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Abstract This paper is concerned with the asymptotic behavior of solutions to nonlocal
stochastic partial differential equations with multiplicative and additive noise driven by a
standard Brownian motion, respectively. First of all, the stochastic nonlocal differential equa-
tions are transformed into their associated conjugated random differential equations, we then
construct the dynamical systems to the original problems via the properties of conjugation.
Next, in the case of multiplicative noise, we establish the existence of the random attractor
when it absorbs every bounded deterministic set. Particularly, it is shown the pullback ran-
dom attractor, which is also forward attracting, becomes a singleton when the external forcing
term vanishes at zero. Eventually, in the case of additive noise, two approaches are applied
to prove the existence of pullback random attractors with the help of energy estimations.
Actually, these two attractors turn out to be the same one.

1 Introduction

The study of nonlocal problems modeled by partial differential equations has been receiving
much attention recently, as the published literature confirm (see, for instance, [1,5,6,13,16—
18,26,27,29,30] and the references cited therein). Just to explain the interest of this type of
models, let us describe two situations in which nonlocal equations are fully justified: one is
related to population dynamics and the other to physical problems involving heat transfer. On
the one hand, a migrating population in some habitat (domain for our mathematical model),
and a problem of heat transfer in a conductor, on the other hand. Then, it is sensible to assume
that the velocity at which the motions (or the heat transfer) take place is in accordance with
the Fourier Law

v(x,t) = —aVu(x,t),
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where u(x, t) denotes the density of population at time ¢ in the point x € O of the domain
(or the temperature of the conductor at time ¢ in the point x € ), and the constant a
depends on the type of phenomenon. However, considering that a is constant is a simplistic
approximation of the complex biology (or physics) which is behind the scene. When we
consider the migration of bacteria in a container, it is clear that the environment is of crucial
importance, and one can easily realize that it is sensible to assume that the constant a can be

of the form
a =a<[ u(x,t)dx),
O/

where O’ C O is a subdomain. For instance, if the bacteria population tends to leave crowded
areas, it is natural to assume that ¢ is an increasing function, or if the population is attracted
by that population growing in @', then a may be supposed to decrease.

In the case of heat transfer, it is clear that the measurements are not made pointwise, in
general, but via some local average. Taking these comments into account, both problems
could be modeled by a reaction-diffusion problem with initial value and some appropriate
boundary conditions, of the form:

W q(u)Au = f), in OxRY,
u(x,t) =0, on 80 x RT, (1)
u(x,0) =uo(x), in O,

where [ is an appropriate linear mapping (more general than the one described above for
our examples) and f represents some kind of external force or action on the system (for
instance, related to control problems pursuing that some goals can be achieved in our real
phenomenon).

However, a very important and determining fact for every real-world happening is the effect
that some randomness or stochasticity may produce on our problem. Reality is subjected to
randomness and uncertainties, what suggests that our model can be more realistic if we
consider some kind of noise in the mathematical formulation. There are many possibilities to
introduce these noisy terms in our model, and each one yields to a different model which may
need different techniques to handle it. For instance, the noise can appear as another source
of external force acting on the system, which implies that we could analyze the following
model,

; +
M —al@)Au = fw) +gw L, in OxRT,
u(x, 1) =0, on 90 x RY, )
u(x, 0) = uo(x), in O,
where, for simplicity, W (#) is a standard Brownian motion (other kinds of noise are also
considered in the literature).

Another possibility is that we have a deterministic equation as in (1) but the initial values
are random, since measurements of these are always subjected to random errors. A third
one is to consider that some of the parameters (or functions) in the model are affected by a
random parameter o in a probability space (§2, F, P). In this case, the mathematical system
becomes

W —a(, l@)Au = f(@,u), in OxRT,
u(x, 1) =0, on 90 x RY, 3
u(x, 0) = uo(x), in O.
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This kind of problem in the local framework has been analyzed by J. C. Cortés and his
collaborators (see [7,8,15]) obtaining relevant results for the moments of solutions as well
as the probability density functions (PDFs).

Nowadays, the theory of random dynamical systems has very well developed (see, e.g.,
[2-4,9,10,12,19,21,25,31,38,39] and the references cited therein). Therefore, our interest in
this paper is to exploit the well-posedness and long-time behavior of some nonlocal stochastic
problems, which includes, in particular, the motivating examples described above. Applying
the theory of random dynamical systems to equation (2) requires that the noise must have a
special structure. Recall that in a finite-dimensional situation of stochastic ordinary equations,
(2) generates a random dynamical system provided g is locally Lipschitz (and f satisfies
similar assumptions), while in the case of partial differential equations, this has not been
proved in general, but only in the cases that g(u) is linear (multiplicative noise) or constant
(additive noise). In fact, these will be the cases we consider in our analysis.

The main idea to deal with random dynamical systems is to transform the original stochas-
tic problems into random differential equations, which generate random dynamical systems,
via a conjugation. The advantages of the transformed random systems are that they can be
studied by using the tools of the deterministic theory of partial differential equations and
exploiting the ergodic properties of an auxiliary process used for the transformation, the so-
called Ornstein-Uhlenbeck process. Once the random problem has been proved to possess
well-posedness and that generates a random dynamical system, we can transfer the same
properties to the original stochastic problem.

Therefore, this paper is devoted to study the long-time behavior of the following two
stochastic nonlocal partial differential equations with multiplicative and additive noise,
respectively,

W — @) Au = f@) +ouo O in O x (s, 00).

u(x,1) =0, on 90 X (s, 00), 4)
u(s) = uo, in O,
and

S alw)Au = fu) + L0 in O x (s, 00),
u(x,r) =0, on 30 X (s, 00), @)
u(s) = ug, in O,

where, as we mentioned, W (¢) is a standard Brownian motion, and o denotes the Stratonovich
sense in the stochastic term.

In this manuscript, we assume O C RY is a bounded open set, [ € E(LZ(O); R), a €
C(R; R™) and there exists a positive constant m, such that

0<m=<ak)), Vk € R. (6)

In addition, we suppose a is locally Lipschitz, i.e., for every R > 0 there exits a constant L g
such that

latk) —a(r)| < Lglk —r|,  Vk,r eR, |k],|r| < R. (7
Also, f € C(R) and there exist constants > 0 and C ¢ > 0 such that,

[f() = Cr(1+kl), VkeR, (®)
(fk) — foNKk—r) <nk—r)?, — VkreR. ©)
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Moreover, we denote by |- | and (-, -) the norm and the inner product of L2(O), |||l and (-, -))
the norm and the inner product of HO1 (0), separately. Recall that for every v € HO1 (0), the
Poincaré inequality

MO < |lv]?

holds (see [33]), where A1 (O) is related to domain O and is the first eigenvalue of —A with
zero Dirichlet boundary condition. In the sequel, unless otherwise specified, we write X
instead of A1 (O).

The content of this paper is as follows. In Sect. 2, we recall some preliminaries needed for
our analysis. First, we recall the basic concepts from the theory of random dynamical sys-
tems: random sets, absorption, attraction, asymptotic compactness, conjugation of random
dynamical systems and random attractors. Next, we include some ergodic properties of the
Ornstein—Uhlenbeck process. In Sect. 3, we analyze the case of multiplicative noise, by per-
forming a conjugation and obtain a random dynamical system generated by the transformed
random partial differential equations. Then we prove the existence of absorbing random com-
pact sets ensuring the existence of random attractors. Also, we show it is possible to obtain
additional information about the structure of this random attractor. In fact, when it becomes
a singleton and this is exponentially stable as solution of our initial problem. Moreover, the
case in which the noise is interpreted in the Itd sense is also considered, showing that the
random attractor exists always provided the noise is large enough (i.e., without imposing any
restriction on the smallness of f). Finally, in Sect. 4, we analyze the additive noise case. On
this occasion, we first describe a more detailed proof of the well-posedness of the solutions,
since there appears a new nonlocal term in the right-hand side of the transformed equation.
Then we use two techniques to prove the existence of random attractors, one proves that there
exists a compact random set absorbing the deterministic bounded sets of the phase space,
while the other approach is applied to obtain the existence of a random tempered set which
absorbs the tempered sets that are not only the bounded deterministic ones.

2 Preliminaries

We recall some basic concepts related to random dynamical systems and properties of
Ornstein—Uhlenbeck processes which will be used throughout this paper. Although the con-
tent of this section can be found in several published works, we prefer to include them in our
paper to make it more readable and as much self-contained as possible.

2.1 Random dynamical systems

In this section, we will introduce some basic concepts related to random dynamical systems
and the concept of random attractor, for more details, see [2,3,21,23] and references therein.

Let (X, ||-]lx) be aBanach space with Borel o -algebra B(X), and (§2, F, IP) be a probability
space.

Definition 1 (£2, 7, P, (6;);cr) is called a metric dynamical system, if 0 : R x 2 — £
is (B(R) x F, F)-measurable, 0y is the identity on £2, 654, = 65 0 6, for all 5, t € R, and
6P =Pforallr € R.

Definition 2 A continuous random dynamical system (RDS) on X over a metric dynamical
system (£2, F, P, (6;);cr) is a mapping

¢:R+XQXX—>X, (t,w,x) = @(t, w, x),
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which is (B(RT) x F x B(X), B(X))-measurable and satisfies, for almost all (a.a.) w € £2,

(i) ¢(0, w, -) is the identity on X;
() ¢t +s,0,-) = o, o, )oe(s,w,), forallt,s € RT;
(iii) ¢(t, w, ) : X — Xis continuous for all t € R™.

When a random dynamical system is generated by a stochastic differential equation in
the 1t6 sense, and driven by an m-dimensional two-sided Wiener process W;, the probability
space can be identified with the canonical space of continuous mappings 2 = Co(R; R™),
i.e., every event w € §2 is a continuous functions w : R — R, such that w(0) = 0. Define
the time shift by

Oro(-) =w+-) —w(), teR. (10)

Moreover, we can identify W;(w) = w(t) for every w € £2.

It is well-known that finite-dimensional stochastic differential equations generate random
dynamical systems (cf. [28]), but this is not true in general for infinite-dimensional equations.
However, for the particular kind of noise, as will be in our case, we can apply the following
lemma to obtain a random dynamical system [10].

Lemma 1 Let  be a random dynamical system. Suppose that the mapping T : 2 x X —
X possesses the following properties: for every fixed w € $2, the mapping T (w,-) is a
homeomorphism on X, and for fixed x € X, mappings T (-, x), T~'(-, x) are measurable.
Then the mapping

(to.x) = ¢t 0.x) =T Go, Y o T(@x))
is a (conjugated) random dynamical system.

Notice that, the measurability of ¢ follows from the properties of 7 in Lemma 1. Later on,
we will transform our stochastic evolution equation containing a noise term into an evolution
equation without noise but random coefficients.

Before stating the definition of random attractors, we first give the definition of random
sets via the following lemma.

Definition 3 Let (£2, 7, IP) be a probability space. A random set C on X is a measurable
subset of X x £2 with respect to the product o-algebra of the Borel o -algebra of X and F.

A random set, satisfying some measurability properties, can be regarded as a family of sets
parameterized by the random parameter w. More precisely, a random set C can be identified
with the family of its w-fibers C(w), defined by

Cw)={xeX:(x,w)e(C}, weSs2.

When a random set C C X x £2 has closed fibers, it is said to be a closed random set, if and
only if for every x € X, the mapping

we R —dx,Cw)) € [0, +00)

is measurable. Similarly, when the fibers of C are compact, C is said to be a compact random
set. For more details, see [14,22].

Definition 4 A random bounded set B(w) C X is called tempered with respect to (6;);cR,
if fora.a. w € £2,

lim eiﬂ’d(B(G_,a))) =0, VB > 0, (11
t—+0o0

where d(B) = sup,p lIxlIx.
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Definition 5 Let D be a universe, i.e., a collection of random sets in X, and let {K (®)}ne0
be another random set (not necessarily in D). It is said that {K (®)},cg is an absorbing set
for ¢ with respect to D, if for all B € D and a.a. w € £2, there exists 7p(w) > 0, such that

o(t,0_,w, B(6_;0)) C K(w), forall t > tp(w).

Definition 6 Let D be a universe in X. Then, a random set {A(w)}yeg of X is called a global
random D-attractor (pullback D—attractor) for ¢, if, for a.a. w € £2, the following conditions
are satisfied:

(1) A(w) is a compact set;
(i) A(w) is strictly invariant, i.e.,

o(t, w, A(w)) = A(bw), forall > 0;
>iii)) A(w) attracts all sets in D, i.e., for all B = {B(w)}wes2 € D, we have

lim d(e(t,0—;0, B(O_;w)), A(w)) =0,
f—+00
where

d(A, B) = sup inf [x — yllx
eB

xeAY

is the Hausdorff semi-metric (here, A, B C X).

The following existence result of random attractors to a continuous random dynamical
system is a slight generalization of Theorem 3.5 in [24].

Theorem 1 Let K € D be a closed random absorbing set for the continuous random dynam-
ical system (¢(t));=0, which satisfies the following asymptotic compactness condition: for
a.a. w € §2, each sequence x, € ¢(ty, 0_;,, K(0_;,w)) with t, — 400 has a convergent
subsequence in X. Then the RDS ¢ has a unique global random attractor

Aw) = () el 00, KO- 10).

>t (w) 12T

Note that Theorem 1 is valid for every universe D, in particular when it is formed by
random tempered sets. In this respect, sometimes it is sufficient to consider a smaller universe
to obtain the same random attractor provided by the tempered universe (or others). Indeed,
it is sufficient to state another theorem taking into account the bounded deterministic sets,
which provides the same attractor based on the work developed by Crauel and Flandoli [20,
Theorem 3.11].

Theorem 2 Suppose there exists a random compact set D(w) which absorbs every bounded
deterministic set B C X. Then, the set

Aw) = | ] 45(o)
BcX
is a random attractor for ¢, where the union is taken over all B C X bounded, and Ap(w)

is the omega-limit set of B given by

Ap(@) =[] e 00.B).

T>0t>T
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Moreover (cf. [19]), this random attractor is unique and, under the ergodicity assumption
on 6;, there exists a compact set K C X, such that the random attractor is the omega-limit
set of K, that is,

A(w) = ﬂ U o(t,0_tw,K), for aa.ocS2.

T>0t>T

2.2 Ornstein—Uhlenbeck process

Let us consider the following initial value problem for a one-dimensional stochastic differ-
ential equation,

{dz = —zdt +dWy, t > to, (12)

z(to) = 20.

The solution of problem (12) has the following form,

t
2(t; 1o, 20) = e~ +/ e Vaw,

to

t
= ei(tit())zo + Wt - ei(tito) Wto - / ei(tis) WYds'
fo

It is well-known, Eq.(12) has a random fixed point in the sense of random dynamical system
generating a stationary solution, namely, the stationary Ornstein—Uhlenbeck process (see
[10] for more details).

Now, let us take #9p — —oo in the above equality,

t
lim  z(t; to, 20) = Wy — f e TIW(w)ds = ¥ (b)),
1p—>—00

—0Q

where 7*(w) = — ffoo e* Wy (w)ds. Therefore, it is straightforward to prove that z(f, ) :=
7*(6,w) is a stationary solution of the Langevin equation in (12). In addition, the random
variable z* satisfies the following properties for all w € £2, where £2 C £2 and P(£2) = 1:

2" @) _ 0.
t—+o00 |t|
1 t
lim 7/‘ 7" (Brw)dt =0, (13)
t—>+o0 t 0

1 t
lim ;/ |7*(0rw)|dTt = E|z*| < oo.
0

t—+o00

Remark 1 Consider 6 defined in (10) on 2 instead of £2, although we keep using the notation
£2 instead of £2. This mapping possesses the same properties as the original one, if we choose
for F the trace o -algebra with respect to §2 denoted also by F.
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3 Nonlocal partial differential equations on a bounded domain with multiplicative
noise

In this section, we consider the following nonlocal partial differential equation with multi-
plicative noise in the sense of Stratonovich,

0 dW (¢
a—”; —al)Au = fu) +ouo dt( ) (1) €O x (s, 00), (14)
with the boundary and initial value conditions,
ulx,t) =0, (x,t) €90 x (s,00), and  u(s) =ug, x €0, (15)

respectively. Here, O is a bounded open set in R¥, o is aconstant, W (¢) is a two-side standard
Brownian motion, and o denotes the Stratonovich sense in the stochastic term.

To prove the well-posedness of problem (14)—(15), we will perform a conjugation given
by a transformation involving Ornstein—Uhlenbeck process, that allows us to obtain a random
partial differential equation. Observe that, it is easy to prove the well-posedness of the latter
case, thanks to the conjugation, so does the original problem.

To start off, we denote by u(-) := u(t; s, w, ug) the solution to problem (14)—(15). Now,
we do the change of variable v(¢) = u(t)e“’z*(ef ), By formal computations (which can be
justified rigorously by the It6 formula applied to the equivalent It6 equation to problem (14)),
it follows the process v(:) := v(-; s, w, vo) with initial value v(s) := vy = uge 0% Os)
satisfying,

dv(t) = [(a(l(u) Au + f(u))dt + ouodW,]e % )
+uo X (Gw)dt — e’ O yg o dW,
= [a(l ) Au + f@)ldte % @) 4 uoz*(Gw)e " @ dy
= a(e”" U (1)) Avdt + e T O £ (7T OOVt 4+ vo 2K (Bw)dt.

The above transformation can be written as the following abstract form,

W _ (60, 1(v)Av = F(Bro,v), in O x (5,00),
v(x, 1) =0, on 40 x (s, 00), (16)
v(s) = vo, i o.

where

Q. k) =a@ k), keR, and F(w,v)=e¢ " @ £ @) +voz*(w).

Proposition 1 Based on assumptions (6)—(9), the following conditions hold true to problem
(16). For almost all v € $2, function 4(w,-) € C(R; RT) satisfies (6)—(7) while slightly
modifying Lg in (7) by e @ L p. Furthermore, there exist a constant Cg := Cp(w, o, Cy),
and n, which is the same as (9), such that,

|F(w,5)| < Cp(l+1s) and (F(w,s)— F(w,r)(s—r) <nls —r[*.
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Proof For almost all w € £2 and for all s € R, by (8), we have
|F(@.5)] < e @ f(e7 @s)| + |oz*(@)s]
<e 7@+ 17T @s)) + o (@)]Is]
< Cpe @ 4+ (Cr + 02" (@)))s]
< Cr(1+1s)),

a7

where Cr = max{Cfe"’Z*(‘”), Cy + loz*(w)}. Besides, for almost all @ € £2, for all s,
r € R, by (9) we obtain,

(F(w,s) — F(w,r))(s —r)

— e—za'z (w)lf(eo'z (w)s) _ f(eo'z (w)r)”eaz (a))s _e(TZ (a))rl

18
< ne—2az*((u) (eaz*(a))s _ eaz*(au)},>2 (18)
<nls —rf.
The proof is finished. O

3.1 Well-posedness of problem (14)—(15)

We will prove the existence and uniqueness of solution to problem (16) in the following
sense.

Definition 7 Let the initial value vy € L2(O). A weak solution to problem (16) is a function
v(-) = v(; 5, @, vg), which belongs to L2([s, T1; H} (0)) N L ([s, T1; L*(0)) for almost
all w € 2, such that forall T > s,

%(v(t), 9) + a0, 1)) (v, 9) = (FOw,v), D), V9 € Hy(0), 19)

where equation (19) must be understood in the sense of D' (s, 00).

Theorem 3 Suppose that functiona € C(R; RY) fulfills (6)~(7), function f € C(R) satisfies
(8)—(9)andl € L2(0). Then, for each initial datum vy € LZ(O),for almost all w € 2, there
exists a unique weak solution to problem (16). In addition, this solution behaves continuously
in L2(O) with respect to the initial data.

Proof The existence of at least one solution to the random nonlocal partial differential equa-
tion (16) with initial value vp follows straightforwardly from [13] by adapting the Galerkin
method and energy estimations for each w fixed. Indeed, thanks to Proposition 1, i.e., the
facts that a(w, -) fulfils (6) and function F(w, -) satisfies (17), together with [ € L%(0),
we can apply the result in [13] to prove that equation (16) possesses a unique solution
V(5 5, @, v0) € C([s, T; L2(0)) N L2([s, T1; HL(0)) with v(s; s, @, v9) = vy, for every
T > s. In addition, since a(w, -) is locally Lipschitz with Lipschitz constant Lae‘”*(“’),
and F(w, -) fulfills (18), by a standard reasoning, the uniqueness of weak solution and the
continuity with respect to the initial data can be proved analogously. O

At this point, thanks to the transformation v(r) = wu(r)e % @@ the following result
holds.

Theorem 4 Assume the conditions of Theorem 3 hold. Then, for each initial datum ug €
L2(O) and for almost all w € §2, there exists a unique weak solution to problem (14)—(15).
In addition, this solution behaves continuously in L*>(O) with respect to the initial data.
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3.2 Existence of random attractors to problem (14)—(15)

In this subsection, we will prove the hypotheses in Theorem 2 hold with the purpose of proving
the existence of a random attractor A (w) associated with problem (14)—(15). To this end, we
transform the stochastic equation with multiplicative noise into the deterministic equation
with a random parameter. To show problem (14)—(15) generates a random dynamical system,
define the mapping T (w) : L2(0) — L2(O) by T (w)ug = €% @ ug, which is, obviously,
a homeomorphism. Thus, by means of the following change of variable,

v(t) = T_I(Q,a))u(t) = u([)e_‘TZ*(Orw)’
where u is the solution of problem (14)—(15), it follows,

8 * * *
a—': —a(e”" () Av = e77T OO £ (77 Oy) 4ot (G), (20)

which is exactly (16). Since T (w) is a homeomorphism, if equation (16) generates a random
dynamical system, so does (14)—(15). This property will be presented below.

Lemma 2 Equation (16) generates a continuous random dynamical system (Y (t));>0 over
(82, Fo, P, (61)rer), where

Y (t, ,v0) = v(t;0,w,v9),  Yvg € L*(©), Vt >0, P-ae
Moreover, if we define IT by
0t 0, v) = TGV (0. T~ (@),
then, IT is another random dynamical system for the process,
(t, w,v0) = II(t, w, vo),
which solves (14)—(15) for any initial value vy € L2(O) at the initial time s = 0.

Proof Note that, when we have a random differential equation

dv(t)
dt

with G regular enough to ensure well-posedness of this problem. If we denote by v(¢; s, w, vo)
the solution of (21) with initial value v(s) = vy, then it is straightforward to check that

= GO, v(1)), 2n

v(t,s,w,vy) = v —s,0, 6w, vy), Vt > s.
Defining
@(t, w,v0) = v(t; 0, w, vo),

it follows that ¢ is a random dynamical system. Indeed, ¢ (0, w, vg) = v(0; 0, w, vo) = vo
holds obviously. As for the cocycle property, i.e.,

o, 0w, 9(r,0, ) =t +r.w,), 11=0,
observe that,
o(t, 6rw, ¢(r, w, v9)) = (¢, Brw, v(r,0, w, vg)) = v(t,0, 6,0, v(r, 0, w, Vo)) = v1(1),
while

ot +r,o,v) =vE+r0,0,v9) = v2().
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Now, it is easy to check that v; and v, are both solutions of the following initial value problem
(IVP),

D =GO, v),
v(s) = vg.

Then v; = v; holds by the uniqueness of the above IVP, which implies the cocycle property
holds true. As (20) satisfies the abstract form (21), the first statement follows.

Besides, thanks to Lemma 1, the process I7 is a conjugation RDS since T () is a home-
omorphism. O

In the following lines, we will focus on the existence of random attractors for the dynamical
system [T related to the stochastic nonlocal partial differential equation (14)—(15).

Theorem 5 Assume that function a € C(R; R™Y) fulfills (6)—(7), function f € C(R) satisfies
(8)~(9) and | € L*(O). In addition, let mi, > 3Cy. Then there exists a unique random
attractor A(w) for the dynamical system I1(t, w, ugy) associated to equation (14)—(15).

Proof In order to prove this result by using Theorem 2, it is necessary to find a random
compact absorbing set K (w) (which will be given by the ball of center 0 and radius r; (w)
in H(} (0)) absorbing every bounded non-random set D C L2(©). In this way, the natural
compact embedding HO1 (0) < L%(0O) is essential.

We first derive the boundedness of v(-) = v(:; fg, w, vg) in LZ(O) forallt € [ty, —1] with
fo < —1, where v = ¢~ 7% ®0® g and ug € D. Multiply (20) by v(¢) in L2(©), thanks to
(8) and the Young inequality, we obtain

1d *
EEW)F +a (e @) v
= e T OO (f (7O, ) + o2 G V(D)

< e GoIC, / @Oldx + Crlu®OF + o2 @) o)
O

1 . 3C
< Je e tIco)+ (Tf + az*(ofw)) (),

thanks to the Poincaré inequality and (6), we have
d -
TWOP +mo)]? < (=may +3C; + 20 GNP +e 0D C0). (22)
Integrating (22) between fy and —1, it follows
-1 * ‘
|U(—1)|2 < eff() (=mi1+3Cr+207" (6sw))ds

1 " .
: (/ C1l0]e20%" el =3Cr =202 Geend Iv(t0)|2>
0]

-1 «
< e—(m,\173c/)(71710)+f,0 207z (Osw)ds|v(t0)|2
-1
n Cf|0|/ o202 050) y—(mi =3C ) (1) + [ 202* Oropdr 4
10

-1 «
- e(mxl_3cf)|:e(m/x1—3c,»)t0+f,0 202 o) 12
—
+ Cf|O| / e—2trz*(9;w)e(m)\1—3Cf)s+f;] Zaz*(wa)dtds].
19
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Consequently, for a given deterministic bounded set D C L?(©), there exist a constant p > 0
and T (w, p) < —1, P-a.e., such that, for any ug € D C B(0, p), forall tp < T (w, p), we
have

o(=15 10, @, =7 ®0ug)* < ri(w),
with
~1
rlz(a)) = e =3Cy) (1 + Cf|(9|/ =207 s0) i =3Cp)s+ [ 201*(9rw)d’ds> .
—00
Indeed, by means of the properties of Ornstein—-Uhlenbeck process (13) and assumption
mA1 > 3Cy, it is possible to choose 7y < T (w, p), such that
e(m}\lf'j‘C/)toJrf,O_l 207* (Bsw)ds =07 Gy 2
< RS —3cf)to+f1;‘ 207 (Osw)ds+202* (65 ) |,o|2

F(Org )

o Lmz

zo[(mxl—3c,~)+2a% ,‘S *(Osw)ds—20
<e
<1.

Secondly, we will prove v € L([—1, t]; L2(0))NL>([—1, t]; Hj (0)) witht € [—1,0]
by energy estimations. From (22), we know

d *
RO +mu®I? < (=mii +3C; + 202" GO + CrlOle 777,
integrating the above inequality from —1 to ¢ with ¢ € [—1, 0], we obtain

1 * 4 *
w2 < ol (=ma43C 4207 ((i,w))ds(/ (Cfl(/)'efZ(rz (Bsw) m”U(s)”z)
-1

Xefil(m)‘l_3cf_2”Z*(9T“’))des+ |v(_1)|2>
< e—(mM—3Cf)(t+l)+filZGz*(OSw)dsw(_l)'Z (23)

t
+ Cf|0| / e—ZUz*(G.\-w)+(3Cf—m)»|)(t—s)+f; 2az*(01w)drds
—1

t
_ m/ e(3Cj’7mll)(tfs)+f; 207* (B w)dT ||v(s)||2ds.
-1

Therefore, from (23), we obtain

t *
|U([)|2 < ef(m}n173Cf)(I+l)+f7120'Z (st)dsh)(_l)'z

t
+ ;10 / =20 B+ (BC—mA)) =)+ [} 207 Grdt g
-1

and

0
/ mM=3C 5} 22 G 5) 25 < L3 4% 205 Gy 2
1 m

0
+ Cf|O| / e—2(rz*(6ya))+(m)»1—3Cf)s+fso 202*(91w)drds.
m J_
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Thus, by the similar arguments, we conclude that for a given deterministic subset D C
B(0, p) C Lz(O), there exists T (w, p) < —1, P-a.e., such that for all 7o < T (w, p), for all
uy € D, we have

1 *
|v(t)|2 < e—(mkl—3Cf)(t+])+f712rrz (Osw)dsrlZ(w)

t
+ Cf|0|/ e—20z*((7‘xw)+(3c_f—mkl)(t—s)+fst 20z*(0,w)drds’
-1

and

0 0 * 1 0 *
/ eMA1=3Cp)s+ [ 202 (O w)dt ||v(s)||2ds < %e’(’“"wf)*ffl 207 (Gsa))derZ(w)
-1

0 (24)
n Cf|(9|/ o202 O:0) i =3C s+ [ 202 Gr)dr 4
m J_

Thirdly, the boundedness of v(-) in HO1 (O) for all t € [—1, 0] and compact embedding
H(} (0) = L%(O) ensure us to prove the existence of a compact absorbing ball in L%(0).
To obtain a bound in HOl (O), multiply (20) by —Av(t), with the help of (9) and the Young
inequality, we derive

1d 2 o 7" (O, ) 2
_ (0 — A
> lv” + a(e [(v)] v(1)]

= e O (£ (7T U), — Av) + 02* (Brw) (v, — Av) (25)
2

* C m
< —e T Goct|o+ ;fw(mz + S 18O + 02 @) [0,

|-

Using the Poincaré inequality, (25) can be bounded by

d 2 . 202
V@I < —mlAvO + —CGOle™277 ) 4 —mf O + 202" 60) [v(®)])?
(26)

IA

2C§' * 2,2 —207*(6;w)
—mii + —= + 202" (0r0) | [v@O)|I” + —CF|Ole™ 7% T
mAq m

Integrating (26) between s and 0 with s € [—1, 0], we obtain
1 (0)|2 Eef;.o(ZC%/m}\l—mM+202*(6rw))dr
0 2 * T 2 *
y (/ 2 2101 O T (3 =2C% mi1 =202 Gt g | ||U(s)||2>
s m
< e(m)\172C%/m)L1)s+f:0 207" (B w)dT ()|
0
n EC2|O|/ 20 0r0) iy —2C} fmi )T+ [ 202 G)dt g
m f s
Integrating the above inequality again in [—1, 0], we have
0 2 -0 *
||v(0)||2 < / e(mM—ZCf/mM)s+jS 20z* (O w)dt ||v(s)||2ds

2 2 0 —207*(Osw)+(mr; —2C% /ma )v+f0 20 7% (0, w)dr
+—Cf|(9|/ e O 17 p AT ] 20 R @A g,
m -1
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2C2
Thanks to the assumption 3C s < mAy, itis easy to checkmi; —3C; < mij — —L together

mhiy’
with (24), we have
2 0 A —3C 0 20 2% (0, w)d 2
IO s/ (i =3C 52 202 Geande ) 2
~1
2 5 0 —207*(0sw)+(mh1 =3C s+ [0 202" (0, w)dr
+=CHO| [ e 1=3Cp)s+[g 202" Ore)dr g g
m -1

1 0
< 76—(m)\1 —3Cf)+f,1 2(71*(95w)dsr12(w)
m

1 2 0 « 00
+ (*C.f|(’)| + —C}|(’)|>/ o202 (Osw)+(mr1—=3Cp)s+ [ 202 Oro)dr g
m m 1

Therefore, it is straightforward that

lu(0)|1? = |v(0)e” |12
1 _ * 0 *
< %ef(m)quC/ )+20z (w)+f7| 20z (GSw)dsr%(w)

0
n <%Cf|0| I %C%IOI)/ 6—201*(0Sw)+2oz*(w)+(m)\1—3Cf)s+fxo2az*(0,w)drds-
—1

Consequently, there exists r2(w) such that for a given p > 0, there exists T(w,p) < —1
satisfying, for all 70 < T'(w, p) and ug € L2(0) with |ug| < p,

. 2_ 2
1 (0; to, @, uo) |© < ry(w),

where

r22((l)) — iefgl 201*(95w)ds+201*(a)) <1 + Cflol /_l 6—202*(6359)"'(7”)“]_3Cf)~\'+f;l 202*(9'[@)61'[613')
m K oo

0 .
+ (%Cf\OI + %C%wl) [ Gt et 2 G g,
: -1

which is well-defined. Thus, we conclude from Theorem 2 that there exists a unique random
attractor A(w) to problem (14)—(15). O

It is interesting now to provide more information about the structure of the attractor. We
will start with a particular case in which this becomes just a singleton {0}. In future, we can
discuss other options, singleton but not zero, finite dimensionality, etc.

In what follows, we return to equation (20) assuming the external forcing term satisfies
f(0) = 0. At this point, we are in a position to prove the random attractor to problem
(14)—(15) becomes a singleton {0}.

Theorem 6 In addition to assumptions of Theorem 5, suppose that mi; > n and f{0)=0.
Then the random attractor of problem (14)—(15) becomes {0}. In fact, it is an exponentially
stable solution. Moreover, the random attractor is also forward attracting.
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Proof (i) Exponential stability. Multiply (20) with v(#), by (6), (8) and the Poincaré inequality,
we have

L 0P + ma o)
—— |V m v
dt !

< e TGO (7T @y (1)), 7T OO y(1)) + 02 (Gr) [v(1)

<+ o G
Consequently,

|v(t)|2 < e/g 2(—m}\|+n+oz*(9sw))ds|v(0)|2,
by conjugation of operator 7 (w) defined in Lemma 2, we know
u(t; 0, 0, ug)|* = 17 @ u(t; 0, , €7 ©ug)
< 2027 (0:0)=207* (@)+2(=m +n)t+ [y 202 (Bsw)ds) |u0|2 @7

2o z* (Brw)|+2loz* (w)] 1t *
t(7+2(7m)»1+ )+ fo 20270 w)ds)
<e ’ Dl 20GB) 2

(13) allows us to conclude that

2|oz* (6 2]oz* I

t—+o0 t t—to0 0

with the help of assumption mA; > n, we deduce there exists 7 (w) > 0, such that for all
1= T(w),
2|oz* ()| + 2|0z (w)] n
t

1 t
? / 26 2* (Bsw)ds + 2(—mA; + 1) < 0.
0

It implies the exponential asymptotic stability of u = 0 to problem (20).
(ii) Random attractor is singleton. By replacing w by 0_;w in (27), for all ¢+ > 0, we have

* g
(5 0, 0, ug)|> = 7% v(t; 0, 0y, 7= 1 ug) ?
< ezaz*(w)—zaz*(9_,w)+2(—mxl+n)t+f5 20 7% (05— w)ds |u0|2

% %
- e’(aﬂ" 20 Ot o (—mag+m)+1 [0, 2az*(esw>ds)

luol,
which shows that
dist(I1(t,0_;w, up), {0}) - 0 as r— +oo.
(iii) Singleton random attractor is also forward attracting. From (27), it follows that

dist(I1(t, w, up), {0}) - 0 as t — 4o0.

Therefore, the random attractor {0} is also forward attracting. The proof of this theorem
is complete. o

3.3 A comment on nonlocal stochastic partial differential equations with Itd noise

We are now interested in studying the following nonlocal stochastic partial differential equa-
tion,
dW(t)

a—u —a(l(u))Au = f(u)+ou - T

at

(x,1) € O x (s,00) (28)
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with the boundary and initial value conditions,
ux,t) =0, (x,t) €90 x (s,00), and  u(s) =ug, x€O0, 29)

respectively. Here, we denote by - the Itd sense of the stochastic term. It is well-known (28)
is equivalent to

2 dW (1)

M a@@)au+ Tu= f+ (30)
a7 a(l(u))Au 2u—fu ouo P

Observe that once the equivalence between equations (28) and (30) is presented, along with
the results we have proved in previous sections for (14)—(15) about Stratonovich integral,
the well-posedness of equation (28) follows in the same way as in the proof of Theorem 4.
As for the conclusions about random attractors, we can proceed likewise as in the proofs of
theorems 5 and 6 without imposing mA; > 3C; and mA; > 7, respectively. Instead, we
assume large Itd noise in problem (28) (i.e., o is large enough). This can be done by simple
energy estimations.

4 Nonlocal partial differential equations on a bounded domain with additive noise

In this section, we will investigate well-posedness and asymptotic behavior of solutions to
the following stochastic nonlocal partial differential equation with additive noise,

W a@)du = fu)+¢T@0  in O x(s,00),
u(x,r) =0, on 90 X (s, 00), 31
u(s) = ug, in O,

where ¢ € HOl (0) N H%(O). Function f satisfies the same assumptions as in Sect. 3 (cf.
(8)—~(9)) and I € L%(©). Moreover, leta € C(R; R1) be locally Lipschitz (cf. (7)), and there
exist two positive constants m and M, such that

O<m<a(k) <M, Vk € R. (32)

Letus denote by u(-) := u(-; s, w, up) the solution of equation (31). By similar arguments
as in the multiplicative case, but using now a different conjugation operator S(w) : L*>(0) —
L2(0) given by S(w)ug = ug — ¢pz*(w). On account of the change of variable as below,

v(t) = SOu(t) = u(t) — ¢z* (),

It follows, for almost all w € 2, v(-) := v(-; 5, w, vg) satisfies,

B = al (@) + * O Av(1) + [ (v + ¢z*(Or))

+ ¢z"(0r0) + a(l(v) + 2" (O, w) ()" (0, 0) A, in O x RY, 33)
v(x,t) =0, ondO x RT,
v(s) = up — 97" (6s0) := v, in O.

We begin with the definitions of weak and strong solutions to problem (33).

Definition 8 Let¢ € HO1 (O)NH2(O) and the initial value vy € L%(0). Then a weak solution
to equation (33) is a function v(-) := v(-; s, w, vp), that belongs to L%([s, T1; HO1 ) n
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L®([s, T1; L3(©)) for almost all @ € £2, such that for all T > s,

d
00,9 +al®) + GG (v, 9)) +al @) + 6P 0,0 (@, m@ 5
= (f(+ ¢z* (Gw)), 9) + * (Grw) (. V), V9 € Hy(0O),

where equation (33) must be understood in the sense of D’ (s, c0).

Definition 9 A strong solution to (33) is a weak solution v that also satisfies that v €
L([s, T1; H}(O) N H2(0)) N L™®([s, T1; H} (0)) forall T > s.

4.1 Well-posedness of problem (31)

The existence and uniqueness of problem (31) can be proved by Galerkin method similarly to
problem (14)—(15). The random nonlocal equation (33) is more complicated since there is an
extra nonlocal term a(I(v) + z*(6;w)I(¢))z* (0;w) A¢p. Therefore, we prefer to include rough
details of the proof of the well-posedness of solutions to make our paper more readable. We
emphasize that the upper bound M on nonlocal operator a (cf. (32)) is imposed to handle
this extra term.

Using spectral theory, there exits a sequence {w;};>1 which is a Hilbert basis of L%(0)
composed by the eigenfunction of —A in HO1 (O). Firstly, we consider the function v, (¢) :=
v, (t; s, w, vy) = 27:1 ¢nj (t)w; for all n > 1, the unique local solution to

L (), w)) + al (W) + 2* G)(@) ((vn, w))) + all(vy) + 25O ($)Z* (Brw) (B, w)))
= (f (v + ¢2*(610)), w)) + 2% (6, 0) (¢, w}),
(Wn(s), wj) = (vo, wj), j=1,2,.,n.

Notice that the above equation is a Cauchy problem for the following ordinary differential
system in R",

@i (O + 1 jal (W) + 250, ($))nj (1) + al(vy) + 2 ;) ($)Z* (Br0) (($, wj))(35)
= (f(n + 92" (Orw)), w)) + 2" (Orw) (P, w)), J=12n,

where + > s, A; is the eigenvalue associated to the eigenfunction w;, the vector
(@nl> @n2s++ » @un) is unknown.

Proposition 2 Suppose a € C(R; RY) fulfills (32), f € C(R) verifies (8), ¢ € HO1 0)yn
H2(O) andl € L*(O). Then, there exists at least a local solution (©n1, Pn2s -+, Qnn) to the
ordinary differential system (35) defined on some interval [s, t,,), for almost all fixed w € £2,
and for each initial value vy € L*(O). Moreover, if a is locally Lipschitz (cf(6)) and f
satisfies (9), the uniqueness of local solution is ensured.

Proof The proof follows the lines of the proof of Proposition 2.3 in [27] by using a general-
ization of Peano’s Theorem. We omit the details here. O

Theorem 7 Suppose that a is locally Lipschitz (cf.(6)) and fulfills (32), f € C(R) satisfies
(8)—(9), ¢ € HO1 (O)N H2(O) and ] € L*(O). Then, there exists a unique weak solution to
problem (33), for almost all w € $2 and initial datum vy € L%(O). In addition, this solution
behaves continuously in L*>(O) with respect to the initial data.
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Proof The existence of weak solution to problem (33). Multiplying by ¢,; in (35), summing
from j = 1 to n and using (32), we obtain

1d
Ealvn(l‘)l2 +mlv O + al@a) + 2 00 (@) 2" 6,0) (¢, va (1))
= (f(n + 92" (6:0)), va (1)) + 27 (Or) (@, v (1)), a.e. t €[0,1,),

where [0, #,,) is the interval of existence of maximal solution. By (8), the Poincaré and Young

inequalities, we derive

d , , AC0l ACHZ* (B0
J 1 OF +2m]jv, 0] < L T OF + 2C 0O +

mA
+ M O + WWH w Ol
—2a((vn) + GG ) (@, V(1))
4c?|o| 4C3lz *(z )
S -

mkl ]

|

mAq
I OF +2C 1m0 + lg1?

mhi , A Ow))?,  , m 5
+T|Un(f)| +)\%7m”¢” +Z||Un(f)||

aM? m
+— 12 G P11 + — lva (D12,
m 4

it implies

d 4C2 0] (4C% +4)
Tl OF +mllun @I <2C I + u !

4M2 * 2 2
o = +m} @) PIgI. (36)

Integrating (36) between s and ¢ with s <t < t,, we have

' 4CONT —5)
|vn<r>|2+mf o PPdr < fn )P+ —L——
K m)\l
@C2+4) a2 )
T [t A Y / (& @) Palr
mkl

t
+2Cy / v () |?dr.
N
Therefore, {v,(-)}72 is well defined on (s, #,) thanks to the Gronwall lemma. Actually, for

all T > s and for almost all w € £2,itisboundedin L*°([s, T']; L2(O)) ﬂLz([s, Tl; HO1 0)).
Additionally, by assumption (32), it is obvious that

a(l(vy) + 7 Bw)l () <M, VYt el[s, T], Vn>1.

Therefore, there exists a positive constant C such that

T T
f jal(wy) + 2 OOG)I — Ava (D)% ,dt < C / lon@IPdt, (37

and

T
/ lal@a) + 2 OGN = AdlIF; 1 o dt < CIIPIT = s]. (38)
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Taking into account {v,}72 ; is bounded in L2([s, TY; H(} (O))and ¢ € H& (O)NH2(0), we
deduce that the sequences {—a(l(v,) +z* (6:w)l(¢)) Av, } and {—a (I (v,) + 7" (6:w) (¢)) AP}
are bounded in L%([s, T1; H~1(0)).

On the other hand, using (8), we have

T T
[ [ 1@+ GwpPas <263 [ [ a4 i+ G0oPrdxds
K O K O

T
< 2CH(T - 9)[0] +4c§/ lua(Pdt - (39)

N

T
+4CT |91 / |12 (0,0)|*d1.

S

Since {v,};2 ; is bounded in L*°([s, T]; L2(0)), z*(A.w) is continuous in [s, T] and ¢ €
HJ(0) N H*(0), we have { f (v, (t) + z*(6,0))} is bounded in L?([s, T; L*(0)).
To prove the sequence {v;l}),‘j"=1 isboundedin L2([s, T1; H~'(©)), we define the projector
P, : H-'(O) — H~'(O) (cf. [27, Theorem 2.4]). Then by (37)-(39), we derive
T T
/ ||vi,(t)||§,_1(o)dt < / lla(l(va (1)) + 2% (6:0)1(9)) (Avy (1) + A)
s S

+ Puf(0a(0) + 2 O:0)9) + 2 Gr0)$ 1 ot

16c§ T ) 8C§(T — 90|
< (4c+ L) [ oo+ =2
l S

4 16C3 T
+4C|plI*(T —5) + (2 + f) ||¢||2/ |2* () 2.

2
)‘1 )‘1

Therefore, by means of compactness arguments and the Aubin-Lions lemma, there
exists a subsequence of {v,};°, (relabeled the same) and v € L*([s, T1; L%2(0) N
L3([s, T1; HO1 (0)) with {v;,}flozl e L2([s,T); H™! (0)). It is easy to check v is the weak
solution to problem (32) owing the same reason as [27, Theorem 2.4].

The uniqueness and continuity with respect to initial data. Assume that there exist two
weak solutions, v (-‘; S, w, v(l)) and v2(-; 5, W, v(%) to equation (32). For short, we will denote
v;i (1) = vi(:; 5, w, vp) fori = 1, 2. From the energy equality, we obtain

1d
370 ® - v + al@i1(1) + 2 O:)(P))[v1(1) — v2(1)])?

= [a(l(v2(1) + 2" Gr)l(@)) — al (V1 (1) + " O ) (P)]((v2(1), V1 () — v2(1)))
+ (f i1 (t) + 97" (Brw)) — f(v2(1) + ¢2*(Biw)), v1 (1) — v2(1)),
ae.tels, T].
Since v; € C([s, T1; L2(0)), there exists a bounded set S € L2(®) such that
{vi(®)}ies, 71 C S. Besides, taking into account that [ € L%(0), ¢ € HO1 (©) N HX(0)

and z*(6;w) is continuous with respect to ¢, there exists a constant R > 0, such that
{{l(v;i (1) + 2" (O;w) (@) }tefs, 71 C [—R, R]. Then, by means of (32), (7) and (9), we obtain

%%mm — O +mlvi(t) — va ()]

< La(R)[1[v1 () — va@)] o2 |01 (1) = w2 )| + nlvi (1) — va(0) .

(40)
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Applying the Poincaré inequality to (40), we have

%m(r) — v <COvi@) — ), ae.tels,T], P-ae.,

where
Ly(R)Plv2(@)|1> + 4my
C) = .
2m
Thus, both results, the uniqueness of solution and the continuity with respect to the initial
data to problem (32), follow immediately by the Gronwall lemma. O

Theorem 8 Under the assumptions of Theorem 7, for every e > 0and T > s + ¢, the weak
solution v belongsto C((s, T1; Hy (O)NL*([s+e¢, T1; Hy (O)NH?(O)). Infact, if the initial
datum vy € H} (O), then the function v € C([s, T1; Hi (0)) N L?([s, T1; H}(O) N H*(0))
forevery T > s.

Proof Since we are working on a deterministic problem with random parameters, the proof
of this theorem follows the standard energy estimations, see [13, Theorem 2.5, Chapter 2],
we omit the details here. O

4.2 Existence of random attractors to (31): the first approach
Asin the multiplicative case (cf. Sect. 3), the solution v(-; 0, w, vg) of (33) generates arandom
dynamical system = : L2(0) —» L*(©), defined by

2, w,v0) =v(t; 0,0, v0), Vg € L*(O), Vo€ 2.

Thanks to the conjugation and Theorem 7, there is a mapping W : L2(0) — L?*(O) such
that

W(t, , u0) = u(t; 0, , ug) =v(t; 0, , up—¢z* (@) +¢z*G,0), VvoeL*(0),Voe L,
which exactly is the random dynamical system generated by (31).

Theorem 9 In addition to hypotheses of Theorem 7, let mAy > 4Cy. Then, there exists
a random Dr-attractor Ap(w) (Where D is the universe of fixed bounded sets) for the
dynamical system WV (t, w, ug) associated to equation (31).

Proof The idea to prove the existence of random D -attractor to (31) is the same as Theorem
5 by using Theorem 2. Namely, looking for a random compact absorbing set K (@) (which
will be given by the ball of center 0 and radius r4(w) in HO1 (0)) absorbing every bounded
deterministic set D C L2(0), together with the fact compact embedding H, 10) = L2(0),
we achieve the goal. Firstly, multiplying (33) by v(¢) := v(t; s, w, vp) in L?(O), by (32), we
obtain

d
Elv(t)l2 F2mlv)|* < 2(f () + ¢z (6:0)), v(1))
+225 (G 0) (@, v(®) + 2M [ B lv (D],

with the help of (8), the Young and Poincaré inequalities, we have

d 2 2 »  CrlO|
Elv(t)l +mllv@)]I* < (—mry +2C (o) + 1) +a2)|v(1)] +T
, @1)
Cr 1 * 2 2, M 2 2
|l ——+— ) 17O NI+ —él" + azllv@®)]”.
aiA] oA a3
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Choosing ] = %, ar = Cy and a3 = %5 in (41), we derive,
d 2 5
Eh}(l‘)l < —(mr; —4Cp)v(@®)|" +2Cr|O|

lZ*(G;)|> 2C |z*(6w)|2 2M2
(M’Cf + fo )% — ||v<r)||2.

Ignoring the last term of (42), integrating in [fy, —1] with 7p < —1, we have

-1 *(0 2 2C *(0 2 2
(=D < e*<mM*4Cf><*1*fo>U (2Cf|(9| + <'Z G | 2Cr1"Grw)] ) ||¢>n2)
10 rMCy Al

(42)

x e(m)L]—4Cf)(t—to)dt 4 |U(lo)|2:|

< e*(mx] —4Cr)(—1-19) |U(l0) |2

-1 * 2 * 2 2
B B o Z 0, 2C Z 0, 2M
+[ e~mh=4Cn1= (50 o) + G | 1l Gl )thll2
o rMCy Al

< e(m)»1—4C/) |:e(m)xl—4Cf)t(] |U([0)|2

—1 % 2 * 2 2
0, 2C 0, 2M
+/ e('nA-]74Cf)t 2Cf|O| + ‘Z ( fw)‘ + f‘Z ( fa))l ”d)”
10 A]Cf A

Consequently, for a given B(0, p) C LZ(O), there exists T (w, p) < —1, such that for all
to < T (w, p) and for all uy € B(O0, p),

[u(—1; 10, , u(ty) — pz*Bry@))|* < ri(w),

with
2C¢|0O|
2 f
= 1 —
3 (w) + mii —4C;
1 * 2 * 2 2
6 2C 0 2M
+ / e<mx1—4cf><t+1><|z Coll” | 201G )||¢||2dz
oo MCy Al

which is well defined. Indeed, it is enough to choose T (w, p) such that, forany tp < T (w, p),
we have

e(m)u]—4C_f)(to+l)|v(t0)|2 — e(mM—4Cf)(l()+1)|u(t0) _ ¢Z*(910(1))|2
< 260D (p2 419 |2 Oy ) )
<1.

From (42), for t € [—1, 0], we have

(A — ! O 2Cr|z*(Os0) 2M2
|U(Z)|2 <e (mA1—4Cr)(t+1) / 2Cf|0| + 2% (05 0)| + f| (O50)] ||¢||
_1 rMCy A

_ %”,U(s)||2>e(m)»174cf)(s+l)ds + |U(_l)|2]

Therefore,
2Cr|O
(O < ey 2SO
m)q — 4Cf
+ f " mmnacpomg ([EEG@P | 20T GOF MY Lo
_1 A]Cf Al
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and
0
/ e(m)u]—4Cf)S”U(S)||2dS < Ee—(nll|—4c_,«‘)|v(_1)|2+ 4Cf|0|
-1 m m(m)»l - 4Cf) (43)
2 [0 *Gsw) > 2Cr|z*Gsw)>  2M?
+ 7/ o(mr1=4Cp)s |z (Bs0)| + f|Z Osw)| + ||¢||2ds.
m J_q A]Cf )\1 m

Thus, we conclude for a given B(0, p) C L2(0), there exists T (w, p) < —1, such that for
all 1o < T'(w, p) and for all ug € B(0, p),

o 2C410]
2 (mA—4Cp)(t+1) .2 bl bl B
t <
)P <e R TR
+ f " momntepus (G0 20T Gl 2PN o
—1 rMCy Al " ’
and
. .
/ e(m)‘1*4c«/')5||v(s)||2ds < Ee*(’”)‘lfé‘cf)r%(a)) + %
. m mmh = 4Cp) (44)
L2 / D gmii—acps (KGOP | 26/ O 2M2Y Lo,
m J_q MCy A "

To obtain a bounded absorbing set in HO1 (0), multiplying (33) by —Av(¢), making use
of (8), (32), the Poincaré and Young inequalities, we have

d
Env(r)n2 < —(mi1 —4CH)[vO* + 11 C O] + A1 Crlv(0)]?
MM M?
+ <cm + C—) 12" (G ) *1p)* + — | Ap|>.
f m
Integrating the above inequality between s and 0, where s € [—1, 0], we have
0
v(O)[|* < ™ =4CDS 1p(s) |1 + f (Mcf|0| + 1 Crlv)?
S

M? .
+ (Crr +MC I G0 Pl + 7|A¢|2>e<'"*'—4cf>’dr.
Integrating again the above inequality in [—1, 0], together with (44), it follows

2 4C 0| 2 (0 N
0)|12 < = p—(mi1—4Cp),.2 f 7/ (mx1—4Cy)s
v < —e Rt iy Tm

Gsw))?>  2CrlIZFOs)> 2M? 0
% |Z ( Sw)' + f|Z ( Yw)' + ||¢||2ds +/ e(m)»1*4Cf)t
rMCy Al m 1

2 =1y * 2 412 M2 2
X | MCrlO]+ 1 Crlv@)] +(CfA1+A1Cf )z"(6rw)|7| @] +?|A¢| dt.

Consequently, there exists r4(w) satisfying for a given p > 0, there exists 7' (w, p) < —1,
such that for all 79 < T'(w, p) and |ug| < p,

14(0; 19, @, up)||* := [[v(0; 10, , uo — ¢pz* B w)) + dz* (W) ||* < ri(w),
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where

8C|0 401C3 O
m(mi; —4Cy) | (mhy —4C;)2

O i —ac s (125 0sw) 2cf|z*(95w)|2 2M*N
e / + lol“ds
rCy A

(@) = 2llglI*1z* @) > + (4m™" + 240 C ) r3 (@) +

+ (4m™! +2x1c‘,-)/
0 M

+2f emhi=4C (xlcf|0| +(Cra+MC DI G019 + —|A¢\2)dz
-1 ’ ’ m

Thus, we conclude from Theorem 2 that there exists a unique random attractor Ar(w) to
equation (31) with respect to deterministic bounded sets. O

Remark 2 Notice that even if the restriction involving mA and 4C s in Theorem 9 could be
weakened to

miy > 2Cy,

this gap does not affect the results we have proved. Since we only need to pick up sufficiently
small @ and o in (41), such that —mA| 4+ 2C (1 4+ @) + a3 keeps being negative.

4.3 Existence of attractors to (31): the second approach

In this section, we establish the basic result about the existence of a (pullback) random
attractor A(w) of problem (31), for the case where the attracted universe is not composed of
fixed bounded sets but of families of sets depending on w. However, in the end we will show
both attractors derived from the two approaches, A (w) and A(w), are the same.

From now on, we assume that function f satisfies

lf®I=Cr(d+Ish,  VseR, (45)

where Cy € [0, mA/4). The next lemma shows estimations of weak solution v of equation
(33).

Lemma 3 Suppose a satisfies (32) and (7), f € C(R) fulfills (45), ¢ € Hj(O) N H*(O),
[ € L2(O) and vy € L*(O). Then the solution v(t) := v(t; s, , vy) to problem (33) satisfies

2Cr|O
|v(t)|2 < #ll +e—(m»\]—4cf)(t_s)|v0|2

T mA; —4Cy
wmtmimicpy [ gy (Lf /e )|z @) P Ig1Pdr.
s Al
Proof From energy equality, by (32), (45), the Poincaré and Young inequalities, we have
10|
*Iv(t)l +ma @ +mlv@O]* < QCr(1+ B1) + B + ;1
Cf 1 2 24 2 % 2
+ @) P11 + Ballv(®)|* + ||¢|| GO
P ﬁ /33
Picking up g1 = %, B2 = Cy and B3 = m, which implies
d 2Cr+1/Cy)
SO < (—miy +4CH VO +2C410] + (% @)l
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Finally, multiplying by e"*1=4C)! and integrating between s and  to above inequality, the

result of this lemma holds. O

Remark 3 Analogously, let f1 and > in the proof of Lemma 3 are small enough as Remark
2. We can release the assumption of Lemma 3 to mA; > 2Cy.

Thanks to Lemma 3, now we are able to use the universe of tempered sets, denoted by
D, to show the existence of a (pullback) random D-attractor to equation (31) by Theorem 1.
The next lemma presents that W and = have random absorbing sets, respectively.

Lemma 4 Suppose the conditions of Lemma 3 hold. Then there exist {K Y (@) pep and
{KE (w)}wes that both belong to D, such that {K\I'(a))}we_q and {KE (w)}wesn are random
absorbing sets for ¥ and E in D, respectively. Namely, for any B = {B(w)}pesn € D, there
exist T(é) > 0 and T(é) > 0, such that

U(t,0_0, BO_10) C K¥(w), forall t > T(B),
and

E(t,0_ 0, BO_0) C KZ(w), forall t> T(B),
are true, separately.

Proof Existence of random absorbing set K ¥ (w). From Lemma 3, we have for v(t) =
v(t; 0, w, vo)

2C¢|O] _ B
2 f (ma1—4C )t 2
HFf< ———+
lv(@®)]” < M —4C; e [vol
! 2Cr+1/C
e—(mxl—4cf)t/0 o Mri—4C )T <( f - / f) )Iz 0. 0) 2|1 2d.

Substituting w by 6_,w and vg by ug — ¢z* (w) in the expression of =, respectively, we obtain

|2 (t, 01w, up — p7* (O—10))|*

2Cr|O| —(mA1—4C )1 2
it i bt B ! YA CR
< o ac te lug — ¢z~ (0— w)|
t 2C 1/C
+f e—(mA]—4C/')(t—T) <M >|Z (0.[ tw)| ||¢||2dT
0 A
< 20101 k=401 2 4 2= =Dt 0 Pl P
m)q — 4Cf
0 L [(@Cs+1/C
[ emimicpe (CELEVED )Iz @) Pl
< 2O | gt 2 2N 6y g
0 2Cr+1/C
e G ) 12" Gr) Pl P,
oo 1

Notice that, thanks to the properties of Ornstein—Uhlenbeck process z* (cf. (13)), it follows

that
0
2C 1/C
/ (mi1—4C )T (M ) 12 (0: ) P 1§17 dT < oo,
e Al m
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and

Jim o= (0w Plg =

Taking into account for any ug € B(6—;w),
W(t, 0w, u0) = E(t, 010, ug — ¢z* (0_;0)) + ¢z* (),
it arrives,

W (2, 60—, uo)* < 2|5 (1, 610, ug — $z* (0—0)* + 21" (@) *16]”

4Cr|O
< f| | +48—(m)»1—4Cf)t|d(B(9_tw))|2+48—(m)»1—4Cf)t|Z*(9_tw)|2|¢|2
m)q - 4Cf
0 2Cr +1/C
+2 / elmhi=ACs)T (M >|z G0 PlgIPdT + 212" @)1,
—00 )hl m
Denoting, for all w € 2,
4Cy|O] 5 0
R2 =— 4
V) = o T AT @F
0 2Cr+1/Cy) (46)
+2 / emh1—4CT (g >|z @)l + 1.
—00 )Ll m
Accordingly,
2C¢|O
R2 (o) = — 19
= mip —4Cy
0 QC; +1/Cp)|z*(© )2 m? “7
—00 Al
Similarly, by means of the properties of Ornstein—Uhlenbeck process z*, we derive
lim e~ "M =4CHNG(BO_0))2 =0, 1lim e~ ™14CDN 612175 (0_,0)|* = 0
t—00 t—00
Consequently,
K"Y(®) = B12(0)(0, Ry(@)) and K% (w) = B;2((0, Rz (»)), (48)

are absorbing closed random sets for W and =, respectively.
Check K'Y (w) € D. For this purpose, we only need to show

lim e PRy (6_,0) =0, VB> 0.
1—00
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To verify it goes to zero when ¢ is sufficiently large, just observe for any 8 > 0,
4Cr|0O|
miy —4Cy

0 2Cp+1/C
paet [ gmimscpr (QCEUCD )Iz O )91 dr
—00

e PRG(O0) =P +2¢ P 0 0) P19 + e

_pr_ 2CrlO| - -
R it A NI, Y 0 2412 Bt
e —4c; +2e 727 (0 0)7|9|" +e

—0 as r—oo

—t 2Cr+1/C
+26_,3,/ o (MA1—4C ) (1) (% ) 12" @, )| ¢lI*dr.
—00

—0 as r—oo

The results for the other random dynamical system & are proved by similar arguments. We
omit the details. O

Our objective now is to prove the existence of (pullback) random D-attractor of (31)
in L2(©) by using Theorem 1. To this end, it is sufficient to prove that each sequence
uy € VY(ty, 04, (w), K‘I'(G_tn w)) with t, — 400 has a convergent subsequence in L%(0O).
Initially, we establish some estimations for random dynamical system & by energy equality
(see also [34-36]).

Lemma 5 Under assumptions of Lemma 3, forany t € R, there exists T(KZ (w), 1) < t —2,
such that for all s < T(K % (»), t) and vy € K= (Oyw), it fulfills

lu(r; s, b5, vo)|> < p1(w, 1), Vr e[t —2,1],
(
/r_l lv(t; 5, 650, vo) |2 dT < pa(w, 1), Vrelr—1,1], (49)

;
/ V' (x5 5, 650, v0) I3y 1 0, dT < p3(@, D), Vrelr—1,1,
r—1

where K % (w) is given in (48), and

2Cr|O !
pr(@. 1) = 1+ 710I _l_ef(m,\lf4cf)(172)/ o mh1—4C )
mip —4Cy o

QCr+1/Cr) M?
< (fi/f + M0 1 o) Plg s
)\1 m
1) = —1 (2w + 205101+ 2L o2
miy —4Cy m

.
+QCr+1/Cp)lg? max/ Iz*(Gsa))lzds);
reft—=1,t] J, 1

8C
p3(w, 1) = 4M*Cpy(w, 1) + Tlf“ +2p1(, 1))

4+16C r
+<+Af +4CM2> Il? max / 12* (0,0)|2ds.
r—1

1 re[t—1,t]

Proof Let T(KZ (w), 1) <t — 2, such that

e MM —ACHE=2) (a1 —4CHs |12 < 1 Wy € KF (Byw), Vs < T(KZ (), 1).
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Then the first statement in (49) follows directly from Lemma 3, using the increasing
character of the exponential.

In the following lines, we obtain similar estimations for the other two inequalities in
(49) by means the Galerkin approximations. In the sequel, with the help of compactness
arguments, we will obtain the same ones for the solutions. Observe that the first estimation
in (49) holds true due to the Galerkin approximations.

From the energy equality for the Galerkin approximation, by (32), it follows

d
Elvn(t)l2 +2m[va (D7 < 2(f W + 02 (010)), va (1)) + 2|2* O, @) (¢, va (1))

+F2M||pl[va ()]

Applying the Poincaré and Young inequalities, using (45), we deduce

d 2 2 M
— (O +0m —4Cr /A loa @) < 2Cr |01+ — 9l
dt m
+QCr +1/Cpl Gro) 191, (50)
Integrating (50) between r — 1 and r, where r € [t — 1, ¢], we have for alln € N,
' 2 Al 2 M2 2
lvn()NI7ds = —————| lva(r = D|* +2C£|O] + Wlld)ll
r—1

A1 —4C
ATy (51)

+Q2Cr + l/Cf)|¢>|2/ IZ*(st)IZdS) < p2(t, @),
r—1

where p>(w, t) is given in the statement, thanks to the first inequality in (49) for v,,. Tak-
ing inferior limit in (51) and using the well-known fact that v, (-; s, 65w, vg) converges to
v(+; 8, Oy, vg) weakly in L*([r —1,r]; HOl (0)) forall r € [t — 1, t], the second inequality
in (49) holds.

Finally, by (33), we derive

4
1n D10y < Hal(wn) + " GL@)PN Al 1 o) + 51 (00 + @27 G0’

N 4|z* (Brw)|?
Al
a.e.t > s. By assumption (32), we have
la(l(va (1)) + Z* (G (P)* < M.

Together with the facts that f satisfies (45), —A is the isometric isomorphism from HO1 (0)
into H~'(©), and the two estimations we have proved already for v, in (49), we obtain that

612 + 4lal Wa) + 2 GBI O P AD T 1 )

,
[ W odr < m@n. Vrel-na veeN. ()
r—1

where p3(w, t) is the expression given in the statement. Now, taking inferior limit in (52)
and bearing in mind that v/,(; 5, 65, vo) converges to v'(-; s, fyw, vo) weakly in L?([r —
1,r]; HY(0)) forall r € [t — 1, t], the third estimate in (49) holds. u]

This section is concluded with the following proposition showing the random dynamical
system Z is pullback asymptotically compact. Taking into account the relationship between
W and = below,

W(t, 00, up) = E(t, 00, up — ¢pz* (0—0)) + ¢z (), (53)
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we will end up to proving the random dynamical system W is also pullback asymptotically
compact. For this purpose, we apply an energy method with continuous functions.

Proposition 3 Suppose the conditions of Lemma 5 are true, then the random dynamical
system & is D-pullback asymptotically compact. That is, each sequence

V(0; —tn, , V) € (1, 0_1, 0, KZ (61, 0))
with t, — +00 has a convergent subsequence in L2(0), where K& (w) is given in (48).

Proof Consider {t,},en With £, — +o0asn — oo. Let {vj}>2 | € KE(H,,nw), our aim is

to prove the sequence v(0; —1,, , v(’)‘) = E(ty, 0,0, v('}) is relatively compact in L2((9).
For short, we will denote v" (-) := v(-; —ty, @, vg).

By means of Lemma 5, the continuity of functions a and z*(f;w), | € L2(0) and
¢ € Hy(O) N H*(0), we know there exist T (K (w),#) < t —2 and n; > 1, such that
~ty < T(K®(w), ) foralln > ny, {v"},>y, is bounded in L ([t —2, t]; L>(0)) N L2([t —
2,t1; Hy (O), {f (V" + ¢z*(0.0))}p=n, is bounded in L*([t — 2, t]; L?(0)), the sequences
{(—a(l(") + ¢z*(0.w))Av"} and {(v")'},>n, are bounded in L>([t — 2,t]; H'(O)).
Then using the Aubin-Lions Lemma, there exists v € L>®([t — 2,¢]; L2(0) N L[t —
2,t]; HO1 (0)) withv' € L2([t —2,¢]; H! (0)), such that for a subsequence (relabeled the
same), it holds

V" — v weak-starin L®([t — 2, t]; L*(O));

V" — v weakly in L*([t — 2, 1]; H} (O));

(v"Y — v/ weakly in L2([t —2,t]; H~1(0));

V" — v strongly in L%([t — 2, t]; L>(O));

v'(x,7) > v(x, 1) ae. (x,7) € O x [t —2,1];

v (1) — v(t) strongly in L2(0), ae. T €[t —2,1],

FQ" + ¢*(0.0) — f(v+ ¢pz*(0.w)) weakly in L>([t — 2,1]; L*(O)),  (55)

(54

and

—a(l(V" + ¢7* (0.0)) AV" — —a(l(v + ¢pz*(B.w))) Av weakly in L>([r — 2,t]; H~'(O)).
(56)
Furthermore, v € C([t—2, t]; L%(©)) and using the convergence, it is not difficult to prove
that v is a weak solution of (32). Since {(v")},>n, is bounded in L2([t — 2,t]; H-Y(0)),

we have that {v"},>,, is equicontinuous in H='(©O)on [t —2,1]. Namely, for fixed ¢ > 0
and for each fixed w € £2, P-a.e., consider 71, 7y € [t — 2, t] with |t] — 72| < ¢, then

2

IA

" (22) = " (@) 1510, sup

veHI(O)/|v]=1

%) 2
< </ ”(Un(’"))/”H*‘(O)dr)

< p3(w, |t — 2.

n
</ @"(r)dr,v >
1

T

A

The result is true by simply taking 5, = min{az/,o3 (t, w), 1}. In addition, as {v"},>,, is
bounded in C([t — 2, t]; L>(©)), combined with the embedding L2(©®) ¢ H~1(0), the
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Arzela-Ascoli theorem yields (for another subsequence, relabeled again the same),
v" — v stronglyin C([t — 2,1t]; H™Y(0)). (57)

Now, consider a sequence {t,} C [t — 2, t] which converges to .. Since {v"},>,, is
bounded in C([t — 2, t]; L2(©)), there exists a subsequence of {v"(t,)},>n, (relabeled the
same) and ¢ € L2(0), such that

V(1)) = ¢ weaklyin L*(O). (58)

Let us prove that { = v(ty). For any fixed ¢ > 0, from (57) we deduce that there exists
ne € N such that,

1@ = v@ g0y < 50 Y0 = ne(@), Vrelt =21l

From this and the fact v € C([r — 2, ¢]; H~1(©)), we deduce

v'(1,) > v(z,)  stronglyin H~'(0). (59)
Observe (58)—(59), by the uniqueness of limit we obtain,
V" (1,) = v(ty)  weakly in L*(0). (60)
Notice, if we prove
V' — v stronglyin  C([t — 2,1]; L>(0)), (61)

in particular the sequence {v(t; —t,, @, ug — ¢z7*(0—;,w))} will be relatively compact in
L?(0). We establish (61) by contradiction, suppose that there exists ¢ > 0, a sequence
{t,} C [t — 2, t], without loss of generality converging to some t, with

V' (@) —v(t)] =&, Vn > 1. (62)

On the other hand, making use of the energy equality (6) and (45), the Poincaré and Young
inequalities, the estimation

2 2 M2 2
8@ < 18P +2C10llz = rl+ ——||¢I*|z ~ 7]

+(Cs+1/Cy) 9P / 12 Gs0) 2ds.

r

holds with g replaced by v or any v".
Now we define the functions,

— 2 M? 2 2 ’ * 2
Jn(r) = W' (7, 0)|” = 2C¢|O|T — 7|l¢|l T—Q2Cr+1/Cplel 12" (Bsw)|“ds,
t—2

_ 2 _%2 2 2 [Tk 2
J(1) = |v(r, w)|” = 2C¢|O|r . eIt — 2Cy +1/Cy)lg] |Z*(Osw)|"ds.

t—2

From the regularity of v and v", together with the above equalities, it makes sure the functions
J and J,, are continuous and non-increasing on [t — 2, ¢]. In addition, we have

() = J(7), Telt—2,t]
Hence, there exists a sequence {f;} C (t — 2, T4), such that f; — 7, as k — oo and

lim J, (k) = J (&), Vk>1.
n—oo
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For any fixed arbitrary ¢ > 0, from the continuity of J on [ — 2, t], there exists k(g) > 1
such that

G = Il =5 Vkzke).
Now consider n(¢) > 1, such that 7, > 7 and

- - £
[0 (ko)) — J (ke < 7 Vn > n(e).
Since all J,, are non-increasing functions, we deduce for all n > n(¢),

Jutn) = J (W) < Jn(fie)) — J (1) < [ (o)) — J (000
< nllk(e)) — J (k)| + 1 (Tkie)) — J (1)1
<e.

As ¢ > 0 is arbitrary, from above we deduce,

lim sup J,, (f,) < J ().
n——+00
Thus,

lim sup [v" ()| < [v(t:)].
n—-4o00

From this, (60) applied to the sequence {f,}, it satisfies that the sequence {v" (7,)} converges
to v(t,) strongly in L2(0), which is contradictory with (62). Therefore, (61) is proved.

Particularly, we take + = 0 in the above analyses. The conclusion that sequence
v (0; —ty, @, v5) = & (ta, 0—y,, V), Where v € K® (0—1,w), is relatively compact in L%(0)
holds immediately. O

Theorem 10 Suppose the assumptions of Lemma 5 hold. Then the random dynamical system
W has a D-random attractor in L*(O).

Proof As a consequence of the results of Proposition 3, from Theorem 1, we obtain the
existence of the D-random attractor for the cocycle Z in L2(0). At last, based on the
relationship between W and & (cf. (53)), ¢z*(w) is a constant in L?(0), the existence of a
D-random attractor for W is proved. O

4.4 A comment on attractors Ar (w) and A(w).

This section is concluded with one comment concerning the relationship between two differ-
ent attractors Af (w) and A(w) obtained in Sects. 4.2 and 4.3, separately. Let us first recall
the following result which can be found in [22].

Theorem 11 Suppose that (0, ¢) is an RDS on a Polish space X, such that there exists a
compact attracting set for the family of all compacts deterministic subsets of X. Then there
exists a random pullback attractor A, and this attractor is unique in the sense that whenever
A’ is a random pullback attractor for every compact deterministic set then A = A’, P-a.s.
Furthermore, if B is an arbitrary collection of random sets with a random pullback attractor
Ap, then Ap C A, P-a.e. Additionally, if B contains every compact deterministic set, then
A = A, P-a.s.
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The following result gives us a relation of the two derived random attractors.

Theorem 12 The random attractors A (w) obtained in Sect. 4.2 and A(w) derived in Sect.
4.3 for problem (31) are the same.

Proof It is worth mentioning the existence of random attractor Ar(w) proved in Sect. 4.2
is a compact attracting set of the family of all compacts deterministic subsets of L>(0) (cf.
B(0, p)). While the random attractor A(w) derived in Sect. sec:4.3 is a compact attracting set
of the family of all tempered sets. Theorem 11 ensures that A(w) C Ar(w). Furthermore, it
is clear that tempered sets contains compact deterministic set, then A(w) = Ar(w). O

Conclusions and final remarks

We have successfully analyzed the asymptotic behavior of solutions to nonlocal stochastic
partial differential equations with multiplicative and additive noise, driven by a standard
Brownian motion, by means of an appropriate change of variable which is the standard way
to proceed in the frameworks of random dynamical systems and random attractors.

Recently, B. X. Wang and his collaborators (see, e.g., [37] and the references therein)
have been studying some stochastic PDE models driven by colored noise thanks to the
Wong—Zakai approximations. Motived by their work, it is reasonable to study the dynamics
of stochastic nonlocal differential equations driven by colored noise to obtain similar but
interesting results to the ones in this paper and which can be helpful to analyze stochastic
equations with nonlinear noise.

Also, notice that the methods provided in this manuscript to handle stochastic nonlocal
partial differential equations are only valid for those which are equivalent to random ones,
i.e., linear multiplicative and additive noise. When the nonlocal partial differential equation
is driven by a nonlinear stochastic term, such as

dw(t)

X a@)au = fw + g0

we need to adopt a different method to solve this problem. This will be the objective of our
forthcoming work.
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