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Abstract. In this paper we investigate the partial practical exponen-
tial stability of neutral stochastic functional differential equations with
Markovian switching. The main tool used to prove the results is the
Lyapunov method. We analyze an illustrative example to show the ap-
plicability and interest of the main results.
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1. Introduction

Neutral stochastic differential equations with Markovian switching have at-
tracted much attention over the last decades within the scopes and main
problems from the applied sciences and which are modeled by stochastic
differential equations (see [1],[4],[8] and [9]). Neutral stochastic differential
equations with Markovian switching are useful to model physical, biological
and economical dynamical phenomena. In the literature, many authors have
studied the existence and uniqueness of solution to neutral stochastic dif-
ferential equations with a Markovian switching (see [10] and [11]). Stability
is the most important concept in modern control theory, and switching sys-
tems can be used to model a wide type of physical and engineering systems
in practice, hence, stability of neutral stochastic differential equations with
a Markovian switching has received an increasing attention (see [6], [7] and
[10]). However, in many physical systems, such stability is sometimes too
strong to be satisfied. Therefore, the notion of stability with respect to part
of the variables (i.e. partial stability) (see [5], [6], [12] and [13]) has been
used, and the Lyapunov Method, as an indispensable tool, has been used to
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investigated the partial stability and stabilizability in various practically im-
portant problems. However, when the origin is not necessarily an equilibrium
point, it is still possible to study the asymptotic stability of solutions with
respect to a small neighborhood of the origin, which yields to the concept of
practical stability (see [2] and [3]).

The structure of the paper is as follows. In Section 2 we introduce some
basic notions and assumptions. Section 3 is devoted to prove some sufficient
conditions ensuring practical partial p-th moment exponential stability of so-
lutions to neutral stochastic functional differential equations with Markovian
switching. We prove a sufficient condition ensuring the convergence of the
solution (with respect to part of the variables) to a ball with radius r > 0
in p-th moment, even in the case that zero is not an equilibrium point. In
Section 4 we prove a sufficient condition ensuring practical exponential in-
stability in the ¢g-th moment. Finally we analyze an example to illustrate our
results in Section 5.

2. Preliminaries and definitions

Let (Q, F AFt}is0 ,]P’) be a complete probability space with a filtration sat-
isfying the usual conditions, i.e., the filtration is right continuous and in-
creasing and Fy contains all P-null sets. W () is an m-dimensional Brownian
motion defined on the probability space. For a given 7 > 0, let C([—7, 0]; R™)
be the family of functions ¢ from [—7,0] to R™ that are right-continuous
and have limits on the left. C'([—7,0]; R™) is equipped with the norm ||| =
SUP_,<s<p l@(s)| and |z| = VaTzx for any € R™. If A is a matrix, its trace
norm is denoted by |A| = y/trace(AT A), while its operator norm is denoted
by ||A|| = sup{|Az| : |z| = 1}. Denote by C% ([-7,0]; R™) the family of all
Fo-measurable bounded C([—7,0];R™)-valued random variables & = {£(6) :
—7 <0 <0} Let p>0,¢>0, L% ([-7,0;R") denote the family of all F;-
measurable, C'([—7,0]; R™)-valued random variables ¢ = {¢(8) : —7 < § < 0}
such that sup_.p<o E|@(0)P < oo.

Let {r(t),t € Rt = [0,+00[} be a right-continuous Markov chain on
the probability space {2, F,{F;},~,,P} taking values in a finite state space
S =1{1,2,..., N} with a generator I = (Vij )y &iven by

%jA + O(A)7 ifs 7é .7
P(r(t+A4) = jlr(t) =) =
1+7:A+o0(A), ifi=j

where A > 0. Here ~;; > 0 is the transition rate from 4 to j, if ¢ # j, while
Yii = — Z Yij -
i#]
We assume that the Markov chain () is independent of the Brownian motion
W (t). It is known that almost every sample path of r(t) is a right-continuous



step function with a finite number of simple jumps in any finite sub-interval
of RT.

Consider the following neutral stochastic functional differential equation
with Markovian switching;:

d[z(t) — G(zy)] = f(t, 2, r(2)dt + g(t, z¢, r(2))dW(t), >0, (2.1)
with the initial condition zg = £ = (&1,&)7 € C]b_- ([~7,0]; R™) where ¢; € RF
and & € R?, k+ p = n, which is independent of W (+), z(t) = (z1(t), z2(t)) €
R*¥ x R? and 7y = {z(t+0) : —7 < 0 < 0}. Let z(t) = z(t) — G(=;). Here, we
furthermore assume that
f R xC([-7,0;R") x S — R™, g:RT x O([-7,0;R™) x § — R"*™,

G:C([-,0;R") — R™.

Denote by C%2 ([—7, +0o[xR™ x S;RT) the family of all non-negative func-
tions V (¢, xz,4) on [—7,+oo[xR™ x S, which are twice continuously differen-
tiable with respect to x and once continuously differentiable with respect to
t.

For any (t,z,i) € [—7,400[xR™ x S, z; = ¢ € C([-7,0];R™) and $(0) =
©(0) — G(p), define an operator LV : RT x C([—7,0];R™) x S — R by (see
[11])

1 , o .
+5trace (97 (t, 0, 1)Vau (£, 2(0),9)g(t, ¢,1))

N
j=1

where

VﬁaV(t,x,i) Vo OV (t,x,i) OV (t,x,i)
T or, 7 Oz, ’

V.. - 02V (t, x,1) -
8xi8xj XN

For our purpose, we will state some assumptions which can ensure the exis-
tence and uniqueness of a solution, denoted by x(t) = (x1(t), z2(¢)) on t > 0,
for equation (2.1).

Aj;: (Alocal Lipschitz condition): For each p =1,2,... thereisanl, > 0
such that

[f(t. o1, 8) = f(E,02,0)| V 1g(E 01, 0) — g(t, @2, 8)] < Ipllpr — e,
forallt > 0,4 € S and ¢1, w2 € C([—7,0; R™) with ||¢1]| V [|2]] < p.

As: There exist three functions V € %2 ([—7,00) x R" x S;RT), Uy,
Uy € C([—7,00) x R";R") and a probability measure m on [—, 0] satisfying
fET dm(0) = 1, and nonnegative constants ¢, ¢4, ¢ with ¢§ > ¢4, such that

lim (tllzlg Ui(t,z)) = oo, (2.2)

|z|—00
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and for all (¢,z,7) € Ry x C([-7,0];R™) x S, we have

U(t,z) < V(t,2,9) < Us(t, z). (2.3)
0
LV (t,3(0),1) < ¢, — yUs(t, 3(0)) + ¢ / Us(t+0,3(0))dm(0), (2.4)

—T

foralli € Sand x; = ¢ € C([—7,0];R™), ¢t > 0 and where $(0) = ¢(0)—G(p).
As: There exists a constant k € [0,1) such that

|G(p1) — G(p2)| < klp1(=7) — pa(—7)I, (2.5)
for all @1, g2 € C([—7,0];R™).

Denote x = (z1,72)7 € R™, where 2; € R* and 25 € RP, k+p = n, and
the definitions of ¥ = (71,73)" € R™ and G(z;) = (Gy1(x1), Go(ay))" € R”
are similar to z = (z1,22)7. The domain By = {z € R": |z1| < K}, and
the stopping time 7k = inf {t > tg; 2(t) ¢ Bk }. Let K — oo, then 7 — oo.
Denote the set of functions

K= {qb : RT — R™, continuous, monotonically increasing and ¢(0) = O} .

We will study the partial stability of the neutral stochastic functional
differential equation with Markovian switching when 0 is not an equilibrium
point, but in a small neighborhood of the origin in terms of convergence of
solution in probability to a small ball B, := {z € R?: ||z1|| < 7}, r > 0.

Definition 2.1. The solution z(t) = (z1(¢),z2(t)) of equation (2.1) is said to
be practically exponentially z}-stable (p > 0), if there exist positive constants
a, ¢, r such that, for any (x1,z0) € R* x C_g_—o([—T, 0]; R™),

E (Jz1|P) < cE (J|zo||P) exp (—a(t — to)) + 7, t > to. (2.6)

When p =1 (respectively p = 2), the solution z(¢) of stochastic system (2.1)
is called exponential z;-stable in the mean (respectively in the mean-square).

Remark 2.2. Note that, as the origin z = 0 may not be an equilibrium point
of system (2.1), then we can no longer study the stability of the origin as
an equilibrium point nor should we expect the p-th moment of the solution
(with respect to part of the variables) of the system to approach the origin
almost surely as ¢ — 4o0o. Inequality (4.1) implies that E (Jz1|P) will be
ultimately bounded by a small bound r > 0, that is, E (|z1|P) will be small for
sufficiently large t. This can be viewed as a robustness property of convergence
almost surely to the origin provided that f and g satisfy f(¢,0,7(¢)) = 0 and
g(t,0,7(t)) =0, Vt > 0. In this case the origin becomes an equilibrium point.

3. Main results
Now we can state and prove our main results.

Theorem 3.1. Under assumptions Ay-As, for any given initial condition & €
C% ([-7,01;R"™) and ig € S, there exists a unique global solution x(t), t > —
of equation (2.1).



Proof. See [10] and [11]. O

Lemma 3.2.  (i). Let 0 <p <1 anda, b€ Ry. Then
(a+b)P <aP +0bP.

(i). Letp>1,e>0 anda, beRy. Then
1 p—1 bP
(a+b)p§(1+eﬁ> [aME]

Proof. See [9]. O

Let us rewrite now assumption A3 in a new way:
A% There exist constants k € [0,1), p,d > 0 such that

G(p1) — G(pa2)] < ke 57 |1 (=7) — a(—7)], (3.1)
for all 1, w2 € C([—7,0];R™).

Theorem 3.3. Let c1, co, c3, & be positive constants such that 2—2 < 6 and
p > 0. Assume that there exist V(t,x,i) € C1? (] — 7, +00[xR"™ x S,R") and
eﬁtp(t) € L1([0, +o0]) such that,

(i). ci|lz1|P < V(t,2,i) < ca|21|P for x1 € RE.

(“) LV(t7‘Z(O)7i) < _C3|(Zl(0)|p + p(t), V(tv%i) e Rt x C([_Ta 0];Rn> x
S where ¢ = (p1,p2) € C([—7,0;R¥) x C([~7,0;R®), k+ s =n and
¢(0) = ¢(0) = G(yp).

Let assumptions Ay, Ay and Ay hold. Then, the solution x(t) = (x1(t), z2(t))
of equation (2.1) is practically exponentially ¥ -stable if 0 <p <1. Ifp>1,
the same stability holds true if in addition there exists € > 0 such that kP <

1 1-p
e <1+5F) .

Proof. According to the stopping time 7x = inf {t > to;z(t) ¢ Bk}, writing

2 = ¢ = (p1,92), ©1(t) = 1(0), $(0) = 2(t) — G(z) and $1(0) = 21 (¢) —
G1(zy) for t > to, and applying Itd’s formula (see [11]), we can derive for
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34 ([ C

</t:/\ﬂ< e’ | =V(s,x(s) — G(xs),7(s)) — ezl (s) — Gi(zs)|P + p(8)> ds)

C2

</K o <2CQ'“(5) — Gi(s)? = eslar(s) — Galas) P + p(s)) ds>

< E(Vito,an - Glaa)r(t) + 5 [ S ps)ts)

0

Hence,

( ps AT — to)v t/\TK,ZL’(t/\TK) - G(:L't/\TK),T‘(t/\TK)))
<

c3

BV (t0.20 ~ Glaa), 1) + 5 [ e ps)ts)

Therefore, by inequality (i), we have

(&

o (e FOTO g (1A i) = G (inric)I?)

( o (AT = tO)Vt/\TK,J)(t/\TK)—G(th/\TK)vT(t/\TK))>

c3

tATK
B(V(to, 0~ Gla) o) +E ([ 3 p(s)as).
to
Obviously 7 — 0o as K — oo. Then

e (5o ()~ Gi(@)l") < E(V(to, w0 — Glao),7(to)))

t
—I—/ e p(s)ds. (3.2)
to



First case: For 0 < p < 1, by Lemma 3.2 and Assumption A%, we have

E (e%(t_t0)|x1(t)|p)
<E (% () - Gi(@)l”) + E (% TGy (2)?)
<E (207 3 (1) — G ()

e 7R (507 (¢ — 7))

1
< a]E (V(to, w0 — G(z0),7(t0)))
1 [t e 22 (t—to)
+— | e=2°p(s)ds + kPe R (6 (- TW))
C1 to

C
< CE (v — Gafao)l")

L [T ey p,—oT 2 (t—to) P
to | e ple)ds ke E(eca |x1(t—7)|)
C

< éE(Ilwollp + 1G1(z0)[")

+o00

1 = €3 (4
"‘a : e=2°p(s)ds + kPe "E (e e (00 (8 — T)|p>
¢ —0T
< ZE (ool + Ke~ ol?)
+oo o
to ) e e+ kPe TR (ea“*“’)m(t - T)|P)
< & P P
< 2 (14 47 (ool
T s 8 (t—t0)
+a ) e®2"p(s)ds + kPe " (eC2 ’ |361(t—7')|p).
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For any T' > 0, we have
sup ]E(e%g(t*t”)\ml(tﬂp)

to<t<T

Co 1 oo 34
< = (1 +E)E (lzoll”) + f/ e2"p(s)ds
C1 C1 Jo

+kPe07 sup E <e%(t_t0)|x1(t - T)|p>
to<t<T

<3

Co 1 +o0 34
< = (1 +E)E(lzol”) + f/ ez p(s)ds
C1 c1 Jo

—pre(%gié)T sup ]E(e%g(t*to)\ml(tﬂp)

to—T<t<T

C2 1 Foo e g
—= 1+ k") E(lzol”) + — ez p(s)ds
C1 C1 Jo

IA

+kP sup E (e%(t_t°)|x1(t)|p)

to—7<t<to

+kP sup E(e%(t7t°)|x1(t)|p)

to<t<T
Co 1 oo 34
< —<1+kP)E<||xo||p>+—/ e p(s)ds
&1 c1 Jo

HRPE (|l |7) + K sup B (e300 2y (1))
to<t<T

C2 1 Foo 34
< (2w ) Bl + o [ s
1.Jo

C1

+EkP sup E(e%(t_t°)|x1(t)|p).

to<t<T
Then,
c3 1 c
sup E ecz(t_tO)w t)|P < <2 1+ kP +kp>]E zollP
5 B mOF) < o (o 0+ (Ilzoll”)
1 oo g
— (& d
+cl(1—k1’)/0 ec2 P(S) S
+oo ca g
< CLURE(zol) + Calk) / e p(s)ds,
0

where Cy(k) = 14 (2 (14 A7) + 7)) and Cak) = iy
Letting T — 400, we have

+oo s

sup B (e 21(8)]) < CLRIE (lao]l”) + Ca(k) / e<2°p(s)ds.
0

to<t<+oo
Therefore, we obtain for all ¢t > tg

€3

ca s +0o0
E (Jz1(t)[P) < C1(k)E (||lzol|”) e~ 7" + Co (k) / e=2p(s)ds.  (3.3)



Second case: For p > 1, by Lemma 3.2 and Assumption A%, for e > 0
P p—1
such that % (1 + splfl) < 1 and for A > 0, we have

E (30 (1))
p—1 c
< (1 + sﬁ) E (eﬁ(t*to)lﬂvl(t) - Gl(xt)\p)
L ap-1 P
+ (1 + eﬁ)p E (ecz(t_t")w)

3

< (1+gp )p ' ( 0y (1) — Gl(a:t)\P)
ﬁpe (1+e77)" B (B (1))

< ( ) V(to, zo — G(z0),7(t0)))

p—1
(1+aﬁ) ‘
38
+—/ e p(s)ds
to

C1

kPe—0T p—1 3 (4
N eE <1+5P%1) E(eag(t t°)|x1(t—7')\p>

1 p—1
(o)
< E (|zo — G1(z0)|P)

= 1

= %p(s)d
- o 2"p(s)ds

—1
(1+eﬁ>p +oo0
o
_— e
0

kPe—0T p—1 3 (4
L FPe <1+€plﬁ) E(GCS(t t°)|x1(t—7')\p)
€

©2 (1 + gﬁ)”’l 1Pl |G1(z0) P
< (1+)\v—1) E<||$o||p+/\>

C1

_|_

1 p—1
(1 +5F) too

ec2 p(s)ds
o i p(s)

kPe—0T p—1 3 (4
e (e ) TR (B - )P

c2 (1 + Eﬁ)F1 L yp—1 kP
< (14277) (H)E(Iwo”)

C1 A

+

1 \p-1
(1—1—6?*1) /+oo o

ec2”p(s)ds
o i p(s)

kPe—0T p—1 °3 (4
N e8 (1+6P1ﬁ) E(ecj(t to)|$1(t_7.)‘p>_
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Hence, for any T' > 0, we have

sup E (e "ay ()7
to<t<T
1Pl
Co (1—!—61'*1) L \p—1 kP »
< 1 )\F) 1+ — | E
< (1 (1+5) Bzl
1 \p-1
<1+€p—1) +o0 c3
+—/ ee2’p(s)ds
C1 0

kPe—9T p—1 es (4
+ 66 (1—}—5:%1) sup E(ecg(t t")\xl(t—T)V’)

to<t<T

Co (].‘i’f:‘ﬁ
<

< ) (1+Aﬁ)p_l <1+k;>IE(leoll”)

C1

1 \p-1
(14e77) too
+—/ easp(s)ds
0

C1

+k”e(%“5)7(l+wz)ﬁ‘l sup B (e z 0)7)
3

to—T<t<T

; e (14e)" (14 a77)" <1+'Z€:>E(||$o||p)

C1

(1—1—51) 1 +o0
Al
0

kP 1
+?(1+em)p sup E( By (1))

to—7<t<to

kP p-1

+5 (146 ) sup B(EC o))

€ to<t<T

1 p—1

c2 (1—|—6ﬁ) L \p—1 kP
< 1 ,\m) 1+ — |E P
e (1+5) Bzl

-1

1 p
(1+e77) +oo o
+ / e2’p(s)ds
0

L
kP 1 p—1
+= (14+77) E(laol?)

kp 1 p—1 c _
4+ (1 + Epfl) sup E (eﬁ;(t t°)|x1(t)\p)
€

to<t<T

< C(e; A R)E (|lzoll”)

1 \P1
(1—}—5;}*1) +o0 cs
+—/ e%3° p(s)ds
0

C1

H (Lrem) s B (B @p),

to<t<T
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where
ctern = (o) (2 (o) (10 )+ 5)
Thus,
s (5 0))
O Clk)
- ’“E—p (1 + sﬂ%l)
(1 + 5?75)]3_1

* 1 \p—1 /
o (1-2 () ) 0

—+00
§C;;(sA,k)E(HxOHp)+C4(5,k)/ 5% p(s)ds,
0

—E (|lzo]?)

+oo

where Clen k

E’ )

C3(€7>‘7k) = ( 2 p—1
-k (1 + eﬁ)

and

1 p—1

(1 +5Pj)
04(6,/45) =

p—1Y\ "~
( — 22 (1467) )
Letting T — +00, we obtain

sup E (e ()7)
to<t<+oo
€3

“+o0
SCg(s,A,k)E(onHp)+O4(5,k)/ e p(s)ds,
0

Then, we have for all ¢t > tg
[ +OO C
E(jz1(H)") < Csle, A K)E (Jzol?) e ") 4 Cule, k) / e p(s)ds.
0
We see that for all ¢ > g,
E (a1 (t)P) < max{Cl<k>,cg<e,A,k>}E<||xo||P>e—%“—%)

€3

+ max {Cg(k), Cy(e, k)} /()+Oo e=2”p(s)ds.

Setting

¢ = max {C’l(k),Cg(s,/\,k)}, o=,

€3

r = max {CQ(k), Cale, k)} /O+OO e p(s)ds,
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we conclude that the solution of system (2.1) is practically exponentially
x}-stable. The proof is therefore complete. O

In the following corollary we will study the partial stability in mean
square of system (2.1) in the domain D = {(t,z) € RT x R";|z| < oo}.
We will consider the new assumption:
Ay : There exists a constant & € [0,1) such that

s
G(p1) — Glp2)| < ke 27 |p1(=7) = @2(=7)I, (3.4)
for all 1, w2 € C([—7,0];R™) and 6 > 0.
Corollary 3.4. Let v = (z1,72)7 € R”, where z; € R¥, 25 € R® and n =
k + s, be the solution of system (2.1). Suppose that in the domain D =
{(t,z) € RT x R™; |z| < oo}, along with a V-function, it is possible to specify
a continuous vector p(x)-function, u(0) =0 and eitp(t) € L*([0, 400]) such
that, for all (t,¢,i) € RT x C([-7,0[;R™) x S and
2(0) = ¢(0) = G(p) = z(t) — G(z4),
we have
(i).
alei* < V(tz,i) < e (Joa* + (@),

LV (t,$(0),4) < —c3 (|o1(0)[* + [(@(0)[%) + p(t). (3.5)

Let assumptions Ay, Ay and A;j hold. Assume that there exist k € |0, g)

and 6 > 0 such that 2—2 < 4. Then the solution of system (2.1) is practically
exponentially x1-stable in mean-square.

Proof. Proceeding as in the previous proof, writing z; = ¢, 2(t) = ¢(0) and
x1(t) = ¢1(0) for t > ¢y, we have

E (eg(t/\TK—to)V(t ATK, CC(t A TK) — G(It/\n()a ’I”(t A TK)))
< E (V(to, z0 — G(x0), r(to)))

v ([ 63 (11(6) - Gl + (x5~ Glato)

oo
o

~——
o
~——
~__

s ( [ T () - Grl(6) P + l(2(5) - Gla(s)

to

tNTK cs
+E (/ eczsp(s)ds>
to

< B (V(t0.0 - Glao) (1)) + (| K S ple)ds).

~—
o
~—
~__

By inequality (i),

€3 (tpre—
aE <e°2 (AT t0)|$1(t ATg) — Gl(ﬂft/\rx)‘Q)
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IN

E (5 V(A TI 2 A Ti) = Glaine)s(EATK)))

3

E (V(to, 20 — G(x0), r(to))) + E (/:TK eczsp(s)ds> .

IN

Obviously 7 — oo as K — oo then

iE (e%“*tonxl(t)—Gl(xt)|2) < E(V(to,z0 — G(xo),r(to)))

t "3 o
+/ e*2"p(s)ds. (3.6)
to

Since p is continuous and p(0) = 0 then there exist n > 0 such that
|u(zo — G(x0))| < nlxg — G(x0)| for a sufficiently small ||zo]|.

u(wo — G(x0))]* < nPlag — Glao) |
< 22 (ol + Glao) )
< 202 (Jlao 2 + K2 % o )
< 207 (llooll® + K2 o)
< 2P0+ ) ol

Then, for 29 = (201, 202) € C([—7,0];R¥) x C([—,0]; R*), we have

w01 — G1(w0))[? 2 ([lzo1||* + |G1(z0)?)
2 (||$0||2 =+ kQHl“oHQ)

21+ K)o

IN NN

Therefore,

E (Jzo1 — G1(wo)* + |u(zo — G(w0))*) < 201+ &) (1 + n*)E ([lo]?) -
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By Assumption Aj3 and (ii) in Lemma 3.2 (for ¢ = 1), we have for k € [0, ?),

( (t— to)|x |2)

<28 (307 ay (1) - Gr(w)|?) + 2B (347G (z0)?)

E( (t7t0)|$1(t)_G1(mt)‘ )+2k2 —6TE( 2 (t—to |:c1(t—7')|2)

2 2 [t e
< ZE(Vlto,a0 - Glan)r(t) + = [ e p(s)ds
C1 C1 to
+2k%e "R (e%(tfto) |z (t — 7‘)|2)
202 2 2
< E]E (Jwor — G1(z0)|* + |(zo — G(x0))|?)
2 [T o 3 (4_
+— e *p(s)ds + 2k%e™"E (e o (¢ t°)|$1(t - 7')\2)
Cl 0
dea(1+ K2 (1 +17?)
< E (||zol1?)
C1
2 e B 2 o1 (75 to) 2
+— ee2”p(s)ds + 2k“e™"E |zt —7)7) .
Cl 0
Hence, for any T' > 0, we have
sup E (e%(t7t°)|x1(t)|2)
to<t<T
dea(1+ k%) (1 +7?)
< fallth E (Jol)
1
2 [T e 2 —or 2 (t—to) 2
+— ez’ p(s)ds + 2k“e sup E (e |z1(t — 7)]
€1 Jo to<t<T
dea(1+E3)(1+7?)
< E (||lzol1?)
C1
2 [T 3 _s)r 3 (4
+= eb‘gsp(s)ols—i—%ze(c2 ) sup E (602 ¢ t0)|x1(t)|2>
C1 Jo to—7<t<T



2 2
< 402(1 + k )(1 + Ui )]E (”550”2)
< o
2 oo 34 2 2
+= e2°p(s)ds + 2k*E (||x0]|?)
C1 Jo
+2k? sup E(eg(t7t0)|x1(t)‘2>
to<t<T
dea(1+ K2 (14 n?
1
2 [T o
| et p(s)ds
c1 Jo
+2k% sup E (eif“‘t")lxl(t)?) .
to<t<T

This implies
sup B (%7 (1)]2)

to<t<T
1 402(1+k2)(1+772) 2 2
< 2k“ | E

< o (2 + 22 ) E (zol?)

o /m Fp(s)d
- co A
o (1—2k2) ), P

Letting T — 400, we obtain

sup E(e%(t*t°)|x1(t)\2>

to<t<+oo
1 dea(1+ K (1 +7*) 2 2
< 2k | E
=1 - 2k2) ( o * (llzoll*)
2 TOO g
- - oo S ds.
Therefore, for all £ > ty, we have
E (|1 (t)[?)
1 4C2(1 + k2)(1 + 7]2) 2 — 28 (t—tg) 2
< 2k E YR
< o (2 ) B
2 Too o
- o S ds.
—I—Cl (1—2/<;2)/0 e*z°p(s)ds
Setting
1 dea(1+ k2 (1 +1n?) 9 cs
¢ (1 — 2k2) < C1 + ’ @ CQ’
and
2 Too o
R=———— e ® d
01(1721#)/0 et p(s)ds,

15
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we prove that the solution of system (2.1) is practically exponentially ;-
stable in mean square. O

4. Practical exponential instability in the ¢-th moment

In this section we will prove a sufficient condition ensuring practical expo-
nential instability of solutions in the g-th moment.

Definition 4.1. The solution x(t) = (z1(¢),z2(¢)) of equation (2.1) is said to
be practically exponentially unstable in ¢-th moment (¢ > 0), if there exist
positive constants «, ¢, r such that, for any xg € C’%O([—T7 0]; R™),

E (Jz|?) > cE (||xo||?) exp (—a(t — to)) +r, t > to. (4.1)

When ¢ = 2, the solution z(t) of stochastic system (2.1) is called practically
exponentially unstable in mean square.

Remark 4.2. We can take in (4.1) a continuous nonnegative function r(t)
instead of 7 such that lim;_, . 7(¢) = 0.

We will consider the new assumption:
‘Hs: There exists a constant k € [0,1) such that

s,
|G(p1) — Glpa)| < ke™ a7 |1 (=7) — pa(=7)], (4.2)
for all @1, g2 € C([—7,0];R™), § > 0 and ¢ > 0.

Theorem 4.3. Let c1, c2, c3 and q be positive constants such that 2—? > 0.
Assume that there exist V(t,x,i) € CY2(] — 7, +0o[xR" x S,RT) and v €
C(R;R4) as well as a nonnegative constant v, independent of to, such that

(i). c1|z|? <V (t,z,i) < calx|? for x € R™.
(ii). LV (t,3(0),) > —es|@(0)|* + ¥(t), ¥(t, ¢, i) € RTxC([-7, 0 R")x S
where p € C([—1,0; R™) and $(0) = »(0) — G(p).

t .
(iii). tglto /to e y(s)ds > v.

Let assumptions Ay, As and Hs hold. Assume that the constant k in assump-

q
tion Hs verifies k1 < (1 +BT£1) and k? < a5 for a, >0 and ¢ > 1.

Then, the solution of equation (2.1) is practically q-th moment exponentially
unstable.

Proof. Define the stopping time o; = inf{t > to; |x(t)| > I}. Let z; = ¢, 2(t) =
»(0) and $(0) = z(t) — G(z) for t > to. By Ito’s formula, we obtain for
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t>—71:

E (e tho— tO)V(t/\UZ,.’E(t/\O'l)_G(xt/\TK)7T(t/\0—l)))
V(to, zo — G(z0),7(t0)))

‘.
E(/Mmf*[ (s 0(5) = Gl )+ £V (s 2(5) = Gl () s
E
E

+

v

(V(to, m0 — G(w0),7(t0)))

(/Wl i ( cr|z(s) = G(s)|" — eala(s) — Glas)| +v(s)> ds)

zEwwmm—Gummmm+E(£Mk?w@mﬁ.

+

Therefore, by inequality (i),

Ewwm%—am@mmm+ﬁ(gmkﬁvud)

( & (thai=to)y, V(tAop,x(tAoy) —G(a:t/\m),r(t/\al)))

I /\

IE( 2(thoi— t°)|x(t/\01) G(xtAUz”q)'

Obviously g; — oo as | — oo. Then

Ewwmm—aumMmmf[é%w@ws@E&%“mmw—Gumﬂ.

(4.3)
First case: For 0 < ¢ < 1, by Lemma 3.2 and Assumption A3, we have

E (J2(t) = G(x4)|7) E (@) + E(|G(2)|)
()]

E (Jz()]?) + ke "R (Jx(t —7)]9).

INIA

On the other hand, by inequality (i), we obtain

E(llzol?) < E(Jzo — G(xo)|*) + E(|G(20)[")
< E(Jzo — G(x0)|?) + K E ([|z0)[|) -

Then,

(1 = kDE ([[zo)[|) < E(Jzo — G(20)[*).- (4.4)
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This implies

3

E (e%<t—t°>|x(t)|q)
1 1 [t e

> B (V(to, 0~ Glao)rlto))) + - [ e 2(s)ds
C2 C2 Jto

—k1e K (e%f(t_to”x(t - T)\q>

v

1 [t e
2B (o0 - Glao)) + - [ e a(o)ds
C2 C2 Jt,

—k1e7E (e%(t_t")kc(t — T)\q> .
Thus, for any 7' > 0,
inf E (e%“‘t‘”\x(t)lq)

to<t<T

1 L
> “E (|og - Glao)|) + ~ inf / ¢ (s)ds

e g to<t<T Jy

+ inf (=K1 E (2T a(t - 7))

to<t<T
> B (jay — Glao)) + L it [ eon(s)d
— o — X — mn €ec°1 S S
<5 0 0 c2 tosi<t J, vy

k90T sup E(e%<t—t°)|z(t_7)|q)
to<t<T

C1 1 . ¢ s
> B (jwo — Gz0)|) + — it oy (s)d
> B (- Gl + o ink [ e
+h1e ST qup E (e%(tft") \:c(t)|q)
to—7<t<T—71
t
s

> OB (jag - Glao)l) + — inf [ eHoy(s)ds

Co Co to<t<T to
+k1 sup E (6£<t—t0)|z(t)|q) .
to—7<t<T—1
Letting T — +00, we obtain
€3

inf E (er<t—t°>|x(t)|Q)

to<t<+oo

1 b
> 2B (oo~ Glao)) + o inf [ eFys)ds
t

C2 Co to<t<+oo
+k?  sup E (e%(t_to)hj(tﬂq)
to—T<t<+4oo
c v
> LE (Jzo — G(z0)]9) + —
C2 C2
+k?  sup E (e%(t7t°)|x(t)|q)

to—T<t<4oo
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> LE (2o — Glao)|") + =
C2 Co

+EIE (e%(t_to) (1) |q) ]

Therefore, for all £ > ty, we have

‘@ — %3 (t—t0) v _c3y
E(|z(t)]9) > —E QY lt=to) . V-3t
(‘l‘( )| ) = o (||x0|| )e 1 + c2(17kq)e T
Setting
C1 C3 v e,
C— — = — d t - e
o =g ™ rl()_cQ(l—kq)e it

the result is proved.
Second case: For ¢ > 1, by Lemma 3.2 and Assumption As, for & > 0 and
B > 0 such that

k4 1

F(esm) <

and k? < a, we have,

E (lz(t) — G(ze)[*)

IN
—

L4art) B (e + A2

1

1+an) " E ()

IN
—~

k4 1 qg—1
+ (l—l—aqfl) G_JTIE(‘x(t—THq).

«

By inequality (4),

Blol?) < (1+577)" B (1no - Gl + EE )
< (1+ 5ﬁ)qilE ('””0 = G(xo)|" + I;qxolq> :

Then,

k4 1 -1 i 1—
(1 3 (1 + ﬁﬁ)q ) (1 + f@ﬁ) "E (||zol|*) < E (|20 — G(x0)[7) .
(4.5)
This implies
E (4 ¢la(o))

1

_1 1—gq 1 1—gq
Cc1 (1+O[q—l> (1+aq—1> . "
> E(|x0*G($o)|q)+—/ ey (s)ds
to

= cz o

k4 —oT 28 (t—tg) q
——e E(e 1 (t—7)| )
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¢ (l—l—aﬁ)lﬂz X e L \1-q
& (1‘5(”5“) )(1+5q1) E ([Jo )

1 \1-¢
(1—|—aq—1> to
+ /
to

S 5~(s)d
o e=1’y(s)ds

>

kK —or (2 (t—t0) q
- E(e 1 |zt — 7)| )

Hence, for any T' > 0, we have

WL B (T a0
1—q
1 <1+0N%1> k4 BN 1 \1-¢
1= = (14571)" ) (14877) E(lwo])
c2 B
17
(1+0¢4%1) ! to,
4>~ 7  inf / ec1’y(s)ds
co to<t<T Jy,
k4 3 (p_
+, 1<r%f<T <—667—E (eCT (t=to) |2 — T)|q>>
0<t< [0

c1 (1 +aTT k1
2 (

>

1 \1l-a
(eot) s
+—
to

inf o (s)d
c2 Wity [ e als)ds
k4 8 (4
+—e7%7 sup E (evf ( t“)|x(t - T>|q)
« to<t<T

c1 <1+0ﬂ%1>1_q k4 EEERN 1 \1e q
> (1B (e ee) ) (1 57) T (el

t c3 k4 °3 (1 tq)
] e S - c q
. t01<1%f< / el Y(S)ds + sup E (e 1 |x(t)‘ ) .

to O to—7<t<T—7

+

Letting T — +00, we obtain

inf B (5 a(r)]0)

to<t<+oo
cl(l—kaq—%)l_q e L \g—1 1 \1—q

o (=5 () ) () e
(1ra)™

t

) es

inf ec1’v(s)ds
Co to<t<+oo to

>

+
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k? 3
+— sup E(ef(t t")\:z:(t)|q)
A to—7<t<+00
o)
‘1 aqil) k1 g—1 1—q
> (1= 5 (1) ) (14 57) T EGlaol)
2

1\ 1-a
y(1+aq—1> L4

+ +5 s E(eATa())
€2 & to—r<t<too
1 \1—¢

c1 (1 —|—ozq71> e N . \1-q

> (1B () ) (14 57) T B Gl
1 1—q
v{l+adTt X .

- ( ) +—E (ef“*tonx(t)w).

C2 o'

Therefore, for all t > tg,

E (Ja(1)I
1 \l-a
Cl<1+aq71) ( ke g7 q—1 57 1—q
g (15 ) ) ()
e (1-13) 8
(tram) ™
) v(1+a7T)
xe” 5TV (lao|14) + ey
2 (1= %)

where

c1 (1+aﬁ)1*q X L \a-1 L \1-q
Ci(a, B k) = (= (1—B(1+6q1) )(1+5q1)

and

Finally
E(Jz(t)|7) > min {C’l (a, B, k), C’}IE (lzoll9) o~ e (t—to)
+min {r1(8), 72 (1) }.

Setting ¢ = min {C’l(a,ﬂ, k), C}, a=2 and r(t) = min {rl(t),rg(t)}, we
1
conclude that the solution of system (2.1) is practically exponentially unstable

in ¢-th moment (¢ > 0).
O
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5. Example

T. Caraballo, L. Mchiri and M. Rhaima

We consider the following neutral stochastic functional differential equation
with Markovian switching:

dlzy(t) — 3e~ ?x
dlza(t) — e~ 2w
dlzs(t) — 3e 2

1(t—=1)] =
2(t—1)] =
s(t—1)] =

fi(t, e, r(2)dt + g1 (¢, x4,
fQ(ta T, T(t))dt + QQ(t, Tt,
fa(t, e, r(t))dt + g3(t, a4,

r(t)dWi ()
r(t))dWa(t)
r(t))dWs(t).

(5.1)

Let to = 0, the initial data zo = z(A) = £ = (£1,&2,&3) € C% ([-1,0;R?)
and {W;(t)}ieq1,2,3) are one dimensional Brownian motions. Let

—4 (ml(t) - %e—%xl(t - 1)) ;

fi(t,xe, 1)
fi(t,xe,2)
fi(t, x4, 3)
fa(t,xe, 1)
fo(t, z4,2)
fa(t,xt,3)
fa(t, @, 1)
fa(t, x4, 2)

f3 (t, T, 3)

3( (1)~ g~ 2951(151))
2(x1 —%e le(t—1)>
3<x2 —%e 2x2(t—1)>
4(:52 —%e 2x2(t—1)>
2(:102 —%e 2x2(t—1)>
4(:1:3 fée 2x3(t1)>
3(953 Y 23:3(1‘,—1))

o).

'rtvl)a

It,l),

0
1
g1(t, g, 1) = / xg(t+9)—26_5x2(t+9—1)‘dm(9),
1
1 1
gl(t7xta2) = 2 (t Tt 1)7 gl(taxtag) = Egl(ta
0 1 .
gt e, 1) = / xl(t—l—e)—26_2x1(t+9—1)‘dm(9),
1
1 1
g2(t,,2) = 592(15,%6, 1), go(t,x¢,3) = 192(15,
1
g3(t71'ta 1) = eita gS(ta xta2) = ieita

1
g3(taxt73) = 16 ta

where m is a probability measure defined on [—1, 0] satisfying f 0 dm(0) = 1.

Let 3(0) = &(t) =

(Z1(t), Z2(t), Z3(t)), where Z;(t) = x;(t)

- %e_fxl(t -1)
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for i € {1,2,3}. Let S = {1,2,3} and the matrix I' = (;;)1<s j<3 defined by

-8 4 4
v =2y v,
3 3 -6

where 1 < v < 2.
We will prove that system (5.1) is practically exponentially unstable in mean

square with respect to all variables.
Let V(t,z,i) = ; (2 + 23 +23), for i € S, where ¢y = 3 = 1, ¢o = 3. Then

1
5|x|2 < V(t,z,i) < |z[? (5.2)

Let Uy (t,z) = 3 |z|* and Us(t,z) = |z|>. By the definition of LV, we have for
1=1

LV (t,¢(0),1)

~ 8 (xl(t) _ %e_%xl(t - 1))2 6 (xz(t) - %e-%m(t - 1))

2

2

8 (xg(t) - %e_%xg(t - 1))2 9 (xl(t) - %e—%xl(t - 1))
9 <<3:2(t) _ %e*%zg(t - 1))2 + <x3(t) - %e*%xg(t _ 1))2>
“(/, 2

zi(t+6) — %e*%xl(t +6— 1)‘ dm(9)> 42
“(/,

2
= —10(z1 (1) — %e’%xl(t —1))2 -8 <x2(t) - %e*%xg(t - 1))

xo(t +0) — %e_%xg(t +0 — 1)‘ dm(é’))

10 <m3(t) - %e—%mg(t - 1))2
“(/,

0
“(/,

2
1
T (t+0) — ie*%xl(t 10— 1)‘ dm(0)> te 2

2
xo(t +0) — %e_%xg(t +0— 1)‘ dm(é’))
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By the Holder inequality, we have

LV (t,9(0),1)
< 1-80(0,50) + [
0
wf
- 0

< 18Ut 3(0)) + / Us(t + 6, 3(0))dm(6).

-1

0 2

1 1
xo(t+0) — §€7§I2(t+ 0—1)| dm(0)

2

(t+6) - %e_%:m(t +60—1) dm(9)

For i = 2, we have

2

1 1
x1(t+0) —ie 2x1( +01)‘dm(6’)> +§672t
1

2

8

3( 5( —fe zxg(t—1)>2+7(x1(t)—;e—%xl(t—n)

. <(x2(t) _ %e,%m(t - 1))2 - (xs(t) - %e*%x;;(t - 1)>2>
. 1
=(v-3)(=x 2 72 h

LV (t,£(0),2) <

ol —
o)
&
&
—~
=
N
~—
+

|

Us(t +0,5(0))dm(8).
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For i = 3, proceeding as ¢ = 1 and ¢ = 2, we have

+1i6 (/01 2ot +6) — %e*%xg(tw - 1)‘ alm(ﬁ))2
T (/_01 wi(t46) — sehan(t 46 - 1)’dm(9))2

1 . S| 3 1 . 2
(a0 - getan-1) + e =3 (0 - getnt-)

_g <<x2(t) _ %e_%xg(t _ 1))2 + (xg(t) _ %e_%ﬁg(t - 1)>2> .

By the Holder inequality, we have

0
LV(t3(0),3) < 1—16 - gUz(t,g(o)) + %/_1 Us(t + 6, 3(0))dm (6).

Then, for i € S,
0
LV(t,9(0),9) < 14 (y—3)Ua(t 4(0)) +/ Uz(t +6,9(0))dm(6).

-1

Thus, assumption A is satisfied.
For all o1 = ¢, 2 = 2z € C([—7,0];R™).

) ~ Gzl < glyle —1) — =t~ 1), (53)

then, assumption Aj is satisfied with k = %
Tt is easy to verify assumptions A;. Therefore, by Theorem 3.1, system (5.1)
has a unique solution z(t) = (x1(t), z2(t), x3(t)).

LV(t,3(0),1) > -10 ((ml(t) - %e*%xl(t - 1)>

i (oo = Lot — 1))+ (ws() — Lot — 1))
( 2 2

+e—2t

—10|3(0)? + e~ %,

v
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LV (t,(0),2)

> (v —4) <<x1(t) - %e—%xl(t —~ 1))2 + (xg(t) - %e‘%m(t - 1))

+ (.’L‘g(t) — %6_%1‘3@ _ 1))2> n ée—2t

~ 1 _
> (=) [FO) + ge .

2

LV (t,9(0),3)

-ty
1

Therefore, for i € S

N ~ 1
LV (¢, 3(0),4) > — max (10, 4, 6) BOP + sz
Finally,

~ ~ 1
LV (t,$(0),1) = =10|3(0)* + gee™™
Hence, by Theorem 4.3, system (5.1) is practically exponentially unstable in
mean square.
Now, we define V; for i € S for ¢1(0) = Z5(¢) by
Vi(t,x,i) = %x% where 11 = 2 and 1)y = ¢35 = 1.
This implies that
1
5333 <Vi(t,z,i) < 1’§

Then, for i =1,
1 . 2
LVi(t,$(0),1) = -8 (a:g,(t) - 5675333(2? - 1)) e
1 . °
—4 (xg(t) - gefixg(t - 1)> .

Finally, we obtain

LVi(t, 3(0),1) < —12|@1(0)]* 4 e 2. (5.4)
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In the same way, for i = 2,

Lvi(t,9(0),2) = -3 (xg(t) - %6_%$3(t — 1)) + ée_%

+2 <:c3(t) - %e*%xg(t = 1))2.

Therefore,
LV(t,3(0),2) < = (3= 3 ) 121 (O) + 72 (5.5)
On the other hand, for ¢ = 3,
1 . S|
LVi(t,$(0),3) = -2 (mg(t) - 5675.%3(75 - 1)> + 3*267215
2
3 1 1
+§ (!L‘g(t) — 56 %xg(t — 1)> .
Therefore,
- 1. _
LVA(t, $(0),3) < =5 |21 () + 7™ (5.6)

Then, from inequalities (5.4), (5.5) and (5.6), for any ¢ € S, we have

LVi(t,3(0),7) < — min (12, (3 - 1) , ;) 131(0))2 + e 2.

2
Hence,
LVA(L3(0),1) <~ [B1(0) + 7
It is easy to verify that V; satisfies assumption A, with Uy (t,z) = 3a3,

Us(t,z) =23, ¢) =1, b =1 and ¢y = 0.

Thus, assumptions of Theorem 3.3 are satisfied with ¢; = %, cy =1,
cs=3,p=20=1pt)=e2 kel0, @) and 2 < §. Then system (5.1)
is practically exponentially xs-stable in mean square.
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