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Abstract

The toughness of a noncomplete graph G is defined as 7(G) =
min{|S|/w(G — S)}, where the minimum is taken over all cut-
sets S of vertices of G and w(G — S) denotes the number of
components of the resultant graph G'— S by deletion of S. In
this paper, we investigate the toughness of the corona of two
connected graphs and obtain the exact value for the corona of
two graphs belonging to some families as paths, cycles, wheels
or complete graphs. We also get an upper and a lower bounds
for the toughness of the cartesian product of the complete graph
K> with a predetermined graph G.

1 Introduction

Throughout this paper, all the graphs are simple, that is, without loops
and multiple edges. Notations and terminology not explicitly given here
can be found in the book by Chartrand and Lesniak [3].

Let G be a graph with vertex set V(G) and edge set F(G). The graph
G is called connected if every pair of vertices is joined by a path. A cutset
in a graph G is a subset S C V(G) of vertices of G such that G — S is not
connected.
The existence of a cutset is always guaranteed in every graph different
from a complete graph K,. The index of connectivity of G, denoted by
k(G), is defined as the minimum cardinality over all cutsets of G, if G is a
noncomplete graph, or |V(G)| — 1, otherwise.

There are several measures of vulnerability of a network. The vulner-
ability parameters one generally encounters are the indices of connectivity
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and edge-connectivity. These two parameters give the minimum cost to
disrupt the network, but they take no account of what remains after the
destruction. To measure the vulnerability of networks more properly, some
vulnerability parameters have been introduced and studied. Among them
are toughness, integrity, scattering number, tenacity and several variants
of connectivity and edge-connectivity called conditional connectivity, each
of which measures not only the difficulty of breaking down the network but
also the damage caused. In general, for most of the aforementioned param-
eters, the corresponding computational problem is N P-hard. So it is of
interest to give the formulae or algorithms for computing these parameters
for special classes of graphs. For our purpose, we deal with the notion of
toughness, introduced by Chvatal [4], which pays special attention to the
relationship between the cardinality of the rupture set in the network and
the number of components after the rupture. The parameter is defined as

7(G) = min {|S|/w(G - S) : S C J(G)},
where
J(G)={S CV(G):Sisacutset of G or G — S is an isolated vertex},

and w(G — S) denotes the number of components in the resultant graph
G — S by removing S.

Since this parameter was introduced, lots of research has been done,
mainly relating toughness conditions to the existence of cycle structures.
Historically, most of the research was based on a number of conjectures in
[4]. Some of most interesting results are [1, 2, 5]. However, exact values
of 7(G) are known only for a few families of graphs as paths and cycles
[4], the cartesian product of two complete graphs [4] and of paths and/or
cycles [7], and the composition of two graphs, one of them being a path,
a cycle or a complete bipartite graph [7]. In this paper we focus on the
toughness of two families of graphs: the corona G o H of two graphs [6] and
the cartesian product Ko x G.

If for each vertex x in a graph G, we introduce a new vertex z’ and join
xz and x’ by an edge, the resulting graph is called the corona of G. The
operation of adding one vertex for each vertex of G and connecting them
by an edge can be generalized as follows. The corona of any two graphs G
and H, denoted by G o H, is the graph obtained by taking one copy of G
and |V (G)| copies of H, and then joining the ith vertex of G to every vertex
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in the ith copy of H. Observe that the particular case in which H = K,
the graph G o K is called the corona of G. The cartesian product Ko x G
of the complete graph K5 and any graph G is the graph with vertex set
V(K3) x V(G) in which vertex (i, u), for i = 1,2, is adjacent to vertex (j,v)
whenever ¢ = j and uwv € E(G), or i # j and u = v [6].

There exists several kinds of interconnection networks whose structure
can be modeled in terms of the cartesian product or the corona of two
predetermined networks. The cartesian product of graphs seeks to establish
parallel connections between identical structures, minimizing the cost of
such connections. The corona of two predetermined graphs is often present
in electric networks distributed in a big city where each transformer must
guarantee the energy supply of its catchment area. In order to optimize
resources, the distribution of transformers is made by dividing the city in
catchment areas of the same entity. Thus, in terms of Graph Theory, the
structure to be analyzed consists of a network transformers, modeled by
a graph, G where each transformer is connected with its catchment area,
modeled by the graph H. The resultant graph is the corona G o H of
G and H. In the maintenance of electric networks is relevant to avoid
the disruption of the energy supply, but when the failure in some nodes
produces the rupture of the network, the greater the number of fragments in
which the network has been divided, the greater the cost of reconstruction.

The relationship between the cardinality of a cutset of a graph G and
the remaining component after disruption is analyzed by the notion of
toughness, defined above. So our aim in this work is to determine the
toughness of the corona G o H of two connected graphs G and H in terms
of known parameters of them. As a consequence, we will deduce the exact
value of the corona of some families of graphs involving stars, paths, cycles,
wheels or complete graphs. We will also find an upper and a lower bounds
for the toughness of Ky x G, for any arbitrary graph G.

2 The toughness of the corona of two graphs

2.1 Notations and remarks

Let G, H be two connected graphs on m and n vertices, respectively. Let
us set V(G) = {v1,...,v,} and denote by H; the copy of H that is joined
to vertex v; of G in G o H. Thus, every cutset S of G o H will henceforth
expressed as S = Sp U ;L Si, where Sy C V(G) and S; C V(H;), for
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i=1,...,m. We denote by wyg = w(G—5p), w; =w(H; —S;),i=1,...,m,
that is, the number of component of G — Sy and H; — S;, i = 1,...,m,
respectively.

A cutset of G o H such that |S|/w(GoH —S) = 7(G o H) will be called
a 7-cut of G o H. Let us see some remarks on the 7-cut of the corona of
two graphs.

Remark 1 If S = SoUJ, S; is a cutset of the corona G o H of two
connected graphs G, H, then Sy # 0.

Proof: If Sy = () then every vertex of G o H — S either is in V(G) or is
adjacent to one vertex of G, hence, Go H — S is connected, against the fact
that S is a cutset of G o H. O

Remark 2 Let S = Sy UJ", S; be a 7-cut of the corona G o H of two
connected graphs G, H. If v; € Sy then either S; = () or S; is a cutset of
H;j.

Proof: Let v; € Sy and suppose by way of contradiction that S; # () is not
a cutset of H;. Let us consider the set S* = S\ Sj. Observe that either
H;—S;is a component of GoH — S or S; = V(H;) and H; is a component
of GoH — S*. Thus, w(Go H — S*) > w(G o H— S) and therefore,

S Aslem IS
Ww(G@oH—-5%) ~ w(G@oH-S5) w(GoH-25)

which contradicts the hypothesis that S is a 7-cut of G o H. Then either
S;=0or S;jis acutset of H;. O

=7(GoH - S),

Remark 3 Let S = Sy U J", S; be a 7-cut of the corona G o H of two
connected graphs G, H. If v; ¢ Sy then S; = 0.

Proof: Let v; ¢ Sp and suppose by way of contradiction that S; # ). Let
us consider the set S* = S\ S;. Observe that either H; — S; belongs to
the component of G o H — S that contains vertex v; or S; = V(H;) and
H; belongs to the component of G'o H — S* that contains vertex v;. Thus,
w(Go H —S*)=w(GoH —S) and therefore,

S ISl=n S
w(GoH—-S5%*) w(GoH-S) w(GoH-Y5)

=7(GoH —85),
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which is again a contradiction with the fact that S is a 7-cut of G o H.
Then S; =0. O

Let S = SoUU;", S; be a 7-cut of Go H. From now on, we may assume
without loss of generality that the vertices of the set V(G) = {v1,..., v}
are ordered so that [S1| > -+ > |Sp,|. Let k € {1,...,m} be the maximum
integer such that S; # 0 for all « = 1,...,k. Then, as an immediate
consequence of Remark 1, Remark 2 and Remark 3, it follows that |S| =

k k
|So +Z|SZ-| and w(Go H — 5) :woJrZwiJr |So| — k.
i=1 i=1

2.2 Main results

Let G, H be two connected graphs on m and n vertices, respectively. Our
purpose is to determine the toughness of the corona Go H of G and H. To
begin with, given a 7-cut of GG o H, the first question that we must answer
is wether every copy of graph H can be disconnected to be disconnected in
the same way. The following lemma provides an answer to this question.

Lemma 4 Let G, H be two connected graphs of order m and n, respec-
tively, and let S = SoUJ", S;i be a T-cut of GoH of minimum cardinality.
If S; #0, S; # 0, fori,j =1,...,m with i # j, then |S;| = |S5;| and

W = Wj.

Proof: Let us consider the vertex set V(G) = {v1,..., vy} ordered so that
|S1] > «++ > |Sm|, and let k € {1,...,m} be the maximum integer such
that S; # () for all 4 = 1,..., k. Thus, |S| = |So| + &, |Si|. Since S is a
T-cut of G o H, we have

k
1Sol+ Y _ |Sil
=1

k
wo+ Zwi + ’SO’ —k
=1

|Sol+k|Se|
— wo+tkwe+|Sol—k’ (1)

T(Go H) =

forevery £ =1,...,k,
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yielding to

k k
(‘S{)’ + Z ‘SJ) kwe + (wo + |So| — k) Z | S5
=1

ki:l L (2)
< S0l > wi+ (w0+2wi+ |So] k:) k|Sy|, for £=1,...,k.
i=1 i=1

By taking summation in (2) we deduce that

k k k
(!So| +) !Sl|> kY we+ k(wo + |Sol — k) Y 1S
: =1

=1 /=1
k k k
< k’SO‘ Zwi + (LU() + Zwi + ‘S()’ — k:) kz ‘Sg‘
=1 =1 /=1
k k k
_ (w +Z!5e!> S SPTRTRPTES SIP)
/=1 =1 /=1

which implies that all the inequalities of (2) become equalities, and there-
fore, all the inequalities of (1) become equalities. Thus,

Sol+ kIS ISl + IS,
wo + kw; + |So| =k wo + kwj +[So| — &’ (3)
forall i,j =1,...,k,

T(Go H) =

which means that the set S* = Sy U Ule S}, where S} = S}, for all
i=1,...,k, is also a T7-cut. Hence,

k
S| = IS0l + > _1Sil > IS0l + kI Sk| = |S*],
=1

yielding to |Si| = - - - = |Sk| because S has minimum cardinality. Moreover,
given any two subsets S;, S;, with 4,5 € {1,...,k} and ¢ # j, from (3) it is
clear that w; = w;. Then the result holds. [J

Given a 7-cut S = Sp U J", S; of G o H with minimum cardinality,
by Lemma 4 we may assume without loss of generality that for each ¢ =
1,...,m, either S; =0 or S; = Sy, for some Sy C V(H). Furthermore, it
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follows that either w(H; — S;) =1 (if S; = 0) or w(H; — S;) = w(H — Sg)
(if S; = SH).

To upper bound the index of toughness of G o H, it is enough to find a
cutset S of GoH and compute |S|/w(GoH —S). There are some alternatives
in the choice of such a cutset, as the following proposition shows.

Proposition 5 Let G, H be two connected graphs of order m and n, re-
spectively. Let Sg C V(H) be any cutset of H of cardinality |Sg| = p and
denote by ¢ = w(H — Sg). Then

1 1 1
7(GoH) <minq —, 7(G) , +p, 1+p .
Proof: First, let v; be any vertex of V(G) and let us consider the set S =
{v;} in GoH. Then S is a cutset and G o H — S since v; separates the copy
H; of H from Go H — ({v;} UV (H,)). Furthermore, Go H — S has at least
two components, i.e., w(GoH —S) =1+w(Go H — ({v;} UV(Hj))) > 2,
yleldlng to T(G o H) < % < %
Second, let S C V(G) be a 7-cut of G. Then S is a cutset of G o H and
w(Go H—S)=w(G—S)+|S| and therefore,

S|
S| S| . wEG=95  1(G)
T(GOH)SW(GOH5)§w(G5)+|5|_1+ e}
w(G—-295)

Third, let Sy C V(H) be any cutset of H of cardinality |Sy| = p
and denote by ¢ = w(H — Sg). Take any vertex v; € V(G) and set
S; = Su C V(H;). Let us consider the vertex set S = {v;}US; and observe
that Sis a cutset of GoH. Indeed, w(GoH —S) = w(G—vj)+w(H;—S5;) >
14+w(H;—S;). Thus, if we denote by p = |S;| and denote by ¢ = w(H—S),
it follows that

5 1+ 15;] 1+p
H) < < = .
m(Go )_w(GoH—S)_l—i—w(Hj—Sj) 1+¢q

Finally, take any cutset Sy C V(H) of H of cardinality |Sy| = p and
denote by ¢ = w(H — Sy). Let Sy = {ws,..., w5} C V(G) be a T-cut
of G and denote by H; the copy of H joined to vertex w; in G o H, for
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i =1,...,]|S0]. Let us consider the vertex set S = Sy U U,lioll Si, where
S; = Su, for every i = 1,...,|Sg|. Clearly S is a cutset of G o H and
w(GoH—S)=w(G— Sy) + |So|lw(H — Si). Hence,

S| S0 + [Sol|SH]|
HGoH) S DEoH=8) ~ (G =S + |Solw(H — S1)
|So|(1 +p)
w(G — So) + [Solq
7(G)(1 + p)
1+7(G)q
1ty
1/7(G) +q

Thus, 7(G o H) < min {%, %?)G), %Z, %iq} and the result holds. [

The next result gives a necessary condition for a 7-cut of G o H to
contain vertices of some copy H;.

Lemma 6 Let G, H be two connected graphs of order m and n, respec-
tively, and let S = SoUJ", S; be a T-cut of GoH of minimum cardinality.
If S; # 0 for some j =1,...,m, then |S;|/w(H; — S;) < 1/2.

Proof: From Lemma 4 there exists a vertex set Sy C V(H) such that
either S; = (0 or S; = Sy, for every ¢ = 1,...,m. So without loss of
generality we may assume that there is an integer k € {1,...,m} such that
S =5U Ule Sy that is, S; = Sy if i € {1,...,k} and S; = () otherwise.
Therefore, it is enough to us to prove that |Sy|/w(H — Sg) < 1/2. To
clarify expressions, denote by wy = w(G — Sp) and wy = w(H — Sg). By
applying Remark 1, we know that Sy # ), and from Remark 2 and Remark
3 it follows that k < |Sp|. Thus, |S| = |So| + k|Sk| and w(G o H — S) =
wo+kwr+|So|—k. By applying Proposition 5 we know that 7(GoH) < 1/2,
which implies that

L ISol+ kISl
w(GoH—S) wo—i-ka—‘r’So‘—k

1
<_7
-2

yielding to
1 wo— (S0 + k)
WH 2 2kwgr '
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Since Sy # ) because of Remark 1, and k > 1, if Sy is not a cutset of
G then wy <1 (ie., wp = 0 if Sy = V(G), and wy = 1 otherwise). Hence,
applying inequality wo — (|So| + k) < 0 in (4), we have % < 1. Thus,
suppose that Sy C V(G) is a cutset of G.

First assume that [So|/wp > 1. This means that wy — (|So| +k) <
wo — |So| <0, yielding in (4) to ‘i—g‘ < 3.

Second assume that |Sy|/wp < 1. Since Sy is a cutset of G then it is
also a cutset of G o H and w(G o H — Sp) = wp + |So|. Therefore, by using

that S is a 7-cut of GG o H, it follows that

|So] |So| + k[SH| S0l + k|SH|
——  _>7(GoH)= > .
wo—i-’So‘ _T( ° ) u)o—i—ka—i-‘So’—/{: w0+k(AJH+’S()’

(5)

Combining the first and the last members of (5) we deduce that

|Sol
!SH!< 1So] oo

wg  wo+ S| 14 1Sl

wo

<1
9’

because |Sp|/wo < 1. This concludes the proof. O

From these previous results it follows the next theorem where the tough-
ness of the corona G o H of two connected graphs is determined in terms
os some parameter of G and H.

Theorem 7 Let G, H be two connected graphs of order m and n, respec-
tively. Then the following assertions holds:

(i) IF7(G) > 1 and 7(H) > 1/2, then 7(G o H) — %

(i) If 7(G) <1 and 7(H) > 1/2, then T(Go H) = #Z)G)

(i) If 7(G) > 1 and 7(H) < 1/2, then

_ . 1+ [SH|
(G H) = { 1+ w(H — Si) } '

(iv) If 7(G) < 1 and T7(H) < 1/2, then

7(G) . 1+ S| }

1+ 7(G) swelm - + w(H — Sg)

7(Go H) :min{
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Proof: Let S = SyUlJ;", S; be a 7-cut of Go H. Without loos of generality
we may assume that V(G) = {vy,..., vy}, where the vertices are numbered
so that |S;| > |Siy1|, for alli =1,...,m — 1. We also may suppose that S
has minimum cardinality over all the T-cuts of G o H.

First, assume that 7(H) > 1/2. Then by applying Lemma 6 we deduce
that S; = 0, for all ¢ = 1,...,m, hence, S = Sy. This implies that 7(G o
H) = W(GS}_S) = woli(l)gol‘ Note that Sy # V(G), because otherwise, we
have w(GoH —Sp) = 0 and therefore, 7(GoH) = 1, which is a contradiction
with Proposition 5, thus, Sp C V(G), which means that w(Go H — Sy) > 1.
If Sy is not a cutset of G then w(Go H — Sp) = 1 and therefore, 7(Go H) =

woli?gol = lfﬁgl [ 2 2. If S is a cutset of G then w(G o H — Sp) > 2 and
therefore,
1So|
T(GoH) = S _ > (@)

wo+ IS0l 1 4 bl = 14+ 7(G)]

Hence, 7(G o H) > min {1 (@) } Moreover, by Proposition 5 we have
7(G o H) < min { L ﬂ} yielding to

o mind L 7G| _ 5 ifr(G) =1
(G o H) = {2,1+T(G)} {HT_(G) i

which proves items (i) and (ii).
Second, assume that 7(H) < 1/2. If S; = () then S; = () for every
i1 =1,...,m, and reasoning as above, we prove that

1 (@) . (@) > 1
T(GoH)>mln{2 TT(G’)}:{ 1

itr@) <1 (O
Thus, suppose that S; # (), then by Lemma 4 we may assume that there
exist an integer k € {1,...,m} and a nonempty vertex set Sy C V(H)
such that S; = Sy if i < k, and S; = () otherwise. Further, from Lemma
6, it follows that |Sy|/w(H — Sg) < 1/2. Again to clarify expressions,
denote by wy = w(H — Sg). Notice that k < |Sy| because of Remark 2
and Remark 3 and therefore, 7(G o H) = % Since Sy is also a
cutset of GoH, |Sp| > |S| and S is a 7-cut of Go H of minimum cardinality,
then

N[
9

+7

—~

1+7(G)’

|So|
wo + S0

|S()| + k’SH’
wo + kwy + [So| —

T(GoH) =
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yielding to
|SH|(wo + [Sol) — [Sol(wm — 1) < 0. (7)

The function f(k) = %% has derivate

df _ |Sul(wo + [So|) — [Sol(wr — 1)
dk (w0+ka+|So| *k‘)Q ’

and by (7), we deduce that f(k) is decreasing in k. Hence,

S0l (1 + [SH|)
GoH)=f(k)> Sol) = ——=. 8
r(GoH) = (1) > £ (l) = S ®
If Sy is not a cutset of G then wy <1 (wy =0 if Sy = V(G), and wy = 1
otherwise), and from (8) we have

1So| (1 +[SH|) 1+ [SH|
GoH) > —
[ T P [N
1+ |SH|
T on 9)

. { 1+ |SH| }
> min —_— ;.
SpeJ(H) | 1+wy
If Sy is a cutset of G then |Sp|/wo > 7(G) and therefore, from (8) it follows
that

[Sol (1 + [Su|) 14 |Su]|
GoH)> =
T( ° )_ w0+’50’u)H C()O/‘SO""WH
1+‘SH‘
1/7(C) + wr (10)

: { 1+ [SH]| }
> min —_— Y.
SpetH) | 1/7(G) +wh

(iii) Suppose that 7(G) > 1, then combining (6), (9) and (10), we deduce
that

T 1+ |S4] . 1+ |SH|
H) > = T 1/7(G) +wy
T(GoH) > mm{2’s§2§?m{1+wH}’sHIIel5?H>{1/T(G)+WH

.1 . 1+ |SH|
= min<{ —, min —_— .
2" spesH) | 14+wpy

193



On the vulnerability of some families of graphs ~ R. M. Casablanca et al.

Since 7(H) > 1/2 then there exists a cutset Sy C V(H) such that |Sg|/wg <
1/2, which implies that 2|Sg| 4+ 1 < wg. Then

1+ [Sul o wn —|Su| _ 1+wn —(A+[SHl) _, 1+|5H]|
l4+wyg & 14wy 1+wgy 1+wH’
1+1S
which means that M < 1/2 and therefore,
+WH
1418
7(Go H)= min {M}
SgeJH) | 1 +wpq

(iv) Now suppose that 7(G) < 1, then from (6), (9) and (10) it follows that

[ o | Sn [ P | Co | Wi | Ko |
g { %, sim>n—2, L L L L
m 2 . m | m m m

preprwret B sim<n-—2.

P %, sin <5, 1 1
" 2 sin>5. B8
Cm . 3| 3 |3
Wim D 3| 3 |3
Ko 0 2z 1|3

Table 1: The toughness of the corona of some families of graphs.

As a consequence of Theorem 2, the toughness of the corona of some
families of graphs can be derived. Let n > 3 be an integer. Let us denote by
P, and C,, the path and the cycle with n vertices, respectively; by S, the
complete bipartite graph Ky ,_1; by W1, the wheel with n+1 vertices; and
by K, the complete graph of order n. As a consequence of Theorem 2, the
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toughness of the corona of two graphs, one of them being a complete graph
is deduced. Further, in Table 1 we can find the toughness of the corona of
two graphs belonging to some of these families: stars, paths, cycles, wheels
and complete graphs.

Corollary 8 Let m > 3, n > 3 be two integers and let G, H be two
connected graphs. Then the following assertions hold:

1, if 7(G) > 1,

ks, if (@) < 1.

(i) 7(Go K,) = {
, ifr(H) = 1/2,

. 1+ |SH| )
H 1/2.
SHIg}II(IH){l +w(H — SH)}’ fr(H) <1/

N[

(i) 7(Kymo H) =

3 The toughness of the cartesian product K; x G

The main result in this section is the following theorem in which the tough-
ness of Ky X G is determined in terms of the some invariants of graph G.

Theorem 9 Let G be a connected graph of minimum degree § and inde-
pendence number 3. Then
V(G)|
1+

min {T(G), } < 7(Ksy x G) < min {QT(G), ﬂ} .
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