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Abstract

In this paper, the well-posedness of stochastic time fractional 2D-Stokes equations of order
a € (0, 1) containig finite or infinite delay with multiplicative noise is established, respec-
tively, in the spaces C([—#h, O]; L3(£2; Lg)) and C((—o0, 0]; L2(£2; Lg)). The existence
and uniqueness of mild solution to such kind of equations are proved by using a fixed-point
argument. Also the continuity with respect to initial data is shown. Finally, we conclude
with several comments on future research concerning the challenging model: time fractional
stochastic delay 2D-Navier—Stokes equations with multiplicative noise. Hence, this paper
can be regarded as a first step to study this challenging topic.
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1 Introduction

The well-posedness of flow problems in a viscous fluid is crucial for many areas of science and
engineering, for example, the automotive and aerospace industries, as well as nanotechnology.
In the latter case of microfluidic structures, we often encounter flow problems at moderate
viscosities which arise, in the study of the modeling of various devices for the separation
and manipulation of particles in microfluids systems [18], in the study of tumor tissue as
a porous medium described by Darcy’s law [11-13], etc. In applications such as these, the
Stokes equations provide a first approximation of the more general Navier—Stokes equations
in situations where the flow is nearly steady and slow, and has small velocity gradients, so
the inertial effects can be ignored.

The classical integer order (¢ = 1) primitive partial differential equations, which describe
heat/wave propagation in a homogeneous medium, have been previously studied in [3,14-16,
22,24,25,27], whereas, it is mostly observed the heat/wave propagation exhibits subdiffusive
behavior due to the complex inhomogeneity of the medium. In fact, there is a diversity of real-
world systems which exhibit this type of phenomenon, from the mathematical point of view,
the fractional derivative plays the role of characterizing the power-law behavior [19,20,28].
Hence, in recent decades, scientists have developed many new models that naturally involve
fractional differential equations, which demonstrate the anomalous diffusion phenomenon
appearing in the real-world successfully, seee.g., [1,6,8,9,17,19,20,23] and references therein.

Moreover, the problem we consider here uses the Caputo time fractional derivative,
whose advantage is that the Caputo derivative of constant functions is zero. Thus, time-
independent solutions are also solutions of the time-dependent problem [2]. Also, compared
with Riemann-Liouville derivative [23], Caputo derivatives remove singularities at the origin
and share many similarities with the classical derivatives so that they are suitable for initial
value problems. P.M. Carvalho-Neto and G. Planas analyzed in [7] the following Navier—
Stokes model with Caputo fractional derivative,

ofu —kAu+u-Vu+Vp=f in RV, ¢ >0,
V-u=0 in RV, ¢ >0, (1)
u(0, x) = ug in RV,

where 97 is the Caputo fractional derivative of order « € (0, 1) with respect to ¢ (see
Definition 1), u is the velocity field of the fluid, « > 0 is the kinematic viscosity, p is the
associated pressure, f is the external force and u is an appropriate initial value, and N > 2.
The authors in [7] analyzed the well-posedness of the problem, the existence and eventual
uniqueness of mild solutions as well as their regularity in time.

However, in order to have a much better description of our model, it is sensible to consider
some other features in the formulation of the equations. On the one hand, it is well known
and accepted nowadays that, in physical systems of the real world, the different stochastic
perturbations that originate from many natural sources are ubiquitous, most often, cannot be
ignored. This leads us to consider some randomness in the model which can be described
by some kind of white or colored noise or some other type of stochastic terms. On the other
hand, it is also obvious that the future evolution of a system does not only depend on its
current state, its past history does determine its future behavior too. Also, on those problems
in which we intend to apply some control, it is very convenient to consider some delays or
memory terms in the formulation [4,5].

Motivated by the previous considerations, our model can be more realistic if we intro-
duce both features in the formulation. Needless to say, there are many choices in the type
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of noise, such as, Brownian motion/Wiener process, fractional Brownian motion, Lévy or
Poisson ones, etc. In order to perform our analysis clearly and show how it works, we prefer
to consider the classical and standard Brownian motion, because the problem can be eas-
ily handled mathematically, and serves as guide for more complicated expressions. Based
on these advantages, there has been a growing interest in stochastic time fractional partial
differential equations with delays. For instance, in more recent decades, the stochastic clas-
sical/time fractional partial differential equations have been extensively studied theoretically
[10,19,20,26,30,31]. However, there appear to be fewer studies in the literatures related to
the theoretical analysis of stochastic Stokes/Navier—Stokes equations driven by multiplica-
tive noise with time fractional derivative, and as far as we know, no one dealt with delays.
This is why we are strongly interested in the following problem

U —kAu+u-Vu+Vp=f(t,u)+gt.u)®® in RV, >0,
V-u=0 in RV, ¢ >0, )
u(t,x) = @(t, x) in RV, t € [—h, 0],

where now f and g are external forcing terms containing some hereditary or delay character-
istics, and ¢ is the initial datum in the interval of time ¢ € [—h, 0], where 4 is a fixed positive
number, and W (¢) is a standard scalar Brownian motion/ Wiener process on an underlying
complete filtered probability space {$2, F, {F;};>0, P}.

Although our final and challenging goal is to analyze the well-posedness of mild solutions
and asymptotic behavior of time fractional stochastic Navier—Stokes model with delay (2),
there are some difficulties/troubles which suggest us to start by analyzing first a linearized
version before we can tackle the complete problem. It is well known that when we deal with
the integer time stochastic Navier—Stokes equations in the phase space L3(£2; C([0, T]; X)),
with the help of 1td’s isometry and Burkholder—Davis—Gundy’s inequality, a priori estimates
can be handled smoothly. However, for time fractional stochastic Navier—Stokes equations,
if the same phase space were adopted, we would face essential troubles: (a) Itd’s isometry
only holds true for the integer time derivative rather than time fractional derivative; (b)
Burkholder-Davis—Gundy’s inequality cannot be used since the integral is not a martingale
(the main reason is the singular kernel appearing in the stochastic integral).

For this reason, in this first approach we will analyze the following time fractional stochas-
tic delay incompressible flow problem, i.e., the non-stationary 2D-Stokes equations,

U — Kk Au+Vp = f(t,ur) +g(t,u) ™2 in R, 1 >0,
V-u=0 in R2, r >0, 3)
u(t, x) = @(t,x) in R%, ¢ € [—h, 0.

In the deterministic case, the concept of weak (or variational) solution to the Navier—Stokes
problem without delay was also analyzed [33]. However, the proof of this deterministic
problem relies on direct estimates involving the time fractional derivative as well as the
Fourier transform, while the stochastic case cannot be analyzed by similar techniques since
the term containing noise only makes sense in integral form. For this reason, we carry out
a program based on a fixed-point theorem which is different also from the one used in the
papers [7,32]. We highlight that it might be possible to perform the technique in [33] to handle
those cases containing a much simpler noise term in which the stochastic integral does not
appear, for instance, when the noise has a special additive form. It is our objective to analyze
these problems in future works.

We have structured our paper as follows. In the next section we briefly recall some relevant
preliminaries. Section 3 is firstly devoted to the existence of local mild solutions of (3) in the
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case of bounded/finite delay. Next the continuous dependence on the initial data as well as the
uniqueness of local mild solution is also proved. Futhermore, the existence and uniqueness of
global mild solution are obtained in the Banach space X5. In Sect. 4, we investigate problem
(3) with unbounded delay. Although the technique to prove the well-posedness of mild
solution to such model is similar to the one used in Sect. 3, there are substantial differences
in this unbounded delay case which justify a detailed study. Eventually, some conclusions
and comments are included in Sect. 5.

2 Preliminaries

In this section we present basic notations related to stochastic theory, collect useful facts on
Mittag-Leffler functions and establish the definition of the mild solution to problem (3). For
more details, we refer to [6,7,21,23] and references therein.

2.1 Stochastic Theory and Notations

To begin we fix a stochastic basis, that is,
8 = (Qa f7 {-7:[}[205 Pv W)a

where P is a probability measure on §2 and F is a o-algebra. In order to avoid unnecessary
complications below, we may assume that {F;};>0 is a right-continuous filtration on (§2, F)
such that Fo contains all the P-negligible subsets and W (¢) = W(w, t), w € §2 is a standard
1-D Brownian motion defined on (§2, F, P, {F;}:>0).

To set our problem (3) in the abstract framework, we consider the standard notation L(Z,
to describe the subspace of the divergence-free vector fields in L:

L2={uel*:V-u=0 in R*

with norm || - |[;2, where L? denotes the vector-valued Lebesgue space and for u € L2,

2
lul?, = ZfRz luj () PPdx.
j=1

Besides, let S C R and let X be a Banach space. We denote the space of continuous functions
from S to X by C(S; X) (equipped with its usual norm). L2(S; X) denotes the Banach space
of L2 integrable functions u : § — X. HY(S; X) = W]'Z(S; X) is the subspace of L2(S; X)
consisting of functions such that the weak derivative %—‘t‘ belongs to L2(S; X). Both spaces
L2(S; X) and W'2(S; X) are endowed with their standard norms. Moreover, we denote
a A b = min{a, b}.

Consider a fixed T > 0, givenu : [—h, T] — L(2,, for each t € [0, T'], we denote by u;
the function on [—#, 0] via the relation

u;(s) = u(t +s), s €[—h,0],

where i > 0 denotes the delay, when 7 = oo, it denotes infinite or unbounded delay.
Furthermore, let L2(£2; X) be the Hilbert space of X-valued random variable with norm
lu()l17, = Efu()||?, where the expectation E is defined by Eu = [o u(-)dP.
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2.2 Fractional Setting and Mittag-Leffler Operators

‘We now recall some facts about the fractional calculus.
For o > 0, define the function g, : R — R by

1 a—1
1 , >0,
(t):={r'®
Sa 0, 1 <0,

where I'(«) is Euler’s Gamma function. Assume that 7 > 0, for a function u €
L([0, T1; X), the Riemann-Liouville fractional integral of order « of u is given by

1
I' ()
Thus, based on the definition of Riemann-Liouville fractional integral operator, we present

the Caputo fractional differential operator. For more details, we refer to the references [7,17,
23].

t
JOu(t) := go * u(t) = / (t — )" 'u(s)ds, rel0,T].
0

Definition 1 ([7, Definition 1]) Let « € (0, 1) and T > 0. Consider u € C([0, T]; X) such
that the convolution g_q * u € W1([0, T']; X). The expression

d d 1 !
Dffu(t) := E{Jt““[u(t) - u(0>]} = E{m/o (t — )" Luls) — u(onds}

is called the Caputo fractional derivative of order « of the function u.

In what follows, we present some properties of Mainardi function [6], denoted by M,,.
This function is a particular case of the Wright type function introduced by Mainardi in [21].
More precisely, for & € (0, 1), the entire function M, : C — C is given by

o0

_ (_Z)n
My (z) = ,,Zzo Il —a(l +n))’

Some basic properties of the Mainardi function will be used further in this paper to obtain
most of the estimates.

Proposition 1 ([7, Proposition 2]) For o € (0, 1) and —1 < r < 0o, when we restrict My to
the positive real line, it holds that

R Lir+1)
My(t) >0 forall t >0, and t'My(t)ydt = ————.
0 I'(ar +1)

The next results are classical computations done in the literatures related to the Mittag-
Leffler operators, for instance [7]. To do this, let X be a Banach space and —A : D(A) C
X — X be the infinitesimal generator of an analytic semigroup {7'(¢) : ¢ > 0}. Then, for each
a € (0, 1), we define the Mittag-Leftler families {E, (—1*A) : ¢ > 0} and {E, o (—t*A) :
t > 0} by

o0
Ey(—t%A) = / My ()T (st%)ds,
0

and

Ea,a(_taA) = / OlSMa(S)T(Sl‘a)dS.
0
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It is interesting to notice that the Mainardi functions act as a bridge between the fractional
and the classical abstract theories. This relation is based on the inversion of certain Laplace
transform in order to obtain the fundamental solutions of the fractional diffusion-wave equa-
tion. Let us mention e.g., [6,7,19] and references therein.

The following lemma compiles the main assertions of the abstract theory of fractional
calculus.

Lemma 1 ([7, Theorem 3]) The operators Ey (—t* A) and Ey o (—t* A) are well defined from
X to X. Moreover, for x € X it holds,

(i) Eq(—1*A)xli=0 = x;
(ii) the vectorial functions t — Eo(—t* A)x and t — Eq o(—t* A)x are analytic from
[0, o0) 10 X.

Let us rewrite the time fractional stochastic 2D-Stokes delay differential equations (3) in
an abstract form

Dfu = —Au+ F(t,u) + Gt,u)™ 2, 10,

u(t) = ¢(t), 1 € [—h,0],

where A = —PA = —AP, F(t,u;) = Pf(t,u;) and G(t,u;) = Pg(t,u;). Here, P :
L?> — L2 is the Helmholtz-Leray projector and A : D(A) C L2 — L2 is the Stokes
operator.

We end this section by recapitulating the properties of both families of Mittag-Leffler
operators, which furnish the essential tools used throughout the whole article, see [7,15] for
more details. Notice that the following lemmas hold true when the dimension is N > 2.

“

Lemma 2 ([7, Lemma 6]) Consider o € (0, 1), and r1, rp real numbers satisfying
l<ri<rm<oo and rN/Q2ry+ N) <r.
Then, for any v € L7, there exists a constant C = C(ry, ry, N, @) > O such that
() NEa(—1*Ar)vlLn < Cor*WNIM=N2 Yy 1> 0
and

(i) Eao (1Al < CtoWNM=NID2 )50 1 > 0.

Remark 1 For simplicity we will consider the case N = 2 in our analysis, but the results hold
true for N > 2 (see Remark 6 at the end of Sect. 4).

2.3 Definition of Mild Solution

Inspired by the arguments in [28] and references therein, we now make precise the notation
of mild solution to problem (4), which is given by a fractional variation of constants formula
involving the Mittag-Leffler families.

Definition 2 (Mild solution) Let S = (§2, F, P, {F};>0) be a fixed stochastic basis generated
by a standard Brownian motion W, and T > 0. Consider « € (0, 1) and an initial function
@, such that ¢(z, -) is a Fp-measurable random variable for all + < 0 (relative to S). A
mild solution to problem (4) on [—#, T] is a stochastic process u such that u(¢) = ¢(t), for
t € [—h, 0], fulfilling
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t
u(t) = Eq(—=1“A)p(0) +/ Ego(—(t —$)*A)F (s, us)ds
0
'
+f Eyo(—( —5)*A)G(s,us)dW(s), Pa.s., foreveryt € [0, T]. (5)
0

Remark 2 Notice that, the Stokes operator —A is the infinitesimal generator of an analytic
semigroup {e~’ A .t > 0}. Hence, both Mittag-Leffler families E, (—t*A) and Ey o (—t“A)
are well defined.

Remark 3 Tt is worth mentioning that the analysis in this paper can be easily extended to the
case in which system (3) is driven by Hilbert valued Brownian motions/Wiener processes in
infinite dimensions, however we prefer to consider this simpler formulation for the sake of
clarity to the reader.

3 Well-Posedness of Mild Solution to Problem (4) with Bounded Delay

In this section, the crucial well-posedness of fractional stochastic 2D-Stokes equation with
bounded delay

{ Dfu=—Au+ F(t,u)+ Gt,up™L 10, ©

u(t) = ¢(1), t €[—h,0],

will be justified, where & is a positive fixed constant (finite delay).

In order to apply the previous lemmas successfully, it is necessary to introduce suitable
Banach spaces, which aim to capture the essence of the problem.

For any « € (0, 1) and fixed T > 0, consider the Banach space X, which is the set of
continuous function u : [—h, T] x 2 — L%(82; L(2,) equipped with its natural norm

1

2
2
lullx, = < sup ]EIIM(Z)IIL2> )
re[—h,T]
here we omit 7" in X> but no confusion is possible.
Let us now state the hypotheses imposed on the external forcing terms in our problem.

(Hp) There exists a constant Ly > 0 such that the function F : [0, 0c0) x C([—h, 0]; L2
(£2; L2)) — L%(£2; L2) satisfies
t

t
/ E||F(s.us) — Fs, vy)|22ds < Ly /hIEnu(s) —v(s)|12.ds.
0

forall u, v € C([—h, T1; L>(£2; L2)).
(H) There exists a constant L, > 0 such that the function G : [0, 00) x C([—h, 0];
L%($2; Lg)) — L%(2: L(2,) satisfies

t

t
/ ElG(s, us) — G(s, vy)||3.ds < Lg/ Ellu(s) — v(s)[12,ds,
0 h

forall u, v € C([—h, T]; L*(£2; L2)).

Initially, we establish the local existence and uniqueness of mild solution to problem (6)
by a fixed-point argument.
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Theorem 1 Let o € (0, 1). Assume that conditions (H)—(Hy) hold, and initial function
¢ € C([—h,0]; L2(2; Lg)), such that ¢(t, -) is a Fo-measurable random variable for all
—h <t < 0. Then there exists T > 0 (small enough) such that problem (6) admits a unique
mild solution u in the sense of Definition 2 on [—h, T].

Proof To start off, we pick up an initial function ¢(t) € C([—h, 0]; L2(82; Lg)) such that
lellcq—n.o1:2(2:12)) is small enough compared with R, precisely, we choose R such that

R2
(3(C + 1) + 2Cth)||<P||2c([,h,0];L2(Q;L(zy)) =< 7

Define the following space B% witha € (0, 1) and R > 0O, forevery ¢ € [0, T]:

B% = =u € C([=h, T1; L*(2; L)) 1 u(t) = (1) V1 € [<h,0], |ulx, < R}.

As a preparation for our main result, with the choice of an initial value ¢ €
C([=h, 0]; L?(£2; L[Z,)), let us define the operator £ on B(I’; as follows,

(), te€[=h,0],
t

(Lu)(t) = E,(—1*A)p(0) +/O Eyo(—(t —)*A)F (s, ug)ds @)

'
—l—/ Eyo(—( —)*A)G (s, us)dW(s), t € [0, T], P-a.s.
0

Assertion 1: Lu € C([—h, T]; L?(£2; L2)), for each u € C([—h, 0]; L?(£2; L2)).

Notice that (Lu)(t) = ¢(t) if t € [—h,0], and ¢ € C([—h,0]; L?(£2; L2)). Therefore,
we only need to check the continuity of Lu on [0, T]. For any ¢, t, € [0,T], § > 0 small
enough with 0 < |, — #1] < 8, by slightly modifying the proof of [7, Lemma 11], with the
help of the analytical property of the Mittag-Leffler operators in time (see Lemma 1(ii)), the
result holds true immediately.

Assertion 2: || Lullx, < R, for sufficiently small T

To this end, we have to prove that, for any u € 5%,

1

||.cu||xz=< sup En(zu)(r)niz)zsR. ®)

te[—h,T)

Fort € [—h, 0], we have

El(Lu)Oll7. =Ele®7, < sup Elp@®)|3.. ©)

re[—h,0]
If t € (0, T], it follows
El(Lu)(®)]13, < 3E[Ea(—1* A)p (013,

t 2
+ SEH / Eopo(—@ — )Y A)F(s, us)ds
Ot L? 5 (10)
+ SEH / Eopo(—@ —5)*A)G (s, us)dW(s)
0 L2

=71 +1 + 13.

We now estimate each term on the right hand side of (10).
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For 7, by Lemma 2(i), it is obvious that

T) = 3E|Eo(—1*Ap (0|7, < 3CE[@(0)[7, <3C sup Ele®)ll7.. (1)
.01

te[—h
For Z,, by Lemma 2(i), (H;), the Cauchy—Schwarz inequality and Fubini’s theorem, we
obtain

t 2
I = 3EH / Eyo(—(@ — )*A)F (s, uys)ds
0

L2

t 2
<3CE ( / Ega(—(t — $)* A)F (s, us>||des>
0
t t
< 6Ct (/ JE||F(s,uS)—F(s,0>||izds+/ E||F<s,0)||22ds)
0 0

t t
§6Csz/ E||u(s)||izds+6Cz/ E[F(s,0)]%,ds
—h 0 (12)

t
<6ChLjst sup IE||¢(t)||L2+6CLft/ Ellu(s)|7.ds
te[—h,0]

+6Ct? sup E||F(s,0)||L2
s€[0,7]

<6ChLst sup Ele®)7,
te[—h,0]

+6C1? (LfR2 + sup E|F(s, 0)||i2> ~
s€[0,t]

For 73, by Lemma 2(i), It6’s isometry and (H>),

t 2
Iy = 31@”/ Eo.o(—(t — )% A)G (s, 1s)d W (s)
0 L

t
< 3c/ EIG(s, uy) |12, ds
0

t t
< 6C/ EllG(s, us) — G(s,O)llist—i-6C/ EIG(s, 0)[2,ds
0 0

0 t
<6CL, ( / () ds + fo Enu(s)nizds)

t
+6C / ElG(s, 0)[|7.ds
0

13)

<6ChLg sup Ellp(®)|7, +6Ct (Lng + sup E||G(s,0)||iz> .
te[—h,0] s€[0,1]
Substituting (11)—(13) into (10), combining with (9), it is obvious that

Ell(Lu)(®)|?, < 3((C+ 1) +2ChLyst +2ChLy) sup_ E||(p(s)||L2

se[—

+6Ct2(LfR2+ sup IE||F(s,0)||iQ>

s€[0,¢]
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+6Ct (Lng + sup E[G(s. mu@) :
s€[0,7]

Consequently, thanks to the choice of R, we can choose T small enough such that

1

[ Lull x, =< sup ]Ell(ﬂu)(t)ll )2

te[—h,T

< (3((C +1)+2ChLyT +2ChLg) sup IEll(p(z‘)HL2
te[—h,0]
(14)

+6CT2(LfR2+ sup 1E||F(t,0)||22>
tel0,T]

2
+6CT | L, R? + sup E|G(z, 0)||L2 <R.
tel0,T]

Assertion 3: Operator L : B‘,‘; — Bf, is a contraction.
To this end, for any u, v € B, it follows that

1
1£u — Lv] x, :=( sup 1E||<Lu)(z>—(cv>(t>||§2>2. (15)
te[—h,T)

For t € [—h, 0], one has (Lu)(t) = (Lv)(t) = ¢(¢). Thus, it is sufficient to consider the
case t € [0, T']. Observe that

E [|(Lu)(1) — (Lo)(®)]12,

' 2
: ZEH / Eo.o (=t =) A)(F(s, us) — F(s, v5))ds
0 2
t L ,
+2EH f Eo o (= = )% A)(G(s, us) — G(s, v5))dW (s)
0 .
=7+ 7. 06

For J1, by Lemma 2(i), (H>), the Cauchy—Schwarz inequality and Fubini’s theorem, we
obtain

t 2
J1 = ZEH f Eg o (=(t —$)*A)(F (s, us) — F(s, vy))ds
0 L

t 2
<2CE (/ [Eq,o(—( —$)*A)(F (s, ug) — F(s, Us))lledS>
0
t
< 2Csz/ Ellu(s) — v(s)|21ds a7
—h

t
—2CLyt / Ellu(s) — v(s)|2,ds
0

<2CLyst* sup Efu(s) —v(s)%,.
s€[0,¢]
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For 7>, by Lemma 2(i), (H>) and Itd’s isometry, one has

t 2
T = 2EH / Eq o (= —5)*A) (G (s, us) — G (s, v5))dW(s)
0

L2

t
< 2CLg/h1E||u(s) —v(s)|3.ds

- (18)
t
= 2CLg/0 Ellu(s) — v(s)|7.ds
<2CLgt sup Efu(s) — v(s)|7..
s€[0,7]
Hence, substituting (17)—(18) into (16), it follows that
3
| Lu — Lo|lx, < (ZCT(LfT +Lg) sup Elu(t) — v(t)lliz>
1€[0,T] (19)

= Mlu(t) —v(®)| x,
where
M? =2CT(LsT + Ly).

Therefore, we can choose 7' small enough such that 0 < M < 1, in other words, we can
choose T small enough such that operator £ maps B}’é into itself, and it is a contraction as
well. The Banach fixed-point theory yields that operator £ possesses a fixed-point in Bﬁ.
Namely, problem (6) has a unique local mild solution on [—#, T'], the proof of this theorem
is completed. O

Proposition 2 Under the assumptions of Theorem 1, the mild solution to (6) is continuous
with respect to the initial data ¢ € C([—h, 0]; L*(82; Lg)). In particular, if u(t), w(t) are
the corresponding mild solutions on the interval [—h, T, to the initial data ¢ and , then
the following estimate holds

lu —wllx, <3¢ — 1ﬁ||c([_h,oj;LZ(Q;L}T)) exp(3C(Lft + Lg)t), Vi €[0,T].

Proof The result of this proposition is proved by similar arguments to those concerning the
uniqueness of next theorem, so we omit the details here. O

In the following lines, a theorem will be considered to prove the global existence and
uniqueness of mild solution to problem (6).

Theorem 2 Assume the hypotheses of Theorem 1 hold. Then for every initial value ¢ €
C([—h, 0], LZ(Q; L(ZT)), the initial value problem (6) has a unique mild solution defined
globally in the sense of Definition 2.

Proof TInitially, we assume that there exist two solutions, # and v on [0, T1] and [0, T3],
respectively to problem (6). Next let us prove that u = v on [—h, T1 A T3]. It is clear
that u(t) = v(t) = ¢(t) on [—h, 0], so we only need to prove that u(t) = v(¢) for any
t € [0, T1 A T,]. Notice that

lu—vl%, = sup  Elu@) —v@®)|]. (20)
te[—h, T\ AT»]
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Then one has

Ellu() — vl

t 2
<2E H/ Ego(=@ —$)*A)(F (s, us) — F(s, v5))ds (21)
0 L2
t 2
+2E / Ego(—(t —$)*A)(G(s, us) — G(s, v5))dW(s)
0 L2
=1L+ D.
For I, by Lemma 2(i), (H;) and the Cauchy—Schwarz inequality, it follows that
' 2
I <2CE (/ [Ea.o(=(t —5)*A)(F (s, us) — F(s, vs))IIdeS)
0
t 2
< 2CE (/ IFGsus) = F, vs>||des)
0 , (22)
< 2Csz/ Ellu(s) — v(s)|7.ds
0
t
< 2Csz/ sup Eflu(o) — v(0)]|7.ds.
’ 0 o€l0,s]
For I, by Lemma 2(i), (H>) and Itd’s isometry, we derive
13
L < 2/ E[Eq.qo(=(t —5)*A)(G(s, us) — G(s, Us))”izds
0
t
<2CL, / Ellu(s) = v(s)l|7ds (23)
0

t
§2CLgf0 sup Ellu(o) — v(0)l[3.ds.

ael0,s]

Substituting (22)—(23) into (21),

t
Ellu() —v(0)ll7, <2C (Lst + Lg)/0 sup Eflu(o) — v(0)l|].ds.

o€l0,s]
Denote by M =2C(Ls(T1 A T2) + Lg), then
) TINT, 5
sup  Ellu(®) —v@®l;. < M / sup |lu(o) —v(o)l;2 ) dt,
te[—h,Ti AT:] 0 oe[—h,1]
whence the Gronwall Lemma implies that
lu —vllx, =0.

Therefore, u = v on [—h, T1 A T»] for every initial function ¢(¢).

Now we prove that foreach given T > 0, the mild solution u to problem (6) is bounded with
X> norm. Taking into account Lemma 2(i), (H1)—(H>), Itd’s isometry, the Cauchy—Schwarz
inequality and Fubini’s theorem, we have
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Elu®)|2, < 3E [Eq(—1* A)p(0)] 7

' 2
+ 3E H/ Eoo(—( — ) A)F (s, us)ds
0 L2
t 2
+ 3E ”/ Eoo(—( —$)*A)G(s, us)dW(s)
0 12

<3C sup Ele®)ll3,
te[—h,0]

t t
+6CIE (Lf/ ||u(s)||i2ds+/ ||F(s,0)||izds>
—h 0

t t
+6CE <Lg / ) lu(s)l172ds + fO ||G<s,0)||izds)
<6C(1+ Lyth+ Lgh) sup Elo(®)|2,
te[—h,0]
+6Ct* sup E|F(s,0)|%, +6Ct sup E||G(s,0)|2,
s€[0,1] s€[0,7]

13
+6C(Lft+Lg)f sup Ellu(o)||7.ds.
0 o€l0,s]
Therefore,

sup Ellu()ll3, < 6((C+ 1)+ CLfTh+CLgh) sup Ele@®)|?,
te[—h,T) te[—h,0]

+6CT? sup E|F(t,0)|2,
te[0,T]

+6CT sup E[G(1,0)]2,
tel0,7T]

T
FOCW T 4L [ sup Bt s
0 o0¢€[0,7]

T
:=A(¢,T,F,G)+sz sup  Ellu(o)|7.d1,
0

o€[—h,t]
where we have used the notation

Alp, T, F,G):=6((C+1)+CLfTh+ CLgh) sup ]E||<p(t)||iz
te[—h,0]

+6CT? sup E[F(t,0)|%, +6CT sup E[G(, 0],
t€(0,T] t€l0,T]

and
Mo :=6C(LsT + Ly).
Applying the Gronwall lemma, for any fixed 7 > 0 and all ¢ € [0, T'], we obtain
lull%, <A@, T, F, G)exp(MaT).

Because of the arbitrariness of T', together with the conclusion of uniqueness of u on [—#, T'],
it is straightforward that the mild solution u to problem (6) is defined globally. The proof of
this theorem is complete. O
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4 Well-Posedness of Mild Solution to Problem (4) with Unbounded
Delay

In this section, let us consider the well-posedness of mild solution to the following stochastic
time fractional 2D-Stokes equation with unbounded delay:

dt

D¢u=—Au+F(t,u) +G(t,up®™2, 10, o
u(t) = (), t € (—o0,0].

Before going a step further to prove the main results, we first introduce a suitable space
motivated by our unbounded delay. Let H be a separable Hilbert space, then the space Cx on
H is defined as

Cx(H) ={p € C((—00,0]; H) : lim ¢(0) exists in H},
60— —o0
which is a Banach space equipped with the norm

lleley = sup llo@)lm-
0e(—00,0]
Let us denote R = [0, co) and enumerate now the assumptions on the delay terms F and
G. Assume that F, G : [0, 00) x Cx(L?(£2; L2)) — L?(£2; L%), then

(H3) Foranyé& € Cx(L%($2; Lg)), the mappings [0, 00) 5t — F(t,&) € L2(£2; Li) and
[0,00) 51 — G(t,&) € L%(£2; L(ZT) are measurable.

(Hs) F(-,0) =0, G(-,0) = 0 (for simplicity).

(Hs) There exist two constants L’f and L;,, such that for all ¢+ € [0, c0), and for all &,
n € Cx(L*(2; L)),

IF @, &) — F(t, Wl 2.2y < L IE = nlley2@:12))
IG(t, &) — Gt Ml 22:12) < Ll = nlley22:02))-

At this point, some remarks are in order.

Remark 4 (i) Notice that in this unbounded delay case, assumptions (Hy4) and (Hs) imposed
on the delay terms are simply Lipschitz continuity while in the bounded delay case we need to
impose (H;) and (H;) which are some kind of integral Lipschitz condition. The main reason
is that in the current situation, we can use the estimate supgq [|u;(6) lm < supy<q llus (0) |lu,
if s > ¢, while in the bounded delay case this is not true. This will make our computations
different in both cases. Also, this is why we will include the complete details in this section.

(ii) It is quite usual when dealing with unbounded delay differential equations, to adopt a
different space for the initial data [29], namely,

CY(H) = {p € C((—00,01; H) :  sup e”?[lp()]lm < +o00}.
0e(—00,0]
However, if we consider this space, then hypotheses (Hs) and (Hs) are not fulfilled when the
delay in F or G is a variable delay one. For instance, F (¢, u;) = Fo(u(t — p(t))), where p is
a measurable function taking nonnegative values and Fy : R> — R? is a Lipschitz function.
Therefore, this new space, although it is a bit more restrictive than the usual one, allows us
to consider more general delay terms in the functional formulation.

We can now prove our main results on well-posedness of mild solution to problem (24).
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Theorem3 Let o € (0, 1), F and G satisfy assumptions (Hz)—(Hs). Then, for each initial
function ¢ € C((—o0, 0]; (L%(£2; Lg))), such that (t, -) is a Fo-measurable random vari-
able for all t < 0, problem (24) admits a unique mild solution u in the sense of Definition 2
on (—oo, T, for T > 0 small enough.

Proof To start off, let us pick an initial function ¢(¢) € C((—o0, 0]; L2($2; Lg)) such that
lellcyz2(2:12)) is small enough compared with R, namely, we choose R such that

RZ
3C+ Dlelie, 2@z = 5

Define the following space Vﬁ witha € (0,1), R >0
Ve = {u € C((—o0, T1; L*(2; L2)) : u(1) = (1) for t € (—00, 0],

and u, € Cx(L*(£2; L2)) fort > 0, satisfying [lu;|lcy < R.}

As a preparation for handling the main result, with the choice of an initial value ¢(t) €
C((—00, 0]; L2($2; L(Z,)), let us define the operator K on Vz as follows,

@(t), 1€ (-00,0]
t
(Ku)(t) = E,(—1%A)p(0) +/(; Eyo(—( — $)*A)F (s, ugs)ds (25)

t
+/ Ego(=(t —$)*A)G(s, us)dW(s), tel0,T], P-as.
0

Assertion 1: Ku € C((—oo, T]; L?(£2; L2)), forall u € C((—o0, T1; L?(£2; L2)).

Observe that, if t € (—o0, 0], then (Ku)(t) = ¢(t). Therefore, we only need to check the
continuity of u on [0, T']. Forany t1,#, € [0, T],§ > 0 small enoughwith0 < |t —#1| < 6,
by slightly modifying the proof in [7, Lemma 11], with the help of the analyticity of Mittag-
Leffler operators in time [see Lemma 1 (ii)], the result holds true immediately.

Assertion 2: ||(Ku); ”CX(LZ(Q;L?,)) < R, for all t € [0, T] with sufficiently small 7.
For every u € V}’é, we have to show that

2
I (Kw)illey 2(2:22)) = ( sup  E|[(Ku) (s +9)||2Lz> <R
He(—o0,0]

For t € (—o00, 0], we have

El(Ku) )7 =Ele®l7. < sup  Elle@)ll7.. (26)

te(—o00,0]
If t +6 € (0, T], then it follows that
El(Ku)(®)]7 2 < 3E[Eq(—1* A)(0)]7,

t 2
+3EH/ Eyo(—( — )*A)F (s, ugs)ds
0

, S 27
+3EH/ Eyo(—( —)*A)G (s, us)dW(s)
0

L2
=T+ 724+ 13,
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We now estimate Z' (i = 1, 2, 3). For 7', by Lemma 2(i), it is obvious that

I' = 3E|Ea(—1* A)p(0)||7, < 3CE|lp(0)[?, <3C sup Elp@®)|3,.  (28)

1e(—00,0]
For 72, by Lemma 2(i), (H;), the Cauchy—Schwarz inequality and Fubini’s theorem, we

obtain

t 2
7° = 3]EH / Eo.o(—(t — 5)*A)F(s, u)ds
0

L2
' 2
<3E </ [Eg,a(—( —s)*A)F (s, Ms)lledS)
0
! 2 (29)
<3Ct | E|F(s,us) — F(s,0)]l;.ds
0
! 2
/
< 3CLft/0 ”uS”CX(LZ(Q,Lg))dS
<3CL/*R*.
For Z3, by Lemma 2(i), Itd’s isometry and (H>),

t 2
7 = 3EH / Eoo(—( —5)*A)G (s, us)dW(s)
0

L2

t
< 30/0 E[G(s, us) — G(s,0)[7-ds 30)

<3CL, /Ot s 1 12: 12,95
<3CL,tR*.
Replacing (28)—(30) into (27), combining with (26), it is obvious that
Ell(Ku)/3, < 3(((: +1) sup 0]1E||<p(t)||'§2 +CPL R + CtL;,Rz).
te(—oo,

Consequently, due to the choice of R, we can choose T small enough such that

1
2
[(Ku)illey 2(2:22)) = < sup  E[(Ku)(z +9)||i2>
fe(—00,0]

1

2
< 3<(C + Dlielleywaiizy + CT? LR + CTL;’RZ) =

Assertion 3: Operator K : V}’; — V}é is a contraction.
To this end, for any u, v € Vl(g, it follows that

2
I (Ku)r — (Kv)illey 2(2:22)) = (9 (Sup O]E”(’C“)(f +0) — (Kv)( +9)||iz) . (31
&(—00,

For t € (—o0, 0], one has (Ku)(t) = (Kv)(t) = ¢(t). Thus, it is only needed to consider
the case t € [0, T']. Observe that

E|(Ku) (1) — (Kv)(0)]]7
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' 2
: Z]EH f Eo.o(—(t = $)* A)(F (s, us) — F(s, v5))ds (32)
0 2
t L ,
+2EH / Eoo(=(t = $)*A)(G(s, us) = G(s, v5))d W (s)
0 B

=J"+ 7%
For J1, by Lemma 2(i), (H>), the Cauchy—Schwarz inequality and Fubini’s theorem, we
obtain

1 2
Jh= ZE” /0 Eq o (=t = )% A)(F (s, us) — F(s, v5))ds

L2

t 2
<2E (/ 1Eqo (= — ) A)(F (s, us) — F(s, vs))IIdeS>
0

(33)
t
= ZCL}I/(; ”uA - vé‘”éX(LZ(.Q;LZ,))dS
< 2CLY 2 ur = v lZ, 12 0u2))-
For 72, by Lemma 2(i), (H») and Itd’s isometry, one has
t 2
J? = ZEH / Eq o (—(t —5)*A)G(s, ug) — G(s, v5))dW(s)
0 12

(34)

t
2
=< ZCL;Z/O ”uS - US”C)((Lz(.Q;Lg))dS

2
=< ZCL:gt”ut — Ut “Cx(Lz(Q;L(z,))'

Hence, substituting (32)—(34) into (31), it follows that

1

(Ku)r — (Kv)illey 2222y = <2C(L’fT2 + L;T)”Mr - vt”éx(l‘z(g;Lg)))
=WIu@) —vOlley 2 @:r2)):
where
W2 =2C(L,T* + L,T).

Therefore, we can choose T small enough such that 0 < W < 1, which means that, the
operator C maps V}g into itself, also it is a contraction. The Banach fixed-point theorem
yields that the operator K has a fixed-point in Vﬁ. Namely, the problem (24) has a unique
local mild solution on (—oo, T']. The proof of this theorem is completed. m}

Proposition 3 Under the assumptions of Theorem 3, the mild solution to (24) is continuous
with respect to the initial data ¢ € C((—0o0, 0]; L2(£2; Lg)). In particular, if u(t), w(t) are
the corresponding mild solutions, on the interval (—oo, T, to the initial data ¢ and , then
the following estimate holds

/ /
litr = il 2112 = 316 = Wl (120,13, PBCLSE + LD, V2 €10, T

Proof This theorem can be proved by similar arguments to those concerning the uniqueness
of next theorem, so we omit the details. O
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The following result is concerned with the existence and uniqueness of the global mild
solution to problem (24).

Theorem 4 Assume the hypotheses of Theorem 3 hold. Then for every initial value ¢ €
C((—00, 0]; L2($2; L(Z,)), the initial value problem (24) has a unique mild solution defined
globally in the sense of Definition 2.

Proof Although the proof of this theorem follows the same lines as the case of bounded delay
in Sect. 3, but with differences in the estimates, we prefer to include it here because the proof
of Proposition 3 is similar to the uniqueness below.

Assume that there exist two solutions, # and v on [0, 71] and [0, T»], respectively to
problem (24). Next let us prove that u = v on (—o00, T1 A T3]. Itis notable that u(¢) = v(t) =
¢(t) on (—o0, 0], so we only need to prove that u(¢) = v(¢) forany ¢t € [0, T1 A T2]. Observe
that
sup Ellu(r) —v(@)ll72. (35)

2
lu— vl 2 2y =
Cx (L?*($2;L
x (L o) te(—o00,TI AT»]

On the one hand, it holds

Ellu() — v(®0)ll7,

' 2
<2E H/ Ego(=@ —$)*A)(F (s, us) — F(s, v5))ds (36)
0 L2
t 2
+2E ’ / Eg (=@ = $)*A)(G (s, us) — G(s, v5))dW(s)
0 L2
=1"+ 1%
For I', by Lemma 2(i), (H;) and the Cauchy—Schwarz inequality, it follows that
t 2
1' <2E </ [Eq,o (=t —$)*A)(F (s, us) — Fs, vs))||L2d5>
0
' 2
<2CE (/ | F(s, us) — F(s, vS)||des> (37)
0
! 2
< 2CL’ft/0 lus — vS||CX(L2(Q;L%))ds.
For 12, by Lemma 2(i), (H>) and Itd’s isometry, we derive
t
I’ < 2/ ElEaqo(—(t — $)*A)(G (s, ug) — G (s, v5))|13ds
0 (38)

1
2
< 2CL’g/0 llus — Us”cX(LZ(Q;Lé))dS'

Substituting (37)—(38) into (36), it yields

t
Ellu(t) = v0)I2, = 2C (Lyt + L) /O ity = 0512, 122 45-

Denote by W, = 2C(L’f(T1 AT + L’g), we have

2 TIAT, )
||M - v”Cx(Lz(.Q;L(ZT)) =< Wl A ”us - vs”Cx(Lz(Q;Lg))dt'
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The Gronwall Lemma implies that

e = vlleyw2@sezy =0-

Therefore, u = v on (—o0, T1 A T>] for every initial function ¢(t).

Now we prove that for each given T > 0, the mild solution u to problem (24) is bounded
with Cx (L2(£2; Lg)) norm. Taking into account Lemma 2(i), (H1)—(H>), [td’s isometry, the
Cauchy-Schwarz inequality and Fubini’s theorem, we have

Elu(@)])?, < 3E |Eq(—1* A)p(0) |75

t 2
+ 3E H/ Eoo(—(@ — $)*A)F (s, us)ds
0 LZ
t 2
+ 3E H/ Eyo(—( — $)¥A)G (s, ug)dW(s)
0 L2

t
2 / 2
S 3C||¢||Cx(L2(Q;L§)) + 3CLft/(; ”us ”CX(LZ(.Q;L%))dS
t
’ 2
+3CLg/O i 1Z 12221248

t
2 ’ / 2
= 3CIelleya (i) F3C L1+ Lg)/o s ey r2@: 0295
Applying the Gronwall lemma, for any fixed 7 > 0 and all ¢ € [0, T],
luelZy 1200.r2y) = BC+ DIOIZ, 120012, XPBCWL,T + L)T).

Because of the arbitrariness of 7', together with the conclusion of uniqueness of # on (—o0, T'],
it is straightforward that the mild solution u to problem (24) is defined globally. This finishes
the proof. o

Remark 5 The well-posedness results to problems (6) and (24) can be modified to the case
that the driven process is an additive fractional Brownian motion, which is L2 -value. Of
course we need to redefine G (¢, -) and impose certain assumptions similar to (H,)—(Hs), see
[29], for example.

Remark 6 Although we have performed our analysis for the stochastic time fractional 2D-
Stokes delay differential equations, the results of sections 3 and 4 still hold true when the phase
spaces are extended to C([—h, 0]; L2(£2, Lév)) and C((—o0, 0]; L2(£2, LQ[)) respectively,
where N > 2 [7].

5 Conclusions and Final Remarks

In this paper we have considered a quite general time fractional stochastic Stokes model with
finite and infinite delay and multiplicative Brownian motion. As we said, this is only a first
approach to our goal concerning the case of stochastic time fractional delay Navier—Stokes
with multiplicative noise. But, to that end, a new technique has to be designed because the
fixed-point theorem used in our proofs is not appropriate to handle the nonlinear term: the
appearance of expectation in the norm does not allow us to bound that term in an appropriate
way as it is done in the deterministic case, specially for the contraction property. Therefore,
this is a challenging problem to be analyzed shortly. However, it is not surprising that the
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problem cannot be analyzed with this technique since, to the best of our knowledge, even
the integer time derivative system has not been solved for the multiplicative noise case, but
only for the additive one. We plan to work on this first case and combine the ideas of both
techniques to achieve our goal for the time fractional stochastic Navier—Stokes with delays.
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