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Abstract

This work is framed within the field Theory of Partial Differential Equations. The study is
divided into three main parts. In the first part, a work related to the theoretical analysis of a PDE is
provided, specifically, the existence of a kind of solution for the Navier-Stokes equation is studied.
The second part includes three works related to Optimal Control Theory. Here, two bi-objective
problems associated with some PDEs and a minimal time control problem are added. The work
ends including a last part with two works related to controllability problems. Then, it has included
a null control problem associated with a nonlinear equation and with a semilinear heat equation.
All the numerical implementations have been carried out with MatLab and FreeFem ++ . The
conclusions are detailed separately in each chapter.
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Introduccion

En este trabajo se presentan varios resultados de tipo tedrico y numérico para diversos pro-
blemas diferenciales. Comenzaremos analizando un resultado de existencia de solucion “admisi-
ble” para las EDPs de Navier-Stokes con condiciones de contorno de tipo Dirichlet. A continua-
cidn, tratataremos dos problemas de control 6ptimo multi-objetivo asociados a EDPs estacionarias
(eliptica lineal y semi-lineal y Navier-Stokes). Por otro lado, estudiaremos problemas de tiempo
minimo para EDOs y para la ecuacion del calor. También, obtendremos y analizaremos resultados
de controlabilidad nula para una EDP parabdlica quasi-lineal. Finalmente, presentaremos méto-
dos de aproximacion numérica de controles nulos parabdlicos semi-lineales basados en minimos
cuadrados.

Aspectos historicos:

A lo largo de la Historia el hombre siempre ha estado en constante busqueda de leyes y princi-
pios que rijan formas o fendmenos naturales, con el propésito de explicar o entender el comporta-
miento de la Naturaleza. Asi, el francés Pierre Louis Moreau de Maupertuis (1698-1759) enuncid,
en 1744, el principio de Minima Accidn, por el cual se establece que:

“En todo cambio que se produzca en la Naturaleza, la cantidad de accion necesaria ha
de ser la minima posible”.

Este es un principio fisico que posteriormente las Mateméticas han fundamentado rigurosamen-
te. En particular, se han desarrollado las técnicas necesarias para dar respuesta a una amplia clase
de problemas de optimizacion.

Desde la época romana se han estudiado problemas relacionados con la optimizacién y el con-
trol de fendmenos naturales, como por ejemplo los que aparecen en relacidon con la construccion
de los acueductos. De este modo, mediante un adecuado sistema de valvulas, chimeneas, bifurca-
ciones, etc. se pretendid y se consiguié mantener un nivel constante de agua, algo esencial para el
sumnistro diario de una pobalcién.

También, en el antiguo Egipto existia el oficio de “estirador de cuerdas”, que tenia como objeti-
vo producir largos segmentos rectos que ayudasen a la construccion de las Pirdmides. Se considera
que esto es una evidencia de que ya por entonces se habia comprendido que la distancia més cor-
ta entre dos puntos es la linea recta. De esta manera, se conseguia minimizar la accién o energia
empleada (el principio cldsico y fundamental de la Optimizacion y del Célculo de Variaciones).

Mas tarde, a finales del siglo XVII, aparecen los trabajos sobre el péndulo de Ch. Huygens y
R. Hooke, en los que se intenta de medir de forma precisa el tiempo y, en ellos, vemos claros de
nuevo elementos de lo que hoy llamamos la Teoria de Control.
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El primer andlisis riguroso de los mecanismos asociados al control de sistemas fue realizado
por J.C. Maxwell en 1868. Para ello us6 herramientas de la teoria cualitativa de las EDOs.

Gracias a los avances de la revolucion industrial, fueron tomando forma la Teoria de Control
y, de este modo, la Ingenieria del Control empez6 a ser reconocida como una disciplina cientifico-
tecnoldgica con relevancia.

Durante la Segunda Guerra Mundial y los afios que la siguieron, los ingenieros y cientificos
tuvieron que afinar su experiencia en los mecanismos de control de seguimiento de aviones y pro-
yectiles y en el disefio de baterias antiaéreas.

A partir de 1960, todo lo que se habia desarrollado hasta ese momento empezo a conocerse
como Teoria Clasica de Control. Comenz6 una nueva era en la que se pretendia desarrollar nue-
vos modelos con los que se pudiera representar la complejidad del mundo real, dando cuenta del
comportamiento no lineal y no determinista.

Gracias a las contribuciones de R. Bellman (programacioén dindmica), R. Kalman (filtrado y
andlisis algebraico de problemas de control) y L. Pontryagin (principio del maximo para problemas
de control 6ptimo no-lineal) quedé fundamentada la investigacion en este campo.

En este sentido también cabe destacar el papel jugado por D.E. Russel y J.-L. Lions, ilustres
matematicos, que influyeron de manera decisiva en el desarrollo de esta disciplina, el segundo en
particular en sus conexiones con las EDPs, el Andlisis Numérico y las aplicaciones industriales.

En lo que se refiere al control 6ptimo, los primeros trabajos se remontan a 1937 con Valenti-
ne, 1939 con McShane y 1947 con Hestenes. Afios mas tarde, en la década de los 50, un grupo
de ingenieros especialmente motivados por los problemas aeroespaciales se interes6 por el control
de sistemas gobernados por ecuaciones diferenciales. En dichos casos era natural querer controlar
de forma que se minimizara una variable dada. Se comprendié que, con una pequefia mejora en
el rendimiento, se podia obtener grandes ahorros en el coste. Sin embargo, el tema no atrajo gran
atencion hasta que el matemaético ruso Pontryagin y su equipo, Boltyanskii, Gamkrelidze y Mish-
chenko, desarrollaron con rigor matemaético lo que hoy se conoce como Principio del Méximo (un
resultado que proporciona condiciones necesarias para la optimalidad de un problema planteado).

Mencionamos que otra herrramienta muy ttil en Teoria de Control fue descubierta en torno
a 1962, cuando Dubovitskii y Milyoutin, consiguen establecer condiciones de optimalidad para
problemas con restricciones determinadas mediante la interseccion de varios conjuntos, de interior
no vacio (restricciones de desigualdad) y/o de interior vacio (restricciones de igualdad).

El control de ecuaciones y sisemas diferenciales ha recibido mucha atencién en los dltimos
tiempos. En particular, el estudio de problemas asociados a EDOs y EDPs no lineales ha genera-
do una amplia y profunda drea de investigacion, dando informaciones cruciales sobre un nimero
creciente de fendmenos de las distintas ramas de la Ciencia como Fisica, Biologia, Economia,
Medicina, etc. e Ingenieria. Si el lector desea conocer mas detalles sobre lo que precede, puede
consultar [13]].

Muchos son los campos donde se presentan retos para la Teoria de Control. En algunos casos
se confia en ser capaces de resolver éstos mediante avances tecnoldgicos que permitan la imple-
mentacion de controles mds eficientes; es el caso, por ejemplo, del control molecular mediante
tecnologia laser; véase [4]]. También, la Robdtica es una de las areas de la Tecnologia que presenta
los retos mas estimulantes para los proximos afios. En este caso, la Teoria de Control esta también
muy implicada en el avance, puesto que el desarrollo de los robots depende de manera fundamental
de la eficiencia y robustez de los correspondientes algoritmos computacionales. A este respecto, no
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resulta dificil imaginar la complejidad del proceso de control que hace que un robot pueda imitar
comportamientos humanos tales como mover las extremidades, agarrar objetos, etc. (véase [32]]).

Por otro lado, el control de fluidos presenta grandes retos debido a su poder para evitar desastres
medioambientales, como las inundaciones. Es el caso por ejemplo de la barrera del Tamesis, en el
sur de Inglaterra, con la que se consigue controlar el nivel del agua, evitando asi que una eventual
crecida cause dafos irreparables. Para tomar la decision de cerrar la barrera se usan y se resuelven
numéricamente modelos de EDPs que predicen y simulan las condiciones meteoroldgicas. A pesar
de que la barrera responde a las necesidades de hoy, el problema no estd resuelto a largo plazo,
puesto que el nivel medio del rio sube 75 centimetros cada siglo de modo que, con el tiempo, este
método dejard de ser eficiente.

El control de fluidos puede aplicarse también al campo aeroespacial, en el que se busca opti-
mizar la forma o perfil del ala de una aeronave, de manera que se gobierne el flujo de aire que hay
a su alrededor, véase [41]]. También tienen relevancia aplicaciones en Medicina, donde se pretende
controlar el comportamiento de los fluidos que invaden células o moléculas que se incorporan a
la sangre; por ejemplo, en personas diabéticas debemos controlar la concentracion de glucosa e
insulina.

En todas estas aplicaciones se necesitan importantes avances tedricos, como por ejemplo en el
caso del control de células cancerigenas de un tumor, véase [23]]. Aunque en los dltimos afios se
ha progresado considerablemente en el estudio de la Teoria de Control, dando lugar a numerosos
trabajos como son [6,/14-16,19,27,/40], aun quedan multitud de preguntas y retos sin resolver,
véase [28,,35]].

Control 6ptimo y controlabilidad:

En términos generales, desde el punto de vista de la Teoria Cléasica de Control, el objetivo es
hallar un dato que lleve una ecuacion o sistema a un estado deseado o (al menos) cerca de él. Asi,
el sistema fisico puede venir descrito por una ecuacion de estado

A(u) = b(f), (D

donde w es la variable de estado (que da informacién sobre la situacion del sistema) y f es un
dato (el control) que se puede elegir libremente dentro de una familia (un conjunto de controles
admisibles) que varia en funcién del problema y de las restricciones que se impongan.

En la practica, es una ecuacion o sistema algebraico o funcional (integral, diferencial ordina-
rio, en derivadas parciales, etc.), que eventualmente debe ser completado con condiciones iniciales,
de contorno u otras.

No siempre existen controles que lleven el estado a una situacion deseada. Por ello, cuando esta
propiedad se cumple, se dice que el sistema es controlable. Pero nada impide que en dicho caso
pueda existir mas de un control que satisface el objetivo.

Frecuentemente, aunque no siempre, hacemos el problema un poco més sencillo marcando
como objetivo minimizar un determinado funcional dentro de una familia de controles admisibles.
Estos son los llamados problemas de control 6ptimo y tienen multitud de aplicaciones.

Una situacién diferente pero también interesante, es la que surge cuando se pretende minimizar
varios funcionales al mismo tiempo. Llegamos asi a los llamados problemas de control 6ptimo
multi-objetivo.
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Los problemas de control 6ptimo son muy interesantes desde el punto de vista tedrico y numéri-
co y también por su gran conexién con diversas aplicaciones. La motivacion principal de estos
problemas es el deseo de actuar sobre el sistema de manera que no s6lo su evolucién sea la mejor
posible sino que, ademds, esto ocurra con minimo esfuerzo.

En nuestra memoria analizaremos problemas de control 6ptimo en los que la ecuacién de esta-
do (1)) que liga las variables a minimizar es una EDO o una EDP (o un sistema de EDOs y/o EDPs).
Asi, un problema de control 6ptimo estdndar toma la forma:

Min J(f)
{ Sujetoa f € Uyg, A(u) = b(f),

donde U,4 es un conjunto del espacio de controles en el que queremos encontrar la solucion.

Queremos establecer condiciones de existencia (y posible unicidad) de solucién (denominado
“control 6ptimo”), caracterizar dicha solucién mediante lo que se denomina “‘sistema de optimali-
dad” y, finalmente, proporcionar algoritmos o métodos de calculo.

Las principales herramientas para el estudio y caracterizacion del control 6ptimo son el llamado
Principio del Maximo de Pontryagin (1962), el Principio del Maximo Local y las condiciones de
optimalidad de primer orden de Karush-Kuhn-Tucker (KKT, 1939).

El Principio del Maximo de Pontryagin proporciona condiciones necesarias de optimalidad
para conjuntos U,y arbitrarios. En cambio, el Principio del Méximo Local es mas restrictivo y
corresponde al caso en que U, €s convexo con interior no vacio.

Las condiciones necesarias de optimalidad de primer orden de Karush-Kuhn-Tucker, véase [22]],
para problemas de optimizaciéon matemdtica y las establecidas por el Principio del Médximo de
Pontryagin, véase [|31]], para problemas de control 6ptimo, no son suficientes, en general, para deci-
dir si el punto analizado es de hecho un 6ptimo global. Consecuentemente, tenemos dos caminos a
seguir para decidir si el candidato es Optimo: usar condiciones de segundo orden o alguna estructura
especial de los funcionales involucrados en el problema (convexidad, deformacion para problemas
mas simples, etc).

Si las funciones involucradas en el problema son convexas, las condiciones necesarias de op-
timalidad son también suficientes. Pero hay una amplia clase de problemas no convexos de gran
interés.

Con el fin de debilitar la hipétesis de convexidad, surgieron en la literatura varias corrientes
que pretendieron dar respuestas a estos casos. Una de estas obras surge en 1962 con Dubovitskii
y Milyoutin. En ella, consiguen establecer un formalismo que proporciona condiciones de opti-
malidad, para problemas con restricciones determinadas por la interseccion de varios conjuntos en
términos de funcionales lineales y continuos, donde cada uno de estos funcionales se relaciona con
un conjunto de restricciones, véase [[17].

Dado el enfoque universal y unificador del formalismo de Dubovitskii-Milyoutin, éste permite
determinar, con el lenguaje del Anélisis Funcional, condiciones necesarias de optimalidad para una
amplia clase de problemas de control, tanto con ecuaciones lineales como no lineales.

En este trabajo ampliaremos esta Teoria de Control Optimo para problemas multi-objetivo,
con varios funcionales a minimizar y uno o varios controles. Nos serviremos principalmente del
formalismo de Dubovitskii-Milyoutin para demostrar la existencia y caracterizacioén de solucion.
Es importante recalcar que, en un problema de optimizacién multi-objetivo, a diferencia de lo que

2)
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ocurre en problemas estindar podemos seguir diferentes estrategias en funcion de la definicién que
tomemos de solucidn.

Obviamente, en estos problemas no existe un minimo como tal sino més bien lo que se conoce
como “equilibrio”. Dependiendo de qué definicion demos de equilibrio necesitaremos razonar de
un modo u otro. Por ejemplo, podemos definir equilibrios cooperativos, en los que todos los con-
troles “‘cooperan” para minimizar en cierto sentido todos los funcionales; éstos son por ejemplo
los equilibrios de Pareto, véase [30]. Pero también podemos considerar equilibrios en los que cada
control se ocupe de alguna manera de un solo funcional; en tal caso, estariamos hablando de equi-
librios no cooperativos como son los equilibrios de Nash, véase [29], o Stackelberg, véase [37].
Todos estos conceptos tienen su origen en la Teoria de Juegos y estan motivados principalmente
por problemas de la Economia.

Otro ambito de estudio en la Teoria de Control son los llamados problemas de controlabilidad.
Asi, podemos buscar resolver problemas de controlabilidad nula, de control exacto, de control
aproximado, de control frontera, de control a trayectorias, etc. Todos estos problemas tienen en
comun que lo que se pretende es resolver una ecuacion o sistema en la que gracias a la presencia
de un control, el estado final del sistema coincide o al menos se parece a un estado dado.

La resolucion de este tipo de problemas depende en gran medida de la naturaleza del sistema
considerado. En particular, las siguientes caracteristicas pueden jugar un papel crucial: reversibili-
dad temporal, regularidad del estado, estructura del conjunto de controles admisibles, etc.

La controlabilidad de las EDPs ha sido objeto de una intensa investigacion desde hace mas de
40 anos. En 1978, Russell [33]], hizo un estudio bastante completo de los resultados mds relevantes
que estaban disponibles en la literatura en ese momento. En ese articulo, el autor describi6 una serie
de herramientas diferentes que fueron desarrolladas para abordar problemas de controlabilidad, a
menudo inspiradas y relacionadas con otros temas proximos a las EDPs: método de los multiplica-
dores, problemas y métodos de los momentos, series de Fourier no arménicas, etc. Poco después,
J.-L. Lions introdujo el llamado Método de Unicidad de Hilbert (H.U.M.; ver [26]]), que permitio
conectar los conceptos de controlabilidad, observabilidad, continuacién dnica, etc..

En un problema de controlabilidad habitual, la ecuacién de estado es de la forma

{ e+ Aly) = B(v) t€(0,T),

3
y(0) = 1o, ©)

En este punto suponemos que y es el estado (que identifica las propiedades fisicas del sistema),
v es el control (que determina la accion que ejercemos), A y B son operadores diferenciales o
algebraicos y 1" es el tiempo final de resolucion del problema.

Si el sistema (3)) esta bien planteado, es decir, para cada dato ¥, y cada control v en determinados
espacios existe exactamente una solucion de la ecuacion (3)), entonces podemos enunciar diversos
problemas de controlabilidad:

= Controlabilidad nula: Para cada y, encontrar v tal que la correspondiente funcién y verifica
y(T') = 0.

» Controlabilidad exacta: Para cada y, encontrar v tal que y(7") sea igual a un dato dado.

» Controlabilidad aproximada: Para cada yy, cada y, y cada 6 > 0 encontrar v tal que ||y(T") —
yall < 6.



XVI

» Controlabilidad exacta a una trayectoria: Para cada 1, y cada trayectoria libre y* del sistema,
es decir, solucién de la ecuaciéon
Yt + A<y> = 07

hallar v tal que y(7) = y*(7T).

Noétese que la controlabilidad exacta a trayectorias es una propiedad muy util desde el punto de
vista de las aplicaciones: si podemos encontrar un control tal que y(7") = y*(T), después de un
tiempo, podemos suprimir el control y dejar que el sistema ““siga” la trayectoria de manera auténo-
ma. Para cada sistema de la forma (3], estos problemas conducen a varias preguntas interesantes,
como son aquéllas relativas a la existencia de v, la caracterizacion del control de norma minima o
su célculo.

En el contexto de las EDPs, una de las principales herramientas que permite abordar problemas
de controlabilidad son las llamadas desigualdades globales de Carleman. Estas desigualdades han
sido aplicadas en muchos trabajos, como son [7, 19-21,|38]].

Las desigualdades de Carleman son estimaciones ponderadas mediante funciones de peso ade-
cuadas que permiten acotar integrales globales de las soluciones. Supongamos que (3) es una EDP
lineal y debe cumplirse en  x (0,7'), donde Q C R” es un abierto no vacio. En su forma mds
simple, la desigualdad de Carleman asociada tiene la forma

// el da dt < C// pa |l du dt,
Qx(0,T) wx(0,T)

donde w C {2 es un abierto no vacio, ¢ es solucioén del problema adjunto asociado a (3)

{ —p + A*(p) = 0,
@(T) = ¥r

y C' > 0 es una constante independiente de ¢. En este caso, las funciones de peso o de Carleman
son p1 y pe, funciones positivas que “explotan” al menos cuando ¢ ' T'.

Gracias a las desigualdades de Carleman, el Andlisis de Fourier o los argumentos Hilbertia-
nos, se puede conseguir con frecuencia resolver un problema de controlabilidad (aunque, como es
natural, la complejidad de los argumentos dependerd de las propiedades que tenga la ecuacién de
estado).

En este trabajo, () C RN (N < 3) denotard un abierto acotado, w,w;,ws C £ serdn los
dominios de control, abiertos y no vacios, 1y denotard la funcién caracteristica del conjunto U
y 1" > 0 seré el tiempo final de evolucién del sistema. Para las experiencias numéricas que se
incluyen en el trabajo, hemos usado los softwares MatLab y FreeFem-++.

Descripcion de la memoria:

La memoria estd dividida en seis capitulos. Cada uno de ellos aborda un problema distinto.

En el primer capitulo, se da una nueva prueba del resultado presentado por Caffarelli-Kohn-
Nirenberg en 1982, véase [3]]. Este trabajo es de corte mds tedrico y se basa en un andlisis detallado
de las propiedades de las aproximaciones de las ecuaciones de Navier-Stokes. En este sentido,
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somos capaces de demostrar que el limite de las sucesiones dadas por un esquema de Euler semi-
implicito, tanto en el caso semi-discretizado como completamente discretizado, aplicado a la ecua-
cién de Navier-Stokes en dimension 3 con condiciones de Dirichlet, es una solucién “admisible”
en el sentido de Scheffer, véase [34]. El interés practico de esta nueva prueba reside principalmente
en que esta demostracion ayuda en la comprobacion de los criterios de Caffarelli-Kohn-Nirenberg
y, también, podria ayudar a localizar los puntos singulares, gracias a que las soluciones son limites
de sistemas discretos. Las técnicas aqui utilizadas se pueden aplicar a muchos otros esquemas de
aproximacién que conducen a desigualdades de energia andlogas.

En el segundo capitulo abordamos un problema de control multi-objetivo. En este caso estu-
diaremos la existencia, caracterizacion, aproximacion y simulacién numérica de los equilibrios de
Pareto asociados a problemas de control éptimo para una EDP de Poisson, una EDP eliptica semi-
lineal y las ecuaciones de Navier-Stokes estacionaria. Andlogamente, en el capitulo tercero estu-
diaremos para estos mismos problemas los equilibrios de Nash tanto desde el punto de vista tedrico
como numérico. En estos dos trabajos hemos utilizado el formalismo de Dubovitskii-Milyoutin en
los casos en que los argumentos clésicos de convexidad fallan como es en el caso de las ecuaciones
de Navier-Stokes estacionaria. El interés de estos trabajos es que proporcionan una nueva vision
de los equilibrios de Pareto y de Nash asociados a problemas de control ptimo, algo que se puede
extender y aplicar a muchas otras ecuaciones y sistemas.

En el cuarto capitulo estudiamos problemas de tiempo minimo. Estos se corresponden con
problemas de control 6ptimo en el que dentro del funcional que se desea minimizar se incluye
también la variable temporal, de modo que no sélo se desea resolver el problema con minimo
“esfuerzo” posible sino también en el menor tiempo posible. En este caso, comenzaremos el estudio
viendo qué ocurre cuando nos encontramos con el problema asociado a EDOs lineales y no lineales.
Asi, terminaremos el trabajo presentando resultados para la EDP del calor. Se dan varios algoritmos
que permiten calcular el 6ptimo y ademads se incluyen varias simulaciones numéricas.

En el quinto y sexto capitulo abordaremos cuestiones relacionadas con la controlabilidad. El
primero de ellos, en el Capitulo 5 es el problema de controlabilidad nula asociada a una EDP
de tipo parabdlica quasi-lineal. Asi, estudiaremos la existencia y caracterizacién de solucién para
este problema y terminaremos introduciendo un esquema numérico de aproximacién y su posterior
simulacion en el ordenador. Para la demostracion de que el sistema es controlable a cero, usaremos
las estimaciones de Carleman y nos serviremos de un sistema auxiliar linealizado. También, el
algoritmo de aproximacion que usaremos es de tipo quasi-Newton. Este trabajo se ha realizado en
colaboracién con Juan Limaco.

En el sexto capitulo terminaremos abordando el problema de controlabilidad nula para la EDP
del calor semi-lineal. En este caso, para demostrar que el sistema es controlable a cero, usaremos
de nuevo las estimaciones de Carleman pero nos basaremos también en una aproximacion de tipo
minimos cuadrados, es decir, buscaremos la solucién como el minimo de un funcional cuadratico.
El método aqui aportado nos ayuda a caracterizar la solucién y poder luego incluir resultados y
simulaciones. El contenido de este capitulo lo hemos desarrollado en colaboracién con Arnaiid
Miinch y Jérome Lémoine como fruto de mi estancia en Clermont-Ferrand.

A continuacion incluimos un resumen un poco mds detallado de cada capitulo en el que expli-
caremos de forma precisa los resultados y técnicas que se presentan.
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Nueva demostracion de la existencia de soluciones admisibles
y otras observaciones para la ecuacion de Navier-Stokes

A new proof of the existence of suitable weak solutions and other remarks for the
Navier-Stokes equations

En esta primera parte de la memoria vamos a analizar desde el punto de vista tedrico la exis-
tencia de un tipo de solucidn caracteristica para la ecuacion de Navier-Stokes. En este trabajo,
presentamos una nueva prueba del teorema proporcionado por Caffarelli-Kohn-Nirenberg en [5];
esto ha dado lugar a la publicacién [9].

Comenzaremos haciendo un breve repaso de los resultados fundamentales de [5], considerare-
mos la ecuacién de Navier-Stokes

u+u-Vu—Au+Vp=f, (z,t) € Q,
V-u=0, (z,t) € Q,

u(z,t) =0, (x,t) € %,
u(z,0) = up(x), = € Q,

“4)

donde © C R3 es un abierto, convexo y acotado de frontera regular 9, T > 0, Q := Q x (0,7T),
Y =00, fe L1Q)*cong>2y V- f=0y,poriltimo, uy € H}(Q) con V - uy = 0.

Para esta ecuacion, Caffarelli, Kohn y Nirenberg son capaces de demostrar el siguiente resulta-
do:

Teorema 1. Sea (u, p) una solucion “admisible” para la ecuacion de Navier-Stokes en un cilindro
D = G x (a,b) C R3xR. Entonces el conjunto de puntos singulares (puntos en los que la solucion
no es L™ en ningiin entorno) satisface que P*(S) = 0, donde P' es una medida en R* x R que
estd mayorada por la medida de Hausdorff uno-dimensional.

En este trabajo decimos que (u, p) es una solucién débil “admisible” de () en el cilindro D si
satisface:

1. u € L=(0,T; L*(G)?), Ou € L*(D), p € L*/3(D), u = 0 sobre G x (0,T),
2. (u,p) verifica las dos primeras igualdades de (@) en el sentido de las distribuciones en D.

3. Para cada ¢ € C§°(D) con ¢ > 0, se cumple que

2 [ 1vlo < [[ (1Pt 80)+ (uP + 290 Vorr 2 D). 9

Observemos que (5)) es una desigualdad de energia local. El primer miembro corresponde a la
verdadera energia que se va perdiendo a lo largo del tiempo debido al rozamiento de las particulas,
también llamada energia viscosa. Por tanto, podemos ver la desigualdad (5]) como una estimacién
local en la que se muestra que, en cada punto del espacio, la energia viscosa que se pierde esta
acotada por términos que dependen tnicamente de la velocidad, la presion y las fuerzas a las que
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esta sometido el fluido. Es notable ver también que en (5)) no aparecen derivadas de u ni de p a la
derecha.

Caffarelli, Kohn y Nirenberg introdujeron esta desigualdad local en la demostracién del teo-
rema por dos motivos. El primero de ellos fue para expresar de manera rigurosa que la energia
debida al rozamiento se va perdiendo de manera local, es decir, que leste proceso de pérdida es un
fenémeno local. El otro motivo por el que se introdujo (5]) fue porque ellos esperaban que con dicha
desigualdad se podria demostrar la unicidad de solucién admisible; pero hasta el momento nadie ha
conseguido este objetivo. De hecho, esto podria deberse a que la desigualdad (5] se hace desde el
punto de vista euleriano, es decir, la desigualdad se tiene en cada punto del sistema de referencia y
en cada uno de ellos se observa el movimiento de las particulas. Por el contrario, se podria intentar
trabajar con una desigualdad andloga a (5)) tomando como sistema de referencia cada una de las
particulas, es decir, con la funcién test ¢ anuldndose en un entorno de cada particula e integrales
méviles en funcion del movimiento descrito. Pero ain no se sabe bien cdmo escribir esto.

Para la demostracion del Teoremal(I] Caffarelli-Kohn-Nirenberg se apoyan en dos proposiciones
auxiliares en las que consiguen demostrar bajo qué condiciones un punto es no singular. Estas
proposiciones son:

Proposicion 2. Supongamos que (u,p) es una solucion “admisible” para la ecuacion de Navier-
Stokes en Q1. Entonces existen constantes C', €1, €5 > 0 tales que, si

0 5/4
| e+ [ ([ wde) < ©
Q1 -1 |z|<1
// |f]? < e, (7)

entonces [u| < Cy en Q1/9. Aqui, Q, es el cilindro parabdlico en torno a (0,0) de radio r. En
particular, el punto (0,0) es no singular.

Proposicion 3. Supongamos que (u,p) es una solucion “admisible” para la ecuacion de Navier-
Stokes en un entorno de un punto (x,t). Entonces existe €3 tal que, si

1
limsup—// |Vul? < es, (8)
r=0 T JJQp(xt)

el punto (x,t) es no singular. De nuevo, Q}(x,t) es un cilindro parabdlico en torno a (x,t) de
radio 1.

En este punto, nos gustaria mencionar también una prueba alternativa del Teorema [1| propor-
cionada por Lin en [25]], mas simple que la que llevan a cabo Caffarelli, Kohn y Nirenberg en [5].
Dicha demostracion se basa principalmente en las estimaciones proporcionadas por Sohr y Wahl
en [36]; haciendo uso de ellas, consigue probar el teorema utilizando tnicamente la Proposicion

Por otro lado, en [5] también se prueba bajo una serie de condiciones un teorema de existencia
de soluciones “admisibles” para la ecuacion de Navier-Stokes. Esta demostracion se basa en un un
esquema de aproximacion en tiempo en el que cada etapa utiliza la solucién en un tiempo anterior.
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Para este esquema se prueba gracias a determinadas estimaciones que se puede pasar al limite y
que dicho limite es una solucién “admisible”.

En nuestro trabajo, presentamos una nueva prueba de este ultimo teorema de existencia. En ella
se usa un esquema de aproximacion de tipo Galerkin. Esta nueva demostracion aporta un argumento
que puede ser muy ttil desde el punto de vista del andlisis numérico y de la computacion de la
solucion. Asi, utilizamos el siguiente esquema numérico:

um+1 —um
+ (um X V)um—i—l _ Aum—l—l + vpm—i-l _ fm+1 r € Q7
T
V-um+1:0x69,/pm+120, ©)
Q

u™tt =0, x € 09,
donde N es un nimero natural suficientemente grande, 7 := T/N, t" = m7y

tm

o=t pna,

T tm—1

u™ ~u(, t") y p™ =~ p(-, ™), con u’ = yy param = 0,1,..., N — 1.

Por un razonamiento de induccién demostramos que (9) estd bien definido, es decir, existe una
tinica solucién (u™! p™*1) para cada m. Y con ayuda de este esquema construimos una sucesién
de la cual podemos extraer una subsucesion que converge a una soluciéon “admisible” de Navier-
Stokes, como vemos en el resultado siguiente:

Teorema 4. Denotemos:

» uy : [0,T] = V, como la unica funcién continua lineal a trozos que satisface:

uy(t™) =u™, param =0,1,... N.

» u[0,T] — V, como la funcion constante a trozos que satisface:

wiy(t) =u™" ent € (™, t" ], m=0,1,...,N — 1.

De manera similar introducimos la aproximacion de la presion py y del segundo miembro f3;, de
nuevo como funciones constantes a trozos. Entonces dichas funciones verifican:

{ ung + (uy(t —7) - Viuy — Auy + Vo = fx, (10)

V-uy =0.

para cualquier N y en casi todo t € (0,T). Ademds, existe una subsucesion de funciones wy que
converge débilmente en L*(0,T;V), débil-* en L>°(0,T; H) y fuertemente en L*(Q)* hacia una
solucion “admisible” de la ecuacion de Navier-Stokes.

Aqui, hemos usado la notacién clésica:

Vi={ve H}(Q)?®: V-v=0enN},
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H:={veLl*Q)?®: V.-v=0enQ, v- 7 = 0sobre dQ}.

Este es uno de los principales resultados del trabajo y, como hemos dicho, consigue dar una
nueva prueba del resultado de existencia de Caffarelli, Kohn y Nirenberg. La demostracion se basa
principalmente en las estimaciones clésicas de energia y utiliza, también, las estimaciones propor-
cionadas por Sohr y Wahl en [36] y una version discreta de la desigualdad Young. Es importante
recalcar que el argumento necesita una buena estimacion para la presion. De hecho, no se conoce
mejora del resultado debido principalmente a que la mejor estimacion que se tiene para la presion
estd en L%® que da la clave para demostrar el Teorema (1| Para acotar la presién en nuestro traba-
jo usamos una version discreta de la desigualdad de Young, de tipo convolucién. De esto modo,
trasladamos esta buena estimacion de la presion a nuestro esquema numérico.

Por otra parte, en el trabajo también se proporciona un esquema de Galerkin totalmente discreto,
tanto en tiempo como en espacio, para el cual somos capaces de probar resultados andlogos a los
ya expuestos para el esquema (9). El segundo esquema considerado es

( m+l__ . m
Up

u
(=) + (09

+<Vu,2”+1,Vvh> + (Vp?“,vh) = ( ;l”“,vh) Yo € Xy,
<Qh,V : U;?“) =0 Vg, € P,
C (™) € (X, P,
para m = 0,1,..., N; y donde los (X}, P,) son espacios uniformemente compatibles, es decir,
espacios para los que se verifica la condicion inf-sup uniforme

inf sup (Van, vn) >c Vhel01]. (12)

qhef%\{o}vhex¢\{o}\|UhH111*sHQhHEF

(11)

El trabajo termina indicando, que como ya hemos mencionado, igual que podemos extender el
Teorema ] al caso completamente discreto, también podemos hacerlo para otros esquemas numéri-
cos con estimaciones de energia andlogas.

También podemos considerar otros sistemas, tales como el sistema de Boussinesq

(uy— Au+ (u-V)u+ Vp=f+0k, (z,t) € Q,
Vu=0, (z,t) € Q,

{ O +u-VO—A0 =g, (z,1) € Q, (13)
u(z,t) =0, 0(x,t) =0, (z,t) € X,

L u(z,0) = up(z), 0(z,0) = 0y(z), €

o la ecuacidn de Navier-Stokes con densidad variable

((pe+ V- (pu) =0, (z,t) € Q,

plus + (u- V)u) — Au+Vp = pf, (2,t) € Q,

V-u=0, (z,t) € Q, (14)
u(z,t) =0, (x,t) € %,

L u(z,0) = up(z), p(x,0) = po(x), z €
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En el caso del sistema de Boussinesq, podemos probar resultados andlogos usando un esquema
de Galerkin semidiscreto o totalmente discreto. Por ejemplo,

umt — " 1 1 1 1 1

— Au™ Tt (™ - V)™t V= et gt

Vumtt =0, (15)
em-l—l —gm

b VT AT = g,

En cambio, para la ecuacion de Navier-Stokes con densidad variable el estudio no es tan sencillo
de extender debido principalmente a la falta de regularidad de la densidad de masa p. De hecho,
para este sistema no esté clara la definicién de solucién “admisible” ya que obtener una desigualdad
local de energia andloga a (3] parece dificil de nuevo, debido principalmente al término relacionado
con la presion.

Relacionado con este trabajo, también existen en la literatura otros donde se dan nuevas pruebas
del resultado de Caffarelli-Kohn-Nirenberg, véase [18,39]. En el caso de Guermond, [18]], se usa
un esquema de tipo Galerkin distinto que conduce a la misma conclusion.

Por otro lado, en el trabajo de Da Veiga, véase [39], la prueba reposa sobre un método de
regularizacion de cuarto orden.

Resultados teéricos y numéricos para problemas de control
optimo bi-objetivo

Theoretical and numerical results for some bi-objective optimal control problems

La segunda parte de esta memoria estd formada por tres trabajos relacionados con la Teoria de
Control Optimo. En el primero de ellos, estudiamos los equilibrios de Pareto asociados a diversos
problemas de control bi-objetivo. Ha dado lugar al articulo [[12].

Mis precisamente, nos centramos en problemas bi-objetivos en los que tenemos dos funcionales
a minimizar de la forma:

a

W) =5 [ 100, =12 (16)

donde las u;; son funciones dadas y i y a dos constantes positivas. A lo largo de este estudio
analizaremos el caso en el que las variables u y f estdn ligadas por una EDP de Poisson

—Au= f1,, x€,
17
{ u=0, x€0d, 17
una EDP eliptica semi-lineal
—Au+¢(u) = fl,, z€Q,
18
{ u=0, x €&, (18)



Capitulo 0. Introduccién XXIII

donde ¢ es una funcién a la que le imponemos las siguientes condiciones (que garantizan la exis-
tencia de solucién)

¢ : R — R is continuously differentiable, (19)
¢ (s) > 0and |p(s)| <C+Cls|] VseR
y, por ultimo, las EDPs estacionarias de Navier-Stokes
—vAu+ (u-V)u+Vp=fl,, z€Q,
V-u=0, z€f, (20)

u=0, x¢&dl.

Como hemos mencionado anteriormente, el analisis multi-objetivo el problema varia en funcién
de la definicién de equilibrio que pretendamos estudiar. En este primer caso, vamos a trabajar con
equilibrios de Pareto.

Diremos que f es un equilibrio de Pareto si no existe ningtin otro control f que verifique

J(f) <)y L(f) <)), 21
siendo alguna de las desigualdades estrictas. Dicho de otro modo f es un equilibrio de Pareto si
no existe ningun otro control f que mejore simultdneamente los dos criterios, siendo esta mejora
estricta al menos en un caso.

Es importante recalcar que si f es un equilibrio de Pareto para dos funcionales .J; y J, (por
ejemplo) de clase C!, entonces existe un nimero « € [0, 1] tal que se verifica:

adi(f)+ (1 —a)J5(f) = 0.

Por lo tanto, si J; y J5 son convexas, como ocurre cuando el estado estd dado por (17)), tenemos
el siguiente resultado:

Teorema 5. Sean Jy y Jy los funcionales dados en (16)) y sea f un equilibrio de Pareto para (T6),
(I7). Entonces existe a € |0, 1] tal que f es un minimo del funcional:

J(a) =aJ; + (1 — Oz)Jg.

Por otra parte, hemos estudiado bajo qué condiciones un minimo del funcional J,) es un equi-
librio de Pareto. Para este estudio ha sido importante reescribir un minimo del funcional de J(,)
como la solucién de un sistema de optimalidad para el control f , el estado asociado y un estado
adjunto apropiado.

Asi, diremos que f es un quasi-equilibrio de Pareto si es solucion del sistema de optimalidad
junto con la variable estado u, el estado adjunto . Veamos ahora el sistema de optimalidad para
cada caso.
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= Quasi-equilibrio de Pareto para la EDP de Poisson. En este caso, f debe verificar, junto con
u'y ¢, el sistema de optimalidad:

—Au = f1,, x€Q,

u=0, ze€d,

—Ap = a(u—ug)le, + (1 —a)(u —ug)le,, x€Q, (22)
p=0, xe€df,

a
f:__90|w
\ X

= Quasi-equilibrio de Pareto para la EDP eliptica semi-lineal. Ahora f, u y ¢ verifican el sis-
tema de optimalidad:

([ —Au+p(u) = fl,, x€Q,
u=0, z €,
—Ap+ ¢ (u)p = a(u—ug)lo, + (1 —a)(u —u)lo,, z€Q, 23)
=0, x€0df,

a
f=—vlw.
( 7

= Quasi-equilibrio de Pareto para la EDP de Navier-Stokes. Tenemos que ( f, u, p, ¢, q) es so-
lucién de

—vAu+ (u-Vu+Vp= f|,, z€Q,
V-u=0, zefl,

u=0, x¢€0df,
—vAp+ (u-V)p+ (Vu)p + Vg
= a(u—ug)lo, + (1 — a)(u — ugg)le,, z€Q, (24)

Vop=0, xe€(,
=0, x¢€0d,

a
f=——pl,.
i

\

Una vez establecidas las definiciones de equilibrio y quasi-equilibrio de Pareto, analizamos y
deducimos resultados de existencia, unicidad y equivalencia entre ambos conceptos; llegamos a
la conclusion de que, en el caso lineal, ambos conceptos son equivalentes y podemos garantizar
existencia y unicidad.

En el caso semi-lineal, ocurre que la existencia se puede garantizar sin imponer nuevas con-
diciones pero para conseguir la unicidad para cada « y establecer la equivalencia, necesitamos
imponer nuevas condiciones sobre la funcién ¢ y sus derivadas primera y segunda. En el estudio
del caso semi-lineal ya podemos observar que la complejidad del problema aumenta a medida que
aumenta el tamafo de a /.
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Por tltimo, en el caso de las EDPs de Navier-Stokes, los resultados son mas complejos debido
principalmente a que trabajamos con un sistema fuertemente no lineal y, ademads, no estd garan-
tizado que podamos asociar a cada control un tnico estado. En cuanto a los objetivos logrados,
indiquemos que, en el contexto de Navier-Stokes, hemos conseguido demostrar la existencia de
equilibrios de Pareto y, también, que un equilibrio de Pareto es un quasi-equilibrio:

Teorema 6. Sea f un equilibrio de Pareto para (16), (20). Entonces f es un quasi-equilibrio de
Pareto, es decir, es solucion de (24) junto con las variables asociadas.

Para las demostraciones de todos estos resultados hemos usado resultados clasicos del Calculo
de Variaciones, aprovechando las propiedades de los funcionales: coercitividad, convexidad, semi-
continuidad inferior débil, etc. En el caso de las EDPs de Navier-Stokes, para probar el Teorema [6]
necesitamos usar el formalismo de Dubovitsky-Milyoutin y, en particular, el siguiente resultado
técnico:

Lema 7. Sean K, ..., K, conos convexos en el espacio de Banach X. Si para cada i asumimos
) Y
que K; es abierto o bien un subespacio cerrado, las siguientes condiciones son equivalentes:

i=1

» Existen formas lineales f; € K, coni=1,...,n, no todos cero, tales que

n

Zfizo'

=1

Las ideas bésicas del formalismo se pueden explicar de la siguiente manera. En un minimo
local, el cono de direcciones de descenso asociado a la funcién de coste debe ser disjunto de la
interseccion de los conos de direcciones factibles y tangentes, respectivamente determinadas por
la familia de controles admisibles y la ecuacidn, en este caso (20). De hecho, no podemos “mo-
vernos” del minimo a otro punto admisible en una direccion que mejore las funciones objetivo.
Como consecuencia del Teorema de Hahn-Banach y de algunos argumentos adicionales, se deduce
que deben existir elementos en los conos duales asociados, no todos ellos cero, que sumen cero.
Esta condicion algebraica es el sistema de Euler-Lagrange del problema extremal que nos ocupa.
Cuando es posible identificar los conos primarios y duales anteriores, este sistema proporciona las
condiciones de optimalidad de primer orden de forma sistematica. En el caso de un problema de
control ptimo estandar (mono-objetivo), también conduce al Principio del Maximo de Pontryagin
correspondiente.

Terminamos el estudio de cada ecuacién afiadiendo una serie de algoritmos que aproximan
los quasi-equilibrios. Aparte de los cldsicos algoritmos de punto fijo, gradiente con paso 6ptimo
y gradiente conjugado, para la ecuacion de Navier-Stokes incluimos, también, un método de tipo
Newton. Este algoritmo iterativo se basa en producir aproximaciones de una solucién del sistema
de optimalidad, viéndolo como una ecuacién a la que le buscamos su cero.

Por otro lado, en el caso de Navier-Stokes, incluimos también simulaciones numéricas como
vemos a continuacién. Estas estdn realizadas con el software FreeFem++. Como método de apro-
ximacién numérica usamos el método de elementos finitos mixtos, es decir, aproximamos al mismo
tiempo las velocidades u y la presion p en cada iteracion.
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Presentaremos ahora brevemente una de las experiencias numéricas detalladas en este trabajo.

Figura 1: Dominio escogido. Numero de nodos: 1519 . Numero de triangulos: 2876.

Hemos considerado un dominio formado por dos rectingulos unidos en un lateral. Suponemos
que el control se va a aplicar en una banda lateral, de manera que haciendo cada vez més estrecha
la banda, podamos aproximarnos a resolver un problema de control frontera.
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Figura 2: Las funciones deseadas.

El problema consiste en hallar un control f de manera que el fluido rote en el rectangulo grande
y permanezca en reposo en el rectdngulo pequeno. En este momento, podemos observar como es
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muy importante el valor que le demos al pardmetro «; éste va a determinar en gran manera el
peso que damos a cada solucién deseada en cada rectangulo. Asi, si hacemos o muy préximo a 0,
priorizamos que la solucién permanezca en reposo por encima de que rote; por el contrario, si « es
proximo a 1, estaremos buscando que la solucion rote en el rectdngulo grande aunque esto ocasione
movimientos en el pequeno.

Asi, gracias al método de Newton implementado, obtenemos el estado y el estado adjunto que
podemos ver en la Figura[3]
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Figura 3: Velocidad final y estado adjunto final para un fluido con numero de Reynolds de 3500 y
a=0,5.

Como punto final a este trabajo nos gustaria hacer algunos comentarios con respecto a futuras
lineas de investigacion. En este sentido, queda aun saber bajo qué condiciones que no impliquen
unicidad de solucidn se tiene que un quasi-equilibrio de Pareto es un equilibrio.

Otro aspecto importante que queremos tratar en trabajos futuros es la adaptacion del analisis y
los resultados a las EDPs de Navier-Stokes de evolucion y otras ecuaciones y sistemas evolutivos.

Por ultimo, debemos indicar que el estudio se podria extender al caso de tres o més funciona-
les, funcionales de otro tipo (no cuadraticos y/o con estructuras diferentes), problemas de control
frontera, etc.
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Teoria y analisis numérico de los problemas de control 6ptimo
bi-objetivo: equilibrios de Nash

Theoretical and numerical bi-objective optimal control: Nash equilibria

El tercer trabajo de esta memoria est4 relacionado también con la Teorfa de Control Optimo y ha
dado lugar al articulo [[11]]. En este caso, volvemos a estudiar un problema de control multi-objetivo
pero ahora desde el punto de vista de los equilibrios de Nash.

Supondremos ahora que la ecuacién de estado considerada esta siendo controlada por dos con-
troles (este nimero va coincidir con el nimero de funcionales de coste). Diremos que ( fi, f2) es un
equilibrio de Nash si se verifica

L(fi ) S Do)y Jalfis fo) < Dol fu, o) (25)

para cualquier par de controles admisibles ( f1, f2).
En nuestro caso, tendremos

a 1 ,
Ji(f1, [2) = 5/ |u — wial® + 5 fil?, =12, (26)
O; Wi
donde u es el estado correspondienre al par (fi, f2).
Level curves of J, and J,, Level curves of J, and J,,

® 1st minimizer
® 2nd minimizer
—J;
—J,
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Figura 4: Relacion entre equilibrios de Nash y de Pareto.
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Observemos que en el caso de los equilibrios de Nash cada control se dedica exclusivamente a
minimizar un funcional en una direccién, mientras que en el caso de los equilibrios de Pareto, el
control minimiza en cierto sentido (con un peso «) los dos funcionales al mismo tiempo (es decir,
el funcional J(,)). Esta diferencia la podemos ver graficamente en la Figura Aqui, el equilibrio de
Nash es dnico; en cambio, los equilibrios de Pareto forman una curva parametrizada por « € [0, 1].
También hemos representado lo que en Economia se conoce como Frontera de Pareto, que no es
mds que la curva en el plano (.J;, J,) formada por los valores que toman los equilibrios de Pareto.

Al igual que en el anterior trabajo, en éste vamos a estudiar los equilibrios asociados a la EDP
de Poisson

—Au = fil,, + f21., € Q,
u=fi fa , X 27
u=0, x €,
a la EDP eliptica semi-lineal
—Au + ¢(U) = f11w1 + f21w27 S Q, (28)
u=0, x€df
(donde ¢ vuelve a verificar las condiciones (19)) y el sistema estacionario de Navier-Stokes
—vAu+ (u-V)u+ Vp = fily, + folo,, x€Q,
V-u=0, z€f, (29)

u=0, x€d.

A diferencia de lo que ocurria en el caso de los equilibrios de Pareto, para los equilibrios de
Nash no podemos reducir el estudio a un problema mono-objetivo. Por ello, todas las demostracio-
nes y situaciones se complican y gana atin mds relevancia el tamafio de a/ .

Introducimos ahora los distintos sistemas de optimalidad para cada ecuacion. En cada caso, la
solucion del sistema se denomina quasi-equilibrio de Nash.

= Quasi-equilibrio de Nash en el caso de la EDP de Poisson (27): es toda solucién ( f1, fa, u, 1, p2)

del sistema de optimalidad:

([ —Au= fil,, + folo,, ©€Q,
u=0, x¢€d,
—Ap; = (u—wg)lo,, €€, (30)
=0, x€d,

a
fi=—— i
W

i=1,2.

w; !
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= Quasi-equilibrio de Nash en el caso de la EDP eliptica semi-lineal (28): se trata de toda
solucién (f1, f2, u, g1, p2) de

(( —Au+ ¢(u) = fil,, + fols,, =€ Q,
u=0, x¢€ i,
—Ap; + ¢ (u)e; = (u—uwig)lo,, x €8, G1)
w; =0, x€0d,

a
fi=——wi
W

i=1,2.

wi

\

= Quasi-equilibrio de Nash para las EDPs de Navier-Stokes (29): se llama asf a toda solucién
<f17 f27 U, P, 1, 91, P2, QZ) del sistema

/

—vAu+ (u-V)u+Vp = fily, + foly,, x€Q,
Vou=0, ze€q,
u=0, x €,
—vAp; + (u- V)i + (Vu)lp; + Vg = (u — uig)lo,, = €9, 32)
V-op;, =0, x€,
w; =0, x€df,
fi=—Lpl, i=1,2
L

\

En este trabajo, establecemos en cada caso condiciones bajo las cuales los conceptos de equili-
brio y quasi-equilibrio de Nash son equivalentes. También, probamos varios resultados relativos a
la existencia y unicidad.

De manera andloga a lo que ocurria en el caso de los equilibrios de Pareto, podemos deducir
que, si un par (f1, f2) es un equilibrio de Nash para los funcionales .J; y J, entonces

Mirando estas igualdades, resulta razonable pensar que, en general, un equilibrio de Nash serd,
junto con el estado asociado y los correspondientes estados adjuntos, solucién del sistema de opti-
malidad, es decir, un quasi-equilibrio. Notemos que esta afirmacién no estd muy clara en todos los
casos.

Asi, en el caso del problema (25)), (26)), (27), establecemos que si, a/u es suficientemente pe-
quenio, existe un unico equilibrio. También probamos que, para cualesquiera a > 0y p > 0, existe
un dnico equilibrio en el caso en que los dominios de observacion O; y O, son iguales. En relacion
con la equivalencia de los dos conceptos, vemos que, independientemente del valor de a/u, un
equilibrio de Nash es un quasi-equilibrio y viceversa.

Para (23), (26)), (28), debemos imponer condiciones sobre la funcion ¢, sus derivadas primera
y segunda y el tamafio de a/p para poder probar la equivalencia entre equilibrio y quasi-equilibrio
y, también, para probar resultados de existencia y unicidad. Ademads, presentamos un resultado
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relativo a la existencia de quasi-equilibrios de Nash en el que rebajamos las condiciones sobre ¢ y
eliminamos la restriccién sobre el tamafio de a /. El resultado es el siguiente:

Teorema 8. Si existe 6 > 0 tal que ¢'(s) > & para cualquier s € Ry ¢(0) = 0, entonces existen
quasi-equilibrios de Nash.

La prueba de este teorema reposa sobre un lema de Brézis y Nirenberg, véase [3]], que establece
condiciones bajo las cuales la suma de un operador mondétono y otro compacto es una aplicacion
sobreyectiva.

Por otro lado, para las EDPs de Navier-Stokes estacionarias, conseguimos demostrar que, si el
tamafio de a/u es suficientemente pequefio entonces existen quasi-equilibrios de Nash y que, si
éste es ain mas pequeio, el quasi-equilibrio es unico. El resultado de equivalencia es desconocido.
No obstante, probamos que todo equilibrio de Nash es un quasi-equilibrio, gracias de nuevo al
formalismo de Dubovitsky-Milyoutin:

Teorema 9. Sea (f1, f2) un equilibrio de Nash para 23), 26)), 29). Entonces ( f1, f2) es un quasi-
equilibrio, es decir, es solucion, junto con el estado (u, p) y los estados adjuntos (p1,q1) y (p2, g2),

de (32).

Al igual que antes, terminamos el estudio de cada ecuacidn afiadiendo una serie de algoritmos
que aproximan los quasi-equilibrios. También, en el caso de las EDPs de Navier-Stokes, incluimos
los resultados de varias experiencias numéricas, de nuevo realizadas con FreeFem++.

Para la aproximacion numérica, hemos usado el método de elementos finitos mixtos (Py — P),
es decir, aproximamos al mismo tiempo las velocidades y las presiones en cada iteracion. En uno
de los tests realizados, el dominio y el mallado son como en la Fig. [5]

AT
TR N A VR R R

Figura 5: Dominio escogido. Nimero de nodos: 1519 . Nimero de tridngulos: 2876.

En este caso los dos primeros rectdngulos pequefios (tanto el superior como el inferior), se
corresponden con los dominios de control. En cada uno de ellos, gracias a la accion de los controles,
permitimos que entre o salga fluido. Por otro lado, buscamos que la solucién gire en el rectangulo
superior siguiente y permanezca en reposo en el inferior, como vemos en la Fig. [fl De nuevo
podemos ver como la definicion de equilibrio tiene pleno sentido (ya que nunca seremos capaces
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de conseguir rotacion en el rectangulo superior y a la vez reposo en el inferior). Al buscar equilibrios
de Nash, procuraremos que el primer control se ocupe del giro mientras que el segundo se ocupe
de que la solucidn esté lo mas quieta posible en el rectdngulo inferior.

Figura 6: Las funciones deseadas.

Para esta experiencia numérica hemos considerado que el fluido entra con un perfil de tipo
parabdlico: uy = (qo(y — y2)(ys — y) con ya < y3 € Ry g9 = 100.

Figura 7: Perfil parabdlico de entrada.

El estado calculado se puede ver en la Fig. [§]
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Figura 8: Velocidad final para un fluido con numero de Reynolds de 1625, aproximadamente y
a=1,99.

Vemos que, en general, es mas complicado calcular equilibrios de Nash que equilibrios de Pare-
to. Esto tiene pleno sentido ya que, al fin y al cabo, en los equilibrios de Pareto, hemos conseguido
reducir la cuestion a un problema mono-objetivo (gracias al funcional J)). Contrariamente, en los
equilibrios de Nash tenemos forzosamente dos funcionales a minimizar. Esto provoca también que
para equilibrios de Nash para (23), (26)), (29), no podamos aumentar tanto el nimero de Reynolds
sobre todo en el caso en que a/u es grande, como ocurre en la Fig.

Aun hay preguntas abiertas en este trabajo, como son: saber bajo qué condiciones que no im-
pliquen unicidad de solucion para Navier-Stokes se tiene que un quasi-equilibrio de Nash es un
equilibrio. También queda por demostrar un resultado relativo a la existencia de los equilibrios de
Nash ya que en esta ocasion nos enfrentamos a estudiar aplicaciones multivaluadas y no queda
claro como usar resultados clasicos, similares al Teorema de Kakutani.

Otro aspecto importante que estamos tratando para trabajos futuros es el de adaptar el andlisis y
los resultados a las EDPs de Navier-Stokes de evolucion y a otras ecuaciones y sistemas evolutivos.

Por dltimo, observemos que, como en el capitulo precedente, puede ser interesante extender los
argumentos, técnicas y resultados a muchos otros problemas de control multi-objetivo.

Analisis y resolucion numérica de algunos problemas de con-
trol de tiempo minimo

Analysis and numerical solution of some minimal time control problems

Este es el tercer trabajo relativo a la Teoria de Control Optimo y ha dado lugar al articulo [8].
En este nuevo capitulo estudiamos problemas de control de tiempo minimo. Como ya hemos men-
cionado, se trata de problemas en los que la variable tiempo es uno de los argumentos del funcional
a minimizar, es decir, juega el papel de un control adicional. Como en los dos trabajos anteriores,
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vamos a analizar problemas asociados a diversas ecuaciones, en esta ocasion una EDO lineal, una
EDO no lineal y la EDP del calor.
Ast, el primer problema al que nos enfrentamos es el siguiente:

( T2 b +oo
Minimizar ¢(T, h) := -t 5/ |h|? dt,
0

Sujeto a: (T, h) € R, x L*(0, 4+00), (33)

(y, h) resuelve (34)),
\ ’y<T) - yd‘ = 57

conb>0,d > 0ey; € Rdaday unestado y = y(t) dado por

{ ye +ay = h(t), te(0,7),
y(0) = yo,

(34)

cona > 0eyy € R dada.

Somos capaces de demostrar que existe una tnica solucion del problema (33)), (34) por argu-
mentos cldsicos de convexidad. Ademds, demostramos que dicha solucién (7, h) satisface, junto
con el estado asociado y, un estado adjunto /) y una constante A > 0, el sistema de optimalidad

(y+ay=h, t€(0,T), y(0)=uyo,
—r+a =0, te€(0,T), P(T)=yT) -y
|y(T) —1yd| =90, 35)
h = —El/J in (0,7),

| 7= (T) — (7).

Para la demostracion, volvemos a hacer uso del formalismo de Dubovitsky-Milyoutin. Ademas,
conseguimos probar que, para cualesquiera y, y4 € Ry para cualquier a > 0, el sistema (33) posee
una tnica solucion.

El segundo caso que nos ocupa se corresponde con una EDO no lineal. Asi, el problema consi-
derado es el siguiente:

( L T2 b 400 )
Minimizar ¢(T, h) := -5 t3 |h| dt,
0

¢ Sujeto a: (T, h) € Ry x L*(0, +00), (36)
(y, h) resuelve (37),

y(T') = ya| =4,

siendo b > 0,6 > 0 e y; € R dada y estando dado en este caso el estado y = y(t) por

{ ye+ H(y) = h(t), te€(0,7),

y(O) = Yo,
donde y, € R y suponemos que H verifica

(37)
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H : R +— Resdeclase C',
(38)

0<H'(s)<C VseR.
Para este problema volvemos a demostrar un resultado de existencia de solucién (7', h). Se

prueba ademads que dicha solucién verifica junto con el estado y, el estado adjunto asociado ) y
una constante A > 0, el sistema:

(g + H(y)=h, te€(0,7),
y(0) = wo,

—+ H'(y)Y =0, te(0,T),
Y(T) = y(T) — ya,
y(T) — ya| =9,

L.
h = _E¢ 1n (07T)7

| 7= () D).

De nuevo, la prueba de esta implicacion se basa en el formalismo de Dubovitsky-Milyoutin. En
este caso, el sistema ha adquirido complejidad, debido principalmente al fuerte acoplamiento
de las ecuaciones. Una consecuencia importante es que no somos capaces de probar la unicidad de
solucion.

El tercer y ultimo problema estudiado esta relacionado con la EDP del calor:

(39)

(e T b 5
Minimizar ¢(T, h) := — + = |h|* d dt,
2 2 wX(0,+00)

Sujeto a: (T, h) € R, x L*(w x (0, +00)), (40)
(0, h) resuelve (1)),
( 16(T") = 6all = o,
donde b > 0,5 > 0y 0y € L*(Q) estd dado y el estado § = 6(z, 1) es la solucién de

0, — A0 =hl,, (x,t)eQr:=Qx(0,T),
0=0, (z,t)€Xr:=00x(0,T), (41)
9(0) - (90,
donde 6y € L?*(€) es un dato inicial dado.
Al igual que en los casos anteriores, probamos que existe solucién (7', h) del problema y

que ésta verifica, junto con el estado 6, el estado adjunto asociado v/ y una constante positiva A, el
sistema de optimalidad
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(0, — A0 =hl,, (z,t)€Qr,
0=0, (x,0)eSr, 0(0) =0,
g~ A =0, (z,1) € Qr,
$=0, (z.0) €, B(T)=0T) -0,

(42)
16(T) — bl = 6
1
h = _E wle(O,T) )
1

T=—3 <(6(T) — 0a), et(T))-

Una vez mds, la prueba utiliza el formalismo de Dubovitsky-Milyoutin. El estado adjunto 1
y la constante A\ aparecen como multiplicadores ligados, respectivamente, a la segunda y tercera
restriccion de (@0).

Como ya ocurria en el caso de una EDO no lineal, en esta ocasion el acoplamiento del sistema
(42) hace dificil probar un resultado de unicidad, una cuestién que queda abierta.

Desde el punto de vista practico, lo mas novedoso de este trabajo es la parte final de cada
seccion, en la que se incluyen algoritmos de resolucidn y se anaden algunas experiencias numéricas
para cada una de las ecuaciones.

Para las ecuaciones (4 1) y (40) incluimos, entre otros, un algoritmo de penalizacion y probamos
varios resultados relacionados con la convergencia del método.

A grandes rasgos podemos decir que el método de penalizacion se basa en minimizar funciona-
les andlogos al original, donde las restricciones del problema de partida se incluyen multiplicadas
por un parametro grande:

\

~ oy T2 b 2 1 - 2 2
sy = +3 | e s (0 el 02 7E) @)

donde ;" es el parametro de penalizacién elegido en la n-ésima iteracién y ™ — 0.

Este nuevo funcional se minimiza usando métodos clasicos, como el Gradiente o el Gradiente
Conjugado con paso 6ptimo. Y los resultados de convergencia que probamos van encaminados a
demostrar que, efectivamente, una solucion de este problema es solucién de para p suficiente-
mente pequeiio.

A la hora de la programacion con FreeFem++, hemos implementado un método numérico
basado en evaluar en cada 7'y cada valor de ;« = 1/ las expresiones

168(T") — 04l =6y — pd (0%(T) — 04,07(T")). (44)

donde 6* verifica junto con un control ~* y un estado adjunto v, las igualdades 1 a 4 y 6 de [@2).
Una vez calculados estos valores, resolvemos mediante un método de Newton las ecuaciones

T = —p(0(T) — 64,0:(T)), 0(T) —bal| =0

y, para los valores calculados, hallamos el estado @, el estado adjunto % y el control A asociados.
Ahora vamos a incluir una experiencia numérica que hemos implementado con este método.
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Figura 9: Dominio espacial.

Figura 10: Mallado.

Para esta simulaciéon hemos elegido un dominio circular con una banda en su interior que se
corresponde con el dominio de control, véase Figura[9]

Nuestro problema consiste en calcular el control & que lleve la ecuacion (1)) a un estado desea-
do en el menor tiempo 7™ posible. El estado deseado que hemos elegido es el correspondiente a la
solucién de @I)) con h =0y T = 20.

En la Fig. 1] representamos los dos miembros de la primera ecuacién de (4], donde p estd
calculada de manera que se tenga la segunda igualdad.

Para mayor claridad, en la Fig. quedan ilustrados los valores de —u(6(1T") — 04,0,(T)) en
funciéonde py 7.



XXXVIII

FUNCTION f VS TIME

90 o (T.T)| 1
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Figura 11: Tiempo minimo 7.
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Figura 12: Valores de —u(0(T") — 04)0,(T') frente a py a 7.

Como lineas futuras de este trabajo nos planteamos implementar y analizar la convergencia de
un método de tipo Lagrangiano aumentado.

Otra linea de investigacion futura es realizar este estudio para otras EDPs mas complejas, como
pueden ser: una EDP del calor no lineal, la EDP de ondas (lineal y semi-lineal) y la EDP de Stokes
y de Navier-Stokes. Asi, podriamos considerar por ejemplo, el problema siguiente:
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Minimizar ¢(7T', h) // |f? dz dt,
w><(0 ~+00)
Sujeto a: (T, f) € Ry X LQ(w x (0, 4+00)), (45)
(u, p, f) resuelve (46),
\ [u(T) = uql| = 4,

o w —vAu+ (u-Viu+Vp = fl,, z€Qx(0,+00),
Vou=0, x€Qx(0,+00),
u=0, x€dx(0,+00),
u(0) = ug, =€

De nuevo tiene sentido estudiar si existe solucion (y si es tnica). También debemos encontrar
una caracterizacion andlogo a la que encontramos para la EDP del calor y disefiar e implementar
algoritmos y experiencias numéricas. Observemos que este salto no es trivial, ya que el cambio a
una EDP mas compleja dificulta mucho el estudio, sobre todo cuando pasamos a un marco no lineal.
Por otro lado, los aspectos numéricos también adquieren gran complejidad, ya que las ecuaciones
de estan fuertemente acopladas y no es facil encontrar nuevos algoritmos que converjan a la
solucién y que, ademds, conduzcan a cdlculos factibles.

También podemos plantearnos nuevos problemas de tiempo minimo ligados, por ejemplo, a la
busqueda del tiempo necesario para que el estado final se aleje de un estado “deseado”. En este
caso deberfamos tener ||y — 64]| < J y la restriccion pasaria a ser ||0(T") — 64]| > 0.

(46)

Analisis tedrico y numérico de la controlabilidad local nula pa-
ra una ecuacion parabolica quasi-lineal en dimension 2y 3

Theoretical and numerical local null controllability of a quasi-linear parabolic equation
in dimensions 2 and 3

Los dos ultimos trabajos incluidos en esta memoria se enmarcan dentro de la Teoria de Control,
mas concretamente dentro del campo de la controlabilidad nula. Comenzamos esta parte con un
trabajo recogido en el articulo [10].

En este nuevo capitulo analizamos desde un punto de vista tedrico y numérico la controlabilidad
nula para una EDP parabdlica quasi-lineal en dimensién 2 y 3. En otras palabras, pretendemos llevar
a cero en el tiempo final £ = 7" la solucion de

Yt — ' (a(y) ) = ~w7 (C(],t) S Q = Q% (07T)7
y=0, (z,t)€X:=90x(0,T), 47)
y(x,0) = yo(x), xe€f

donde 1, € C(Q) verificald < 1, < lenwy I, = 0 fuera de w (esto es, 1., es una funcién
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caracteristica regularizada) y a € C3(R) cumple las condiciones
0<m<a(r) <M, |dr)|+]d"(r)+|d"(r) <M VreR.

En este contexto hay trabajos anteriores en los que se consigue probar la controlabilidad local
nula de en dimensién 1. La novedad que aporta este trabajo reside en extender el resultado a
una mayor dimension espacial, algo que, como veremos, no es trivial. El resultado principal es el
siguiente:

Teorema 10. Bajo las condiciones ya mencionadas sobre a, existe € > 0 tal que, si yo € H3(2) N
H(Q) y ademds
1ol s < e,

entonces existe un control v € L*(w x (0,T)) tal que(@7)) posee una solucion que verifica
y(x,T) =0en Q.

Para la demostracion del Teorema |10 hemos usado técnicas usuales, que reposan sobre el Teo-
rema de la Funcién Inversa de Liusternik (véase [1]) y las desigualdades de Carleman. El origen
de estas ideas estd en el tabajo de Fursikov e Imanuvilov [16]. Han sido aplicadas en varios con-
textos distintos, véase las referencias de [9]. La dificultad del problema reside principalmente en
el tratamiento del término no lineal. Por ello, en un primer paso de la demostracion del teorema,
trabajamos con el sistema linealizado

yt—a(O)Ay:viw—i—h(Jc,t), (.Z’,t) S Qv
y=0, (z,1)€X, (48)
y(z,0) =w(z), =€

y probamos, gracias a las desigualdades de Carleman, que este sistema es exactamente controlable
a cero, es decir, que existe un control v capaz de llevar a cero la solucién en el tiempo final.

Un segundo paso de la demostracidn consiste en escribir el problema de control nulo asociado
a como una ecuacion a resolver en un espacio de Hilbert adecuado, constituido por pares de
estados-controles que se anulan para ¢ = 7'. La ecuacion tiene la forma

H(?J?”) = (OvyO)a (y,U) €Y. (49)

Llegados a este punto, hacemos uso del Teorema de Liusternik, probamos que pose solucion

cuando el dato inicial 1, es suficientemente pequefio en norma H? y asi concluimos la demostra-

cién. Para poder aplicar el Teorema de Liusternik, es preciso comprobar que #H estd bien definida

y es C! en un entorno de (0,0) y que H'(0,0) es sobreyectiva. Aqui, necesitamos probar determi-

nadas estimaciones no triviales de la solucion del problema linealizado. Esta tarea es complicada

desde el punto de vista técnico y constituye la contribucion tedrica mds importante del trabajo.
Para terminar el estudio, anadimos un algoritmo de tipo quasi-Newton, dado como sigue:
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ALG 1:
1. Elegir (1°,2°) € Y.
2. Entonces, dadosn > 0y (y",v"™) € Y, calcular

(yn—t-l, Un+1) = (yna Un) - H/<07 0)_1(H(yn7 Un) - (07 yO)) (50)

Observemos que para este algoritmo mantenemos fija la evaluacién de la inversa de H’ en (0, 0).
Incluimos un resultado relacionado con la convergencia del algoritmo (Teorema|l 1)) y varios expe-
rimentos numéricos:

Teorema 11. Sea yo € H?*(Q) N H} () dada, con ||yo|lms < €y sea (y,v) una solucién de (@9)
proporcionada por el Teorema Existe r € (0,1) tal que, si (y°,2°) € Yy

H(y07U0) - (y,U)HY < R,

entonces las (y",v") que genera ALG 1 convergen hacia (y,v) y verifican

1™ 0™ ) = (w,0)lly < 0ll(y",v") = () lly (1)
paratodon > 0, con 6 € (0,1).

De cara a las experiencias numéricas debemos ser capaces de identificar la inversa de ‘H' en
(0,0). Para ello, se comprueba que H'(0,0)~*(h,y0) = (y,v) para cualesquiera (h, yo) del espacio
“admisible”, con

y=p"Lp, v=—p Pluor (52)

siendo p la tnica solucién del problema de Lax-Milgram
m(p,p) = // hyp' dx dt + / yo(z)p'(x,0)dx Vp' € P, pe P. (53)
Q Q

En la formulacion de este problema, aparece el espacio de Hilbert P que, por definicidn, es el
completado de

Py ={peC*Q): p=00nX}

m(p, p) == //Q<PZL*S0L*S5+ 1op3%0@) da dt,

para el producto escalar donde Ly := y; — a(0)Ay, L*¢ := —p; — a(0)Agp.

Para resolver numéricamente (53), en principio es suficiente construir explicitamente espacios
de dimensiodn finita P, C P que aproximen P. Sin embargo, esto requiere un trabajo considerable
ya que las funciones de P deben satisfacer L*p € L7 (Q). Por ello, una aproximacién basada en
una triangulacién estandar requiere que los espacios P, sean espacios de funciones globalmente C°
en todas las variables y globalmente C! en las variables espaciales. Esta construccién es compleja
y demasiado trabajosa y costosa numéricamente. En consecuencia, hemos optado por resolver (53)

mediante una formulacién mixta y la correspondiente aproximacion numérica.
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Indiquemos brevemente cémo se puede hacer esto. Para ello, introducimos las nuevas variables:
=17 = -1
z=p L'p m=p;p,

los espacios: Z := {(z,m) € L?(Q) x L*(Q) : (psm); € L*(Q), V(psm) € L2 (Q)N} y A :=
{XN:ph e L¥Q), V(pA) € L*(Q)}, las formas bilineales:

a((z,m), (z/,m)) :—// zz/dmdt—l—// mm’ dz dt,
Q wx(0,T)

B((z,m), \) = //Q [A(z +p‘1((p3m)t)) —V(p~'\) - V(psm)| du dt

y la forma lineal
(€, (z,m)) :://phmda:dt+/pg(x,O)yo(x)m(x,O) dx.
Q Q

No es dificil comprobar que « (-, -), 5(-,-) y £ estdn bien definidas y son continuas, respectiva-
mente,en Z X Z,Z X Ny Z.
Entonces, una formulacién mixta apropiada de (53) es la siguiente:

Encuentra (z,m) € Z y A € A tal que

a((z,m), (2',m")) + B((z",m'),A) = {(,(z',m')) V(,m') € Z,
{ B((z,m),N) =0 VX €A. (54)

Asi, lo que tenemos que hacer es resolver numéricamente (54)) y luego tomar

y=p"z, v=—p3 mlomn-

Al contrario de P, no es dificil construir subespacios de dimension finita de Z y A. Esto conduce
a aproximaciones mixtas “naturales” y permite célculos eficientes y computacionalmente razona-
bles.

Vemos por tanto que, en cada paso de ALG 1, el problema se puede reescribir en la forma
(54) y, después, aproximar en el sentido de los elementos finitos mixtos (54)). Los célculos se han
realizado con el paquete FreeFem++.

Para las simulaciones numéricas hemos considerado los datos siguientes:

a N=2,0=(0,1)x (0,1),w = (0,2,0,8) x (0,2,0,8), T = 0,5.
m yo(x1, Te) = sin(mwzy) sin(mxs).
» a(s) = exp(—2exp(—0,3s)).

El dominio elegido ha sido un rectdngulo con otro rectidngulo mds pequefio en su interior que
se corresponde con el dominio de control. El dominio espacio-temporal y su mallado aparecen en
la Fig.[13] Por otra parte, el control y el estado calculados han sido detallados en la Fig.
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Figura 13: Mallado en 3D, con la tercera componente identificada a la variable temporal. Niimero
de vértices: 7425. Numero de tetraedros: 38976.

CONTROL
LS o
=
=

A

(a) Control (b) Estado asociado

Figura 14: Control y estado asociado en z; = 0,68.



XLIV

Una linea futura de este trabajo podria ser ampliar el estudio a un problema de control frontera.
Observemos que el resultado teérico demostrado en este caso conduce a otro andlogo con control
frontera. También podemos afirmar que conduce a otro de control nulo para 7" grande. No obstan-
te, estas extensiones necesitan un tratamiento numérico especifico que no es trivial. Como tema
pendiente queda establecer un resultado analogo de control exacto a trayectorias y un resultado de
control nulo global. Estas cuestiones parecen complicadas.

Aproximacion a los controles nulos para una ecuacion del ca-
lor semi-lineal usando aproximaciones por minimos cuadrados

Approximation of null controls for semilinear heat equations using a least-squares ap-
proach

La memoria concluye con un dltimo trabajo dedicado a la resolucién de un problema de con-
trolabilidad nula utilizando el método de minimos cuadrados, véase [24].
Pretendemos llevar a cero el estado, esto es, la solucién del problema semi-lineal.

w—Ay+g(y) = fl, enQr:=Qx(0,7),
y =0 sobre ¥r :=9Q x (0,7), (55)
y(+,0) =uy enf,

en el tiempo ¢t = T. Aqui, ug € L*(2) y g es una funcién (al menos) localmente Lipschitz-continua

que verifica
9(0)=0, g €L*R),
/ /
—4'(b
sup lg'(a) = g'(O)] <oo cons € |0,1].
abeRazb  |a— b

(56)

Bajo estas hipdtesis, se cumplen las condiciones impuestas en [[14] para que (55)) sea exacta-
mente controlable a cero. Nuestro trabajo aporta sobre todo un nuevo esquema numérico de apro-
ximacion del control e incluye algunos ejemplos numéricos que corroboran la robustez del método
implementado.

Comenzamos el trabajo introduciendo el método de minimos cuadrados. Para ello, partimos de
la formulacién siguiente:

1 2
Minimizar E(y, f) := =

1
Sujeto a: (y, f) € A

donde A es un espacio “adecuado” y p, es un peso de tipo Carleman.
Mis precisamente, tomaremos

P2y = Ay +9(y) — ) L2(0,T;H-1(Q) (57)

A= {<y, 1) i py € LAQr)s ;1 Vy € LAQr), pof € L2(ar),

ool — Ay — 1) € L2(0,T; H™(Q)), y(-,0) = ug en ©, y = 0 sobre zT},
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donde, de nuevo, p, p1 y po son pesos de tipo Carleman. Esencialmente, esto quiere decir que se trata
de funciones continuas y estrictamente positivas en {2 x [0, T") que tienden a +o0o exponencialmente
cuandot N T.

Seguidamente, probamos que para cada (y, f) € A

(Y, FY|| < CVE(y, f) (58)
y también
E'(y, f) - (Y',F')=2E(y, ) (59)

para una norma y un producto escalar apropiados, donde (Y, F'*) es solucién del sistema lineal
auxiliar

{ V' =AY '+ g/ (y)YV' = F'l, + (v — Ay +9(y) — flo)  enQr, 60)

Y'=0 sobreXr, Y!(,0)=0 en.
Especificamente, en y (39), la norma y el producto escalar estan dados por
(W, 1), @, 1), = (py,09), + (01VY, 1VT), + (pof: pof),
+ (pQ(yt - Ay - f 1w)7 PQ(@t - Ay - f 1“’))L2(0,T;H*1(Q))

Estas propiedades implican que resolver el problema de control nulo para (55) equivale a en-

contrar un minimo para el funcional £ donde E valga 0.
En una segunda parte del trabajo, consideramos el algoritmo:

(yo, fo) dado en A,
(Wkt1s fre1) = (Wns fo) — Me(Yy, Fy)  parak > 0, (61)
e = arg min (E((yx, fi) — MY, FD)).

Y obtenemos el resultado siguiente:

Teorema 12. Supongamos que g cumple las condiciones (56) para s = 1. Sea {(yx, fr) }ren una
sucesion dada por (61)). Entonces (yy, fx) converge en el sentido de la norma ||-|| 4 hacia un minimo
de E. Ademds, la convergencia es cuadrdtica después de un determinado niimero de iteraciones.

En la tercera parte del trabajo conseguimos probar un teorema de convergencia andlogo al
Teoremall2]en el caso en que s € (0, 1):

Teorema 13. Supongamos que g cumple las condiciones (56) con s € (0,1). Sea {(yx, [x) }ren
una sucesion dada por (61). Entonces (y, f) converge a un minimo de E en el sentido de || - |
Ademds la convergencia es de orden 1 + s después de un determinado niimero de iteraciones.

Las demostraciones de estos dos teoremas son muy técnicas y usan explicitamente las propie-
dades de la funcién g; de ahi que se distingan los casos s =1y s < 1.

En el caso en que s = 0, debemos imponer una condicién adicional sobre la derivada de g para
poder garantizar que la sucesion converge. Este caso se estudia por separado y conduce a sucesiones
que convergen linealmente.

Para terminar el trabajo, se afiade una serie de experiencias numéricas que corroboran la robus-
tez del método.



XLVI




Bibliografia

[1] V. M. Alekseev, V. M. Tikhomorov, S. V. Formin, Optimal Control, Consultants Bureau,
New York, 1987.

[2] G. Allaire and A. Craig, “Numerical Analysis and Optimization. An Introduction to Mathe-
matical Modelling and Numerical Simulation”, Oxford, London, 2007.

[3] H. Brézis, L. Nirenberg, “Characterizations of the ranges of some nonlinear operators and
applications to boundary value problems”, Annali della Scuola Normale Superiore di Pisa,
Classe di Scienze, IV, 5, 1978, 225-326.

[4] P. Brumer, M. Shapiro, Laser control of chemical reactions, Scientific American, 1995, 34-
39.

[5] L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the
Navier-Stokes equations, Communications on Pure and Applied Mathematics, Vol. 35, 1982,
771-831.

[6] C. Fabre, “Uniqueness results for Stokes equations and their consequences in linear and
nonlinear control problems,” Control, Optimisation and Calculus of Variations, 1, 1996,
267-302.

[7] C. Fabre, G. Lebeau “Prolongement unique des solutions de I’équation de Stokes,” Comm.
Partial Differential Equations, 21, 1996, 573-596.

[8] E. Fernandez-Cara, I. Marin-Gayte, Analysis and numerical solution of some minimal time
control problems, submited.

[9] E. Fernandez- Cara, I. Marin-Gayte, A New Proof of the Existence of Suitable Weak Solu-
tions and Other Remarks for the Navier-Stokes Equations, Applied Mathematics, 9, 2018,
383-402.

[10] Ferndndez-Cara E., Limaco J., Marin-Gayte 1., Null controllability of a non-linear parabolic
equation, submited.

[11] E.Fernandez-Cara, 1. Marin-Gayte, Theoretical and numerical bi-objective optimal control:
Nash equilibria, submited.

XLVII



XLVIII Bibliografia

[12] E. Fernandez-Cara, I. Marin-Gayte, Theoretical and numerical results for some bi-objective
optimal control problems, Communications on Pure and Applied Analysis, 2020, 19, 4, 210-
2126.

[13] E. Férnandez-Cara, E. Zuazua, “Control theory: history, mathematical achievements and
perspectives”, Bol. SeMA, 26, 2003, 79-140.

[14] E. Férnandez-Cara, E. Zuazua, “Null and approximate controllability for weakly blowing up
semilinear heat equations”, Ann. Inst. H. Poincaré, Anal. non linéaire, 17, 5, 2000, 583-616.

[15] A. V. Fursikov, “Optimal Control of Distributed Systems: Theory and Applications”, Ame-
rican Mathematical Society Boston, MA, USA 2000.

[16] A. V. Fursikov, O. Y. Imanuvilov “Controllability of Evolution Equations”, Lecture Notes,
Seoul National University, Korea, 34, 1996.

[17] L. V. Girsanov, “Lectures on mathematical theory of extremum problems”, Lecture Notes in
Economics and Mathematical Systems, Springer-Verlag, Berlin, 67, 1972.

[18] J. L. Guermond, Faedo-Galerkin weak solutions of the Navier-Stokes equations with Diri-
chlet boundary conditions are suitable, J. Math. Pure Appl., Vol. 88, 2007, 87-106.

[19] O. Y. Imanuvilov, “Controllability of parabolic equations”, Mat. Sbornik. Novaya Seriya,
186, 1995, 109-132.

[20] O.Y.Imanuvilov, J.-P. Puel, “Global Carleman estimates for weak elliptic non homogeneous
Dirichlet problem”, Int. Math. Research Notices, 16, 2003, 883-913.

[21] O.Y.Imanuvilov, M. Yamamoto, “Carleman estimates for a parabolic equation in a Sobolev
space of negative order and its applications”, Lecture Notes in Pure and Appl. Math, 218,
Dekker, New York, 2001.

[22] W. Karush, Tesis: Minimal of functions of several variables with inequalities as side condi-
tions, Departamento de Matematicas, Universidad de Chicago, 1939.

[23] U. Ledzewicz, H. Schittler, Antiangiogenic therapy in cancer treatment as an optimal con-
trol problem, STAM Journal on Control and Optimization, 46, (3) 2007 1052-1079.

[24] J. Lemoine, 1. Marin-Gayte, A. Miinch, Approximation of null controls for semilinear heat
equations using a least-squares approach, submited.

[25] F. H. Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem, Comm. Pure Appl. Math.,
51, 1998, 241-257.

[26] J. L. Lions, Exact controllability, stabilizability and perturbations for distributed systems,
SIAM Review, 30, 1988, 1-68.



Bibliografia XLIX

[27] J. L. Lions, E. Zuazua, “A generic uniqueness result for the Stokes system and its control
theoretical consequences”, Partial Differential Equations and Applications, 177, 1996, 221-
235.

[28] R. M. Murray, ed., Control in an information Rrich World: Report of the panel on future
directions in control, dynamics, and systems, SIAM, 2003.

[29] J. F. Nash, “Noncooperative games”, Ann. Math., 54 (1951), 286-295.
[30] V. Pareto, “Cours d’économie politique”, Rouge, Laussane, Switzerland, 1896.

[31] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mischenko, The Mathematical
Theory of Optimal Processes, Interscience, 1962.

[32] http://www.pim.tsinghua.edu.cn/units/me/robot/en/home.html Robotics and Automation La-
boratory.

[33] D. L. Russell, Controllability and stabilizability theory for linear partial differential equa-
tions. Recent progress and open questions, SIAM Review 20, 1978, 639-739.

[34] V. Scheffer, Hausdorff measure and the Navier—Stokes equations, Comm. Math. Phys. Vol.
55,1977, 97-112.

[35] Lecture Notes in Control and Information Sciences, New Directions and Applications in
Control Theory, Springer-Verlag Berlin Heidelberg, 321, 2008.

[36] H. Sohr, W. Wahl, On the regularity of the pressure of weak solutions of Navier- Stokes
equations, Arch. Math., Vol. 46, 1986, 428-439.

[37] H. Von Stalckelberg, “Marktform und gleichgewicht”, Springer, Berlin, Germany, 1934.

[38] D. Tataru, “Carleman estimates and unique continuation for solutions to boundary value
problems”, J. Math. Pures Appl., 75, 1996, 367-408.

[39] H. B. Da Veiga, On the suitable weak solution to the Navier-Stokes equations in the whole
space, J. Math. pures Appl., Vol. 64, 1985, 77-86.

[40] E.Zuazua, “Exact boundary controllability for the semilinear wave equation”, in Nonlinear
Partial Differential Equations and their Applications, H. Brezis and J.L. Lions eds., Pitman
X, 1991, 357-391.

[41] http://www.engr.uky.edu/"jdjacob/fml/research/adaptive/index.html


http://www.pim.tsinghua.edu.cn/units/me/robot/en/home.html
http://www.engr.uky.edu/~jdjacob/fml/research/adaptive/index.html

Bibliografia




Capitulo 1

A new proof of the existence of suitable
weak solutions and other remarks for the
Navier-Stokes equations

In this chapter, we prove that the limits of the semi-discrete and the discrete semi-implicit
Euler schemes for the three-dimensional Navier—Stokes equations supplemented with Dirichlet
boundary conditions are suitable in the sense of Scheffer [23]. This provides a new proof of the
existence of suitable weak solutions, first established by Caffarelli, Kohn and Nirenberg [4]]. These
schemes have a discrete commutator property and satisfy a proper inf-sup condition (for space
approximation). Finite element and wavelet spaces appear for this purpose. Our results are similar
to the main result in [[15]. We also present some additional remarks and open question on suitable
solutions. This chapter is based on the work [11].

1.1. Introduction

The main objective of this work is to provide a new proof of the existence of suitable weak
solutions to the Navier-Stokes equations.

We will be mainly concerned with the convergence of the semi-implicit Euler scheme with
Diriclet boundary conditions in bounded domains 2 x (0, 7) (as usual, €2 is the spatial domain, a
regular, bounded, connected open set in R® “filled” by the fluid particles; on the other hand, (0, T')
is the time observation interval).

The practical interest of this new proof is that it may help to check wether the Caffarelli-Kohn-
Nirenberg criteria are satisfied and locate singular points.

The techniques extend those generally used for the Navier-Stokes equations and can be applied
to many other approximation schemes that lead to energy inequalities, as those in [[7,8,14,22].

More precisely, we first use the well known energy estimates, together with appropiate interpo-
lation results and see that the approximate solutions converge to a weak solution (u, p). Then, we
analyze the role of the associated pressure p. This reduces in fact to a detailed study of the behavior
of the time derivate of the velocity field. This way, we are able to prove that we can take (lower)
limits in local energy identities and deduce that (u, p) is suitable.



2 1.2. Background: the basic results by Caffarelli, Kohn, Nirenberg

The plan of the chapter is the following:

= In Section 2, we review the main results in the papers [4] and [17]. In particular, we explain
why suitable solutions are relevant in the context of the regularity problem.

= In Section 3, we recall the Euler approximation schemes and we establish the convergence to
a suitable solution of the Navier-Stokes equations.

= Finally, Section 4 is devoted to some additional comments and open questions.

1.2. Background: the basic results by Caffarelli, Kohn, Niren-
berg

1.2.1. The main properties of suitable solutions

In this section, we will recall the main results of Caffarelli, Kohn and Nirenberg, see [4]. In this
reference, the best results known to date in relation to the regularity of the Navier-Stokes equations
are established.

We will consider the Navier-Stokes equations in three dimensions with data and boundary con-
ditions as follows,

u+u-Vu—Au+Vp=f, (z,t) € Q,
V-u=0, (z,t) € Q,

1.1
u(z,t) =0, (x,t) € %, (4.1
u(z,0) = up(x), € S
Here Q C R3 is a regular, bounded, connected open set, T > 0, Q := Q x (0, )
o0 x (0,7, f = (fY, f% f3) verifies f € LI(Q x (0,7))% with ¢ > 2 and S f = d

Uy € H&(Q)3 with V - Ug = 0.
For convenience, let us introduce the (frequently used) spaces H and V, with

H:={vel*Q)?*: V-v=0inQ, v-nondQ},
Vi={ve H}(Q)?*: V-v=0inQ}.

Definition 1.2.1. It will be said that the couple (u,p) is a weak solution to (1.1) if the following
holds:

1. we L*0,T; V)N L>=(0,T; H), p € L3(Q),
2. wand p satisfy the Navier-Stokes equations in (1.1)) in the distributional sense in ().

3. uli=o = ug a.e. in .
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It is well known that any couple (u,p) satisfying the previous first and second points also
verifies
we L3(Q)PNCL([0,T); H), u € LY3(0,T; V). (1.2)

In particular, u can be viewed as a well defined /{-valued function and the third assertion in
Definition[I.2.1] has a sense as an equality in H.

In order to understand the situation, it is convenient to associate a dimension to each variable in
(I.1). Note that, if the pair (u, p) is a solution to the Navier-Stokes problem, then for each A > 0
the functions

ux(x,t) = Mu(Az, A\*)
and
Py 1= Ap(Ax, \*)

solve a similar problem in Q) := A7!'Q x (0, T), with force fy := A3 f(\x, A\?t).

Thus, we say that a variable or a linear differential operator is of dimension k, with & an integer,
if it is adimensionalized when multiplied by A%, where \ is a characteristic length. We can affirm
that

= 2, has dimension 1 and ¢ is of dimension 2,

u® has dimension -1 and p has dimension -2,

f has dimension -3,

0; has dimension -1 and 0, has dimension -2,

so that, each term of the equation has dimension -3.
The analysis of the existence of a weak solution to (I.I) can be found for instance in [26]
and [20]. Now, we will speak of the regularity problem. So, we start with the following definition:

Definition 1.2.2. Let (x,t) € Q x (0,7T) be given. It will be said that (x,t) is a singular point
if the solution w is not L™ in any neighborhood of (x,t), that is, there are no r and C' such that
lu(z,t)] < C for (z,t) € B((x,t);r). The remaining points, where u is locally bounded, will be
called regular points.

In [4], the authors were able to estimate a Hausdorff-type dimension of the set of singular points
for a class of weak solutions. This estimate shows that this set is “small” and therefore leads to a
partial regularity theorem.

Before presenting this estimates let us recall a previous result from Scheffer [23] on partial
regularity:

Theorem 1.2.3. If f = 0, there exists a weak solution of (1.1) whose singular set S satisfies:

HO/3(S) < 400 and H'(S N (Q x {t})) < +oo uniformly in t. (1.3)

Here, H* denotes the usual Hausdorff’s k—dimensional measure in R*.
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The main result in [4] is a local partial regularity theorem for a particular class of weak so-
lutions, denoted suitable weak solutions or simply suitable solutions. It is shown that, for any
suitable solution the set of singular points has Hausdorff’s one-dimensional measure equal to zero.
In fact, the authors prove that P'(S) = 0, where P! is a measure analogous to the Hausdorff
one-dimensional measure H' where we use parabolic cylinders instead of balls. In particular,
H' < CP* and one has H!(S) = 0.

The definition of a suitable solution is the following:

Definition 1.2.4. Let D = G x (a,b) be a cylinder in R x R. It is said that (u, p) is a suitable
weak solution to the Navier-Stokes equations in D if it satisfies points 1. and 2. of Definition|l.2.1

and, furthermore, the following generalized energy inequality:
For each ¢ € C§°(D) with ¢ > 0,

2 [ 1vlo < [[ (1Pt )+ (uP + 200 Vor 2 D).

The main result of [4] is the following:

Theorem 1.2.5. Let (u,p) be a suitable solution to the Navier-Stokes equation in D. Then the
associated singular set satisfies P'(S) = 0.

In particular, this results hold for any suitable weak solution to (I.T].
This result improves Theorem [I.2.3]in several aspects: first, it has local character; then it gives
a better estimate of the Haussdorff dimension of S and, finally, it allows a rather general force term

f.

In the following, for each (z,¢) and r > 0, we set

Qr(x,t) ={(y,7): ly—a| <r t—r* <7<t}

It will be said that Q,(x, ) is a parabolic cylinder around (z,t). For the proof of Theorem
we need several results. The first one is the following:

Proposition 1.2.6. Suppose that (u,p) is a suitable weak solution to the Navier-Stokes equations
in Q1 = Q1(0,0) and f € LI(Q1)3 q > 3. There exist €,,Cy > 0 and 3 = €5(q) > 0 such that, if

0 5/4
I st [ ([ wde) < (150
Q1 -1 ] <1

/ |l < e, (1.5b)

and

then
lu(z,t)| < Cyae. in Qe = Q1/2(0,0). (1.5¢)

In particular, the point (0,0) is regular.
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Proposition [I.2.6shows that the sizes of the data and the suitable solutions are not independent
of their regularity.
Now, if we introduce

1 3 —13/4 ! 5/4
M= 5 | (ul®+ fulll) + - () i) ar e
- t—r? y—z|<r

E,(r) == 31" /Q ik (1.6b)

and

we can deduce the following:

Corollary 1.2.7. Suppose that (u,p) is a suitable solution to the Navier-Stokes equations in the
cylinder Q. (z,t) and f € LYQ,(x,t))*, ¢ > 3. Then, if M(r) < €, and Fy(r) < €5, one has

lu| < Cyr~t a.e. in Qrj2(w,t). (1.7)
In particular, every point of the cylinder Q) >(x,t) is regular.

Let’s put

7 1
Qi t) :={y,m) s ly—al <r t—gr’ <7 <t+2r’)

Note that Q*r(z,t) = Q,(z,t+ £7%). The second fundamental tool for the proof of Theorem
reads as follows:

Proposition 1.2.8. Let (u,p) be a suitable solution to the Navier-Stokes equations in a neighbor-
hood of (x,t). There exists €3 > 0 such that, if

1
limsup—// |Vul? < es, (1.8)
=0 T JJQi(xt)

then (x,t) is a regular point.

In order to use the generalized energy inequality, Caffarelli, Kohn, Nirenberg bounded the

integral in the right
[ ul + 251 96

//yu|2¢ and/ Vul2e.

Bounds of this kind play a fundamental role in the proofs of both Propositions and In all
cases, they amount to interpolation inequalities for u, combined with estimates for p. The methods
used in [4]] to prove Proposition play a relevant role here: they bounded w in terms of Vu
by interpolation and then p in terms of u by solving Ap = —V,;(u,u’) at each time. They also
need information on how [ |u|? changes in time; this is controlled using the generalized energy
inequality.

in terms of
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However, in [15], Guermond provided a new proof of the existence of suitable solutions using
Faedo-Galerkin method. He proved that solutions obtained by the Faedo—Galerkin method verify
the local energy estimate.

The two main stumbling blocks for proving the local energy estimate are in the passage to the
limit in the nonlinear terms V - (u*u) and V - (pu). While the discrete commutator property together
with standard a priori estimates is just what to take care of V - (u?u), passing to the limit on V - (pu)
requires nontrivial estimates on the pressure. Thus, Guermond try to reproduce for the discrete
pressure a priori estimates that are similar to the estimates of Sohr and Von Wahl, see [25]]. This
is achieved using of the fractional powers of the discrete Stokes operator and deriving estimates in
the H™(0,7"; H=*(2))-norm.

1.2.2. Sketch of the proof of Theorem

Theorem is a consequence of Proposition The argument is explained below.

Consider first the proof of the fact that S has Hausdorff dimension less than or equal to 5/3,
that is, Theorem|[1.2.3

Using Corollary and a covering lemma, we can easily see that, for each § > 0, S can be
covered by a family of mutually disjoint parabolic cylinders {Q;, (;,1;)} such that r; < § and

1 3 13/4 titgr} 5/4
= (Jul” + [ullp]) + 7 ( |p|dx> dt > € (1.9)
r; :1/5(@@) ti—Zr? |z—zi|<r;

for all 7. Using Holder’s inequality, we deduce that

O R P 2 Ce)
Q7,5 (@isti)

and therefore

Siitze |l e e
U@y /5 (@isti)

Taking § — 0, we find that P°/3(S) = 0, whence we see, in particular, that the Hausdorff dimension
of S is at most 5/3.

To show that P*(S) = 0 by a similar method, instead of the integral of |u|'%/3 + |p|/®, we need
a global quantity of dimension 1. This is furnished by Proposition Indeed, this result allows

to replace (1.9) by
1
— // Vul? > €3 (1.10)
i JQy. g (wisti)

and, this way, we are led to the estimate

Y n<cC // Vuf?

whence we conclude that P!(S) = 0.
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It is natural to ask if we can get a better estimate of the dimension of S. In other words, can
we find k < 1 such that P¥(S) = 0? This question has not been answered up to now. Actually,
the answer does not seem simple and is related to the possibility of demonstrating an additional
estimate of the (suitable) weak solutions of order less than 1.

It is important to note that the assumption f € L?(Q)? with ¢ > 5/2 is mainly needed to prove
Proposition [I.2.6] On the other hand, note that in Theorem [I.2.5] Caffarelli, Kohn and Nirenberg
chose to estimate the measure P of the set S, instead the standard measure '. Both definitions
are special cases of a construction made by Carathéodory that is detailed in [9].

The argument used by Caffarelli, Kohn and Nirenberg is valid for any suitable solution. In the
Appendix of [4], they prove the existence of such a solution. Thus, the following holds:

Theorem 1.2.9. Suppose that ug € V, f € LY(Q)? with q > g and ¥V - f = 0in Q.. Then, there
exists at least one suitable weak solution (u, p) to the Navier-Stokes equations in Q) := 2 x (0,7T)

satisfying
u(t) = uoin H ast — 0.

In addition, one has:

/Qx{t} ’“|2¢+2/0t/Q|VU|2¢§/QIUOI2¢(x,O)

(1.11)
for all functions ¢ € D(Q2 x [0,T]) with ¢ > 0 and ¢ = 0 near I x (0,T).

1.3. Some convergence results

In the sequel, we will denote by |- | and (-, -) the usual L? norm and scalar product, respectively.

1.3.1. The convergence of the semi-approximate problems

In this section, we will give a new proof of Theorem different from in [4]]. To do this, we
will apply the semi-implicit Euler semi-discrete time scheme to the Navier-Stokes equations.
The scheme is the following. We take N large enough (the number of time steps) and define
the time step 7 := T'/N, the instants t™ = m7 and the approximations
1
fm=- f(z, t)dt, (1.12)

T tm—1

tm

u™ ~ u(-, ™) and p™ ~ p(-,t™), with u® = uy and

um+1 _ um
+ (U™ V)u" T — Ayt vp Tt = € Q)
-
Vot =0z eQ, /pm+1 _o, (1.13)
Q

umtl =0, 2 € 09,



8 1.3. Some convergence results

form=20,1,..., N — 1.
First of all, let us check that the ©™ are well defined:

Lemma 1.3.1. The previous Euler scheme is well defined, that is, for every m > 0 there exists a
unique solution (u™ ', p™*1) to (T.T3).

The proof is inmediate by induction. We only need to note that, for each m, (1.13]) is a Dirichlet
problem for a linear PDE system that ca be written in the form

Find © € V such that

(1.14)
%(u,v) + ((w : V)u,v) + <VU,V1}> = (g,v) Yv eV,

where w € V and g € L?*(Q)? are given.
Now, let us see that the ™ are uniformly bounded in the norm | - |. We have:

uerl —um
(—,um“) n ((um - V)um+1,um+1> n (vum+1,vum+1) _ (fm+1,um+1), (1.15)

T

which can be rewritten in the form

1 1
§(|Um+1|2 _ |um|2) + §|um+1 _ um|2 + Tlvum+1|2 — T(fm+1,um+1). (116)

Using the Cauchy-Schwarz and Young inequalities, we easily get

1

§<|um+1|2 _ |um‘2> +T’vum+1‘2 < C’ferl‘z + Z

2|vum“|2, (1.17)

whence
‘un+1|2+TZ’Vum+l|2 SCZ’fm+l|2+|UO|2 SC (118)
m=0 m=0
for all n and, certainly, v is uniformly bounded in H.

Using this Euler scheme, we can construct the approximate solutions of the Navier-Stokes
system. More precisely, let us define the following functions:

= uy : [0,7] — V, the unique continuous piecewise linear function satisfying

uy(t™) =u™, form=0,1,...,N.

» u[0,7T] — V, the piecewise constant function characterized by

wh(t) =u™t int € (¢, ", m=0,1,...,N — 1.

In a similar way, we can introduce the approximate pressure pj and force f, (again piecewise
constant). The following holds:
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Lemma 1.3.2. For any N and almost every t € (0,T), one has

{ unyt + (ul(t —71) - Vuy — Auyy + Vpi = fx, (1.19)

V-uy =0.

We can now present the main result of this section, that is related to the convergence of u and
uy towards a suitable weak solution of the Navier-Stokes equation:

Theorem 1.3.3. After eventual extraction of a subsequence, the functions uy, converge weakly in
L*(0,T; V), weakly-* in L>(0,T; H) and strongly in L*(Q)? and a.e. towards a suitable weak
solution to (1.1) as N — +oc.

For the proof of Theorem |1.3.3] it will be convenient to recall the following Lemma, whose
proof is given in [20]:

Lemma 1.3.4. Let u a function of L*(0,T; V') and u; € L*(0,T;V"). Then u is equal a.e. to a con-
tinuous function from [0, T into H. In addition, the function t — |u(t)|? is absolutely continuous

and

d .
dt\u( WP = 2(uy(t), u(t)) a.e. in (0,T). (1.20)

Proof of Theorem [1.3.3:
Let us first try to find the spaces where the functions u}, uy and p}; are uniformly bounded.
Consider the identities (I.16)). Let us fix N, take n so that 0 < n < N — 1 and let us add in m,
from O to n. The following is obtained:

n

1 1 < & 1
5’un+1|2 i §mzzo ™ ym? 47 Z V2 = 7 Z(ferl,uerl) i §|u0|2. (1.21)

m=0 m=0
Obviously, this can also be written in the form
1 tm+1
ZW“ m|2+2/ IV ()] dt

n tm+1

= Z/t (fa(t),un(t))dt + %|u0\2 forall t € (t™, ™.

Therefore,

tn+1 tn+1

VaOPde [ RO @3e P a2

0

1 *
SlaF + [
0

and, from the Cauchy-Schwarz and Young inequalities, we easily see that

T
i OF + [ Va0 < WO + il Ve € 0.7 (123
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This means that

w} is uniformly bounded in L*(0, T; V') and L>(0,T; H). (1.24)
On the other hand, it can also be deduced from (1.13) that

N-1

T
/ un(t) — uy(t))dt < 7Y ™ —u P < O (1.25)
0 m=0
where [[u}y — unl|72g) < CT-
To estimate uy, we use its definition and the fact that, for any ¢ € (¢™, ™),

un ()] < [u™| + [u™ ] and [Vuy (£)] < [Vu™] +[Va™ .
Accordingly, we also have that

uy is uniformly bounded in L*(0,T; V') and L>(0,T; H). (1.26)

Now, from classical interpolation results, we deduce that w3 and uy are uniformly bounded in
the spaces
L7(0,T; L¥/Gr=9(Q)) for r € [2, 4+00].

It is well known that these estimates allow us to prove that the uy belong and are uniformly
bounded in the Sobolev spaces of fractional order to a dimension of H7(0,7; H) for 0 < v < 1/4.
Therefore, as a consequence of the well known Aubin-Lion’s principle, the uy belong to a compact
set of L?(Q), see for example [26].

Hence, at least for a subsequence (again denoted {u, }), we must have:

uy — u weakly in L?(0,T; V) and weakly- * in L>(0,T; H), (127)
uy — u strongly in L?(Q) and a.e. in Q. '
This is enough to pass to the limit in and deduce that u is a weak solution of (I.1)).
Note that it can also be assumed that
uy — w strongly in L7(0,T; LY(Q)?) for 2 < r < 400, 1 < q < 6r/(3r — 4). (1.28)

To show that u is suitable, we have to complete the previous estimates. To this purpose, we
will use some regularity results that play the role of the Sohr and Wahl [25]] estimates in the results
in [17].

For 0 < s < 1, the space H*(Q2) := [H(2), L?(Q2)], is defined by the method of real interpola-
tion between H'({2) and L*(12), i.e. the so-called K-method of Lions and Peetre [[19], see also [18]
or [1]. We will denote by H(2) the closure of D(2) in H*(2) For any s < 0, the space H *(2)
is defined by duality and, in particular,

:w) e 1),

|v||fg-s =  sup
weD(Q)\{0} [|w]

HS
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We will look for a uniform estimate of u , in a space of the form L*(0,7"; H~7(£2)). This way,
applying De-Rham’s Lemma (see [24]), we will get a bound of p%; in L%(0,T; H'=())) and we
will be able to take limits in the generalized energy inequality.

Note that, for all m, one has u™ = w™ + 2™, where the w™ and the 2™ are respectively given
by

merl wm _—
T + Aw =0 (1.29)
wO = Ug
and "
2™ 2™ m+1 _ m—+1
S T4 =F (1.30)
20 =0,

with Frl = fmtl (4™ . )u™ ! A being the Stoke operator. Recall that A : D(A) C H — H,
with

D(A)=H*(Q)*NV, Av=P(-Av) YoeV
(here, P : L*(Q)® — H is the orthogonal projector). Also, recall that there exists an orthogonal
basis of V' formed by eigenfunctions

A =N, eV, gl =1, \j S 4oo (1.31a)
and
D) ={ve H: 3 X|0,6)F < +oo} (1.31b)
j>1
for all » > 0.

In the sequel, we will consider the functions wy, w}, 2y and 23, whose definitions are similar
to the definitions of ux and u}y.
First, note that
w™ = (Id+717A) "ugVm =0,1,..., N,

for all m, whence

N-1
HwN,tH%2(Q) =T ]A([d_i_TA)f(mH)uOP
m=0
N-1 32
— j )
- Z (1+7)\,)2(m+1)|(u0’€j)’
m=0 j>1 J
(1.32)
N-1 ]
=2 )22 (o, )
=1 m=o (14 7A;)2m+1) )7 J
A2
J 2 2
<2 e o 6P = luollzzco
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Therefore
wy; and Aw’y are uniformly bounded in L*(Q). (1.33)

Let us see now what can be said of 2y, and Az}. For all m > 1, we have

Z (Id+7A)~(m+1=D L, (1.34)

=1

Let s,0 € (0, 1) be such that with o > s. Then

m+1

A2 - < 7Y JAId + TA) D | pggesgg ||F||Ha_TZam b, (1.35)
=1 =1

where the a,, and the b; are given by
= |A(Id +7A) " sy, b = [|F[| 1+ (1.36)

We will apply the following result that must be viewed as a discrete version of the well known
Young inequality for convolution products:

Lemma 1.3.5. Let us assume that k > 1, a € [P and b € 9. Then, if r € [1, +0o0] and

1 1 1
-+ -=-+1, (1.37)
p q T
one has . i .
n N 1/r 1/ 1/
(]S ew )" < ()" (3om)” (139
n=1 [=1 n=1 n=1
forall k > 1.

The proof of this result can be found in [[13]].
Using Lemma[[.38| with r = a, p = 1 and ¢ = a, we find that

al 1/a N n a\ 1/a N N 1/a
(TZ \|Azm+1||?{,c,> < (T”“Z ) > aniby ) < (Zan> (¢Zb§§) . (1.39)
n=1 n=1 [=1 n=1 n—1

From the estimates (1.24)) already obtained for u}, it is immediate that, for any a € [1,2], Fy is
uniformly bounded in L“(O, T; L?*/9=2)(Q)) and, consequently, also in L%(0, T; H~ =4/ (Q)).
Thus choosing a in [1, 2] and taking s = (5a — 4)/(2a), we get:

~—

N l/a
1EN 2o 0,50+ (rzb ) C(a). (1.40)

m=1

On the other hand, for any smooth 2, one has
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A2
(n+2) 2 _ -0 J 2
|A(Td +7A)" 220 = Z)‘j {a +T)\j)2(n+2)|(z7£j)|
7= (1.41)

2(1-¢)

< J :| 275
< [sw 7 Ly | 1ol

where € = (0 — s)/2. Therefore, recalling the definition of the a,,, we deduce that

C(e) . T ds
a, < ()= T;an < C’(e)/o G <0 (1.42)
and finally,
N N \a
Az lieorao < C( X mam) (r N I5-) T < CllFlbeoras.  (143)
m=1 m=1

Note that this estimate is valid for all a € [1, 2], with s = (5a — 4)/(2a) and 0 € (0, 1), 0 > s.
Obviously, the same estimate is valid for || 2y || L« (0,r;z--)- This prove that

zn+ and Azy are uniformly bounded in
L*0,T; H°(2)3) Va € [0,1] Vo > s = (5a — 4)/(2a).

In view of (1.33) and (T.44), it follows that Au} and u};, are also uniformly bounded in
L*(0,T; H°(2)?). From De-Rham’s Lemma [24], we see that p%; is uniformly bounded in
Le(0,T; H'=(Q2)) which is continuously embedded in L*(0,T; L%(*29)(Q2)). In particular, for
a = 5/3, we have s = 13/10 and we can take o as close as desired to s, which gives 6/(1 + 20) as
close as desired to 5/3.

After extracting a new squence (if that is needed), we can assume that pj converges weakly in
L3/3(0,T; LP(Q2)) for all 8 > 5/3. Let us check that the local energy inequality holds for u and p.

If we multiply the equation (I.19) by the function u} ¢, where ¢ € C3°(€2 x [0,77]) is nonneg-
ative and we integrate in space, we have:

(1.44)

/ e Uiy d+ / (uly(t —7)- V)l [P — / Ay iy + / Vil iy = / Fo-uid, (1.45)
Q Q 9] [9] Q

If ¢ € [0, 7], there exists n such that ¢ € (", ¢""!] and then
= /UNtUN¢ /UNtUN¢+/UNt(UN_uN)¢
2dt/| ~2p — —/ lun 2y + /uNt( — uy )¢, using Lemma|1.3.4

Note moreover that / un(uy — uny)¢ > 0 because uy — wj by definition is equal to

Q
(" — H)uny.
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o [ite=n)- DlurPo =5 [ urt -l v
Q Q

* * * 1 *
o [ duicuvo = [ VaiPo -5 [ juiPas
Q Q L
. /VpE.ujv¢:—/p*N~u7\,V¢
Q Q

Consequently, we can write the following inequality holds:

el * <
o Lo+ [ 1Vuxpo <

1

1 1 (1.46)
5 / funl?ér + / |(Gunt = Dlusl? + pivii ) - Vo + S|y A6 + i - uio ]

If we integrate in time, we see that

[hosbosz [[ (9o
Q Qx(0,t)
§/|U0|2¢+// lun |y (1.47)
Q Qx(0,t)

s [ (e = il + 2s) - T + kA0 + 255 i)
Qx(0,t)

Thanks to the previous estimates, we can take the lower limit in the left hand side and the limit
in the terms in the right. In all of them this is possible; for example, since uj, converges strongly
(for example) in L°/2(0, T; L'*/°(Q)) and p% converges weakly in L>/3(0, T; L'*/°(Q)), piyul -V
converges weakly in L'(Q)? towards pu - V.

The final result is

2//QX(0¢) |Vul>p < /Q ’uo‘2¢+//gx(o,t) |U’2(¢t —|—A¢) + (u‘uP + 2pu) Vo +2fug, (1.48)

and this shows that (u, p) is a suitable weak solution of (I.T)). O

1.3.2. The convergence of the fully approximate problems

In this section, we will argue as in [[15] and we will check that the approximate solutions ob-
tained via the semi-implicit Euler discrete scheme, used together with an appropiate approximation
in space, converge to a suitable solution to (I.1).

As before, let us introduce N, 7 := T'/N and the ™ = mr. We will also consider two families
of finite dimensional spaces { X}, },~0 and { P, }5~o with X}, C Hg(Q2)? and P, C L?*(Q) such that

{ infy,ex;, ([0 — vallm — 0 Yo € Hy()°, (1.49)

infg,ep, ¢ — gnllzz — 0 Vg € L*(Q)
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and the (X}, P,) are uniformly compatible in the sense that there exists a constant ¢ independent
of h such that the following in f — sup conditions are satisfied:

inf  sup (Van,on) Yh e [0,1]. (1.50)

0 €P 0} v, ex\ (0} 1Vnll s llgnllms —

Now, we consider the approximations u}" = u(-,t™) € X, and pj* = p(-,t") € Py, with
ug = uop, (the orthogonal projection of uy on X}) and

( um-l—l_um
QDR (G S
+(vu;y“,vvh) + (VpT+1,vh) = ( ;Z”“m) Vo, € Xa, (1.51)
(qh,V : u;"“) =0 Vgn € P,
| () € (X, Py,

form =0,1,..., Ny.
The following result, which is an inmediate consequence of (I.50), gives coherence to our
scheme:

Lemma 1.3.6. The previous discrete scheme in time and space is well defined, that is, for every
m > 0 and every h > 0, there exists a unique solution (u;"™, pi**™) to (L31).

As before, the u}* and pj"' serve to construct approximate solutions to the Navier-Stokes system.
More precisely, we define functions uy p,, UN ps P s €tC. TEspectively similar to uy, uy, piy, etc.
The main result of this section is the following:

Theorem 1.3.7. After eventual extraction of a subsequence, the functions u}; , converge weakly in
L*(0,T;V), weakly-+ en L>=(0,T; H) and strongly in L*(Q)? towards a suitable weak solution to
(I.I) as N — +oo and h — 0.

Sketch of the proof:

Arguing as in the proof of the Theorem 1.3.3¥ it can be proved that the uy p, and the u} ), are
uniformly bounded in (0, T’; V') and L>°(0, T; H) and, furthermore, ||UN,h—U*N,h||%2(Q) < Cr. As
in [26]], we can also prove that the u j, are uniformly bounded in H°(0,7"; H) for any v € (0,1/4).
Consequently, at least for a subsequence (still indexed with N and /), one has:

{ unp — uweakly in L*(0,7; V) and weakly- * in L>°(0,T; H), (152)

unp — ustrongly in L?(Q) and a.e. in @

as N — 400 and h — 0. Again, this is enough to pass to the limit and deduce that u is a weak

solution of (1.1).

Note that it can also be assumed that
upn, — u strongly in L7(0,T; LY(Q)?) for 2 < r < 400, 1 < q < 6r/(3r — 4).

To show that u is suitable, we need to improve these estimates as Guermond did in [15]. To this
end, he used regularity results that play the same role played by the Sohr and Wahl [25] estimates
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in the proof of Theorem 2.8 in [17]]. In this context, we need the spaces H3(Q) == [L*(Q), HX(Q)],
for s € (0, 1) and their dual spaces H*(£2).
The following estimates are established in [15]]:

= Forany o € [1/4,1/2) and any 6 < §(a) = 2(1 + «)/5, one has

”uN,h,t”Hé—l(o,T;ﬁ—a) + HU*N,hHH‘S(O,T;FI—a) < C(a), (1.53)
» Forany s € [1/2,7/10] and any r > 7(s) = (3 — 2s)/4, one also has

un b il =m0y + 1PN Rl - (0,751 -5) < C(5), (1.54)

As a consequence, it can be assumed that the pj, , converge weakly (for instance) in

H="(0,T; H*®(Q)) for all 7 > 7/16 and the u}, , converge strongly in H°(0, T'; H~(2)?) for all
o < 3/8and 0 < 11/20. This is sufficient to ensure that py, ,uy , converges weakly in L'(Q)?
towards pu.

Now, arguing as in the final part of the proof of Theorem[I.3.3] it is not difficult to check that
the limit (u, p) of the (u} ,, pi ) is a suitable weak solution to (L.1)). This ends the proof. O

1.4. Some additional coments and questions

1.4.1. The same results hold for the Boussinesq system

The Boussinesq systemis the following:

(uy— Au+ (u-V)u+Vp=f+0k, (z,t) € Q,
Vu =0, (z,t) € Q,
O +u-VO0—A0 =g, (z,t) €Q, (1.55)
u(z,t) =0, O0(x,t) =0, (z,t) € X,

L u(x,0) = up(z), 0(x,0) =0(x), z € Q.

We assume here that

ug €V, 0y € Hy(Q) f e L*0,T,H '(R*)?),k € R* and g € L*(0,T; L*(Q)).  (1.56)

As in [3]], we can speak of weak solutions to (I.53)) and, also, of suitable weak solutions to the
previous PDEs in any set of the form D = G x (a, b), with G C R? a connected open set.

The results in Section 3 can be extended to this framework. Thus, we can for instance consider
the semi-implicit Euler scheme
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( um—{—l —um
- o Aum+1 + (um . V)uerl 4 vpm+1 — fm+1 4 6m+1k7
Vumtt =0, (1.57)
9m+1 —gm
k - + u™ - V9m+1 o A6m+1 — gm+1

and prove that, at least for a subsequence, the associated u,,, u}y, pi,0n and 63 converge, in a
appropiate sense, to a suitable weak solution (u, p, 6).

1.4.2. Possible extensions to other systems

It would be interesting to prove similar results to Theorems [1.3.3and [1.3.7] for the solutions to
the variable-density Navier-Stokes equations:

(p+ V- (pu) =0, (z,t) € Q,
p(ug + (u-V)u) — Au+Vp = pf, (z,t) € Q,
V-u=0, (z,t) €Q, (1.58)
u(z,t) =0, (x,t) € X,

L u(z,0) = uo(z), p(x,0) = po(z), = € (L.

However, this is not clear at present. Note that the “reasonable” definition of a suitable weak
solution should involve the following property: for any ¢ € D(Q) with ¢ > 0,

//D V|26 < //D (Iul?(pcbt + A¢) + (plul® +2p)(u- Vo) + 2p(u - f)¢>, (1.59)

But, unfortunately, the apparent lack of regularity of p makes it difficult to prove this.

1.4.3. Extensions to other approximation schemes for the Navier-Stokes equa-
tions

As we already said, Theorems|1.3.3|and|1.3.7|can be adapted to many other time approximation
schemes. Among then, let us simply recall the following:

m Crank-Nicholson scheme:

um—l—l —um um—i—l + um

m m+1
+(u™-V)u A( 5

>+Vp’”“ = fm V™ = 0. (1.60)

T

m Gear scheme:
Suerl _ 4um + umfl
21

—i—(um~V)um+1 _Aum+1+vpm+1 — fm+1 v_um+1 = 0. (161)
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n+6" n+0)

= (—scheme: For a and [ such that 0 < o, 8 < 1 and o + 8 = 1, we compute (u
then u"*1~% and finally (u"*!, p"*1) as follows:

p

?

U QA—t Y oAyt LV = 4 BUAGT — (0 VU, V-a™ =0, (1.62a)
un+179 _un+9 1—-6 1—6 1—0 0 0 0
m—ﬁvﬁuw T (@) = v A = Vp™tYL (1.62b)

n+l _ unJrlfH +1 " 1
—avAuTTT + VPt =
oAt p /

—|—5I/Aun+1_0 _ (un-i-l—e . v)un-‘rl—e’ AV un+1 = 0.

u

(1.62¢)

It would be interesting: to find the analog of Propositions [I.2.6] and [1.2.8] for a family of ap-
proximated solutions. This can help to detect or discard the occurence of singular points.
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Capitulo 2

Theoretical and numerical results for some
bi-objective optimal control problems

This chapter deals with the solution of some multi-objective optimal control problems for sev-
eral PDEs: linear and semilinear elliptic equations and stationary Navier-Stokes systems. More
precisely, we look for Pareto equilibria associated to standard cost functionals. First, we study the
linear and semilinear cases. We prove the existence of equilibria, we deduce appropriate optimality
systems, we present some iterative algorithms and we establish convergence results. Then, we an-
alyze the existence and characterization of Pareto equilibria for the Navier-Stokes equations. Here,
we use the formalism of Dubovitskii and Milyoutin. In this framework, we also present a finite
element approximation of the bi-objective problem and we illustrate the techniques with several
numerical experiments. The work is based on [|12].

2.1. Introduction

In this work we consider bi-objective optimal control problems for various PDEs and systems.
First, an introductory problem corresponding to a linear elliptic PDE is analyzed with detail. Then,
we deal with a semilinear elliptic PDE. Finally, we focus on the stationary Navier-Stokes system,
that is, the equations satisfied by the velocity field and the pressure of a steady viscous incompress-
ible fluid.

Our aims are to prove existence, characterize efficiently the equilibria and, also, compute the
solutions to these multi-objective control problems. They are very important from the theoretical
and practical viewpoints and appear frequently in the applications. For some previous works on the
subject, see for instance [3]].

In classical control theory, we usually find a state equation or system and one control with the
mission of achieving a predetermined goal. Frequently (but not always), the goal is to minimize
a cost functional within a prescribed family of admissible controls. A different and interesting
situation arises when several (in general, conflictive or contradictory) objectives are considered.
This may happen, for example, if the cost function is the sum of several terms and it is not clear
that an average provides a reasonable criterion. Furthermore, it can also be expectable to have
more than one control acting on the equation. In these cases, we are led to consider multi-objective

21



22 2.1. Introduction

control problems. In contrast with the mono-objective case, various strategies for the choice of good
controls can appear, depending of the characteristics of the problem. Moreover, these strategies can
be cooperative or noncooperative (depending on whether or not several controls mutually cooperate
in order to achieve prescribed goal).

There exist several equilibrium concepts for multi-objective problems, with origin in game
theory and mainly motivated by economics. Each of them determines a strategy. Thus, let us
mention the noncooperative optimization strategy proposed by Nash [22], the Pareto cooperative
strategy [23|] and the Stackelberg hierarchical strategy [25]. In the context of the control of PDEs,
a relevant question is whether one is able to steer the system to a desired state (exactly or approx-
imately) by applying controls that correspond to one of these strategies. Up to date, there have
been some works on the subject like the seminal papers by Lions [19,21]] and other more recent
contributions, like [4}5(7]].

In this work, we will be concerned with Pareto equilibria associated to standard cost functionals.
Let us give the details in the case of the stationary Navier-Stokes equations.

Thus, let the fluid domain be a bounded open set {2 C RY, with N = 2 or 3. Let us introduce
three nonempty open subsets, O, O, and w (which is the control domain) and let us assume that a
velocity field u;4 defined on O; is given fori = 1, 2.

In this context, we want to find suitable forces f (the controls) in L*(w)" with the following
property: there exists an associated state (u, p), that is, a weak solution to the system

—vAu+ (u-V)u+Vp= fl,, z€,
Vou=0, ze€q, (2.1)
u=0, x¢€odf,

such that ( f, u) is a Pareto equilibrium for the functionals

a .
niryi=g [l f f1e i1 @2

where a, ¢+ > 0 (for the definition of Pareto equilibrium, see below).

Our first main goal will be to show that at least one optimal Pareto solution exists. The second
one will be to characterize such equilibria in terms of first order optimality conditions, i.e. to deduce
a system of PDEs that any optimal solution (together with an associated adjoint state) must satisfy.
The third one will be to indicate how Pareto equilibria can be computed, to present some related
algorithms and illustrate the results with numerical experiments.

The proof of the existence of Pareto equilibria is (more or less) standard. It relies on suitable
and well known a priori estimates for the solutions to (2.1

In what concerns optimality conditions, the situation is more delicate. Indeed, due to the lack
of uniqueness, the techniques usually employed for distributed control problems (see for instance
[18,9,20] ) cannot be applied in this case. For this reason, we will use an alternative technique that
relies on the so called formalism of Dubovitskii and Milyoutin. This approach was introduced in the
context of mathematical programming and has been succesfully applied to the solution of optimal
control problems for differential equations since the 70’s. A good presentation of its applications to
these areas can be found in Girsanov [[16]; see also Flett [13]]. In particular, these techniques have
been applied in a very promising way to some distributed control problems; see for instance [4,5.7].
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The basic ideas of the formalism can be explained as follows. At a local minimizer, the cone
of descent directions associated to a cost functional must be disjoint of the intersection of the
cones of feasible and tangent directions, respectively determined by the admissible control set and
(2.1). Indeed, we cannot “move” from the minimizer to another admissible pair in a direction that
improves the objective functions. Consequently, from Hahn-Banach Theorem and some additional
arguments, it follows that there must exist elements in the associated dual cones, not all them zero,
that add up to zero. This algebraic condition is just the Euler-Lagrange system of the extremal
problem at hand. When it is possible to identify the previous primal and dual cones, this system
provides the first order optimality conditions in a systematic way. In the case of a standard (mono-
objective) optimal control problem, it also leads to the corresponding Pontryagin minimum (or
maximum) principle.

Thus, a major task in our problem is the identification of the cones mentioned above in terms
of the involved PDEs and functionals. Note that, in the particular case of (2.1)-(2.2), the main
difficulties are related to the highly nonlinear behavior of and the possible nonuniqueness of
u.

The plan of this chapter is the following:

Section 2: A relatively simple problem: linear elliptic PDE and quadratic functionals.
Definitions, existence and characterization.
Algorithms and convergence.

Section 3: A slightly more complex problem: semilinear elliptic PDE and quadratic function-
als.

New definitions, existence and optimality systems.

Algorithms and convergence.

Section 4: The stationary Navier-Stokes system (a more difficult problem).

The difficulties: nonlinearity, lack of uniqueness, lack of regularity of the functionals.
Definitions, existence and characterization.

Algorithms and numerical experiments.

2.2. Introductory problem: a linear elliptic PDE

This section aims to be an introducction to the study of Pareto equilibria for linear PDEs.
Specifically, we will consider a multi-objective optimal control problem for a linear elliptic equa-
tion, we will present the definition of Pareto equilibrium, we will prove its existence, we will
describe its characterization and, finally, we will formulate some related algorithms. The linearity
of the problem will greatly facilitate the study.

In the sequel, we denote by || - || and (-, -) the usual L? norm and scalar product, respectively.
The symbol 1, will be used to denote the characteristic function of the set D. For simplicity,
we will assume that only two functionals are considered but very similar considerations hold for
systems with a higher number of functionals.
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2.2.1. Definition of Pareto equilibria

To fix ideas, we will consider systems with only one control acting on a (small) subset of the
domain.

Let Q C R” be a nonempty regular, bounded and connected open set and let us assume that
w C 2 is a nonempty open subset.

We will consider the problem

{ “Au=fl, z€Q 03

u=0, x €&,

where f € L*(w)" is the control and 1, is the characteristic function of w.
Let O; and O, be open sets that represent prescribed observations domains and let the J; given
by

a .
W= [ v+ [ i-12 .4
@5 w

where the u;; € LQ(Oi)N are given functions and ;. and a are positive constants.
The first multi-objective control problem considered in this work is the following:

Find a Pareto equilibrium associated to (Z.3) and (Z4), that is, a control f € L?(w)N
such that there is no f satisfying

{ f € L)Y, L) < D(f) and () < o), 03)

with strict inequality for at least one J;.

In this framework, since the control-to-state mapping is linear and the cost functionals .J; are
quadratic and strictly convex, it is not difficult to prove that f is a Pareto equilibria if and only if

~ ~

Ja € [0,1] such that aJi(f) + (1 — «)J5(f) = 0. (2.6)

This is a consequence of the Karash-Kuhn-Tucker Theorem; see for instance [2].
In the sequel, the following notation will be used:

J) = aJi + (1 —«a)Jy forany o € [0, 1].

2.2.2. Existence and characterization of Pareto equilibria

For future purposes, note that the .J; are C I and, also,

(Ji(f),9) = /(asoi +uf)g Vf,ge L*(w)", (2.7a)
where ; is the i-th adjoint state for f, i.e. the solution to

{ —Ap; = (u—uy)le,, x €8,

2.7b
w; =0, x €. ( )
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Here, u is the state associated to f.
We can now present the main result of this section. It is related to the existence and characteri-
zation of Pareto equilibria.

Theorem 2.2.1. Let us assume that f € L2(w)N. Then

1. f is a Pareto equilibria if only if there exists « € [0, 1], & and ¢ such that

(—Ad=fl,, x€Q,
u=0, x€0d,
—Ap = alt—ug)lo, + (1 — ) (@ — ugg)lo,, x €K, (2.8)
p=0, xe€df,
f=-=4l,.

\ I

2. Foralla € [0, 1] there exists exactly one solution to [2.8)). Consequently, there exists a family
{fa}tacio of Pareto equilibria associated to [2.3) and (2.4).

Proof:
Let us first assume that f € L*(w)" is a Pareto equilibria. Then, holds. In view of (2.7al)

and (2.7b)), one must have

f==t (od+ (1= a)p)

for some o € [0, 1] (here ¢; solves (2.7b) for v = @). Consequently, (2.8)) is satisfied with ¢ =
Oé@l + (1 — a)g52. R )
Conversely, if f, @ and ¢ satisfy (2.8) for some « € [0, 1], then J{,,(f) = 0. Indeed, it is clear

from that, for any f, g € L?(w)", one has

(%@U%m=i/ww+uﬂm

w

where ¢ solves

—Ap =a(u—ug)lo, + (1 —a)(u—ug)leo,, =€,
=0, x¢€d.

Therefore, (2.6) holds and f is a Pareto equilibrium.
For each o € [0,1], (2.6) and (2.8)) posesses a unique solution, since this system is equivalent
to the identity J{,,,(f) = 0 and J(a) : L?(w) = Ris strictly convex, C' and coercive. O

2.2.3. Algorithms and convergence

We will recall in this section three standard algorithms that can be used for the computation of
Pareto equilibria.

In the sequel, we assume that « is fixed in [0, 1] and we try to solve (2.8); equivalently, we try
to find the unique minimizer of J(,) in L*(w).

ALG 1: Fixed-Point
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(a) Choose f° € L?(w)N.

(b) Then, for given n > 0 and f™ € L*(w)", compute the solution u" to

—Au" = f"1,, x €,
(2.9)
u" =0, x €
and the solution ¢" to the system
—Ap" = a(u" —ug)lo, + (1 —a)(u"” — ugg)le,, x €K, (2.10)
" =0, x€df ’
and, finally, take
=L (2.11)
1

ALG 2: Optimal Step Gradient Method
(a) Choose f° € L?(w)".

(b) Then, for given n > 0 and f* € L?*(w)", compute the solution u" to (2.9) and the solution

¢" to (2.10) and take
[T == ot (2.12)
where
g =a¢",+pnf" (2.13)
and
" = arg ((min Jio) ("~ pg") ). (2.14)

ALG 3: Optimal Step Conjugate Gradient Method
(a) Choose f° € L?(w)".
(b) For n = 0, perform one step of ALG 2 and take d° = ¢°.

(c) Then, for given n > 1 and f* € L?*(w)" compute the solution u™ to (2.9) and the solution

©" to (2.10) and take
fn+1 — fn . pndn’ (215)
where
’ lgn=t|*’ (2.16)
gt =ap"|, +pf"
and
Pt = arg <r;;1>151 Joy(f" = pd")). (2.17)
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The following convergence results hold:

Theorem 2.2.2. Let a € (0,1) be given and let us denote by f the associated Pareto equilibrium.
There exists €9 = £0(2,w) > 0 such that, if a/jn < &g, the controls " furnished by ALG 1 satisfy
f*— fasn — +oo. Furthermore, in such case, the speed of convergence is at least linear.

This proof is very easy. It suffices to observe that, if £( is small enough and a/; < €y, then the
mapping ¥ : L?(w) — L?*(w) given by W(f") = f™*! is a well defined contraction.

Theorem 2.2.3. Let o and f be as in Theorem and let the " be controls furnished by ALG 2.
Then, f* — f asn — +o0.

Theorem 2.2.4. The assertion in Theorem also holds for the controls " furnished by ALG 3.

Note that the controls " furnished by ALG 2 and ALG 3 converge independently of the size of
a/u. Theorems|2.2.3|and [2.2.4|are consequences of classical convergence properties of the optimal
step gradient and conjugate gradient algorithms (since the functional Ji,) is elliptic and satisfies
Polak’s condition; see [2]]).

2.3. The case of a semilinear elliptic PDE

2.3.1. Pareto equilibria and quasi-equilibria

Let us assume that

¢ : R — R is continuously differentiable, (2.18)
¢'(s) > 0and |¢(s)] < C+ Cls| VseR. '
In this section, the state equation will be the following:
—Au+¢(u) = fl,, z€Q, 2.19)
u=0, zedl. '

It is well known that, for each f € L?*(w)Y, there exists exactly one solution v to (2.19). As in
Section 2, we will consider the cost functionals J; in (2.4), where the u;q € L?(O;)" and a, 1 > 0.
This section is devoted to introduce Pareto optima in this semilinear context. Now, we will have
to distinguish equilibria from quasi-equilibria and take into account the particularities of each of
them.
We will begin with some definitions:

Definition 2.3.1. It will be said that f is a Pareto equilibrium for (2.19) and (2.4)) if there is no
f € L*(w)N satisfying

: . : (2.20)
with strict inequality for at least one J;.

{ fe 2w, L(f) < I(f)and Jo(f) < Jo(f),
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It is not difficult to prove (and in fact it is well known in control theory, see for instance [[15,20])
that, under the previous assumptions on ¢, the cost functionals .J; are C! and satisfy

) = [Gwpitufle Wiy e e,
where (; is the unique solution to

{ —Ap; + ¢ (w)e; = (u—ug)lo, x €9,
=0, x€d

(that is, the i-th adjoint state corresponding to f) and w is the solution of (2.19).

Definition 2.3.2. It will be said that f is a Pareto quasi-equilibrium for (2.19) and (2.4) if f satisfies
(2.0), that is to say, there exists « € [0, 1] such that f solves, together with i and , the optimality
system

((—Ad+ (@) = fl,, z€Q,
u=0, x€0dN,
—Ap + ¢ ()¢ = a(t — wa)lo, + (1 — a)(i — us)lo,, z €K, 2.21)
©=0, ze€0Q,
~ a |
f=—=9lw

Note that, if f is a Pareto equilibrium, then f is also a Pareto quasi-equilibrium, in view of
Karush-Kuhn-Tucker Theorem. However, the converse is not necessarily true.

Theorem 2.3.3. Let us assume that N < 8 and, together with (2.18)), one has gzﬁA € CQ(R), with
|¢'| + |¢"| < C. There exists ¢, only depending on Q,uyq, usg, ||¢|| w2~ and ||f]|, such that, if
a/p < €, then the following assertions are equivalent:

(a) fis a Pareto equilibrium for (2.19) and (2.4).
(b) f is a Pareto quasi-equilibrium for (Z19) and @-4).

Proof:
We have to prove that, under the previous conditions, if f is a Pareto quasi-equilibrium, there
is no other control f € L*(w)" satisfying (2.21)). Thus, let us assume that (2.6) holds.

Let a € [0,1] be given. The function J,) := aJ; + (1 — «).J> is now twice continuously
differentiable. Let us see that, if a/u is sufficiently small, then J(”a)( fig, g) > 0 for all nonzero
g€ LX(w)N.

We know that
(J(/a) (f)u g)LQ(w) = /(a(p + Mf)g vfa g€ LQ(W)Nv (222)



Capitulo 2. Theoretical and numerical results for some bi-objective optimal control problems 29

where ¢ is, together with u, the solution to
—Au+ ¢(u) = fl,, z€Q,

u=0, x €, 593
23a
—Ap+ ¢ (u)p = a(u—ug)lo, + (1 —a)(u —u)lo,, z€Q, ( )
=0, x€d.
Let g € L?*(w)" be given. For any small ¢ > 0, let us introduce u¢ and ¢ with
—Au 4 g(u) = (f +eg)le, TEQ
ut =0, x €,
(2.23b)

—Ap® 4+ ¢ (1) = a(u® —uig)lo, + (1 — a)(u® —ugg)lo,, =€,
" =0, xed.

Let us put
1 1
z:=lim—(u®*—a) and o := hm (go — Q)

e—0 €

(recall that ( f,, ¢) solves (2.21))). Note that these limits exist in H} (). This is easy to see by
substracting written for f = f from (2.23b)), dividing by ¢ and letting ¢ — 0 (here, we must
use that ¢ € C*(R) and ¢’ and ¢" are uniformly bounded). Furthermore, one has

—Az+ ¢ (W)z=gl,, z€Q,

z2=0, ze€df, -
—AY + ¢ (u) + ¢"(0)zp = z(alp, + (1 — a)lp,), =€, (2.24)
=0, x €&l
Therefore,
1 .
olfig.0) =tim > (g (F 4 20) = T (Brg) = [(@wngg @29
Observe that, from elliptic regularity, one has
I2llm2 < Ci(1+ Jlall) and || Vall < Cal £, (2.26)

for some constants C; = C'(u1q, u2q, ) and Cy = C3(€2). On the other hand, from the PDEs
satisfied by ¢ and z, one also has

VY[ < Ca(L+ ([l ar2) [[V2]] - and  [[Vz]] < Collg]l, (2.27)

where C3 = CO3(||d||y2, ). Consequently, taking into account that H2(Q) — L"/2(Q) for
N < 8 with continuous embedding, we see from (2.26)) and (2.27) that

Ty (F39,9) = pllgll® = aCa( + [ FDllal?
for some Cy = Cy(u1g, Uag, | @]z, ). A
Clearly, this proves that, if N < 8 and a/ is sufficiently small, J(’;)( f,g9,9) > 0forall g # 0,

whence J(,) possesses a unique global minimum at f
In other words, f is a Pareto equilibrium for (2.19) and (Z.4). O
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2.3.2. Existence of Pareto equilibria
We can now prove the existence of Pareto equilibria for (2.19) and (2.4).

Theorem 2.3.4. Let us assume that 2.18) is satisfied. There exists a family { fo}ac(0,1) of Pareto
equilibria for (2.19) and (2.4).

The proof is not difficult. It suffices to note that, for each @ € (0, 1), there exists at least one
minimizer of .Ji,) in L*(w), in view of the properties of ¢. Any such minimizer is clearly a Pareto
optimum. Note however that this cannot be ensured if « = 0 or = 1.

Let us remark that, in this result, the uniqueness of the minimizer f, is not guaranteed. To
ensure that there is at most one solution we must impose more conditions to ¢.

Theorem 2.3.5. Let us assume that ¢ is as in Theorem N < 8 and, moreover, § € W»*(R)
and ¢' > 0. There exists x = x(§2) such that, if a/p < x, for each a € (0, 1), the minimizer of J(a)
furnished by Theorem is unique.

Proof:

In order to fix ideas, let us assume that 3 < N < 8 (the case N = 2 is similar and even easier).

Let « € (0,1) be given and let us assume that there exists two minimizers f* and f? of .J(,) in
L*(w). Then they solve the following systems for j = 1 and 2:

([ —AW +o(u) = fl,, T€Q,

w =0, x€0d,

_ASOz + ¢/<ug)¢g = (uj - uid)loia T e Q?
gog =0, x€0f.

fi= —%(w{ +(1- a)@%)lw

1

\

Letus set f := f1 — f2, ¢; := ¢} — p? and u := u' — u?. Then, we have

([ —Au+ ¢ (a)u= fl,, x€Q,
u=0, xe€d,
—Ap; + ¢ (ul)pi + ¢ (W) piu = ulp,, =€, (2.28)
a
f= —;<04<P1 +(1- 04)@2) L,

where, for each z, one has @(z) = B(z)u'(z) + (1 — B(z))u?(z) and u(z) = Mz)u'(x) + (1 —
A(z))u?(x) for some 3(x), A(x) € (0,1). From the properties of ¢, we deduce that

/Q (|VU\2 + ¢’(€L)|u!2>dx > (f,u).

Therefore, from the Cauchy-Schwarz and Young inequalities, we see that

2

a
[Vul* < OﬁllsolllQ + [lea?), (2.29)
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for some positive C' = C(€2).
By a similar reason, denoting by 2* the Sobolev embedding exponent of H'(2) and (2*)" its
conjugate, that is, 2* = 2N /(N — 2) and (2*)' = 2N/(N + 2), we also have:

IVeill® < Clleiull pery

|#ill Loy + Cllullll sl
1
< SIVell® + Cllull” + Clig? v lull 7

IN

1
SIVil2 s +C (14 16212) [ 7ul?

where again C' = C'(12).
Consequently,

2
a
IVul* < Cﬁ(l et + lallza) V. (2.30)

For N < 8, one has N/2 < 2N/(N —4). Accordingly, L"V/2(Q) < H?(f2) and, from the usual
elliptic estimates, the following is found:

o7l 7n7 < Cll(w*—uia)lo,

2
a .
P O0+|l)?) < C(1+E(Hw?llz+|ls0§!\2)), =12 (231

This indicates that, if a/s is sufficiently small, |[o7[|3 v . + [|©3]|3 v/» < C and, coming back to
(2.30), v = 0. Thus, in this case, we necessarily have f = 0 and the proof is done. O

2.3.3. Algorithms and convergence

In this section, we present some iterative algorithms, similar to those considered in the linear
case. To fix ideas, it will be assumed that v € (0,1) and p > 0 are fixed and we will seach for a
sequence { f"} of approximations to a minimizer of J).

ALG 4: Fixed point

(a) Choose f° € L?(w)N.

(b) Then, for given n > 0 and f™ € L*(w)", compute the solution u" to

—Au™ + o(u") = f"l,, =€ Q,
2.32
{ u" =0, x €01, ( )
the solution (™ to the system
—Ap™ + ¢ (u™)p™ = a(u” — urg)lo, + (1 — a)(u™ — ugg)le,, = €9, (2.33)
" =0, x€df '
and, finally, take
=L (2.34)
1

ALG 5: Optimal Step Gradient Method
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(a) Choose f° € L?(w)N.

(b) Then, for givenn > 0 and f" € L2(w)N , compute the solution u" to (2.32) and the solution
©" to (2.33) and take

frt ==ty (2.35)
where

9" =ae",+pf" (2.36)
(g" is the gradient of J(,) at u™) and

p" = arg (rgg ) (f" = pg"))- (2.37)

ALG 6: Optimal Step Conjugate Gradient Method
(a) Choose f0 € L?(w)".
(b) For n = 0, perform one step of ALG 5 and take d° = ¢".

(¢) Then, for given n > 1, f* € L*(w)V, g" 1, d" ! € L?(w)", compute the solution u™ to
(2.32)) and the solution ™ to (2.33) and take

it == phdn, (2.38)
where ( ) )
N g —=g9" 9"
dn — gn _|_,.yndn 1’ ,.yn — 7
g™ (2.39)
gt =a¢|, +uf"
and
" = ang ((min Jio) (" = pd")). (2.40)

Note that in ALG 3 and ALG 6, the coefficient 4" is given by different expressions. The reason
is that, now, the system is nonlinear and we must impose Polak condition to ensure convergence.

Theorem 2.3.6. Let the assumptions in Theorem be satisfied and let the controls ™ be fur-
nished by ALG 4. Then, f* — f asn — +o0.

This proof is easy. Indeed, as in the linear case, if a/u is sufficiently small, then we can write
that f*™! = ¥(f") for all n > 0, where ¥ is a contraction.

Theorem 2.3.7. Let the assumptions in Theorem be satisfied, let a/u small enough and let
the controls f™ be furnished by ALG 5. Then, f" — f as n — +oc.

The proof can be obtained arguing as in the proof of Theorem 8.4-3 in [10]. Indeed, from the
proof of Theorem [2.3.5] we deduce that, if a/p is sufficiently small, then .J(,) is elliptic, that is,

(J(/a)(fl) - J(/a)<f2):f1 - f2) > CHfl - f2”%2(w) Vfi, f2 € LQ(W)
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for some ¢ > 0. Consequently,
n n c n n n n n
Ty ()= I (F") Z S 1" =" ey and 00 (F) |22 < Iy (F) =iy (D 22

for all n > 1, whence in particular we have that || f* — f"*!|| 2,y — 0 as n — 4oc. Taking
into account the expression of J,), we also have that [|.J{,, (/") — J{,( " )12y — 0, whence
J(oy(f") — 0 and at least a subsequence of { "} converges weakly towards the unique minimizer

fof J(a)- Since
15" = oy < Sy W21,
we see that, in fact, the whole sequence converges strongly to f .
Theorem 2.3.8. The assertion in Theorem[2.3.7|also holds for the controls f™ furnished by ALG 6.

For the proof, we can use the arguments in p.96-98 in [24] (Theorems 1.5.8 and 1.5.9). More
precisely, note first that there exists > 0 such that

(S (F™), ") = Bl (o) (F) | 2@lld™ 22wy V> 1.

Therefore,
Ty (f") = ) (f") < =CON Ty (F") 2w

and J(’a)( f™) — 0as n — +oo. Thus, we again have that subsequence of ™ converges weakly to

f and arguing as before, we are led to the strong convergence of the whole sequence.
Note that, now, we must impose for the three algorithms conditions of the same kind to prove
convergence. Of course, this is due to the fact that (2.19)) is nonlinear.

2.4. The stationary Navier-Stokes system

This section is devoted to the existence and characterization of Pareto equilibria and quasi-
equilibria for the stationary Navier-Stokes equations. As expected, in view of the features of the
state system and, in particular, the possible lack of uniqueness, this will be more complicated than
in Sections 2 and 3.

The stationary Navier-Stokes equations are the following:

—vAu+ (u-V)u+Vp= fl,, z€,

V-u=0, z€f, (2.41)
u=0, x¢&odl.
The state variables are u = (uy,...,uy) and p. They can be viewed as the velocity field and

the pressure of a viscous Newtonian fluid. The control is f1,, and can viewed as a field of external
forces applied at the points in w.
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2.4.1. Pareto equilibria and quasi-equilibria

The positive constant v is the kinematic viscosity of the fluid. It must be regarded as a measure
of “thickness”, that is, tendency to favor friction.
As in the previous sections, let us introduce the functionals

a .
niri=g [l f f1p i1 @.42)

where the u;q € L*(0;)Y and a, u > 0.

Note that, here, contrarily to the cost functionals in Sections 2 and 3, we assume that the J;
depend not only on the control f but also on the state u. This is due to the possible nonuniqueness
of solution to (2.41)), that may appear when v is not sufficiently large.

Definition 2.4.1. It will be said that f € L*(w)" is a Pareto equilibrium for 2.41) and @2.42)) if
there exists an associated state (u, p) such that there is no triplet (f',u',p’), where f' € L*(w)" is
a control and (v, p') is an associated state, satisfying

{ Jl(f/7u/) < Jl(f7u) and JQ(f/>u/) < Jg(f,u),

. . : (2.43)
with strict inequality for at least one J;.

Definition 2.4.2. It will be said that f € L*(w)" is a Pareto quasi-equilibrium for 2.41)) and (2.42)
if there exists o« € [0,1], such that f solves, together with some (u,p) and (¢, q), the following
coupled system

([ —vAu+ (u-Vu+Vp=f|,, €Q,

V-u=0, z€,

u=0, x €,

—vAp+ (u-V)p+ (Vu)p + Vg = a(u—ug)lo, + (1 — a)(u — ug)le,, z€Q,
Vop=0, x€(,

p=0, x€0d,

a
f=——pl,.
i

\

(2.44)

2.4.2. Existence of Pareto equilibria and quasi-equilibria

As already said, it is natural to expect that the proofs of existence of Pareto equilibria and
quasi-equilibria be now more complicate.
Let us recall the definitions of some classical spaces, usual for the analysis of the Navier-Stokes

equations:
H:={vel’ QY : V-v=0inQ, v-n=00n0dN},

Vi={ve H}(Q)": V-v=0inQ}.
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They are closed subspaces of L?(Q)™ and H}(Q)", respectively; accordingly, they are Hilbert
spaces for the scalar products (-, ) and (-, ) 1. Also, we have the canonical compact embeddings
V — H = H' — V'’ where X' denotes the dual space of X.

Let us consider the trilinear continuous forms b(-, -, -) and ¢(-, -, -), with

N
b(u,v,w) = Z / wDvjw; de Yu,v,w eV
ij=1"%
and
N
c(u,v,w) = b(v,u,w) = Z / Dyujvyw; de Vu,v,w € V.
ij=17%

Note that there exist bilinear continuous mappings B and C, such that
(B(u,v),w) =b(u,v,w) and (C(u,v),w)=c(u,v,w) Yu,v,w € V.

Recall that, for every f € L?(2)V, the nonlinear system (2.41)) possesses at least one weak
solution (u,p) € V x L?(£2), see for instance [26]. This solution is in fact strong, that is, (u, p) €
H2(Q)N x HY(€) and the PDEs in (2.47]) are satisfied a.e. in 2.

As in the previous sections, for any a € [0, 1], we will use the notation J,) := aJ; 4 (1 — ) Js.

Theorem 2.4.3. For each o € [0, 1], there exists at least one solution to the following extremal
problem:

(P.) Minimize Jo)(f, )
7\ Subject to f € L*(w)N, (u,p) solves Z41).

Consequently, there exists a whole family { f,}ac(0,1) of Pareto equilibria for 2.41)) and (2.42).

The proof is easy, since the J; are coercive and lower semicontinuous for the weak convergence
in L2(w)™ x L*(Q)Y and the set {(f,u) : f € L*(w)", (u,p) solves @41)} is nonempty and
sequentially weakly closed in the same space.

Obviously, if (f,u) is a solution to (P, ) for some o € (0, 1), then f is a Pareto equilibrium.
However, as in Section 3, this cannot be ensured if « = 0 or v = 1.

The characterization of Pareto equilibria is furnished by the following result:

Theorem 2.4.4. Let [ be a Pareto equilibrium for 2.41) and (2.42). Then, f is a Pareto quasi-
equilibrium.

We will give a proof of this result that relies on the Dubovitsky-Milyoutin formalism (see [[16]).
To this purpose, we will first recall some technical results.

Lemma 2.4.5. Let K, ..., K, be convex cones in a Banach space X with apex at 0. For each
1, we assume that either K; is open or it is a closed subspace. Then the following conditions are
equivalent:

i=1
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n There exist linear functionals f; € K] withi = 1,...,n, not all them zero, such that
n
> fe=0.

Here, for any i, we have denoted by K the dual cone to K, thatis, K} := {f € X' : f(e) >
0 Ve € K;}. For the proof, see for instance Lemma 5.11 of [16].

Lemma 2.4.6. Let f € L*(w)Y be given and let u € V be (together with p) an associated solution
to @AT). Let R : V +— V be the linear mapping defined by Ry = (vA)™ (—=Dy - u), where A is
the Stokes operator in V, that is,

(Av,w) = (v,w)gr Yo,w e V.

Then,
[e] =1 ol lr2@w) (2.45)
is a norm in Ker(Id + R).

Proof:

As already said, one has u € H*(Q)",Vu € L5(Q)Y*Y and u € L>(Q)". Consequently, R is
well defined and compact. We only need to prove that, for every ¢ € Ker(/d + R) with ¢| =0,
one has ¢ = 0.

Thus, let us assume that p € V, ¢ + (vA) " (=D - u) vanishes, that is,

—vAp—Dp-u+Vqg=0, x€
Vop=0, €
=0, xe0dQ

for some ¢ and ¢ = 0 a.e. in w. Then, we can use the unique continuation property of the Stokes
system with coefficients in L™ (see [[11]]) and deduce that, certainly, ¢ vanishes identically. a

Lemma 2.4.7. Let f and u be as in Lemma Let the (on,Vy,) be given in V. x V with
onl, = ¢l in L*(w), ¥y = o + Ro, and 1, — ¢ € V. Then ||¢n|lv < C for some positive
constant C' independent of n.

Proof:
First, note that, since R is a compact operator, dim(Ker(/d + R)) < +o0c and Rank(/d + R) is
closed, in view of Fredholm’s Alternative Theorem (see for instance [6]]).
Now, let ¢, be, for each n, the unique function in Ker(/d + R) satisfying
n ~n - inf n D .
lon = @nlly = __ ik, lion = &llv
Then, wn = (Son - @n) + R((pn - @n)
Also, ||¢,, — &n||v is bounded by a constant C'. Indeed, if this is not the case, we can assume
that
lon — @ullv = dist(pn, Ker(Id + R)) — +oc.
Let us introduce ~
Pn — Pn

Cpi= ——.
H(;On _SOnHV



Capitulo 2. Theoretical and numerical results for some bi-objective optimal control problems 37

Then
Un

H‘pn - (ﬁnHV
Since the ||(,||v = 1 and ¢, — 1 in V, we see from (2.46) that (,, — ( for some ¢ € Ker(Id + R).
So,

for all n. But this is an absurd, since (,, — (in V.
Finally, let us deduce that ||, ||y < C. Indeed, we can write that ,, = @,, + 7, with

Cn + RG, = (2.46)

en = (Bn+Cllen=Gallv) || = len = GallvliGn = Cllv = llew = Gallv

o |7nllv = llon — @ulle < C.

n ||Pnllv < C[dn] (because the ¢, belong to a finite dimensional space) and [@,] < [p,] +
(1] < [on] + Cllnallv < C.

This ends the proof. U
Now, we can prove the main result in this section.

Proof of Theorem 2.4.4:
As announced, we will use the Dubovitsky-Milyoutin formalism (and, more precisely, Lemma

2.4.5)). Thus, let f be a Pareto equilibrium for (2.41)) and (2.42)). There exists a weak solution (u, p)
to (2.41) such that the couple (f, u) solves following problem:

{ Jl(f,u> < Jl(flvu/)

2.47
V(f' u') € F with Jo(f',u') < Es, ( )

where Fy := Jo(f,u) and F := {(f',u) € L*(w)N x V : («/,p') solves @.41) with f = f'}.
Now, we introduce some cones in L*(w)" x V associated to (2.47):

D; :={(h,w): J/(f,u)(h,w) <0} (i=1,2) and T :=Ker(M'(f,u)),

where M'(f,u) is the derivative at (f, u) of the nonlinear mapping M : L*(w)Y x V + V', given
by M(f,u) := vAu+ B(u,u) — f1,.
Clearly, M is continuosly differentiable,

M'(f,u)(h,w) = vAw + B(u,w) + B(w,u) — hl, VY(h,w)€ L*(w)N xV
and
M'(f,u)o = (= ¢l, , vAp — B(u,p) + Clu, ) Vo €V.

Let us prove that Rank(M’(u, u)*) is closed. Indeed, if (h,w) € Rank(M’(f, u)*), there exist
fields ¢,, € V such that

— nl, =k in L*(w),
vAp, — B(u,p,) + C(u,¢,) > w inV".

Let us introduce the linear mapping S : V +— V' with Sp := vAp — B(u,¢) + C(u, ). It
is not difficult to see that S = vA - (Id + R), where R is the linear operator introduced in Lemma
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Therefore, by Fredholm’s Alternative Theorem, we have that Rank(SS) is closed and, from
Lemma [2.4.7] we find that the ,, are uniformly bounded in V. As an inmediate consequence, we
see that, at least for a subsequence, ¢,, — ¢ weakly in V, — ¢| = h and S¢ = w. In other words,
(h,w) € Rank(M'(f,u)*).
At this moment, we apply the Dubovitskiy-Milyoutin formalism to (2.47) and we deduce that
the descent cone D1 must be disjoint of the descent cone D, and the tangent space 1" (see [16]):
DiNDyNT = 0.

In view of Lemma [2.4.5] there exist (|, w]) € Df, (hy, wh) € D and (K, w’) € T*, not all zero,
such that
(P, wy) + (hy, wy) + (R, w') = (0,0). (2.48)

Taking into account the definitions of Dy, D, and T', we see at once that
Df ={-MNJ/(f,u) : A>0}, i=1,2,
T* = (Ker(M'(f,u)))* = Rank(M'(f,u)*) = Rank(M'(f,u)").

Hence, there must exist nonnegative A; and \,, not both zero, such that

(. ey = Moo [

O;

(u—uid)w+,u/fh> V(h,w) € L*(w)N xV, i=1,2

and there must exist ¢ € V such that
h==ol,, w=vAp—B(uyp)+Clup). (2.49)

Consequently, dividing by A; + A\, and redefining (h’, w’), we see that (2.48)) can be rewritten in the
form

a(a /cm(u —ug)w + (1 —«a) /(92(u - U2d)’w> + :“/wfh - /wh/h + (W whvry (2.50)
Y(h,w) € L*(w)N x V

for some « € [0, 1].
Now, taking w = 0 we find that 2’ = uf.
On the other hand, taking & = 0 and recalling (2.49)), we see that ¢| , = —puf and

/Q(VVgo-Vw—(u-V)@-w—l—(Vu)tgp-w) :a/

g <a(u —u1g)lo, + (1 — a)(u — ugd)loQ)w

for all w € V. Therefore, ¢ solves, together with some g € L*(£), the linear system

—vAp — (u-V)p+ (Vu)o+ Vqg= a<a(u —ug)lo, + (1 — a)(u — u2d)1(92>, x €,
V.op=0, ze€(,
=0, x€d
(2.51a)
and, furthermore,

1
f=—uol, (2.51b)
ol

From (2.41)), (2.514) and (2.51Db)), we deduce that f is a Pareto quasi-equilibrium and the proof
is done. O
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2.4.3. Algorithms and numerical experiments

This section is devoted to present three iterative algorithms (similar to those above) for the com-
putation of Pareto equilibria for (2.41)) and (2.42). Additionally, we will present a new algorithm
based on Newton’s method.

As before, we fix o € (0, 1) and we look for a solution to (F,).

ALG 7: Fixed-Point

(a) Choose f° € L*(w)" andu’ € V.
(b) Then, for givenn > 0, f* € L?(w)" and u™ € V, compute the solution (u"**, p"*1) to

VAU 4 (u - V)urtt + Vprtt = 11, 2 e Q,
V.ourtl =0, zeq, (2.52)
utt =0, 1z €.

the solution (" "1 ¢"*1) to the system

_VA(pn+1 _ DgOn+1 3 un+1 + vqn+1
= a((un—H — Uld)lol> + (1 — oz)((u"“ — u2d)102>, T € 97

V.ptl =0, z€Q, (233
et =0, x€dN
and, finally, set
a
frtl = _; i o (2.54)

ALG 8: Optimal Step Gradient Method
(a) Choose f0 € L?(w)".

(b) Then, for given n > 0 and f* € L?*(w)", compute the solution (u"*!, p"*1) to (2.52) and the
solution ("1, ¢" ™) to (2.53) and set

== ptgtt (2.55)
where
gn+1 —a g0n+1|w + ;U/fn (256)
and
) = arg (min Ty (f" — pg"“)). (2.57)
p>0

ALG 9: Optimal Step Conjugate Gradient Method
(a) Choose f° € L?(w)N.

(b) Then, for n = 0, perform one step of ALG 8 and set d° = ¢°.
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(¢) Then, for given n > 1 and f* € L?*(w)", compute the solution (u"** p"*1) to (2.52), the
solution (" *1, ¢"™) to (2.33) and then set

fn+1 — fn . pndn’ (258)
where ( ) )
_ g =g, g"
dn — gn+1 +,yndn 17 ,yn —
g2 (2.59)
gt =a e, + pufm
and
o = arg (%101 T (f" — pd")). (2.60)

Before presenting the results of some simulations, we will consider another algorithm. It is
based on Newton’s method and aims to compute a solution to the optimality system (2.44). In
practice, this method is much faster than the ALG 8 and ALG 9 but, as is usual for Newton meth-
ods and variants, it needs a nontrivial starting process (see below).

ALG 10: Newton Method
We want to solve the problem (2.44)) with v = ». We fix a decreasing factor a € (0,1) and we
do as follows.

(a) Choose f° € L*(w)" and ° € RT and compute the solution (u°, p°) to

—10Au +Vp? = 01, z€Q,
V-u'=0, z€Q, (2.61)
wW =0, x€0dQ,

and the solution (¢, ¢°) to
—10APY +V¢° = a((uo — uld)lol> +(1—a) ((uo — qu)102>, x €,

V.'=0, z€Q, (2.62)
W =0, x€fN

and take a
fl=—= gpo‘w and v' = max{7, v '}

(b) Forgivenn >0, v"and f* € L*(w)", (u™, p") and (4", ¢"), do the following:
(b.1) Take f™° = —zgo" s u™? =", ™0 = " and v = max(av", D).
i
(b.2) Then, for given k > 0, f™*, u™* o™ set

Fn,k: = —I/n+1AUn’k + (un,k’ . v)umk o fn,klw
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and
Gn,k = _I/n+1Agpn,k _ (un,k . V)@n’k + (vun,k)tgpn,k

— a(u™ —u1g)le, — (1 — a)(u™F — ugy)lo,,

compute the solution (v*, h* ¢ n*) to

(V" AOR + (umF - V)R 4 (0F - V)unF + VAR = Fk 0 p e Q)

V-ob =0, zeq,

vF =0, =z €09,

—HAGE — (k)R — (0F - W)k (2.63)
+ (VumF)ipk + (Vok)tpmk + Uk = GMF 2 € Q,

V-gk=0, ze€Q,

[ P =0, €90

and take:
un,k—i—l — umk o Uk, SOn,k—&—l — gOn,k o d]k (264)

Note that ALG 7 and ALG 10 are conceived to compute a solution to the optimality system
that, maybe, is not a minimizer of J(,). Thus, they are expected to furnish numerical ap-
proximations of Pareto quasi-equilibria. From the viewpoint of the Calculus of Variations,ALG 7
and ALG 10 are related to the so called “indirect method”. Contrarily, ALG 8 and ALG 9 in-
tend to provide (numerical approximation of) a minimizing sequence of J,). Accordingly, they
correspond to realizations of the “direct method” of Calculus of Variations.

Now, in order to illustrate the behavior of the previous algorithms, we discuss some numerical
experiments. Specifically, we will try to compute a minimizer of the functional

ao a(l — o
Tor(fon) = 22 [ a4 U

5 |u—u2d|2+p/ |f|2, (2.65)
O1 Os w

where av = 0.5, w14, ugq are given functions and a, u € (0, 2) are fixed parameters, with y = 2 — a.

Our domain is composed by two rectangles O; and O, and we assume that the controls act on a
narrow band w. In order to solve numerically the systems (2.52), (2.53), (2.61)), (2.62) and (2.63),
we have to fix a mesh and a finite element method. We have used the mesh depicted in Fig. 1
and a mixed finite element formulation with continuous piecewise [P;-bubble and [P; functions
respectively for the velocity field and the pressure; for details, see [[14,|17]].
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Figure 2.1: The domain and the “rough” mesh; {2 is composed of the band w, the large rectangle
O; and the small rectangle O,. Number of nodes: 1519 . Number of triangles: 2876.

The data u;4 are the following: w14 = V X 114, where 114 is the solution to the problem

{ —Ag=1, z¢eOy,
g =0, x€d0;

and usy = 0. That means that the “desired” configuration corresponds to a uniformly rotating flow
in O and a fluid at rest in O (see Fig. 2).
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Figure 2.2: The function wu14.

For ALG 7, ALG 8 and ALG 9, the stopping test has been
lu** =g + [P = P e + 16" = ¢" |~ <e,

with e = 107°. This has also been the stopping criterion for the external iterates in ALG 10. For
the internal loops (indexed by k), the stopping test has been

Hun,kJrl . u”’k||Loo + ||¢n,k+1 . QOn’k”Loo <e.

The computations have been performed with the FreeFem-++ package (see [18]). We have used
three different meshes: a “rough” mesh with 1519 nodes, a “reasonable ” mesh with 3449 nodes
and, also, a “fine” mesh with 6003 nodes. Some results are depicted in Fig. 3-5.
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Figure 2.3: The final velocity fields computed with ALG 8 for various « in the case a = 1.5 and

v = 0.06. Number of nodes: 3449. Number of triangles: 6658.
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Figure 2.4: The final velocity field, the adjoint and the control computed with ALG 9 for o = 0.5
in the case @ = 0.8 and v = 0.1. Number of nodes: 6003. Number of triangles: 11684.
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Figure 2.5: The final velocity field, the adjoint and the control computed with ALG 10 for o = 0.5
in the case @ = 1.8 and v = 0.00204. Number of nodes: 1519. Number of triangles: 2876.

On the other hand, we have compared the values of the functionals Ji, J; and Ji,) for some
values of a. See Fig. [2.6] where this is done for ALG 8 and ALG 9 ( corresponding to “direct”

methods).
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Figure 2.6: The logarithms of the functionals .J;, J; for o = 0.5 and J(,) for o = 0.1, 0.5 and 0.9,
with a = 1.5 and v = 0.06. Number of nodes: 1519. Number of triangles: 2876.

In order to compare the behavior of the gradient, the conjugate gradient and Newton methods,
we present numerical values in the tables in Fig.[2.7)to[2.9] More precisely, we gather in Fig.[2.7]the
number of iterates needed by each method to fulfill the stopping test and produce an approximation
with error less or equal than 1076,

(a) Gradient (ALG 8) (b) Conjugate Gradient (ALG 9) (c) Newton (ALG 10)

Figure 2.7: Number of iterates with o = 0.5, 1519 nodes and € = 10 for various values of a and
V.

The tables in Fig. 2.7 illustrate the convergence properties of these algorithms. We see that
the Newton method converges for small values of v (the smallest value corresponds to a Reynolds
number of 3500 approximately). However, remember that we cannot ensure in principle that the
corresponding computed solution minimizes J(y).

The tables in Fig. and show the errors corresponding to the 50t jterate for each of the
previous methods and (again) various parameters and data.
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1.47e-10 | 3.36e-10 | 1.03e-10
5.81e-10 | 2.92e-10 | 1.11le-9
7.57e-10 | 1.4%e-8 | 1.3le9
2.35e-8 | 2.47e-8 | 2.23e-8

(a) Gradient (ALG 8) (b) Conjugate Gradient (ALG 9) (c) Newton (ALG 10)

Figure 2.8: Precision in iteration 50 for « = 0.5 and a = 1.5 (NP is the number of nodes).

6.87e-9
6.82e-10 | 1.35e-9 | 6.72e-9
7.57e-10 | 1.49e-9 | 1.31e-9
2.02e-9 | 1.83e-9 | 4.14e-9

(a) Gradient (ALG 8) (b) Conjugate Gradient (ALG 9) (c) Newton (ALG 10)

Figure 2.9: Precision in iteration 50 for « = 0.5 and v = 0.06.

The results exhibited in these tables as we increase the number of nodes show that the behavior
of ALG 8, ALG 9 and ALG 10 is consistent, in the sense that they remain approximately constant.

Also, we have included in Fig. a table with a comparison of the computation times and
required number of iterates of each method.

Finally, the functional J,) has been depicted in Fig. |T_1T| for several values of the parameters.

202.333

470.7 | 117 | 617855 | 20 [362 | 15
876.5 | 127 | 980916 | 19 |629 | 15

Figure 2.10: Computation times (in seconds) and numbers of iterates to reach an error less than
e =107%, fora = 0.5,a = 1.5 and v = 0.06.
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Capitulo 3

Theoretical and numerical bi-objective
optimal control: Nash equilibria

This chapter deals with the solution of some multi-objective optimal control problems for sev-
eral PDEs: linear and semilinear elliptic equations and stationary Navier-Stokes systems. More
precisely, we look for Nash equilibria associated to standard cost functionals. We prove the exis-
tence of equilibria, we deduce appropiate optimality systems, we present some iterative algorithms
and, in some cases, we establish convergence results. For the existence and characterization of
Nash equilibria in the Navier-Stokes case, we use the formalism of Dubovitskii and Milyoutin. In
this framework, we also present a finite element approximation of the bi-objective problem and we
illustrate the techniques with several numerical experiments. It is based on [13]].

3.1. Introduction

We consider bi-objective optimal control problems for various PDEs and systems. First, an
introductory problem corresponding to a linear elliptic PDE is analyzed with detail. Then, we deal
with a similar semilinear elliptic PDE. Finally, we deal with the stationary Navier-Stokes system,
that is, the equations satisfied by the velocity field « and the pressure p of a viscous incompressible
fluid.

Our aims are to prove existence, to characterize efficiently the equilibria and, also, to compute
numerical solutions to these multi-objective control problems. They are very important from the
mathematical viewpoint and appear frequently in the applications; for some previous works on the
subject, see for instance [3]].

In classical control theory, we usually find a state equation or system and one control with the
mission of achieving a predetermined goal. Frequently (but not always), the goal is to minimize
a cost functional within a prescribed family of admissible controls. A different and interesting
situation arises when several (in general, conflictive or contradictory) objectives are considered.
This may happen, for example, if the cost function is the sum of several terms and it is not clear that
an average provides a reasonable criterion. Also, it can be expectable to have more than one control
acting on the equation. In these cases, we are led to consider multi-objective control problems. In
contrast with the mono-objective case, various strategies for the choice of good or the best controls
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can appear, depending on the characteristics of the problem. Moreover, these strategies can be
cooperative or noncooperative (depending on whether or not several controls mutually cooperate in
order to achieve prescribed goals).

There exist several equilibrium concepts for multi-objective problems, with origin in game
theory. Each of them determines a strategy. Thus, let us mention the non-cooperative optimiza-
tion strategy proposed by Nash [24]], the Pareto cooperative strategy [25] and the Stackelberg
hierarchical-cooperative strategy [27]]. In the context of the control of PDEs, a relevant question is
whether one is able to steer the system to a desired state (exactly or approximately). Up to date,
there have been some works on the subject like the seminal papers by Lions [21,23] and other more
recent contributions, like [5,/6} 8]].

In this paper, we will be concerned with Nash equilibria associated to standard cost functionals.
To be more precise, let us give some details in the case of the stationary Navier-Stokes equations.
Thus, let the fluid domain be a bounded open set 2 C RY, with N = 2 or 3. Let us introduce four
nonempty open subsets, O, O,, w; and wy and let us assume that a velocity field u;, defined on O;
is given for? = 1, 2.

In this context, we want to find a couple (f1, f2) € L*(w;)" x L2(wy)Y (the control pair) with
the following property: there exists an associated state (u, p), that is, a weak solution to the system

—vAu+ (u-V)u+Vp = fil,, + fol,, z€Q,
V-u=0 z€(), 3.1
u=0, x¢&d,

such that ( f1, fo, u) is a Nash equilibrium for the functionals

a :
Ji(f1, f2,u) := 5/ lu — Uid\2 +g/ ’fi’27 1=1,2, (3.2)
O; wi

where a, ;1 > 0 (see Definition [3.4.1]in Section 4).

Our first main goal will be to find conditions under which at least one Nash equilibrium exists.
The second one will be to characterize these equilibria in terms of first order optimality conditions,
1.e. to deduce a system of PDEs that the optimal solution and some associated adjoint states must
satisfy. The third one will be to indicate how Nash equilibria can be computed, to present some
related algorithms and illustrate the results with numerical experiments.

The proof of the existence of Nash equilibria is (more or less) standard. It relies on suitable
well known a priori estimates for the solutions to (3.1]), that holds when a/p us sufficiently small.
In what concerns optimality conditions, the situation is in general more delicate. Indeed, due to the
possible lack uniqueness, the techniques usually employed for distributed control problems (see for
instance [1,9,/10,22]] ) cannot be applied in this case.

In this work we will use an alternative technique that relies on the so called formalism of
Dubovitskii and Milyoutin. This approach was introduced in the context of mathematical program-
ming and has been succesfully applied to the solution of many optimal control problems for ODEs
since the 70’s. A good presentation of its applications to these areas can be found in Girsanov [|17];
see also Flett [14]. Later, these techniques have been applied successfully to some distributed
control problems; see [3}6,8]].
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Some basic ideas that can be used to explain the formalism are the following. At a local min-
imizer, the cone of descent directions associated to a cost functional must be disjoint of the inter-
section of the cones of feasible and tangent directions, respectively determined by the admissible
control set and (3.1). Consequently, from Hahn-Banach Theorem and some additional arguments,
it follows that there must exist elements in the associated dual cones, not all them zero, that add up
to zero. This algebraic condition is just the Euler-Lagrange system of the extremal problem at hand.
When it is possible to identify the previous primal and dual cones, this system provides the first
order optimality conditions in a systematic way. In the case of a standard (mono-objective) optimal
control problem, it also leads to the corresponding Pontryagin minimum (or maximum) principle.
Thus, a major task in our problem is the identification of the cones mentioned above. Note that, in
the particular case of (3.1)-(3.2), the main difficulties are related to the highly nonlinear behavior
of (3.1)) and the possible nonuniqueness of .

The plan of this chapter is the following

In Section 2, we consider a relatively simple problem: a linear elliptic PDE, together with
quadratic functionals. We prove the existence of Nash equilibria, we furnish an optimality system
and we present some iterative algorithms for their computation.

In Section 3, a more complex problem is analyzed: a semilinear elliptic PDE together with
functionals of the same kind. Here, in view of the nonlinearity, we must work with equilibria and
quasi-equilibria (see below). Again, existence, characterization and computation-oriented results
are established.

Finally, Section 4 deals with the stationary Navier-Stokes system.

New difficulties are found: nonlinearity, lack of uniqueness, lack of regularity of the func-
tionals, etc. We also provide the existence and optimality of Nash equilibria and quasi-equilibria.
Additionally, we present some iterative algorithms and the results of several numerical experiments.

3.2. Introductory problem: a linear elliptic PDE

In the sequel, we denote by || - || and (-, -) the usual L? norm and scalar product, respectively.
The symbol 1, will be used to denote the characteristic function of the set D and C' will stand for
a generic positive constant. For simplicity, we will assume that only two controls act on the system
and two functionals are minimized but very similar considerations hold for systems with a higher
number of controls and functionals.

3.2.1. Definition of Nash equilibria

Let © C RY be a nonempty bounded connected open set with regular boundary 9¢) and let us
assume that w; and w, are nonempty disjoint open subsets of 2.
We will consider the problems

{ —Au = f11w1 =+ f21w2, T € Q,

3.3
u=0, x €, (3-3)

where the f; € L?(w;) are the controls and u is the state.
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Let O, an O, be open sets, representing prescribed observation domains and let the J; be given
by

Ji(f1, f2) = /|U—Uzd\2 /|fi|27 1=1,2, (3.4)

where the u;y € L?*(O;) are given functions and a and p are positive constants.
The first bi-objective control problem considered in this work is the following:

Find a Nash equilibria associated to (3.3)) and (3.4), that is, a pair of controls (]?1, ]?2) €
L?*(w;) x L*(ws) such that

:’j?) <A(fi, o) V€ Do), (3.5)

fi, f2) < Dol f2) Vo € L2 (ws).

In this case, since the control-to-state mapping is well-defined, linear and continuous and the
cost functionals .J; are quadratic and strictly convex and C!, it is not difficult to prove that ( fl, f2)
is a Nash equilibria if and only if

oJi, ~ -~ O0Jy ~ —~
e =0, —=(fi,f2)=0. (3.6)

3.2.2. Existence and characterization of Nash equilibria

For future purposes, note that

(57 fohai) = [ (gt uhas g€ L) 3.7

where ¢; is the i-th adjoint state associated to (f1, f2), i.e. the solution to

{ —Ap; = (u—uig)lo,, x €8,

3.7b
p; =0, x €. (3.70)

Here, u is the state associated to (f1, fo).
We can now present the main result of this section. It deals with the existence and characteri-
zation of Nash equilibria.

Theorem 3.2.1. Let us assume that (fy, f2) € L*(w1) x L2(ws). Then

1. (ﬁ, ng) is a Nash equilibrium if only if there exist u, o1 and Py such that
(—ATG= fily, + fole,, z€Q,
u=0, x€0dQ,
—A@i = (a — Uid)loiu x e Q, (3.8)
Qi = 0, x € 08,
fZ = |w , t=1,2.
M 3
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2. There exists x = X(2, O1, O, w1, ws) such that, if a/p < x, then (3.8) possesses exactly one
solution. Consequently, if a > 0, pu > 0 and a/u is sufficiently small, there exists a unique
Nash equilibrium for J, and Js.

3. Let us assume that O = O,. Then, for any a > 0 and ;1 > 0, there exists exactly one solution
to (3.8)), that is, a Nash equilibrium associated to (3.3) and (3.4).

Proof:
1. Let us first assume that (fy, f2) is a Nash equilibrium. Then, (3.6) holds. In view of (3.7a)-

(3.7D)), one must have
fi= bil,, fori=1,2
u

(here @; solves (3.70) for u = u). Hence, (3.8)) is satisfied.

Conversely, if ( 1, f>), @ and the 3; satisfy (3.8), then we see from (3.7a) that ( i fo) =

afi
Therefore, holds and (f1, f») is a Nash equilibrium.
So, the problem is to find (f1, f2) such that:

<1d+ %Ao>(f1,f2) = —%(2’1, Z2>'

Note that Ay is a lineal, continuous, positive and self-adjoint operator by we consider O, =
O, = O. So, we ensure that the functional

K ) = 5 (110 + S0 ), (1 ) + (o1, (1)

has a unique minimum (f;, fo) which is a Nash equilibrium. a
Remark that in this case, the Nash equilibrium can be viewed as the minimal of the functional
K. And its existence and unicity is independent on the size of a/ .
In the case O; # O, we only can say that there exists at most a; /1, as/ o, ag/ps, . .. with
an /b, — 0 such that for all a/p # a,, /., there exists a unique Nash equilibrium.

3.2.3. Algorithms and convergence

We will recall in this section three standard algorithms that can be used for the computation of
Nash equilibria.

ALG 1: Fixed-Point.
(a) Choose f? € L*(w;),i=1,2.

(b) Then, for given n > 0 and f* € L*(w;), compute the solution u™ to

{ —Au" = f1n1w1 + f§1w2 VS Qa

3.9
u" =0, =z €N (3-9)
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and the solutions ' to the systems

—Apl! = (u" — uq) 1o, € (,
<IOZ (u U d) Oz x (3.10)
elr=0, xe€0d
and, finally, take
=S =12 G.11)
//L k2

ALG 2: Optimal Step Gradient Method.
(a) Choose f € L*(w;), i =1,2.

(b) Then, for givenn > 0 and f" € L?(w;), compute the solution u™ to (3.9) and the solution 7
to (3.10) and take
F = gt i=1,2, (3.12)

where
g = ap}l, +pfl (3.13)
and

py = arg <m1n (1 = pgts 13 )) py = arg <m1n So(f1s f3 — ng)) (3.14)

ALG 3: Optimal Step Conjugate Gradient Method.
(a) Choose f? € L*(w;),i=1,2.
(b) For n = 0, perform one step of ALG 2 and take d? = ¢¥,i = 1,2.

(¢) Then, for givenn > 1 and f* € L?(w;) compute the solution u™ to to (3.9) and the solution
@i to (3.10) and take

frt = fr = Py, (3.15)
where
A =gt +Apd) ™, = —H%!LQ 2
197 172 ) (3.16)
gt = a i, +pnfl
and

pi = arg (min (ff — pdi. f3)). o5 =arg (min B(f f5 —pdg)).  G17)

The following convergence results hold:

Theorem 3.2.2. Let us suppose that a/p < X, where X is the constant furnished by Theorem
3.2.1} Then, the controls (fT, f}) furnished by ALG 1 satisfy (f]', f3) — (f1, f2) as n — +o0,

where (f1, f2), is the unique Nash equilibrium associated to J, and J,. Furthermore, the speed of
convergence is at least linear.



Capitulo 3. Theoretical and numerical bi-objective optimal control: Nash equilibria 59

The proof is inmediate: it suffices to argue as in the proof of Theorem [3.2.T]and note that ALG
1 is the usual fixed-point iteration method for A.

Regard to the convergence of the algorithms ALG 2 and ALG 3, we cannot guarantee that it
checks since we are not considering an algorithm of the usual gradient. We are limiting ourselves
to going in the directions that mark the partial derivatives, not the gradient.

Now, let’s consider, as before, that the two open sets O; and O, are the same O. In this
case, we can ensure the convergence of these algorithms since in these case, the Nash equilibrium
corresponds to the minimum of the functional K.

So, we consider the following algorithms:

ALG 2’: Optimal Step Gradient Method.

(a) Solve the systems:

—AZ; = uyl € (),
{ Hiato & (3.18)

Z,‘:O, x € 02
for7 = 1 and 2.

(b) Choose f? € L*(w;),i=1,2.

(¢) Then, for givenn > 0 and f* € L*(w;), compute the solution u™ to (3:9) and the solution )"

to
—AY" =u"1 € Q,
V' =vlo @ (3.19)
Y =0, x € .
and take
= =pdl, i=12, (3.20)
where
a a
dil = '+ =", +—-2% (3.21)
H tp
and
p" = arg (rpn;OnK(f? —pdi, f3 — pd§)>, (3.22)
ALG 3’: Optimal Step Conjugate Gradient Method.
(a) Solve the systems:
AV = Uiglop x € Q,
3.23

for: = 1and 2.
(b) Choose f? € L*(w;),i=1,2.

(¢) For n = 0, perform one step of ALG 2’ and take d?, 1=1,2.
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(¢) Then, for givenn > 1 and f* € L?(w;) compute the solution u™ to to (3.9) and the solution

Y™ to (3.19) and take

= 1= prdp, (3.24)
where (gt g3)]2
gn’gn 2(w 2wy
dp = gp +ndp !, = e )
(g1~ g5~ )||L2(w1)><L2 (w2) (3.25)
a a
i
and
o = arg (min K(ff = pdi, f3 = pd3)). (3.26)

Note that the operator /K is symmetric and is a cuadratic operator. So, p is characterized for
each n as the minimum of a quadratic function, i.e. p is the vertex.

Theorem 3.2.3. The controls (f', f2) furnished by ALG 2’ and ALG 3’ satisfy (f, /2) — (f1, f2)

as n — 400, respectively, where (f1, f2), is the unique Nash equilibrium associated to J, and J,
(or K).

The proof of this theorem is immediate by the properties of Ag when O; = Os.

Also, it is remarkable that if we have the same set O, ALG 2 and ALG 2’ and ALG3 and ALG
3 can be, respectively, equivalent. In fact, the gradient of K is p divided by g of the ALG 2 and
ALG 3. And if we take the same p}' and the same ;' for each functional J; as in ALG 2’ and ALG
3’ we can ensure the convergence of the ALG 2 and ALG 3.

3.3. The case of a semilinear elliptic PDE

3.3.1. Nash equilibria and quasi-equilibria

This section is devoted to introduce Nash optima in the semilinear case. Now, we must distin-
guish equilibria from quasi-equilibria and take into account the particularities of each of them.
Let us assume that

¢ : R +— RisCHR),
/ (3.27)
0<¢'(s) <C VseR.
The state equation is now the following:
—Au + = file, + fale,, € Q,
et o) = filuy + folun, - @ (3.28)
u=0, x¢&odl.

It is well known that, for each (fy, fo) € L*(w;) x L*(ws), there exists exactly one solution u
to (3.28)). As in Section 2, we will consider the cost functionals .J; in (3.4), where the u;q € L?(O;)

and a, i > 0. Again, it will be said that (j/‘"\l, .]/[\IQ) is a Nash equilibrium for (3.28)) and (3.4)) if (3.6) is
satisfied.
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It is known that, under the previous assumptions on ¢, the cost functionals .J; are C! and satisfy

0J;
(3f¢ (f17f2>>gi) = /m(a% +ufi)gi Vfi,gi € LQ(%’)>

where ¢; is the unique solution to

{ —Ap; + ¢ (u)e; = (u—uig)lo, €,

3.29
;i =0, xe€0d (3-29)

(that is, ¢; is the ¢-th adjoint state corresponding to f; and f5) and u is the solution to (3.28)); see
for instance [|16,22].

Definition 3.3.1. It will be said that (fl, ) is a Nash quasi-equilibrium for (3:28) and (34) if
(f1, fo) satisfies (3.0), that is, (f1, f2) solves, together with u and the ©;, the optimality system

(

—AT+ ¢(@) = filo, + folu,, z€Q,

u=0, xeodf,

—Ap; + ¢ (U); = (U — uw)lo,, = €Q, (3.30)
(ﬁi = O, WS QQ,

N a .
fi=——=ail,,-
W

\

Note that, if (fl, fg) is a Nash equilibrium, then (ﬁ, fg) is also a Nash quasi-equilibrium. How-
ever, the converse is not necessarily true.

Theorem 3.3.2. Let us assume that N < 8 and, besides (3.27), one has ¢ € C*(R), with |¢'| +
|¢”| < C. There exists ¢, only depending on 0, uig4, usq and ||@||y2.c, such that, if a/u < e, then
the following assertions are equivalent:

(a) (ﬁ, ]?2) is a Nash equilibrium for (3.28)) and (3.4).
(b) (]?1, f;) is a Nash quasi-equilibrium for (3.28) and (3.4).

Proof:

We have to prove that, under the previous conditions, if the couple (fi, f2) is a Nash quasi-
equilibrium, then it satisfies (3.30)). Thus, let us assume that holds and let the functionals J;
be given, with

j1(f1) = Jl(flafZ) Vi e Lz(w1> and j2(f2) = Jz(flafz) Vs € L2(w2).

First, we must to prove that there exists €y and Cj positives constants such that if a/u < &,
then any quasi-equilibrium (f1, f2) satisfies that

HfA‘ZHL2(w.L) < Co(Q,Uld,UQd, H¢”W2’°°)
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Effectively, it is true because if we take the equation for u and for ¢; and we multiply by v and
©;, respectively, and we integrate we have that:

IVall + [ o+ 2( [ upr+ [ wpm) <o

IVeil? + / ¢(w)lif” — / wpy = — / o
Q O; O;

Now, by using the properties of ¢ and Holder and Young inequalities, we get

and

IVull? < (2 ) (196117 +19621)

and
IVei|> < C+ C( )(HV%IP n ||V902H2>-

a
1
So, if a/p < ¢ there exists a constant Cy = Cy(£2, u14, Uzg, |2 ) such that

I1.fill L2y < Co.

Now, note that, the .J; are twice continuosly differentiable. Let us see that, if a /v is sufficiently

small, j{’(fl; g1,91) > 0and jﬁ’(fg; ga, g2) > 0 for all nonzero g; € L?*(w;).
We know that

(jz',(fi)agi>L2(wi) = / (a% +Mfi>9z‘ dv Vfi, g € L*(wi), (3.31)

where ¢; is, together with u, the solution to

—AU+¢(U) :f11w1+f21w2 xega
u=0, x¢€odf,

3.32a
—Ap; + ¢ (u)p; = (u—uig)lo, z€Q, ( :
w; =0, x €.
For any small € > 0, let us introduce »° and 5, with
—Auf + ¢(us) = (fl + 8gl)lw1 + (f/; + 592)1402’ LS Q:
ut =0, x €,
(3.32b)

—Ap; + ¢ (u)p; = (v —wia)lo, =€ Q,
©; =0, xe0d,

where g; € L?(w;)". Let us put

1
SEETH P EERTING DUVY
z.—ll_r%g(u u) and ; : lg%e(gol Ds)-
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Note that these limits exist in H](£2). This is easy to see by substracting the system (3.324)
from (3.32b)), dividing by ¢ and letting ¢ — 0 (here, we must use that ¢; € C*(R) and ¢} and ¢/ are
uniformly bounded). Furthermore, one has

—Az + qb/(a)z = gllwl + 9210.)2 T e Qv

z2=0, z€0df, 333
CAY; + @)+ ¢"(0)2F = 2o, T €, (3.33)
Q/Ji = 0, x € 0N.

Therefore,

T .1 N N

T (fr;91,91) = lg%g(Jl(fl +eg1) — Jl(fl)qu) = / (athy + pg1) g1,

R 1, R w1 (3.34)
Jél(f2;92792) = l%g(%(ﬁ + 592) - Jﬁ(fQ),92> = / (a% + ﬂgz)gz'

Observe that, from elliptic regularity, one has

|1Gillaz < CL(L+[[@l]) and ||Va] < Co(lAll + Il 21D, (3.35)

for some constants C; = C1(2, u1q, uzq) and Cy = C5(2). On the other hand, from the PDEs
satisfied by v; and z, one has

IVihil] < C5(1+ (|Gl pav2) V2]l and - [[V2] < Co(([al] + []g2l]), (3.36)

where C5 = C3(9, ||¢]|w2.~). Consequently, taking into account that, for N < 8, H?*(Q)
LN/2()) with continuous embedding, we see from (3.35) and (3.36)) that

T (Fi91:91) 2 pllonll* — aCa( + |1 fil)llgn 1
T3 (2192 92) 2 pllgall* — aCa(1 + | foll)ll g2 1

for some Cy = Cy(£2, u1g, Uag, || P20y o
Clearly, this proves that, if N' < 8 and a/y is sufficiently small, J;’(f;, gi, g;) > 0 for all g; # 0
and, consequently, J; possesses a unique global minimum at f;, for s = 1, 2.

In other words, ( f1, f2) is a Nash equilibrium for (3.28)) and (3.4). O
Remark that also, we can prove this results by using the definition of the Nash equilibrium. If we

consider the applications ¥, : fy — fl(fg) =min Ji(-, fo)and Uy : f; — J/‘;(fl) =min J5(f1, -)
then Nash equilibrium is the fixed point of ¥y 0 W, and it exists because Ji (-, f2) and Jo(f1(f2), -)
are strictly convex.

3.3.2. Existence of Nash equilibria and quasi-equilibria

We can now prove the existence of Nash equilibria for (3.28)) and (3.4).

Theorem 3.3.3. Let the assumptions in Theorem be satisfied.
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I1- There exists xo < €, only depending on uyq, usq and ||¢|\w= « such that, if a/p < xo, then
there exists at least one Nash equilibrium ( f1, fo) for (3.28) and (3.4).

2- There exists x1 < Xo such that, whenever a/u < x1, the Nash equilibrium is unique.

Proof:

To prove the existence of Nash equilibrium, we will check that, if a/x is sufficiently small, the
optimality system possesses at least one solution. To this purpose, we will use Schauder’s
Fixed-Point Theorem.

The argument is similar to the proof of Theorem [3.3.2] Thus, let us consider the mapping
U L2(wy) X L2(ws) — L2(wy) x L*(ws) defined as follows: (f1, f2) = ¥(fi, f2) if and only if

fi:—g%' 1=1,2,
m

ws 7

where ¢; is the solution to (3.29) and u is the state associated to f1 and fs. Obviously, V¥ is well-
defined, continuous and compact. Furthermore, if a/u is small enough, ¥ maps the whole space
L?*(w;) x L*(ws) into a ball. This can be seen from the following estimates:

(a) First, from (3.28) and the properties satisfied by ¢, one has

Juliy + [ (00 =60)u == [ 1oy + aluJu=000) [ .

whence )
a
Jully < O((5) (lerliy + llealiy ) +1) (3:372)

(b) Then, taking into account (3.29), we deduce that

ey + [ Sl = [ (0= wae,
which yields
lllzy < CQlluly +1). (3:37b)

Form (3.37al) and (3.37b)), our assertion follows.

Therefore, we can apply Schauder’s Theorem to W and the existence of a Nash equilibrium is
ensured.

This ends the proof of existence.

Let us now see that, if a /g is still smaller, the solution to (3.30) is unique.

In order to fix ideas, let us assume that 3 < N < 8 (the case N = 2 is similar and even easier).

Let us assume that there exists two Nash equilibria (f{, f1) and (fZ, f2) in L*(w;) x L*(wy).
Then they solve the following systems for j = 1 and 2:
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(—Aw 4+ ¢(w)) = fll,, + fll, z€Q,
w =0, x€df,
—Ap] + ¢ (W)p] = (v —uig)lo, weQ,
¢l =0, x€dQ.
fz] = _E@glwi

U

withi = 1,2.
Letus set f; := f! — f2, u :=u' —u? and p; := o} — ©? fori = 1,2. Then, we have

(2

([ —Au+ ¢ (@)u= fily, + fol,, z€Q,
u=0, x €I,
—Ap; + ¢ (u) i + ¢" (W) iu = ulp, ©€Q, (3.38)
Qi = 0, x € 0f).
a
fi = __gpilwﬂ
\ H

where, for each x, one has u(z) = S(z)u'(x) + (1 — B(z))uv*(z) and (z) = A(z)u'(z) + (1 —
A(z))u?(x) for some 3(x), A(x) € (0,1). We deduce that

[ (90 + @) = (L) + (el

and, therefore, )
a
[Vl < Cﬁl!solll? + [le2l1?). (3.39)

By a similar reason, denoting by 2* the Sobolev embedding exponent of H'(Q) and (2*)' its
conjugate, that is, 2* = (2N)/(N — 2) and (2*)' = 2N/(N + 2), we also have:

Vil < Cllgiull ey

|ill 2= + Cllullllil]
1
< SIVeill® + Cllull® + Clli v llullze-

1
< 51Vl + O (1 + IR ) IVl
whence )
a
IVall? < 25 (14 Il + 1) Tl (3.40)

For N < 8, one has N/2 < 2N/(N —4). Accordingly, L"V/2(Q) < H?(f2) and, from the usual
elliptic estimates, the following is found:

CL2 .
P< o) < O (1A HIGIR ), i=1.2 34D

lei 7 nse < Cll(u*—uia) 1o,
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This indicates that, if a/p is sufficiently small, ||©3 |12 v/, + [|3]|7 v/, < C and, from (3.40), we

necessarly have v = 0. Thus, in this case, we necessarily have f; = 0 for « = 1, 2 and the proof is
done. a
The following theorem show us that for any a, ;+ > 0 there exists a Nash quasi-equilibrium.

Theorem 3.3.4. If there exits 6 > 0 such that ¢'(s) > 6 for any s € R and ¢(0) = 0, then there
exists a solution to the system (3.30), i.e., there exists a Nash quasi-equilibrium.

The proof of this theorem needs the following Lemma to the Brézis and Nirenberg’s article,

Lemma 3.3.5. Suppose that A is a closed linear operator with N(A) = N(A*) and A" is com-
pact. Assume that B is a nonlinear and monotone demicontinuous operator satisfying

1
(Bu — Bw,u) > ;\Bu\z - C(w), Vu,w

where C(w) depends only on w and with vy > 0.
If N(A) C R(B) then A+ B is onto.

This result can be viewed in [4]]. Now, we pass to prove Theorem [3.3.4]

Proof:
The proof of this theorem also use the Lemma [3.3.5] Here we consider the operator A4, i.e.,
a a
u —Au+ —p1ly, + =2
. H H
Al ¢ | = —Ap; —ulp,
Y2 _A902 - U1(92

but the operator B : L?(Q)? — L*(Q)3 is

u P(u)
Bl o1 | =] ¢we
©2 ¢’ (u)pa

As similar way that the linear case, we can show that A satisfies the properties of the Lemma
So, only we must to prove that B is demicontinuous operator and that B satisfies

2

U v u | U v
Bl oo | =B ¥1 |,]| ¢ >—1|l B| ¢ -C|
Y
©2 Py D2 ©2 Py

for all (u, @1, p2), (w, 1, 1) € L*(Q)3 and C depends only on w, 1y, 1, and v > 0.
It is easy to see that B is a continuous operator due to the properties of ¢ so we pass to see the
proof of the other propertie.
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Note that, for every v > 0

u (Y u

1
Blo |-l || a | | =2([s@P [ 1g@Plal [ 6@Piear)
P2 (0P P2

+ [ (6w = o) lot)F)

+ [ (e =s @ =6 @Rl E) + [ ((6e—¢@me—l6wPef).

By Young’s inequatlity we can write that
1 C
(d)(U)—qﬁ(v))u—;lﬂb(u)\z > d)’(ﬁ)IU\2—€\Ul2—Ce\¢(v)\2—%!d)(u)IQ > (5—;—5)|u!2—05\¢(v)\2

with ¢ > 0, C. = C(e) the Young’s constant and C' and ¢ the constan of ¢ and & = Au with
Ae (0,1).
On the other hand, by Young inequality we have
2

, , 1, , C? C
(6 (Wi =9 @))pi= 16 @) Pleil” 2 Dl = Ot il 2 (9= = =) lgil? = Celurl

with e > 0, C. = C'(¢) the Young’s constant and C' and ¢ the constan of ¢ fori = 1, 2.
C C?

So, if § > max {— +e,—+ 6} we can apply the Lemma|3.3.5, so A + B is onto then there
Y g

exists a Nash quasi-equilibrium. O

3.3.3. Algorithms and convergence

In this section, we present some iterative algorithms, similar to those considered in the linear
case.
ALG 4: Fixed point.

(a) Choose (f7, f9) € L*(w1) X L*(ws).

(b) Then, for given n > 0 and (f7*, f3') € L*(w;) x L*(ws), compute the solution u" to

—Au" + ¢(u") = flle, + f3le, zEQ, (3.42)
u* =0, x€of,
the solution ¢! to the system
—AQ" + ¢ (U™ = (U™ — uig) o, € Q,
=0, z€0N
and, finally, take
= =2, (3.44)
M T

for:=1,2.
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ALG 5: Optimal Step Gradient Method.
(a) Choose (f7, f9) € L*(wy) x L*(ws).

(b) Then, for given n > 0 and (7, f3') € L?*(w;1) x L?(wy), compute the solution u" to (3.42))
and the solution ¢ to (3.43) and take

= fr = plgl, (3.45)

where
9 = a e}, +pfl (3.46)

and

py = arg <mm J(fT pg?,ﬁ)), py = arg (mm Jo(f1's f3 — pg?))- (3.47)

ALG 6: Optimal Step Conjugate Gradient Method.
(@) Choose (f7, f9) € L*(wy) x L*(ws).
(b) For n = 0, perform one step of ALG 5 and take d° = ¢°.

(c) Then, for given n > 1, (f7, f?) € L*(w1) x L*(wy), g7 ' € L*(w;) and d7' € L%(w;),
compute the solution u" to (3.42)) and the solution ¢} to (3.43) and take

[ =1 = pidy, (3.48)
where : ) )
n n n gn— n gzn_gzli ag? L2(w;)x L2 (w;
df = g +pdi ™ = -] ALt ),
llg: HLQ(M) (3.49)
gt = a |, +pft
and

py = arg (mm J(fT pgﬁf?)), py = arg (mm Jo(f1's f3 — pg?))- (3.50)

Note that in ALG 3 and ALG 6, the coefficient +;" is given by different expressions. The reason
is that, now, the system is nonlinear and we must impose Polak condition to ensure convergence.

Theorem 3.3.6. Let the assumptions in Theorem“be satisfied and let us assume that a /1 < xo.
Then, the couples (f]', fY') furnished by ALG 4 satisfy (f', f¥) — (f1, f2) as n — 400 where
( fl, f2) is the unique Nash equilibrium.

This proof is easy. Indeed, as already shown, we can write the iterates in the form (f7"**, fo*!) =
W(fr, f) forall n > 0. If a/pu is sufficiently small, arguing as in the proof of Theorem [3.3.3] it is
easy to prove that W is a contraction.
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Theorem 3.3.7. Let the assumptions in Theorem be satisfied, let a/u small enough and let
the pair of controls (f1', f3') furnished by ALG 5. Then, (f7, f3) — (f1, f2) as n — o0 with
(f1, f2) a Nash equilibrium.

The proof can be obtained arguing as in the proof of Theorem 8.4-3 in [11]. Indeed, from the
proof of Theorem 3.3.3] we deduce that, if a/y is sufficiently small, then .J; is elliptic, that is,

() = T i = F) 2 ellfi = Fay Vo f] € L2wi)™
for some ¢ > 0. Consequently,
~ C ~ ~ ~
T(f) = JalF) 2 S = T ey and I 2 < IEG) = TR ) ez

forallm > 1 and ¢ = 1,2, whence in particular we have that || f7* — £ 12(,,) — 0 as n — +oo0.
Taking into account the expression of .J/, we also have that ||.J/(f7") — J/(f7"*")|| r2(w:) — 0, whence
jl’ (f™) — 0 and at least a subsequence of { f{'} converges weakly towards the unique minimizer f;
of J;. Since

n ¢ L= n
1 = fill 2oy < 2N 2y VR 2 1,
we see that, in fact, the whole sequence converges strongly to fz

Theorem 3.3.8. The assertion in Theorem also holds for the pair of controls (7, f3) fur-
nished by ALG 6.

Note that here we must be impose similiar condition to prove the convergence results for the
three algorithms. It is due to the problem is not linear so to ensure the unicity we need more
condition, not only that a/y is sufficiently small.

For the proof, we can use the arguments in 96-98 in [26] (Theorems 1.5.8 and 1.5.9). More
precisely, note first that there exists S > 0 such that

(JLCM). ) = BT L

d?HLQ(wi) n > 1.

Therefore, ) ) )
T = L) < =CN ) 22w

and jZ’ (f) — 0as n — +oo. Thus, we again have that subsequence of f!" converges weakly to ﬁ
and arguing as before, we are led to the strong convergence of the whole sequence.

3.4. The stationary Navier-Stokes system

This section is devoted to the existence and characterization of Nash equilibria and quasi-
equilibria for the stationary Navier-Stokes equations. In view of the properties of the state system
and, in particular, the possible lack of uniqueness, this will be more complicated than in Section 2
and 3.

The stationary Navier-Stokes equations are the following:
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—vAu+ (u-V)u+Vp = fily, + folo,, x€Q,

V-u=0, z€f, (3.51)
u=0, x¢€dl.
The state variables are u = (uy, . .., uy) and p. They can be interpreted as the velocity field and

the pressure of a steady viscous Newtonian fluid. The controls are f;1,,, and f;1,, and can viewed
as external fields of forces respectively applied at the points x € w; and x € ws.

3.4.1. Nash equilibria and quasi-equilibria

The positive constant v is the kinematic viscosity of the fluid. It must be regarded as a measure
of “thickness”, i.e. tendency to favor friction.
As in the previous sections, let us introduce the functionals .J; with

a .
Hpntowi=5 [ -wal+ b [P =12, (3.52)
O; Wi

where u;q € L*(O;)" and a, p > 0.

Note that, here, we assume that the J; depend not only on the controls f; but also on the asso-
ciated stateu. This is due to the possible non-uniqueness of solution to (3.51)), that can take place
when v is not sufficiently large.

Definition 3.4.1. It will be said that (f1, fs) € L*(w)Y x L*(w2)" is a Nash equilibrium for
(3.51) and (3.52) if there exists an associated state (u, p) satisfying

~ 3.53
Jo(f1, fo, 1) < Jo(f1, fo,u) Vfa € L2(wo)N and any associated state u to (f1, f). (5:3)

Definition 3.4.2. It will be said that (fy, f») € L?
u,

for (3.51) and (3.52)) if there exists a solution (
fori=1,2

{ (f f u) < Jl(fl,f;,u) Vfi € L*(w)" and any associated state u to (fl,fg),
i Y

(w1)N x L*(w)Y is a Nash quasi-equilibrium
D, @1, Q15 P2, @2) to the following coupled system
—VAT+ (@ V)i+ VD= file, + fole, z€Q,

V-u=0, xe€,

u=0, x€0dN,

—vAp; + (u- V) + (Vu)'p; + Vg = (U — ug)lo, z €9, (3.54)
V-p;=0, x€,

©; =0, x€0d9,

fi= 901 w; -
,u
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3.4.2. Existence of Nash quasi-equilibria
Let us recall some classical spaces, usual for the analysis of the Navier Stokes equations:
H={vel’()"Y: V.-v=0inQ, v-n=00ndQ},

Vi={ve H}{(QY : V-v=0inQ}.

They are closed subspaces of L*(Q)" and Hj(Q)", respectively; accordingly, they are Hilbert
spaces for (-, ) and (-, ) 1. Also, we have the compact embeddings V' — H = H' — V' where
X' denotes the dual space of X.

In the sequel we will need the Stokes operatot A : D(A) C H — H, where D(A) = H*(Q)V N
V and

Av=P(=Av) veV,

where P : L?(Q)N +— H is the usual orthogonal projector. It is known that A can be uniquely
extended to a bounded linear operator in £(V; V'), again denoted by A.
Then, A is self-adjoint and one has

(Av,w) = (v,w)g Yo,w e V.

Let us consider the trilinear continuous forms b(-, -, -) and b(-, -, -), with

N
b(u,v,w) := Z / w0w; de Yu,v,w eV
Q

ij=1
and

N
g(u,v,w) = b(v,u,w) = Z / oviw; dr  Yu,v,w € V.
Q

ij=1
Note that there exist bilinear continuous mappings 5B and B, such that
(B(u,v),w) = b(u,v,w) and (B(u,v),w) :g(u,v,w) Yu,v,w e V.

Theorem 3.4.3. Let the optimallity sysmtem associated to a Nash equilibrium to (3.51)):

(

—vAu+ (u-Vu+Vp= fily, + fol,, z€Q,

V-u=0, zefl,

u=0, x¢€odf,

—vAp; + (u- V) + (Vu)g; + Vg = (u—uig)lo, = €9, (3.55)
V-op;, =0, ze€f

p; =0, x €0,

a
fi=——wpily,.
U

\

Then, there exists ¢ = £(), wy, wa, Ug, Usq, O1, O2) > 0 such that if a/u < ¢ then there exists
(f1, f2) a Nash quasi-equilibrium. In addition, there exists g > 0 witheg < e suchthat ifa/u < &g
then there exists a unique Nash quasi-equilibrium.
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Proof:
To this proof we rewrite the system (3.55)) as the following system

U U
¥1 =A P1
P2 P2

with A : V XV x V=V xV x V continuous and compact application defined by

1,4 a
u ;A (_ (u'v)u_;<9011m +§021W2)
1
Al ¢ - ;Ail( — (u- V)1 — (Vu)'er + (u— U1d)1(91)
¥2 | ¢
;A (= (u- Vg2 — (Vu)' s+ (u— uza)lo,)

Now, we want to find a fixed point of A. It is easy to see that if a/u is less than ¢ by Leray-
Schauder Theorem’s we can ensure that there exists (u, @1, @2) fixed point of A. In addition, if
a/p < eo we can ensure that the fixed point is unique. O

Note that, the proof of the existence of Nash equilibrium, in this case, it is not easy and we
don’t know how proof that because we don’t have convexity of the functionals restricted to a one
variable.

Theorem 3.4.4. Let (]?1, f;) be a Nash equilibrium for (3.51)) and (3.52). Then, (f1, ng) is a Nash
quasi-equilibrium.

We will give a proof of this result that relies on the Dubovitsky-Milyoutin formalism (see [17]).
To this purpose, we have to recall some technical results.

Lemma 3.4.5. Let K, ..., K, be convex cones in a Banach space X with apex at 0. For each
1, we assume that either K; is open or it is a closed subspace. Then the following conditions are
equivalent:

K; = 0.

i=1
» There exist linear functionals f; € K} withi = 1,...,n, not all zero, such that f, + fo +
-+ f,=0.

Here, for any i, we have denoted by K the dual cone to K, thatis, K := {f € X' : f(e) >
0 Ve € K;}. For the proof, see for instance Lemma 5.11 of [17].
Note that the adjoint system

—vAQ; + (u-V)p; + (Vu)lp; + Vg = (u — ug)lo, z € Q,
V- ©Y; = 0, ze€ Q,
p; =0, x€ 0,
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can be equivalently rewritten in the form

—vAp; — Dp; -u+ Vg = (u—uwg)lo, =€,
V'QOZ‘:O, CBGQ,
;i =0, x €09,

where Dp; = ~(V; + (V;)') and the pressure has been redefined. This observation will be

1
2
frequently used in the following Lemma and in the following Section.

Lemma 3.4.6. Let (f1, f2) € L?(w1)™ x L*(w9)" be given and let u € H*(Q)N NV be (together
with p) an associated solution to (3.51). Let R : V +— V be the linear mapping defined by
Ry := (WA)"Y(—=Dy - u), where A is the (extended) Stokes operator in V. Then, for any non-
empty open set w C (),

o], =1l 2 (3.56)

is anormin N(Id + R).

Proof:

As already said, one has u € H2(Q)Y, Vu € LS(Q)"*N and u € L>(2)". Consequently, R
is well defined and compact. We only have to prove that, for every ¢ € N(Id + R) with ¢|_ =0,
one has ¢ = 0.

Thus, let us assume that ¢ € V and ¢ + (vA)~' (=D - u), that is,

—vAp—Dp-u+Vqg=0 ze€
Vop=0 z2e€q,
p=0 z€dN

and ¢ = 0 a.e. in w. Then, we can use the unique continuation property of the Stokes system with
coefficients in L*° (see [12]) and deduce that, certainly, ¢ vanishes identically. O

Lemma 3.4.7. Let (f1, f»), (u,p) and w be as in Lemma[3.4.6] Let the (¢, ,,) be givenin V- x V
with ¢,|, — ¢|, in L*(w), ¥, = @, + Rpy, and ¢, — b € V. Then ||<,0n||H3 < C for some
positive constant C' independent on n.

Proof:

First, note that, since R is a compact operator, dim(N(/d + R)) < +oo0 and R(Id + R) is
closed, in view of Fredholm’s Alternative Theorem (see for instance [7]]).

Now, let ¢, be, for each n, the unique function in N (Id + R) satisfying

n ~n = inf n D .
o0 — Pnllm @eNl(r}dJrR)H(p Pl

Then, ¢, = (0n — @n) + R(on — ¢n).
Also, |l¢n — @ullgy is bounded by a constant C. Indeed, if this were not the case, we could
assume that

len = @nllv = dist(on, N(Id + R)) — +00.
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Let us introduce

L Pn — @n
1= 77—
||Q0n - 90n||Hé
Then y
(ot Ry = —————. (3.57)
lon — Pnllm

Since the ||(,||v = 1 and ¥, — 1 in V, we see from (3.57)) that (,, — ( for some ( € N(Id+R).
So,

for all n. But this is an absurd, since ¢, — (in V.
Finally, let us deduce that [|¢,[[z3 < C. We can write that ¢, = @,, + 1, with

on— (8t lon =@l ||, = lon = BulliglIGu = Cllig = low = Bullagy
0

= ey = llon = @nllmy < C.

= @l m <C [&n]. (note that the @, belong to a finite dimensional space) and
[Pnlw < [@nlo + Mo < [@nlo + CHT]TLHH(} <C.

This ends the proof. u
Now, we can prove the main result in this section.

Proof of Theorem 3.4.4:

As already mentioned, in order to prove this result we will use the Dubovitsky-Milyoutin for-
malism (and, more precisely, Lemma for each functional. Thus, let (fi, f2) be a Nash equi-
librium for (3.51)) and (3.52). Let us introduce the sets

Fi={(fi,u) € L*(w)N x D(A) : (f1, f2,u) solves with some p for fo = f,}

and
Fo = {(fa,u) € L*(w2)™ x D(A) : (ﬁ,fQ,u) solves with some p for f; = ]/“\1}

There exists a strong solution (u, p) to (3.51) such that (ﬁ, u) and (fd,u) respectively solve
the following extremal problems:

Mm'lmlze Ji(fi,u) = Ji(f1, fo,u) (3.58a)
Subjectto (f1,u) € Fy

and - —~
Min.imize Jo(fo,u) = Ji(f1; fos u) (3.58b)
Subject to (fo, u) € Fo.

Now, we introduce some cones associated to (3.58a) and (3.58b). To this end, let us set

M (f1,u) = —vAu+ B(u,u) — fil,, — nglw2 V(fi,u) € L*(w)N xV
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and
My(fo,u) = —vAu + B(u,u) — fily, — folw, Y(fo,u) € LQ(wz)N x V.

It is then clear that M; and M, are V- valued continuosly differentiable mappings, with

M{(f1,u) (b, w) = vAw + B(u,w) + B(w,u) — hily, V(hy,w) € L*(w)N x V
and
My(fa,u)(ho, w) = vAw + B(u,w) + B(w,u) — haoly, ¥(hg,w) € L*(wy)Y x V.
We also have
M{(f1,0)*¢1 = (= @1l ., vAp1 — B(@,¢1) + C(@,¢1)) Vg1 €V

and
Mé(f% a)*302 = (_ 902|w2 7VA902 - B<a> ()02) =+ C(aa ()02)) V(pQ eV.
In connection with (3.584) and (3.58b), we define the cones of descent directions

Di = {(hi,v) € L*(w)¥ x V2 (J}(fi, @), (b, v)) < 0}
and the spaces of tangent directions
Ti = {(hi,v) € L(w)V x V2 M{(fi,0)(hi,v) = 0} = N(M](f;, )

fori =1,2.
Let us prove that R(M](f,u)*) is closed in L?(w;)" x V for each i = 1, 2. Indeed, if (h,w) €
R(M](f;,u)*), there exists fields ¢,, € V such that

— ¢nl,, —h in L2 (wy)N,

vAp, — B(u, p,) + C(u,0,) > w inV".

Let us introduce the linear mapping S : V' — V'  with Sy := vAp — B(u,¢) + C(u, ¢). It
is not difficult to see that S = vA(Id + R), where R is the linear operator introduced in Lemma
Therefore, by Fredholm’s Alternative Theorem, we have that R(S) is closed and, from
Lemma we find that the ¢,, are uniformly bounded in V. As an inmediate consequence, we
see that, at least for a subsequence, ¢,, — ¢ weakly in V| — <,0|wi = h and S¢ = w. In other words,
(h,w) € R(M{(fi,0)").

At this moment, we can apply the Dubovitskiy-Milyoutin formalism to and and
deduce that the descent cone D; must be disjoint of the tangent space 7; foreach i = 1,2 (see [17]):

D;NT; =0 fori=1,2.
In view of Lemma 3.4.5] there exist (h}, w}) € D and (h}, w}) € T}, not both zero, such that

(i, wi) + (hg, w;) = (0,0). (3.59)
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Taking into account the definitions of D; and T} and the fact that R(M!(f;,@)*) is closed, we see at
once that

Df = {=M\J!(f,@): A >0} and
Ty = (N(M{(fi))" = R(M](fi,w)").

7

Hence, there exists @1, oo € V such that

and (3.59) can be rewritten in the form

O; Wi Wi

Now, taking w; = 0 we find that b} = pf;. )
On the other hand, taking h; = 0 and recalling (3.60), we see that |, = —puf; for each
1 =1,2and

/ (I/VQDZ' Vw; — (- V) - w; + (Va)e; - wi> = a/ (U — uig)w; Yw; € V.
Q O;

Therefore, ¢; solves, together with some ¢; € L*((2), the following linear system for each i = 1,2

—vAp; — (u- V), + (VU)o + Vg, = a(t — ug)lo, x € Q,
Vopi=0 z€(), (3.62a)
;=0 x€dQ

and, furthermore,

A 1
fi=— v
7

(3.62b)

Wy

From (3.51), and (3.625), we deduce that fy, f>) is a Nash quasi-equilibrium and the
proof is done. a

3.4.3. Algorithms

This section is devoted to present three iterative algorithms (similar to those in Sections [3.2.3|
and [3.3.3) for the computation of Nash equilibria for (3.51) and (3.52). Additionally, we will
present a new algorithm based on Newton’s method.

ALG 7: Fixed-Point-like Method

(a) Choose (f7, f9) € L*(w1)N x L*(wy)N and u® € V.
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(b) Then, for given n > 0, (f7*, f3) € L*(w)™ x L*(wy)Y and u™ € V, compute a solution
( n+1,pn+1)

—vAuT 4 (ut - V)urtt + Uttt = i, + il x e Q,
V- -u"tt =0 T €, (3.63)
=0 ze€0oQ,

a solution (!, ¢ to the system

VAP = Dttt 4 Vgt = (0t —wa)lo, 7€ Q,

Vogiti=0 z€Q, (3.64)
et =0 z€0Q

and, finally, set
a

ittt = —— it (3.65)
L

ALG 8: Optimal-Step-Gradient-like Method
(a) Choose (f?, f9) € L*(wy) x L*(wy)V.

(b) Then, for givenn > 0and (f7*, f3) € L?(w1)™ x L?(wy)", compute the solution (v, p"*1)
to (3.63) and the solution (¢!, ¢") to (3.64) and set

fn+l fn pzlg;l-‘rl’ (366)
where
gt =a i+l (3.67)

and
P = arg (mmJl(f pgpfz))

(3.68)
ph = arg (mm Jo(f1 f3 — pg’i‘))-

ALG 9: Optimal-Step-Conjugate-Gradient-like Method
(a) Choose (f?, f9) € L*(wy) x L*(wy)".
(b) Then, for n = 0, perform one step of ALG 8 and set d) = g°.

(¢) Then, for givenn > 1and (f, f3) € L?(w;)™ x L?(wy)Y, compute the solution (u"!, p"+1)
to (3.63), the solution (¢, ¢"*") to (3.64) and then set

l [

where .
(97 —g9i " 97)

dr =gt +rdit, R = :
[rE (3.70)

g9i = a @il +nfi
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and
pl = arg <m>161 Jl(fln — P9y f;))v

p>

s = arg (min L(f1 13— o).

p>

(3.71)

Before presenting the results of some simulations, let us present another algorithm. It is based
on Newton’s iterates and aims to compute directly a solution to the optimality system (3.54). In
practice, this method is much faster than ALG 8 and ALG 9 but, as is usual for Newton methods
and variants, it needs a nontrivial starting process (see below).

ALG 10: Newton Method
We want to solve the problem (3.54)) with v = 7. We fix a decreasing factor @ € (0, 1) and we
do as follows.

(a) Choose(f?, f9) € L*(w;)" x L?(wy)" and v° € R* and compute a solution (u°, p°) to

AU + Vp°? = 1, + fIl,, z€Q,
V-u=0 z€Q, (3.72)
uw =0, x€d,

and a solution (49, ¢) to

—1OA) + V¢ = (u° — u)lo, x €,
V- =0 zeQ, (3.73)
=0, z€d

and take

a
fl=—= and ' = max{7,ar’}.

T

(b) Then, for given n > 0, v™ and (f, f3) € L?(w1)™ x L*(wy)Y , (u™,p") and (7, ¢7), do
the following

0 _ n,0 _ 1
,u™ =" o = and T

= max(av", v).

(b.1) Take [0 = —Zo7 |
U
(b.2) For given k > 0, f™* u™* and ©™", set
g i 2
Fn,k — _Vn+1Aun,k + (un,k . V)un,k . ?,klwl _ 2n,k1w

2

and

G?’k — _Vn+1A90;1,k - (un,k . V)ap?’k + (Vun’k>t(p?’k . (un,k _ Uz’d) 10“
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compute the solution (v*, h* ¥ nF) to

(=" AR + (uF - V)F 4 (08 - V)umF + VAR = FE o or e Q)
V-ob=0 €9,
vk =0, =z €09,
A = (V) (R V) (T (VA = e e,
Vk—0 zeq,
| WP =0, x€dN

(3.74)
and take:
Un’k+1 _ un,k . Uk, 9O?,kz-&-l _ gOzz,lc . wiﬂ? (375)

Note that ALG 7 and ALG 10 are conceived to compute a solution to the optimality system
that, possibly, is not be a minimizer of J;. Thus, they are expected to furnish numerical
approximations of Nash quasi-equilibria. From the viewpoint of the Calculus of Variations, ALG
7 and ALG 10 are related to the so called “indirect method”. Contrarily, ALG 8 and ALG 9 intend
to provide (numerical approximations of) controls in minimizing sequences. Accordingly, they
correspond to realizations of the “direct method” of Calculus of Variations.

3.4.4. Numerical experiments

Now, in order to illustrate the behavior of the previous algorithms, we will present the results
of some numerical experiments. Very precisely, we want to compute numerical approximations of

Nash equilibria for (3.571)) and (3.52).

The computations have been performed with the FreeFem++ package (see [19]).

Test 1

In this first test, our domain is composed of two rectangles O, and O, and we assume that the
controls act on the narrow band w; and ws. In order to solve numerically the systems (3.63), (3.64),
(3.72), (3.73) and (3.74), we have to fix a mesh and a finite element method. We have used the mesh
depicted in Fig. and a mixed finite element formulation with continuous piecewise [P;-bubble
and IP; functions respectively for the velocity field and the pressure; for details, see [[15,/18].
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Figure 3.1: The domain and the “rough” mesh; {2 is composed of the band w, the large rectangle
O; and the small rectangle O,. Number of nodes: 1519 . Number of triangles: 2876.

The data u;y4 are the following: w14 = V X 114, where 114 is the solution to the problem

{ —Apg=1, wxe€O,
Yig =0, x€d0;

and ugy; = 0. That means that the “desired” (ideal) configurations correspond to a uniformly
rotating flow in O, and a fluid at rest in O, (see Fig. [3.2).
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Figure 3.2: The function wu44.



Capitulo 3. Theoretical and numerical bi-objective optimal control: Nash equilibria 81

For ALG 7, ALG 8 and ALG 9, the stopping test has been
[ — || poe + [[P"T = Pl + ¢ = " e < e,

with e = 107°. This has also been the stopping criterion for the external iterates in ALG 10. For
the internal loops (indexed by k), the stopping test has been

”un,kJrl o u"’kHLoo + ngn,k+1 o SOn,kHLm <e.

Some results are depicted in Fig. [3.3H3.4]

Vec Value

Vec Value
m0.031621 011832
m0.0347832 m0.130157
W0.0379453 i m0.141989
m0.0411074 m0.153822
W0.0442695 W0.165654
W0.0474316 ' W0.177487
W0.0505937 2 m0.189319
m0.0537558 m0.201151
m0.0569179 m0.212984
m0.06008 m0.224816

iy
HEs
¥ %
¥ '
¥ ¥
VYTV
¥, 0
W
IR
¥ ¥
4
(a) v=1. v =05
Vec Value
W0.97433
m1.07177
m1.1692
m1.26663
m1.36407
W1.4615
W1.55893
W1.65637
m1.7538
m1.85123
(c) v=0.16

Figure 3.3: The final velocity fields computed with ALG 8 for various v. Here, a = 1.2, p =
2—a=0.28.
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Vec Value

(a) Velocity

Vec Value Vec Value

n
ui
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i
i
.
i
i
ui
ni

i W6.90837

(b) Adjount State of u14 (c) Adjount State of usg

Figure 3.4: The final velocity field and the adjoint states computed with ALG 10 for v = 0.05.
Now,a=15and y =2 —a = 0.5.

In order to compare the behavior of the Gradient, the Gonjugate Gradient and Newton methods,
we present some related numerical values in the Tables in Fig.[3.5] Specifically, we have indicated
there the numbers of iterates needed by each method to fulfill the stopping test and produce an

approximation with error less or equal than 107°.
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d a d
0108 15 18 0.1 0.8 1.5 1.8 0.1 08 15 1.8
1 3 3 5 5 12 3 3 4 1 ]2 3 33
05 3 5 9 9 05 2 4 4 5 p o5 3 3 3 4
01 7 17 51 129 01 4 9 13 17 01 | 27 | 31 33 35
0.05 12 55 2206 4997 005 8 15 21 37 0.05 | 234 | 247 | 259 --
(a) Gradient (ALG 8) (b) Conjugate Gradient (ALG 9) (c) Newton (ALG 10)

Figure 3.5: Number of iterates for various values of v, a and 1 = 2 — a.

Also, we have included in Fig. a Table with a comparison of the computation times and
required numbers of iterates for each method.

CPU TIME |ITERATES
GRADIENT 283059 | 2206
CONJUGATE GRADIENT | 3920.53 | 21
NEWTON 848.034 | 259

Figure 3.6: Computation times (in seconds) and numbers of iterates to reach an error less than
e=10"%forv =0.05,a=15and p =2 — a = 0.5.

Test 2

In this second test, our aims is to control the flow of a fluid in a pipe. We assume that the fluid
enters the domains with a parabolic profile (as we can see in Figure [3.9)). In which, at one point,
the pipe bifurcates in two. Before this bifurcation at the upper and lower end of the pipe there are
two control regions (w; and wy, respectively) in which we can interfere or remove fluid so that once
the fluid forks is as close as possible to the desired situation in the two bifurcations (O; and O,),
as we see in Figure To get an idea of how the domain is we can see Figure

Our goal is to solve a control problem which we approximate a border cotrol problem being the
border control the solution of our problem restricted to the desired border of our control region.

In order to solve numerically the systems (3.63)), (3.64), (3.72), (3.73) and (3.74), we have to
fix a mesh and a finite element method. We have used the mesh depicted in Fig. and a mixed
finite element formulation with continuous piecewise P;-bubble and [P; functions respectively for
the velocity field and the pressure.
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Figure 3.7: The domain and the “rough” mesh; €2 is composed of the two rectangles wy, ws, the
upper bifurcation is O; and the lower is O,. Number of nodes: 1993 . Number of triangles: 3685.

The data w4 are the following: u14 = (1 (v — v0)(y1 —¥),0) with yy < y1,¢1 € R and ugy = 0.
That means that the “desired” configuration corresponds to a parabolic profile flow in O; and a

fluid at rest in O, (see Fig. [3.8).
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Figure 3.8: The function wu14.

We consider that the fluid enter to the pipe with a parabolic profile as uy = (go(y — y2)(ys — v)
with 12 < y3,q0 € R. Also we suppose that we want all the fluid that enters the pipe then to come
out after the bifurcation, for this it must happen that gy = 1/27¢; and in our case we have taken
q1 = 2700.
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Figure 3.9: The parabolic profile which enters by the pipe.

For ALG 10, the stopping test has been
[ = [ + " = p e + 16" = "1 <6

with ¢ = 107!2. This has also been the stopping criterion for the external iterates in ALG 10. For
the internal loops (indexed by k), the stopping test has been

Hun,k+1 o un,k”Loo + ||¢n,k+1 o gOn’kHLoo S c.

Some results are depicted in Fig.[3.10]
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Figure 3.10: The final velocity fields computed with ALG 10 for various v in the case a = 1.95.

Test 3

In this new test we have a new pipe on which a fluid circulates. This fluid enters with a parabolic
profile (as we can see in Figure [3.13]) and exits through two areas before the areas where we look
for a desired state (O, and O;) . Our objectives are to know how we have to act in the two specific

control zones (w1 and wo, respectively) to get the fluid reaches a desired state, as we see in Figure
[.12] To get an idea of how the domain is we can see Figure [3.11]

In order to solve numerically the systems (3.63), (3.64), (3.72)), (3.73)) and (3.74)), we have to
fix a mesh and a finite element method. We have used the mesh depicted in Fig. [3.11] and a mixed

finite element formulation with continuous piecewise P;-bubble and IP; functions respectively for

35555555
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the velocity field and the pressure.

Figure 3.11: The domain and the “rough” mesh; €2 is composed of the two first rectangles wy, wo,
the second upper rectangle O; and the second lower rectangle O,. Number of nodes: 1541 .
Number of triangles: 2774.

The data u;4 are the following: w14 = V X 114, where 114 is the solution to the problem

_A,[vbld = 17 HAS Ola
g =0, x€d0;

and uyy; = 0. That means that the “desired” (ideal) configurations correspond to a uniformly
rotating flow in O, and a fluid at rest in O, (see Fig. [3.12).

Figure 3.12: The function u14.

We consider that the fluid enter to the pipe with a parabolic profile as ug = (qo(y — y2)(ys — v)
with o < y3 € R and we take ¢o = 100.
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Figure 3.13: The parabolic profile which enters by the pipe.

For ALG 10 the stopping test has been
lu™* = | o + [P = p |z + (" = ¢ = < e,
with e = 10712, For the internal loops (indexed by k), the stopping test has been

||un,k+1 o Un’k”Loo + ||90n’k+1 o Son,k:

|Loo S{f.

Some results are depicted in Fig. [3.14]
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Figure 3.14: The final velocity fields computed with ALG 10 for various v in the case a = 1.99.
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Conclusions

To conclude the work we would like to highlight the objectives we set and that we have been
able to answer and expose some questions that are still open.

First, we posed a problem of linear parabolic control and looked for two Nash equilibria for
this problem. In this case our theoretical study is finished and we propose different approximation
algorithms although we have not been able to test convergence results for the algorithms.

In a second part, we pose the same problem but now in a semi-linear case. Here, we use
the Lemma to be able to demonstrate the existence of quasi-equilibria while a result on the
existence of Nash equilibria without using quasi-equilibria we have not been able to prove it. It is
important to note that the existence of quasi-equilibria of Nash is independent of the size of a/p.
Also, the algorithms, as in the linear case, we have not tested any convergence results.

Finally, we have extended the previous study by applying it now to the Navier-Stokes case. In
this case the theoretical study is not as extensive as the previous cases due to the great nonlinearity
of the equation. An important result here is that a Nash equilibrium is a quasi-equilibrium which,
thanks to Dubovitskii-Milyoutin Lemma. Here, in the numerical part, we have presented the algo-
rithms and added several simulations for various situations and domains. These experiments are
very visual and in them we can see how effectively we are able to control a fluid to take it to the
desired situation from the beginning.

This concludes our work although there are still many questions and open questions.
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Capitulo 4

Analysis and numerical solution of some
minimal time control problems

This chapter is devoted to the theoretical and numerical analysis of some minimal time control
problems associated to linear and nonlinear differential equations. We start by studying simple
cases concerning linear and nonlinear ODEs. Then, we deal with the heat equation. In all these
situations, we analyze the existence of solution, we deduce optimality results and we present several
algorithms for the computation of optimal controls. Finally, we illustrate the results with several
numerical experiments. It is based on the paper [8].

4.1. Introduction

In this paper, we consider some minimal time control problems where the state is given by the
solution to a differenttial equation. We will be concerned first with simple situations (correspond-
ing to linear and nonlinear ODEs) and then with a linear PDE (more precisely, the classical heat
equation). Similar problems have already been considered in [6, 13]].

Optimal time control problems have a lot of interest from the theoretical and numerical view-
points and also in connection with many applications; see to this respect for instance, [[11,/14].
Frequently, the motivation is the need to act on the system in such a way that not only the evolution
be as good as possible with a minimal effort but, also, this takes place in a shortest period of time.
Some related works are [3,[7]].

Here, we will present several theoretical and numerical results in a rather academic framework.
More precisely, we will establish existence and optimality results, we will formulate somel iterative
algorithms and, finally, we will illustrate the proposed iterates with numerical experiments.

The plan of the paper is the following. Section 2 concerns the case where the state is given
by the solution to a linear ODE. The results are then extended in Section 3 to systems governed
by nonlinear ODEs. Finally, PDE control system (with distributed and locally supported in space
controls) will be the objetive of Section 4.
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4.2. A minimal time problem asssociated to a linear ODE

In this section we want to illustrate the study of minimal time control problems. To this purpose,
we will begin by considering a very simple situation: the problem associated to a linear ODE.
So, let us assume that the state is given by

{ v +ay = h(t), te(0,T),
y(O) = Yo,
where yy and a > 0 are given. The function & = h(t) can be viewed as a control.

Our goal is to drive the state to a desired ¥, in the shortest possible time with a minimal effort
(in an appropiate sense). In other words, we want to find a solution to the following problem:

4.1)

o T2 b +oo )
Minimize ¢(7T, h) := > + 2 |h|* dt,
0

Subject to: (T, h) € R, x L*(0,+00), 4.2)
(y, h) solves (@),
\ ly(T) = yal = 9,

where b > 0,6 > 0 and y; € R.

Obviously, if (7', k) is a minimizer, one has h = 0 for t > T'. Furthermore, in order to discard
trivial situations, we will assume that |yo — y4| > J. Note that this implies that any solution to (4.2)
satisfies 7" > 0.

At this point, it makes sense to investigate if (4.2)) has a solution, if this solution is unique, how
can we get a characterization and, finally, which solution methods can be applied.

4.2.1. Existence and characterization
In order to study the existence of the solution of (4.2)) we will define the admissible solution set:
Haq :={(T,h): T >0, h € L*(0,+0), [yn(T) — ya| = 6}

where y,() is the solution to (@.1)) associated to h.
Note that H,g C R x L?(0, +00) and the solution y; is explicitly given by

t
yn(t) == e "y —i—/ e~ =9n(s)ds Wt € [0,T].
0

Theorem 4.2.1. Let a,6 > 0, b > 0 and yo,yq € R with |yo.ya| > 0. Then, there exists at least one
solution (T, h) € Hqq to @.2).

Proof:

To prove the existence of a solution to (4.2]), we first check that H,, is nonempty and sequen-
tially weakly closed. Note that there exist functions hy € L?(0, +00) with hyg = 0 for ¢ > 1 such
that

1
/ e®ho(s) ds = 1.
0
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Let us take h = (e®(yq — §) — ya)ho. Then, |yx(1) — yq| = J and, consequently, (1, ) € H,q4. This
proves that H 4 is not the empty set.

On the other hand, if (T}, h,,) € Haq for all n, T,, — T and h,, — h weakly in L?(0, +00), it
is clear that T > 0 and yp,, (T,,) — yn(T), whence (T, h) € H,q. Therefore, H,q is sequentially
weakly closed.

Since ¢ : Hqq — R is strictly convex, continuous and coercive, (4.2)) is solvable and the proof
is done. O

In the next result, we characterize the solutions to (4.2):

Theorem 4.2.2. Let (T, h) € Hqq be a solution to (@.2). Then, there exists X\ > 0 and 1p = (1)
such the following optimality system is satisfied:

((yetay=h, t€(0,7), y(0)=yo,
—th+ap=0, t€(0,7), (T)=y(T)— ya,
ly(T) —1yd| =0, (4.3)
h = —Ew in (0,7),

| 7= (1) ~ (D)

We will give a proof of this result that relies on the Dubovitsky-Milyoutin formalism (see [9]).
This will be useful to understand the argument not only in the case of (4.1]), but also for other more
complex state systems. We will need the following well known result:

Lemma 4.2.3. Let K, ..., K, be convex cones in a Banach space X with apex at 0. For each
1, we assume that either K; is open or it is a closed subspace. Then the following conditions are
equivalent:

K; = 0.

i=1
» There exist linear functionals f; € K} withi = 1,...,n, not all zero, such that f, + fo +
o4 f,=0.

Here, for any 7, we have denoted by K the dual cone to K, that is,
K ={feX':f(e) >0 Ve e K,}.

For the proof, see for instance Lemma 5.11 of [9].

Proof of Theorem 4.2.2k
Let (T, h) be a solution to #.2) with T > 0. Let us introduce a cone in R x L?(0, +00)
associated to (4.2)):

Dy(T,h) :={(S,g) € R x L*(0,+00) : {(¢(T, h),(S,9)) < 0.}
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This is the descent (open) cone of ¢ at (T, h). Its dual cone is
D* = {=A\¢/(T,h): A >0}
Note that we can write H,q = G N K, with
G:={(S,9):5>0, ge L*0,+00)}

and
52

K= {(S,g) : S ER, %(e“syo + /OS e~ U579 g(s) ds — yd>2 = 5}

Now, let us introduce the feasible (or admissible) descent cones of G and /C at (7', h):

Ag(T,h) =R x L*(0,+00) and Ax(T,h):= N(Ar,n)),

where Az is the linear operator given by Az (S, 9) == (Yn(T) — ya)(yn)e(T) - S + (yn(T) —
Ya)z¢(T) and z, is the solution to

{ (zg)t +az, =g te€(0,7),
24(0) = 0.

The corresponding dual cones are
Ag(T h)" ={(p, ) :p =0, (t) =0 Vi € (0,T)} and  Ac(T,h)" = R(A{zp),

since AE‘T n) 18 a closed-rank operator. Consequently, we can apply the Dubovitsky-Milyoutin for-
malism and more precisely Lemma and deduce that there exist A > 0 and z € R, not both
zero, such that

= A (T, h) — ((yn(T) = ya) (yn)e(T), )z = (0,0). (4.4)
It is easy to check that we must have A > 0 and z # 0. This yields:

z

T = 3 n(T) =y (7). h= 50

Note that necessarily z > 0; indeed, if z < 0, then (y,(7) — ya)(yn):(T) > 0 and this means that,
for some 7" < T one has |y,(T") — y4| < 0, which is an absurd.
This ends the proof. 0
We are going to prove now that the optimality system (4.3) posseses exactly one solution:

Theorem 4.2.4. For any vy, yqs € R and any a > 0, the system (4.3) is uniquely solvable.

Proof:
For simplicity, we will suppose that yy = 0 (a similar argument works with any other 3, € R).
Recall that

y(t) =e /Ot e*h(s)ds and (t) = e_a(T_t)</OT e T=9n(s) ds — yd> vt € [0,T].
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1 T
We can write that h = Ae® with A = Y (e‘Z“T/ e®h(s) ds — yde_“T>. But, since h =
0

1
_Ew’ we also have that

1 —2aT . 1 —aT
(1+2abA(1 e >A_ e 4.5)

Since A > 0, one has 2abA + 1 — e27 =£ () and there exists a unique solution to ({.3). After some

computations, we find that
a

sinh(aT)

and, if we return to the equation for h, we see that

A()‘7 T) = (yd =+ 6)

56—aT

aly _ e
) absinh(aT’)

Aya F 0e”

This argument shows that, for every 7" > 0, there exists a unique A > 0 such that all the equalities
in (4.3) except the last one are satisfied.
1
Finally, using that T" = 3 (y(T') — ya)y:(T) and recalling the explicit expression of y, we get

that
26aT(eaT + e—aT)

b(eaT _ efaT)Q
and this has exactly one solution 7" > 0. a
As a consequence of the previous results, it can be affirmed that there exists a unique solution

to ([4.2)) satisfying (4.3)) for some A and 9.

T = ba?(ys — 0) (4.6)

4.2.2. Some algorithms

In this section, we will present some algorithms which can be used to compute the solution to
(4.3). This will help to clarify the ideas and understand better other more complex problems in the
following sections.

ALG 1: First Fixed-Point Method
(a) Choose (h°, A%, T°) with (T°, h°) € Haq and \° > 0.
(b) Then for n > 0 with (", A", T™) given, we compute " with
vt eyt =0t e (0,T7), yt(0) = yo
and "+ with

—t "t =0, te (0,77, Y"THT) =y T (T") — v
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(¢) Finally, we update the values of i, A and 7"

A"+ such that |y ™ (T™) — y4| = 6,

n+1 __ n+1
h N /\”“bw
0
Tn+1 )\nJrl ytn—l—l(Tn—i-l).

ALG 2: Second Fixed-Point Method
(a) Choose (h°, \° T9) with (T°, h°) € H,q and \° > 0.
(b) Then, for n > 0 with (h™, \*, T™) given, we compute y" ! with
g eyt =h" te(0,77), y"(0) = yo
and 1" *! with

n+1 4 a¢n+1 t e (0, j"vn)7 ¢n+1(Tn) — yn—i-l(Tn) — Y.
(c) Finally, we update the values of i, A and 1"

)
T™*! such that 7" = Y n(rmth,

)\n—l-l n-+1 (Tn+1>

such that |y —yq| =0,

n+1l __ n+1
h o )\n+1b¢

ALG 3: Third Fixed-Point Method
(@ Choose (5, 1) with (0) = g and ¢(T) = y*(T) — g
(b) Then, for n > 0 with (y", ™) given, we compute the solution (A", T"*1) to the equation

K"(A,T) = (0,0), 4.7)

)
where K"(\,T) = (y[\,T"(T) — ya £ 6,T — th[/\,T”](T)) and y[\, T"] is the state

tedtoh = ——
associated to /\bw

(¢) Finally, we compute the new control

n+1 __ n+1
h N A”“bw
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Note that, in order to solve (4.7)), we can use, for example, a Newton algorithm (see for instance

[4D).
For the problem considered in this section, since the state can be made explicit, we also have a
direct (non-iterative) solution method. It is the following:

ALG 4: Direct Method
(a) First, we compute the optimal time 7™ solving the equation

2€aT(eaT + e—aT)
b(eaT _ 6—aT)2 :

T = ba*(yq — 0)

(b) Then, we compute A* by imposing

ly(T™) = yall = o,

where y is the state associated to h = Ae® and A is given by (@.3)) for T' = T*. Finally, we
use 7™ and \* to compute the assiciated state-control pair (y*, h*).

4.2.3. A numerical experiment

In order to illustrate the behavior of ALG 4, we will exhibit in this section the results of some
numerical experiments.

The computations have been performed with MatLab.

The following data have been fixed in (4.3)):

§=10"", y;=10, b=05 and a=0.5.

Some results are depicted in Figures to More precisely, the left and right hand sides
in @.5) are displayed in Figure The computation of \* is illustrated in Figure where the
values of y(T™*) — y4 — § are shown as a function of 1/\. Finally, the state and control given by 7™
and \* are presented in Figure
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Figure 4.1: Minimal time 7, obtained with ALG 4. By definition, val(T") is the right hand side in

@23).

4.5

Final distance at T, versus p

20 25 30
VALUES OF 11

Figure 4.2: Value to y(7*) — yq — d versus 1/\.
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MINIMAL TIME PROBLEM - STATE AND CONTROL

400 —STATE
—— CONTROL
350 |
300 |
250 |
200 |
150 f
100 |
50
0 L L L L L
0 2 4 6 8 10 12
VALUES OF T

Figure 4.3: State and control corresponding to the computed solution to (4.3).

4.3. A minimal time problem asssociated to a nonlinear ODE

This section is devoted to analyze a little more difficult case, where the state is the solution to
a nonlinear ODE. Now, in general, we do not have explicit expressions of the solutions. However,
we can get results similar to those in the previous section

Let us consider the following system:

ye+ H(y) = h(t), t€(0,7), 48)
y(O) = Yo, .
where v is given. For simplicity, we will assume that
H : R+~ Ris of class C?, 4.9)
0< H'(s)<C VseR. '

It is obvious that, for each h € L%(0, +00), there exists exactly one solution y to (4.8) defined
forall ¢t € (0,7"). As in Section 4.2} we can consider the minimal problem associated to (4.8):

2 2
Subject to: (T, h) € R, x L*(0,+00), (4.10)
(y, h) solves (@.8)),
\ [y(T) — yal =9,

where again we have b > 0, 6 > 0 and y; € R is the desired state. As in Section 1, it will be
assumed that |yo — y4| > 0 in order to avoid trivial situations.

( T2 b +o0
Minimize ¢(7T', h) :== — + —/ |h|? dt,
0
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4.3.1. Existence and characterization results

Let us introduce again the admissible solution set
Hag = {(T, h) T >0, he LQ(O, —|—OO), |yh(T) — yd| = 5},
where y;,(t) is now the solution to (4.8)) associated to h.

Theorem 4.3.1. Let a,d > 0, b > 0 and yo, yq € R be given with |yy — y4| > 0. Then, there exists
at least one solution (T, h) € H,q to @.10).

Proof:

As before, it can be easily proved that H,4 is non empty. In fact, for any 7" > 0 and any
Yo, yr € R, there exist couples (h,7) satisfying (@.8)) and |y(7") — y4| = J. Indeed, it suffices to
take, for instance,

5(t) = (1= ) (o — ) + 9 — 6 and B(e) = e) + H(G() ¥t € (0,7).

On the other hand, H,,, is sequentially weakly closed: obviously, if the (T,, h,,) € Haq, T, — T
and h,, — h weakly in L*(0, +00), then T' > 0 and |y(T) — yq4| = lirf [y (T) — ya| = 0.
n——+0o0

Taking into account that ¢ is convex, continuous and coercive, we deduce that there exists at
least one solution to (.10). O

Unfortunately, H,4 is not convex and, in principle, we do not know whether the solution to
(4.10) 1s unique.

Let us now characterize the solutions to with an appropiate optimality system:

Theorem 4.3.2. Let (T, h) € Huq be a solution to (4.10). Then, there exist X\ > 0 and ¢ = ()
such that the following holds:

yw+H(y)=h te€(0,T),
y(0) = o,

—+ H'(y)p =0, te(0,7),
W(T) = y(T) — ya,

y(T) — yul = 5, (1D
h = —%1/; in (0,7),
| 7= 5 0(T) ().

The proof is completely analogous to the proof of Theorem Again, we can apply the
Dubovitsky-Milyoutin formalism and deduce a property similar to (4.4). Note that, thanks to (4.9),
we have that the mappings A7 ;) and AE‘T7 n) continue to have the same good properties.
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4.3.2. Algorithm and numerical experiments
It is possible to adapt the algorithms in Section to this case. For brevity, we omit the
details. We only mention explicitly the analog of ALG 4:

ALG 5: Direct Method

(a) First, for each 7" > 0, we compute the solution \(7") to the equation |y(T") — y4| = J, where
y is, together with ¢ and h, the solution to the solution to the reduced optimality system

(y+H(y)="h, te(0,T),
y(0) = o,
—+ H'(y)y =0, te(0,T),
Y(T) = y(T) = ya,
[y(T) — yal =9,

L.
| b= _Ew in (0,7).

(b) Then, we compute 7™ by solving
T = =+ W(T) = ya)u(T). (4.12)

Finally, we use 7™ and A(7™) to compute the associated state-control pair (y*, h*).
In the sequel, we present a related numerical experiment. In this case, we have taken
§=10"° y;=10, b=0.5 and H(y) = —y+ 0.5sin(y).

The results are given in Figures {.4] to Thus, Figure @.4] provides a graphical explanation of
the solution to the equation (4.12)). In Figure the function 7" — 1/X\(T") has beem depicted.
Finally, the computed optimal state and control have been shown in Figure 4.6
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MINIMAL TIME PROBLEM - EQUATION FOR T

—— by (y(Dyy) (M)
18 -=T 1
e (T.T)

T, =2.0085 _

1 1.5 2 25 3 35 4 4.5 5
VALUES OF T

Figure 4.4: Minimal time 7, obtained with ALG 5.

11,(T) FOR SEVERAL T

x10°

251 1

05 7

1 1.5 2 25 3 35 4 4.5 5
VALUES OF T

Figure 4.5: The values of u(7") = 1/A(T') versus T
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MINIMAL TIME PROBLEM - STATE AND CONTROL

——STATE
9 |——CONTROL

0 0.5 1 1.5 2
VALUES OF T

Figure 4.6: State and control corresponding to the computed solution to (4.11).

4.4. The minimal time problem associated to the heat PDE

In this section, we are going to study a minimal time problem related to the heat equation. We
will see that, in this case, new difficulties appear and, in particular, the computation of the solution
will need much more work.

The state equation is in this case

0, — A0 =hl,, (x,t)eQr:=Qx(0,T),
0=0, (z,t)€Xr:=00x(0,T), (4.13)
0(0) = 0o,
where 2 C R¥ is a non-empty bounded connected open set (N = 2 or N = 3), w C s also
non-empty and open (the control subdomain) and 6, € L%(Q).

As before, the goal is to drive the state ¢ to a desired 6, in the shortest possible time with a
minimal effort. Accordingly, we want to solve the problem

Minimize ¢(7, h) // |h|? dx dt,
(0,+00)
Subject to: (T, h) € R, x L*(w x (0,+00)), (4.14)
(0, h) solves (@.13)),
( 16(T") — ball = 6,

where b > 0,5 > 0 and 0; € L?(2) are given. As in Section we can make an assumption to
discard trivial situations: ||6y — 64| > 0. Again, the minimum is searched with h = 0 for ¢ > 7.
Note that we use || - || and (-, -) to denote the L?(©2) norm and the inner product, respectively.
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4.4.1. Existence and characterization of the solution

In order to study the existence of a solution to (4.14), let us introduce the admissible set
Hoa :={(T,h): T >0, he LQ(w X (0,400)), [|0(T) — 04| = 6},
where 6 = 60(x,t) is the solution to (4.13)) associated to the control h.

Theorem 4.4.1. Let a,§ > 0, b > 0 and 0y,04 € L?(QQ) be given with |yo — ya| > 0. Then, there
exists at least one solution (T, h) € Hqq to (@.14).

Proof:

First, we note that H,4 is nonempty. Indeed, it is well known that is approximately
controllable and, consequently, for every 7' > 0 we can find controls i € L*(w x (0,T')) such that
the corresponding solutions to (.13) satisfy ||0(T) — 64| = 0, see for instance [3].

On the other hand, H,q4 is sequentially weakly closed. Indeed, if the (7, h,) € Haa, Tnn —
T and h, — h weakly in L?(0,+00), then T" > 0 and, from well known parabolic regularity
results, we deduce that the associated states 6, satisfy 0,,(T;,) — 6(T) strongly in L?(2), whence

16(T") — 0al| = 0.
Since the function ¢ is convex, continuous and coercive, (4.14) is solvable and the proof is
done. O

Again, uniqueness is open, since H,q4 iS not convex.

Theorem 4.4.2. Let (T, h) € H,q be a solution to (d.14). Then there exist X > 0 and 1p = 1(x, 1)
such that the following optimality system is satisfied:
(6, — A0 =hl,, (z,t)€Qr,

0=0, (x,t)€ Xy, 6(0)=0,

—th =AY =0, (2,t) € Qr,

v=0, (z,t)eX, Y(T)=0(T)— 0,

(4.15)
16(T) = ball = o,
1
h = _E wlwx(O,T) )
1

T =~ ((6(1) = 6. 6(T)).

\

Proof:
Once more, we can apply the Dubovitsky-Milyoutin formalism. The argument is a follows. We
introduce the descent cone of ¢ at (7', h)

Dy(T, h) = {(S,9) € R x L*(w x (0,+00)) : (¢(T’ ), (S, 9)) < 0},

where (-, -) stands for the scalar product in R x L?(w x (0,T)). The associated dual cone is given
by
D* = {-A\¢(T,h) - A > O}
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Again, we put H,qy = G N K, where
G:={(T,h): T>0, he€ L*wx (0,+00))}
and
1 9 5
Let us introduce the feasible cones

Ag(T,h) ={(S,9): SER, gt) =0t>T} and Ac(T,h) = N(Awzn),

where A7y is given by A ) (S, g) == (9(T) — 04, Qt(T)) S+ (H(T) — 04, n(T)), and 7 is the
solution to

nt_An:glwv (,I,t) GQTv

n = O, (l’,t) S ET,

n(0) =0.
The associated dual cones are respectively

Ag(T h)" ={(m, @) - p=0, p(t) =0t € (0,T)} and Ax(T,h)" = R(A(zp),

since, again, A?T7 n) is a closed-rank operator.
Then, as in the proofs of Theorems #.2.2]and #.3.2] we can apply Lemma4.2.3]and deduce that

—MT,bh) = ((0(T) — 04, 6:(T)), )z = (0,0)

for some A > 0 and some z > 0 and we obtain the optimality system (#.15). O
In view of Theorems4.4.1]and [4.4.2] it is clear that, for any a, b, 0, 6y and 6,4, (4.15)) is solvable.
For completeness, we will present in the sequel an additional argument that may shed some light
on the solution method.
Thus, let 6y, 60, € L*(Q) and a,b,d > 0 be given and let us assume that ||0,]] > J. We want to
prove that there exists (7', \) satisfying

16(T") — 64| = 9,
T —i(G(T) — 04,60,(T)),

where 6 solves, together with h and 1), the system

(0, — A0 =hl,, (z.t)¢€Qr,
—th =AY =0, (2,t) € Qr,
0=0¢=0, (1) €L, (4.16)
0(0) = 6o, V(T) = 0(T) — b,

1
h = _E d}‘wX(O,T) )

\
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By using the semigroup theory, we can write the solution to the system

0, — A0 =0, (z,t)€Qr,
0(0) =0, (z,t) €3y,

in the form 6(t) = S(t)fy, where S(t) is a linear contration on L?(Q) for all ¢ > 0, see for
instance [J2]].
Thus, the solution (¢, ) to (4.15]) takes the form

_ / S(t— 5)(h(s)L,) ds,  (t) = S(T = £)(6(T) — ba).

and we can write that

o) - - [

b /o S(T - ) (S(T —s)(0(T) - 9d)1w> ds.

Now, we fix T" > 0, we consider the new variable w := §(7") and we introduce the following
linear operator:

Myw — % /OT ST~ ) ((S(T — syw)L.) ds.

Our first goal is to find a couple (A, w) such that

1 62
(Mg + Nw = Mgpf; and §Hw —04|* = 5 (4.17)

Note that M7 : L*(Q) — L?(Q) is a compact operator, (Mrw,w) > 0 for all w € L*(Q)
and (Mrw,w) = 0 if only if w = 0. Therefore, we can apply the Hilbert-Schmidt Theorem (see
for instance [2]]) and deduce that there exists some eigenvalue-eigenfunction couples (i, w,,) with
iy, > 0 that

Mrw, = p,w,, n>1,
lwnll =1, g O,
{w, } is an orthonormal basis of L?(2).

Accordingly, for any w € L?(2), we can write
w = Z a,w, and Mrw = Z o Qo Wy
n>1 n>1
with a,, = (w, w,,) for all n. This means that the first equation in (4.17)) is equivalent to

Z(/Ln + )\ anwn Z,un edawn W,

n>1 n>1

that 1s,

(Qd,wn) . 1
=@ th \, = — > 1. 4.1
G, T, with A, o Vn > (4.18)
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Thus, if w solves the first equation in (4.17)), one has

)\2
lw — 04> = N2 zmued,w < [16a]®

For each A > 0, let us denote by w[\] the function in L*(2) defined by (#.18) and let us set

GO 1= A = 8l = Y (1= 15 )

n>1

where b,, = |(04, w,,)| for all n > 1. It is not difficult to prove that G : R, — R is well defined,
@G is analytic in (0, +00), G'(A) > 0 forall A > 0, G(A\) \( 0" and G(\) 7 ||04]> as A 7 +o0.

Consequently, there exists a unique A such that G(\) = §? (recall that 0 < §? < [|64]|?).

This argument proves that, for each T > 0, there exists exactly one \(7") such that the couple
(AN(T), w[A(T)]) satisfies @.17).

Hence, our task will be achieved if we are able to find 7" > 0 such that

L7 T
T = NT) (07 (T) — 04,0, (1)), (4.19)
where we have introduced the notation 07 := Mpw[\(T)].

Note that, in the similar (but much simpler) situation considered in Section the analog of
is (4.6). There, we saw that the right hand side increases to +oo (respectively decreases to
0)as T\, 0" (resp. as T' * +00). It is reasonable to conjecture that these properties also hold for
the right hand side of (#¢.19). But, to our knowledge, this is unknown. Note that, if this were the
case, the existence of a solution to (4.19) would be ensured and, consequently, we would have got
a new proof of the solvability of (4.14).

4.4.2. Some algorithms

This section is devoted to present and analyze some iterative algorithms for the solution to
(4.13).

First, observe that the algorithms in Section4.2.2|can be adapted to the present framework. For
brevity, we omit the details and only mention explicitly the analog of ALG 4. For comodity, we
will work with the auxiliar parameter © = 1/\.

ALG 6:

(a) Fix To, T17 Mo, ,LLlAt and AILL

(b) Then, for each T* = T, + kAt with k > 0 and 7% < T} and each p/ = 1o + jApwith j >0
and 1/ < pp, compute:

16%9(T*) — 6ul| =5 and  — (6% (T) — 6,61 (T")),

where 0% is the solution to #.16) with 7" = T* and A\ = 1/7.
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(c) Finally, we use this information to couple a solution (7%, j,) to the system
T = —p(0(T) — 04, 0,T)), [6(T) = 0]l = 6 (4.20)
and then find the associated state-control pair (ys., h.) to (@.15).
ALG 7: Penalty
(a) Choose p° >0, (T°,h°) with T° > 0 and h° € L*(w x (0,77)) .

(b) Then forn > 0 with p", (T, h™) given, we minimize in R x L?(w x (0, +00)) the functional:
~ n T2 b 2 1 o 2 2
BT hipi) o=t ) P+ o ((B) — 6 — 07+ 72). @)
2 2 Jux(o400) 24

To compute the minimum we can use different methods like the Optimal Step Gradient or
Conjugate Gradient Method. We stop when the Gradient is less or equal to 7" for some given
7" > 0.

(¢) Now, we update the values of ™ and 7". For instance, we can take "™ = qu™ and 7" =

at™ with a < 1.

Let us present some convergence results for ALG 7:

Theorem 4.4.3. Let (T}, hi) be an exact global minimizer of (T, h) — ¢(T, h; i*) for each k and
assume that [, — 0. Then, any weak limit point (T, h.) of the sequence {(T, hy)} is a solution

to @.14).

Proof:
First, remark that for each k& > 0 there exists at least one minimizer (T}, hi) of ¢(T', h; pux).
This can be checked arguing as in the proof of Theorem {.4.1]
Let (7', h) the solution to (4.14) furnished by Theorem Then 7" > 0. For each & > 1, one
has
O(Tx, b i) < (T s i) V(T 1) € Ry x LP(w x (0, +00)).

In particular,

ST i) + 5~ ((IB(T) — Ol =6 + (T)2) < T hp) = (T 1), @422)
M

where 6, denotes the state associated to (7}, h;) and 0y (T},) is defined accordingly. Therefore, the
(T}, hy) are uniformly bounded in R x L?(w x (0, 4+00)) and
(10x(T%) = Oall = 6)* + (T3)2. < 2iu(T, ). (4.23)

A first consequence is that there exist weak limit points of the sequence {(7}, hy)}, that is,
couples (7%, h,) such that, at least for a subsequence, one has

T, —T. and hy — h, weakly in L*(w x (0, +00)).
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From #.23), we see that T, > 0. Furthermore, if we had T, = 0, we would also have gk(Tk) —
0 at least weakly in L*(€2) and from (#.23) we would get a contradiction. Therefore, T, > 0.
Now, we can take limits in (4.23) as £ — 400 and get

(16(T.) — 64ll — 6)* = 0,
where 0, is the state associated to (7, h,). Indeed, recall that the usual parabolic estimates imply

that 0;,(Ty) — 0.(T,) strongly in L?(2).
This way, we see that ||0,.(7,) — 04|| = J. Finally, taking limits in (4.22]), we find that

AT, hy) < O(T, h),
whence the announced result holds. O

Theorem 4.4.4. Let the tolerance and penalty parameters satisfy 7, — 0 and p, — 0 and let us
assume that the (Ty, hy) € R x L*(w x (0, +00)) verify

1 _
HWMW(TM hi) + %WT,h)((IWk(Tk) — B4l = 8)% + (T3)2) H < 7

forall k > 1. Then, any associated weak limit point (T, h,) with T, > 0 solves (4.14) and satisfies
the usual Karush-Kuhn-Tucker (KKT) conditions for some A\ € R and \? = 0. Also,

—(0 = [|0*H(T") — 64l /" = AL and = (T")_/p* = AP =0.

Proof:
Again, let (T, h) be a solution to (4.14). Then

1
8T i)+ (10T = Bull =07 + (T2 ) < GUT: h) 7l (Tie ) = (T, 1) oo o0
(4.24)

So, the (7}, hy,) are uniformly bounded and there exists at least one weak limit point (7%, h.),
with [|0,(T,) — 0,4]| = 0 and T, > 0 (this can be deduced as in the proof of Theorem |4.4.3).

Note that (7, h,) is a solution to (4.14)). Then, we can also assume that 7, > 0 for all k. Let us
set

A= =0 = 10°(T*) = Oall) /s, and X} =0

for all k. Taking into account (#.24)), we can suppose that \; — Al. for some \! € R.

Let us set

Gy = V(T,h)cb(Tm hy) — )\;rlgv(T,h)(fS — |0k11(Tx) — ball) — Aiv(th)(Tk)—'

By hipothesis, Gy — 0 in R x L?(w x (0,+00)). But we also have G}, — G, with G, =
Vamd(Te, hi) = MV on) (0 — |0.(T%) — 04l]) — A2V (24 (T))—. Therefore, G, = 0 and (7%, h.)
is a solution to (#.14)) that, together with A! and \?, satisfies the KKT relations. a

The next algorithm is based on Augmented Lagrangian techniques, see for instance [[12]. We
start from the problem:

Minimize ¢(T’ h) — M (6 — [|6(T) — 6a])) — Ao(T — 5) + %((6 — I(T) = 6al)* + (T - 5)°)

Subject to (T, h) € R x L*(w x (0,+00)), s € Ry,
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or, equivalently,
{ Minimize ¢(7T', h; A1, Ag, 1)

Subject to (T, h) € R x L*(w x (0, +00)),

where we have introduced
- _ 1
(T, hs Ay Ao, 1) = (T, h) — Ai(0 — [|0(T) — Oall) + (175 Ao, ) + 5(5 — [16(T") — 04]])?

and )
T + —T% if T < ),
24

QO(T’ )\27 H’) = 1
—5)\3 otherwise.

ALG 8: Augmented Lagragian
(@) Choose p®, AV, A > 0, (T°, h%) with T° > 0 and h° € L*(w x (0,T7)) .

(b) Then for n > 0 with given u", AT, A5, (1, h™), we solve the unconstrained problem

{ Minimize ¢(T’, 7 A}, Ag; 4" 4.25)

Subject to (T, h) € R x L*(w x (0, +00)).

Again, we can use here various techniques, such as for instance Optimal Step Gradient or
Conjugate Gradient Methods.

(c) Then, we update A} and A\}:

—n+1

A=A+ 107 (1) = 04l = 0) /e,
= g — T
where 0" is the state associated to the previously computed solution (771, h"*1) to (#.23).

(d) Finally, we update u" by taking "™ = au™, with a < 1.
y p y g

Arguing as in [1]], it is possible to prove a convergence result for ALG 8 to a solution to (4.14),
provided some appropiate conditions are satisfied. This will be analyzed in detail in a forthcoming

paper.

4.4.3. Numerical experiments

This section is devoted to present the result of some numerical experiments for the solution
of @.13). We will employ ALG 6. The computations have benn performed with the FreeFem++
package (see [10]).
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We have tested ALG 6 for (4.13) with
§=007, b=100, Ty=5 T, =20, At=125 1u=120, u =160, Au=10.

The desired state is the solution at time 7" = 20 of the heat equation with initial data 0,y = 5
and control &~ = 0 . Our domain is an open disk €2 inside which we find the rectangle w (the control
domain), as can be seen in Figure

Figure 4.7: The spatial domain.

The numerical solutions of the state and adjoint state systems have been carried out with stan-
dard finite elements in space and finite differences in time. The mesh is displayed in Figure [4.8]
For each T', the p(T') that we can find solving [4.16] together with the identity ||6(T) — 6,4]| = 4 is
depicted in Figure #.9] Then, the functions in the left and the right of the first equality in (4.20)) are
displayed in Figure together with the solution 7,. The results appear in Figure to Figure
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Figure 4.8: The mesh.

CRITICAL 1 VS TIME
== um|

300

280

260

240

220

200

180

160

L L 1 L 1 L 1

15 20 26 30 35 40 45 50 55
VALUES OF T

Figure 4.9: The values of y that solve the equation ||0(T") — 64]| = 4.
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Figure 4.10: Minimal time 7, obtained with ALG 6 applied to {.13).

1
Finally, we present in Figuresand 4.11(the values of ||0(T")—0,4||—0 and —(6(T")—04,0:(T))
0

associated to various 7" and p.
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Capitulo 5

Theoretical and numerical local null
controllability of a quasi-linear parabolic
equation in dimensions 2 and 3

This chapter is devoted to the theoretical and numerical analysis of the null controllability
of a quasi-linear parabolic equation. First, we establish a local controllability result. The proof
relies on an appropriate inverse function argument. Then, we formulate an iterative algorithm for
the computation of the null control and we prove a convergence result. Finally, we illustrate the
analysis with some numerical experiments. It is based on [9], in collaboration with J. Limaco.

5.1. Introduction and preliminaries

In this work, we analyze the theoretical and numerical null controllability in spatial dimen-
sions 2 and 3 of the following PDE system

y — V- (a(y)Vy) = vl,, (z,t)€Q:=Qx(0,7),
y=0, (,t)€¥:=00x(0,T), (5.1)
y(z,0) =yo(x), z€Q.

Here, O C RY is a bounded connected open set (N < 3), w CC €2 is a nonempty open set (the
control domain), 1, € C§°(Q) satisfies 0 < 1, < 1in w and 1,, = 0 outside w and a € C3*(R)
possesses bounded derivatives of order < 3 and satisfies

O<m<a(r)<M VreR.

It will be said that (3.T) is (globally) null-controllable at time T if, for any yo € H3(<2), there
exists a control function v € L*(w x (0,7')) and an associated state satisfying

y(z,T) =0 in Q. (5.2)

On the other hand, it will be said that (5.1)) is locally null-controllable at time 7" if there exists £ > 0
such that, for any y, € H}(Q) with

1yollzy < e,

121



122 5.1. Introduction and preliminaries

there exists a control function v € L?(w x (0,T)) and an associated state satisfying (3.2).

Recently, important progress has been made in the controllability analysis of linear and semi-
linear PDEs. We refer to the works [[7,18,/13,|16] and the references therein. For the controllability
of equations with nonlocal terms, see [6]. For systems of the form in spatial dimension 1,
see [12].

Consequently, it is natural to try to extend the known results to equations like (5.1).

In this chapter, the first main result is the following:

Theorem 5.1.1. Under the previous assumptions on the coefficient a, there exists € > 0 such that,
ifyo € H*(Q) N HY(Q) and
[ollas < e,

the nonlinear system (5.1)) possesses a solution satisfying (5.2).

Note that, in this result, the initial data is assumed to belong and be small in H3(Q) N H} (Q).
This is more restrictive than the condition required for the definition of a locally null-controllable
system. As shown below, this is needed in the proof.

In order to prove Theorem[5.1.1] we will employ a technique relying on the so called Liusternik’s
Inverse Function Theorem, see [1]]. Since the nonlinear term appears in the main part of the partial
derivative operator, several nontrivial difficulties appear (among other things, we will have to work
with regular and small initial data).

Thus, in a first step, we consider the linearized system at zero

Yg — a(O)Ay = in + h(.fl?,t)7 (.%’,t) € Qa
y=0, (z,t)€, (5.3)
y(2,0) = yo(z), €.

It is well known that, under some appropriate assumptions on h, (5.3) is null-controllable. More
precisely, the adjoint of (5.3)) is given by

_Spt_a<O)A90:F($7t)a (fE,t) EQa
=0, (z,t)€X, (5.4)
o(x,T) = pr(z), z €,

where o7 € L*(2); the announced null controllability property is implied by a well known Carle-
man inequality that can be established for any solution to a system of the form (5.4).

In a second step, we rewrite the null controllability problem for (5.1]) as an equation in a well
chosen space of “admissible” state-control pairs:

H(y,v) = (0,%), (y,v) €Y. (5.5)

Then, we apply Liusternik’s Theorem and we deduce the (local) desired result. To this purpose, we
previously have to establish some nontrivial estimates for the null controls and the associated states

of (5.3).
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This work is also devoted to the computation of a null control for (5.1). This is not a simple
task; see [3-5|15] for some achievements concerning the numerical controllability of linear and
nonlinear PDEs. Here, we will argue as in [6,/12], taking advantage of the surjectivity of #'(0,0).

Thus, let Y be the Hilbert space where we can find a solution (y,v) to (5.3) (see in
Section |5.3| for the precise definition of Y'). We introduce the following iterative algorithm:

ALG 1:
1. Choose (3°,0%) € Y.

2. Then, for given n > 0 and (y™,v"™) € Y, compute

(y" o™ = (y™,0™) — H'(0,0) " H(H(y™, v™) — (0,10)). (5.6)

In these iterates, we use #'(0,0) !, which is by definition an inverse to the left of H'(0, 0); the
precise definitions of # and H'(0, 0) will be given in Section

Note that ALG 1 is an elementary quasi-Newton method and consequently has the following
property: the finite dimensional approximations of the iterates lead to a set of algebraic systems
whose coefficient matrices are always the same. This is very interesting and convenient from the
numerical viewpoint, since it allows to perform just one factorization at the beginning and then
compute quickly every (y"+1 v,

In our second main result, we prove the convergence of ALG 1 and we furnish some estimates:

Theorem 5.1.2. Let yo € H*(Q) N H} () be given with ||yo||ns < € (¢ is furnished by Theo-
rem . There exists r € (0, 1) such that, if (y°,v°) € Y and

H(y07U0) - (yuv)HY < K,
then the (y™,v"™) converge to (y,v) and satisfy
1™ 0™ ) = (g, 0)lly < 0ll(y", o) = (y,0)lly (5.7)
foralln > 0 for some 6 € (0,1).

Remark 1. A natural question is whether Theorems [5.1.1] and [5.1.2] also hold for similar systems
with PDEs of the form

y: — V- (a(z,t;y)Vy) = vl,,

that is, with a nonlinear diffusion coefficient nonhomogeneous in space and time. The answer is
yes, provided a : @ x R — R is regular enough. More precisely, if a = a(z,t;7) satisfies (for
instance)

0<m<alx,t;r) <M V(xtr)e@xR

and

= ’ - €ECP(@Q@xR) for 0<m<3, 1<i<N and n=0,1
m ? n
ar? arm ’ 8tnarm b - - ) - - ’ )

the arguments in Sections [5.2H5.4] can be easily adapted to this situation. O
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The chapter is organized as follows. Section [5.2]is devoted to recall some known results con-
cerning the null controllability of the linearized system (5.3). In Section [5.3] we prove the first
main result in this work (Theorem [5.1.1). Finally, Section [5.4] focuses on the proof of the second
main result (Theorem [5.1.2), the numerical computation of the (y",v™) and the presentation of the
results of some numerical experiments.

In the sequel, we will denote by C' a generic positive constant, usually depending on €2, w, T’
and sometimes the function a. Also, || - || and (-, -) will stand for the usual norm and scalar product
in L?(Q), respectively. Finally, we will use d;w to denote the partial derivative of w respect to ;.

5.2. Carleman inequalities and the null controllability of (5.3)

Let wp CC w be a non-empty open set. The following technical result, due to Fursikov
and Imanuvilov [|13]], is fundamental.

Lemma 5.2.1. There exists a function oy € C?(Q) satisfying:

(5.8)

ap(x) >0 Ve, woy(zr)=0 Ve dQ,
|[Vao(z)| >0 Vo eQ\ w.

Let m = m(t) be a function satisfying

me C=([0,T]), m > %2 in [0,7/2), m(t) =T —t) in [T/2,T];

here we can consider, for example,

T? T? 1 4
m(t) = VR @r-02 717 for ¢ € [0,T/2).
which satisfies the aforementioned properties.
Let us set rao() _ " Ao (2)
e ool Bz et — enool@
@D(l’,t) = T v /8($7t> = ( ) = )
tT —t) t(T —1t) (T —1t)
where « is as in Lemma5.2.1} R > |lag||z= + log(2), A > 0 and
e)xao(a:) a(l’) 6R>\ _ e)xao(a:)
t) == t) == =

The following result from [[13]] is well known:

Lemma 5.2.2. There exist positive constants N\, So and Cy only depending on ), w and T’ such
that, for any s > sq and X > Xy, any F' € L*(Q) and any pp € L?*(Q), the associated solution
to (5.4)) satisfies the Carleman estimate

S T (ol |0P) + X0Vl 5 ) ol

< Gy (// e 2P|\ F|? dx dt + // e 2P\ (59))?| | d dt).
Q wo X (0,7

(5.9)



Capitulo 5. Theoretical and numerical local null controllability of a quasi-linear parabolic
equation in dimensions 2 and 3 125

From now on, we fix s = sy and A = \y. The following result holds:

Proposition 1. There exist a positive constant C' only depending on ), w and T such that, for
any F € L*(Q) and any or € L*(R), the associated solution to (5.4) satisfies the Carleman
estimate

//Q e [ (|ouf + [Agl?) + BVl? + ¢Plol?] du di

<C (// e 2 | F|* dw dt +// e 23| da dt),
Q WQX(O,T)

Proof: We want to get an estimate of the following integral:

(5.10)

//Q e (67 (Ipuf? + |ApP2) + 6|Vl + 6*[l?] dodt.
First, we see that

//Q e [¢71 (|oul? + | Ap) + ¢V + ¢*|p|?] dadt
- // e [¢7" (ledl” + 18¢I7) + 6| Vl® + &l o] duv dt (5.11)
Qx(0,7/2)

+ // e 671 (Jou + |AP) + 6V el? + 6*|of?] da dt.
Qx(T/2,T)

The last integral is bounded by the right hand side of (5.10) (for some appropriate ') thanks to
Lemma|5.2.2)
Indeed, we have

// 20 67 (loul? + [Ap2) + SIVel? + &[] dodt
Qx(T/2,T)

B // e[0T (ler* + 18¢%) + 9I Vel + ¢°l¢f] dudt
Qx(T/2,T)

<C (// e™25P \F|2dmdt+// e—25%3|¢\2dxdt) :
Q on(O,T)

In view of the definitions of v and 3, one has e 2%® = ¢=2% for t € (T'/2,T); on the other hand,
for t € (0,7/2), the following holds: e~25% < 1 < Kye 2 for K, := €25 and K, := ¢8FNT”,
In a similar way, we also have e 2%y? < Ce™2%¢? in Q: one has e 2%y3 = 72543
for t € (T/2,T); also, there exist constants K> and K3 (only depending on €2, w and T") such
that e=25%9)3 < K, < Kze 2%¢3 for t € (0,7T/2).
As a consequence, we can bound the last two integrals above respectively by

C/e—2so¢|F|2 and C/ 6_28a¢3|§0|2
Q on(O,T)
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and our assertion follows.
On the other hand, in order to bound the first integral in the right hand side of (5.11)), we can

use energy estimates.
Indeed, by multiplying (5.4)) by ¢ and integrating in space and then in time in [t, s], with ¢ €
[0,7/2] and s € [T/2,3T/4], we can see that

1 1
Sl +a@ [ (VePdear= [ Fepdudo st Sllet o)l
2 Qx (t,5) Ox (t,5) 2
1
SC// |F\2dxd0+@// \Vol?dzdo + (-, 5|
Ox(0,3T/4) 2 Jaxs) 2

o £)]12 + a(0) // Vo2 dvdo < C // FPdedo + (- )%
Qx(0,7/2) Qx(0,37/4)

Now, integrating with respect to s in [1/2,37'/4] , one has

T
Tetol+ P [ (e dsdo
Qx(0,T/2)

< C// |F|2dxda+// lp|? dx do.
Qx(0,3T/4) Ox(T/2,3T/4)

On the other hand, by multiplying (5.4) by —A and integrating again in space and time, the
following holds:

1 1
SIIVe(-, 1)1 + a(0) // |Apl? dx do = // F(=Ayp)dzdo + Z||Ve(-, 9)]?,
2 Qx(t,5) Ox (t,5) 2

whence

VoGl +a0) [ aePdrdr e | RRdrde+ VGl
Qx(0,7/2) Qx(0,37/4)

and, as before, integration with respect to sin [T'/2,3T/4] yields

Divet.or+ P iappdedo
Qx(0,7/2) (5.13)

<C fox(o,gT/4) |F|2 dx do + fox(T/2,3T/4) |Vl dr do.
Finally, we note from (5.4)) that

and

(5.12)

—_

1
el < 518017 + SIFP (5.14)

[\]

From (5.12))- (5.14), we obtain:

// [[oel> + [Ap]> + [Vl + |p|?] drdt
Qx(0,7/2)

<C (// |F | dx dt+// [Vl + [o]?] do dt).
0% (0,3T/4) Qx(T/2,3T/4)
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Taking into account that o and ¢ are uniformly bounded from above and from below in {2 X
(0,37'/4), we can deduce from this inequality the required estimate.

Indeed, let us first note that « is bounded from above in §2 x (0,37'/4) by a constant K, (again
depending only on €2, w and T"). Consequently,

// F]2dedt < K // =259 P2 da dt,
Qx(0,3T/4) Q

where K5 := e?%4. On the other hand, we also have e?*/y)~! < Kj and €%y~ < K; in Q x
(T'/2,3T/4) for similar positive constants. Recalling Lemma 2.2 and arguing as above, we get:

I [Vl + 1] dodt
Qx(T/2,3T/4)
< Kg // ezsﬁwlm,p]?dxdt—l—lﬁ// e 2P3|p|? da dt
Q Q
<C (// e~ 2P \F\zda:dt+// e—25%3\¢\2dxdt)
Q on(O,T)
S C (// 6—28& |F|2 d{E dt + // 6—25a¢3|§0|2 dl’dt)
Q on(O,T)

Hence, the first integral in the right hand side of (5.11)) is also bounded by the right hand side
of (5.10).

This ends the proof. a

Let us introduce the weights

— — —3/2 — 5/2
p= esa, pP3 = esa¢ / y P i= e**m / )

7/2 9/2 (5.15)

11/2

pr = e*‘m py = e*‘m p11 = e**m

and the constants

Bx _ gMloollzes Rx _q

a; :=mina(z) =e ay :=maxa(z) =e
z€f) z€Q

It is then clear that 2a; > «» and the following inequalities hold:
6sa1/m(t) < esa(z,t) < esag/m(t) < 62sa1/m(t).
The main result in this section is the following. It relies on the null controllability of (5.3)), that
is of course well known. The estimates in this result are also known in the literature and have been

used with various purposes, although we believe that is is useful to recall them here, as well as their
proofs.

Theorem 5.2.3. Assume that the function h in (3.3) satisfies psh € L*(Q), pohy € L*(Q) and
h(-,0) € H(). Then (5:3) is null-controllable. In fact, for each yo € HJ (), there exist null
controls v with

prv € L*(0,T; H*(w)) N C°([0,T); H' (w)), (prv); € L*(w x (0,T)), v(-,0) € H(w) (5.16)
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and associated states vy satisfying (5.2). Furthermore, if yo € H>(Q)NHL(Q), the associated states
are such that

Ni(y) r—//[p2\y!2+p§|Vy\2+p?(\yt!2+!Ay!2)+p§!Vyt!2+p?1(\yn\2+\Ayt\2)] dx dt <400,
Q

Na(y)i= sup. / Pl P21 g2 | A 2) 22 [V 2] e < 40,
<t< Q
(5.17)

Proof: Let us introduce some notation:

= Ly:=y: —a(0)Ay, L*¢:=—¢ —a(0)Ay,

= PB={peC*Q): p=00n3}, 7(p.p):= // (P 2L L @ + laps @) dx dt,
Q

= P = the completion of P for the scalar product 7 (-, -).

w b(p) ::/Qyo(x)w(x,O) dx—l—//@h(:c,t)wdxdt.

Then, b is continuous linear form on the Hilbert space P (thanks to the Carleman inequal-

ity (5.10)).

From the results in [13]], we know that, for any y, € L?(f2) and any h with

J[ ik <+,
Q

there exist controls v € L*(w x (0,7')) and associated solutions to (5.3)) satisfying (5.2). The
couples (y,v) can be found by minimizing

// p2|y\2dxdt+// p3|v|* dx dt
Q wx(0,T)

in the family of the state-control pairs (y, v) with v € L*(w x (0,T')). Furthermore, we have

// |y|2dxdt—l—// . p3|v|2d:vdt<C' llyol|* + // p3|h|2dxdt
(0,
S el o+ 120 + ol vel] e < O (lanl? + ] piinf e i)

Accordingly, we can write

and

y=p L', v=—p3° 90|w><(0,T) , (5.18)

where ¢ is the unique solution to the linear problem

(o, ) =b(@) Vo e P, p € P.
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Let us set z := —p; 2. Then prz = pm™/%z = —p~'m!/2e3*% and, after some computations,
we see that
L*(p7z) — —p_1m1/263)‘a0L*g0
_at(p—1m1/2e3)\ao)w + 2v(p—1m1/263>\a0) Vo + A(p—1m1/2€3>\ao)go (5.19)

:J1+J2+2J3+J4-
In view of (5.18), one has:
[ Ji| < p~tm!2er 0 p?ly| < Cplyl. (5.20a)

Also, in view of the facts that m~* < Cm " if a < b and m’ is bounded and the definition of p, We
have that
| Jo| + [Ja| < Cp~tm=*2|y| (5.20b)

and
|Js] < Cp'm V2| V). (5.20c)

From the Carleman estimate (5.10) written for o and the fact that y = p~2L*¢, we get:

//Q PN (s0) |Vl ot + [ 572N (s0) ol dat

Q

g// p2|y|2dxdt+// p3lv]? dx dt < +o0,
Q wx(0,T)

// p_Qm_1|Vg0|2dxdt+// p2m 3 |p|? dr dt < +o0. (5.20d)
Q Q

From (5.202)-(5.20d), we deduce that J; + Jo + 2.J3 + J, € L*(Q). Consequently, taking into
account the PDE satisfied by p7z and the fact that (p72)(-,7") = 0, we see that

prz € L2(0,T3 HA()) N C([0,T); HY(Q), (pr2); € L*(Q). (5.21)

In particular, holds.
Notice that, up to now, we have only used that p3h € L*(Q) and yo € L*(2). In order to

get (5.17), we will establish several estimates:

whence

Estimates I: Multiplying (5.3) by p2y and integrating in 2, we have that

1d
S p?\ylgd:EJra(O)/p?\Vy\zdx

SC(/ pilv\zda:+/p§|h!2dx+/p2|y!2dm) +/p§!yl2da¢,
w Q 0 Q
due to |p1,] < Cp?, |V - (psVps)| < Cp? and pZ < Cp3. In view of Gronwall Lemma, we find that

sup [ oo+ [| 19y de i
0<t<T JQ Q

gc(// gl ara + [ p§|h12d:cdt+uyo|12).
wx(0,T) Q

(5.22)
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Now, multiplying (5.3)) by p2y; and integrating in €2, we see that

d
[ Ao+ a5 [ vy iz
Q Q

< c( [t [ geass | pzrwczx)
w (9] Q

due to |p7|* < Cp3, |pr(p7)e| < Cp? and |V pr|? < Cp3, whence using (5.22) one has

// paly|* dx dt + sup /p7|Vy|2dx
<C (// pg\v\zdxdt—l— // p3|h|? dx dt + HyoHH1> :
x(0,T)

In a similar way, multiplying (5.3) by —p2Ay and integrating in 2 x (0, T), the following is found:

sup /p?IVyIdeJr// pzlAyl? du dt
0<t<T Jo Q

<o(f[  apravas [] gneasds ).
wx(0,T) Q

Observe that, in order to get (5.23) and (5.24), we just need psh € L?(Q) and yo € H}(Q).

(5.23)

(5.24)

Estimates II: Let us assume that yo € H?(Q2) N H}(Q)). Differentiating with respect to time the
PDE in (5.3), one has .
Y — a(0)Ayy = vely, + hy. (5.25)

Multiplying by p3y; and integrating in €2, we now have
1d 20,12 2 2
5= | Polul” de +a(0) [ p5|Vuy|” da
2dt Jq O
= / Poyrvy d + / poyihy da + / popa,ily:|* dz + 2a(0) / PoVpy - Vyrye du.
w Q Q Q

Arguing as in Estimates I, we arrive at the estimate

1d

531 [ Ao a0) [ 9P da

SC(/pSIUtIdeJr/p?lhtl2dx+/p?|ytl2dw)-
w Q Q

2sa

Now, using that v = —p5>¢lux(.1) pap~* < Ce 2*m3 < Ce 2**¢~! and the weights are given

by (5.13), we can easily show that

1d
335 Al s+ a0) [ vy ds

SC(/ p3lvf*da +/ e 7 o] da +/ p2|hy|* dz +/ p?!yt\zdl’)-
w Q Q Q
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And, recalling (5.23)) and the inequality to ¢, we find that

sup /pﬁlyt|2dw+// po|Vy|* da dt
o<t<T Jo 0

<[ Aupasdcs [[ [+ Ane] o i)
wx (0,T) Q

In the same way, multiplying (5.3)) by —p?, Ay, and integrating in 2, we have:

a(0) d
/Qp?ﬂVytlzderQ—/prllﬁyIle’

= —/P%1Aytvd$—/ﬂ%1ﬁythdﬂf+/V(Pll'Vpll)\ytfz d$+a(0)/011(011)t\Ay\2
w Q Q Q

(5.26)

and

a(0) d
/p?1!Vytl2dw+—< )—/pilﬁylgdw
o 2 dt |,

<c( [ Bepdns [ e af dot [ o do+ ] do) + [ phlSgf d,
w Q Q Q
This gives

// V2 de dt 4+ sup / 2| Ayl de
0 0<t<T Ja

<o([[  pwrasas [ [+ gne] s )
wx(0,7) Q

Here, we have only needed p3h € L*(Q), prh; € L*(Q) and yo € H*(Q2) N HL (D).

(5.27)

Estimates ITI: Now, let us multiply (5.23)) by p?, . Then
d
[ sl o+ o) [ ot Vul?da
0 0
< [ duPds [ ot do [ [l o+ ) ds) + [ P s
w Q Q Q
whence we easily obtain
// Piilyul* dz + sup / PVl da
Q 0<t<T Jo

<c( [ duravdes [[ [+ gnk] dode+ i)
wx(0,7) Q

Finally, multiplying (5.23)) by —p?, Ay; and integrating in space and then in time, another esti-
mate is obtained:

sup /pfl\Vyt\deJr// P11 | Ay|* da dt
0<t<T J @ Q

<c( [ apPdvder [ (@ o) i+ o)
wx(0,T) Q

(5.28)

(5.29)



132 5.3. Proof of Theorem|5.1.1

Observe again that, in order to prove (5.28)) and (5.29), we have assumed that p3h € L*(Q),
prhe € L*(Q), h(-,0) € H} () and yo € H*(Q)NHE(). Obviously, these estimates imply (5.17).
This ends the proof. a

5.3. Proof of Theorem

In this section we will prove the local null controllability of the nonlinear system (5. I]).
Let Y, F' and Z be the following spaces of functions:

Y = {(y,v) :v,v, € L*(w x (0,7)), // (P2|ve]? + p3|v|?) dz dt < 400,
wx(0,T)
Y, azya Aya Y, aiyta Ayta Yt € LQ(Q): Nl(y) + NZ(y) < +OO,
// P2y, — a(0)Ay — vl |2 dr dt < 400,

(5.30a)
// p7|ytt 0)Ay;, — v,1,|* do dt < +o0,
(yt - G(O)Ay - vlw)(' ,0) € Hy(Q)},
Fim{ge 2@ [[ (Bl + Aol dede < +oo, o0.0) € H@}. (5300
Q
7 .=F x <H3(Q) N H&(Q)). (5.30¢)
We introduce the (natural) Hilbertian norms:
1w o) = Niy) + Noly // (20 + p3Jo?) o d
// P2y — a(0)Ay — vl |* dx dt
// P3|y — a(0) Ay, — 1, |* de dt
+ [o( )iy + 1y 0 Fs,
lgllz = //Q (p21g12 + p2lg0l?) do dt + lg(- )13
Let us consider the mapping H : Y — Z, with
H(y.v) = (v — V- (a(y) Vy) — vl y(-,0)). (5.31)

We will prove that there exists € > 0 such that, if (h,yy) € Z and ||(h, y0)||z < €, then the equation

H(y,v) = (h’y0)7 (y,U) S }/7
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possesses at least one solution. In particular, this will show that (5.1) is locally null controllable
and, furthermore, that the state-controls pairs that fulfill (5.2) can be found in Y.

We will apply the following version of Liusternik’s Inverse Mapping Theorem in infinite di-
mensional spaces, whose proof can be found for instance in [1]. In the following statement, B,.(0)
and B (&) are open balls respectively of radii r and ¢.

Theorem 5.3.1. Let Y and 7 be Banach spaces and let H : B,(0) C Y ~ Z be a C'-mapping.
Let us assume that the derivative H'(0) : Y — Z is onto and let us set §, = H(0). Then there exist
e >0, amapping W : B.(&§) C Z — Y and a constant K > 0 satisfying:

{ W(z) € B.(0) and H(W (2)) = z Vz € B.(&),
W)y < Kllz=H(0)llz vz € Be(&)-

Note that, in particular, IV is the inverse to the right of H. In order to show that Theorem
can be applied in this setting, we will use several lemmas:

Lemma 5.3.2. Let H : Y — Z be the mapping defined by (5.31)). Then H is well defined and

continuous.

Proof: For any (v, z) € Y, we have:
1y, )17

// p3lye — V- (a(y)Vy) — vl )* do dt

+ // P%[(yt — V- (a(y)Vy) — viw)t]Q de dt

= V- (@)Vy) = oL, 02 + (-, 0l
<2(// P2y — a(0)Ay — v, |2d:vdt+// p2( 0)Ay — v, )|2dxdt)
2 //Q A1V - ((aly) — a(0))Vy) dadt +2 // PV - (aly)Vy) - a(0)Ay),2da di
2] (31 — a(0)Ay — vL) (-, 0) [ + 211V - ((aly) — a(0))Vy)(- 0)|2
Iy, 0) 2

= 2[1 —|— 2[2 + 2[3 + 2[4 + 2[5 + [6'
From the definition of the space Y, since N;(y) < +o0 and y(-,0) € H?(12), one easily has
L+ 1L+ 1s < Cli(y, 0) I3 (5.32)

Let us analyze I». Since a is C'* and globally Lipschitz-continuous, one has:
L= [[ AV (@) - a) ) do de
Q

<c [[ AvFisyPasar v c [ g 539
@ Q
- C‘Sl + CSQ
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Since N < 3, we have H?(Q) — L>(Q) and H?*(Q2) — W*(Q) with continuous (and compact)

embeddings. Therefore, from (5.8) and (5.17), one has

5, < // 250/ m3) 2| Ay P da dt
< / e~ 2s02/myy (p7sup|yl2) (m/ IAyIde)
0

2
<C|{ sup P%HA?JH%%Q))
0<I<T

< Cll(y. v)lly-

T
So S/ e2sa2/mm3/ |Vy|*dx dt
0 Q

T
< [ e Ay,
0

and

2
<C ( sup P?HA?JHQH(Q))
0<t<T

< Cl(y,v)ly-
From (5.34) and (5.33)), we find that

I < C||(y, v)lly-

On the other hand,

Iy = [yfh\ (y)Vy) — a(0)Ay),|* dx dt

<4// p7\a ytAyIQd:cdt—i—ll// p7\ ))Ayt\zdxdt

+4// p2la” (y)y:|? |Vy|4dxdt+16// p212d' (y)VyVy,|? do dt
Q Q
=401 +4Ls +4L3 + 16L,.

For instance,

T
b= 0// Ply*| Ayl da dt < C / e>02/™ mP || Ay, |12 || Ay|22 dt
Q 0

<c ( [ dilsuf i dt) ( sup p§|\Ay||%2)
0 0<t<T

< Clly, )y
We also have Ly + Ly < C||(y,v)|ly and Ly < C||(y,v)]|$. Accordingly,

I < C(ll(y, 0y + Iy, v)[13)-

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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Finally,
Is < CIVy (-, Pl + ClAy(, 0)li,

< ClIVy (L 0z ly (- 0z + Clly(-, 01z, (5.40)
< Cliy, )y + Clity, )5

Thus, we get from (5.32), (5.39) and (5.40) that H : Y — Z is well defined and
[#H(y. 0)[IZ < Clity, )T+ I(y: 0)ll3)-
That H is continuous is easy to prove using similar arguments. O
Lemma 5.3.3. The mapping H : Y — Z is continuously differentiable.

Proof: The proof is very similar to the proof of Lemma 4.2 in [12]]. Proofs of the same kind can
also be found in [6}/10,/13]]. We will only sketch the main ideas.

Let us first check that H is G-differentiable at any (y,v) € Y and let us compute the G-
derivative H'(y, v). Thus, let us write H(y,v) = Hi(y,v) + Ha(y,v), with

Hi(y.v) = (=V - (ay)Vy),0), Ha(y,v):= (g — vis,y(-,0)).

Then, it is clear that both 7 and H are well defined and continuous. Furthermore, if (y, v), (y'v') €
Y and o > 0,

[Hl((ya U) + U(y/a U/)) - Hl(ya U)]
= L[ (aty + o)V + 0v)) = V- (alw)Vy)]
= —aly + o)Ay — (g + 0y)V(y + oy) — () V) - Vy

—% (aly +oy') — aly)) Ay.

1
o

Let us introduce the linear mapping D#H,(y,v) € L(Y; Z), with
DHi(y,v)(y',v') = =2a'(y)Vy - Vy' — aly) Ay’ — " ()Y |Vy|* — a'(y)y' Ay.

For any (y/,v') € Y, it is not difficult to see that

~[H((30) + oy, ) — Haly, )] = DHi (g, ), v)

strongly in F', as ¢ — 0. This shows that H; is G-differentiable at (y,v), with H}(y,v) =
DHl (y, U).

On the other hand, since 5 is linear continuous, it is also G-differentiable at any (y, v), with
Hi(y,v) = Ha.

Let us set H'(y,v) = DH;(y,v) + Hs for all (y,v) € Y. Then, H'(y,v) is the G-derivative of
H. Furthermore, since a € C3(R) and possesses bounded derivatives, arguing as in [12], it can be
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proved that the mapping (y,v) — H'(y,v) is continuous from Y to £(Y’; Z). In other words, we
can show that, (y™,v") — (y,v) in Y, one has

I(DH(y", v") = DH(y, v))(', )|z < enll(y/, o)y for some &, — 0.

The consequence is that 7 is not only GG-differentiable, but also F'-differentiable in the whole space
Y and its F'-derivative coincides with 7’ and is therefore continuous. a

Lemma 5.3.4. Let H be the mapping defined by (5.31). Then the bounded operator H'(0,0) : Y —
Z is onto.

Proof: First, note that
H'(0,0)(y, ") = (v, — a(0)Ay' —v'1,,y/(-,0)) VY(y,v') €Y.

Consequently, the assertion is equivalent to prove that, for every (h,yy) € Z, there exists a state-
control pair (y,v) € Y satisfying (5.3).

Nevertheless, the existence of a couple (y, v) with these properties is ensured by Theoremm
Thus, H'(0, 0) is surjective and the lemma holds. O

Taking into account Lemmas [5.3.2] [5.3.3] and [5.3.4] we deduce that Theorem [5.3.1] can be
applied in the context indicated at the beginning of the section, i.e. with Y, Z and H respectively

given by (5.30a)), (5.30c) and (5.31). Hence, Theorem [5.1.1]holds.

5.4. The convergence of ALG 1, approximations and experi-
ments

As we already said in Section[5.1] arguing as in [6,[12]], an elementary quasi-Newton algorithm
can be introduced for the computation of a solution to the null control problem. To this purpose,
we previously have to define an inverse H'(0, 0) ! to the linear operator H/(0, 0). This can be done
following the Fursikov-Imanuvilov method [13]].

The argument is the following. For any (h,yo) € Z a solution to in Y can be obtained by
solving the following extremal problem:

Minimize //p dexdt+// p2v|? da dt
v wxm st (5.41)

Subjectto v € L*(w x (0,T)), (y,v) satisfies (3.3).

It is known that (5.41)) possesses exactly one solution, given by

y=p L', v =—p3 Pluxor) s (5.42)

where p is the unique solution to the Lax-Milgram problem

= hp' dx d "(z.0)d
//Q P dud + / yol0)p'(z,0) dz .

Vp'e P, peP
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(recall the notation introduced in the proof of Theorem|5.2.3). Accordingly, we set H'(0,0)~*(h,y0) =

(y,v), with y and v respectively given by (5.42)) and (5.43).
Obviously, (5.43) is the weak formulation of the following boundary-value problem, that is

second-order in time and fourth-order in space:
L(p™L*p) + p3°ply = h(z, 1) (z,1) € Q,
p=0, p?2L*p=0 (z,t) €L
(P2 L*p)li=0 = yo(x), (p72Lp)li=r =0 2 €.

Let us recall the algorithm proposed in Section[5.1}

ALG 1:
1. Choose (y°,0°) € Y.

2. Then, for given n > 0 and (y™,v") € Y, compute
(y" o™ = (y™,0™) — H'(0,0) " (H(y™, v™) — (0, 10)). (5.44)
For each n, the task reduces to the solution of a problem of the kind (5.43) with
h=-=V-((a(0) —a(y")Vy")). (5.45)
The convergence of ALG 1 is established in Theorem [5.1.2] Let us give the proof.

Proof of Theorem First, note that for any initial (y°,v°) € Y/, the iterates in ALG 1 are well
defined. We will use a standard argument, appropriate for methods of this kind, that rely on the C"*
regularity of H; see for instance [2].

Thus, let us assume that ||yo||zs < € (¢ is furnished by Theorem[5.1.1)) and (y,v) € Y satisfies

H(y,v) = (0,y0); let us set Cy := ||H'(0,0) || z(zv) and let us assume that 0 < 6 < 1/(2Cy).
Since H is continuously differentiable, there exists 4 > 0 such that

@0) €Y, @)y <6= %53 —H(y.v)llerz < 0.

We will assume that ||(y, v)||y < ¢ and we will prove that there exists £ > 0 such that, if (y°,v°) €
Y and
I1(4° %) = (w,0)lly < 5, (5.46)

then the (y", v") satisfy (5.7).
Let s be such that, if

(g7@) S Y7 H(?ja@) - (y7U)HY < K,
then —
1#H(7,7) = H(y,v) = H'(y,v)((7,0) = (y,0))llz < 0)1(7,0) — (y,0)lly
and let us choose (y°,1%) € Y satisfying (5.46). Then, if we introduce e := (y",v") — (y, v), the
following holds:
et = e — Hl(oa 0)—1(H<yn7 Un) - H(y7 U))
- 7—[/(07 O)_l(H(yn7 Un) - %(y7 U) - Hl(:ga U>€n>
- Hl(oa O)_l(Hl(yu U) - Hl(ov 0))€n
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Therefore,
‘|€n+1HY S CHHH(yna Un) - H(y7 U) - Hl(y7 U)enHZ

+ Cu| M (y, v) = H'(0,0) | vz lle” ]y -

Since ||€°||y < &, this inequality for n = 0 yields
le*lly < 2CH0le°[ly
and, in particular, we also have ||e!|ly < k. By induction, we then see that
lelly < 2Cu0lle" Iy < -+ < (2CH0)" |||y

for all n > 1. This proves that e — 0 in Y and (5.7) holds with § = 2C'50. O

In order to solve numerically the problems (5.43), it suffices in principle to construct explicity
finite dimensional spaces P, C P. Note however that this is possible but needs a considerable
work. This is because the functions in P must satisfy L*p € L7 (Q). Thus, an approximation
based on a standard triangulation of () requires spaces P, of functions that must be globally C* in
all the variables and globally C'! in space. This construction can be complex and too expensive and
it is convenient to use instead a mixed formulation, as in [[11}/12].

Let us briefly indicate how this can be done. Let us introduce the new variables z = p~'L*p
and m = p3'p, the spaces Z := {(z,m) € L*(Q) x L*(Q) : (psm); € L*(Q), V(psm) €
L2(Q)N}and A == {\: pA € L*(Q), V(pA) € L*(Q)}, the bilinear forms

a((z,m), (2,m)) := // zz’dxdt—i—// mm’ dz dt,
Q wx(0,T)

B((z,m), \) == //Q [A(z + p”((pgm)t)) —V(p~'\) - V(pgm)] dx dt

and the linear form
(l,(z,m)) = // phmdwdt—l—/pg(x,O)yo(a:)m(a:,O) dx.
Q 0

It is not difficult to check that a(- , -), B(-, -) and £ are well defined and continuous, respectively, on
Z X Z,7 x \and Z.
Then, an appropriate mixed formulation of (5.43) is the following:

Find (z,m) € Z and X\ € A such that

{ a((z,m), (,m")) 4+ B((z',m'),\) = ({,(',m')) V(Z,m) e Z,

)
,N)=0 VN €A (5.47)

What we have to do is, consequently, to solve numerically (5.47) and then take

y=plz, v=—py' ml, om-
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Contrarily to P, it is not difficult to construct finite dimensional subspaces of Z and A. This leads to
“natural” mixed approximations and allows efficient and computationally reasonable computations.
Thus, let 7, be a triangulation of the cylinder @) = € x (0,7, and let us set

Z = {(zn,mn) € C°(Q) x C°(Q) = zn|re, mnlic € P1(K) VK € Ty,
znls =0, myls =0, zp(-,t) =my(-,t) =0fort € [T — h,T|}

and
Ap = {0 € CYUQ) : M|k €PI(K) YK € Ty, Mp(-,t) =0fort € [T —h,T]}
Then, we can approximate as follows:
Find (zp, my) € Z, and N\, € Ay, such that

{ a((zh7 mh)ﬂ (z;u m%)) + 6((2;17 m;z)u )‘h) = <£7 (Z;m m%)) V(Z;w m;z) € Zp,

B((memh); )\;7,) =0 V)\% € Ay. (5.48)

In the following sections, we present the results of some experiments.

5.4.1. A first test (Test 1)

The quasi-Newton method has been applied to the solution to the null controllability problem
for (5.1)) with the following data:

a N=20=(0,1) % (0,1),w = (0.2,0.8) x (0.2,0.8),T = 0.5.
m yo(x1,Te) = sin(mwzy) sin(mxs).
» a(s) = exp(—2exp(—0.3s)).

Note that, this choice of a has a sense. The function s — exp(—2exp(—0.3s)) can be viewed
as the density profile of an isolated population under some particular circumstances. Thus, we
can motivate our tests by the control of the spread of a desease in a related habitat, with diffusion
depending on the number of individuals.

At each step of ALG 1, the problem has been rewritten in the form (5.47). Then, the finite
element approximation (5.48)) has been introduced. The computations have been performed with
the FreeFem++ package; for a detailed description, see http://www.freefem.org//ff++
. In this and the other tests, the stopping criterion has been

n+l _ yn||L2

ly™*Hl 2

ly <.

where y" = p~12", 2" is (together with some m™ and \") the solution to (53.48)) and xk = 107°.
The mesh is displayed in Fig.


http://www.freefem.org//ff++
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Figure 5.1: The mesh. Number of vertices: 7425. Number of tetrahedrons: 38976.

Starting from (y°,v%) = H'(0,0)7(0,y0), convergence was reached after 11 iterates, see
Fig.[5.2] The initial state can be viewed in Fig. [5.3] The computed control and the associated

state are depicted in Figs.
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Figure 5.2: Evolution of the error at logarithmic scale for Test 1.
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Figure 5.3: The initial state yo = sin(7xy) - sin(7z,).
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Figure 5.4: The computed control and the associated state of Test 1 at ¢ = 0.1. Newton method.
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Figure 5.5: The computed control and the associated state of Test 1 at ¢ = 0.25.



Capitulo 5. Theoretical and numerical local null controllability of a quasi-linear parabolic
equation in dimensions 2 and 3 143

CONTROL
o

(a) Computed control (b) Associated state

Figure 5.6: The computed control and the associated state of Test 1 at¢ = 0.4.

CONTROL
LS

(a) Computed control (b) Associated state

Figure 5.7: The computed control and the associated state of Test 1 at 21 = 0.68.

The L? norms of the computed control and the state as functions of ¢ are displayed in Fig.|5.8
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CONTROL NORM VERSUS TIME STATE NORM VERSUS TIME
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Figure 5.8: Evolution in time of the L? norms of the control and the state for Test 1.
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Figure 5.9: Evolution of the error at logarithmic scale for Test 2.

5.4.2. A second test (Test 2)

In a second experiment, we have taken the same (2, w and 7" and we have fixed
n yo(z,y) = sin(mxy) sin(27xs).

» a(s) = ag(1+5-sin(50s)), with ag = 2.
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This time, starting from (y°,v%) = H/(0,0)7*(0, yo), convergence was reached after 33 iter-
ates (see Fig.[5.9). The initial state and the computed control and associated state are depicted in

Figs. 5-T05.13)
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Figure 5.10: The computed control and the associated state of Test 2 at ¢ = 0.1.
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Figure 5.11: The computed control and the associated state of Test 2 at ¢ = 0.25.
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Figure 5.12: The computed control and the associated state of Test 2 at ¢ = 0.4.

CONTROL

(a) Computed control (b) Associated state

Figure 5.13: The computed control and the associated state of Test 2 at x; = 0.68.

Finally, the evolution in time of the L? norms of the control and the state is depicted in Fig.|5.14
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CONTROL NORM VERSUS TIME STATE NORM VERSUS TIME

25

CONTROL
STATE
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Figure 5.14: Evolution in time of the L? norms of the control and the state for Test 2.

The results of these numerical experiments corroborate the analysis performed at the beginning
of Section[5.4] Thus, we conclude that the local null controllability problem for (5.1)) can be solved
theoretically and numerically. An interesting related open question is whether global controllability
can be established under appropriate assumptions on a.
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Capitulo 6

Approximation of null controls for
semilinear heat equations using a
least-squares approach

The null distributed controllability of the semilinear heat equation y; — Ay + ¢g(y) = f 1.,
assuming that ¢ satisfies the growth condition g(s)/(|s|log®?(1 + |s|)) — 0 as |s| — oo and that
g € L7 (R) has been obtained by Fernandez-Cara and Zuazua in 2000. The proof based on a fixed
point argument makes use of precise estimates of the observability constant for a linearized heat
equation. It does not provide however an explicit construction of a null control. Assuming that
g € W*>(R) for one s € (0, 1], we construct an explicit sequence converging strongly to a null
control for the solution of the semilinear equation. The method, based on a least-squares approach,
generalizes Newton type methods and guarantees the convergence whatever be the initial element
of the sequence. In particular, after a finite number of iterations, the convergence is super linear
with a rate equal to 1 4+ s. Numerical experiments in the one dimensional setting illustrate our

analysis. This chapter is based on the paper [17], in collaboration with A. Miinch and J. Lémoine.

6.1. Introduction

Let O C R% 1 < d < 3, be a bounded connected open set whose boundary OS2 is Lipschitz.
Let w be any non-empty open set of 2 and let 7 > 0. We note Qr = Q x (0,7"), gr = w x (0,T)
and X7 = 09 x (0,T). We are concerned with the null controllability problem for the following
semilinear heat equation

{yt—Ay+9(y)=f1w in Qr, 6.1)

y=0onXr, y(-,0)=1wugin 2,

where uy € L*(Q) is the initial state of y and f € L?*(qr) is a control function. We assume
moreover that the nonlinear function ¢ : R — R is, at least, locally Lipschitz-continuous. Follow-
ing [13]], we will also assume for simplicity that g satisfies

g ()| < C(1+|s|™) ae.,with 1 <m<1+4/d. (6.2)

151
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Under this condition, (6.1]) possesses exactly one local in time solution. Moreover, under the growth
condition
l9(s)] < C(1+ |slog(1 + [s])) Vs €R, (6.3)

the solutions to (6.1) are globally defined in [0, 7'] and one has
y € C°([0,T1; L*(Q)) N L*(0, T Ho (), (6.4)

see [3]. Recall that, without a growth condition of the kind (6.3)), the solutions to (6.1]) can blow up
before ¢ = T'; in general, the blow-up time depends on ¢ and the size of ||uo|| 2.

The system is said to be controllable at time T if, for any uy € L?(Q2) and any globally
defined bounded trajectory y* € C°([0,T]; L*(©2)) (corresponding to the data uf € L?*(2) and
f* € L?(qr)), there exist controls f € L*(qr) and associated states y that are again globally
defined in [0, 7'] and satisfy (6.4) and

y(x,T) =y*(z,T), z€Q. (6.5)

We refer to [5] for an overview of control problems in nonlinear situations. The uniform controlla-
bility strongly depends on the nonlinearity g. Fernandez-Cara and Zuazua proved in [13] that if g is
too “super-linear” at infinity, then, for some initial data, the control cannot compensate the blow-up
phenomenon occurring in Q\w:

Theorem 6.1.1 ( [13]]). There exist locally Lipschitz-continuous functions g with g(0) = 0 and
lg(s)] ~ [s[logP(1 +[s]) as |s| =00, p>2,
such that (6.1)) fails to be controllable for all T > 0.

On the other hand, Fernandez-Cara and Zuazua also proved that if p is small enough, then the
controllability holds true uniformly.

Theorem 6.1.2 ( [[13]). Let T > 0 be given. Assume that (6.1)) admits at least one solution y*,
globally defined in [0,T] and bounded in Q. Assume that g : R — R is locally Lipschitz-
continuous and satisfies (6.2)) and

9(s) 0

- as |s| — oo. 6.6
S log (L + |5 g (©0)

Then ([6.1)) is controllable at time T.

Therefore, if |g(s)| does not grow at infinity faster than |s|log?(1 + |s|) for any p < 3/2, then
is controllable. This result extends [9] obtaining the uniform controllability for any p < 1.
We also mention [ 1] which gives the same result assuming additional sign condition on g, namely
g(s)s > —C(1 + s?) for all s € R and some C' > 0. The problem remains open when g behaves
at infinity like |s|log”(1 + |s|) with 3/2 < p < 2. We mention however the recent work of Le
Balc’h [16]] where uniform controllability results are obtained for p < 2 assuming additional sign
conditions on g, notably that g(s) > 0 for s > 0 or g(s) < 0 for s < 0. This condition is not
satisfied for g(s) = —s logP(1 + |s|). Let us also mention [6] in the context of Theorem [6.1.1]
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where a positive boundary controllability result is proved for a specific class of initial and final data
and 7" large enough.

In the sequel, for simplicity, we shall assume that g(0) = 0 and that f* = 0,u§ = 0 so that
y* is the null trajectory. The proof given in [13] is based on a fixed point method. Precisely, it is
shown that the operator A : L>®°(Qr) — L*(Qr), where y, := Az is a null controlled solution of
the linear boundary value problem

{yZ,t_Ayz+yzg(Z):fz1w in Qr ~(8) ::{9<S)/3 s #0,
g

6.7
y.=0on Yy, u.(,0)=uy in Q’ "0) s=0, ©.7)

maps a closed ball B(0, M) C L*>°(Qr) into itself, for some M > 0. The Kakutani’s theorem
then provides the existence of at least one fixed point for the operator A, which is also a controlled
solution for (6.1)).

The main goal of this work is to determine an approximation of the controllability problem
associated to (6.1)), that is to construct an explicit sequence (fi)ren converging strongly toward a
null control for (6.1). A natural strategy is to take advantage of the method used in [[13,[16] and
consider the Picard iterates associated with the operator A: y..1 = A(yx), & > 0 initialized with
any element yo € B(0, M). The sequence of controls is then ( f;,)ren so that fr € L%(gr) is a null
control for y; solution of

—A + g —-1) = 1w i )
{yk,t Yk ykg(yk 1) fr in Qr 6.8)

yr =0o0n Xy, yi(-,0) =g in Q.

Numerical experiments for d = 1 reported in [11] exhibit the non convergence of the sequences
(yx )ken and (fx)gen for some initial conditions large enough. This phenomenon is related to the
fact that the operator A is a priori not contractant. We also refer to [2] where this strategy is
implemented. Still in the one dimensional case, a least-squares type approach, based on the mini-
mization over L*(Qr) of the functional R : L*(Qr) — R* defined by R(z) := ||z —A(2)|| 2@y is
introduced and analyzed in [[11]. Assuming that § € C'(R) and ¢’ € L>°(R), it is proved first that
R € C*(L*(Qr); R*) and secondly that, if ||ug|| 1 (q) is small enough, then any critical point for R
is a fixed point for A. Under this smallness assumption on the data, numerical experiments reported
in [11] display the convergence of minimizing sequences for 1 (based on a gradient method) and a
better behavior than the Picard iterates. The analysis of convergence is however not performed. As
is usual for nonlinear problems and considered in [11]], we may also employ a Newton type method
to find a zero of the mapping F': Y — IV defined by

F(y, f) = (g — Dy + g(y) = flu,y(-,0) —uo, y(- T)) Yy, f) €Y (6.9)
for some appropriate Hilbert spaces Y and W (see below). It is shown for d = 1 in [11] that,
if g € C*(R) and ¢ € L™(R), then F' € C'(Y; W) allowing to derive the Newton iterative
sequence: given (¥, fo) in Y, define the sequence (yx, fx)ren iteratively as follows (yxi1, fri1) =
(ks fr) — (Yi, Fx) where F}, is a control for Y}, solution of

Yie — AYi + ¢ (ye) Y = Fi Lo + Ykt — Ayr + 9(yr) — frlo, in  Qr,
Yk = 0, on ET, (610)
Y;C(’O) :Uo—yk("0)7 in
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such that Y, (-, T") = —yi(-,T) in Q. Once again, numerical experiments for d = 1 in [11] exhibits
the lack of convergence of the Newton method for large enough initial condition, for which the
solution ¥ is not close enough to the zero trajectory. As far as we know, the construction of a
convergent approximation (f)ren in the general case where the initial data to be controlled is
arbitrary in L?(2) remains an open issue. Still assuming that ¢’ € L*°(R) and in addition that
% < 00, we construct, for any initial data
ug € L*(Q), a strongly convergent sequence ( f;,)ren toward a control for (6.1). Moreover, after a
finite number of iterates related to the norm ||¢’|| L= (r), the convergence is super linear with a rate
equal to 1+ s. This is done (following and improving [21] devoted to a linear case) by 1ntr0ducmg a
quadratic functional which measures how a pair (y, f) € Y is close to a controlled solution for (6. 1]
and then by determining a particular minimizing sequence enjoying the announced property A
natural example of so-called error (or least-squares) functional is glven by E(y, f) := I (y, f) ||W

there exists one s in (0, 1] such that sup, yeg 44

to be minimized over Y. In view of controllability results for , the non-negative functional E
achieves its global minimum equal to zero for any control pair (y f ) €Y of (6.1} -

The paper is organized as follows. In Section [6.2] we first derive a controllability result for a
linearized heat equation with potential in L>(Qr) and source term in L*(0,T; H(£2)). Then, in
Section [6.3] we define the least-squares functional £ and the corresponding optimization problem
over the Hilbert space .A. We show that E is Gateaux-differentiable over A and that any
critical point (y, f) for E for which ¢'(y) belongs to L>°(Qr) is also a zero of F (see Proposition
[6.3.2). This is done by introducing a descent direction (Y'!, F*) for E(y, f) for which E'(y, f) -
(Y1, F1) is proportional to E(y, f). Then, assuming that the nonlinear function g is such that ¢’
belongs to W**>°(R) for one s in (0, 1], we determine a minimizing sequence based on (Y, F'!)
which converges strongly to a controlled pair for the semilinear heat equation (6.1I). Moreover,
we prove that after a finite number of iterates, the convergence enjoys a rate equal to 1 + s (see
Theorem [6.3.3] for s = 1 and Theorem [6.3.4] for s € (0,1)). We also emphasize that this least-
squares approach coincides with the damped Newton method one may use to find a zero of a
mapping similar to F mentioned above; we refer to Remark [8) This explains the convergence of
our approach with a super-linear rate. Section [6.4] gives some numerical illustrations of our result
in the one dimensional case and a nonlinear function g for which ¢’ € W1>(R). We conclude in
Section with some perspectives. As far as we know, the analysis of convergence presented in
this work, though some restrictive hypotheses on the nonlinear function g, is the first one in the
context of controllability for partial differential equations.

Along the text, we shall denote by || - ||« the usual norm in L>(R), (-, -) x the scalar product of
X (if X is a Hilbert space) and by (-, ) x,y the duality product between the spaces X and Y.

6.2. A controllability result for a linearized heat equation with
L*(H ') right hand side

We give in this section a controllability result for a linear heat equation with potential in
L>(Q7) and right hand side in L*(0,7; H'(2)). As this work concerns the null controllabil-
ity of parabolic equation, we shall make use of Carleman type weights introduced in this context
notably in [[14] (we also refer to [10] for a review). Here, we assume that such weights p, pg, p1
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and p, blow up as t — 7'~ and satisfy:

{ p=p(x,t), po = po(z,t), p1 = p1(x,t) and py = po(x,t) are continuous and > p, > 0in Qr
ps Pos p1, P2 € L(Qr—5) V6 > 0.
(6.11)
Precisely, we will take pg = (T'—t)*/?p, p1 = (T —t)p and py = (T —t)*/?p where p is defined
as follow

p(z,t) = exp (sﬁ(“f)), s> C(Q,w, T, |¢']l-0) (6.12)

0
1T —t sit>1T/4

with o) = {100 ST/ 8 = exp@Aml]l) — expOmll e +
372/16  si0<t<T/4

n°(z))), m > 1, n° € C(Q) satisfies n° > 0in 2, n° = 0 on IQ and |V7°| > 0in Q\w (see [10],
Lemma 1.2, p.1401).
In the next section, we shall make use the following controllability result.

Proposition 6.2.1. Assume A € L>(Qr), poB € L*(0,T; H1(Q)) and zy € L*(). Then there
exists a control v € L*(py, qr) such that the weak solution z of

z—Nz+Az=vl,+ B i‘n Qr, (6.13)
z=0o0nYr, z(-,0)=2z in$}
satisfies
2(+,7)=01in Q. (6.14)

Moreover, the unique control u which minimizes together with the corresponding solution z the

functional J : L*(p, Qr) x L*(po, qr) — R defined by J(z,v) := 3||pz||3- @n) + 21lpo v||L2 (ar)
satisfies the following estimate

10 2llz2(Qr) + [P0 vl L2(gr) < C(||P2B||L2(0,T;H1(Q)) + ||Zo||L2(Q)) (6.15)

for some constant C' = C(Q,w, T, || A||0)-
The controlled solution also satisfies, for some constant C = C(Q, w, T, ||Al|«), the estimate

o120 ms22(0)) + 101 V2 12(Qp )t < C(HPQ Bll20m1-1(2)) + ||20||L2(Q))- (6.16)

Proof:
Let us first set

Py={q€C*Qr) : ¢g=0o0nXr}.

(p,q)p :z// p‘szpL2q+// PP g
T qr

where L% q := —q — Aq + Ag, is a scalar product on F (see [12]). The completion P of F, for
the norm || - || p associated to this scalar product is a Hilbert space and the following result proved
in [[14]] holds.

The bilinear form
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Lemma 6.2.1. There exists C = C(Q,w, T, ||Al|s) > 0 such that one has the following Carleman
estimate, forallp € P :

// (7219812 + 3%Ip1?) < Clipll3- (6.17)

Remark 2. We denote by P (instead of P,) the completion of F, for the norm || - || p since P does
not depend on A (see [11]]).

Lemma 6.2.2. There exists C = C(Q,w, T, ||All) > 0 such that one has the following observ-
ability inequality, for all p € P :

Ip(- 0)[[ 20y < Cllpllp- (6.18)

Proof:
From the definition of po, p1 and po, P — H'(0,%; L*(Q)) < C([0, £]; L*(2)) where each
imbedding is continuous. The result follows from Lemma[6.2.1] O

Lemma 6.2.3. There exists p € P unique solution of

T
(p, Q)PZ/ZOQ(O)+/ (p2B, 03 ' @) -1 yxmi), Va4 € P. (6.19)
Q 0

This solution satisfies the following estimate :

Ipllp < C(sz Bl|20,r:m-10)) + ||Zo||L2<Q>)

where C' = C(Q,w, T, ||Alloc) >0

Proof:
The linear map L; : P — R, ¢ — fOT(pQB,pglq)Hfl(Q)XH&(Q) is continuous. Indeed, for all

qe P
T ) Y 1/2
‘/ (028,05 @) -1 (@) x (@ (< (/0 HPzBHH—l(m) (/0 1> q"H(%(Q))

and a.e. in (0,7) ||p;* q||H1(Q 105 |2 2y T IV(p2 )||%2(Q)d. But since py < T'pp a.e. tin
(0,7)
_ L.
195 qll720) < ﬁHpOIQH%Q(Q)’ a.e.t € (0,7).

Moreover Vﬂ( )
—1.N _ —1 Ao, 5 ~1
Vi(py q) =Vi(py )a+p; Vg T - t)mp "+, 'Vg
and thus, since p; < T2p, a.e. tin (0,7):

Svﬂ ) -1
H —pe’ 1

2
IV (03 ' Dl720 +pz ' Va7

L2(Q)d
< C(Q,w,T, [ANle) (lpo " allZ20) + o' VallZ2(q))-
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We then deduce that, a.e. in (0,7)

12 all3 @) < C(Qw, T [|Allso) (15 all 220y + T Vall72(ya)
and from the Carleman estimate (6.17)) that
T 1 1/2
([ lotaliye) ™ < coue Al lale
0
and therefore
T = T ) 1/2
| [ 2803 i sasmo| < €@ T AL [ Bl el
Thus L; is continuous.
From (6.18) we easily deduce that the linear map Ly : P — R, ¢ — [, 20¢(0) is continuous.

Using Riesz’s theorem, we conclude that there exists exactly one solution p € P of (6.19). a

Let us now introduce the convex set

C(z,T) = {(z,v) :pz € L*(Qr), pov € L*(qr), (2,v) solves (6.13)—(6.14) in the transposition sense}

that is (z, v) is solution of

T
// ZLZCI:// UQ+/ZOQ(0)+/ <BuQ>H*1(Q)><H3(Q)7 Vg € P.
Qr qr Q 0

Let us remark that if (z,v) € C(zo,T), thensince zg € L*(Q),v € L*(qr) and B € L*(0,T; H'(Q)),
z must coincide with the unique weak solution of (6.13)) associated to v.
We can now claim that C'(zp, T") is a non empty. Indeed we have :

Lemma 6.2.4. Let p € P defined in Lemma and (z,v) defined by
z=p?Lhp and v = —py>ple (6.20)

Then (z,v) € C(zy,T) and satisfies the following estimate

1P 2l L2@r) + lPo vl 22(gr) < C<||P2 Bl 20,051 (0)) + HZo||L2<Q)> (6.21)

where C' = C(Q,w, T, ||A]le) > 0.

Proof:

Let us prove that (z,v) belongs to C(zy,T). From the definition of P, pz € L*(Qr) and
pov € L?(gr) and from the definition of p, py, p2, 2 € L*(Q7) and v € L?(qr). In view of (6.19),
(z,v) is solution of

T
// ZLZQZ// UQ+/ZOQ(O)+/ (02B, 03 ' Q) -1 yxmy), Vg€ P (6.22)
QT qr Q 0
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that is, since from the definition of p,, B € L*(0,T; H'(f2)) and fOT<p2B, P2 Q) -1 )x @) =

fOT B, q) i-1(0)x Hi(0)> % 18 the solution of (6.13) associated to v in the transposition sense. Thus

Clz0,T) # 0. O

Let us now consider the following extremal problem, introduced by Fursikov and Imanuvilov
[14]

. 1 2 2
Miimize J(2,0) = 31210l ian = 5 P // A
Subject to (z,v) € C(z,T).

Then (z,v) — J(z,v) is clearly strictly convex and continuous on L?(p?; Q1) x L*(p3; qr). There-
fore (6.23)) possesses at most a unique solution in C'(29, T"). More precisely we have :

Proposition 6.2.2. (z,v) € C(2,T) defined in Lemma is the unique solution of .

Proof:
Let (y,w) € C(z,T). Since J is convex and differentiable on L?(p* Qr) x L?(p?; qr) we

have : Tyw) > T(e0) //Tsz(y —2)+ // pev(w —v)

— J(z,0) //QTL* —2) //

= J(z,v)

y being the solution of (6.13) associated to w in the transposition sense. Hence (z, v) solves (6.23).
To finish the proof of Proposition it suffices to prove that (z,v) satisfies the estimate

(6.16). Since z is a weak solution of associated to v, z € L*(0,T; H}(Q)) and 2, €

L2(0,T; H~1(£2)). Multiplying by p?z and integrating by part we obtain, a.e. ¢ in (0,7

1
5(2/ ‘Z|2P%_/ |Z|2015t/01+/P%|VZ|2+2/P1ZVP1'VZ+/p§Azz
Q Q Q Q Q

_ / votz + (B, p32) -y mpc)-

But 9,0, = —p — (T — t) sﬁ(g)( )p, so that

| / 22101
Q

Since Vp, = (T —t)Vp = (T — t) %/)Bp we have

< C(Q,0,T, | Allx) / p=|2.

’/plzvm -Vz
Q

<C(Q,w,T, HA||OO)(/Q|,01Vz‘2)1/2(/ﬂ|;02|2) /

The following estimates also hold

‘ / TAzz

< O(T, | All) / p=l2.
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1/2 /
[ ooz <2 ([ 1ow) ([ 102
w w Q

|<va%Z>H—1(Q)><H3(Q)| = \</)137/)12>H—1(9)xn3(9)| < HPlBHH—l(Q)||PlZ||Hg(Q)
< C(Qw, T, [|Al )02 Blla-1(0) (02 z20) + I21 V2] £2(0)0) -

S T1/2

vptz
w

and

Thus we easily obtain that

o [ A+ [ iIvF sO<Q,w,T,||A||oo>(||sz||z1<m+ [+ | |,00U|2)
Q Q Q w

and therefore, using (6.21), for all t € [0, 7] :

([a1P)or+ [ si9e < cm T 1ALe) (102 Bllsogia-son + Il

which gives (6.16]) and concludes the proof of Proposition[6.2.1]

6.3. The least-squares method and its analysis

For any s € [0, 1], we define the space
’ —d(b
W, = {g € C(R), g(0) =0, ¢ € L*(R), sup lg'ta) =g B) OO}
abeRasb | — bJ®

The case s = 0 reduces to Wy = {g € C(R), g(0) = 0, ¢ € L>*(R)} while the case s = 1
corresponds to W7 = {g € C(R), ¢(0) =0, ¢’ € L*(R),¢" € L>(R)}.

In the sequel, we shall assume that there exists one s € (0, 1] for which the nonlinear function
g belongs to ;. Remark that g € W for some s € [0, 1] satisfies hypotheses (6.2) and (6.6). We
shall also assume that ug € L?*(Q).

6.3.1. The least-squares method

We introduce the vectorial space Ay as follows

Ay = {<y7 f):py € L*(Qr), ;m Vy € L*(Qr)%, pof € L*(qr),

palo = By = 1) € 0T H(@), 5(,0) = 0in €, y = 0on 2y
(6.24)
where p, pa, p1 and pg are defined in (6.12)). Since L?(0,T; H~'(Q)) is also a Hilbert space, Ay
endowed with the following scalar product
(v, ), @ ) 4, = (P, 09), + (01Vy, 1VT), + (0] p0f ),

+ (P2 — Ay = F10) p2(T — AT = [ 10)) poo a1 (o)
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is a Hilbert space. The corresponding norm is || (v, f)||.4, = /((¥, ), (y, f)).4,- We also consider
the convex space

A= {(y, f)ipy € L*(Qr), p1 Vy € L*(Q1)%, pof € L*(qr),

p2<yt - Ay - f ]-w) S L2(07T7 H_I(Q))a y(ao) = U in Qa Yy = 0 on ET

(6.25)
so that we can write A = (7, f) + Ay for any element (7, f) € A. We endow A with the same
norm. Clearly, if (y, f) € A, theny € C([0,T]; L*(Q2)) and since py € L*(Qr), then y(-,T) = 0.
The null controllability requirement is therefore incorporated in the spaces A, and A.

For any fixed (7, f) € A, we can now consider the following extremal problem :

min E(G+vy, f+f 6.26
i G +y, f+ 1) (6.26)

where F : A — R is defined as follows

E(y, f) = % p2 (yt — Ay +g(y) — f1w>

2

(6.27)

L2(0,T;H-1(Q))
justifying the least-squares terminology we have used.

Let us remark that, if g € W, for one s > 0, then ¢ is Lipschitz and thus, since g(0) = 0, there
exists K > 0 such that |g(£)| < K|¢| for all ¢ € R. Consequently, pog(y) € L?*(Q7) (and then
p2g(y) € L2(0,T; H-1(Q)) since

129l z2(@r) = N(p20™ DP9 W)l z20r) = T = )09 (W)llz2@r) < T2 Koyl 200-

Since any g € W satisfies hypotheses (6.2) and (6.6)), the controllability result of Theorem
given in [13] implies the existence of at least one pair (y, f) € A such that E(y, f) = 0.
The extremal problem (6.26) admits therefore solutions. Conversely, any pair (y, f) € A for
which E(y, f) vanishes is a controlled pair of (6.1). In this sense, the functional E is a so-called
error functional which measures the deviation of (y, f) from being a solution of the underlying
nonlinear equation. We emphasize that the L?*(0,7; H~*(2)) norm in F indicates that we are
looking for weak solutions of the parabolic equation (6.1I). We refer to [19] where a similar so-
called weak least-squares method is employed to approximate the solutions of the unsteady Navier-
Stokes equation.

A practical way of taking a functional to its minimum is through some clever use of descent
directions, i.e the use of its derivative. In doing so, the presence of local minima is always some-
thing that may dramatically spoil the whole scheme. The unique structural property that discards
this possibility is the strict convexity of the functional . However, for nonlinear equation like
(6.1), one cannot expect this property to hold for the functional E. Nevertheless, we insist in that
one may construct a particular minimizing sequence which cannot converge except to a global
minimizer leading £ down to zero.

In order to construct such minimizing sequence, we look, for any (y, f) € A, for a pair
(Y1, F') € Ay solution of the following formulation

{ V' =AY '+ ¢ ()Y =F'1,+ (ys — Ay +g(y) — fl,) in Qr,

6.28
Y'=0o0n Xy, Y'(-,0)=0in . (628)
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Since (Y, F') € Ay, F' is a null control for Y'!. We have the following property.

Proposition 6.3.1. Let any (y, f) € A. There exists a pair (Y, F'') € Ay solution of which
satisfies the following estimate:

IV P4, < CVE(y. ) (6.29)
for some C = C(Q,w,T,|¢'||c) > 0.

Proof:

For all (y, f) € A we have ps(y; — Ay + g(y) — f1,,) € L*(0,T; H~1(Q2)). The existence of a
null control F'! is therefore given by Proposition m Choosing the control F'! which minimizes
together with the corresponding solution Y'! the functional .J defined in Proposition we get
the following estimate (since Y'(-,0) = 0)

Y 2@y + [00F [ 22(0r) < Cllpa(ye — Ay + g(y) — flo)llz20.0-1(0))

(6.30)
< CVE(y,f)
and
le YlHLoo(o,T;m(Q)) + levylHLQ(QT)d < CHpQ(yt — Ay + g(y) - flw)HL2(O,T;H—1(Q)) 6.31)

< CVE(y,f)

for some C' = C(Q,w, T, | g|ls) independent of Y, F'' and y. Eventually, from the equation
solved by Y1,

o2V, =AY — FU1,) || 20,11 @)
< o2’ W)Y N 2(0r) + llp2(ye — Ay + 9(y) — f L)l 20001 (@)
< T =025 W) lsollpY Ml 22 (@) + V2E(, f)
< max (1, [(T — )¢ lo) C/ E(y, f) 632)

which proves that (Y'!, F') belongs to Aj. O
Remark 3. From (6.28), z = y — Y'! is a null controlled solution satisfying

{%—A2+ﬂwZ=G—FUh—mw+d@w in Qr,

6.33
z=0on Xy, z(-,0)=uginQ (6.33)

by the control (f — F') € L%*(po, qr) == {f;pof € L*(q7)}.

Remark 4. We emphasize that the presence of a right hand side in (6.28)), namely y; — Ay +g(y) —
f 1., forces us to introduce from the beginning the weights pg, p1, p2 and p in the spaces A, and
A. This can be seen from the equality (6.19): since p; 'q belongs to L2(0, T; H*(2)) forall ¢ € P,
we need to impose that po B € L*(0,T; H~*(Q)) with here B =y, — Ay + g(y) — f 1.,. Working
with the linearized equation (introduced in [13]) which does not make appear an additional
right hand side, we may avoid the introduction of Carleman type weights. Actually, the authors
in (6.7) consider controls of minimal L*°(¢r) norm. Introduction of weights allows however the
characterization (6.19)), which is very convenient at the practical level. We refer to [12] where this
is discussed at length.
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The interest of the pair (Y, F'') € Ay lies in the following result.

Proposition 6.3.2. Let (y,f) € A and let (Y',F') € Ay be a solution of (6.28). Then the
derivative of E at the point (y, ) € A along the direction (Y, F') given by E'(y, f)- (Y1, F*') :=

E((y.))+n(Y! . FY))—E(y.f)
n

satisfies

E'(y, f)- (Y1, F') = 2E(y, f). (6.34)

limy, 50,0

Proof:
We preliminary check that for all (Y, F') € A, F is differentiable at the point (y, f) € A along
the direction (Y, F') € Ag. For all A € R, simple computations lead to the equality

E(y+ XY, f+AF) = E(y, ) + AE'(y, ) - (Y, F) + h((y, f), MY, F))
with

By, f)-(V,F) = (p2<yt—Ay+g<y>—f 1w>,p2<m—AY+g'<y>Y—F1w>) (6.35)
L2(0,T;H~1(2))

and

L2(0,T;H-1())
2

A
* ?HPQ(Yt —AY + ¢ ()Y — F L)l 7207019

+ (pz(yt — Ay +g(y) — f1s), p2l(y, AY))
L2(0,T;H-1(9))

1
+ §Hﬂ2l<ya AY') H%?(O,T;Hfl(m)

where I(y, \Y) = g(y + AY) — g(y) — A\d'(y)Y .
The application (Y, F') — E'(y, f) - (Y, F') is linear and continuous from A, to R as it satisfies

\E'(y, f) - (Y, F)]
< lp2(ye — Ay + 9(y) — f L) l2omm-—r@plle2(Ye — AY + ¢/ ()Y = F 1)l 20101 (@)

< V3E(y. f) (npz(n LAY — P 1) oo + ||p29'<y>Y||L2<QT>)
< V2E(y, f) (sz(Yt — AY = F1)|l20rm-1@) + (T =826 ()| 1= (@x) HpY“LQ(QT))
< V2E@, J) max(l, T t)mg’l\oo) 1Y, )

Similarly, for all A € R*

1
ISR, £ MY )] < (Aupm — AY +¢(®)Y = FL)ora-10) + vV2EW, f)
1 1
+ 5“/)25(% )\Y) HLQ(O,T;H—l(Q)) XHP%(?/, AY)HLQ(O,T;H—l(Q))

A
+ 5”02(}@ —AY +¢'(y)Y - F 1w>H%2(0,T;H*1(Q))'
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Since ¢’ € L*°(R) we have for a.e. (x,t) € Qr :

gy +\Y) — g(y)
)

1
P2l Uy, AY)| = p2 =g WY < 2||g'llsc|p2Y]

and p,Y € L*(Qr). Moreover, for a.e. (z,t) € Qr, p2|31(y, \Y)| = pﬂw —JdWY|—
0 as A — 0; it follows from the Lebesgue’s Theorem that

1
XHP2Z(CU> AY)||2(@r) — 0as A — 0.

It is now easy to see that

h((y, ), MY, F)) = o(})
and that the functional F is differentiable at the point (y, f) € A along the direction (Y, F') € Ay.
Eventually, the equality (6.34) follows from the definition of the pair (Y!, F'') given in (6.28). O

Remark that from the equality (6.33), the derivative E’(y, f) is independent of (Y, F'). We can

then define the norm || E'(y, f)l[(40) = SUD(y, e, (v,F)2(0,0) %ﬁ;f) associated to (Ap)’, the

set of the linear and continuous applications from A, to R.

Combining the equality (6.34)) and the inequality (6.29), we deduce the following estimates of
E(y, f) in term of the norm of E'(y, f).

Proposition 6.3.3. For any (y, f) € A, the inequalities holds true

Cr(,w, T, |9 o)1 B (ys H)llay < VE(, £) < Co(Qw, T, 119 loo) | E" (v, )] 4,
for some constants C', Cy > 0.

Proof:

(6:34) rewrites E(y, f) = 1E'(y, f) - (Y, F') where (Y'!, F') € Aj is solution of (6.28) and
therefore, with (6.29)

E(y, f) < 1‘|El<y7f)HA{)”(YlvFl)HAo < COQw, T 19l E'(y, Hllag vV E(y, f).

On the other hand, for all (Y, F') € A, (see the proof of Proposition|6.3.2)) :

[E'(y, f) - (Y, F)| < V2E(y, f) maX(L (T = t)l/zg'\loo) 1Y, F)]|ag

and thus
Cr(,w, T, g Nl E (y, F)llay, < v E(y, f)

([

In particular, any critical point (y, f) € A for E (i.e. for which E'(y, f) vanishes) is a zero
for E, a pair solution of the controllability problem. In other words, any sequence (Y, fx)k>0
satisfying || £’ (yx, fr)||(40y — 0 as k — oo is such that E(yy, fi) — 0 as k — oo. We insist that
this property does not imply the convexity of the functional £ (and a fortiori the strict convexity of



164 6.3. The least-squares method and its analysis

E, which actually does not hold here in view of the multiple zeros for £') but show that a minimizing
sequence for E can not be stuck in a local minimum. Far from the zeros of FE, in particular, when
|(y, f)]la — oo, the right hand side inequality indicates that £ tends to be convex. On the other
side, the left inequality indicates the functional £ is flat around its zero set. As a consequence,
gradient based minimizing sequences may achieve a very low rate of convergence (we refer to [21]]
and also [18] devoted to the Navier-Stokes equation where this phenomenon is observed).

6.3.2. A strongly converging minimizing sequence for &/

We now examine the convergence of an appropriate sequence (yy, fx) € ‘A. In this respect, we
observe that the equality shows that — (Y1, F'!) given by the solution of is a descent
direction for the functional £. Therefore, we can define at least formally, for any m > 1, a
minimizing sequence (Y, fx)ren as follows:

(y07 fO) € A7
(ykJrla fk+1) = (yka fk) - Ak(Yklv Fkl)’ k>0, (6.36)
A = argminepom B ((yx, fr) — MYy, Fy))

where (V}}, F}l) € Ay is such that F}} is a null control for Y}!, solution of

{ Vi =AY + ¢ (ye)Yy = Fily + (yke — Ay + 9(ur) — frlw) in Qr, 6.37)

Vi =0o0nYy, Y!(-,0)=0in

and minimizes the functional J defined in Proposition The direction Y, vanishes when F
vanishes.

We first perform the analysis assuming the non linear function g in W, notably that ¢"” €
L>(RR) (the derivatives here are in the sense of distribution). We first prove the following lemma.

Lemma 6.3.1. Assume g € Wy. Let (y, f) € Aand (Y, F') € Ay defined by (6.28). For any
A € Rand k € N, the following estimate holds

2
E(@J)—A(Y%Fl))sE(y,f>(|1—A|+A20<sz,w,T,||g'||oo>||g"||oo E(y,f>). (6.38)

Proof:
With g € W;, we write that

)\2
Uy, =AY = |g(y = AY") — g(y) + Ad' ()Y < 7Hg”||oo(Y1)2 (6.39)



Capitulo 6. Approximation of null controls for semilinear heat equations using a least-squares
approach 165

and obtain that
2E<(y7 f) - A(Ylv Fl))

p2(ye — Ay + g(y) — f 1) —

2
Apa (Y =AY + ¢/ (Y)Y = F L) + pal(y, —AY")

L2(0,T:H~1(2))
2

p2(1 =X (ye — Ay + g(y) — [ 1o) + pal(y, —AY")

L2(0,75H~1(2))

2
< <Hp2(1 - >‘> (yt - Ay + g(y) - f ]-w) HL2(O,T;H—1(Q)) + Hle(ya _AYI)HLQ(O,T;H—l(Q))>

\? 2
<2 (1= AVEGT) + 5l ol Pl e )
(6.40)

For d = 3 (similar estimates hold for d = 1 and d = 2), using the continuous embedding of
L%/5(2) into H~1(£2), we have:

o2 (Y 210 71y < Q02 (Y2120 7200750

T
<o) / 1Y 25y 1Y e
0
T
<o) / 1Y 1Y oo 1Y 22
0

T
<o) / 1Y 20 IV (oY) e[V g
0

From the definition of p and p; we have Vp; = ﬁﬁt/) p1 = sV8 p and therefore a.e. t in (0, 7))

)

IV (01 Y ) 2y < IV (00) Y r2g@)e + 11 VY | 120y
< OQ,w, T g [lso) 1Y M z2) + 1101 VY Ml 120

and thus

HIO2(Y1>2||2L2(0,T;H—1(Q)) <C(QwT, ||9/||oo)HPlYIH%oo(o,T;m(Q))||PY1||L2(QT)
< (1Y lz2@r) + 121 VY r2(gpya)-

Using (6.30) and (6.3 1)), we obtain
||p0(Y1)2||%2(0,T;H—1(Q)) < C(Qu W, T7 ||g/||OO)E(y7 f)27 (641)

from which we get (6.38).
Proceeding as in [20], we are now in position to prove the following convergence result for the

sequence (E(yk, fr))(k=0)-
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Proposition 6.3.4. Assume g € Wi. Let (yy, fx)ren be the sequence defined by (6.36). Then
E(yk, fr) — 0 as k — oo. Moreover, there exists ky € N such that the sequence (E(y, fi))k>k,
decays quadratically.

Proof:
We define the real function p;, as follows

pe(A) =11 = Al + XNer/Ey, fr)  where ¢y 1= C(Q,w, T, [|gll0) 19" |-

Lemma with (y, f) = (y, fr) allows to write that

iV EYrs1, fer1) < E(y, f)pe(), Yk >0 (6.42)

with pk():;g) i= miNye[o,m] Pr(A).

If 1/ E(yo, fo) < 1 (and thus ¢;+/ E(y, fr) < 1 for all £ € N) then

pr(\) = fﬂl&% pe(N) < pr(1) = v/ E(ys, fr)

and thus )
v E(Yrt1, fror1) < (01 E(yk,fk)) (6.43)

implying that ¢,/ E(yx, fr) — 0 as k — oo with a quadratic rate.
If now ¢/ E(yo, fo) > 1, we check that I := {k € N, ¢;\/E(y, fr) > 1} is a finite subset of
N. For all k£ € I, since c1+/ E(y, fx) > 1,

1 1
min A) = min A) = < >:1—
i o) = i ) = e =S der /By, )

and thus, forall & € I,

W E Wk, fr) = avEyk, fr) — (6.44)

v E(Yri1, fri1) < (1 - )
4 (yka fk:
This inequality implies that the sequence (ci1+/F(yk, fx))ren strictly decreases and then that the

sequence (pk()Tk)keN decreases as well. Thus the sequence (c1+/E(yk, fx))ren decreases to 0 at
least linearly and there exists ko € N such that for all & > ko, c1v/ E(yk, fr) < 1, thatis [ is a finite

subset of N. Arguing as in the first case, it follows that ¢;\/E(y, fx) — 0 as & — oco. In both
cases, remark that p; () decreases with respect to k. a

Remark 5. Writing from (6.44) that ci\/E(yk, fr) < civ/ E(yo, fo) — % for all £ such that

c1v/ E(yk, fr) > 1, we obtain that

o < Wlm_ 1+ 1J

where |z | denotes the integer part of z € R™.
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We also have the following convergence of the optimal sequence { A\ }~o-
Lemma 6.3.2. The sequence {\i. }r~o defined in converges to 1 as k — oc.

Proof:
In view of (6.40), we have, as long as E(yy, fx) > 0, since Ay € [0, m]

9 E(yk+17 fk+1) <p2 (yk,t + Ayk + g(yk) - fk 1w) ) p2l(yk7 )‘kakl)>L2(0,T;H71(Q))

11— = —2(1 =\
( ) E(yr, fr) ( ) E(Yk, fr)
2
B H:O2l(yka )\kYkl) ||L2(0,T;H—1(Q))
QE(yk)
E(Yrr1, frr1) 21— M) (P2 (it + Ay + 9(yr) — fr Lo) s pal (Y, M YD) £200m -1 ()
E(yk, fr) E(yk, fr)
E(Yrt1, frr1) VE Wi, fo) ll o2l (s MY 220,001 )
< I 49V 2m
E(yk, fr) E(yk, fr)
< E(Yrt1, frr1) +2\/§m”ﬂzl(yka)\kYkl)HLQ(O,T;H—l(Q))
E(yk7fk) E(yknfk)

But, from (6.39) and (6.4T])

)\2
|2l (Y MY L2003 -102)) < ﬁ 19" o P2 (Y )2 | L2 0,750 ()

< m?[|g"|C (T, Q. w, |9l o0) E (e, fr)

and thus B fon)
Yi+1, Jk
(1 - /\k)2 < —ohth AL + m2||g”||000(9’w’ T7 Hg/HOO) V E(ykn fk)
Consequently, since E(yy, fi) — 0 and % — 0, we deduce that (1 — \;)?* — 0. O

We are now in position to prove the following convergence result.

Theorem 6.3.3. Assume g € Wi. Let (yk, fi)ren be the sequence defined by (6.36). Then,
(ks fr)wen — (y, f) in A where f is a null control for y solution of (6.1). Moreover, the con-
vergence is quadratic after a finite number of iterates.

Proof:
Forallk € N, let Fj, = —r_ A, Fland Y = S0\, Y;L Let us prove that ((Yi, F)),
converge in Ay, i.e. that the series Y \,(F}, V,!) converges in Ay. Using that ||(Y}!, F})||4, <

n) - n

C/E(yx, fx) forall k € N (see (6.29)), we write
k k k
YAl E)llas < m Y NV EDlag < C Y VE W fo)-
n=0 n=0 n=0

But (\/E(yn, f"))keN and (pk();))keN are decreasing sequences so that

V E(ym fn) S pn(:\;> V E(yn—lp fn—l) S pO(;\VO) V E(yn—la fn—l) S pO(j‘:))n E(y07 fO)
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so that, since po()TO) <1:

k Yo )k
Z VEYn, fn) < v E(?Jo,fo)ﬂ < E(?Jo,fo);

1 —p(Xo) 1—p(ho)

We deduce that the series Y A, (Y,!, F}) is normally convergent and so convergent. Consequently,
there exists (Y, F') € Ap such that (Y}, Fi)ren converges to (Y, F') in A,.

Denoting y = yo + Y and f = fo + F, we then have that (yg, fx)ken = (Yo + Yk, fo + Fr)ken
converges to (y, f) in A.

It suffices now to verify that the limit (y, f) satisfies F(y, f) = 0. We write that (Y}, F}}) € Ag
and (v, fx) € A solve the

Ykl,t — A + g () Yy = Fly — (ke — Aye + g(ur) — frlo) in Qr, (6.45)
V!=0onYr, Y{!(-0)=0in. '

Using that (V}!, F}!) goes to zero in Ag as k — oo, we pass to the limit in (6.45) and get, since
g € Wi, that (y, f) € Asolves (6.1), that is E(y, f) = 0. 0

In particular, along the sequence (yi, fx)r defined by , we have the following coercivity
property for £, which confirms the strong convergence of the sequence (yx, fi)r>o0. In view of the
non uniqueness of the zeros of £, remark that this property is not true in general for all (y, f) in A.

Proposition 6.3.5. Let (yx, fx)r>o defined by and (3, f) its limit. Then, there exists a positive
constant C' such that

1@, ) = (e fu)lag < CVE(yr, fr),  Vk>0. (6.46)

Proof:
We write that

1@ ) = e fllaa = 11 Y AV Ella <m0 1Y, Fp) g

p=k+1 p=k+1

<m0 S B 1)

p=k+1

<mC Z po(xo)p_k E(yx, fr)

p=k+1

< mCMv E(yr, fr)-

1 —po(Xo)
(I
We emphasize, in view of the non uniqueness of the zeros of £, that an estimate (similar to
(6.46)) of the form ||(7, f) — (v, f)|la, < C/E(y, f) does not hold for all (y, f) € A. We also
mention the fact that the sequence (Y, fx)x>0 and its limits (7, f) are uniquely determined from
the initial guess (v, fo) and from our criterion of selection of the control F*. In other words, the
solution (7, f) is unique up to the element (1o, f;) and the functional .J.
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6.3.3. The case g € W, 0 < s < 1 and additional remarks

The results of the previous subsection devoted to the case s = 1 still hold if we assume only
that g € W, for one s € (0,1). For any g € W;, we introduce the notation Hg’”wsm(R) =
SUDq beR ast %. We have the following result.

Theorem 6.3.4. Assume that there exists s € (0,1) such that g € W,. Let (Yx, fx)ren be the
sequence defined by (6.36). Then, (yi, fx)ren — (y, f) in Awhere [ is a null control for y solution
of (6.1). Moreover, after a finite number of iterates, the rate of convergence is equal to 1 + s.

Proof:
We briefly sketch the proof, close to the proof of Theorem|[6.3.3|for the case s = 1.
-We first prove for any (y, f) € A and \ € R the following inequality (similar to the inequality

(©.38))

2

E((y, /) =AY, F')) < E(y. f) (Il — Al + A B(y, f)s/2> (6.47)

with ¢; = C(T,Q,w, [|9'lo) |9/ 7500 ) and (Y, F') € Ay the solution of (6.37) which mini-
mizes J. For any (z,y) € R?and \ € R we write g(z + A\y) — g(x fo yg' (z + &y)dE leading

to
A
9z + M) — g(2) — A (@] < / lly' (e + €9) — g'(2)|de

A g (z + &y) — ¢'(2)]
1+s s
< / e g

)\l—i-s

1+s

<N s @yl

It follows that

1+4+s
1y =) = Loty = V") = g5) + g )Y < 1 I oY
and
Hle(% )\YI)HLQ(O,T;H* Q) S HPQZ(% )\Yl)HL2(O,T;L6/5(Q))
)\1-{-5
< HQIHW&M(RH—HHpﬂ v 1+sHL? (0,T;L5/3(Q2))"
But

T T
Hp2|yl|1+SHi2(O,T;L6/5(Q) :/ Hp2|yl|1+sHi6/5Q S/ HpQYlHiS(Q)H|Y1|S||i2(§z)
< 10 L s 1
<@ [ 10 190 7

< AT 2 IV Y ) 2 el 17

C(@Q)|py

L2(Q1)? L (0,T;L25(Q))

HL2(QT)”v pY" ||L2(QT HY1||L°°OTL2(Q))'
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Since ||V(p1Y") || 22pa < C(Q,w, T, |9 ls) | 2Y I 2(0) + [0 VY || £2(02)2» We finally get

s < C(Qw, T, lg'lloo)lpY [l 22(@r)

X (I10Y 2 @r) + 101 VY 2 @ryt) 102 Y 173 0 2202y

||L2 0,T;L8/5())

The first inequality of (6.40)) then leads to (6.47).
- We then check that the sequence (E(y, f))ren goes to zero as k — oo. We define py as
follows

pr(\) = [1 = N + M Tc, E(yy, fi)*?

VE@i1, fie1) < VEe fo)pe(\), Yk >0

with pk(j\vk) = minyejo,m Pr(A). We have pk(xk) i= minyepom Pe(A) < pr(1) = a1 E(yk, fr)
and thus

so that
s/2

1+s s
oV E(yrs1, frer1) < (2 E(yk, fr)) -, Cy 1= C}/ :

If con/ E(yo, fo) < 1 (and thus cor/E(yk, fr) < 1 for all & € N) then the above inequal-
ity implies that co/E(yk, fx) — 0 as k& — oo. If can/E(yo, fo) > 1 thenlet I = {k €

N, co/E(yk, fr) > 1}. I is a finite subset of N; for all k € I, since cor/ E(yg, fr) > 1

i pi(3) = min p(Y) = i ! ) ’ !
min = min p =D = 1
actom Y o™ T PN (U ) oy /B, 1) (1+ )+ o /B, fr)

and thus, forall & € I,

oV E(Yri1; fer1) < (1—(1 +S)% m)@v Yk, fr) = \/E(Z/k,fk)—m

This inequality implies that the sequence (coy/ E(yk, fr))ren strictly decreases and then that the

sequence (py(A))ren decreases as well. Thus the sequence (co/E (g, /) )ren decreases to 0 at
least linearly and there exists kg € N such that for all k > ko, cor/ E(yg, fr) < 1, thatis I is a finite
subset of N. Similarly, the optimal parameter )\, goes to one as k — oo.
- Using that the sequence (E(yx, fx))ren goes to zero, we conclude exactly as in the proof of
Theorem [6.3.3] O
On the other hand, if we assume only that g belongs to W, then we can not expect the conver-
gence of the sequence (yx, fi)r>0 if ||¢']|o 18 too large.

Remark 6. Assume that g € W,. Let any (y, f) € A and (Y, F') the solution of (6.28) which
minimizes JJ. The following inequality holds :

E((y7 f) - )‘(Ylv Fl)) S E(y7 f) <|1 - /\l + )‘C(vav T7 ”g/HOO)”g/HOO)
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for all A € R where C'(Q,w, T, ||¢'||oc) > 0 increases with ||¢’||~. Indeed, this is a consequence of
the following inequality, for all (y, f) € A, (Y, F) € Ay :

2E((y, /) = MY, FY) < (sz(l =Ny = Ay +9) = F L) || 20 1)

2
+ ||p2l(y, AY'Y) HLQ(O,T;H*(Q)))
2
< (u CNNVZEG )+ 20T - t>1/29'<y>||mQT>||pY||L2<QT>) .

As a consequence, we get that the sequence (E'(yg, fx))r>0 decreases to 0 if g satisfies
C,w, T, |9 o) llg'lloe < 1.
a

Remark 7. The estimate (6.29) is a key point in the convergence analysis and is independent of the
choice of the functional J defined by J(Y!, F*) = 1||poF* H%%n) + %||pY||%2(QT) (see Proposition

6.2.1)) in order to select a pair (Y'!, F') in Ay. Thus, we may consider other weighted functionals,
for instance J (Y, F') = 3[|poF"[|72,,, as discussed in [22].

Remark 8. If we introduce F' : A — L*(0,T; H'(Q)) by F(y, f) := p *(y: — Ay + g(y) —
f1.), we get that E(y, f) = 3| F(y, f)H%P(O,T;H—l(Q)) and observe that, for \;, = 1, the algorithm
(6.36) coincides with the Newton algorithm associated to the mapping F'. This explains notably
the quadratic convergence of Theorem [6.3.3|in the case ¢ € W; for which we have a control of
g" in L*>(Qr). The optimization of the parameter \; allows to get a global convergence of the
algorithm and leads to the so-called damped Newton method (for /'). Under general hypothesis,
global convergence for this kind of method is achieved, with a linear rate (for instance; we refer
to [7, Theorem 8.7]). As far as we know, the analysis of damped type Newton methods for partial
differential equations has deserved very few attention in the literature. We mention [[19,23] in the
context of fluids mechanics.

Remark 9. Suppose to simplify that \; equals one (corresponding to the standard Newton method).
Then, for each k, the optimal pair (Y;!, F}) € Ag is such that the element (y1, fr+1) minimizes
over A the functional (z,v) — J(z — yx, v — fi). Instead, we may also select the pair (Y;!, F})
such that the element (41, fr+1) minimizes the functional (z,v) — J(z,v). This leads to the
following sequence {yy, fi }x defined by

Yes1t — Ayt + 6 (W) Ykt = frerlo + ¢ (ve)ur — 9(ye), in Qr,
Y = 0, on Yp. (6.48)

(Wr+1(50), Yrr14(-, 0)) = (uo, wa), in €.
This is actually the formulation used in [[11]]. This formulation is different and the analysis of

convergence (at least in the framework of our least-squares setting) is less direct because it is
necessary to have a control of the right hand side term ¢’ (yx)yx — 9(yx)-
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Remark 10. We emphasize that the explicit construction used here allows to recover the null con-
trollability property of (6.1) for nonlinearities g in W for one s € (0, 1]. We do not use a fixed
point argument as in [|13]]. On the other hand, the conditions we make on g are more restrictives that
in [13]]. Eventually, it is also important to remark these additional conditions on g does not imply a
priori a contraction property of the operator A introduced in [13] and mentioned in the introduction.
Assume g € Wi and let ' in L®(Qr), i = 1,2. If (y.:, f.i), ¢ = 1,2 are a controlled pair for the
system (6.7) minimizing the functional ./, then the following 1nequa11ty holds :

lpo(for = Fe)llz2an) + oY1 = y:2)llz20r) < C(Q,w, T, 1Glls) g e ol 2@ ll2" = 2%l 2 (01
(6.49)

where C(Q,w, T, ||g|ls) is the constant appearing in (6.13). In order to ensure a contraction prop-
erty, we need a priori to add a smallness assumption on the data g and wy.

6.4. Numerical illustrations

We illustrate in this section our results of convergence. We first provide some practical details
of the algorithm (6.36) then discussed some experiments in the one dimensional case.

6.4.1. Approximation - Algorithm

Each iterate of the algorithm (6.36) requires the determination of the null control of F}' for V!

solution of ) . )
}/k,t - Aykl + g/(yk)Yk = Fk L, + Bk:a in QT7

Y} =0, on Yr, (6.50)
YiH(-,0) =0, in
with By, := yr+ — Ay + g(yr) — fxle. From Lemma 4] the pair (F}!,Y;!) which minimizes the
functional J is given by

Ykl = P_QL;f(yk)pm Fkl = _:052191@ Loy
where p; € P solves the formulation

T
// P L Ph plL}(yk)ﬁJr// Po Dk Py D = / < p2Bi, p3'D > 10 mi(e) At VD € P.
q 0

! ! 6.51)
The numerical approximation of this variational formulation (of second order in time and fourth
order in space) has been discussed at length in [12]]. In order, first to avoid numerical instabili-
ties (due to the presence of exponential functions in the formulation), and second to make appear
explicitly the controlled solution, we introduce the new variables

my, = py ', 2p = p_lL*,( )Pk

Since p, 'p € L%(0,T; H}(S2)), we obtain notably that p; 'p = ,02 Ypom = (T—t)m € L*(0,T; HL()).
From (6.51)), the pair (my, 2;) € M x L*(Qr) with M := p; ' P solves

k) €
T
// 2r 2+ // My m = / < ,OQBk;, t)m >H—1(Q)7H(}(Q) dt V(m,%) eM x L2(QT)
Qr

(6.52)
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subject to the constraint z;, = p‘lL;,(yk)(pomk). This constraint leads to the following well-posed
mixed formulation : find (mg, zx, A\p) € M x L*(Qr) x L*(Qr) solution of

( //QTzszr//qukar//TAk<z—p—1L;,(y)(pom)>

T
= / < prk, (T — t)m >H—1(Q)7Hé(ﬂ) dt, V(m, 5) e M x L2(QT), (6.53)
0

// X(zk =P Ly (o m)) =0, Vie L*Qr).

The variable A, € L?(Q7) is a Lagrange multiplier. Moreover, from the unique solution (my, 2),
we get the explicit form of the controlled pair (Y3}, F}!) as follows:

Ykl = pilzkv Fkl = —Palmk Lgr

The algorithm associated to the sequence (Y, fx)r>o (see (6.36)) may be developed as follows:
givene > 0andm > 1,

I. We determine the controlled pair (yo, fy) which minimizes the functional .J associated to the
linear case (for which g = 0 in (6.1))). (o, fo) is given by

(Yo, fo) = (p™" 20, —pg 'm0 14y)

where (zg, mg) solves the formulation :

//TZ”/ ””“//T (Z‘f’ Lo Pom) //Po )uo T, 0),

V(m,z) € M x L*(Qr), (6.54)

5o inm) -0 e

In view of Proposition 6.2.1} we check that (yo, fy) belongs to A.

1. Assume now that (A, f3) is computed for some k& > 0. We then compute ¢;, € L*(0,T; H}(Q)),
unique solution of

T
Ve, - Ve = / < p2(Yrt — Ay + 9(Yk) — fr 10):C >p-10),H1(0) (6.55)
Qr 0
foralle € L*(0,T; H}()) and then
E(yx, fr) = %\Ipz(yk,t — Ay, + g(yx) — )”L2 0,T;H~ - %chkH%Q(QT)'

it If E(yx, fx) < e, the approximate controlled pair is given by (7, f) = (yk, fx) and the
algorithm stops. Otherwise, we determine the solution (Y,!, F}}) = (p~'zp, —py 'm 1y,
where (z, my) solves (6.53).
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V. Set (Yrst1, fer1) = (We, fr)—Me(Y)!, Fl) where \j, minimizes over [0, m] the scalar functional
A = By fy) — AV F})) defined by (see (30)

2B ((yr fr) = AV, )

p2(1 = X) (Yt — Ay + g(ye) — fi L) + pol (yr, —AY})

2

(6.56)

L2(0,T;H-1(Q))

with [(yg, —AY) = g(yx — AY}) — g(yr) + Ag' (yr) Y. The minimization is performed using
a line search method. Return to step 2.

We use the conformal space-time finite element method described in [12]. We consider a regular
family 7 = {T; h > 0} of triangulation of Q7 such that Q7 = Ugc7, K. The family 7 is indexed
by h = maxker, diam(K). The variable z;, and )\ are approximated with the space P, = {p;, €
C(Qr);pnlx € Pi(K),VK € T;} C L*(Qr) where P;(K) denotes the space of affine functions
both in z and t. The variable my, is approximated with the space V;, = {v;, € C*(Qr);vn|x €
P(K),YK € T,} € M where P(K) denotes the Hsieh-Clough-Tocher C* element (we refer
to [4]] page 356). These conformal approximation leads to a strong convergent approximation of
the control and the controlled solution with respect to the parameter /.

6.4.2. Experiments

We present some numerical experiments in the one dimensional setting with 2 = (0,1). The
control is located on w = (0.1,0.3). We consider 7" = 1/2; moreover, in order to reduce the
dissipation of the solution of when g = 0, we replace the term —Ay in by —vAy with
v > 0 small, here v = 10~!. We consider the nonlinear even function g as follows

g(s) = {l(s)’ s € [a.al 6.57)

— |s]* log™*(1 + [s]), |s| = a

with a,« € (0,1). [ denotes the (even) polynomial of order two such that [(0) = 0, l(a) =
—|a|*log®?(1 + |a|) and (—|s|*1log®*(1 + |s]))'(s = a) = I'(a). We use in the sequel the values
a = 107" and o = 0.95. We check that g belongs to W, in particular ¢” € L>(R) in the sense of
distribution. Remark as well that ¢ is sublinear.

As for the initial condition to be controlled, we consider simply u(z) = 3 sin(7x) parametrized
by 8 > 0.

The experiments are performed with the Freefem++ package developed at the Sorbonne uni-
versity (see [15]), very well-adapted to the space-time formulation we employ. The algorithm is
stopped when the value E(yy, fi) is less than € = 1075, The optimal steps )\ are searched in the
interval [0, 1].

Table [6.1] and collect some norms from the sequence (g, fx)r>0 defined by the al-
gorithm |i initialized with the linear controlled solution, for 3 = 10., 5 = 10? and 3 = 103
respectively. We use a structured mesh composed of 20 000 triangles, 10 201 vertices and for which
h ~ 1.11 x 1072, For 3 = 10, we observe the convergence after 4 iterates. The optimal steps )\, are
very close to one since maxy |\ — 1| < 0.05; consequently, the algorithm provides similar
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results than the Newton algorithm (for which )\, = 1 for all k). For 8 = 102, the convergence
remains fast and is reached after 8 iterates. We can observe that some optimal steps differ from
one since maxy, |\ — 1| > 0.4. Nevertheless, the Newton algorithm still converge after 17 iterates.
More interestingly, the value 3 = 10? illustrates the features and robustness of the algorithm: the
convergence is achieved after 19 iterates. Far away from a zero of [/, the variations of the error
functional E(yy, fi) are first quite slow, then increase to become very fast after 16 iterates, when
\i. is close to one. In contrast, for 5 = 10%., the Newton algorithm, still initialized with the linear
solution diverges (see Table @ As discussed in [[19], in that case, a continuation method with
respect to the parameter S may be combined with the Newton algorithm.

On the contrary, we mention that with these data, the sequences obtained from the algorithm
(6.8) based on the linearization introduced in [[13]], remain bounded but do not converge, including
for the value 8 = 10. The convergence is observed for instance with a larger size of the domain w,

for instance w = (0.2, 0.8) (see [11} section 4.2]).

Ilykfykfl ”LQ(QT)

[ fe—Fr—1 HL2(qT)

giterate k o112 @) Ife-1ll2(4p lyrllz | 1 fxll2qr 2E(yr) Ak
0 — — 4528 | 4.391 | 5.58 x 107! | 0.961
1 1.83 x 1072 1.28 x 1073 | 4.651 | 4.402 | 1.81 x 1073 | 0.996
2 4.45 x 1074 9.07 x 10™° | 4.661 | 4.403 |2.72x 1076 1.
3 1.12 x 107 3.74 x 1077 | 4662 | 4.404 | 4.88 x 107 1.
Table 6.1: 3 = 10. ; Results for the algorithm .
ﬂiterate i ||ylc_ylc—1HL2(QT) ||fk_fk—1||L2(qT) HkaQ kaH2 2E(yk) A
lye-1llL2(q ) I fr—1ll£2 g7 ar
0 — — 45.28 4391 |9.31 x 10! | 0.534
1 8.41 x 1071 1.23 x 1072 | 35.8908 | 38.76 | 1.12 x 10~! | 0.591
2 1.93 x 1071 2.91 x 1073 | 36.7302 | 38.92 | 3.40 x 1072 | 0.701
3 3.65 x 1072 1.01 x 10™* | 37.0919 | 39.12 |6.12x 1073 | 0.812
4 1.12 x 1072 2.69 x 107* | 37.2124 | 40.01 | 1.12 x 1073 | 0.881
5 3.23 x 1074 423 x 107° | 37.2426 | 40.04 | 2.13 x107* | 0.912
6 1.27 x 107 6.23 x 1076 | 37.2518 | 40.05 | 3.05 x 107° | 0.999
7 5.09 x 107¢ 812 x 1077 | 37.2520 | 40.05 |2.10 x 107 | 0.999
8 7.40 x 1078 8.21 x 107 | 37.2520 | 40.05 | 5.10 x 107? 1.

Table 6.2: 3 = 10% ; Results for the algorithm (6.36).
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fterate k| S tpeen | Sttt | gy | fllege | V2B | M
0 — — 452.80 | 439.18 | 9.809 x 10! | 0.4215
1 8.21 x 107! 6.00 x 10~ | 320.12 | 330.15 | 8.536 x 107! | 0.3919
2 6.19 x 107! 3.29 x 1072 | 324.02 | 334.12 | 8.012 x 107! | 0.1566
3 4.18 x 1071 1.37 x 1072 | 325.65 | 338.21 | 7.953 x 107! | 0.1767
4 3.11 x 1072 1.34 x 1072 | 326.11 | 340.12 | 7.851 x 107t | 0.0937
5 2.98 x 1072 5.85 x 1073 | 326.35 | 342.24 | 7.688 x 1072 | 0.0491
6 3.37 x 1072 7.00 x 1073 | 326.91 | 344.65 | 7.417 x 1072 | 0.1296
7 4.17 x 1072 9.69 x 1073 | 327.23 | 346.12 | 6.864 x 1072 | 0.1077
8 2.89 x 1072 8.09 x 1073 | 327.42 | 347.19 | 6.465 x 1072 | 0.0859
9 1.09 x 1072 6.40 x 1072 | 327.49 | 347.29 | 6.182 x 1072 | 0.0968
10 1.02 x 1072 6.72 x 1072 | 327.92 | 347.38 | 5.805 x 1072 | 0.1184
11 6.32 x 1073 6.91 x 1073 | 328.13 | 347.41 | 5.371 x 1072 | 0.1730
12 5.53 x 1073 741 x 1073 | 328.16 | 347.43 | 4.825 x 1072 | 0.2579
13 4.32 x 1073 8.22 x 1073 | 328.19 | 347.45 | 4.083 x 1072 | 0.3817
14 2.13x 1073 8.14 x 1073 | 328.21 | 347.48 | 3.164 x 1072 | 0.4946
15 3.57 x 1073 7.34 x 1072 | 328.22 | 347.50 | 2.207 x 1072 | 0.8294
16 1.01 x 1073 6.68 x 1072 | 328.25 | 347.51 | 1.174 x 1072 | 0.9845
17 5.68 x 1074 3.84 x 107* | 328.26 | 347.51 |2.191 x 10~ | 0.9999
18 2.14 x 1074 5.85 x 1075 | 328.26 | 347.52 | 4.674 x 107° 1.
19 3.21 x 107¢ 1.57 x 1077 | 328.27 | 347.52 | 5.843 x 1077 —
Table 6.3: 3 = 10? ; Results for the algorithm .
. ||1/k*yk71||L2(QT) ka*fk—1||L2(qT)

giterate k 20 T2 ) lurllz | [1fkll2.0r 2E(yr)

0 — — 452.80 | 439.18 | 9.809 x 1071

1 9.76 x 107! 1.05 330.21 | 334.15 | 9.812 x 107!

2 1.02 1.11 344.37 | 336.12 1.356

3 1.27 1.13 366.92 | 338.23 4.319

4 1.18 1.25 406.06 | 343.12 4.799

5 1.01 1.14 481.53 | 405.03 13.131

Table 6.4: 3 = 10? ; Results for the algorithm |i with A\, = 1 for all £.

6.5. Conclusions and perspectives

We have constructed an explicit sequence of functions ( f ), converging strongly in the L?(qr)
norm toward a null control for the semilinear heat equation y; — Ay+g(y) = f 1.. The construction
of the sequence is based on the minimization of a L*(0, T; H (1)) least-squares functional. The
use of a specific descent direction allows to achieve a global convergence (uniform with respect to
the data and to the initial guess) with a super-linear rate related to the regularity of the nonlinear
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function g. Experiment confirms the robustness of the approach. In this analysis, we have assumed
in particular that the derivative ¢’ of g is uniformly bounded in R. This allows to get a uniform
bound of the constant of the form C'(2,w, T, ||¢'(v)|l) appearing from the Carleman estimate
(6.17). In order to remove this assumption and be able to consider super-linear function g (as in the
seminal work [13]] by Fernandez-Cara and Zuazua, assuming that g is locally Lipschitz-continuous
and the asymptotic behavior (6.6))), we need to refine the analysis and exploit the structure of the
constant C'(Q,w, T, ||¢'(y)||z=) (as done in [8] for the observability constant). This may allow,
assuming the above hypotheses of [[13]], not only to recover the null controllability of (6.1]) but also,
to construct, within the algorithm (6.36)), approximations of null controls.

We also emphasize that this least-squares approach is very general and may be used to address
other PDEs. Following [|19] devoted to the direct problem, one may notably study the applicability
of the method to approximate controls for the Navier-Stokes system. We also mentioned the case
of nonlinear wave equation studied in [24]] making use of a fixed point strategy.
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