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A B S T R A C T

In this work, the orientation of a railway is estimated with a novel methodology based on multibody system
kinematics using the railway-specific track frame. The proposed method improves the prediction model by
considering the translational accelerations due to the track negotiation. To this end, the forward velocity of
the vehicle, measured with an encoder, and the design geometry of the track are used. This algorithm has been
tested on an operational underground light-metro railway with quite good results compared with other data
fusion algorithms embedded in commercial Inertial Measurements Units (IMU) that contains no information
about the real application whatsoever.
. Introduction

The estimation of the attitude and heading1 of a rigid body in
he 3D space from sensors signals has been a concern of main in-
erest for several purposes in the recent years. While high-precision
nertial sensors have been historically used for orientation estimation
n vehicles navigation, the development of low-cost micro electrome-
hanical systems (MEMS) technology has allowed the use of MEMS
evices for navigation applications. These sensors that estimate orienta-
ion through acceleration and angular velocity are usually referred to
s inertial measurement units (IMU) or 9 degrees-of-freedom sensors
9DOF or NDOF) if they also incorporate a magnetometer. Some others
ensors used for these applications are Global Navigation Satellite
ystems (GNSS), Computer Vision (CV) and encoders to determine
orward velocity of the moving wheeled objects. In literature, examples
f different estimation algorithms can be found for bio-logging [1],
griculture machines [2–4] and navigation of aerial [5,6], maritime [7]
nd ground vehicles [8–13] or aerial, maritime and ground vehicles
ltogether [14].

While these articles differ in the methodology used, they are all
ased on the integration of the output signals, usually the angular
ate, and its correction with gravity and/or magnetic field (MARG)
ignals. The correction is necessary because the sole integration of
he data leads to inaccuracies that tend to be accumulative in time.
ifferent techniques can be applied to correct these inaccuracies. The

ource of the errors in low-cost IMU include non-orthogonalities in

∗ Corresponding author.
E-mail address: edbriales@gmail.com (E. Briales).

1 Attitude and heading reference system (AHRS) describes the orientation (or posing) of an object in space. This terminology is preferred as it groups
ravity-affected angles, the roll and pitch, in attitude, while leaving the gravity-invariant angle, the yaw, for the heading.

the local axis, non-linearities and scale factors in the input–output
transfer function within the sensor, random biases and noise [9,15,16].
Moreover, 9DOF MEMS also incorporate the magnetometer sensor that
is subjected to magnetic noise (soft and hard iron distortions) that
can be high for some industrial or underground environments turning
this sensor unsuitable to estimate posing. These effects are inherent
to the construction or physical properties of the MEMS and cannot be
completely removed even after calibration [17], so the best options to
increase precision are: to compute better algorithms that are robust to
these errors or improve the physical model used for the prediction of
the orientation estimation.

Among the algorithms used to reduce orientation error estimated
from an IMU rigidly attached to a body, one can find those based
on estimators, state observers, numerical integration, filtering or op-
timization. These methodologies can all be augmented with reliability
tests for the input measurements before using the signals. They all fuse
the information of the magnitudes obtained by the sensors but with
different objectives, such as minimizing a cost function (optimization),
approximating the behaviour of a certain model (state observer) or
exploiting different sensor strengths (complementary filter). These dif-
ferent methods aim to enhance the capabilities of the algorithms rather
than improving the physical model of the object orientation. A brief
description of the capabilities of these different algorithms is given
below.
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To enhance the capabilities of the algorithms there are different
technical tools. Estimators aim to define a time-invariant quantity based
on the measurements that tends to the real value of the orientation
and is stable to noise with the passing time. State observers [7,18–20]
aim to determine the state of the system, that may include the sensors
biases. Some authors also incorporate some parameters of the models
as states of the augmented system, such as the velocity of the object
or the IMU errors parameters [9]. The fusion algorithms are based on
combining the information of two or more sensors measuring different
variables of the same system. As the noise is usually treated as a
random variable, its effect in the resulting signal can be cancel out
combining different sensors, what makes fusion algorithms also filters.
Some of the more common filters used in literature for estimating
orientation are Linear Kalman Filter [8], Non-linear Kalman Filter
(such as Extended [10,12], Unscented [21] , Cubature or High Degree
Kalman Filter [22]), Complementary Filter [3,23,24] or Unknown Input
Filter [25]. These algorithms usually reach high-precision results that
are used as reference values for checking new algorithms proposed in
the literature. However, they tend to be computational costly because
linear systems must be solved and their accuracy it not sufficient when
the system model conditions are not met. Therefore, new more-efficient
or ad-hoc algorithms are continually proposed. Finally, the optimiza-
tion algorithms seek minimize – in one or several steps – the error
function between the real orientation (unknown) and the estimations
based on measured data. This optimization can be approached with
any kind of minimization algorithm such as the Levenberg–Marquardt
Algorithm (LMA) [13], Gauss–Newton Algorithm (GNA), Gradient De-
scent Algorithm (GDA) [26–28], Control Loop [6,29] and lately, some
machine learning algorithms such as Least-Squares Support Vector
Machine (LSSVM) and non-linear autoregressive with exogenous in-
put (NARX) [13], Kalman filter based on Recurrent Neural Network
(RNN) [30] or Fuzzy logic [31]. Criteria used to select among these
available options are accuracy, reliability, computational efficiency,
noise and drift stability, and robustness in the region of local minimum.
To enhance these algorithm accuracy, there are some articles that de-
fines reliability tests for the signals to be used before introducing them
into the equations [11,32]. For example, the accelerometer only consid-
ered reliable when the acceleration of the movement is small compared
to gravity. In addition to validation with experiments or simulations,
some authors also include mathematical proofs of the stability of the
proposed algorithms to noise using Lyapunov functions [1,6,18,33].

Additionally, to improve the physical model rather than the algo-
rithms it is mandatory to focus on the application at hand, that in
this work is the measurement of the attitude and heading of ground
vehicles. Estimation algorithms have been tested for several ground
vehicles obtaining measurements of the heading and attitude with
promising results in different works. These works mainly focus on
improving the prediction model including more information about
the kinematics and dynamics of the motion or adding more sensors
to the system. In many cases the use of Global Navigation Satellite
Systems (GNSS) helps improving the orientation estimation such as in
the works of [4,8,13,14,34,35] to cite some. However, GNSS cannot
be used in applications such as light-metro underground vehicles with
poor satellite connectivity. Some other authors make use of computer
vision systems or laser sensors to add some information about attitude
angles [36–38] that relies on periodic corrections based on features
of interest. In the classic work for a ground robot, Vaganay and Al-
don [10] use a combination of gravity and translational acceleration
for the dynamic estimation of the rotation quaternion. In this case,
the translational acceleration is estimated from rigid body kinematics
equations and the result is extracted from the accelerometer output.
Then, the accelerometer and gyroscope measurements are fused via a
Kalman filter. Klier et al. [39] published another classic work that is
frequently referenced for attitude estimation of ground vehicles. The
authors formulate the kinematic problem as an Ordinary Differential
2

Equation (ODE) using the translational velocity of the inertial sensor.
They consider Euler angles and their derivatives as variables that are
then implemented in a Kalman Filter. That work also implements some
practical constrains for the velocity considering the usual ground vehi-
cle motion such as small lateral velocity while driving straight or very
small vertical velocity. This formulation of the problem has been widely
replicated, for example, in the work of Scholte et al. [9], in which
the ODE system implemented as an observer for state (sensor velocity
and Euler angles) and parameter estimation (sensor biases and other
geometric and dynamic parameters). In this case, the prediction model
is augmented with force and moment balance equations of the vehicle,
that are included as constrains. Marco et al. [16] use Klier’s model as
baseline and the system is augmented with new geometric parameters,
such as the slide-slip, and the dynamic balance equations once again.
Similar approaches can be found in [34,40,41]. These authors also
discuss about the observability of the model under certain navigation
conditions (driving straight). Yuan et al.’s work [42] has a particularly
interesting approach considering the effect of translational acceleration
through the uncertainties of the observation model. However, it has
been found that, although translational acceleration is one of the main
reasons for the inaccuracy of attitude estimation methods, it has not
been studied deep enough [43]. In the particular case of railways, that
ride along a guideway with known geometry, this issue has not been
properly addressed.

In this work, a better prediction model for railways attitude and
heading estimation is presented. It can also be applied to any other
ground vehicles in which there is information about the guideway that
follow. Narrowing the scope of application of the algorithm allows the
implementation of a specific methodology based on railway kinematics
which grants very accurate results in the estimation. Ultimately, this
method is applied to obtain the orientation of the wheelset of a railway
during a ride over an irregular track using solely an IMU and an
encoder. In order to accomplish this task, the kinematic model of the
vehicle moving along a track with known design geometry must be
included in the approach. This kinematic model is implemented with
the use of an intermediate frame (the so-called track frame) to isolate
the gravity component in the accelerometer output measurements.
Two different algorithms are developed. First, an implementation of
Madgwick’s algorithm [26,27] based on a GDA that aims to obtain high
accuracy while keeping a good efficiency. Second, an Extended Kalman
Filter (EKF) that uses the gyro signals as inputs and the accelerometer
signals as measurements [44,45].

This paper is organized as follows. Section 2 shows the motivation
for this work after finding inaccurate results in the orientation obtained
from commercial IMU sensors and other Kalman Filter approaches
based on inertial measurements with general purpose models. Section 3
introduces the different frames involved in the multibody system kine-
matics approach (global, track and body frames) as well as the Euler
angles used. Proposed estimation model is presented in Section 4 and
then implemented in the GDA and EKF in Section 5. Section 6 presents
the equipment used for the data acquisition, the characteristics of the
different experiments made and the data collected in them that are used
as inputs of the algorithms. In Section 7 the different results obtained
with this new method are presented, implemented using different
methods and compared. In Section 8 some considerations about the
experiments and hypotheses made are discussed and finally in Section 9
the main achievements of this method are summarized and the main
conclusions are highlighted.

2. Motivation

The interest on 3D orientation estimation emerges from a wider
research in a railways application that aims to measure the irregular
geometry of the track using solely inertial sensors, a computer vision
system and an encoder, based on a kinematic multibody approach [46,
47]. One of the most influencing variables in the calculation of the

irregular geometry is the rotation of the vehicle bodies with respect to
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Fig. 1. Euler angles values obtained with commercial IMU LORD MicroStrain AHRS 3DM-GX4®-25.
the track. Furthermore, the roll angle, 𝜑, is of utmost importance and
it must be measured with the highest accuracy. By comparison, pitch
angle has less influence in the final results and heading angle is not
necessary for the geometry measurement.

Unfortunately, in the area of experimental multibody systems, some
of the most difficult magnitudes to be measured are the 3D orientation
parameters. The inherent non-linear nature of rotation plus the high
sensitivity of the Euler angles due to small changes in the measured
acceleration make them difficult to be estimated. It is therefore hard to
obtain values with enough precision given the aforementioned MEMS
errors that lead to the integration-drift. The experience of the au-
thors, after some field experiments on operational vehicles riding over
irregular tracks, is that the values of the Euler angles provided by
a high-quality commercial IMU2 are not even close to the required
accuracy for track geometry measurement.

Fig. 1 shows the initial results granted by the mentioned commercial
IMU and the track design angles. The solid red line shows the obtained
Euler angles values while the dashed black line represent track design
angles. Due to the IMU to track relative motion and due to the track
irregularity, the IMU angles and the track design angles do not have
to coincide, but the difference is not more than 1◦ or 2◦. As it can
be seen, the results for the three Euler angles used to characterize
the rotation are far from the track design values in some sections.
The angles accuracy obtained with the commercial IMU is worse than
the specified in the sensor datasheet (±2◦ for dynamic applications)
reaching at some points 2.5◦ of error for roll, 5◦ in transient for pitch
and more than 100◦ of error for yaw. The IMU was programmed to
use the magnetometer in order to include a reference for the heading.
However, the presence of metal structures in the surroundings of the
sensor may have caused high magnetic distortion [48–50] and it could
have affected the poor output of the algorithm, mainly to the yaw angle.
Some of the issues found in these values provided by the IMU are listed
below:

• For the roll (𝜑), the more noteworthy issue is the failure to
properly measure the cant angles at curves. It is also striking the
overshooting effect after the different transitions.

• For the pitch (𝜃), it can be seen that there is a transient at the
beginning of the signal probably due to the forward acceleration
of the vehicle. Afterwards there are some issues in the signal at
the points in which the other angles vary abruptly, for example
at 16.35 km.

2 LORD MicroStrain AHRS 3DM-GX4®-25.
3

• For the yaw (𝜓), the reconstruction of the signal is completely
inaccurate, failing to reconstruct even the trend of the reference
magnitude. This could have been caused by different factors such
as inadequate Euler angles sequence, linearization issues within
the sensor, not-considered high translational accelerations, or
magnetic distortions.

When searching for this odd behaviour of the algorithm for the
heading angle, little research was found for specific purpose appli-
cations in the railway sector or even for ground vehicles. The most
likely cause was considered the magnetic distortions that may appear
in industrial environments. Furthermore, one of the main hypothesis
usually made for 3D orientation estimation is that the signals captured
by the accelerometer are due mainly to the gravity. As the value of
gravity is certainly high for a great deal of applications compared with
the sensor accelerations, this hypothesis is usually valid. However, it is
not the case for railways in which high frequency vibrations from the
track irregularities and important lateral accelerations experimented
by the vehicle when moving on curves may cause that the hypothesis
conditions are not met.

Before proposing alternative methods, it is helpful to replicate the
usual implementation of the fusion algorithm supposedly based on Ex-
tended Kalman Filter (EKF) that might be used in different commercial
IMU. Therefore, the orientation was recalculated implementing an EKF
based on the works of Sabatini [44,45] in which the system model
is based on the relation between the derivative of the angles and the
angular velocities. The accelerometer signals are included afterwards
in the update step, considering again that the acceleration signals are
mainly determined by gravity. The obtained results are shown in Fig. 2.

While the yaw calculation has greatly improved and the signal is
practically the same than the reference (except for the small drift), the
results for roll and pitch suffer from the same issues mentioned before.

The issues for roll angle in the curves occur because translational
acceleration was not considered. In this regard, there are some authors
that include a certain information about this acceleration for general
purpose applications. A particularly interesting work is Yuan et al.
[42], in which this information is included as the uncertainty of the
observation model in a EKF implementation. The results obtained with
this approach are shown in Fig. 3.

It can be seen that the behaviour during curves greatly improves
for the roll angle, but the overall result is worse for pitch and heading
angles. Moreover, a particular ripple appears in all the signals that
is most likely due to the increased uncertainty for the measurement:
even when the signal es filtered, there are mechanical vibrations that
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Fig. 2. Euler angles obtained from commercial IMU LORD MicroStrain AHRS 3DM-GX4®-25 and comparison with implemented EKF.
Fig. 3. Euler angles obtained with Yuan et al.’s model implementation in an EKF.
are mixed with the acceleration values and increasing the uncertainty
ripples the final result. This effect makes the Euler angles inaccurate
mainly in straight sections of the track.

These inadequate results force the pursuit of better approaches to
estimate the 3D orientation of a railway travelling on a track. And this
approach starts with a deeper understanding of the railway kinematics.

3. Kinematics

In the multibody kinematics model used in this paper, the coordi-
nates used to describe the motion of the bodies provide the position
and orientation of the body frame (BF) with respect to an inertial global
frame (GF).

The model used in this work is based on that presented by the
authors in [51], also used in [52]. As stated in that paper, for ground
vehicles that follows a guideway (a track for trains) an intermediate
frame that is neither inertial nor body-fixed can be defined for a
convenient description of the motion of the bodies. This frame advances
along the irregularity-free track with the same forward velocity as the
vehicle. This intermediate frame is usually called track frame (TF) in
4

railway dynamics (see Fig. 4). The TF is a function field of variable
s rather than a frame associated with a solid. Therefore, a particular
TF can be defined for each BF, called body track frame, considering
the TF whose 𝑋 coordinate coincides with BF’s. The use of the GF is
still necessary to obtain the equations of motion (EOM). The position
and orientation of the TF with respect to the GF is a function of the
track geometry and is usually obtained as a function of an arc-length
coordinate. In the track frame formulation, body coordinates describe
the position and orientation of the BF with respect to the TF. These
coordinates are called here track coordinates. The main advantages of
using the TF are:

1. Bounded magnitudes: The magnitude of the coordinates of the
bodies remains bounded in the TF while they may grow with no
limit when referred to the GF.

2. Accuracy: As a consequence of the previous point, the accuracy
in the description of the relative motion of the vehicle with
respect to the track is kept, even when the value of the absolute
coordinates is large.
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Fig. 4. Different frames involved in this kinematic approach: Global Frame, Track Frame, Body Frame.
3. Linearization: The formulation of kinematics equations in the
TF allows the use of the small angles assumption that facilitates
the linearization of trigonometric functions that describe the ori-
entation. This allows to simplify the expressions and, therefore,
the calculations.

4. Easier formulation of vehicle motion: Constrained motion
equations of the track frame and vehicle bodies with respect to
the track, like the forward velocity constrain, are easily imposed
using track coordinates.

On the other hand, the use of track coordinates shows the following
drawbacks:

1. More complicated overall formulation: The kinematic de-
scription of the bodies is much more complicated because it
involves the track design geometry. The calculation of veloc-
ities and acceleration of the bodies require the calculation of
partial derivatives of the track geometry with respect to the
TF arc-length coordinate. These expressions enter in the vehicle
equations of motion becoming computationally more expensive.
Moreover, the results usually rely on the accuracy of the track
geometry data involved that sometimes cannot be guaranteed.

2. Application-bounded formulation: The inclusion of a railway-
related frame, as the TF, hinders the use of general purpose
multibody third-parties software.

3.1. Vectors and frames

This section explains in detail the kinematic description used in the
multibody track frame formulation used in this work for the modelling
of the railway vehicles motion.

In this work, the following symbols are used to express position
vectors in different frames:

1. �⃗� is a position vector with respect to the GF.
2. 𝑟 is a position vector with respect to the TF.
3. 𝑢 is a position vector with respect to the BF.

On the other hand, the following symbols are used to express the
vector components given in the different frames:

1. Bold symbols without diacritic, like 𝐯, mean the 3 × 1 column
matrix that contains the components of vector 𝑣 in the GF.
5

2. Bold symbols with ‘bar’ diacritic, like �̄�, mean the 3 × 1 column
matrix that contains the components of vector 𝑣 in the TF

3. Bold symbols with ‘hat’ diacritic, like �̂�, mean the 3 × 1 column
matrix that contains the components of vector 𝑣 in the BF

3.2. Kinematics of the TF

The TF [𝑂𝑡(𝑋𝑡𝑌 𝑡𝑍𝑡)] is assumed to follow the track keeping axis
𝑋𝑡 tangent to the track centreline. Axis 𝑌 𝑡 connects the two railheads
centres. Therefore, the TF used in this work is not a Frenet frame of the
track centreline since the chosen 𝑌 axis is not parallel to the osculating
plane. The track centreline is defined assuming an ideal reference
geometry with absence of irregularities. The arc-length travelled by the
TF along the projection in the horizontal XY plane of the ideal track
centreline is denoted as 𝑠𝑡. This 𝑠𝑡 coordinate does not follow the spacial
3D curve but its horizontal projection on the global plane ⟨𝑋𝑌 ⟩. The
coordinates that describe the position of the origin and orientation of
the TF with respect to the GF are:

𝐪𝑡 =
[

𝑥𝑡 𝑦𝑡 𝑧𝑡 𝜑𝑡 𝜃𝑡 𝜓 𝑡
]𝑇 (1)

where 𝐑𝑡 = [𝑥𝑡 𝑦𝑡 𝑧𝑡]𝑇 is the position vector of the origin of the TF,
𝑂𝑡, with respect to the GF and 𝚽𝑡 = [𝜑𝑡 𝜃𝑡 𝜓 𝑡] is a set of three Euler
angles that describe the orientation of the TF with respect to the GF.
The coordinates of the TF are known functions of the track centreline
geometry, this is, 𝐪𝑡 = 𝐪𝑡(𝑠𝑡). In computational railway dynamics, these
functions are implemented in the so-called track-preprocessor that uses
as input the track design geometry parameters to build the functions
𝐪𝑡(𝑠). Therefore, the set of coordinates shown in Eq. (1) cannot be
considered part of the system generalized coordinates. The arc-length
coordinate, 𝑠𝑡, is in fact the only generalized coordinate that shows the
gross forward motion of the vehicle along the track.

The Euler angles sequence used in this work is the YPR, that
stands for yaw, pitch, roll, the rotations about the 𝑍, 𝑌 ′ and 𝑋′′ axes,
respectively. This sequence of angles results in the following rotation
matrix:

𝐂 =

⎡

⎢

⎢

⎢

⎣

cos𝜓 cos 𝜃 − sin𝜓 cos𝜑 + sin 𝜃 sin𝜑 cos𝜓 sin𝜓 sin𝜑 + sin 𝜃 cos𝜓 cos𝜑
sin𝜓 cos 𝜃 sin𝜓 sin 𝜃 sin𝜑 + cos𝜓 cos𝜑 sin𝜓 sin 𝜃 cos𝜑 − sin𝜑 cos𝜓
− sin 𝜃 sin𝜑 cos 𝜃 cos 𝜃 cos𝜑

⎤

⎥

⎥

⎥

⎦

(2)
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This Euler angles sequence is usually implemented for ground vehi-
cles applications, as it leaves the gimbal lock singularity in an impossible
rotation. The use of Euler angles instead of quaternions has some bene-
fits such as better understanding the physics of the motion involved in
the estimation of the orientation, as well as simplifying the linearization
of the kinematics equations that includes the TF.

3.3. Velocities and accelerations of the TF

The absolute velocity and acceleration of the TF is given by:

̄̇𝐑𝑡 =
⎡

⎢

⎢

⎣

𝑉
0
0

⎤

⎥

⎥

⎦

(3)

̄̈𝐑𝑡 =
⎡

⎢

⎢

⎣

�̇�
𝜌ℎ𝑉 2

−𝜌𝑣𝑉 2

⎤

⎥

⎥

⎦

(4)

And the absolute angular velocity and acceleration of the TF are given
by:

�̄�𝑡 =
⎡

⎢

⎢

⎣

𝜌𝑡𝑤𝑉
𝜌𝑣𝑉
𝜌ℎ𝑉

⎤

⎥

⎥

⎦

(5)

�̄�𝑡 =
⎡

⎢

⎢

⎣

𝜌𝑡𝑤�̇�
𝜌𝑣�̇�

𝜌ℎ�̇� + 𝜌′ℎ𝑉
2

⎤

⎥

⎥

⎦

(6)

where 𝑉 is the forward velocity of the vehicle, �̇� is its derivative, 𝜌ℎ
and 𝜌𝑣 are the horizontal and vertical curvatures of the designed track
respectively, 𝜌𝑡𝑤 is the twist curvature, and 𝜌′ℎ is the spacial derivative
of the horizontal curvature with respect to the 𝑠𝑡 coordinate. These
expressions are of utmost importance for the algorithm proposed in this
paper.

3.4. Kinematics of the BF

In this work, the TF will refer to the body track frame positioned at
the same 𝑋 coordinate than the BF’s. Therefore, the relative position
of the BF with respect to (w.r.t.) the TF is given by:

�̄�𝑏 =
⎡

⎢

⎢

⎣

0
𝑦𝑡,𝑏

𝑧𝑡,𝑏

⎤

⎥

⎥

⎦

(7)

The position and orientation of the BF [𝑂𝑏(𝑋𝑏𝑌 𝑏𝑍𝑏)] with respect to
the TF is defined with the coordinates:

𝐪𝑡,𝑏 =
[

𝑠𝑡 𝑦𝑡,𝑏 𝑧𝑡,𝑏 𝜑𝑡,𝑏 𝜃𝑡,𝑏 𝜓 𝑡,𝑏
]𝑇 (8)

where 𝚽𝑡,𝑏 = [𝜑𝑡,𝑏 𝜃𝑡,𝑏 𝜓 𝑡,𝑏]𝑇 is a set of three Euler angles that describe
the orientation of the BF with respect to the TF. Note the superscript
‘𝑡, 𝑏’ meaning relative position or orientation w.r.t. the track (t) of the
body (b). Therefore, Eq. (8) includes only relative coordinates except
for the 𝑠𝑡.

The position vector 𝐑𝑏 of the centre of the BF with respect to the
GF, 𝑂𝑏, is given by:

𝐑𝑏 = 𝐑𝑡 + 𝐫𝑏 = 𝐑𝑡 + 𝐂𝑡�̄�𝑏 (9)

where 𝐂𝑡 is the rotation matrix that transform the TF components of �̄�𝑏
into GF components.

Once the position of the BF is defined by Eq. (9) and the rotation
matrix is obtained from 𝚽𝑡, the calculation of the absolute velocity and
acceleration in the TF is given by:
̄̇𝐑𝑏 = ̄̇𝐑𝑡 + ̄̇𝐫𝑏 + �̄�𝑡 × �̄�𝑏 (10)
̄̈𝐑𝑏 = ̄̈𝐑𝑡 + ̄̈𝐫𝑏 + 2�̄�𝑡 × ̄̇𝐫𝑏 + �̄�𝑡 × �̄�𝑏 + �̄�𝑡 × (�̄�𝑡 × �̄�𝑏) (11)

where ̄̇𝐑𝑡 and ̄̇𝐫𝑏 are the time-derivatives of the position arrays, 𝐑𝑡 and
𝑏

6

𝐫 , projected to the TF. As TF is a non-fixed frame, it is necessary to
account for the frame’s own rotation and add the term �̄�𝑡× �̄�𝑏 to correct
the expression. Cross products of Eqs. (10) and (11) can be expressed
with skew-symmetric matrices:
̄̇𝐑𝑏 = ̄̇𝐑𝑡 + ̄̇𝐫𝑏 + ̃̄𝛚𝑡�̄�𝑏 (12)
̄̈𝐑𝑏 = ̄̈𝐑𝑡 + ̄̈𝐫𝑏 + 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 +

( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡
)

�̄�𝑏 (13)

where the matrices ̃̄𝛚𝑡 and ̃̄𝛂𝑡 are the skew-symmetric matrices associ-
ated with the angular velocity and acceleration of the TF with respect to
the GF, respectively. Finally, to express the translational acceleration of
the BF in its own local frame, it is necessary to premultiply the Eq. (13)
by the rotation matrix (𝐂𝑡,𝑏)𝑇 , resulting in:

̂̈𝐑𝑏 = (𝐂𝑡,𝑏)𝑇 ̄̈𝐑𝑏 = (𝐂𝑡,𝑏)𝑇
(

̄̈𝐑𝑡 + ̄̈𝐫𝑏 + 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 +
( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡

)

�̄�𝑏
)

(14)

It was important to find this expression because the accelerometer, that
is used in this work, measures the absolute acceleration of the body
frame in its own local frame.

4. Orientation prediction model

No matter what algorithm is used, a prediction model is necessary
to estimate the orientation. As stated in Section 1, general purpose
applications tend to assume that the signals measured by the IMU
are mainly due to gravity while applications of ground vehicles also
include translational acceleration in the model. However, none of these
approaches make a detailed estimation of the value of that translational
acceleration to improve the accuracy of the model. Considering that the
IMU measures gravity as well as that absolute translational acceleration
in its local frame, it can be stated that:

𝐚𝑖𝑚𝑢 = �̂� + ̂̈𝐑𝑏 (15)

where 𝐚𝑖𝑚𝑢 stands for the signal measured by the IMU and

�̂� = (𝐂𝑏)𝑇 𝐠 = (𝐂𝑏)𝑇
⎡

⎢

⎢

⎣

0
0
𝑔

⎤

⎥

⎥

⎦

(16)

when the IMU is rigidly attached to the BF. This expression can be
further expanded using Eq. (14) giving:

𝐚𝑖𝑚𝑢 = (𝐂𝑏)𝑇 𝐠 + (𝐂𝑏)𝑇𝐂𝑡
(

̄̈𝐑𝑡 + ̄̈𝐫𝑏 + 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 +
( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡

)

�̄�𝑏
)

(17)

At this point, the available equations and unknowns can be stated.
Considering that the kinematics of the TF can be calculated with
Eqs. (3)–(6), the unknowns are the absolute Euler Angles, 𝚽𝑏, that
composes the rotation matrix 𝐂𝑏, the position of the body in the TF,
�̄�𝑏, and their time-derivatives. Now, the main hypothesis to make are
to assume that 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 and ̄̈𝐫𝑏 are negligible compared with ̄̈𝐑𝑡, and that
�̄�𝑏 initial value can be approximately measured on-site and its value
will not vary much with time. Another very convenient hypothesis
is to consider that TF and BF are approximately aligned, therefore
𝐂𝑡,𝑏 = (𝐂𝑡)𝑇𝐂𝑏 ≈ 𝐈. These hypotheses are checked in Section 8. This
allows to write the Eq. (17) as:

𝐚𝑖𝑚𝑢 ≈ (𝐂𝑏)𝑇 𝐠 +
(

̄̈𝐑𝑡 +
( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡

)

�̄�𝑏
)

(18)

where a 3 equation - 3 unknown system is reached, with the Euler
angles as the sole unknowns when the accelerometer and encoder
signals are obtained and �̄�𝑏 magnitude is measured. Once this equation
has been setup, different solution methods may be implemented. This
equation can be used for the prediction or update model in a Extended
Kalman Filter or as function to minimize in a Gradient Descendent
Algorithm. These two implementation examples are shown in Section 5.

5. Orientation estimation algorithm

In this paper, both an Extended Kalman Filter (EKF) and an opti-

mization algorithm such as the Gradient Descendent Algorithm (GDA)
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are proposed for the estimation of 3D orientation. The output of the
algorithms is the posing of the BF with respect to the GF, and the
inputs are inertial sensor signals and 𝑠𝑡, 𝑉 , �̇� and �̄�𝑏. In this case,
the EKF is based on Sabatini’s work [44,45] and the GDA is based on
Madgwick’s [26,27].

5.1. Extended Kalman Filter

For the EKF implementation, gyroscope measurements are used for
the prediction model and accelerometer measurements are used in the
observation model. The prediction model used for the implementation
of the EKF is based on the expression that relates the angular velocity
with the Euler angles derivatives [44,45]. That is:

𝜔𝑏 = �̇�𝑏�⃗� + �̇�𝑏𝑗1 + �̇�𝑏𝑖2 (19)

Where �⃗�, 𝑗1, 𝑖2 are the unit vectors of the global frame and the two
intermediate frames (1 and 2, respectively), used in the Euler rotations
sequence. If these unit vectors are projected to the BF, it yields:

�̂�𝑏 = �̂��̇�𝑏 (20)

here �̇�𝑏 is the derivative of the Euler angles, �̂�𝑏 is the local angular
elocity of the body that it is measured with the gyroscope signals and
̂ is the matrix whose columns contain the components of the unit
ectors in the BF. From now on, the superscript 𝑏 will be avoided as
he Euler angles are always referred to this body. This equation can be
xpressed as an ordinary differential equation (ODE) as:

̇ = �̂�−1�̂� =
⎡

⎢

⎢

⎣

1 sin𝜑 tan 𝜃 cos𝜑 tan 𝜃
0 cos𝜑 − sin𝜑
0 sin𝜑∕ cos 𝜃 cos𝜑∕ cos 𝜃

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

�̂�𝑥
�̂�𝑦
�̂�𝑧

⎤

⎥

⎥

⎦

= 𝐟 (𝚽) (21)

Defining 𝐱(𝑡) = 𝚽(𝑡), the continuous system observation model can
e expressed as [53]:

̇ (𝑡) = 𝐟 (𝐱(𝑡), 𝑡) + 𝐰(𝑡) (22)

here 𝐰(𝑡) model the continuous-time white noise process with mean
ero and intensity 𝐐. This model has to be linearized about a reference
tate to be implemented. This reference state, 𝐱𝑅, is obtained as solution
o the Eq. (22) without the process noise, 𝐰(𝑡) as:

̇ 𝑅(𝑡) = 𝐟
(

𝐱𝑅(𝑡), 𝑡
)

(23)

An approximate linear model can be presented as:

̇ (𝑡) − �̇�𝑅(𝑡) = 𝐟 (𝐱(𝑡), 𝑡) + 𝐰(𝑡) − 𝐟
(

𝐱𝑅(𝑡), 𝑡
)

(24)

he function 𝐟 can be linearized about the reference state such as:

(𝐱(𝑡), 𝑡) ≈ 𝐟
(

𝐱𝑅(𝑡), 𝑡
)

+
𝜕𝐟 (𝐱, 𝑡)
𝜕𝐱

|

|

|

|𝐱=𝐱𝑅
(𝐱 − 𝐱𝑅) (25)

Defining 𝐅 matrix as:

(𝑡) =
𝜕𝐟 (𝐱, 𝑡)
𝜕𝐱

|

|

|

|𝐱=𝐱𝑅(𝑡)
(26)

he Eq. (24) can be linearized such as:

̇ (𝑡) − �̇�𝑅(𝑡) = 𝐅(𝑡)
(

𝐱(𝑡) − 𝐱𝑅(𝑡)
)

+ 𝐰(𝑡) (27)

eing Eq. (27) a linear ODE. This system may be split into two different
quations that constitutes the prediction step (propagation of the mean
nd the covariance of the state) and discretized for 𝑘 and 𝑘 − 1 (new
eference state) using the Euler forward integrator such as [54]:

𝐫𝐞𝐝𝐢𝐜𝐭𝐢𝐨𝐧
̂̇𝐱𝑘−1 = 𝐟

(

�̂�𝑘−1
)

(28)

�̂�−𝑘 = �̂�𝑘−1 + ̂̇𝐱𝑘−1𝑇𝑠 (29)

�̂�−
𝑘 = 𝐀𝑘−1�̂�𝑘−1𝐀𝑇𝑘−1 + ∫

𝑇𝑠

0

(

𝑒𝐅𝑘−1(𝑇𝑠−𝜏)
)

𝐐
(

𝑒𝐅𝑘−1(𝑇𝑠−𝜏)
)𝑇 𝑑𝜏 (30)
7

t

ith the hat (̂) noting that they are estimators of the real state (un-
nown), the superscript − meaning a priori estimations, 𝑇𝑠 being the
ampling time, with 𝐀𝑘−1 defined as:

𝑘−1 = 𝑒𝐅𝑘−1𝑇𝑠 (31)

𝑘−1 being the matrix resulting of the linearization of the process model
uch as:

𝑘−1 =
𝜕𝐟
𝜕𝐱

|

|

|

|𝐱=𝐱𝑘−1
(32)

and 𝐐𝑘−1 is the process noise covariance matrix supposed proportional
o the sampling period, 𝑇𝑠, such as 𝐐𝑘−1 = 𝑘𝑇𝑠𝐈, with 𝐈 the 3×3 identity

matrix and 𝑘 the proportionality constant. The process noise covariance
matrix is propagated with the integral in Eq. (30) that can be computed
using Van Loan’s Method [54,55].

However, the update model uses the kinematic-specific equations
presented in Eq. (17). The observation model can be expressed as:

𝐳𝑘 = 𝐚𝑖𝑚𝑢𝑘 −
(

̄̈𝐑𝑡𝑘 + ( ̃̄𝛂𝑘 + ̃̄𝛚𝑘 ̃̄𝛚𝑘)�̄�𝑏𝑘
)

= (𝐂𝑏𝑘)
𝑇 𝐠 = 𝐡(𝐱𝑘) (33)

This equation has the form of 𝐳𝑘 = 𝐡(𝐱𝑘). 𝐳𝑘 gathers the signals
easured by the accelerometer without the estimated translational

cceleration at each instant of time and 𝐡 is the measurement function.
Therefore, the update equations can implemented be as:

𝐔𝐩𝐝𝐚𝐭𝐞

𝐯𝑘 = 𝐳𝑘 − 𝐡(�̂�−𝑘 ) (34)

𝑘 = 𝐇𝑘�̂�−
𝑘𝐇

𝑇
𝑘 + 𝐑𝑘 (35)

𝑘 = �̂�−
𝑘𝐇

𝑇
𝑘 𝐒

−1
𝑘 (36)

̂𝑘 = �̂�−𝑘 +𝐊𝑘𝐯𝑘 (37)
̂
𝑘 = �̂�−

𝑘 −𝐊𝑘𝐒𝑘𝐊𝑇
𝑘 (38)

here 𝐯𝑘, known as the innovation, is the absolute error between real
easurements and the values estimated by the measurement function;
𝑘 is the sensor noise covariance matrix; 𝐒𝑘 gathers the uncertainty of
rediction and measurement; 𝐊𝑘 is the so-called Kalman gain and 𝐇𝑘
s the linearization of Eq. (33) such as:

𝑘 =
𝜕𝐡
𝜕𝐱

|

|

|

|𝐱=𝐱−𝑘
(39)

It can be observed that this model is similar to that used for ground
vehicles by Klier [39] and others. Nevertheless, in this paper, the
expression for the translational acceleration is presented in much more
detail, considering the design geometry of the guideway is known in
advance. The result of this implementation is shown in Section 6.

5.2. Gradient descendent algorithm

As suggested by Madgwick et al. [26,27], this method provides the
optimal orientation of the sensor frame such that the measurement of
the accelerometer coincides with the gravity vector 𝐠. The function to
minimize in that paper is:

𝐟𝐌𝐚𝐝𝐠𝐰𝐢𝐜𝐤(𝚽𝑏, 𝐚𝑖𝑚𝑢) = 𝐚𝑖𝑚𝑢 − �̂� = 𝐚𝑖𝑚𝑢 − (𝐂𝑏)𝑇 𝐠 (40)

Naturally, the accelerometer also measures the acceleration of the
sensor. Therefore, a more accurate function to minimize includes the
translational acceleration term as given in Section 4, as follows:

𝐟 (𝚽𝑏, 𝐚𝑖𝑚𝑢) = 𝐚𝑖𝑚𝑢 − (𝐂𝑏)𝑇 𝐠 − ̂̈𝐑𝑏 (41)

here ̂̈𝐑𝑏 is the absolute translational acceleration of the BF with
espect to the GF projected to the BF. It must be noted that these
ranslational accelerations are, in general applications, unknown. Con-
equently, the common approach is to disregard this term. However,
n railway applications this acceleration can be well approximated if
he track geometry and the forward velocity of the vehicle are known,
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Fig. 5. Experimental setup of the IMU sensor in the railway axle (body frame).
as it was previously stated. Considering Eq. (13) and the hypotheses
made in previous sections, the minimization function of Eq. (41) can
be rewritten as:

𝐟 (𝚽𝑏, 𝐚𝑖𝑚𝑢) = 𝐚𝑖𝑚𝑢 − (𝐂𝑏)𝑇 𝐠 −
(

̄̈𝐑𝑡 +
( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡

)

�̄�𝑏
)

(42)

Once the minimization function is set, the GDA algorithm can
be used with the implementation detailed in Madgwick’s works [26,
27]. The results of this algorithm are shown in Section 6. More re-
cently, Madgwick et al. [24] published a new orientation estimation
article showing promising results. However, that article is mainly fo-
cused on improving performance under magnetic distortions while the
method proposed in this paper does not use magnetometer data.

6. Experimental setup and rides

The experiments were made in a light-metro train property of Metro
de Sevilla riding on its operational track at different speeds. This light-
metro vehicle uses independently rotating wheels (IRW). The use of
IRW allows the installation of the inertial sensor on the wheelset axle
(see Fig. 5). Therefore, this solid is considered the body frame whose
origin is coincident with the sensor frame’s.

The complete track geometry measurement system (TGMS) also
included a computer vision system to measure the displacements of the
railheads with respect to the body frame. However, the output data of
these sensors is not used for this orientation estimation algorithm and
therefore the camera system shown in Fig. 5 is not described.

The IMU used was a AHRS 3DM-GX4®-25 of LORD MicroStrain that
provided the measurements of acceleration, angular velocity, magne-
tometer and Euler angles at 250 Hz. However, the magnetometer signal
was finally not considered for the proposed orientation estimation algo-
rithms because this sensor is most likely subjected to strong magnetic
distortions due to the industrial environment and the underground
rides. In Table 1, the main technical specifications of the sensor are
shown.

The data of this IMU was collected with a ad-hoc data acquisition
system based on a microcontroller which gathered the measurements
with a RS232 protocol and send them to a computer with a serial
communication protocol (see Fig. 6).

The different parameter values used for the implementation of
the algorithm where the following: The measured value of �̄�𝑏 was
[0, 0, 0.6]𝑇 metres for the initial position. For the Madgwick’s algo-
8

rithm implementation, the value of the estimated mean zero gyroscope
Table 1
Technical specifications of sensor AHRS 3DM-GX4®-25.

Accelerometer Gyroscope Magnetometer

Measurement range ±5 g ±300◦/sec ±2.5 Gauss
Non-linearity error ±0.03% fsa ±0.03% fs ±0.4% fs
Resolution < 0.1 mg 0.008◦/sec –
Bias instability ±0.04 mg 10◦/hr –
Initial bias error ±0.002 g ±0.05◦/sec ±0.003 Gauss
Noise density 100 μg/

√

Hz 0.005◦/sec/
√

Hz 100 μGauss/
√

Hz
Alignment error ±0.05◦ ±0.05◦ ±0.05◦

Acquisition frequencyb 4 kHz 4 kHz 50 Hz max

afull scale, % of error with respect to the real absolute value.
bThis acquisition frequency is much higher than the sampling frequency to average the
output signal and reduce the noise.

Fig. 6. Data acquisition system hardware used during the experiments.

measurement error, 𝜔𝐸𝑟𝑟𝑜𝑟, was 0.5 ◦∕𝑠. For the EKF algorithm imple-
mentation, the values of the covariance matrices were initially set to
𝐐𝑘−1 = 𝑘𝑇𝑠𝐈 = 1 ⋅ 10−2𝐈 with 𝑘 = 2.5 and 𝑇𝑠 = 4 ms, and 𝐑𝑘 = 𝜎2𝑎𝑐𝑐𝐈
with 𝜎𝑎𝑐𝑐 = 1.5 ⋅ 10−2 m∕s2. However, they were adjusted to new
values to obtain better results and the final settings implemented were
𝐐𝑘−1 = 1 ⋅ 10−3𝐈 and 𝐑𝑘 = (1.5)2 ⋅ 102𝐈. This decreases the uncertainty
of the model and increases the uncertainty of the measurement, so the



Measurement 184 (2021) 109898E. Briales et al.
Fig. 7. Real instantaneous velocities of the different rides.
Table 2
Comparative between the characteristics of the different rides in which measurements were taken.

Measurements

01/03 02/04 05 06

Identification go20A/go20B back20A/back20B go70 back70
Origin station Condequinto Olivar Condequinto Olivar
Origin PK 15+900 18+00 15+900 18+000
Destination PK 18+000 15+900 18+000 15+900
Destination station Olivar Condequinto Olivar Condequinto
Length (m) 2100 −2100 2100 −2100
Ride direction forwards backwards forwards backwards
Velocity low low commercial commercial
Velocity setpoint (km/h) 20 −20 70 −70
Mean velocity (km/h) 21/18 −21/−21 42 −31.5
algorithm mainly uses the prediction for the orientation estimation but
the drift is still corrected by the update step.

In order to test the validity of the algorithm proposed in this paper,
different rides where made to collect inertial and forward velocity data.
The different riding tests are summarized in Table 2.

The forward velocity has an important influence in the estimation
of the orientation because, along with the geometry, velocity has direct
influence on accelerations and angular velocities of the track frame, as
it can be seen in Eqs. (3)–(6). Therefore, low-speed and high-speed
rides will be considered independently to properly understand the
differences.

The instantaneous velocities of these rides are shown in Fig. 7,
where the velocity in the backward direction is considered as negative.

The vertical and horizontal projection of the track centreline cov-
ered during the experiments are shown in Figs. 8 and 9, and the
curvatures of the sections are shown in Fig. 10.

This route contains smooth curves, sharp curves and straight sec-
tions, what permits to evaluate the behaviour of the proposed algo-
rithms for different track section geometries.

The sensor signal and estimated track frame kinematics must be
referenced to the same point in the track. For this reason, position of the
vehicle along the track at each instant is necessary. The authors have
developed their own odometry algorithm that corrects the position of
the railway by comparing the vertical angular velocity measured when
the vehicle is entering or exiting a curve. This method allows to correct
the errors in odometry reaching an accuracy in the order of magnitude
of 1 metre. This algorithm is outside the scope of this paper but the
readers can refer to Escalona’s work for further explanation [47].

The results of proposed orientation estimation method for the rides
given in Table 2 are shown in Section 7.
9

7. Comparative

The proposed estimation methods have been implemented using
the presented Extended Kalman Filter and the corrected Madgwick’s
algorithm. In this section, results have been compared to the orientation
given by commercial IMU for different rides.

7.1. EKF and Madgwick comparative for Test 01

As it can be seen in Fig. 11 for the ride go20A, the improvements of
the orientation estimation when introducing the kinematics of the track
frame are noticeable. Not only the yaw curve has a reasonable shape,
but the roll and pitch do follow the reference value of these angles
properly. When comparing EKF implementation with Madgwick’s, it is
also worth noting that the results are very similar for both algorithms.
As gravity can only be used to calculate roll and pitch (heading does
not modify local gravity in IMU axes) the calculation of yaw angle is
exactly the same for EKF and GDA and therefore is subjected to the
same drift issue. This makes the EKF and Madgwick’s values for this
angle appear overlapped in the figures.

At this point, the different behaviour of the Euler angles obtained
with GDA and EKF are clear. In the case of the roll angle, while the GDA
properly follow the track reference angles, the EKF fails to obtain the
proper value both in curves and in straights where the angle does not
return to 0. In the case of the pitch angle, both methods are very simi-
lar, having the same overall error (around ±1◦). The difference between
both methods for roll angles requires a deeper reflection. While the
EKF is usually the algorithm that grants best results, that was not the
case for the authors. At first, it was observed that Euler angles results
had little response to big modifications the EKF parameters (𝐐𝑘−1, 𝐑𝑘).
Which means that the sensitivity of the algorithm to these parameters
was very low. To improve the results, the relative weight between the
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Fig. 8. Vertical profile of the design track covered during the experiments.

Fig. 9. Track sections analysed during the experiments in Metro de Sevilla.

Fig. 10. Curvatures of the design track covered during the experiments.
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Fig. 11. Ride go20A. Commercial IMU, Madgwick and EKF orientation estimations.
model and measurement uncertainty was modified. The propagation
of the continuous model uncertainty was included in the calculation
as shown in Eq. (43) what decreased the overall value of the model
covariance, and the measurement uncertainty was increased to reduce
the weight of the update step in the algorithm. This modifications lead
to certain improvements in the EKF final results.

𝐐𝑘−1 = ∫

𝑇𝑠

0

(

𝑒𝐅𝑘−1(𝑇𝑠−𝜏)
)

𝐐
(

𝑒𝐅𝑘−1(𝑇𝑠−𝜏)
)𝑇 𝑑𝜏 (43)

In order to ease the comparison between the different methods used
to calculate the Euler angles, the Root Mean Squared (RMS) of the
difference between the Euler angles signals and the reference values
are shown in Fig. 12. As it can be seen, the comparative clearly shows
that the Madgwick’s algorithm accuracy is slightly better than the
other methods for the roll angle, that is the most important for the
irregular geometry of the track as stated before. The results are similar
in the case of the pitch angle, Madgwick’s algorithm shows the best
accuracy followed by the commercial IMU and EKF in the last position.
Finally, for the yaw angle Madgwick’s and EKF algorithms provide the
same results, while, as it could be clearly seen in previous figures,
the commercial IMU totally fails when reconstructing the magnitude
of this angle. The same evaluation can also be done considering the
RMS average values shown in Table 3.

If the results of these algorithms are compared with the magnitudes
obtained with non-compensated accelerations (lacking the translational
term), the goodness of the proposed algorithm are clear. As shown
in Fig. 13, the accuracy of the algorithm without the translational
acceleration term is not good in curves. This behaviour is also visible in
Fig. 14 for EKF implementation of the compensated model (proposed)
and the non-compensated model (general purpose standard).

Regarding convergence, it is worth noting that the compensated
algorithms reach the reference value faster than their non-compensated
versions. This fact is not always clear as the 𝑋-axis shows Track
kilometre instead of Time so the number of signal values close to the
ends, when the vehicle moves slower, is higher than in the rest of the
signal, in which the train moves at faster pace. Moreover, to avoid
some numerical issues due to close near-zero velocities the signal was
cropped two seconds at the beginning and at the end.

For the next comparatives, the commercial IMU magnitudes or non-
compensated results are no longer shown, as they completely differ
from the reference. Only the new model implementations are shown
11

in the following figures for clarity.
7.2. Low-speed forward tests

Reviewing Madgwick’s algorithm results shown in Fig. 15, the value
of the roll in curves has very good agreement with the reference value
and has good repeatability between these rides. For pitch and yaw, it
appears a mild drift but the overall adjustment is also good.

Regarding the EKF results shown in Fig. 16, they are quite similar
to Madgwick’s. For the roll, there is a mild drift in the overall low-
frequencies magnitudes in straight lines (they should be closer to zero).
This effect is slightly more noticeable in the ride go20B.

7.3. Low-speed tests

In Fig. 17 two different forward rides are compared with two differ-
ent backward rides measuring the same section of the track. Although,
the results for the pitch and yaw present different degrees of drift for
the different trips, it is clear that the proposed method works perfectly
for the estimation of the roll angle obtaining a very good agreement
with the design track angles as well as a good repeatability of the
results.

In the case of EKF algorithm shown in Fig. 18, the results are not
such as promising. Even after some adjustments in the filter parameters,
the drift effect for the different rides could not be completely removed,
specially when comparing go and back trips.

7.4. Low and high-speed forward tests

In Fig. 19, the results shown reassure the goodness of the proposed
prediction model even for different velocities. However, in the case of
EKF implementation (see Fig. 20) the repeatability of the results is not
properly obtained for different velocities.

7.5. All tests

To finalize the comparisons, all the previous tests are plotted to-
gether to provide an overall view of the results obtained and shown
in Figs. 21 and 22. While Madgwick’s algorithm implementation excels
in improving the results of Euler angles estimation obtained by gen-
eral purpose estimations, the EKF implementation presents important
deviations both in curves and straight sections when compared with
the track design angles. The EKF algorithm does not achieve good
results when the vehicle moves backwards at highest velocity (back70),
being worse the results in the curves. Regarding heading angle it can

be seen that the behaviours of the forward trips are slightly different
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Fig. 12. RMS values of difference between the Euler angles and reference calculated with different methods.

Fig. 13. Comparison of Madgwick’s algorithm results when using compensated and non-compensated accelerations.

Fig. 14. Comparison of EKF results when using compensated and non-compensated accelerations.
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Table 3
RMS of the difference (Mean ± standard deviation) between the Euler angles and the reference value for each method.

Method RMS of Roll
difference (◦)

RMS of Pitch
difference (◦)

RMS of Yaw
difference (◦)

Commercial IMU 0.331 ± 0.525 0.397 ± 0.52 52.4 ± 37.3
Madgwick 0.226 ± 0.208 0.284 ± 0.35 8.25 ± 5.43
EKF with compensated
accelerations

0.277 ± 0.215 0.608 ± 0.499 8.31 ± 5.45
Fig. 15. Rides go20A + go20B. Madgwick orientation estimations.
Fig. 16. Rides go20A + go20B. EKF orientation estimations.
than the backward trips. This is due to the fact that the trips were
made in different directions and therefore the drift effect grows towards
different directions of the signal. The initial angle value of the signal
were set to the same value in order to ease the comparative between
the trips.

8. Discussion

In this work, the focus was on improving the prediction model and
test the results using different orientation estimation algorithms and
the data obtained from an inertial sensor. To that end, the acceleration
13
and angular velocity used from the commercial IMU were considered.
No sensor model has been used. This is equivalent to assume bias-free
and perfectly calibrated sensors.

The comparative between the algorithms was intended to be fair by
looking for the similarities while accounting for their particularities. In
this regard, while many reviewed articles tend to use the magnetometer
for correcting the heading angle, it was not considered in this paper
because it is of no interest for the track geometry measurement applica-
tion. Consequently, heading angle should be considered as a secondary
result, included to complete the comparison with the three Euler angles,
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Fig. 17. Rides go20A + back20A + go20B + back20B. Madgwick orientation estimations.
Fig. 18. Rides go20A + back20A + go20B + back20B. EKF orientation estimations.
but not as important as the roll and pitch. Besides, heading has no
effect whatsoever in the track geometry measurement application this
methodology was developed to begin with.

About the updated prediction model updated some considerations
should also be kept into account. The Eq. (14) used as baseline for the
prediction model is exact by definition. However, some hypothesis had
to be made for its terms in order to make it useable for the algorithms.
These hypotheses are gathered below:

1. ̄̈𝐫𝑏 ≪ ̄̈𝐑𝑡
2. 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 ≪ ̄̈𝐑𝑡
3. �̄�𝑏 known and approximately constant over time

As stated before, this work is part of a wider application that aims to
measure the geometry of the track. For that purpose, the magnitudes of
the position, velocity and acceleration of the body frame w.r.t the track
frame, �̄�𝑏, ̄̇𝐫𝑏, ̄̈𝐫𝑏, must be estimated. These magnitudes are obtained
from direct double integration of the IMU acceleration without the TF
14
accelerations, after filtering the signals with a band-pass filter to avoid
drift issues. Although this estimation is subjected to integration errors
and it is not highly reliable, the terms may be compared. The order of
magnitude3 of the assumed terms are shown below:

1. ̄̈𝐫𝑏 ∼ 2.81 ⋅ 10−1 m∕s2

2. 2 ̃̄𝛚𝑡 ̄̇𝐫𝑏 ∼ 1.96 ⋅ 10−5 m∕s2

3.
( ̃̄𝛂𝑡 + ̃̄𝛚𝑡 ̃̄𝛚𝑡

)

�̄�𝑏 ∼ 1.11 ⋅ 10−6 m∕s2

Considering that the value of the accelerations in the track frame
are ̄̈𝐑𝑡 ∼ 2.93 ⋅ 10−1 m∕s2, the assumptions may be considered accurate
enough for hypotheses 2nd and 3rd but not for the 1st. However, the
term ̄̈𝐫𝑏 will be highly dependent on the ride velocity, direction and
track geometry, consequently it cannot be easily estimated. This term

3 Standard deviation for the ride go20A.
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Fig. 19. Rides go20A + go20B + go70. Madgwick orientation estimations.
Fig. 20. Rides go20A + go20B + go70. EKF orientation estimations.
may be one of the main reasons the estimations does not completely
coincide for different rides using either Madgwick’s or EKF algorithms.

9. Summary and conclusions

Experimental heading and attitude measured with inertial sensors
is still an ongoing concern in mechanical engineering. The estimation
of the orientation of a rigid body in the 3D space presents time-
increasing errors (drift) when integrating gyroscope signals. Therefore,
new algorithm are being continuously developed to conquer precision
and efficiency of this procedure.

In this work, the orientation of a railway with respect to the track
is estimated with a novel methodology using the railway-specific track
frame. This method considers the translational acceleration of the track
frame in the prediction model. To that end, the design geometry and the
instantaneous forward velocity of the railway are used. The model is
15
implemented and compared using with two different algorithms: GDA
from Madgwick’s work and EKF from Sabatini’s.

The value of the Euler angles obtained are much more accurate
with the proposed model than those obtained with general purpose
models that do not consider the translational acceleration. Moreover,
these Euler angles values are accurate enough and can be used for the
track geometry measurement obtaining accuracies that comply the in-
dustrial standard UNE-EN-13848, Railway applications – Track – Track
geometry quality. For this reason, the authors consider these results
quite good when compared with other sensor fusion algorithms that do
not include a proper translational acceleration estimation. Introducing
the kinematics of the track frame grants higher accuracy in straight
and curves sections alike. It also helps reducing overshooting effect in
straight-curves transitions, being this effect much clearer in Madgwick’s
implementation.

The reason to implement a GDA as well as the popular EKF is due to
the fact that the former offered better results without the necessity of
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Fig. 21. Rides go20A + back20A + go20B + back20B + go70 + back70. Madgwick orientation estimations.
Fig. 22. Rides go20A + back20A + go20B + back20B + go70 + back70. EKF orientation estimations.
several parameters to tune-up. This is considered to be mainly due to
the complication of establishing proper Kalman uncertainty parameters,
while in Madgwick’s algorithm optimal parameters values were already
provided by the author.

Once the prediction model is more realistic, the accuracy of the ori-
entation estimation may be increased improving the different algorithm
implementations. Moreover, the use of certain constrains based on
known railway kinematics and track kinematics may also be included
in the different algorithms. Finally, the use of certain reliability tests to
modify the weight of the different measurements when introduced into
the algorithm would also improve the final results of the algorithm.
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