g((X)l(Bl) N(Y)"(By))

({w € QX (w) € Byand Y(w) € Bsy})

holds for all By, By in R. We notice
]P(X € BiandY € BQ) = P(}Qy)(Bl X Bl)

We call marginal laws of (X,Y) the laws of X and Y which are the measures images
Px and Py of Pxyy by canonical projections.

Definition 2.3. The real-valued random variables X andY are said to be independent
if for all borelians By and By of P, we have

P(X € Byand Y € By) = P(X € B)P(Y € By)

This 1s equivalent to say that the joint law Pixyy is the measure produced by the
marginal laws

P(X’y) =Py ® Py.

We see that stochastic independence can be reinterpreted as a rule to compute
the joint distribution of two random variables from their marginal distribution. More
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precisely, their joint distribution can be computed as a product of their marginal dis-
tributions. This product is associative and can also be iterated to compute the joint
distribution of more than two independent random variables.

The classical Banach contraction principle was extended for contractive maps on
spaces endowed with vector-valued metric space by Perov [22] in 1964, Perov and
Kibenko [23] and Precup [24]. Let us recall now some useful definitions and results.

Definition 2.4. Let X be a nonempty set. By a vector-valued metric on X we mean
amap d: X x X — R"™ with the following properties:

(1) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u = v;
(11) d(u,v) = d(v,u) for all u,v € X;
(i1i) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

We call the pair (X,d) a generalized metric space. For r = (r1,...,r,) € R, we
denote by
B(zg,r) ={z € X : d(xg,x) < r}

the open ball centered in xy with radius r and
B(zg,r) ={z € X : d(xg,z) <71}

the closed ball centered in xy with radius r. We mention that for generalized metric
space, the notation of open subset, closed set, convergence, Cauchy sequence and com-
pleteness are similar to those in usual metric spaces. If x,y € R", x = (21, ...,2,), y =
(Y1, -+, Yn), by © <y we mean x; < y; for all i = 1,...,n. Also || = (|z1],. .., |za|)
and max(z,y) = max(max(z1,41), . .., max(z,,y,)). If c € R, then x < ¢ means z; < ¢
foreachi=1,...,n.

dl(xvy)

dn(,y)

Definition 2.5. A generalized metric space (X, d), where d(z,y) :=

is complete if for every i =1,...,n, (X,d;) is a complete metric space.

Definition 2.6. A square matriz of real numbers is said to be convergent to zero if
and only if its spectral radius p(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc. (i.e.|\| < 1, for every A € C
with det(M — AXI) = 0, where I denotes the unit matriz of M, (R)).

Definition 2.7. We say that a non-singular matriv A = (a;j)1<ij<n € Muxn(R) has
the absolute value property if
ATHAI < T,

where
|Al = (laij|)1<ij<n € Mupxn(Ry).
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Some examples of matrices convergent to zero

1) A= (8 2),Where a,b € Ry and max(a,b) < 1;

2) A= ( g b—c ) , where a,b,c € R, and max(a,b) < 1;

3) A:(Cg :Z),vvhere,(z?b,ce]RJr and |a —b| < 1.

We can recall now a fixed point theorem in a complete generalized metric space.

Theorem 2.1. [22/Let (X,d) be a complete generalized metric space with d : X X
X — R" and let N : X — X be such that

d(N(x), N(y)) < Md(z,y)

for all x,y € X and some square matriz M of nonnegative numbers. If the matriz M
is convergent to zero, that is M* — 0 as k — oo, then N has a unique fized point
T, € X

d(N* (), 2,) < M*(I — M) d(N (), z0)

for every xog € X and k > 1.

3 Existence and Uniqueness of a Solution

In this section, we study the existence and uniqueness of a mild solution for (1.1).
First, we will list the following hypotheses which will be imposed in our main theorem.
For this equation, we assume that the following conditions hold.

(Hy) A; is the infinitesimal generator of an analytic semigroup of bounded linear op-
erators S;(t), t > 0 and there exists a constant M such that {||.S;(¢)||* < M} for
all t > 0.

(Hs) There exist constants ay,, by, € R for each i = 1,2 such that

t t t
/0 17(5, 0, 30)— (s, Tos 7)ol < a, / lo(s)—2(s) [2ds+by / ly(s)—7(s)|Eids,

forall z, y, 7, y € C(—r,T;U).
(Hs) The function o; : J — L (K, U) satisfies

T
/0 o)y ds < o0, i =12 (3.1)



Now, we state the following definition of mild solution to our problem.

Definition 3.1. A U-valued process u(t) = (x(t),y(t)) is called a mild solution of
(1.1) with respect to the probability space (Q, F, F;, P), if (x,y) € C(—r,T; L*(Q;U)) x
C(—r, T; L)), (2(t),y(6)) = (én(t), &a(t)) for t € [~1-0], and, for cach t € [0.7T],

u(t) satisfies the following integral equation:

() = Si(t)eu(0) + / Su(t — ) fi(s, T, o) ds

+ /t Sy (t —s)oi(s)dB"(s), P—a.s, te.J
0 (3.2)

y(t) = Sy(t)éa(0) + / Solt — 5) fols, 2, y)ds

t
+ / Sy(t — s)oa(s)dB(s), P—a.s, te.J
0

The following lemma proves that the stochastic integrals in (3.2) are well defined.

Lemma 3.1. Under assumptions (Hy), (Hs) on A; and o;, the stochastic integrals in
(3.2) are well defined and satisfy:

2

t
E /Si(t—s)o,»(s)dBH(s) <Ctf, t>0
0

where C' is a positive constant depending on H, o;, and M.

Proof. By (2.5) and (2.6), we have
- ZE /WK* 01(5)en)u(s)
- Z)‘n/o (K5 (Si(t — s)oi(s)en|*ds

2

E /OSi(t—s)ai(s)dBH(s)

oo t
< 230 [ K9St~ arlen s
n=1 0
oo t t K 2
3o [ [ st raiere, 5w sy as
00 t 2
+4;)\n i (t—S)Uz‘(S)@naa%(“s)dr ds
< L+1L+1Is. (3.3)
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We estimate the various terms of the right-hand side of (3.3) separately. For the
first term, we have by applying inequality (2.3):

00 t
I - 22)\n/ 1K (2, 9)Si(t — 8)oi(s)en]?
n=1 0

00 ¢
< 16MC%IZ)\,Z/((t—S)QH_l+82H_1)||0'i(8)6n||2d8.

n=1 0

¢
< 16Mc /0 (= )"+ 25 oy (5) 3 ds.
) t2H

< 16Mc3o0,—. 3.4
> CyO H ( )

where &; := sup,cp 1y Haz-(t)H%%_.
For the second term, we obtain by inequality (2.4):

I, = 4§:An/ oK
n=1

2

¢ t
i /S S(t—r)ai(r)enﬁ(r,s)dr ds

AM %, nf:l An /Ot (/t (E - H} (r — S)H—é) Hoi(r)en|]dr)2 ds.

2

t t
< 4Mc§{5i/ </ (T’—S)Hgdr) ds.
0 s

4MC%{51 /t<t . S)QH?ldS.
0

IN

1)
(2;\[/16%1?2 % (3.5)
2
Similarly,
o0 b gt K 2
Iy = 4;/\71/0 /S Si(t — s)ai(s)enﬁ(r, s)dr|| ds
(2;[\46%11?2 % (3.6)
2

Inequalities (3.4), (3.5), (3.6) together imply the desired estimate. O

For our main consideration of problem (1.1), a Perov fixed point theorem is used to
investigate the existence and uniqueness of mild solution for our system of stochastic
differential equations.
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Theorem 3.1. Assume that (Hy) and (Hy) are satisfied. If the matrix

(T AT
e =\ MapT? /MO, T

converges to zero, then problem (1.1) has a unique solution.

Proof. Let us consider operator N : DL x D2 — DL x D2 defined by

N(z,y) = (Ni(2,y), Na(z,y)), (x,y) € D} x D7,

where
(&1 (t), te[ 7,0
Nl(l’,y) — Sl(t _'_ o Sl(t_s fl S xsays)d
+/ Si(t — s)oi(s)dB(s) ,P—a.s, t€.J
\ 0
and
¢z() tE[ r,0
Ng(x,y) _ + ; 52(t_3 f2 S 17syys)d

/ o(t — 5)oa(s)dBH(s) P —a.s, te€J

We shall use Theorem 2.1 to prove that N has a fixed point. Indeed, let (z,v), (Z,7) €
D} x D%. Then we have for each ¢ € [0, 7]

BIN (e(0), y(6) — Na(a(0), 7))
< / 154t — s)2dsE / (5,20 8) — (s, T P

t

t
StMafl/ E|x(s)—f(s)|2ds+thfl/ Ely(s) — 5(s)[2ds
0 0

¢ t
<tMay, / sup E|z(7) — Z(7)|*ds + tMby, / sup E|y(7) — 7(7)*ds
0 0

T7€[0,s] T€[0,s]

and therefore, since (z,y) = (Z,7) over the interval [—r, 0], by taking supremum in the
above inequality,

INu(z,y) = Ni(@. 9y, < Map T?||x = T3y + Mby, T?|ly — Gl
Similarly we have

E!Nz(if(t),yt(t)) — No(Z(1), 3(t))|? t
< tMaf2/0 sup E|z(7) —E(T)|2ds+thf2/0 sup E|y(7) — 5(7)|*ds.

T€[0,5] 7€]0,s]
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Therefore,

INa(, ) — No(@. D) < Mag, Tl — Ty + MbuT?lly — T3,

Hence
— — HNl((xay>_N1<Tvy)||’Dl)
N(x,y) — N(Z, = o F
IN(z.y) = N Dllo, (||N2<x,y>—zv2<x,y>up;
< (VEmT VAT (Tl
= \WMaiT? /MbT?) \lly = 3loz
Therefore

NG = N D)oy < i (|1~ 217F)  forall, (a2, (27 € D x D,
T

From Perov’s fixed point theorem, the mapping N has a unique fixed point (x,y) €
DL x D2 which is the unique solution of problem (1.1). O

4 Transportation Inequalities

In this section, we study the property 75(C') for the law of the mild solution of problem
(1.1) on the space & = & x & = C([0,T],U) x C([0,T],U), endowed with the uniform
metric dy. Precisely, we have the following theorem:

Theorem 4.1. Assume that (Hy) and (Hz) hold, and let Py, ® Py, be the law of
(x(¢1,.),y(¢2,.)) which is the solution process of problem (1.1). Then the probability
measure Py, satisfies To(C) on the metric space C([0,T],U) with the metric do given
by
doo(n1,m2) = sup |[mu(t) —me@)[] m,m2 € C(0,T],U)
te[0,7)

Proof. Let Py := Py, ® Py, be the law of (x(t,¢1),y(t, ¢2)) on € = C([0,T],U) x
C(]0,T),U) and let Q := Q; ®Qy be any probability measure on &€ such that Q; < P,.

Define Q; := 671%1 (x(.,¢1))P. Let us first remark that 071%1 (z(.,¢1)) is an Fi* -

measurable random variable. Since QQ; is a probability measure on & and the law
of z under P is Py, , then

dQy - dQ, B B
/Ql dPy, (2)dP = /51 dPy, (w)dPg, (w) = Qi (&) = 1.

Then ;H(%)ll (x(.,¢1)) is integrable and the process M; = E(%(mﬂﬂm), 0<t<Tis

an F™ -martingale that we can and will choose to be continuous.
The first part of the proof follows the arguments of [25]. The idea is to express the
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finiteness of the entropy by means of the energy of the drift arising from the Girsanov
transform of a well chosen probability measure. Recalling the definition of entropy and
adopting a measure-transformation argument

wan- (482

and

Hl(Q1’P 1)
H(Q|Py) = ( HQ(Q2’P22) )

H1(@1|P) = /910g<d(%11)d@1

- /Q 10g<d1§;1( v(,61) dQl( (., 61))dP

1 1
dQy \ dQ
= log ( ) dPy,
/51 dPg, / dPy,

= H;(Qi|Py,).

and

- d
Hy(Q,|P) = /Qlog d%j dQ,

= [ tox (o) ol o

2
dQz\ dQo
= log —=dP,,
/52 (dP¢2>dP¢2 ¢
= Hy(QPy,).

Following [25], there exists a predictable process h(t)o<i<r € U with

T
/ |h(s)|I7ds < +o0, P—a.s.,
0

such that:

1

Hi@IPo) = 3B, [ I06)ds  Hal@lPa) = 3Eg, [ In(s)las.

By the Girsanov theorem [26], the process (B (t))tcpo,r) defined by



is a Brownian motion under @Z and is associated (thanks to the transfer principle) with
the Q; fractional Brownian motion (B (t)).co.1) defined by

BH(t) = Ky (t,s)dB(s)
[0,¢]

= Ky(t,s)dB(s) — Ky(t,s)h(s)ds
[0,¢] [0,¢]

= o Ky(t,s)dB(s) — (Kyh)(t),

where the operator Ky is defined by

(Kgh)(t) = o Ky (t,s)h(s)ds.

Consequently, under the measure Q ®@2, the process {u(t, ¢) = (z(t, 1), y(t, d2) }repo,n)
satisfies

d(x(t)) = (Aix(t) + fi(t, ze, yp))dt + o1 (s)d(Kgh)(t) + o1 (t)dBE(t), t € J =[0,T],
d(y(t)) = (Asy(t) + faolt, me, o))t + 0a(s)d(EKph)(t) + o2(t)dBY (t), t € J,
x(t) = ¢i(t), teJo=[-r0],
y(t) = ¢aoft), te o,
(4.1)
We now consider the solution (z,7) (under (Q; ® Q) of the following equation
d(z(t)) (A1z(t) + fa(t, ft,gt))dt—kal(t)dlgH(t), te 0,7
dgt)) = (Ag(t) + falt, Ty, e))dt + o2(t)dBH (t), t € [0,T)
z(t) = ¢1(t), te[-r0]
y(t) = ¢o(t), tel-r0]

By Theorem 3.1, under Q, the law of the process {u(t,¢) = (Z(t, 1), y(t, ¢1)), t
0,7} is Py = Py, ® Py,. Thus, {(x(t),z(t)), (y(t),y(t)), t € [0,t:]}, under Qis a
coupling of (Q,P,) and it follows that:

(W5>(Q. Py)]* < Eg(de(u, w)* = Eg( sup [lu(t) —a(t)]*),

te[0,7
where E- (d_(z.7))
mglen () = (g0 )
and



where we also use the basic inequality
(a+b)* < 2a° + 2b°.
We now estimate the distance between u and u with respect to d.

o) =0 = | [ 5009 (A5 000) ~ Ao, 705) s

4 / S(t — $)on(s)d(Kuh)(s)|

0

< 2 /OtS(t —5) (fl(s,xs,ys - f1<s7fs,gs))ds 2
+ 2’ /Ot S(t— s)al(s)d(Kth)(s)H2
= 2(J1 + J2).

By condition (H),
t 2
Jl :H /0 S(t - 8) <f1(8axsays) - fl(t7f57gs>dSH

t
<r |
0

2
ds

S(t—s) (fl(saxs’ys) - fl(t@w?]s))

[ |55, 965) = 65,7050 506

Hence . .
5 < TMay, [ als) = ao)Pds + by [ lts) - a(o)Fds.
0 0

Here, we used x = y over the interval [—r,0].

(4.2)

,
On the other hand, since hy € L*(0, T;U), by inequality (2.3) and Hélder’s inequality,

we can obtain
2

JQ <MO'1 / KH t S)h( )dS

<Mcr1/K2 tsds/ |h(s)||*ds

<8MUICHF ||h( )||2d3
0

Substituting (4.2) and (4.3), we have

t
sup [Jo(s) — z(s)|]* < 2TMaf1/ sup |z(6) —z(0)[|*ds
0

s€[0,t] 0€(0,s]
t

s2raty, [ s [1y(8) — 316)ds

0 9605]

16ME, / Ih(s)|2ds.

15



Similarly,
¢
sup [ly(s) = 5(s)|* < QTM%/ sup [[2(0) — z(0)|[*ds
5€[0,2] 0 0€[0,s]

t
s2raty, [ s [1y(6) — 3(6)]ds
0

0€[0,s]
t
16MFc /0 Ih(s)|2ds,

where

t2H S
Cp = max{2T M (ay, + ay,),2TM(bs, +bs,)}, and C, = 16Mch? max{cy, 05}

Therefore,

s€[0,4] 6<€0,s]

t
+ 200/ 1 (s)[2ds.
0

Then, Gronwall’s lemma implies that
T
sup (Jlo(s) = 2(5) | + (s) = 95)*) < 2C, exp(CrT) [ )P
s€[0,t] 0
Consequently,
T
sup a(s) = (s)* < 26, exp(CyT) / I (s)]|ds,

and .
sup [ly(s) — y(s)|” < 2C, eXP(CfT)/ 17 (s)||>ds,
0

s€[0,t]

which implies that

T
(W3 (Qu, Boy )2 < Co exp(CT)Eg, ( / ||h<s>||2ds) < 2CH (QuPs).

Similarly,

T
(W3 (Q2, Py,)]* < 2C5 exp(C4T)Eg, (/ Hh(S)szS) < 20H(Qo|Py, ).
0

where

C= 200 exp(C’fT).

The desired inequality and the proof are complete.

16

sup (Jla(s) = 2(5)12 + ly(s) = 5()I*) < Cy / sup ([[2(6) = ()12 + ly(0) — TO)II* ) ds



5 An example

In this section we present an example to illustrate the usefulness and applicability of
our results. We consider a case with finite fractional Brownian motion.

Example 5.1. Consider the following stochastic partial differential equation with delay
effects

([ d(u(t,z)) = B L ou(t,x) + (1 — aqu(t — 7, 2)(sin t + sin(v/2t)))
—Bv(t — 7, 2)(cost + cos(v/2t))) + a(t)%, tel0, 7], 0<ax<m,
d(v(t,z)) = Lou(t,x) + (—asu(t — 7,2)(cost + cos(v/2t)))

—Bov(t — 7, x)(sint + sin(v/2t))) + a(t)%, tel0,T], 0<x<m,

u(t,0) =u(t,m) =0, te]l0,T],

v(t,0) =v(t,7) =0, tel0,T],

u(t,z) = ¢1(t,x), te[—-7,0], 0<az<m,
| v(t,z) = ¢t x), te[-7,0], 0<z<m,

(5.1)
where o;, B; > 0 and 7 > 0, B denotes a fractional Brownian motion. Now, we
rewrite this system into the abstract form (1.1).

Take first

F(t, 14, dag) = 1 — ar(dre(—7)(sint + sin(v/2t))) — Bi(da(—7)(cos t + cos(V2t))),

g(t, D1y, d2s) = —ay(day(—7)(cost 4 cos(V2t))) — Ba(ay(—7)(sint 4 sin(v/2t))).

Now K = U = L*([0,7]), and define the operator Ay = Ay = A by Au = u’, with
domain D(A) = {ucU,u" €U and u(0)=u(r)=0}.

Then, it s well known that
=— Zn2<z,en>en, Zz €U,

and A is the infinitesimal generator of an analytic semigroup {S(t)}i>0 on U, which is
given by

u—Ze n? (u,ep)en, u€elU,
and e,(u) = (2/7)%sin(nu),n = 1,2,--- , is the orthogonal set of eigenvectors of A.
Since the analytic semigroup {S(t)}, t € J, is compact, and there exists a constant
M > 1 such that ||S(t)]|* < M.

In order to define the operator Q : K — K, we choose a sequence {0y, },>1 C RT,
set Qe,, = o,e,, and assume that

:i\/o_n<oo.
n=1

17



Define the process BH(s) by
BY = Z«/G‘n (e,
n=1

where H € (0,1/2), and {v },.en is a sequence of two-sided one-dimensional fractional
Brownian motions mutually independent. Thus, one has

1f(t, &,9) = f(t, 0, 9)P < Benlld — bllp, + 8Bullv) — Y|,

and
lg(t, &,9) — g(t, ¢, 9)|I” < 8azllg — ¢y + 882t — ¥ |,

Thanks to these assumptions, it is straightforward to check that (Hy) and (Hs) hold.
Let

vV 041]\4'7—‘2 \/ﬂlMTQ
vV OZQMT2 \//BQMT2

where M s defined in above. If o, B; are such that the matrix My.;.. converges to zero,
then assumptions in Theorem 3.1 are fulfilled, and we can conclude that system (5.1)
has a unique solution.

Mtrice = 2\/§
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