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ABSTRACT The optimal execution of stock trades is a relevant and interesting problem as it is key in
maximizing profits and reducing risks when investing in the stock market. In the case of large orders,
the problem becomes even more complex as the impact of the order in the market has to be taken into
account. The usual solution is to split large orders into a set of smaller suborders that must be executed
within a prescribed time window. This leads to the problem of deciding when in the time window execute
each suborder. There are popular ways of executing the trading of these split orders like those which try
to track the “Time Weighted Average Price” and the “Volume Weighted Average Price”, usually called
TWAP and VWAP orders. This paper presents a strategy to optimize the splitting of large trade orders
over a given time window. The strategy is based on the solution of an optimization problem that is applied
following a receding horizon approach. This approach reduces the impact of prediction errors due to the
uncertain market dynamics, by using new values of the price time series as they are available as time goes
on. Suborder size constraints are taken into account in both market and limit orders. The strategy relies on
price and traded volume forecast but it is independent of the prediction technique used. The performance
index weighs not only the financial cost of the suborders, but also the impact on the market and the
forecasting accuracy. A tailored optimization algorithm is proposed for efficiently solving the corresponding
optimization problem. Most of the computations of the algorithm can be parallelized. Finally, the proposed
approach has been tested through a case study composed by stocks of the Chinese A-share market.

INDEX TERMS Algorithmic trading, receding horizon optimization, large stock orders, limit orders, TWAP,
VWAP.

I. INTRODUCTION

Stock trading is becoming an increasingly complex field as
investors try to maximize their profits and reduce their risks
with increased emphasis in recent years on optimal execution.
After an investor has decided to buy or sell stocks, there are
many options on how to execute this trade. In large stock
orders, it is very frequent to split orders into smaller orders
in an attempt not to impact the market. For instance, a buy
order to purchase a large amount of stock could push the price
of the stock up if executed in one single block. The market
impact of that order can be potentially reduced by splitting
that single order into smaller orders and executing them over

The associate editor coordinating the review of this manuscript and

approving it for publication was Hao Wang

VOLUME 9, 2021

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

time rather than in one go. There are many ways in which this
can be accomplished. One of the simplest approaches is called
“Time Weighted Average Price”, commonly referred to as
TWAP. A TWAP order splits the order in blocks of shares of
the same size that are then executed at regular time intervals.
A more sophisticated trade is a ‘“Volume Weighted Average
Price””, commonly referred to as VWAP. This type of order
is very common as it represents around 50% of all the insti-
tutional investors’ trading [1]. In a VWAP order, rather than
slicing the original order in smaller trades of equal size (equal
number of shares), a forecasted traded volume for the desired
interval is estimated. The size of each (sliced) transaction is
proportional to the forecasted volume for the corresponding
time bucket. Thus, a critical step in this approach is to be
able to generate volume forecasts. Besides these two popular
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ways of trading sliced orders, there are basically two types
of trading orders: market orders and limit orders. A market
order is an order to be executed immediately at the prevailing
market price. The focus on this type of order is speed rather
than price optimization. Limit orders, on the other hand, focus
on price efficiency. A limit order necessarily has an associ-
ated price over (below) which the buy (sell) order cannot be
executed. There is a tradeoff between speed of execution and
price optimization. Moreover, in the case of limit orders, there
is no certainty of execution as it is possible to not have enough
time buckets in the execution period for which the price meets
the limit. Thus, in these orders, success is measured not only
by the price attained, but also by the percentage of the order
that has been executed.

There is relatively limited existing literature on the topic
of optimal execution of split trade orders using learning
techniques, with more papers covering stock forecasting by
means of different techniques like neural networks [2] or deep
learning [3], support vector machines [4], [5], adaptive line
combiners [6] or local data-based techniques [7]. There
are however some interesting articles in the field of trade
execution optimization such as for instance [8]. In this article,
the authors proposed a genetic algorithm to optimize a limit
order book used for price formation in an artificial stock mar-
ket. Genetic algorithms are also used in [9] to generate trad-
ing strategies, not based on forecasting, that are back-tested
against historical data of the Australian Stock Exchange.

Recurrent neural networks have been used in [10] to pre-
dict price-flip events in limit order books by classifying
sequences of observations of the book depths and market
orders. Forecasting the traded volume has also been used
in [11] to improve the execution of VWAP orders. That is,
by forecasting the traded volume one can track the VWAP
price matching it at the end of the chosen time window.
On the other hand, [12] derives analytical solutions of a static
optimal execution strategy of a VWARP trade, in which the
optimal execution strategy can be calculated by an iteration of
a single variable optimization, rather than by a multivariable
optimization. In that work, the market is modelled using
non-anticipating and Brownian motion processes.

Particle swarm optimization has been used by [13] in a
high-frequency trading system based on moving averages,
used to determine the trading sequence that maximizes the
net returns over a series of consecutive time steps. This
optimization technique has also been used by [14] to train
a kernel-based nonlinear predictor that was also applied to
forecast the VWAP price in the Shanghai market.

Optimal control methods have been also considered for
generating the sequence of suborders in split large orders.
For instance, [15] presented an optimal VWAP algorithm
based on the linear quadratic regulator (LQR) subject to
limits in the size of the suborders. The linear model for
the stock prices is based on Brownian motion, a type of
model that has also been used by [16] to find the stock
prices also in the context of VWAP operations. Hamilton-
Jacobi-Belmann methods and in general variational calculus
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have been used in [17]-[19] based on Brownian motion and
random walks models. A recent paper [20] has studied opti-
mal VWAP strategies using unconstrained optimization on
models based on the assumption that the stock prices can be
modelled as martingales and the traded volume as autoregres-
sive processes.

Time series methods have been used in [21], where an
autoregressive fractionally integrated moving average model
is used to forecast intraday trading volumes in the Chinese
equity market, and its application to VWAP tracking, obtain-
ing better results than static approaches. VWAP tracking has
also been tackled in [22], where an interesting combination
of historical averages and SVM to forecast intraday trading
volumes in the gold and S&P 500 futures markets was used.
Another interesting approach to forecasting trading volumes
in a VWAP tracking context has been presented in [23]. In this
paper, the authors used the fast Fourier transform algorithm to
identify the periodic and the non-periodic part of the trading
volume, using historical values of 50 stocks contained in the
Shanghai 50 stock index. A similar approach is followed
in [24].

In this paper, we propose a data-based method that relies
on price and volume forecasts, and the use of dynamic opti-
mization over a finite horizon, to obtain optimal sequences of
suborders to fulfil large trade orders. The optimal sequence
is computed by minimizing a cost index, in which several
terms are taking into account. Besides the price, the trading
impact factor is considered along with a term related to
forecasting accuracy. The technique is based on solving an
optimization problem each time bucket of the time window
in which the order has to be executed. Thus, at each time
bucket, a complete sequence of suborders for the remaining
time window is obtained, but only the first component of
the sequence is effectively used. This strategy is similar to
the feedback receding horizon or predictive control strategy
used in automatic control [25], but with a shrinking prediction
horizon. Using such an approach allows us to split the order
into different suborders each of them computed with the
most recent available information (and thus with improved
forecastings). Therefore, this approach reduces the effects of
the prediction errors that are bound to arise, especially if the
prediction horizon is large.

The optimization is carried out by means of a tailored,
efficient algorithm that can solve the optimization problem
very fast. Furthermore, most of its computations can be done
in parallel if necessary. This computational efficiency can
be very useful if high-frequency trading is considered, or if
learning or simulation-based strategies are used to tune the
hyperparameters of the algorithm. Regarding the type of
orders, both market and limit orders are considered in the
paper and treated in a unified way. Finally, as a case study,
stocks from the onshore Chinese A-share market are used to
show the performance of the proposed strategy.

The rest of the paper is outlined as follows: Section II
describes the problem statement for each type of order.
Section IIT presents the optimization algorithm. Section IV
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presents the results of applying the proposed technique to the
case study. Finally, section V presents the conclusions.

Il. PROBLEM STATEMENT

The objective of this paper is to design a strategy to execute
large stock orders that, in order to limit their impact on the
market, have to be split into a number of smaller suborders.
Thus, an order to buy M € R shares will be executed by
splitting the order into up to N suborders m(t +k) € RT, with
k € [1, N], such that the sum of all the suborders is equal to
M or, in the case of limit orders, the closest possible to M.
Note that in practice, the number of shares to be traded must
be a natural number, so the number of shares in the suborders
that are sent to the market are rounded to the nearest smaller
integer, that is |[m(¢t + k)|. Given that the number of shares
considered in these orders is quite large, often hundreds of
thousands or millions of shares per order, the difference
in financial cost between considering real or integer-valued
suborders is negligible. However, from a computational point
of view, the difference is quite significant, being much more
efficient an algorithm based on real-valued suborders.

The proposed strategy computes the splitting of the original
order in an optimal way, that is, achieving the most convenient
price. The strategy is based on forecasting both the price of
the stock and its total traded volume over the time window
defined by N, i.e., from ¢+ + 1 to t + N. The price and
trade volume forecasts are used to compute a performance
index that should be optimized. Thus the strategy will rely
on an optimization problem in which a performance index,
denoted as Vy, is optimized. The formulation of Vy must
weigh certain aspects of concern, such as the total cost of
the order, but also the impact on the market of each of the
suborders. Besides that, given that forecasts are used to com-
pute the performance index, a term penalizing the potential
degradation of forecasts with the prediction horizon is also
included in V. Let p(¢ + k|¢) be the price forecast for ¢ + k,
Mt + k|t) the total traded volume forecast' for r + k and
m(t +k|t) the number of shares to be bought at # + &k, meaning
the notation ¢ + k|¢ that these values are computed at time 7.
Then the proposed performance index is:

N
Vi (1), B0, (@) = 3 <a[7(t T ki)
k=1
m(t+k|)\”
VIR 4kt
O{<ﬁ(t +k|t)> mit + ki)
N
Y otmit + ko), 1)
k=1
where a = 1 in buy orders or a = —1 in sell orders, the tuning

parameters «, i, o, B are nonnegative with 8 > 1, and
my(t) = [m(t + 1|t), ..., m(t + N|t)],

It is assumed that price and volume forecast are greater than zero. While
this is met almost always for the price, the trade volume can be indeed zero,
thus zero volume forecasts should be changed for an arbitrarily small value.
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Py (@) = [p( + 110), ..., pt + N|D)],
W) = [3@ + 1), ..., 9t + Np)],

the sequences of suborders, price and traded volume fore-
castings respectively. Note that the first term represents the
forecasted amount or economic figure of the buy or sell
operation, and that in this term an impact factor correction
has been included. Impact factor correction represents the
influence of the suborder volume in the price for that time
bucket. Impact factors can be modelled as linear terms, like
in [15] or be more elaborate like the exponential form used
here based on [26]. The second term assigns a greater cost
to suborders that are far in the future, because the prediction
error grows with the prediction horizon. Note that for this
effect the exponential weight ¥ must have o > 1.

The proposed strategy aims to find the optimal sequence
of suborders

my (1) = [m*(t + 1|t), m*(t + 2|t), ..., m*(t + N|1)], (2)

that minimizes the performance index Vy over the time
window N. However, depending on the type of order, some
constraints have to be taken into account.

In the case of market orders, the suborders must meet a
certain size limit so that the impact in the market is limited,
ie.,

0<m(t+klt) <m, Vkell,N],

being m = 0.1M a typical value (i.e., a suborder cannot
exceed a 10% of the whole order). On the other hand, in limit
orders, the size limit will be the same, but only if the price
forecast meets the price limit p;. Notice that, in the case of a
buy limit order, p(t + k|t) > p; implies that m(¢ + k|r) = 0,
that is, the buy suborder cannot be sent to the market. Sim-
ilarly, in sell limit orders p(t + k|t) < p; implies that
m(t + k|t) = 0. These situations can be addressed with the
following constraint

0<m(t+kl|t) <mg, Vkell N] 3)

where

_ 0 if limit order & a(p(t + k|t) — p;) > 0
My =13 _ . 4)
m otherwise
On the other hand, the sum of all suborders should be,
in principle, equal to the total number of shares to be traded
(M) thus the equality constraint

N

> omit+klty=M

k=1
should be taken into account. In the case of limit orders,
the possibility of not having enough time buckets in which
the price limit is met, must be taken into consideration.
To illustrate this consider that if every suborder must be at
most 10% of the original order and the price forecast is only
under the limit in 7 time buckets, the original order can only
be completed at most at a 70%, which would be equal to
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the sum of the corresponding iy for all the time window.
That is, when the order cannot be fully executed, the largest
percentage of fulfilment of the order is attained forcing

N N
D omit+ ki) =)y
k=1 k=1

Note that if

N
ka >M
k=1

then the order can be fully executed. Thus, to be able to
address both situations, we include the following constraint
that maximizes the degree of fulfilment of the order,

N
> m(t + k) = M., (5)

k=1
with

N
M, = min {M, ka} ) (6)
k=1

Note that this constraint will work for either market or limit
orders.

Once all the necessary constraints have been formulated,
the optimal sequence of suborders will be obtained by solving
the optimization problem:

my (1) = arglgli(ltl) Vn(my (1), py (1), VN (1))
s.t. (3)and (5). 7

After problem (7) is solved, one could apply the entire
optimal sequence m*(f) executing the suborders m*(¢ +
1]2), ..., m*(t + N|t) at the corresponding time buckets. This
approach suffers from two related issues: first, as the index
k grows, the forecastings p(t + k|t) and ¥(¢ + k|r) have a
higher prediction error. Thus the suborders m(t + k) will rely
on progressively more inaccurate forecastings and thus the
computed optimal value will differ from the ideal optimal
value that could be computed if the real values of p(z + k) and
v(t + k) were known in advance. Second, as time advances,
new real values of p(r + k) and v(¢r + k) are available, but
they are not used. These new values could be used to obtain
better predictions of the remaining time window, allowing
to compute optimal suborders that would be closer to their
ideal values, i.e., those obtained without prediction errors.
Thus, in this paper it is proposed to use a feedback receding
horizon optimization strategy, typical of predictive control
techniques [25], in which at each time bucket ¢ problem (7)
is solved to obtain my (r) sending only m*(t + 1|t) to the
market and discarding the rest of the sequence mjy (¢). To
apply this receding horizon strategy it is necessary to take
into account that the time window length shrinks with time,
thus an initial time window length, denoted as N,, must be
considered. In this way, initially N = N, and then it will be
decreasing at each time step. Furthermore, constraint (5) must
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reflect the fact that M would be decreasing as suborders are
being sent to the market. Thus, an initial size order M; will be
considered, i.e., for the first time M = Mj, and then updated
as necessary.

Besides the aforementioned changes, the receding horizon
strategy can help in mitigating the negative effect of price
prediction error in limit orders. This error can affect in two
ways, one is that the price limit is met by the predicted price,
whereas the real price fails to meet the limit. The other is the
reverse, that is, the predicted price does not meet the limit, but
the real one does. The solution to these issues is to compute
the optimal sequence of suborders for the case that p(t + 1|¢)
fails to meet p; and for the case that it meets p;, and then,
at time ¢t + 1, apply the one that corresponds to the value
of p(t + 1). For the first case, it is not really necessary to
perform any computation as it is obvious that m*(r+1[7) = 0.
For the second case, problem (7) must be solved with the
bound m; = m regardless the value of p(t + 1]t). So, this
modification can be easily implemented by just changing (4)
to

0 if limit order &
a(p(t +kjt)—p) >0 & k>1 ®)
m otherwise

my =

and sending to the market m*(z + 1|¢) only if p(z 4+ 1) meets
pi. Algorithm 1 summarizes the proposed strategy.

Algorithm 1 Optimal Execution of Large Orders
Require: M;, Ny, a,a, B, u, o, m.

1: M <~ M;j.
2: N <= N,
3. repeat
4:  Compute the forecasts py(¢) and Vy (7).
5:  Compute the bounds 7 as in (8).
6:  Compute M, as in (6).
7. Solve (7) to obtain my, (t).
8:  Wait for next time bucket, that is, r + 1.
9:  Compute
o 0 if limit order & a(p(t+1)—p;)>0
i+l m*(t+1|t) otherwise
10:  ifmy ; > 0then
11: Send mj | to the market.
12: M <~ M — m;k+1'
13:  endif

14: N «< N —1.
15 until N =0or M = 0.

Remark 1: The initial prediction horizon N, can be quite
long; thus the prediction errors can affect the performance of
the proposed strategy. The receding strategy helps to mitigate
such effects by using forecastings obtained with the most up
to date information. Note also that the time window shrinks
at each step, reducing the prediction horizon and allowing
us to work with progressively better forecasts. Furthermore,
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the receding horizon only sends to the market the first sub-
order in my,(¢), that mostly depends on short term forecast-
ings, which are the most accurate. Finally, the forecasting
errors in long prediction horizons are also compensated by
the second term of (1), assigning more weight to suborders
that are placed far in the prediction horizon depending on the
accuracy of the forecasting method.

The performance of the strategy depends, not only on the
price and traded volume forecastings, but also on the choice
of the performance function (1) hyperparameters. Regard-
ing the tuning of such hyperparameters, @ and B should be
chosen by the user so that they reflect the impact of each
suborder in the stock price. This implies a modelling task
that is previous to the decision of investing in a particular
stock and that it is beyond the scope of this paper (see [26]).
On the other hand, o and u can be chosen considering the
length of the prediction horizon and the long term accuracy
of the forecasting method used to predict the price time series.
Alternatively, the algorithm hyperparameters can be tuned by
performing a search of optimal values running simulations
based on historical data, choosing the values that optimize
a certain performance metric, e.g., the total financial cost of
executing the whole order.

Finally, note that at each time bucket, problem (7) must be
solved. Because of the high frequency of nowadays trading
systems, it is clear that an efficient solving method for (7) is
needed. Furthermore, having an efficient optimization algo-
rithm is important if the optimization of the hyperparameters
is carried out, as this implies solving (7) many times.

llIl. OPTIMIZATION ALGORITHM

The nonlinear optimization problem (7) is relatively easy to
solve, as the performance index and constraints are convex.
Note that the equality constraint (5) is the cause of most of the
computational burden of problem (7). This constraint is the
one that is coupling the N decision variables of problem (7).
Without this constraint, the N decision variables optimization
problem could be solved as N independent problems of just
one decision variable. This would be much more efficient
from a computational point of view, as these N problems
could even be solved in a parallel way. In order to decouple
the decision variables, we resort to a dual formulation. Con-
sider, for a given A > 0, the problem:

J*(A) = min  Vy(my(t), pn (1), ¥n (1))
my (1)

N
+ A <Mc — ka>
k=1
ot 0<my <mp. Yke[LN, (9

where, for notational convenience, my denotes m(t + k|t).
This optimization problem does not have in general the same
solution as (7), but as will be shown in the following, for a
certain value of A its solution would be the same and can be
obtained with a closed formula.
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Taking into account the definition on Vy in (1) and that this
problem is free of the constraint (5), the solution of (9) can
be computed by solving for every k € [1, N] the following
problem:

mi(x) = argmin Ji(my, X) (10)
mi
st 0 <my <my (11)

where m(1) denotes the optimal value of my for a given A

and
B
my «
__r wok — 2 \m
f;(t+k|t)> “ ) k

Jk(my, 1) = Glf?(t +k|t) +a <
which in turn can be rewritten as

Telmie, 1) = (di — Mymy + el ™!

with
dy = ap(t +k|t) + po*
and

ex 12)

— @ >0
T+ ki T

Note that each mZ(k) for k = 1,...,N can be computed
independently, thus the N problems (10) can be solved in
parallel.

To find m;/ (1) consider the partial derivative of Ji (n, A):

oJx(my, A
Mz k—)»+(,3+1)€km£.
amy,

From (11) and (12) we have that my and e, are non-negative.
This implies that the partial derivative is strictly positive if
dy — A > 0. Thus, in this case, Ji(mg, A) is a monotonically
growing function of my and the minimum is attained at my, =
0. That is,

mp(A) =0 if A <A, =dy. (13)
On the other hand, if
dr — X <0,

then the zero of the derivative, i.e. the minimizer of the
unconstrained problem is attained at

< A —dy )/fl3
ARl R (14)
(B + Dey

We notice that, in this case, the minimizer of the uncon-
strained problem coincides with the minimizer of the con-
strained problem only if

( A —dy >/13 o
T A~ S mk’
(B + Dex
This is equivalent to
h< AL =B+ Dex + dy. (15)
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Thus, for all A > A; the constraint (11) determines the

minimizer, i.e., mj{(1) = m. Summing up, the solution
of (10) is
0 ifA <A,
1
A—d B
mi(1) = (—"> if 2 € [A, A ] (16)
(B + Dex
i if A >,

where A, and )»,‘: are given in (13) and (15).
Note that the values of A providing values different from
0 and my, are those in the interval [Amin, Amax], Where

Amin = min A}, 17
min = 0 A (17)
and
_ +
Amax = Max A;. (18)
ke[1,N]

Once the value of (1) has been obtained, consider M *(1)
defined as

N
M*() = mi (). (19)
k=1
In what follows, it will be shown that there exist A* €
[Amin, Amax] such that
M*()\*) = M, (20)

which implies that constraint (5) holds and the combined
solutions m(A*) will be equal to that of (7), i.e.,

mi (1) = [m5 (), mi(5), ..., my (). 1)

The following property is key to show that A* exists.
Property 1 (Extreme Values of m; and M*): The extreme
values of m; (1) and M*(1) as functions of A are

mi(Amin) =0, Vk € [1,N]
{ M*()Lmin) =0,
and
mi(Amax) = Mg, Vk € [1,N]
N
M*O‘max) = Z”_’lk > M..
k=1

Proof: These values stem directly from (16) and the
definitions of Ampin and Amax. Taking into account that Apip <
Ay »itis clear that m(Amin) = 0, for all k. This in turn, makes
that, by definition, M*(Ampin) = 0.

On the other hand, Apax > )L,‘:, which implies that
m{(Amax) = 7, for all k. Furthermore, M*(Amax) =
Zszl my., which due to (6) is greater or equal to M,. ]

Note that, taking into account (16) it is obvious that m (1)
is continuous, as at A = A, m:(A;) = 0 from both sides and
at A = )\2' its value is mz(k,j) = .
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TABLE 1. Stock dataset. The following levels of market capitalization
were follow for stock classification: small (<80 bn RMB), mid (from 80 to
300 bn) and large (>300 bn).

Name Ticker | Capitalization

Nanjing Port 002040 Small

Baotou Dongbao Biotech 300239 Small

Royal Flush Information Network 300033 Small
Advanced micro-fabrication equipment | 688012 Mid
Tiangi Lithium 002466 Mid
Shangahi Pudong Development Bank 600000 Mid

Midea Group 000333 Large

Ping An Bank 000001 Large

Kweichow Moutai 600519 Large

Moreover, consider the derivative of (1), which is

omr() ( 1

1

1
o 1 )(—dk-l-)»)ﬁ

B((B + Dex)?

it e (A, )»,,j') and O otherwise. Taking into account that
ex > Oand that, by definition, —di+21; = 0,and —d; —H»Z' >
0, it follows that the derivative is nonnegative, thus mz(k) is
a nondecreasing function.

Given that m,’g(k) is a continuous nondecreasing function
and considering (19), it follows that M*(1) is also a continu-
ous nondecreasing function. Furthermore, M, is nonnegative
and by property 1,

N
M, e |:Oa ka:| = [M*()\min)’ M*()"max)]-
k=1

This implies that a certain value A* € [Ampin, Amax] €Xists,
such that M*(\*) = M.

The value A* that makes (20) and, therefore, (5) hold,
is computed by performing a simple bisection search in the
interval [Amin, Amax]. Once this 1* is found, the optimal value
of the suborders, that is m,’(‘ (A*), will already be computed, and
the solution of problem (7) will be (21).

Remark 2: The proposed strategy can be easily adapted to
other forms of stock orders which require other constraints,
like the so-called “max” orders in which the suborder size
is also limited by a fraction of the forecasted traded volume
for each time bucket. In these cases, the multiple inequality
constraints should be reduced to one using a simple redundant
constraint elimination.

IV. CASE STUDY: CHINESE STOCK MARKET

The proposed approach has been validated using stocks from
the Chinese Stock Market. Every working day has two con-
tinuous trading sessions, each one two hours long. Thus,
the objective of the case study will be to split large orders
over a 120 minute session, being the time bucket 1 minute
long.

To validate the proposed strategy, nine stocks from the
Chinese Stock Market have been chosen, splitting the choices
between small, mid or large-capitalization stocks. Table 1
show the names and tickers of the nine stocks ordered accord-
ing to their capitalization. The validation consists on the
optimization of market orders of 2, 000, 000 shares over a
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FIGURE 3. Validation data set for 000333.

validation set of 20 two hour sessions randomly chosen from
the range 1/4/2017 to 12/29/2020 (except the newer stock
688012 which is 1/2/2020 to 12/29/2020). For conciseness,
only three of the validation datasets are shown in figures 1
to 3. It can be seen that the sessions in each set show bearish,
bullish and sideways trends.

The proposed trading strategy relies on forecasts of prices
and traded volumes, but it is not linked to any particular
forecasting technique. Here, neural networks and the local
data-based technique proposed in [7] have been considered.
In order to forecast prices using either technique, the market
state, denoted as z, () has been described as composed by the
last 100 prices and the last traded volume,? i.e.,

() = [p@), p(t = 1), ..., p(t —99), v(®)].

2This paper is not focused on the forecasting task but on the optimization
of the splitting of the large order. Better forecastings could be obtained by
carefully testing and choosing other market state vectors, e.g., using technical
indicators, but this task is outside the scope of this paper.
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On the other hand, to forecast the traded volume, the market
state, denoted by z,,(¢) is formed in this case by

() = (@), vt — 1), ..., v(t —99), p(1)].

The components of both state vectors are lightly smoothed
with an exponential moving average of 5 minutes (EMAS),
that is,

2 2
PEMA() = gp(l) + (1 - 8) PEMA(E — 1),

but the target prices to be forecasted are unsmoothed. The
number of market states in the local data set used by the
technique of [7] has been chosen to be 350 and the weighting
factor y = 0, whereas in the case of the neural network
predictors, a Multilayer Perceptron with one hidden layer of
40 neurons has been used. Note that in the case of the local
data technique of [7] it is not necessary to train the predictor,
whereas in the case of the neural network, 120 networks
have been trained using the Levenberg-Marquardt rule, one
for each time bucket in the time window. It is noteworthy
that the prediction horizon, determined by the time window
and time bucket, is quite long, being N, = 120, thus it is
quite challenging in relation to the prediction errors, that are
bound to arise. Taking into account that both price and volume
have to be forecasting using one of these techniques, four
possible prediction models have been considered, one using
only neural networks (denoted as NN-NN), other relying
only on the local data approach of [7] (LD-LD), and two
combining these two techniques, i.e., LD-NN that predicts
prices using the local data approach and volumes with neural
networks and the reverse case, i.e., NN-LD.

We first analyze market orders in which the objective is
to split the large stock order, over each of the sessions of the
validation set, optimizing the buying price. Thus the proposed
strategy must solve (7) with an initial prediction horizon of
N = N, = 120 that will shrink down to N = 1 as the
receding horizon optimization is applied through the entire
time window. Other parameters of Vyy used in this case study
are, a = 1 (buy orders), « = 0.001, 8 = 1.1, u = 0.6, 0 =
1.05. The average prices obtained when using the proposed
approach over the validation set of each stock with each of the
four prediction models are shown in table 2. It can be seen that
no model can be chosen as the best for all the stocks, even if
they are close in their results (especially for models LD-LD
and LD-NN). In fact, when considering the size of the orders,
it is clear that even minute differences in prices count, thus,
in general, for each stock it would be necessary to pick the
best available model.

To validate the results, two well-known benchmark prices
will be considered for comparison purposes. The first one is
the VWAP price assuming knowledge of the traded volume
(which has to be forecasted in practice). This price is com-
puted as

NP
t+k)pit+k
VWAP(t) = 2t IVV( +opt + k) (22)
g V(T + k)
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TABLE 2. Average prices in the validation set (RMB) using the proposed
approach with each of the prediction models. The best value for each
stock highlighted in bold.

Stock | NN-NN | LD-LD | LD-NN | NN-LD
002040 19.831 19.799 19.798 19.835
300239 5.262 5.233 5.232 5.261
300033 | 65.003 64.936 64.913 65.004
688012 | 188.706 | 187.076 | 187.100 | 188.700
002466 | 42.972 42.935 42.933 42.969
600000 12.777 12.754 12.753 12.776
000333 | 51.746 51.703 51.709 51.745
000001 12.169 12.130 12.129 12.170
600519 | 658.287 | 656.885 | 656.890 | 658.288

TABLE 3. Validation of the results by comparing to benchmark prices
(RMB).

Proposed Proposed

Stock (historical) | (forecasted) VWAP TWAP
002040 19.619 19.798 19.837 19.814
300239 5.211 5.232 5.245 5.242
300033 64.243 64.913 65.013 64.950
688012 183.411 187.076 188.341 | 187.799
002466 42.514 42.933 42.965 42.962
600000 12.732 12.753 12.771 12.769
000333 51.421 51.703 51.806 51.774
000001 12.076 12.129 12.161 12.150
600519 653.808 656.885 657.608 | 657.630

The second baseline strategy is the TWAP price, which is the
average price of the stock over the time window, that is,

N,
TWAP(t) = ) P+l (23)

k=1 Np

Furthermore, the price attained with the proposed strategy
if historical data, i.e., not forecasted, are used will be also
considered. This price cannot be achieved in practice, but
it is useful to find the maximum performance that could be
reached in the absence of prediction errors, and therefore
properly calibrate their impact on the performance of the
strategy. Table 3 shows the average prices over the validation
set using both historical and forecasted prices and volumes,
along with the VWAP and TWAP prices.

It can be seen that the proposed strategy obtains a lower
price than VWAP or TWAP in all the validation sets.? Clearly,
the prediction error in the price and volume forecasting
reduces the difference, but even with forecasted prices and
volumes the proposed strategy obtains lower prices than
the baseline approaches. Regarding the capitalization of the
stocks, it appears that the proposed strategy gets worse
results in the case of small-cap stocks, but this could be
related to the differences in the price per share, getting better
results in stocks with a higher price per share. On the other
hand, it is quite remarkable that for some of the stocks,
even the prices obtained with historical data are very close
to VWAP or TWAP, e.g. stocks with ticker 300239 and
600000. In these cases, there is clearly a very small margin

3Note that, in the simulation, the impact of each suborder in the market
has not been taken into account, as this impact is very difficult to model (the
term in the performance function (1) acts as a de-tuning factor and does not
constitute an accurate model of market impact). Thus, in practice, the results
could be even better provided that the parameters « and g are properly chosen
and adapted to the market conditions.
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TABLE 4. Savings on the validation set over VWAP and TWAP when using
historical or forecasted data (RMB).

Savings over VWAP Savings over TWAP

Stock Historical Forecasted Historical Forecasted
002040 8,720,000 1,560,000 7,800,000 640,000
300239 1,360,000 520,000 1,240,000 400,000
300033 30,800,000 4,000,000 28,280,000 1,480,000
688012 | 197,200,000 | 50,600,000 | 175,520,000 | 28,920,000
002466 18,040,000 1,280,000 17,920,000 1,160,000
600000 1,560,000 720,000 1,480,000 640,000
000333 15,400,000 4,120,000 14,120,000 2,840,000
000001 3,400,000 1,280,000 2,960,000 840,000
600519 | 152,000,000 | 28,920,000 | 152,880,000 | 29,800,000

of improvement, meaning that in these cases it proved very
difficult to beat the market on the validation set. There are
other stocks, like 688012, in which the hypothetical benefit
that could be obtained is greatly wasted by the prediction
errors. Regarding this, it is noteworthy that the prediction
horizon is quite large in this case study, forcing the forecast
up to 120 steps ahead. This is much longer than usual, given
the fact that most of the stock forecasting applications focus
on one step ahead predictions. On the other hand, higher
prediction errors do not always imply a worse result as long
as the price trend is correctly predicted. The reason for this
is that in the proposed strategy price forecasting accuracy
is not what really allows better results, but the ability to
forecast the position of the lower prices in the time window.
Finally, even if the price difference attained in practice seems
small, given the high number of shares traded in this type of
orders, the overall benefit can be significant. To illustrate this,
consider table 4 in which the savings of the proposed strategy
over VWAP and TWAP are shown for the case of using the
real or forecast prices and volumes.

It can be seen that the savings are substantial in most cases
and very substantial in some cases like the stocks with tickers
688012 and 600519. Furthermore, considering the savings
that can be obtained over the many large orders that are traded
over a year, it is evident that even a modest improvement on
the price can justify the use of strategies like the proposed in
this paper.

The proposed approach has also been validated when using
limit orders with the case study. Table 5 shows the average
prices and the percentage of order execution in the validation
set for all the stocks. Different price limits have been set
for each session in the validation set according to the price
levels so that the price limit is not very stringent but not
trivial to meet (which would result, in practice, in a de facto
market order). Regarding the benchmark price comparison,
it is noteworthy that in the case of limit orders the TWAP
and VWAP prices cannot be considered, as they do not con-
sider the limit in the price. Instead, TWAP limit and VWAP
limit orders have been used as benchmarks. These orders
work in the same way as conventional TWAP and VWAP
orders except they are forced to meet the price limit. Thus,
a TWAP or VWAP limit order cannot be started until the
price limit is met, and they have to be stopped whenever
the current price does not meet the limit. If the limit is met
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TABLE 5. Average prices and percentage of execution in the case of limit orders.

Average prices over the validation set Average execution over the validation set (%)
Stock Limit Historical | Forecasted TWAP VWAP | Historical | Forecasted | TWAP VWAP
002040 19.779 19.608 19.691 19.687 19.683 96.000 86.706 64.439 60.621
300239 5.239 5.203 5.216 5.210 5.211 100.000 96.447 62.255 56.667
300033 | 64.770 64.230 64.461 64.459 64.452 100.000 87.960 77.006 74.983
688012 | 187.815 183.408 185.597 185.824 | 185.782 100.000 97.615 80.882 79.417
002466 | 42.995 42.490 42.733 42.728 42.729 100.000 96.500 81.296 80.390
600000 12.789 12.721 12.735 12.734 12.734 100.000 94.759 56.250 55.353
000333 | 51.597 51.380 51.482 51.467 51.466 98.000 92.550 72.187 70.989
000001 12.145 12.069 12.105 12.094 12.095 100.000 95.582 68.606 66.519
600519 | 658.275 653.808 655.556 655.861 | 655.989 100.000 94.544 74.467 74.571
TABLE 6. Limit orders, stock 002040.
Prices per session Percentage of order executed

Session Limit Historical | Forecasted | TWAP | VWAP | Historical | Forecasted TWAP VWAP

1 20.800 20.648 20.715 20.731 | 20.721 100.000 100.000 58.240 56.055

2 20.300 20.109 20.153 20.182 | 20.174 100.000 100.000 81.120 76.765

3 18.750 18.705 18.719 18.731 | 18.732 100.000 100.000 72.780 49.605

4 19.900 19.866 19.866 19.818 | 19.812 70.000 70.000 29.090 26.055

5 21.000 20.820 20.966 20.937 | 20.927 100.000 95.585 85.625 82.520

6 18.780 18.741 18.758 18.743 | 18.739 100.000 100.000 91.590 73.225
7 19.750 19.665 19.739 19.711 | 19.714 100.000 100.000 100.000 | 100.000

8 19.350 19.284 19.315 19.318 | 19.313 100.000 95.150 67.050 64.645

9 19.300 19.187 19.201 19.251 | 19.253 100.000 100.000 89.750 89.240

10 19.100 18.910 19.008 19.014 | 19.003 100.000 100.000 69.840 69.645

11 20.400 20.192 20.207 20.283 | 20.292 100.000 100.000 81.440 81.050
12 20.750 20.540 20.634 20.658 | 20.661 100.000 100.000 100.000 | 100.000

13 18.800 18.756 18.776 18.764 | 18.764 100.000 100.000 46.320 35.520

14 19.100 18.719 18.744 18.779 | 18.779 100.000 60.535 53.950 50.785

15 19.000 18.764 18.796 18.811 | 18.811 100.000 90.000 19.950 16.655

16 17.300 17.221 17.261 17.259 | 17.261 100.000 100.000 94.600 92.990

17 21.700 20.650 21.592 21.393 | 21.333 100.000 100.000 97.460 99.310

18 20.800 20.791 20.780 20.778 | 20.778 100.000 10.000 5.745 5.060

19 21.200 21.116 21.105 21.095 | 21.121 50.000 20.000 3.320 7.510

20 19.500 19.471 19.481 19.475 | 19.477 100.000 92.845 40.915 35.785

again, a new TWAP or VWAP limit order is started for the
remaining quantity to be executed and set to be executed in
the remaining time window. As a result, TWAP and VWAP
limit orders have no guarantee of being executed completely
and their success can be judged by the percentage of the
original order that it is executed. Thus, when comparing the
proposed strategy to these benchmarks, the price should be
taken into account only if the percentage of execution is the
same. Note, however, that the attained price must always
meet the price limit or the order will be considered failed
(and the brokerage firm forced to pay the excess over the
limit). The results in table 5 show that the proposed strategy
manages to reach a higher percentage of order execution than
TWAP or VWAP limit orders while meeting the price limit.
It is clear that the forecasting errors induce negative effects
in both the price and execution percentage attained, but even
using forecasted data the proposed strategy beats both TWAP
and VWAP limit orders while meeting the price limit.

Limit orders are more complex than market orders, thus
it is interesting to examine in more detail the results shown
in table 5. For conciseness, the results of only three stocks
are shown in tables 6 to 8 (these are the same stocks whose
dataset is shown figures 1 to 3). It can be seen that the
proposed approach usually achieves higher percentages of
execution, although prediction errors can have a great impact
on this percentage, e.g., session 18 in stock 002040 has 100%
execution when using historical data but only 10% when
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using forecasted data. Even though, the latter result nearly
doubles that of TWAP and VWAP limit orders. Another fact
that can be observed is that there are sessions in which all
the approaches are able to complete the orders. In these situ-
ations, the proposed approach using historical data achieves
a better price, but when using forecasted data the price can
be worse (e.g., session 7 in stock 002040 or session 6 in
stock 688012 in which the results are better than the TWAP
limit but worse than the VWAP limit). This is to be expected,
as no approach can be the best in all situations in a task as
difficult as trying to beat the market. Nevertheless, the pro-
posed approach show on average better results (as illustrated
in tables 5 to 8). Furthermore, there are sessions in which
the proposed approach, even with forecasted data, obtains a
better price and a better percentage of execution (e.g., session
9 in stock 002040 or session 17 in stock 688012). On the
other hand, the price limit can be so stringent that even with
historical data is not possible to execute completely the order.
This can be seen in sessions 4 and 19 of stock 002040 or in
session 3 of stock 000333. Note that in those cases the pro-
posed approach reached higher execution percentages than
the benchmarks.

Finally, regarding the computational burden of the opti-
mization algorithm, the average time to solve the optimiza-
tion problem in a serial Matlab implementation on a budget
mobile processor Core i5-8265U clocked at 1.6 GHz is just
1.2 milliseconds. This is much lower than the time bucket but
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TABLE 7. Limit orders, stock 688012.

Prices per session Percentage of order executed
Session Limit Historical | Forecasted TWAP VWAP Historical | Forecasted TWAP VWAP
1 168.000 160.609 166.788 166.039 | 165.637 100.000 100.000 63.365 77.300
2 149.500 147.929 148.404 148.524 | 148.513 100.000 100.000 100.000 | 100.000
3 152.500 151.523 151.871 151.944 | 152.001 100.000 100.000 46.200 37.060
4 161.500 160.307 160.947 160.837 | 160.849 100.000 100.000 85.590 74.865
5 227.000 217.287 225.592 224.088 | 223.536 100.000 90.000 59.025 57.660
6 157.800 156.068 157.081 157.110 | 157.021 100.000 100.000 100.000 | 100.000
7 160.000 155.438 156.087 156.997 | 156.836 100.000 100.000 48.970 50.590
8 212.000 211.776 211.803 211.774 | 211.756 100.000 100.000 100.000 | 95.820
9 262.000 258.173 258.577 260.337 | 260.362 100.000 100.000 100.000 | 100.000
10 230.000 225.664 227.864 228.214 | 228.259 100.000 100.000 100.000 | 100.000
11 158.000 148.735 152.784 153.446 | 152.712 100.000 99.510 75.330 71.310
12 173.000 172.347 172.589 172.636 | 172.672 100.000 100.000 93.050 85.820
13 168.000 166.838 166.919 167.037 | 167.002 100.000 100.000 100.000 | 100.000
14 194.000 191.795 192.823 192.666 | 192.678 100.000 100.000 94.465 93.495
15 185.000 175.753 178.912 180.190 | 180.037 100.000 100.000 75.595 79.345
16 154.000 153.086 153.460 153.503 | 153.536 100.000 100.000 68.470 66.405
17 221.000 215.824 217.787 219.085 | 218.919 100.000 100.000 71.635 79.915
18 203.000 199.054 200.579 202.048 | 202.036 100.000 100.000 100.000 | 100.000
19 240.000 229.513 237.794 235.303 | 236.170 100.000 62.795 56.260 40.695
20 180.000 170.440 173.286 174707 | 175.115 100.000 100.000 79.630 78.070
TABLE 8. Limit orders, stock 000333.
Prices per session Percentage of order executed
Session Limit Historical | Forecasted | TWAP | VWAP | Historical | Foreacasted TWAP VWAP
1 51.500 51.110 51.321 51.385 | 51.372 100.000 100.000 56.345 52.220
2 59.500 59.192 59.306 59.314 | 59.307 100.000 100.000 100.000 | 100.000
3 54.800 54.778 54.778 54.772 | 54.775 60.000 40.000 32.070 39.765
4 58.000 57.774 57.920 57.890 | 57.883 100.000 81.220 43.575 42.910
5 51.400 50.933 51.128 51.075 | 51.079 100.000 100.000 88.435 86.865
6 54.500 54.448 54.446 54436 | 54.434 100.000 100.000 92.835 78.000
7 41.400 41.327 41.333 41.338 | 41.338 100.000 84.930 61.460 72.495
8 39.150 38.803 39.069 38.984 | 38.996 100.000 100.000 52.685 63.950
9 40.300 40.195 40.271 40.230 | 40.221 100.000 100.000 100.000 | 96.780
10 71.100 70.945 70.981 71.000 | 70.990 100.000 100.000 79.055 76.065
11 51.800 51.640 51.743 51.718 | 51.728 100.000 100.000 36.585 28.290
12 51.800 51.769 51.768 51.766 | 51.765 100.000 94.860 46.230 36.660
13 51.000 50.782 50.838 50.898 | 50.894 100.000 100.000 100.000 | 100.000
14 54.100 54.039 54.050 54.057 | 54.054 100.000 100.000 86.835 81.845
15 50.800 50.623 50.692 50.681 | 50.681 100.000 100.000 28.375 25.195
16 47.200 47.004 47.096 46.946 | 46.932 100.000 100.000 100.000 | 100.000
17 40.600 40.169 40.498 40.385 | 40.385 100.000 50.000 39.260 38.745
18 53.000 52.946 52.984 52.961 | 52.956 100.000 100.000 100.000 | 100.000
19 60.900 60.635 60.657 60.735 | 60.736 100.000 100.000 100.000 | 100.000
20 49.100 48.482 48.766 48.777 | 48.793 100.000 100.000 100.000 | 100.000

could be improved with a more powerful computer or with a
more efficient implementation, like a parallel C++ one using
the NVIDIA CUDA GPU computing platform. Note that the
algorithm relies only on simple operations that can be easily
coded in a low-level programming language.

V. CONCLUSION

In this paper, a trading strategy has been proposed for large
orders that have to be split to minimize the impact on the mar-
ket. The strategy is based on the well-known receding hori-
zon optimization scheme used in predictive controllers. The
proposed algorithm can handle market and limit orders and,
although relies on forecasting the future prices and traded
volumes, is independent of the forecasting method used. The
strategy has been validated with an assorted set of Chinese
stocks of different capitalization levels. The results have been
very positive despite the fact that the prediction horizon is
quite large. The amount of potential savings over well-known
trading strategies is quite relevant when the size of orders is
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taken into account. Moreover, from a risk management point
of view, the savings are related to improved execution risk,
and does not have any impact on the investment risk. This is
due to the fact that savings are carried out after the investment
decision is made, therefore there are no effects on investment
risk.

The proposed strategy will certainly benefit from future
research on how to reduce the impact of prediction errors.
In this regard, most forecasting techniques are focused on
one-step price prediction, whereas the needs of the pro-
posed strategy are quite different. The topic of research
would be to develop methods to forecast the position
of most advantageous time moments, that is, those with
the lowest prices (or greatest in sell orders), on a given
time window, rather than predicting the prices them-
selves. Also, it would be interesting to modify the strat-
egy to be able to use prediction horizons shorter than
the time window without affecting the performance of the
strategy.
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