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Abstract

In this paper we consider the nonautonomous semilinear parabolic problems with time-dependent linear
operators

ur+A@u= f(t,u), t >t; u(r)=uop,

in a Banach space X. Under suitable conditions, we obtain regularity results for u; (¢, x) with respect to its
spatial variable x and estimates for u; in stronger spaces (X%). We then apply those results to a nonau-
tonomous reaction-diffusion equation
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ur —div(a(t,x)Vu) +u= f(t,u)

with Neumann boundary condition and time-dependent diffusion. From the regularity of u; we derive the
existence of classical solutions and from the estimates for u; we prove that the variation of the solution
u is bounded in the long-time dynamics. We also prove the existence of pullback attractor, as well as the
existence of a compact set that contains the long-time dynamics of the derivatives u;, without requiring any
assumption concerning monotonicity or decay in time of a(t, x).

© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the following abstract singularly nonautonomous semilinear problem
ur+A@Qu= f(t,u), t >t; u(r)=ugc X%, (1.1)

where X is a Banach space, A(¢), r € R, is a family of closed linear operators defined on a fixed
dense subspace D of X and f is a nonlinearity defined in R x X¢.

The term singularly nonautonomous is used to express the fact that the linear operator A(z)
is time-dependent, as a counterpart to the semilinear problem where A(¢#) = A, which we refer
as nonsingular. This terminology, adopted for instance in [8], is not unanimous and, in this case,
does not refer to any discontinuity or blow-up in time, meanings that “singularly” can have in
other contexts.

We assume that the family A(z), t € R, satisfies the following properties:

(P.1) The operator A(t) : D(A(t)) C X — X is a closed densely defined linear operator, the
domain D = D(A(¢)) is fixed in time and there are constants C > 0 and ¢ € (%, ) (inde-
pendent of ¢ € R) such that

I 4 A@) iz < ; Vi e D, U {0},

Al +1
where ¥, = {A € C; |argA| < ¢}. We say in this case that the family A(¢) is uniformly

sectorial.
(P.2) There are constants C > 0 and 0 < § < 1 such that, for any #, 7, s € R,

ITA@) = A@IAT ®) o) < Clr =Tl (1.2)

To express this fact we say that the function ¢ AMNANs) e L(X) is uniformly Holder
continuous or §-uniformly Holder continuous if we seek to emphasize the constant.

As a consequence of (P.2), given any arbitrarily large compact set in R?, there exists a con-
stant C > 0 such that |A(1)A~1 (1) lcxy < C, for all (¢, T) in this compact set. In this case, for
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t,7 € [—M, M], the norms || - | paq)) = 1A() - I x and || - [Ip(A(r)) = | A(7) - || x defined by the
operators A(f) and A(t), respectively, are equivalent. We shall refer to both norms as || - || x1.

Furthermore, since each A(¢) is sectorial with 0 € p(A), then A(¢) is a positive operator, its
fractional powers A(7)* (in the sense of Amann [3]) are well defined and —A(#) generates an
analytic Co-semigroup T_4(;)(s), s > 0 (see [16, Sections 1.3-1.4]).

We denote by X“ the domain of A(¢)* endowed with the norm ||-||x« = |[A(#)% - ||x. Once
again, from the fact that IA®A™ (D)) £x) < C, we can refer to X% as domain of any operator
A(t)* since they are all equivalent.

Therefore, associated to the family of sectorial operators A(¢), t € R, there exists a scale of
fractional spaces {X“},cr. This scale will play an essential role in the results we prove in this
work. For further details on how to obtain {X*},cr We recommend [3, Chapter V].

For the remaining term in (1.1), f = f (¢, u), we require the following property

(NL) The nonlinearity f satisfies: f: R x X% — X, 0 <« < 1, is locally Holder continuous
with exponent w € (0, 1] in the time-variable and locally Lipschitz continuous in X%. In
other words, given any (fp, xo) € R x X¢ there exist a neighborhood W of this point and
a constant C > 0 (depending on W) such that

If@w) = fls,v)llx =C»t = s|”+ llu—vlx«), VY u),(s,v)eW.

Those are all the properties we require for the terms in the semilinear problem (1.1). Our goal
concerning this type of problem is to prove, for the abstract setting, two properties of u, (¢, x).

The first one is a smoothing effect that the differential equation has on u; : [t, T) — X. This
effect can be briefly described as the increase in regularity of the derivative u, (¢, x) in the spatial
variable up to X min{d.®} - where § is the Holder exponent of the family A(z), t € R, and w the
Holder continuity exponent of the nonlinearity f. Once we know that u,(t) € X? for 0 < 8 <
min{$, w}, the other property we desire are || - || ys-estimates for u;(¢) in terms of u, which allow
us to evaluate the long-time behavior of the derivative u;.

We call the attention for a similar analysis performed by Acquistapace and Terreni in [1],
where they studied maximal regularity for # and u,, allowing even more general situations, where
the domain of A(¢) can change with time or not be dense in X. However, the approach used by
them is filled with technicalities and involves the construction of several auxiliary (weighted)
spaces which makes difficult a direct application of the results in practical problems.

The results presented in this work, even though they are not as general as the ones presented
in [1], follow directly from a careful study of the solution u : [t, T) — X in its mild formulation
and use the same language and tools developed in the well-known works of Kato [18,19], Lu-
nardi [21], Sobolevskii [24] and Tanabe [25-27], avoiding the excess of technicality presented in
[1]. Moreover, the approach used here extends the one presented by Henry in [ 16, Chapter 3] for
the autonomous case, A(t) = A, and the results are stated in a similar manner as the classical the-
orems found in the work just mentioned ([ 16, Theorem 3.5.2]). We believe that such presentation
of the results facilitates its applicability in practical problems, as we also illustrate in Section 6.

In order to introduce the mild formulation of the solution that will play an essential role in
the next sections of this work, some definitions and previous results in the literature must be
presented.

If the linear operator did not depend on time, A(¢) = A, then it would generate a one parameter
family of linear operators, called semigroup, T—(s), that plays an essential role in solving the
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semilinear problem. For a given nonlinearity f = f(¢, u), the semilinear problem u; + Au =
f(t, u), u(t) = ug, under suitable assumptions on f, is locally solved by

t

MU=7ZM0mr¥/TLMﬂf@JKﬂM&

0

We refer to the above expression as variation of constants formula and we say that u is a mild
solution of the semilinear problem.

Hoping to find a replacement for this semigroup family now in the context where A(z) de-
pends on ¢, several authors searched for a two parameter family of linear operators with similar
properties of T_ 4 (s). To be precise, a family with the following properties:

Definition 1.1. Let X be a Banach space. A family {U(¢,s) € L(X); t > s} of bounded linear
operators is a linear process associated to A(t) (or an evolution system associated to A(t)) if

M U, t)y=1and U(t,T)U(t,s)=U(t,s), foralls <t <t.

(2) (¢t,s,x)— U(t, s)x is continuous for > s and for all x € X.

@) NUE ) Nex) <C,forallt >s.

@) U(,s): X —> D, t— U(t, 7)x € X is differentiable for each x € X.

(5) The derivative 0,;U (¢, s) is a bounded linear operator in X, 0;U(¢t,7) = —A(t)U(¢, ) and
18,U . 9)llcx) < Ct — 1)~

Kato in [17-19] was the first to prove the existence of this process {U (¢, 7);t > t} for a
hyperbolic family of linear operators. The parabolic problem was then studied almost simultane-
ously by Sobolevskii in [24] and Tanabe in [25-27]. They proved existence of evolution system
associated to A(¢) satisfying (P.1) and (P.2). Sobolevskii also studied regularity properties of the
solution u in the spatial variable x and higher order derivatives in ¢ for u. In his work, existence
of local solution for the semilinear problem was obtained ([24, Theorem 7]) and is reproduced in
theorem below.

Theorem 1.2. Let A(t), t € R, be a family of linear operators satisfying (P.1) and (P.2) and f :
R x X% — X a nonlinearity satisfying (NL), then there exists T > t such thatu : [t,T) — X%
given by

t

u(t) =U(t,r)uo—i-/U(t,s)f(s,u(s))ds (1.3)

T

is a strong solution for (1.1) in (z, T), that is,

(1) u(-yeC(t,T),X)NCY((z,T), X) andu(t) € D, fort <t <T;

(2) u satisfies the equation in the usual sense u;(t,x) = —At)u(t,x) + f(,u(t,x)), for all
te(t,T).

Moreover, if |lu(t)| xe is bounded in any bounded set [t,t*], then the solution is globally
defined in time.
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In our paper, we describe some properties of the derivative u,(¢, x) that play an important
role in applications and justify several formal calculations. Differentiating (1.3) in ¢ (using the
properties described for U (¢, T) in Definition 1.1), we obtain

t
ur(t)y=—A@)U(t, T)ug — A(2) / U(t,s)f(s,u(s))ds + f(t,u(t))
t
=—-AMU, T)ug — A(r) / Ut )Lf (s, u(s9)) — f(z,u(t)))ds (1.4)

t
— A(t)/U(t,s)f(t, u())ds + f(t,u(t))

but right at this point the singular case presents a major setback if compared to the case A(r) = A:
it seems that is not possible to “get rid of” f (¢, u(¢)) as it happens when A is independent of time.
If A(t) = A, expression (1.4) is given by

t

Un(t) = —AT_a(t — Thutg — A / T a(t — $)Lf (5. u(s)) — f 1, u())]ds

T

t
—A®) / T_at =) f(t, u®)ds + f(t,u(®))

t

— CAT_A( = Tug — A / T_a(t = )Lf (5, u(s)) — £ (1, u(t))1ds

—T_A(t =) f(t, u(),

il

where in the last equality we used a result similar to a “Fundamental Theorem of Calculus’
for semigroups: A (frt T_4 (s)xds) =T_A(t)x — T_a(t)x. This is not available for the process
U (¢, s) and the properties for u,(¢) seem to be attached to the regularity that f possesses (which
is f(t,u(t)) € X). In order to obtain further properties for u,(t) some authors require more
regularity on f, as in Proposition 6.2.5 of [21].

Our abstract results follow from studying the term A(t) f: U(t,s)f(t,u(t))ds and obtaining
a suitable characterization for it, one that allows us to dispose the nonlinearity f(¢,u(¢)) in
(1.4) and study properties of u,(t) without requiring any further property on f, besides the ones
established in (NL).

We apply the abstract theory to a singular nonautonomous reaction-diffusion equation,

uy —div(a(t,x)Vu) +u = f(t,u),

in a bounded domain 2 and with Neumann boundary conditions. From the regularity of u; we
derive the existence of classical solutions and from the estimates for u, we prove that the vari-
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ations of the solution u is bounded in the long-time dynamics. We also prove the existence of
pullback attractor and the existence of a compact set that encloses u;(¢) in the long-time behavior
through an iterative procedure that we briefly explain in the sequel.

Since the diffusion term is time-dependent, we are not able to construct a Lyapunov function
for the system or to use comparison results for the solutions, which are the usual procedure to
study asymptotic dynamics for reaction-diffusion equations.

However, the time-dependence does not pose any problem if we use an iterative procedure
inspired in the ideas developed by Moser-Alikakos [2]. We obtain estimates for the norm of the
solution in stronger spaces by using estimates in the L% -norm in order to obtain estimates in
the L2 -norm, for any k € N. Those estimates and the variation of constants formula will imply
the existence of a compact pullback attracting set. This procedure is quite general and can be
applied to other second order parabolic equations with different boundary conditions (such as
Dirichlet or mixed boundary conditions).

Moreover, the asymptotic analysis is done without requiring any additional condition con-
cerning monotonicity, decay or asymptotic behavior for the function a(z, x) with respect to the
time variable ¢, which differs from some studies existent in the literature. For example, in [28],
in order to study the asymptotic dynamics of singularly nonautonomous parabolic equations
uy + A(t)u = f(t), the author assumed that A(¢) approaches an operator A(co) as t — 0o, and
in this case it was possible to prove an exponential decay for the linear process associated to A(f)
and study the asymptotic dynamics.

Other works, like [6,10,13,14], treated a class of singularly nonautonomous damped wave
equations in R of the type u;; — a(t)Au + b(t)u; = f(u). By assuming conditions on the
derivative of a, it was possible to obtain an energy function (or Lyapunov function) for the system
and derive global existence of solution. We provide a way in which neither asymptotic condition
or monotonicity/decay of a(t, x) are necessary.

To attend this agenda, this paper is organized as follows. In Section 2 we present some pre-
liminaries and the abstract result (Theorem 2.5). Section 3 provides several estimates for the
linear operators that appear throughout this work. Section 4 and Section 5 are dedicated to prove
the smoothing effect of the equation on u,. Finally, in Section 6, we apply the theory on the
singularly nonautonomous reaction-diffusion equation with Neumann boundary conditions.

2. Notations and main abstract result

Before we state the main result, we first establish the notation we use throughout the work
and some preliminary results.

(1) X is the phase space and X“ designates the fractional power space, X% = D(A(¢)*) with the
graph norm. The norm in X is denoted by || - || x« = ||A(®)* - ||x-

(2) X' =D(A(®)) is also denoted by D and does not depend on ¢.

(3) L(X) denotes the space of bounded linear operators 7 : X — X.

(4) K CC X denotes a compact (or compactly embedded) subset in X.

(5) T_a)(s) € L(X), s = 0, represents the analytic Co— semigroup generated by —A(¢).

(6) U(t,t) € L(X),t > T, denotes the linear process associated to A(t), t € R.

(7) u(t, t,up) represents the solution of the semilinear problem (1.1) with initial condition
u(t) = up. When the initial conditions do not need to be emphasized, we simply denote

u(t).

813



M. Belluzi, T. Caraballo, M.J.D. Nascimento et al. Journal of Differential Equations 314 (2022) 808-849

(8) Let y, 8 >0. We denote by C¥ ((z, T), X Py the space of locally y-Hélder continuous func-
tions, that is, any element ¢ in C¥ ((z, T), X Py satisfies (at least for small values of /)

gt +h)—¢@)xs < Ch".
An important subspace of C¥ ((z, T), X BY that figures in several of our results are the follow-
ing:
CY (@, T). XPy = € C7((x, T), XP)  supyer.1y (t — DP9 (1)l s < 00},

where y, 8,0 > 0. The elements in this space can be seen as functions such that

gt +h) —p@)llxs < ChY (t —1)°.

This notation will be helpful at several moments when integrals need to be estimated. Note
that frt l¢ ()|l xpds converges only if 6 € [0, 1). Therefore, we will carry the subindex 6 in order

to be aware of the cases for which f; ll¢ (s)|l xsds makes sense.
2.1. Integral in Banach spaces

The variation of constant formula (1.3) for u(¢) and the derivative in ¢ of this expression, (1.4),
which provides u;(¢), both present integrals of functions that take values in Banach space, that
is, integrals like fttlz h(t)dt, where h(t) € X.

The convergence of fltz h(t)dt is strictly connected with the convergence of fttlz |h(t)||dt: one
will converge if and only if the other does. Therefore, tools on convergence of integrals of real
functions will be important, in special the ability of recognizing a Beta function whenever it
appears in the calculations. Beta function is the mapping B : (0, co) x (0, c0) — R given by

1
B(a,b):/u“*l(l —w)b du
0

and a simple change of variable turns this integral into a form that shows up frequently:
Lemma 2.1. [fa,b > 0 and T <t, then fft(l — )4 (s =) lds = (t — 1)1 B(a, b).

Integrability properties of 4 : (1, ) — X are listed below and their proofs can be found in
[9, Section 2.1].

Proposition 2.2. If h € C([t1, 2], X) NC (11, t2), X), then h(t2) — h(t}) = ft’f W' (s)ds.

Proposition 2.3. Let A : D(A) C X — X be a closed linear operator and h : [t,t] — X a contin-
uous function with image in D(A). If Ah : [t,t] — X is also continuous, then fft h(s)ds € D(A)
and

t t

A/h(s)ds:/Ah(s)ds.

T T
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Corollary 2.4. Let A: D(A) C X — X be a closed linear operator, h : [t,t) — X (or h :
(r,t) — X) continuous with image in D(A) and Ah : [t,t) — X (or Ah: (t,t) = X) also
continuous. Assume that fr[ h(s)ds and fr' Ah(s)ds exist. Then, frt h(s)ds € D(A) and

t t
A/h(s)ds:/Ah(s)ds.

T T

At this point, it is important to distinguish between existence of A le h(s)ds and existence of

frt Ah(s)ds. The first can exist while the second does not.
In other words, if the first term A f h exists, it does not mean that we can switch the operator
with the integral, since [ Ah might not exist.

2.2. Abstract result

We can now state one of the main abstract results of this work, which proof is located at
Section 5:

Theorem 2.5. Let A(t), t € R, be a family of linear operators satisfying (P.1) and (P.2) and
R x X% — X a nonlinearity satisfying (NL). If u : [t, T) — X is the solution of

u®)+A@Qu= f(t,u),te(r,T); u(r)=ugecX?

then, for any 0 < 8 < min{w, 8}, u,(t) € X# and satisfies the estimate

lue )l xs < Ct =)~ P+ lugl xo + C (¢ — 7y~ MxAFH,
2.3. Preliminaries necessary for the application: pullback attractors

Let X be a Banach space and {S(#, ) : X — X;t > t} a family of operators satisfying:

(1) S(t,t)=1Ix,forallt € R.
2) S(t,s)=S(t,1)S(t,s),forallt >t >s,5 €eR.
3) (r,00) >t+ S(t, t)x is continuous for all x € X.

Such family is called a process in X and we also denote it by S(-,-). We will usually call it
nonlinear process to distinguish from the family U (¢, t) obtained in Definition 1.1. In Section 6,
this nonlinear process is obtained trough the solution of the semilinear equation.

We recall in the sequel some basic concepts and results of the theory of pullback attractors.
We refer to [7] and references therein for further details.

To compare the distance between two sets in the phase space X, we use the Hausdorff semidis-
tance: given A, B C X, the Hausdorff semidistance between A and B is

dist(A, B) =sup ingd(a, b).

acAbe
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Definition 2.6. Let S(-,-) be a process. A family A(-) = {A(t) C X;t € R} pullback attracts
B cC X if, foreacht e R,

dist(S(t,s)B, A1) =—="0.

Definition 2.7. The pullback attractor of S(-, -) is a family A(-) = {A(r) C X; t € R} that satis-
fies:

(1) A(t) is compact for all 7 € R.

(2) A() is invariant by S(, -), that is, S(¢, 7). A(t) = A(¢t), forallt > 7, t e R.
(3) A(-) pullback attracts bounded sets of X.

(4) A(-) is the minimal closed family that satisfies (3).

Theorem 2.8. [7, Theorem 2.12] Let S(-, -) be a process. The statements below are equivalent:

(1) S(,-) has a pullback attractor A(-).
(2) There exists a family of compact sets K (-) that pullback attracts bounded sets of X.

Corollary 2.9. If there exists a fixed compact set K CC X such that, for any bounded set B C X
dist(S(t,t1)B, K) — 0 when 1 — —00,

then S(-, ) has a pullback attractor A(-) such that U,cg A(t) C K.

3. Estimates on linear operators

As mentioned in the Introduction, U (¢, T) is a two parameters family of linear operator asso-
ciated to A(¢) that plays a similar role as the semigroup in the nonsingular case. We provide a
brief idea on how to construct this family. For a detailed description, we recommend [22, Chapter
5] or [24].

Suppose U (t,7) € L(X) is a family satisfying the abstract differential equation, that is,
o U(t,7) = —A(t)U(t, 7). Also, assume that there exists another family ®(z, 7) € £L(X) such
that U (¢, t) is obtained trough the integral equation

t

Ut, 1) =T-p@e)(t — T) +/T,A(S)(t — 5)®(s, 7)ds. 3.1)

T

Differentiating in 7, adding A(#)U (¢, T) on both sides and taking into account that d,U (¢, t) +
A)U(t, ) =0, we deduce

t
0= (1, 1) — [A(t) = ADIT- a0yt —7) / [A(s) — AT a)(t —$)®(s, T)ds.

If we set

@1, 1) =[A(T) = ADO]T- A0y (t — T), (3.2)
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then ®(¢, ) would have to satisfy

t

O, t)=¢1(t, 1)+ / o1(t,s)P(s, 1)ds 3.3)

T

and it would be a fixed point of the map S(¥) () = ¢1 (¢, 7) + frt 01(t, s)W(s)ds.

If we had a family ®(¢, t) that satisfied (3.3), then we could proceed in the reverse way to
obtain U (¢, 7). This is the technique employed to construct the linear process in the parabolic
case and the description of U (, ) relies on this auxiliary family ®(z, 7).

Lemma 3.1. ([22, Section 5.6], [24]) Let A(t),t € R, be a family of uniformly sectorial opera-
tors and uniformly §-Hélder continuous. If {¢1(t, t) € L(X);t > T} is the family given by (3.2),
then:

(1) {(t,71) eR?% 1> 1} 3 (t,7) > @1(t, T) € L(X) is continuous in the uniform topology and

lo1(t, )l cxy < Ct—1)° L

(2) There exists a unique family {®(t, T) € L(X); t > t} that satisfies (3.3). In this case, {(t,T) €
R%t > 1} 3 (t,7) > O(t, 1) € L(X) is continuous in the uniform topology and

1@, Dllcexy < C =) (3.4)
The family of linear operators {U(t, 1) € L(X);t > T} given by

t

Ult,1)=T_s)(t —1)+ / T_p@5)(t —s)D(s, T)ds

T

is an evolution process associated to A(t) and satisfies the conditions in Definition 1.1

Those four families - T_4)( — 1), U(t, 7), ¢1(¢, 7) and ®(¢, 7) - describe the evolution
dynamics of the system. In order to obtain the desired results, a good knowledge on estimates of
those families in the space £(X, X#) is necessary.

Most of the estimate results we present in the sequel are already proved in [8] and references
therein.

3.1. Estimates for the semigroup T_ s(z)(s)

The first estimate for the semigroup 7_4()(s) generated by a positive sectorial operator is
given by

IT- Ay ey <C, Vs>0,7 eR.
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Proposition 3.2. [8, Proposition 7] There exists C > 0, independent of 8 and t, such that

AP Tyl <Ct™, ¥B>0,7>0,1€R,
IT-a@)(t) — NA@®) Plloxy <Ct?, VO<B<l,t>0,reR.

Proposition 3.3. /8, Proposition 8] Forany £ e R, t <r, 1 >0and0 <8 <1

IAEPIT- a0y (T) = T-aey (@]l cxy < CTP(r —1)°,
IAGEPIAMNT- ¢y (1) — ADT- ey (O]l x) < Ct P o —1)°0P),

3.2. Estimates for the families ¢1(t, 7), ®(t, 1)

These families play an important role in the description of the linear process U (¢, T) and, as
expected, estimates on their norm is necessary in the next calculations.

Proposition 3.4. Let 0 < B < 8. There exists C > 0 depending only on B such that, for any t > t,

o (2. Dl pox.xpy < Ct —)° P71,
1O, )l p(x.x8) < Ct — ) P71,

Proof. The statement for the family ¢ (¢, ) follows from (1.2) and the already stated properties
for the semigroups

IAGEP o1t Dllcx = ITA(T) — ADOIAE) AE) P T_ syt — Dlle < Ce —1)° 1P,

whereas the estimate for ® (¢, t) follows from

t
1D, Dl zx,x8) = ||<P1(t,f)||£(x,xﬁ)+/ o1, )l zox, x8) 19, Dl coxds
T

t
<C@t—-1) P14 C/(t — )P (s — )0 ds
T

<ct-t) P lyce-o¥ P l<ce—-ov)¥ Pl o
Proceeding in the same way as it is done in [8, Propositions 3 and 4], we have:

Proposition 3.5. Let t <6 < t. Givenany § <5 and0<n <4 — B,

g (2. T) — 0100, Dl £(x.x8y < Ct —0) (O — T)O"P AL, 3.5)
101, 7) — DO, Dl px.x8) < Ct —O)(O — )AL, (3.6)

In the same lines of the preceding result, we also need an estimate for the families ¢; and ®
when both initial and final instant evolve a quantity & > O:
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Proposition 3.6. Let © <t and h > 0. Then, given any 0 < n < §, there exists a constant C
depending only on § and n such that

lg1(t +h, T +h) —@1(t, Dllcx) < Ch"(t — )™M~
1@t +h, T+ h) — D, ) £x) < Ch"(t — 7)1,
Proof. Note that
o1t +h,t+h) —ei(t,7)
=[A@T+h)—AC+M)]T_aq@+m(t — 1) — [A(T) = AD]T_a()(t — T)
=[A(T+h)— At +h) — A(T) + AOIT-A@+n) (t — T)
+[A(T) = A T-a@+m(t —T) = T—a@)(t — T)]
=[A(T +h) — ADIAE) A T-aqim (t — 1)
+[AW®) = A+ W]AGE) T AG) T (1 — 1)
+[A@) — ADIAE) T AGIT-a+m (¢ = T) = T-amy (¢ = D).

The terms in last equality above are estimated in £(X) by Ché@t —1)~', Ch®@t —t)~" and
Ct—1)0n@ -0, respectively, and the last one follows from Proposition 3.3. Therefore,

lor G +h, T +h) = @1, Dl oo < CR =)
On the other hand, this difference can be estimated by
lort +h, T +h) = @1t Dl Lo < Ct =)
Interpolating those two estimates with exponent g and 1 — g, with 0 <7 < §, we obtain
lo1(t +h, T+ 1) = @1, Ol ey < Ch@ =)D
The last assertion follows from

(@@ +h,t+h)— D¢, Dl

t+h t
<|e1(t+h,t+h)—ei1(t,7)+ / o1t +h,s)P(s, T+ h)ds — / 01, s)P(s, T)ds
T+h ‘ L(X)

t
<Ch'(1 —1)0M1 4 /[gol(t +h,s+h)— o, )]s +h, T+ h)ds
T

LX)
t

+ /(pl(t, PG +h,t+h)—D(s, 7)]ds
T L(X)
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t
scwa—wﬂ*mfh+c/th—w“””*@—zf*ds

T

t
+C/@—g“ﬂ¢@+hz+m—¢mjmamw
T

t
gcwa—rWﬂW4+C/Q—Q*W¢@+hr+m—¢@Jmamw.

T

Applying Gronwall’s inequality [16, p. 190],
10 +h, T +h) =@, Dl < ChA"0 -0 O
3.3. Estimates for the linear process U(t, T)

Besides the estimate ||U (z, T)|lz(x) < C stated in Definition 1.1, we also need the following
results:

Proposition 3.7. [8, Theorem 2.2] Let t <t and 0 <y < B < 1+ 6. Then there exists a constant
C depending only on y and B such that

IAOPU @, DA@) Y oo < Clt — )P,

Proposition 3.8. If y > B and 0 <y — B < 1, then there exists a constant C depending only on
y and B such that

IAOPIU @, 1) = NA@) 7V o) < C — 1) P,
4. A replacement for the fundamental theorem of calculus for semigroups

Both semigroup 7_4(;)(t) and process U(t, T) have their images in D and the operators
AN)T_aq) (), A(1)U(2, T) are well-defined. However, when it comes to integral, we cannot
assure whether frt A T-a@x)(s — T)xds or f; AU (t, s)xds even exist, due to the fact that
ATt — )l zxy and |A@)U (¢, 5) || £(x) are bounded by C(r — s)~ L.

Nevertheless, A(t) f; T_a@)(s — T)xds and A(r) frt U(t, s)xds exist and they are bounded
linear operators in X, as we prove in this section. Moreover, we provide a characterization for
A(?) frt U (t, s)xds that will suit our purpose of studying regularity properties of u; through its
integral formulation.

The fact A(¢) f; T_ () (s — 1)ds € L(X) has already been proved in [24, Section 1.6] and we
present it below.

Lemma 4.1. For any x € X, frt T_a(s)(t — s)wds belongs to D and A(t) frt T_a@)(t —s)ds isa
bounded linear operator satisfying HA(t) th T_a(5)(t —s)ds Hﬁ(X) <C
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In next lemma, we extend this result to the linear process U (¢, 7).

Lemma 4.2. For any x € X, frt U (t, s)xds belongs to D and the following equality holds

t

t t
A(t)/U(t,s)xds:A(t)/T_A(s)(t—s) x+/¢>(t,§)xd§ ds

t
+ A(t) f T_ 55t —§) [D,s) — D(t,5)]xds ¢ d&

O(t, s)xds ¢ d&.

/
/

t
—A(f)/TfA(g)(t—E)

Furthermore, it satisfies HA(I) th U(t,s)ds Hﬂ(X) <C

Proof. The characterization of the linear process provided in (3.1) and an application of Fubini’s
Theorem [15, Theorem 2.37] yields

t t t t
/U(t,s)xds=/T_A(s)(t—s)xds+/ /T_A(g)(t—é)cb(é,s)xdé ds
t t B3
=/T,A(S)(t—s)xds+/T,A(g)(t—E) f@(é,s)xds d&
t t :

&
=/T_A(S)(t—s)xds+/T_A(g)(t—$) /[CD(E,S) — O(t,s)]xds | d&

T T

t &
+fT_A(§)(t—§) [dD(t,s)xds d&

T T

t t
:/T_A(S)(t —s)xds +fT_A(§)(t —£) /[@(E,s) — O(t,s)]xds | d&
t t t t
+/T_A(g)(l—§) /(D(t,s)xds dé—/T_A(g)(t—%') /@(t,s)xds d&
T T T 3
t t t

:/T_A(s)(t—s)xds+/T_A(x)(t—s) /CD(t,E)xdE d&

T T T
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t

+/T7A(§)(t_$)

T

[®(E,s) — D(t,s)]xds | d&

t

_/T—A(E)(t_g)

T

O(t,s)xds | dE

/
/

t 1

:/T,A(S)(t—s) x+f<1>(t,g)xdg ds

t

+/T—A(g)(l—§)

T

[D(,s) — P(t,5)]xds | dE

t

- / T_a@)(t—§)

T

O(t,s)xds | dE

/
/

=T +1I, +1s.

From Lemma 4.1, estimates on Section 3, and as a consequence of Corollary 2.4, we obtain
ZieDand |A@®)Zi||lx < C|lx|lx. Indeed,

t t 1

/Amrﬁma—w x+/®0£h& ds sauh+0‘/¢msu&

T T X T X
t
=Clixlx +C/(t — &) dg||x|lx < Cllxllx + C(t — 0)°llx[lx < Clx]x.
T

It follows from (3.6) with 0 < 5 < & that [ A(1)T_ e (¢ — &) [ [E[@E, 5) — D, s)]xds] dt
converges, as we see next

t &
/A(I)T—A(s)(t —§) /[43(5,8) — o, s)]lxds | d§

T T X

t 3
scfa—a* fm—a%&ﬂfﬂ”wsdmwx

t
sc/a—@”%s—ﬂ“wwﬂusca—w%wxsauh.

Therefore, Corollary 2.4 implies that 7, belongs to D and ||A(t)Z2||x < Cllx]| x.
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The fact that Z3 € D and ||A(t)Z3]|x < C|lx||x follows in the same way:

1 t 13

t
/A(r)T_A@(r—s) fcb(r,s)xds d sc/a—sr‘ /(r—s)‘s‘lds dE|lxlx
T 3

T 3 X

t
< cfa — &) Mt —&)dg|x|x < Ct — )’ |Ix)Ix < Cllxllx.

Therefore, [ U(t, s)xds =T) + T» + T3 € D and the estimate for A(f) ( Jfua, s)ds) fol-
lows from

t
A() /U(t,S)de <IAOLillx + 1ADOLllx + A0 Lllx < Clixllx. O

T X

5. Smoothing effect of the differential equation
5.1. Linear problem

Rather than considering the semilinear problem directly, we first deal with the nonautonomous
linear case

xM)+AM)x=g@), te(r,T); x(t)=x9€X,

whose solution is given by x(¢) = U (¢, T)x0 + f; U(t,s)g(s)ds.
The characterization obtained in Lemma 4.2 for A(t) f Tt U (t, s)ds is applied in the expression
(1.4) for x;(¢) (with f (¢, u) being replaced by g(z)), resulting

t 1
xt(t)=—A(t)U(t,f)XO—A(t)/U(t,S)[g(S)—g(t)]ds—A(I)/U(I,S)g(l)ds+g(t)

=—A@®)U(t, 1)x0

t
— AW / Ut 9)lgls) — g(1)1ds

t

_ / (1, £)g(1)dE

T

t

+ T a0 —7) g(f)-i-/‘b(l,é)g(t)dé

T
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t t
—/[A(t)—A(S)]T—A(x>(t—S) g(t)+/<1>(t,-’§)g(f)d$ ds

T T

t &
—A(t)/T—A(S)(f—§) /[Cb(é,s)—q’(fﬁs)]g(t)ds d§

t t
+A(t)/T—A(5)(f—§) /q)(t,s)g(t)ds dg§
T §
=Tixo+ DL +Iz+Ia+Is + e+ 1.

Note that 7 is a linear operator on X while 7, to Z; are elements on X. Moreover, Z; is the
only one depending on the initial condition xg.

It might seem that equality above would only complicate the analysis. However, the nonlinear
term g(#) € X no longer features in the expression for x; and all terms (from Z; to Z7) belongs
to a space X £ & > 0, with more regularity, as we see in lemma below.

Lemma 5.1. Let A(t), t € R, be a family of linear operators satisfying (P.1) and (P.2) and g :

(r,T) — X is a continuous function in Cg((r, T),X),0<A<1and0<6 <1, such that, for
any t <s <t <T, there exists a constant C > 0 for which

lg(t) — g()llx <Ct —s)* (s —1)77.

Given any 0 < B < min{A, 8}, the terms I, to T of the above equality belong to XP and
satisfy

1Zixollxs < C(t — ) Plxollx, 1 Zallxs <Ct — )PP~ | Tallxs < C(t —1)O=P 0,
I Zallxs < Ct —7) P77, IZsllxs < Ct =) P70 N Tgllxs < Ct — )P0,
IZ7ll s < C(t —)C=P=0,

where the constant C depends on .

Proof. For each term we estimate its X#-norm, 0 < B < min{A, &}, proving that it belongs to

XP.
Analysis of Z;: It follows from Proposition 3.7 that

IAMU (t, T)xollxs = IAEP AU, D)x0llx < CBYE — 1) P xolix.

Analysis of Z,: The fact that 7, € X B follows from the estimate
t t
IZ2llxs = |AE)PA®) f Ut,s)g(s) —gMlds|| < / (t —s) TP (s — ) s
T X T

2 )i —oy-P.
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Analysis of Z3: From Proposition 3.4, we obtain

t 1

1 Zs 1o = | A f o1, 65| =<C / (=& B —1)dE < C(B)(t — )P,

T X T

Analysis of 74: Let H(t) = g(t) + th d(r, £)g(t)dE. From the properties of g and ®(z, 1),
we obtain | H (1)||x < C(t —7)~? and

I Zallxe = AP T_amyt —DH®) ||, <Ct — )77,

Analysis of 75: Note that once again we have the function H(¢) defined while studying the
term Z4. Using the estimates for this function, we deduce

t
IZsll e = | AE)P / [A(t) — A()IT—a(s)(t — s)H (t)ds
T X

t
=< / ILA@) — ADIAE) T AE) P T a5 (t = )l oo |1 H (s | x

t
<c® [ -9 asi -0 <c@)a- ot P,

Analysis of Zg: Applying (3.6), with n € (B, §), we derive

t 3
1 Zell s = | AG)? / AWD Tt — &) / (D, 5) — (1. 5)]g()ds b d&

T T X

t

&
< C/(t —&) 17k f(r —&)(E -5 gyt de(r — 1) 7°

t
= C/(t — S)_l"'(”_ﬂ)(%‘ _ 'E)(a_")df(t _ T)—@ <C(t— r)(g_ﬂ)_g.

T

Analysis of Z7: The last term follows from Proposition 3.2 and the estimate (3.4) for ®(¢, 7).

t t
I Zollye = | A@PAG) f Tae)(t —) / (1, )g()ds b &
T E X
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t t
= /(f —5)_1_’3 /(t — ) lds d&(t — 0 <ct-0)® Pt o
T H

The previous Lemma is a major part in the proof of theorem we state in the sequel.

Theorem 5.2. Let A(t), t € R, be a family of linear operators satisfying (P.1) and (P.2) and
assume that g : (t,T) — X a continuous function in C’é‘((t, 7),X),0<A<1land0<06 <1,
such that, for any T <s <t < T, there exists a constant C > 0 for which

lg@®) —g®)llx <Ct =" s =)~
If x : [t, T) — X is the solution of
xx()+AWx=g@),te(r,T); x(r)=x9€X,
then, for any 0 < B < min{X, 8}, x;(¢) is in Xx# for t € (r,T) and satisfies the estimate

lx: @]l xs < C(B)({ — r)_l_ﬂ[||x0||x + 1. Moreover, if xo € X%, the estimate on x,(t) can be
improved to

I )l xs < Ct — )P x| xe + C(t = 1) 77F.
Proof. The result follows from Lemma 5.1, with the exception of the last assertion. This one

follows from the fact that ||Z;xo|| x4 in the previous lemma can be improved if xo € X by using
Theorem 3.7:

IZillxe = I1AEP AU (2, T)AE) *AE)  x0llx < C(t — ) PHxg |l xor.

However, we cannot state which exponent —1 — 8 + « and —6 — g is larger than the other.
For this reason, we do not group the terms together and we obtain the estimate

e ()llxs < Ct =) P Ixollxe + Ct =)™~ O
5.2. Semilinear problem

Consider now the semilinear case

u () +Au= ft,u@®), te(@T); u(r)=upec X%,

for 0 <« < 1. Under the properties required for A(z), (P.1) and (P.2), and for the nonlinearity f,
expressed in (NL), this problem has a local solution given by

t

u(t)=U(, T)ug + [ U(t,s)f(t,u(s))ds.

T
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If we define g: (v, T) — X as g(¢) := f(¢,u(t)), then u also satisfies

ur+AQu=g@), te(xt,T); u(r)=upecX”.
By proving that g(-) € Cg((r, T), X) for some A € (0,1] and 6 € [0, 1), then the results on
Theorem 5.2 can be translated to the semilinear case. In the next lemma we find values of A and

6 for which the desired result holds. Note that the most regular space X# for which u, () belongs
is limited by the value of A.

Lemma 5.3. Let A(t), t € R, be a family of linear operators satisfying (P.1) and (P.2) and f :
R x X% — X a nonlinearity satisfying (NL). If u : [t, T) — X is the solution of

u(t) + A@u = f(t,u®)), te(r,T); u(rt)=ugec X%,
then, g(t) := f(t,u(t)) belongs to c’ }((t, T), X), for any n € [0, min{w, 6}).

max{a,n

Proof. The fact that f is locally Lipschitz implies that, for # > 7 and & > 0 small,

g +h) —gOlx =11fC+hu@+h)—f,u@)llx <CUR + llu@ +h) —u@®)llx).

Hence, to obtain Holder continuity for g, we evaluate the difference |[u(t + h) — u(t)|| xe:

T+h  t+h
ut+h)—u@®)=UE+h,t)ug—U(t, T)ug + / + / U({t+h,s)g(s)ds
T T+h
t
—/U(t,s)g(s)ds
T+h

=[U@t+h,t)— U, Ouo + / Ut +h, s)g(s)ds

t
+ /[U(t +h,s+h)g(s+h)—U(t,s)g(s)lds

=11+ + 1.

We estimate each one of the terms above in || - || x«. From Propositions 3.7 and 3.8, given any
n € [0, 1), we obtain

IZillxe = II[U (¢ + h, 1) = IAE) TTAE) U (¢, Dyuollx < Ch"(r — )" |lug|| xa.

The second term follows the same idea, taking into account that ¢ > g(s) € X is continuous
and locally bounded.
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T+h
1Z2l x« < C / (t+h—s5)""g(s)lxds < Ch(t — 7).
T

The last term requires more reasoning and it will be the most restrictive one for the Holder
exponent, as we see below. To perform the necessary calculations, we use formulation (3.1) for
the process:

t

I3 = / Ut+h,s+hg(s+h)—Ul(t,s)g(s)ds

t

= [T aceam € = 9056+ 1) = Tago ¢ = 9)g0)) ds

T

t t+h
+/ /T—A(g)(t+h—E)¢(§,s+h)g(s+h)d§ ds
T s+h

t t

_ / / Toace) (i — E)D(E, $)g(s)dE | ds.

T N

Adding and subtracting 7_4(s)(tf — s)g(s + h) inside the integral on the first term and per-
forming a change of variable in the second integral, we obtain

t

VERS / {[T- A1)t —5) = T p(5)(t — $)1g(s + 1) } ds

T

t
+ / (T syt — 9)g(s +h) — g(s)]} ds

t 1

# [ 1] Tam@ = 0 + hs+ bgts + s { ds

T N

t t

- f / Toae(t — E)D(E, $)g(s)dE b ds

T N

= f T a4+ & =) = T_a) (1 = $)lg(s +h) } ds

T

t

+ f (T at(t — )[g(s + ) — g(5)]) ds

T
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t
+ / / [T e (t — ) — Tonier(t — E)IOE + hos + h)g(s +h)dE | ds

t t

+ / / Toae(t — DE + hos+h) — D, $)]g(s + WdE § ds

T s

t t

+ / / Toae (t — EYDE, $)[g(s) — g(s + MIdE | ds

T s

=51+ +S853+8:+Ss.
From Proposition 3.3, we deduce

t

[Stllxe < C/h‘s(t —9)llgls + M)Ixds < Ch(t —1)' 7,

T

t
[S2llxe = / IAGE)* T-a) (t =) lIg(s +h) — g(s)l|xds

t
< c/(z — ) llg(s +h) — g(s)xds.

Term &3 also follows from Proposition 3.3 and the estimate for the family ®(-, -)

13 t t

ISslxe <€ / / W — &) & — sy \de b ds < cnd f (t —5)"~%ds < Ch*(t — 1)P—*H,

T N T
From Proposition 3.6, given any 0 <v < §,

t

t
Sallxe < C/ /(r — &)V (E — ) gg Y ds

T

t
<Ch' /(z — )V < ChV(t — )l 7o,

T

t

t
||55||Xa§C[ /(r—§>—“(s—s)5—1ds lig(s) — g(s + h)llxds

T

t
<c [ (1 — )~ lg(s + ) — g(s)]| xds.
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Using the results above and estimating by the smallest possible Holder exponent for &, we
obtain

I1Z3]lxe < ChO(t — ) = + Ch®(t — 1)’ F 4 Ch¥ (¢t — 7)oV

t
+ C/[(t — )+ (=) g(s + ) — g(5) I xds

t
<ch'+ cf(r — ) lg(s +h) — g(s)]xds.

From 7y, 7, and 73 we conclude that, for any n € [0, 1) and v € [0, §),

lu(t +h) — u(®)|lxe <Ch"(t — 7)™+ Ch(t —1)"% + Ch"

t
+C/(t — ) llgls +h) — g(s)llxds

1
SCRI(t =) "+ —1) "1+ Cf(l —5)"%Ng(s +h) — g(s)llxds.

Lastly,

gt +h)—g®llx =Ch®+Ch’[(t —1)"" +(t —1)"%]

; (5.1)
+C/(l‘ —8) "% g(s +h) — g(s)|lxds.

An application of Gronwall’s inequality yields
lg(t +h) — g@lx < CA™MO) (¢ — gy~ maxien)
and we conclude that g(-) belongs to C;;lax{a,v}((t’ T), X), for any v € [0, min{w, §}). O
We can now prove the abstract theorem stated in Section 2.
5.3. Proof of Theorem 2.5
Ifu:(r,T)— X% a €0, 1), is the solution of
u(t)y + Au= f(t,u@®), te(xt,T); u(r)=ugeX?*,

then g(¢#) = f(¢t,u(t)) belongs to Cg((r, T),X) for any B € [0, min{w, §}) and for 6 =
max{c, B}. In this case, Theorem 5.2 states that the solution x : [t, T) — X of
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x (@) +AWx =g), te(r,T); x(t)=upecX’,
satisfies, for 0 < B < min{w, 8}, x;(t) € X# and

lxe ()l xp < Ct — ) P xg |l o + C (2 — 1) 7F
< C(t — 1) TP xgll xe 4+ C (1 — 7)~mRA ATl

From the variation of constants formula,

t t

x(t)=U(, t)ug + f U(t,s)g(s)ds =U(t, T)ug + / U(t,s)f(s,u(s))ds =u(t)

T T

and we obtain the desired properties for u,(¢), which proves Theorem 2.5.

Remark 5.4.In [16, Theorem 3.5.2], the author proved the smoothing effect on u;(t) when
A(t) = A and f (¢, u) is locally Lipschitz on both variables. In the notation of Theorem 2.5, this
case corresponds to § = 1 and w = 1. Therefore, forany 0 < 8 < 1, u,(¢t) € X# and llogr () || xp <
C(t —1) 1 -hte, matching the result found in [16].

Remark 5.5. The fact that u,(¢) € X? for B € [0, min{A, w}) is independent of «, as long as
ae€l0,1).

Remark 5.6. There are some works in the literature that deals with the case =1 in f: R x
X% — X, which is called critical case (see [4,5] for the nonsingular case and [8] for the singular
case). For a class of functions called e-regular maps, the existence of local mild solution can be
proved in this situation.

Estimates of item S; — S5 on Lemma 5.3, which result in the estimate (5.1) for the difference
u(t +h) —u(t), would all be impaired if @ = 1, preventing us to extend those results of regular-
ization and smoothing effect to the e-regular solution constructed for the problem in the papers
just mentioned.

6. Application: singularly nonautonomous reaction-diffusion equation

Let @ C RY be a bounded smooth domain and consider the following singularly nonau-
tonomous reaction-diffusion equation in 2:

u —div(a(t,x)Vu)+u = f(t,u), x€, t>r,

6.1
dpu =0, x €08. ©.1)

We assume that:

(A1) Qc RN isa bounded_ domain with smooth boundary. o

(A.2) The functiona : R x @ — R™ is continuously differentiable, « € C' (R x €, R*), and has
its image in a closed interval [ag, a1] C (0, 00). We denote by b(t, x) the gradient function

(in x) of a(¢, x) and we assume it is bounded, that is, b(z, x) := V,a(t, x) € L ().
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(A.3) Both functions a(-,-) and b(-,-) are Holder continuous in the first variable with same
Holder exponent 6 € (0, 1]:

la(t,x) —a(s,x)| < Clt —s|®, |b(t,x) —b(s,x)| <C|t —s|°. 6.2)

(A.4) The nonlinearity f : R x R — R is continuous and satisfies a polynomial growth condition
of order p, that is, there exists C and 1 < p < pg such that

1,8 = f@, ) <ClE =yl +1E1° " +1y1”h,
|ft.EI<CA+[E7).

Moreover, t — f(t,-) is locally w-Holder continuous with exponent w € (0, 1] and
C >0, thatis, | f(¢,) — f(s,)] <C|t —5]|®.

Remark 6.1. An example of function a(z, x) that satisfies conditions required in (A.2) and (A.3)
is a(t, x) = [c + sin($)]d(x), where ¢ > 1 and a(-) € C1(Q, RT). In this case, § = 1 and a(z, x)
could represent situations where the diffusion changes periodically with time, such as movement
of populations depending on season of the year or time of the day.

As for the nonlinearity f(¢,u), a typical representative for functions satisfying (A.4) is
ft,u)=gu)= —u|u|"_1, and in this case the estimates for f(-,-) follow easily. More gen-
erally, any function f(¢,u) = h(u) such that |A'(u)| < C(1 + |u|p_1) satisfies the conditions
required in (A.4). If f(¢,u) = &(¢t)h(u) with & locally Holder continuous, then conditions in
(A.4) are also satisfied.

The maximal value for p in (A.4), pg, depends on the space chosen to solve the solution, as
we will see in the sequel.

The phase space is X = L?(2) and the linear part of equation (6.1) is given by A(r) :
D(A(t)) C L3(Q) — L%(2) where

D=D(A(t) = {u € HX(Q) : 8pu =0 in asz} ,
A(t)u = —div(a(t,x)Vu) +u, foru e D.
To obtain classical solution, we will consider a bootstrap argument that requires us to work

with the realization of A(¢) on L9(2), for g > 2. In this case, we denote the domain of the
realization as

D, = [u € W24(Q) : 8u =0in asz]

and the fractional powers spaces associated to A(t) as Xg. For the case ¢ = 2, we simply omit
the subindex.

Lemma 6.2. If condition (6.2) holds, then, for any 1 < p < o0, R >t A()A(r)"! €
L(LP(R2)) is Holder continuous with exponent 8, that is, ||[A(t) — A(s)]A(r)’1 | <Clt — s|‘3,
forall t,s,t € R.
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Proof. Foru € D), we have A(t)u — A(s)u = —div ([a(t, x) —a(s,x)]Vu) and

/Idiv([a(t,x) —a(s,x)|Vu(x))|” dx
Q

= / [Vi([a(t,x) —a(s, x))Vu(x) +[a(t, x) —a(s, x)]Aul? dx

Q
_ P
S(t_s)g,,/{|vxa(mc) vxa<s,x>|} N~
It —s|°
Q
_ p
+(z—s)31’f{|a(t’x) a(””} | Au(x)|Pdx
It —s|?
Q
p
W2 (Q)"

= €= {1Vull gy + 180l g} = €= )7 lul

Therefore, ||[A(t) — A(s)]u||§p(g) <C|t —s|P5||u||gp, forall u € D). Taking the p —th roots

on both sides and replacing u by A(7)~ '@,
Vie LP(2). O

ILA®) — A)IA@) il Lr) < Clt —sPllillLr <,

We gather in the sequel some other important properties of the family A(¢), ¢ € R.

Proposition 6.3. The family of linear operators A(t),t € R, satisfies:

(1) A1), t € R, is uniformly sectorial.

(2) A(t) has compact resolvent, is positive and self-adjoint operator. Its spectrum consists en-
tirely of isolated eigenvalues, all of them positive and real:

o(A@) ={Xi(@): 1=2@) =ha(t) =... < Ay(0) = ..}

(3) The following embeddings hold
when0§v<2a—%.
2N

when2 <r < 5=

Ir<as<
[fo<a<¥, X*— L),
If we consider A(t) acting on L9(S), the embeddings become
i <a<l, Xy C"(Q), when0<v<2a—2
2N
N—2aq"

[fo<a<f, X2 1'(Q), when2<q<

(4) If0< B <y <1, then XV is compactly embedded in XP.
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Statement (1) follows from Theorem 7.3.6 of [22]. Properties in (2) are consequences of [20,
Theorem 6.29 and Section V.3.5]. Items (3) and (4) follow from Theorems 1.6.1 and 1.4.8 of
[16], respectively.

To fix the ideas we will assume that o = % and N = 3, but the analysis performed in this
section can be extended to any « € [0, 1) and N > 2. However, as « changes, so does the growth
p allowed for f.

Note that from the embeddings in Proposition 6.3, if o > % and N = 3, f can have polynomial
growth of any order (p € (1, 00)) as a consequence of X* — C"(2) — L*(Q).

Under those conditions, (6.1) originates the abstract singular semilinear evolution problem:

w+ A= Ft,u), t > 7. u(t)=upe X2,

where F is the nonlinearity given by F (¢, u)(x) = f (¢, u(t, x)). Since X% — L"(Q2),forall2 <
r < 6, the largest growth allowed for F such that F : R x X? - L%(R),1is given by 1 < p < 3.
We have the following properties for F':

Lemma 6.4. Let o = % N=3and1<p <3 . Then F:R x Xt L%(Q) and satisfies

~ ~ —1 ~p—1
IF(t,u) — F(t, o)l 2 < Cllu—all s (14l 4 11a]”)),
X2 X2 X2
IF (w2 <CA+ ||u||f(%),
||F(t,u)—F(s,u)||L2(Q) SC|I—S|CU

Proof. The first one follows from

(SIS

IF(t,u) — F(t, @)l 20y = / | ux) — £t dx))Pdx
Q

1
2
= /C2|u(x) — @) P+ Ju () P20 4 1 ()P0~ D)dx
Q

1
192 p=1712

SC /|u—ﬂ|2pdx /\[1+|u|2(p—])# +|ﬁ|2(p_1)#]dx
& Q

>

p—1
2p

p—1
2p
<Cllu—iill 2oy § 1+ /|u|2pdx + /|ﬁ|2ﬂdx
Q Q

p—1 ~np—1
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Since X7 <> L?P (), forall 1 < p < 3, it follows that || - 20y < Il - ”x

1 and we obtain
~ ~ -1 ~p—1
IF(t,u) — F(t, @)l 2 < Cllu —all y (L Qa7+ all” ).
X2 X2 X2
For the second inequality,

1

1
2P

IF(t, )l 2q) < /C2(1+|u|2p)dx <Cc|1+ /|u|2pdx
Q Q
<C(+ [lull

p )
Taoi@) < CO+ Nl ). O

Remark 6.5. Note that in the proof of Lemma 6.4, we also obtained the following inequality for
the nonlinearity F:

1)@y < O+ 1l 6)- (63)
6.1. Classical solutions via a bootstrap argument

The conditions required for a(-,-) and f(:, -) ensure that A(¢) satisfies properties (P.1) and
(P.2), while F satisfies (NL). Therefore, the problem admits local solution w : [t, T] — X given
by

t
u(t,t,ug) =U(t, T)ug + / U(t,s)F(s,u(s))ds

such that u(t) e D= X! forall t € (t, T1, u,(¢) € X? and

lue (D)l xs < C(t — ) 7P gl xa + C(r — )~ mX2BSFed
for any 0 < 8 < min{w, §} (Theorem 2.5).

The idea to obtain classical solutions, that is, x — u(z, x) in CZ(2), is to look at the differential
equation as

A(u=F(t,u) —u;(t). (6.4)
If we are able to prove that the right-side belongs to C(£2), then the left-side must be C 2(Q).

This is obtained via a bootstrap argument that we reproduce in the sequel. The embedding results
on Proposition 6.3 are summarized in the following illustrative scheme:

— C"(Q) — C"(RQ)
A
[ N\ r A
| } } | | } |
1 3 1 2 x! 3 % q
X X1 X2 L* %4 X; X L
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On the left side (¢ = 2), a function will be Holder continuous if it is in a space X* with o > ?T'

For g > 2, this restriction becomes o > zi

First iteration: After any arbitrarily small evolution on time t < t;, the solution in 71,
u(ty, T, up) belongs to X Ley v (£2) and, consequently,

F(t,u(t)) €C’ (), forany r > 11.

The derivative u,(¢) belongs to X B, for any 0 < B < min{$, w}, as stated in Theorem 2.5. If
there exists 8 > % in this interval, then u,(z) € C*(2), for some v > 0 and for all ¢ > #;. In this
case, from (6.4),

A)u(t) € C¥(R), implying u(t) € C2’”(Q), forall r > 11,

and classical solution is achieved.
If that is not the case, we have u,(r) € X? — L"(Q), where 2 <r < ﬁ. Once again as
consequence of (6.4), we obtain

A(u(t) € L™ (), implying u(t) € W2 (Q) < C"(Q), forall ¢ > 1.

Second iteration: In case the classical solution was not achieved in the first iteration, we
consider the problem now starting at the instant ¢; with initial condition u(#{, 7, ug) € C'(2).
Since CV(2) — L®(RQ) — L1(Q2) for any 1 < ¢ < 0o, we obtain, after any arbitrarily small
evolution #, > t, that

u (t) € X4, for any g € [0, min{s, »}).

However, ¢ can assume any value in (1, 0o), and we fix one such that % < min{§, w}, then

there exists 8 > % such that u, (7) € X < CV () for any t > tp. Therefore,

Au(t) = F(t,u(t)) — u; (1) € C*(R), and u(t) € C>*(Q), forallr > t,.
6.2. Estimates for u

The dependence on ¢ of the linear operator prevents us to construct a Lyapunov function
for the problem studied, unless stronger properties on the function ¢ — a(¢, -) are required (for
instance, that t — a(¢, -) is non increasing).

To avoid this type of restriction on a(-, -) we apply a different method to obtain estimates for
u, which we discuss in the sequel and involves an iteration procedure inspired in a technique
developed by Moser-Alikakos (see [2,9,11,12]).

To obtain global well-posedness, we assume that f satisfies a dissipativeness condition:

f.s)
—_— <

(D) limsupy,_, o 1.

Remark 6.6. The value 1 comes from the fact that first eigenvalue of A(¢) is A1(#) =1 (see
Proposition 6.3). For other situations, like the operator with Dirichlet boundary conditions, the
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appropriate dissipativeness would be written in terms of the first eigenvalue of the operator A(z),
A1(t). Since A1 (¢) might change with time, a condition that would suit the purpose of ensuring

f.s)

dissipation is limsupy,|_, oo ——— < inf{A;(1); 7 € R}.
s

A simple use of the definition of Limsup allows us to prove the following result:

Lemma 6.7. Suppose that condition (D) holds, then there exists y, > 0 such that, for each y €
(0, y1), there is a constant M > O such that

f)s<(1—y)s>+M, VseR. (6.5)
We first estimate the L2-norm for the solution u(t, v, up). The regularity of the solution allows

us to take the inner product in L2(2) of the equation in (6.1) with u and integrate by parts,
obtaining

1d 2 2 2
S lulfag == [ at0)IVuPdy = ulfs g, + | fauds,
Q Q

and using (A.2), we have

1d 2 5
Q

Proposition 6.8. Under the dissipativeness condition (D) and for y and M as in (6.5), the solu-
tion u(-, T, ug) of (6.1) satisfies

1
F P M 2
lu(t, v, uo)ll 12y <22 |:€ v r)||M0”L2(SZ)+|:7|Q|i| :|,

as long as the solution exists.
Proof. Inequality (6.5) can be applied in (6.6) in order to obtain
2 o e, < [Ta—yu+mld
”u”LZ(Q) Zdt ”u”LZ(Q) — ( V)M X
Q

d
2y ulFagy + o Iulag) < 2MIQ

2y Ul g, + T <T2M|Q)

d 2
E ||M ”LZ(Q)

d _ —
e [eZV(t r)”u”iz(m] S62)/(t r)2M|§2|.
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Integrating from t to ¢ we derive
2 (-1) - _ M
e lu@ll 2y — lluoll 2@y < [e —1]7|Q|
M
2 —2y(t—1) 2
lu()22q, < e ol o) + 712

Taking the square roots on both sides and using the inequality |a + b|" <2"(Ja|” + |b|") for
any r > 0, we obtain the desired inequality. O

Once we have L2— estimates for the solution, we can use the iteration proposed by Moser-
Alikakos. This technique consists in obtaining L2 -estimates of u by using the estimate of the

szf1 -norm. In other words, it is an inductive procedure.

Therefore, from the L?-estimate obtained in the previous proposition, we derive L*-estimate,
then L® and so on. This is the procedure applied at the following lemma, but before we establish
it, we discuss a convention that we adopt in the next results.

Remark 6.9. Given a bounded set B C X > such that ||u0||X ! < L for ugp € B, after any evo-

lution in time, the solutions starting with initial conditions in B become bounded in stronger
norms. Indeed, from the continuity of the solution, for any T < ¢*, with ¢* arbitrarily close to t,
llu(t, T, u0)||X% < CL,t <t <t* and from the variation of constants formula, for 8 € [0, 1),

t*

Nu@*, T, u0)llxs < IU@*, Duollxs +/ NU (2", s)F (s, u(s, T, uo))ll xsds
T

t*
samL+/CW—w*a+mmMmMQwscwmwwnu,
X2 X2

T

where C (8, p, ||u0||X%) denotes a constant that depends on 8, p and ||u0||X%.
In particular, for g > % we obtain ||u(t*, T, uo)ll L) < C(p, ||u0||X%). In conclusion, given

.ol . . . .
any bounded set B in X 2, after an arbitrary evolution takes place, this set B becomes bounded in
L*°(2). Since we are interested in the asymptotic dynamics of the problem, whenever we wish

to estimate the solution, we will assume that given any bounded set of initial condition B in X2,
this set will also be bounded in L°°(£2). If that is not the case, we evolve the system any arbitrary
time and restart the evolution from this point.

To simplify the notation, we will denote by || - ||L» the norm || - [|Lr(q).
Lemma 6.10. Suppose that condition (D) holds and y, M are the constants in (6.5). Let
u(-, T, ug) be the solution of (6.1) and assume ug € L*°(2). Given any k € N, there exists con-

stant ¢ > 0 independent of k such that, for t > t,
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t
k ok k Noq _oke_ ko k M
@12 < e D Jugll? 4 + (222 ”/ez ¢ ’>||u<s)||jzk1ds+[7|sz|]
T

6.7)

as long as the solution exists.
(N is the dimension of 2, which is 3 in the case considered. We keep N in the formulation to
emphasize the dependence on it and to allow the extension of the result to other situations).

Proof. Multiplying the equation in (6.1) by u? =1 and integrating in €2, we obtain

/uzuzk_ldx:/div(a(t,x)Vu)uzk_ldx—/uzkdx+/f(u)uu2k—2dx.
Q

Q Q Q

. k k
The term on the left side can be replaced by 2%% Jqu* dx = [quu? ~'dx, whereas from
the dissipativeness condition, we deduce

/(f(”)u)uzkfzdx 5/(1 —y)uzkdx+M/u2k*2dx
¢ Q

Q

sf(l—y)u2kdx+M /uzk—i—ldx ,
Q Q

2k_2

where in the last inequality we used the fact that a <a® 41 for any positive a. Thus,

1 d 2k . 2k_1 2/(

®ar u”dx < [ div(a(t,x)Vu)u dx +[M —y] | u” dx + M|22|.
Q Q Q

Integration by parts leads to

B /[“(“ 0Vu 2t = Du? 2 Vudx = (2 - 1)/a(t,x)(w)2u2"—2dx.
@ Q

Note that

v (:ﬂk‘l) = 21,21y, and [v (;ﬂ““”)]z =221y 2 =2(yy)2
o\ 12
so the term uzk_z(Vu)2 can be replaced by 22(2—,1) [V (uz(k ”)] . Therefore,

—@ =1 [[at o0 2y < —an@ - @) [[v ()] ax
5 Q

and the inequality becomes (after multiplying it for 2k and using 0 < ap <a(t, x) <ay),
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£ / u¥ dx < —ag2* —1)(2*~ k)/ 2“ ” dx+2k[M—y] / W dx+2*M|Q|. (6.8)
Q
An application of Nirenberg-Gagliardo’s inequality (Theorem 1.2.2 in [9]) for a certain v €

wh2@) N LY (Q), with j=0, p=2,m=1,r=2, q—landH—N+2,1mpliesthat

Ioll 20) < C(N, )|V L”;(g)n ol L”r(;)

If we also use the Young generalized inequality with conjugated exponents & = % = NTJFZ and
£ = N2 we obtain

1
vl 2@ < €llVull2 g + ||U||L1(Q)
Taking the square power on both sides (and rearranging £ for &),

1 2
( E)HUHLZ(Q) = ||v||L2(Q) = Ellvv”LZ(Q) + g”vllLl(Q)

We apply the above inequality for v = w2

ok=1) 2(k 1) 2k
16212 = / / W dx,

Q Q
2k=1) 2k=D 7|2
Viu =/ |Viu dx
H [ ]LZ(Q) ‘ [ ]’ ’
Q
1212, g = / 2|

2
Q

and it becomes

D112 1 - 1-—
_/‘V[uz(k 1)” dx < T /u2<k R (1—¢) 2
N e
&2 Q Q

Q

We use this inequality with a proper choice of ¢ and apply it at (6.8) in order to create a

negative term multiplying [, u dx

ok —1 (1 —g) ok k1 1 2 k=1)
_/u dx < _ao(zk 5 e u dx—i—ao(zk 2) _+1 u dx
Q
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ok M — y]/uzkdx L2k M|Q).
Q

k . L . .
Note that 2 < % <4, and we can readjust the preceding inequality to obtain

2
d
— uzkdx < [—Zao
dt
Q

d gg) +2Km — y]]/uzkdx+4ao

Q

&

Choosing & = ¢27%, with ¢ small enough to ensure that

1— 1—c27% 2
B8 gl 220 2900k k(= y141)
c2—k c

2a

_ a0 :
(for example, ¢ = =y 75D ), we obtain

2
d 1 -
¥ ax<—2% | w¥ax +4ap———o— | | 2 ax | +2m9
dt S N
o o c 2 (2—k)7+1
2
— _2k/u2kd‘x+c(2k)%+l /uz(kfl)dx +2kM|Q|
Q Q
We have then achieved the desired differential inequality
2
d -
2k / u¥ dx + - / W dx < (20T /uz“ Yax | +2kmi9).
Q Q Q
Note that
2k
2 2(1{1,1) 21(
(k—1) (k—1)
/u2 dx | = /u2 dx = [I|M||L2<k—1)(m] .
Q Q

Inequality (6.9) becomes

k d k N k
2T + O < @) uOI] 4o +2°MIQ,
and then
d ki k ke N k _
E I:eZ G T)”u(t)”izk] < g2 r)c(zk) Z-HHM(t)”izk +e2k(t r)sz|Q|,
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Integrating from t to ¢, we obtain

t
koo k k N k(o k kip_
R O s||uo||izk+c(z’f>2“f‘f2 O M@)o ds + [ 7P — 11M(Q]
T

t
k _ ok k N _ ok ko k
@2 < e TP Nugll? e +c@9 2 e D [ 2 OO u(s) |2 ds + MIQ|
L L L

T

and the statement of the lemma follows by considering y € (0, 1) and M|Q| < [%|Q|] (this
adjustment of constant is just to facilitate future calculus and notations). O

From the recurrence formula obtained in Lemma 6.10, we can derive the next proposition:

Proposition 6.11. Let M, y be the constants obtained in (6.5) from the dissipativeness condition
(D), and assume ug € L>®°(2). Given any k € N, there exists a constant D = D(N, k, y) that
depends on k, N and y, such that, fort > t,

1
C(— M 2
lu()ll, % < DNk, y) [e & ”uuoan[?mq }

as long as the solution exists.

Proof. We prove for k = 2 and k = 3 to see the pattern. The result follows by induction. We will
use the inequality |a + b|" <2"(la|” + |b]"), for any r > 0, whenever we need to estimate the
power of a sum of two terms.

Let k = 2. As we did for N = 3, rather then replacing the value of k in the inequalities, we
will keep it to help us generalize the inequality for any k € N. We first estimate the integral that
appears in (6.7) using the L2-bound obtained for the solution in Proposition 6.8:

t t ok

' M 2

fezk(s_r)”lfi(s)”ikzds5/62]‘(‘?_”(2%)2](22]( 6‘_2]()/(‘?_{)”140”%1(2+|:7|Q|:| ds
T T
2k (1—y)(t-1) | M 2z

1 k ke k 1 k k k
< 27 2 22 2 23 2 22 . 2%(t—1) - Q
= )72 Sl + @17 2 e 9
Therefore, replacing it in (6.7), we have

2k —2k(— 2k kT +1 54 2k 52k —2ky (- 2k
@I <e™> T uoll? e +e@H 2T @72 707 luo 72

251 —y)

ok

1 1 [M 7z M
+c(2’<)%+1(2z)2k22k2—k [—lQl] + [—mq
Y Y
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—2k(t—1) 2k N1, 1 0k 2k —2ky(t—1) 2k
<e u +c(2%2 22)° 2 ——e u
< ol +e@ @17 2% S luoll?

>~

2

1 1M 7 1~k 1M
+c<2")%+1<27>2k22k5 [7|sz|] +c(2">%+1<27)2‘22k5 [7&@

2

ok k y LN L !
<e O ug)7y +e @93 @727 eI ugl 7
L -y t

k

2

M
+e@ Tt (21)20% [7&@

N . .
and we assumed that ¢(26)2*! and % |€2| are larger or equal than 1 (we can increase ¢, M if that

is not the case). Moreover, let di—1 x denotes the embedding constant of sz(Q) e 2! ().
Then [lugll ;2 < dk—1,klluoll, 2+ and equality above can be written as

ok

d
2k —2k (- 2k Y1 %k—1k n L \2kq2k 2k - 2k
luI o = e € r)Iluollek +c@H7T —1—y(22) 2F e r)Iluollek

k

2

¢ M
+e@hTH 22y [—|sz|]
Y

Pl

2

N 1 k L ok ok k k M
< c(2k)7+lm(l i )@DT 27 1T w7 + [7IQI]

N

Extracting the 2k _root and denoting C(k, N,y) = {C(Zk)%—’_l ﬁ(l + d,%,i] k)} ?  we obtain
1o3e | v =) M7
lu@ ¢ = Clk, N, y)2(22)22" Je lluoll , 2 + 7|Q|
M 7z
=D(2.N,y) {e—”’—” lluoll o + [7&@ } :

1
where D(k, N, y) = 2k (n{;l 2zi> (1‘[{;2 CG, N, )/)).

For k = 3 the calculation is analogous. The previous information about ||u(¢)|| ;4 allows us to
obtain now estimates on |u(z)|| 123 First, the integral on (6.7) satisfies

t

koo k
/ e CTONu(s))17,

T
1 ok

‘ M
<DQ,N, ¥ f 0 e—2"y<f—f>||uo||i’1+[7|9|] ds

T
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ok

Kot e k 1 ok, M z
e T gl + e 70 [7&@

1

<D, N,y
=Tn (1 —y)

Replacing this expression in inequality (6.7), we obtain

k kg k k ok N, 1 1 ok k
eI < e lnoll Ty + D@, N, y)* 27 @) 2 o= e™ 7 uoll s

2k
1 [ M 7 M
+ DR N 2@ | S| +| e
2k Ly Y

ok k k ok N 1 ok k k
<e 7ol + DN, y)T 27 e@9 T eI ol

k

2

M
+ D@ N, y)¥ 2@k 7! [7&@

rid

2

k Ak N 1 k ok k M
<D@2,N,y)* 2? c<2k>z+lm<1+d£_l,k> e 27 ”||uo||§2k+[7|sz|}

»"—‘

Extracting the 2¥-root and usi 23+ L (] 4 g2 ¥ =Ck,N btai
xtracting the 2%-root and using {c(2%) 1_y( + k—l,k) =C(k, N, y), we obtain

1
€ M 2
lu(@®)ll, 2 < D2, N, y)CG, N, 1)) 2F) [e”’” luoll ¢ + [7@@ }

1
M 2
=D@3,N,y) [e‘“"”||uo||L2k + [7|9|] } :

In general,

1
e M _ 72
lu@)l,+ < D(k,N.,y) [e v T)IluollekJr[?IQI} }

1

where C(i, N, y) = {c(zi)%“ﬁ(l +d,.211,,-)}? and

k k
D(k,N,y) =21 (]‘[ 2211') (]‘[ C(,N, y)) . O

i=1 i=2
. . . k . .
We can use the estimates of the solution in the L2 -norms, alongside with the formula of
variation of constants, to obtain estimates in better spaces. From the growth condition 1 < p <3

on f and inequality (6.3), we obtain (adjusting the constant)
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IE @ u)l L2 = CA+ Ilu(t)llizp(g)) =Cd+ IIM(t)Ilizg (Q))-

This fact and the results obtained earlier imply:

Proposition 6.12. Suppose that condition (D) holds and y, M are the constants in (6.5). Let
0<B <1 and uy € L*(Q). There exist constants E| and E, depending on @, B, p, N, k
(N =3 =k in the case considered), M and y, such that, fort <t —1 <t,

lu(t, T, uo)llxe < Ere™ "7 (Jluoll o + lluoll; ) + Ea,

as long as the solution exists.

Proof. From the variation of constants formula and the usual LP1(2) < LP2(2) embeddings
whenever p» < p1, we obtain (adjusting constants when needed)

lu(t, T, uo)llxe = llut, t — 1, u(t — 1,7, u0)) I xs

t

=WU@ = Du—1,7,u0)llxs + / U, s)F(s,u(s, 7, u0))llxsds
-1
t

<CBM) P u —1,7,u0)ll2 + / CBYt =) PIF (s, u(s, 7, u0))ll 120 ds

t—1

1 t
=Cp)E?) {e”f‘”nuoup + [Kmq 2 } +C(B) f (=) (14 @’ ) ds
1% L

t—1

1
<Cc(p@2y) {e”f‘”nuouu + [%mq }

| L
+C(B) /(l —S)*ﬂ (1 + D@3, N,y)?(2)* {eyp(sr)”uonp n [%KZ[I 2 }) s

L3
s

1

1 1 1 M 2
<CPBQReT " lugllo|RI2 + C(B)(22) [7'@}

+C(B)+C(BDB,N,y)’(2)" {e”("”||uo||§m|sz|z‘3 + [%m”

L

< C(B)2)e D ug|l L= |27 + CBYDGB, N, y)P () e 740 ug|1? |2
LM T2 M5
+C(B)+C(P22) [7&@ +C(B)D(k, N, y)’ (2)* [7|9|]
< E1e77) (Jugllze + luoll] ) + Ea,
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where

L

E =C(B))’ DB, N, y)" (127 + |27,

E,=3C(B)D(3, N, y)’(2)* |:%|Q|]7 ..o (6.10)

6.3. Global well-posedness and pullback attractor for the equation in X >

The XP-estimate obtained in Proposition 6.12 for 0 < 8 < 1 implies, in particular, that
llu(t, T, ug)|| o is bounded in each bounded interval [z, T]. Therefore, we can define a nonlinear

process S(t, 1) : X% — X% given by the solution u(t, , ug), that is,

t

S, Duo=u(t,t,ug) =U(t, T)ug + / Ul(t,s)F(s,u(s))ds.

T

We prove this result in the sequel.

Theorem 6.13. Let M, y the constants in (6.5) obtained from the dissipativeness condition (D).
If u(-, T, up) is the solution of (6.1), then it is globally defined and associated to it there is a
nonlinear process S(t, ) in X% given by S(t, T)ug = u(t, t, ug), forall t > t.

Moreover, the closed ball in XP centered in zero and with radius E», By10, E2], is a pullback
attracting set for the process S(t,7) in the topology of XP, where E, is given in (6.10) and
depends on 8, p,N,k, M and y.

Proof. Letupe X 2. It follows from Remark 6.9 that after any arbitrarily small evolution in time,
u* =u(t*, t,ug) € L>°(L2). Therefore, if we start the evolution at instant t* and at the point u*,
then Proposition 6.12 implies that ||u(z, t*, u*)| x4 is finite in any bounded interval [¢*, T']. For
B> %, this boundedness implies global existence of the solution (Theorem 1.2).

Moreover, let B C X 5 be a bounded set such that ||u0||X 1 < L for any ug € B. It also follows
from Remark 6.9 that after an arbitrarily small evolution in time, t* > 1, the elements u™ =
u(t*, v, up) are bounded in L>°(2), that is, ||u*| L) < L. Therefore,

lu(e, e, u*) || xs < Ere "L + LP) + Ea,

and dist (S(t, t*)S(t*, T)ug, E2) = dist (u(t, t*, u*), Bys[0, E3]) 3% uniformly for ug €
B. O

The existence of pullback attractor is now a simple consequence of the previous result.

Theorem 6.14. Assume that N =3, 1 < p <3, a: R x Q — R satisfies (A.2) and (A.3) and
f R xR — R satisfies (A.4) and (D).
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The solution u(t, T, ug) for the equation (6.1) in Q defines a nonlinear process S(t, 1) in X%
which has a pullback attractor {A(t);t € R} in X%. Moreover, U;cr A(t) C C"(Q2) for some
n > 0 and pullback attracts bounded sets of X > in the topology of C"(2).

Proof. In Theorem 6.13 we proved the existence of a pullback attracting bounded set in X# for
any 0 < B < 1. Since X* is compactly embedded in X 2 for B> % (Proposition 6.3), we conclude

that Bys [0, E2] is a compact pullback attracting set for the process S(¢, 7) in X 3,
Therefore, from Corollary 2.9, there exists a pullback attractor

A(t) C Bys [0, E;] CC X2, VreR,

that attracts bounded sets of X? in the topology of X#. Moreover, if 8 > % = %, then X# —

C"(R2) and the last statement follows. O
6.4. Properties of u;

For a nonsingular reaction-diffusion equation (A(¢#) = A), the construction of a Lyapunov
function for the system is usually available. This provides further information on the long time
behavior of the solution. For instance, if f is time-independent, the equation is autonomous and,
under suitable conditions, it has an associated semigroup 7'(-).

If&E={y:T(t)y =yforall t > 0} denotes the set of equilibrium point for 7'(-) (which we
assumed discrete), then all solutions converge to an equilibrium point. In other words, all the
solutions converge to a constant function in the long-time dynamics, the derivative in time will
approach zero and the solution will be close to a solution of the associated elliptic equation
Au = f(u). This allows a better description of the attractor in terms of equilibria and heteroclinic
orbits connecting them (see [7, Chapter 12] or [23, Chapter 10]).

For the singularly nonautonomous case this situation changes, especially due to the fact that
the elliptic operator itself changes with time and the associated elliptic equation is A(#)u = f(u).
There are no reasons then to say that the solution approaches a constant value (an equilibrium)
as the dynamics evolves. The derivative in time for the solution does not vanish in the long-
time. However, we are able to prove that after a certain time, those derivatives are enclosed in
a compact set of the phase space and the variation of the solution in the long-time is somehow
controlled. That is essentially the content of next proposition.

Proposition 6.15. Suppose that condition (D) holds and y, M are the constants in (6.5). Let

0 < B <min{$§, w} and ug € L*° (). There exist constants F) and F, depending on 2, B, p, N,
k (N =3 =k in the case considered), M and y, such that, fort <t — 1 <t¢,

s (2, T u0) s < Fre ™7 (luollze + lluoll) + Fa.

Moreover, for any ¢ > 0, Bxs [0, F2 4 €] is a pullback absorbing bounded set for u;(t, T, ug)
in the topology of XP. If min{$, } > %, then u;(t) € X7 and

1
Bxp |0, F» +e]CC X2

847



M. Belluzi, T. Caraballo, M.J.D. Nascimento et al. Journal of Differential Equations 314 (2022) 808-849

is a compact set in X > that encloses u;(t) as the evolution takes place. If min{s, w} > % = 43_1’
than Bys [0, F, + ] CC CY(R2), for some v > 0.

Proof. From Theorem 2.5 and Proposition 6.12

(2 7, w0) e < CBYE = (= 1) Pt = Lzl _y +C(B)@ — (¢ = 1)~ LAY
< CAMlu@ =1 T uo)l 3 +1]
< C(BYE1e™" ™7 (ol + lluollf) + C(B)E2 + 11,

and taking F1 = C(B)E1, F» = C(B)[E> + 1], we obtain the desired inequality. The other state-
ments follow from Proposition 6.3. O

The last assertion on Proposition 6.15 can be read as ¢t — |u,(¢, x)| € R being bounded for
each x € Q. In this case, the solution ¢ — |u(¢, x)| € R can increase/decrease in the long-time
dynamics, but those variations are somehow controlled and limited. Therefore, even though u (¢)
does not approach an equilibrium state, its variation in the long-time dynamics are limited.
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