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ABSTRACT. In this paper, a nonlinear time-fractional Volterra equation with nonsingular Mittag-Leffler
kernel in Hilbert spaces is studied. By applying the properties of Mittag-Leffler functions and the method
of eigenvalue expansion, the existence of a mild solution of our problem is proved. The main tool to
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1. INTRODUCTION

During the last decades, fractional calculus has become a powerful tool with accurate and successful
results in modeling several complex phenomena in many various fields of science and engineering.

One of the branches of fractional calculus is the theory of fractional diffusion equations. Time-
fractional diffusion equations open up great opportunities to model challenging phenomena such as
long-range time memory or spatial interactions, nonlocal and local dynamics. For more details, see
[1,131 138, [40] and the references therein. One of the modern trends in fractional calculus is the development
of fractional operators with non-singular kernels. Studying new fractional derivatives with different
singular or nonsingular kernels is important in order to satisfy the need for applied modeling in various
fields, such as fluid mechanics, viscoelasticity, biology, physics and engineering [16] [17]. Some definitions
of fractional derivatives were given based on nonsingular kernels such as the Atangana—Baleanu fractional
derivatives.

Recently, many fractional models with non-singular kernel are receiving an increasing interest of many
researchers with some different research directions. The special fact of Atangana—Baleanu derivative
is that it possesses Mittag— Leffler function as its kernel, which is non-local as well as non-singular.
The importance of fractional derivatives with non-singular kernels are particularly oriented to models
of dissipative phenomena which cannot be adequately described by the classical fractional derivatives
11, 12| 13]. In [I9], the authors considered a new chaotic model in two fractional operators, that is,
the Caputo-Fabrizio derivative and the Atangana-Baleanu derivative. In [22], the authors considered a
comparison study of bank data with different fractional operators such as Caputo, Caputo—Fabrizio and
Atangana—Baleanu. They also proved that the results of the fractional Atangana—Baleanu operator is
more accurate and flexible. In [23], modeling the transmission of dengue infection is introduced by using
Caputo—Fabrizio (CF) and Atangana—Baleanu (AB) fractional derivatives. Until now, to the best of our
knowledge, the works on analysis existence and regularity for ODEs and PDEs with Atangana—Baleanu
derivative is very limited. In [I§], the authors show the existence of the Keller-Segel model with Caputo
and Atangana-Baleanu fractional derivative using fixed point theory. In [24], the fractional logistic model
concerned with Atangana—Baleanu fractional derivative is considered.

This paper studies time fractional Volterra integro-differential equation with nonlinear source as follows

t
Dz, t) + AP 2u(x, t) :/ R(t,7)F(u(x,7))dr, (z,t)€ (0,T) x Q, (1)
0
adressed with the Dirichlet boundary condition
u('7t)’39 =0, te (OvT)7 (2)

and the initial value condition

u(z,0) = ¢(x), x€Q, (3)
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where D¢ is the Atangana-Baleanu fractional derivative of order o in Caputo sense (see Definition )
Existence and regularity for fractional diffusion equations with Caputo derivative has also been studied
by several authors.

Regularity theory enables us to improve the smoothness and stability of solutions in various solution
spaces and this leads to efficient ways for numerical simulations. For fractional diffusion equations with
time fractional derivative in the sense of Caputo, Riemann-Liouville, etc, some authors developed and
obtained interesting results. Carvalho et al. [29] established a local theory of mild solutions where A is
a sectorial (nonpositive) operator. Guswanto [30] studied the existence and uniqueness of a local mild
solution to a class of initial value problems for nonlinear fractional evolution equations. Besides, The
existence, uniqueness and regularity of solutions are established in some previous works see, for instance,
[26] 27, [28].

As for semilinear Volterra integrodifferential equations with integer order derivative, we can list some
interesting works. In 1988, Heard and Rakin [31], considered the following Volterra integro-differential
equation

B+ Atyu(t) = [ R(t,7)F(u(r))dr, te (0,T),
_ 0 (4)
u(0) = up.

The authors studied in [32] the fractional Volterra integro-differential equation with -Hilfer fractional
derivative. In [33] it is proved the existence of solutions of certain kinds of nonlinear fractional integro-
differential equations in Banach spaces. Rashid and Qaderi [34], established the local and global existence
of mild solutions to a class of fractional integro-differential equations in an arbitrary Banach space.
Rashid and Al-Omari [35] studied the local and global existence of mild solutions to a class of fractional
semilinear impulsive Volterra type integro-differential evolution equations. In 2017, Gou and Li [30]
studied local and global existence of mild solution for an impulsive fractional functional integro differential
equation with non-compact semi-group in Banach spaces. Chen et al. [39] considered the following
fractional non-autonomous integro-differential evolution equation of Volterra type in Banach space

{ a%; + Au(t) = Jo R(t,7)F(u(r))dr + G(t,u(t)), te(0,T), (5)

where 0;* is the standard Caputo fractional time derivative of order 0 < a < 1. They first proved
the local existence of mild solutions for corresponding fractional non-autonomous integro-differential
evolution equation. Based on the local existence result and a piecewise extended method, they obtained
a blow-up alternative result. Our new results in this paper are described as follows

e Qur first goal is to establish the global existence for integro-differential evolution equation with
fractional derivative. To overcome some difficulties, we introduce some weighted Lebesgue spaces.
The key tool for our analysis here is the techniques on Kummer/hypergeometric function in
Garrido-Atienza et al. |2 Lemma 8]. Hence, we can overcome some challenge estimates and
obtain the global well-posed result.

e Next. the study on the regularity property for PDEs result in LP Sobolev spaces is interesting
and still an open direction. Until now, there are very few papers on LP regularity for fractional
evolution equation. As we know, regularity estimates for LP spaces are key ingredients to prove
the existence and uniqueness of very weak solutions of some classes of elliptic equations. The
second new result in the present paper is to investigate the weighted LP estimate for the mild
solution when the initial datum ¢ belongs to L? Sobolev space. To our knowledge, there are no
previous results of this type for fractional diffusion with Atangana-Baleanu fractional derivative.
The proof of our results is based on the Sobolev embedding theorems and some fixed point
theorems.

The content of our paper is organized as follows. In Section 2, we recall some notation, definitions,
and preliminary results regarding the solution representation and establish a definition of mild solution.
In Section 3, we prove the well-posedness of a nonlinear time-fractional Volterra equation with the
Atangana-Baleanu fractional derivative. In Section 4, we discuss an application of our main results to
an initial value problem for a time-space Volterra equation.

2. PRELIMINARIES

We will recall in this section some notation, definitions, and preliminary results concerning the solution
representation and establish an appropriate definition of mild solution. We will structure the section in
several subsections for more clarity.



2.1. ODEs with the Atangana-Baleanu fractional derivative in Caputo’s sense. Let us first
recall the following definition.

Definition 2.1. For ¢ € H'(0,T), its Atangana-Baleanu fractional derivative in Caputo’s sense of order
« is given by

t
Deg(t) = 2= [ 220

G ), “or Eui1(=Aa(t —71)%)dr, (6)

where @ = 1 — a, wy = @+ a(l'(a))7!, and A\, = & ta.

Next we recall the following result.

Lemma 2.2. Solutions of the initial value problem

DEf(t) +wf(t) = G(f(t), t€(0,T), f(0) = fo, (7)

are given by

)= (=)o + S0 GUE) + 1 [ (¢ = 1) Bual=lt = 7))G ()

where the numbers n, p, and p are formulated as

We ak We — O a
n+ np-.
Wa

n:wa—&—&fi p:wa—&—a/i’ p= Wey

Proof. This type of fractional differential equation involving the fractional-time derivative with nonsin-
gular Mittag-Leffler kernel has been solved in [9] by the means of Laplace transform. (I

For more details of Caputo fractional time-derivative and the fractional time derivative with nonlocal
and nonsingular Mittag-Leffler kernel, we refer to recent interesting papers [42] 43}, [44].

2.2. Kummer/hypergeometric function. Using the factor e=™ with large enough number m > 0

plays an important role in establishing the global well-posedness. This makes the appearance of the
so-called Kummer function or hypergeometric function, which is defined by

_Te /1(1 —r)brerlrelemTgr hb>a >0, meC
L(b—a)l(a) Jo 7 | |

A nice property of this function on its asymptotic behavior is the following:

KC(a,b,m) = T(B)(D(a)) " ™m0~ (1 10 (W{L')) ,

as can be seen in Garrido-Atienza et al. [2) Lemma 8]. For each ¢ > 0, the above property can be scaled
from the interval (0,1) to (0,¢) by using a simple substitution. For m > 0, it may be checked that

/t(t _ T)a—lTb—lem‘rdT _ 2fa—&-b—l /t(l _ T)a—l b—1 mtTdT
0

= ¢otb= 1F(( )+(b))lc(b a+ b,mt)

e o)
= th=2p e mtr(a)(t+o( )) (®)

More details of this function can be found in [§].

K(a,b,m) :=

2.3. Solution representation. In this paper, we consider the symmetric uniformly elliptic operator

Az HY(Q)NHY(Q) C L(Q) — L2(Q) defined by Ap(x) = — SN | 2 (z;V: ) Aij(x)%ga(ﬂc))—i-b(x)go(x).

Here, we suppose that A;; = Aﬂ, 1 < 4,7 < N and there exists a constant A > 0 such that for all

(£1,&,...,6N) € RY and Azl &< ZKW«V A (x)&:€,, for © € QU 0. Suppose, furthermore, that

Aij € CHQUON), b e C(QUINYRT). Then, the spectrum and the corresponding eigenvectors of A are

given by 0 < A\; < Xg < ... <\, /oo and by, by, ..., by, ... C H*(Q) N HY(Q). Note that {b,} forms an
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orthonormal basis of L?(€). In order to find a formula for solutions, we firstly write equation of in
the n-th dimension as follows

D?un(t)—k)\gmun(t):/tR(tJ)Fn(u(-,T))dﬂ te(0,7),
0

which is equipped with the initial value condition u,(0) = ¢,,. By applying Lemma solutions of the
above system of ODEs are given by

77777,/ R(t,T) ,T))AT + N B, 1 (= pnt™)Pn

. /0 /0 (t =) R(t', 7) Eaa(=pu(t =) Fn(ul-, 7))drdt’, 9)

where the numbers 7,,, p,, and u, are formulated by

w a)\ﬁ/2 We — Q a
M = —_— Pn = ———_ 35750 Mn= = Mn + ——TInPn- (10)
we + &)\5/2 we + a)\B/Q Wa

Tuan, should we define F,?7
Let us recall the following relationship between the Mittag-Leffler functions E, 1, E, o and the natural
exponential function, see e.g. Section 2 in [I],

Ea,l(_pnta):/ P (y) exp (—yt®pn)dy, Ea,a(—pnta)za/ y®a(y) exp (—yt*pn)dy,
0 0

where ®,, denotes the Wright type function introduced by Mainardi in [41]

oo n

o) =2 o iy YeC

j=0

This function is an entire function on C. The following classical result provides some essential relations
used in this paper to obtain the main estimates.

Proposition 2.1. For « € (0,1) and 8 > —1. Then the following properties hold:

o r@+1)
d,(y) > > 0%, = —1. 11
)20 =0 and [y 8wy = A W0 (1)
This follows from @[) that
~ t (e%e]
unt) =2 [ R r)dr + [ B ndy
[e% 0 0
t t o] e
+ iy, / / / y®o (y)(t — )R, 7)e V=) B (u(-, 7)) dydrdt, (12)
0 0 0

where @, is the Mainardi function or a particular Wright function, see e.g. [3,[4]. Now, let us define the
following operators

oo o0 o0

Byp = angonbm By == Zﬁn@nbm By = Z,U/n(pnbn-

j=1 j=1 j=1

Then, it follows from that
u(@,?) wa/ R(t, 7)By F (u(, 7))d7-+/0 (I)a(y)eiytagpgnﬁﬁ(x)dy

+a / / / Y@, (y)(t — )R, 7)e VB B F(u(x, 7))dydrdt'. (13)

Definition 2.3. If a function u in LP(0,T; L%(f2)) with some suitable numbers p > 1, ¢ > 1 satisfies
Equation (13, then it is called a mild solution of Problem ([I)-(3).
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3. GLOBAL EXISTENCE ON WEIGHTED LEBESGUE SPACE

3.1. Fractional power operators and the solution spaces. Firstly, we recall some literature on
fractional power operators. Then, we present some useful functional spaces where the solution space will
be mentioned. For each number s > 0, we define

X*(Q) := {ap = Z Onbn € L*( Z OENS < oo} On = /Q p(z)by ()dz.
n=1

Let us denote by H*(Q2) the Sobolev-Slobodecki space W#?(Q) when p = 2, and by H§ () the closure
of C°(02) in H*(2). Through out of this paper, D is assumed to be smooth enough such that C2°(Q)
is dense in H*() for 0 < s < 1. This guarantees Hg(2) = H*(2). Moreover, it is well-known that

HE(Q), for 0 <s < 3,
1/2 1/2
X*(@) = Ho* () G Hy*(Q),  fors =1,
( )7 fOI‘%<s§1’
H}(Q) N H(Q), for 1 < s <2,

where we denote by Hy/ o2(Q) the Lions-Magenes space. Let X~(Q) be the duality of X* which corre-
sponds to the dual inner product (-, ')75,5- Then, the operator A* : X5(2) — X~%v of fractional powers
s can be defined by A%p := > | 85 (¢n,bn)_, ,¢n, Vv € X°. The above settings can be found in
I5] (Section 3), [6] (Section 2), [7] (Section 2) and therein. In the next lemmas, we present some useful
embeddings between the spaces mentioned above.

Lemma 3.1. Let 0 < s < §' < 2 and let H*(Q) be the dual space of H5(Q). Then the following
embeddings hold

X5(Q) — L*(2) — X7%(Q), (14)
and
X5 (Q) — X5(Q) — H?(Q) — L2(Q) — H*(Q) — X*(Q) — X~ (Q). (15)
Lemma 3.2. Given 1 <p,q<o00,0<s<s <oo ands — g >s— %. Then, there holds that
WP () < WHP(Q). (16)
Let us denote the following sets by
N N 2N
T= ;p) s = — < T = ;p):0< — <p<
ON {(s,p) s 271p<oo},(92 {(s,p) 05<2,1pN_2S},
N N N 2N
+ — : — —_ - T o= . —_— < >
03 {(5,9) s>2,9 s 2},(9 {(s,p) 5 <5< Op_N—2s}
As a consequence of the above lemma, we deduce that: H*(Q) < LP(Q) for (s,p) € OFf U OF, and
H*(Q) — C%(QuUoN) for (s,p) € OF. In contrast, LP(Q) < H*(Q) for (s;p) € O~. These combine

with the chain to allow the following lemma.

Lemma 3.3. a) There hold that X*(2) < LP(Q), (s;p) € O1UO,, and X*(2) — C*9(QuIN), (s;p) €
Os. Moreover,

(@) 5 X(Q), (ssp) €O (17)

According to Definition the solution space should be LP(0,T; L?(Q2)). In fact, since the purpose
of the present paper is to investigate the global existence of mild solutions, it is necessary to narrow
where we search for solutions. This is the rationale for introducing the so-called weight Lebesgue space

LP7#(0,T; L1(Q2)). For given numbers p,q > 1, v > 0, z > 0, this is the space containing all functions
p € LP(0,T; L)) such that

LPY#(0,T; LYQ)) = {tp € LP(0,T; L1 Q). [[7e™* |l Lo 0,1;20(02)) < OO} (18)
with the corresponding norm

el Loz 0,509 = [1E7€™* @l Le0,7;09(0)) (19)
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3.2. Global existence assertion with globally Lipschitz nonlinearity. Our goal in this part is to
establish the global existence of a mild solution of Problem —. The following assumption will be
needed throughout the paper:

(AS)| N >2,1<p<2, and q > 2 such that = <q<N25;
(AF) | Let r be satisfied 0 < r < 5 — (— - —) Suppose that the function F : X°(Q) — X~7(Q2)
satisfying

1E(h) = F(h2)lly— ) < Krllhn = hallyoq), (20)

for all hy, ho € X°(Q). Assume, furthermore, that F(0) = 0;
(AR) | Assume that s > 1}'%” and v > 2”—;2. Additionally, there exists a positive constant Ry
such that

|R(t,7)| < Ro(t —7)*1", (21)
forall0 <7<t <T.

In the following theorem, we present a global existence of mild solutions to Problem —. The word
global indicates that there are no any restrictions on the time 7" and the Lipschitz coefficient K.

Theorem 3.4. Given 0 < a < 1, 0 < 8 < 2. Assume that hypothesis (AS) holds. If ¢ € L%(Q)
and assumptions (AF), (AR) hold, then there exists zg > 0 such that Problem —@ has only one mild
solution u € LP7"*(0,T; L4(Q)), with0 <~y <vp+p—1.

Proof. The proof is based on Banach contraction principle argument. Let us define the mapping S :
LPY#(0,T; L)) — LP#(0,T; LY(Q)) by Sv = So¢ + SF'v + 8w, for all v € LP*(0,T; L1(R)),
where the terms S¢ and Spv are given by

~

(Sod)(a 1) = / T @a(y)e BB g(x)dy, (ST0) (1) = / R(t, 7)B, F(u(x, 7))dr,

Wa

(S3)(a,1) :=a/0 /0 /OOO Yo (y)(t — )R, 7)e V) Bo B F(u(x, 7))dydrdt’. (22)

Now we continue to split the proof into several steps.
Step 1. Estimating the term So¢
Let us first estimate the quantity B,¢(x). According to the definition , one has

Wa + &AL/ =61+ X)) + o(l(e) ™ = a1+ X%,
In addition, for each 0 < ¢ < 2, it holds that 1 + )\5/2 > A§£/4. Therefore, we obtain

2
? a2l Ng—2N W2 NN e
2 2
819 2o Z’?n 6 <Z v [PV = P RN
Wa + QAp, —

which respectively 1mphes

_ <= . 2
Byl gz <y st (23)
Moreover, for each number 0 < o < 2, there exists a positive constant C, satisfying that e ¥*"Pn <
—o/2 _ a)\ﬁ/z ar?/? _
C,(yt®pn)~7/% for all n and all t > 0. We also note p, = i 2 wa+61¢)\f/2 = p1, as A\p > Ay

Henceforth, we obtain the following estimate

q—2N

7yt B, 72yt Pn N2q S feY —0o NQT_sz 2
quw,q(mfz Ao 2T By, ba Zyt pn) " A T (Bydybn )

n=1

which implies that

—yt*B a
He ! pB”‘be%*%(m <Copy* (0t") HB”(bH x50 @) (24)

From another point of view, it follows for ¢ > 2 in assumption (AS) that the following Sobolev embedding

q

x (Q) — WN2=N/a2 <y [a(Q), )
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holds. Therefore, there exists M; > 0 independently of 2 such that [|¢|| L« < Ml”SDHXNqQ—ZN . for all

Ng—2N
q

p € X 2¢  (Q). This combines with the estimates and to allow the following chain of estimates

([ (s "d
LPV‘/,Z(OyT;Lq(Q))_ /0 (tpe ’ ‘ 0¢HLLI(Q)) t
T o4 z o0 o p v
([ e ot set) )
0 0
1
T 1 _zy &S] B p P
< M /0 (tpe P/O ‘ba(y)He ”BncﬁHXNq;qu(Q)dy) dt
1
z T Jy_ac z o o P P
< MiCopy * (/ (“”e—ﬂt (/ yz%(y)dy> 1Bo@|[ sazeas > dt)
0 0 X o2 ()

p

el

1
T P
<, ( / Azwpeztdt) s v (20
0 X2 a2 (Q)
— -2 1(1-%) o o r(i-3)
where M1 = M,Cy,p; ? =y e and we have used the fact that (see (11)) [;~ ¥~ 2 o (y)dy = N
- -
Let us take £ = 2. It is easy to see that since Nifﬁ <q< szz\gﬂ’ the pair (% — % — B;q) belongs to

the set O~ given in Lemma Then, applying (17) of this lemma gives that the following Sobolev
Ng
embedding L~+5a (Q) — X%*%*B(Q), namely, there exists M > 0 independently of = such that

; (27)

loll g -5 < Melleel]

() N5 (0)

for any ¢ € L~k (©2). Moreover, by taking 0 < ¢ < min(2(y + 1)/(ap);2), then the integral of the

a

function t — (3~ F)Pe=t on (0,T) finitely exists. Consequently, we now imply from 1) that

1

T P
M M, (/o t(gz)pe_ﬁdt> H¢HL%(Q)’ (28)

IN

HSO(bHLPv%Z(O,T;Lq(Q))

which allows us to end the Step 1.
Step 2. Estimating the term S¥v

In this step, an estimation for the term S¥'v will be established. For the term S{'v, we shall take it

up in the next step by using essential techniques in this step. Firstly, we note that the embedding
L1(2) — L?(Q) = X holds as ¢ > 2, i.e.,

[(v1 = v2)(+, 8) L2 @) < Mal[(v1 —v2) (-, 8) ||l La(a),

with a constant M3 independent of z, s. On the other hand, by assumption 0 < r < 3 — (% — %) in
(AF), we have % — % — B < —r. Therefore, the following Sobolev embedding holds

N_N
q

XT(Q) = X2 7 A(Q). (29)

Then, there exists cp > 0 such that ||QD||X%_M_[3(Q) < crllelx-r(q) for all ¢ € X77(Q2). For the sake of

simplicity let us denote F(vq,vy) the difference F(vy)— F(vy). Then, by recalling the Sobolev embedding

Ng—2N
2

X (Q) — WN2=N/a2 <y [a(Q),

e



and using the analogue techniques as —7 we have

He—yt“Banﬁ(Ul’02)(_’7)‘

< M1 H@ yt® B”B F(U17U2)( 7')HXNQ2—2N

La(2) ()

< Mlcgpl (yto‘ ||B F (v1,02) (5, )‘ o Nag2n

()

MlC(,pl_%wa g
< ——— (") 2||F(/Ul702)('7T)HX%—%—ﬁ(Q)

MCycppy 2

W aN—Z =
S AL
M C C o ay—2Z
< %Kﬂyt )7 E s = e2) () 2o
My M3Cyerppy 2w on_ o
< IR K ()% (0~ v) (7)o@ (30)

where the globally Lipschitz assumption has been employed in the fourth estimate. Therefore, the
UQHLP 72(0,T;L4(S2))

difference SFpv; — Spvs can be estimated as follows

Istor -

<a</ (t T R e ) 0 dy"””) dt)

§M4</ (3 vt // / (t— 1) R(t’,r)||ﬁ(m,vg)(-,r)||X%,%,ﬁ (y; dydrdt) dt>
T x z ¢ ¢ (2— x5,

< M; / t?e*?// (t—t = 02) (37| ooy (/ y 7 Oaly )dy)det dt :
0 0o Jo 0

(31)
where the above constants are My := aM;M3Cycpp, 7‘1, My = M4yKr. Now, it follows from Holder’s
inequality applied to the dual pair (p, p.) (which means 1/p+ 1/p, = 1) that

/ / E— ) SR, )| (01— 02) (7 ooy drat’

(2 0)
:/(t—t / R 7y R ei (7573 or = 02) (1) lacey ) drd’
0

1

t t’ P
(2—0g)a _APx ZPx o
/ (t—1t") = (/ RP+(t',7)T eh d’T) dt’" | oy — vall ez (0,109 (2)
0 0

1

t t’ Px
(2 U)u 2 VP — P ZPx o
<Ry / (t— t ) (/ (t/ — 7)) PP e dT) dr’ lvr — 'UQHL;H,%Z(()’T;L(I(Q)). (32)
0 0

IN

Here, the integral on (0, ") above can be calculated and then estimated by using the asymptotic behavior
. In this integral, the parameters s»p, and vp, — 75 = are strictly greater than —1. Indeed, one has

#ps = »3P7 > —1, as assumption » > 12 in (AR), and vp, — 2= = e > ud (Zﬂ'p D= 1 as
assumption 0 < v < vp + p — 1. Hence, it is easily checked that

2D+
YPx Zpx 4! 1
< My(t’)”p** Pz “lew t (1 + 0 ()) , (33)
z

where we put Mg = (p./p) P T'(3¢ps + 1) and My = Mgmax (T;p/p.). Note that % > —1 as
0<o<2 and v — 2 _— L — vp=y=p+l o vp—(vptp—1)—p+l

t/
/ (' = 7) PP e Tdr = Mg ()P T L
0

o > D >-l,as0<y<vp+p—-1,p<2. It
8




follows that the following integral on (0, t) finitely exists. Summarily, we now obtain the following chain

t ot

A
o Jo
Lt Goo)a 1\ 75 )
()
0

< RoMsg (tyfgfp%flz &= zt) t+O (1+ ( >) *27”’i

1
< oMy (5 H1EE (14 0 ()> (1+0(3))" =

where Mg = M{’i*(l/p)’(zfza)a ((2 oo 1) and Mg = Mgmax(T;p). On the other hand, as an

immediate consequence of the property (11)) we have

5. F(Q_J-i-l)
Dy (y)dy = —y2—L.
/0 y 2 Paly)dy T (=20t

(", D)l (v = v2) ()l Loy drdt!

U1 — UQHLPVY’Z(O,T;L‘Z(Q))

U1 = V2| Lrz (0,7519(9))

= V2l Loz 0,7520()),

Therefore, the above arguments accordingly imply that

”SzF’Ul -8

2FU2 HLP,%Z(O,T;L‘?(Q))

1 1
- 1 P T 1 2—0)a p P
<, <1+O<>> </ (t”_pT L —1) dt) e
Z 0
1 T i
— 1 1\ 7 o P @eoda a1
U(1+O<z>) <1+O(Z)> </ £ pdt) 27 T TR o = vl s 0.1 La(e))-
0

— 2| ez 0,109 ()

where M, = R0M5M9% (1 +0 ( )) Here, the number vp — £ — p are strictly greater than
—1 since v > (2p — 2)/p. Indeed, it is obvious to see that
2p—2
yp—£—p=up+1—2p> P p+1—-2p=-1. (34)
Dx
This ensures that the integral of ¢ — "7 ~» P on (0,T) finitely exists. Henceforth, we can conclude that

there exists z; > 0 large enough satisfying

1
HS2FUl - 82FU2HLP~%Z(0,T;LQ(Q)) 1””1 V2|l Le oz 0,759(0))

for each given number z > z;.
Step 3. Estimating the term SEv

Now, we also use notation F(v1,vs) instead of F(v1) — F(vs). Recalling that the term Bnﬁ(vl, v9) may
be proved in much the same way as and . Thus, we have

155701 = 80| - 0.7

< Mia /T t;e_;t/tR(t ) BoF (v, v2) (1) x_n  dr pdt ’
T Wa 0 0 ’ A S A )

Ma P
- (/ (tpe ; / R(t7) 42 F oy, v2)( T)Xg_zqv_ﬁ(mch) dt)

=

IN




Therefore, employing the globally Lipschitz assumption and using the Holder’s inequality is an
analogue of lead to

HS1FU1 - SFU2HLP:%Z(0,T;LQ(Q))

P\
< KpM </ (t;efnt/ R(t,7)||(v1 — v2) (-, )||L2(Q)d7> dt)
s e [ N
< Mo (/ (tpe_”t/ R(t,7)|(v1 — v2)(:, )|L‘I(Q)d7> dt)
0

’l
< Mo (75

X _JPx  ZPx
p

1\ P
P
e vt ( RP(t,7)r" 7 e TdT) > dt | |lvr = vallLeoz0,7;09(02))

=

< Mn tre st

1\ P
Px
t — )P VP ) ) dt llvg — ’UQHLP,’Y,Z(O7T;L(1(Q))

- 112||mez(o,T;Lq(Q)), (35)

T v =
" ( / ot (HOQ) o
0 z

where by we find that

1 1

¢ 2Dy Px 1 . .

(/ (t — )PP = e TdT) < MP VTR g et <1+O <1>) :
0 z

1

and My = KpM;Ms, My = MigRo, Mig = M1 M7~ . In the last right hand side of l) we note that
vp — p% > —1 by , and so the integral of 7~ #- on (0,T) exists finitely. This implies that we can
choose a positive number zo > 0, large enough, such that

H81FU1 Si UZHLp ¥.2(0,T Lq(Q)) ”Ul U2||L”’7’z(07T;Lq(Q))7

for each given number z > z5. The results above show: one can find a ball B; C LP"*(0,T; L4(2)) with
center at the zero function and large enough radius I such that S is well-defined on B;. Furthermore,
it is also a contraction mapping for each z > max(z1;22). Summarily, S has only one fixed point u
in B; C LP7#(0,T; L9(2)), which solves the equation Su = u. Namely, v is a unique mild solution of

Problem —.

(|
Remark 3.1. The assumption (AF) accepts the case r = 0, namely, F : L*(2) — L*(Q) such that
F(0) =0 and

| F(h1) — < Kp|hy -

Hm Q) = 2||L2(Q)’

for all hy, hy € L?(Q). Some direct examples of this case can be easily given as

e Linear equation: F(h) = ch

e Sine-Gordon equation: F(h) = csin(h).
About more applications in the case r > 0 will be discussed in Section [].
Remark 3.2. Let us discuss the special case R(t,T) = ﬁ(t —7)*1¥, 0< 71 <t<T. By putting
G(t,u(x,t)) = t"F(u(z,t)) and § = 1+ 3, the right hand side of equation can be rewritten as follows

¢ ¢
1
/0 R(t, 7)F(u(x,7))dr = ) /0 (t — 7)*G(r,u(x, 7))dr = IPG(t, u(z,1)).

1t deduces from s > 1%17 in (AR) that 6 > % (and so 6 > 1/2). In addition, due to the assumption (AF),
a suitable assumption on G should be stated that:

(AG)| Let r be satisfied 0 < r < f — ( — —) Suppose that the function G : (0,T) x X* — X~
satisfying G(¢,0) = 0,

|Gt 1) = Gt b < Kt |1 —

10
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forv > 2?—;2 and all hy,ho € X°, all t € [0,T].

As a consequence of Theorem[34, our method can be applied to establish a global existence in the space
LYV2 L for the following initial value problem

D¢u(x,t) + A3 2u(z, t) = DIGu(z,t), (z,t)€Qx(0,T),
u(z,t) = 0, (z,t) € 092 x (0,T),
u(z,t) = o), (z,t) € Q x {0}.

where § > & and G is defined by (AG).

4. TIME-SPACE VOLTERRA EQUATIONS

In this section, we discuss an application of our method given in Theorem to an initial value
problem for a time-space Volterra equation. We will take into account the initial value problem of
finding u = u(z,t), (z,t) € Q x (0,T) such that

D u(z, t) + AP 2u(z,t) = /t/ R(t, t")Z(z,2' ) H (u(z',t"))dz’dt’, (36)
0 Ja

which concerned with the boundary and initial value conditions
u(z,t) = 0, (z,t) € 092 x (0,T), (37)
u(z,t) = o), (u.1)€Qx {0}

where ¢ is the initial value data, and the nonlinear function H(u(z,t)), the time and spatial kernels
R(t,t"), Z(x,2’) are defined by the following hypotheses:

e | (AH) | Suppose that the function H : R — R satisfying H(0) = 0, and for all y,y’ € R
[H(y) = H(y')| < Knly -yl (38)

o | (AZ) | Let g be defined by (AS) and g, be its dual number (% too= 1). Assume that s > 0,

1 < s’ < ¢, satisfying 3’ + ;—/ > 1. Furthermore, there exists a positive constant C' such that

(AZ1)]: / ’Z(x,x')rldx’ < (C, for almost x € Q,
Q

: / |Z(z,z)|’dz < C, for almost 2’ € Q.
Q

Theorem 4.1. Given 0 < a < 1, 0 < 8 < 2. If the assumptions(iﬁl)b’), (AR), (AH), (AZ) hold

and ¢ € L~ (Q), then there exists zy > 0 such that Problem -
u e LPY#(0,T; L1(R2)), with0 <y <vp+p— 1.

has only one mild solution

Proof. The main idea of the proof is to apply Theorem It is sufficient to verify all conditions
of this theorem. By comparing the models (I)-(3) and (37), it is convenient to set F(v(z,t)) =
Jo Z(x,x")H (v(z',t))dx’, for all v € LP*(0,T;L9(£2)). In the next argument, we shall show that

this function fulfills the assumption (AF) with 0 < < min (%, 8- (% — %)) To attain this purpose,

we firstly prove that the function F': LI(Q2) — Lo 7 (©) which corresponds to the estimate

HF(U1(-,t)) — F(va(, t))HLle)s’(Q) < 01HU1(-, t) — UQ("t)HL‘I(Qy (39)

where the constant C; does not depend on z, t. For simplicity of exposition, we also use notation

F(v1,v2)(x,t) = F(vi(x,t)) — F(ve(z,t)) and v 2(x,t) = vi(x,t) — ve(z,t). It should be noted that
g—(g—1) >0as1<s <q,ands—qg+(¢g—1)s’ >0as g + ;—; > 1. Additionally, one has

1 1 1

+ + =1.
qs
(qf(qfl)S’)

qs _4q
<S*q+(q*1)s/) (qfl)
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Therefore, the inequality can be proved by applying the Holder’s inequality for the numbers
qf(gfl)s,, s—q+(g2—1)s” qz—l. By using the assumption (AZ1), one can check the following computations

’ﬁ(Ul,Uz)(x,t)]ﬁ

s

< M14</ |Z(x7x’)||vl,2(x',t)|d:ﬂ’>
Q

a—(q—1)s’ g—(q—1)s’ s—gt(g—1)s’ e’ ﬁ
M14</ <|Z(x,z’)| a |U1,2(z’,t)| s ) <|U1,2(x’7t)| s ) <|Z(x,x')’ P >dx'>
Q
< M (/Q |Z(x’z/)|s|7f1,2(33/,t)|qu/) </Q |U1,2(a:',t)|qu/> B </Q | Z(z,2")|” dx’> B

s—q+(q—1)s’

<t (120 st ( [ onsteoftar) T
@ Q

where we put

My, = K}J;/(q—(q—l)s/) Mis = M14O(Q*1)5/(Q*(¢1*1)5')'

Note that the latter integral does not depend on spatial variable (just on the time variable). Therefore,
we then obtain

1F (w1, v2) (1)

)

as
La—(a—1)s" (Q)

(/ ’F v1,v2)( |q D daz)

’
s—q+(g—1)s’ a—(g=1)s"

< My ( /Q \Ul,g(x/,quxf) - ( /Q ( /Q |z<x,xf>\3|ul,2(x/,t)\qu'> dx) C

Ml(g—(q—l)s/)/(QS).

a—(q—1)s’
qs

where Mg = This combines with the assumption (AZ2) to deduce the following
estimate after some direct calculations

[ F(v1,v2) (1) < Miyz||vi 2 (-,

La— (q 1)& (Q) HL‘I(Q)’

namely, inequality has been proved. Now, it is suitable to show that F' fulfills assumption (AF).
Indeed, it is useful to recall that s > ¢ — (¢ — 1)s’ by the assumption 2 + i >1in (AZ). This follows

that ﬁ > ¢, and hence LoD (Q) — L(Q). Moreover, it is clear that 2> N+2

L?(Q) — L%(Q) On the other hand, the pair (—r;2N/(N + 2r)) obviously belongs to the set O,
defined by Lemma This ensures the embedding L¥% (Q) — X77(Q). Briefly, the above arguments
yield the following Sobolev embedding

LT@ 07 (Q) = LI(Q) — L2(Q) — L¥5 (Q) — X7(Q).

which deduces

Therefore, it follows from F : LI(Q) — Li@ 17 (Q) that F: LYQ) — X7(Q) and F also fulfills

assumption (AF). By applying Theorem 3 . Problem . ) has only one global solution u in the
space LP7#(0,T; LI()). O

Acknowledgements. The research of T.C. has been partially supported by the Spanish Ministerio
de Ciencia, Innovacién y Universidades (MCIU), Agencia Estatal de Investigacién (AEI) and Fondo
Europeo de Desarrollo Regional (FEDER) under the project PGC2018-096540-B-100, and Junta de
Andalucia (Spain) under the project US-1254251.

REFERENCES

[1] P.M. de Carvalho-Neto, G. Planas, Mild solutions to the time fractional Navier-Stokes equations in RN J. Differential
Equations 259 (2015), no. 7, 2948-2980.

[2] Y. Chen, H. Gao, M. Garrido-Atienza, B. Schmalful, Pathwise solutions of SPDEs driven by Hélder-continuous
integrators with exponent larger than 1/2 and random dynamical systems, Discrete and Continuous Dynamical
Systems - Series A, 34 (2014), pp. 79-98.

[3] F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press, London, 2010.

12



(4]

R.N. Wang, D.H. Chen, T.J. Xiao, Abstract fractional Cauchy problems with almost sectorial operators, J. Differential
Equations, 252 (2012), no. 1, 202-235.

M. Bonforte, Y. Sire, J.L. Vazquez, Ezistence, uniqueness and asymptotic behaviour for fractional porous medium
equations on bounded domains, Discrete Contin. Dyn. Syst. 35 (2015), no. 12, 5725-5767.

L.A. Caffarelli, P.R. Stinga, Fractional elliptic equations, Caccioppoli estimates and reqularity, Ann. Inst. H. Poincaré
Anal. Non Linéaire 33 (2016), no. 3, 767-807.

L. Banjai, E. Otarola, A PDE approach to fractional diffusion: a space-fractional wave equation, Numer. Math. 143
(2019), no. 1, 177-222.

M. Abramowitz, I.A. Stegun; Handbook of mathematical functions with formulas, graphs, and mathematical tables,
New York: Dover, 1972.

F.S.A. Musalhil, S.A. S. Nasser and K. Erkinjon Initial and Boundary Value Problems for Fractional Differential
Equations Involving Atangana-Baleanu Derivative, SQU Journal for Science, 2018, 23(2),137-146

M. Saqib, I. Khan, S. Shafie, Application of Atangana-Baleanu fractional derivative to MHD channel flow of CMC-
based-CNT’s nanofluid through a porous medium Chaos Solitons Fractals 116 (2018), 79-85.

Baleanu, D.; Asad, J.H.; Jajarmi, A. The fractional model of spring pendulum: new features within different kernels.
Proc. Rom. Acad. Ser. 2018, 19, 447-454.

Ugar, S.; Ucar, E; Ozdemir, N.; Hammouch, Z. Mathematical analysis and numerical simulation for a smoking
model with Atangana—Baleanu derivative Chaos Solitons Fractals 2019, 118, 300—306.

Yusuf, A.; Qureshi, S.; Inc, M.; Aliyu, A.L; Baleanu, D.; Shaikh, A.A. Two-strain epidemic model involving fractional
derivative with Mittag-Leffler kernel Chaos 2018, 28, 123121.

A. Atangana, D. Baleanu; New fractional derivatives with non-local and non-singular kernel: theory and applications
to heat transfer model, Therm. Sci., 20 (2016), 763-769

M. Al-Refai, Comparison principles for differential equations involving Caputo fractional derivative with Mittag-
Leffler non-singular kernel Electron. J. Differential Equations 2018, Paper No. 36, 10 pp.

M.M. Khader, K.M. Saad, A numerical approach for solving the problem of biological invasion (fractional Fisher
equation) using Chebyshev spectral collocation method, Chaos Soliton. Fract. 110 (2018) 169—177.

M.M. Khader, K.M. Saad, On the numerical evaluation for studying the fractional KdV, KdV-Burger’s, and Burger’s
equations, Eur. Phys. J. Plus 133 (2018) 1-—13.

A.M. Dokuyucu, D. Baleanu, E. Celik, Analysis of Keller-Segel model with Atangana-Baleanu fractional derivative
Filomat 32 (2018), no. 16, 5633—-5643.

M.A. Khan, The dynamics of a new chaotic system through the Caputo-Fabrizio and Atanagan-Baleanu fractional
operators, Adv. Mech. Eng. 11 (7) (2019) 1-12.

M.A. Khan, J.F. Gomez-Aguilar, Tuberculosis model with relapse via fractional conformable derivative with power
law Mathematical Methods in the Applied Sciences, Math. Method Appl. Sci. 42 (18) (2019) 7113-7125.

A. Atangana, M.A. Khan, Validity of fractal derivative to capturing chaotic attractors, Chaos Soliton. Fract. 126
(2019), 50--59.

W. Wang, M.A. Khan, Fatmawati, P. Kumam, P. Thounthong, A comparison study of bank data in fractional
calculus, Chaos Soliton. Fract. 126 (2019) 369-384.

R. Jana, M.A. Khan, P. Kumam, P. Thounthong, Modeling the transmission of dengue infection through fractional
derivatives, Chaos Soliton. Fract. 127 (2019) 189—261.

S. Hasan, A. E. Ajou, S. Hadid, A.S. Mohammed; S. Momani, Atangana-Baleanu fractional framework of reproducing
kernel technique in solving fractional population dynamics system Chaos Solitons Fractals 133 (2020), 109624.

Y. Swati; K.R. Pandey, Numerical approzimation of fractional burgers equation with Atangana—Baleanu derivative
in Caputo sense, Chaos Solitons Fractals 133 (2020), 109630

R. H. Nochetto, E. Otarola, A. J. Salgado; A PDE Approach to Space-Time Fractional Parabolic Problems, STAM
J. Numer. Anal., 54 (2016) 848-873.

K. Sakamoto, M. Yamamoto, Initial value/boudary value problems for fractional diffusion-wave equations and appli-
cations to some inverse problems, J. Math. Anal. Appl., 382 (2011) 426-447.

Y. Kian, M. Yamamoto, On ezistence and uniqueness of solutions for semilinear fractional wave equations, Fractional
Calculus and Applied Analysis, 20(1) (2017) 117-138.

B. de Andrade, A.N. Carvalho, P.M. Carvalho-Neto, P. Marin-Rubio; Semilinear fractional differential equations:
global solutions, critical nonlinearities and comparison results , Topological Methods in Nonlinear Analysis, 45 (2015),
439-467.

B.H. Guswanto, T. Suzuki; Fxistence and uniqueness of mild solutions for fractional semilinear differential equations
Electronic Journal of Diff. Equ., 2015 (2015), 16 pp.

M.L. Heard, S. M.RankinlIl, A semilinear parabolic Volterra integro-differential equation J. Differential Equations
71 (1988), no. 2, 201-233.

J.V. C. Sousa, F. G. Rodrigues, E.C. Oliveira, Stability of the fractional Volterra integro-differential equation by
means of -Hilfer operator Math. Methods Appl. Sci. 42 (2019), no. 9, 3033-3043.

K. Balachandran, J.J. Trujillo, The nonlocal Cauchy problem for nonlinear fractional integrodifferential equations in
Banach spaces Nonlinear Anal. 72 (2010), no. 12, 4587-4593

M.H.M. Rashid, Y.E. Qaderi Semilinear fractional integro-differential equations with compact semigroup Nonlinear
Anal. 71 (2009), no. 12, 6276-6282

M. H. M. Rashid and A. Al-Omari, Local and global existence of mild solutions for impulsive fractional semi-linear
integro-differential equation, Commun. Nonlinear Sci. Numer. Simul., 16 (2011), 3493-3503

H. Gou and B. Li, Local and global existence of mild solution to impulsive fractional semilinear integro-differential
equation with noncompact semigroup, Commun. Nonlinear Sci. Numer. Simul., 42 (2017), 204-214

13



[37] M. Bragdi, M. Hazi, Existence and uniqueness of solutions of fractional quasilinear mized integrodifferential equa-
tions with nonlocal condition in Banach spaces, Electron. J. Qual. Theory Differ. Equ. 2012, No. 51, 16 pp.

[38] P. Chen and Y. Li, Exzistence of mild solutions for fractional evolution equations with mized monotone nonlocal
conditions, Z. Angew. Math. Phys., 65 (2014), 711--728

[39] P. Chen, X. Zhang, Y. Li, A blowup alternative result for fractional nonautonomous evolution equation of Volterra
type Commun. Pure Appl. Anal. 17 (2018), no. 5, 1975-1992

[40] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999

[41] F. Mainardi, On the initial value problem for the fractional diffusion-wave equation, Ser. Adv. Math. Appl. Sci. 23
(1994) 246—251

[42] J.D. Djida, G. Mophou, I. Area, Optimal control of diffusion equation with fractional time derivative with nonlocal
and nonsingular Mittag-Leffler kernel, J. Optim. Theory Appl. 182 (2019), no. 2, 540-557.

[43] J. D. Djida, J. J. Nieto and 1. Area, Parabolic problem with fractional time derivative with nonlocal and nonsingular
Mittag- Leffler kernel, Discrete Continuous Dyn. Syst. Ser. S (to appear), 2020.

[44] S. Ammi, M. Rchid; F.D.M. Torres, Optimal control of a nonlocal thermistor problem with ABC fractional time
derivatives Comput. Math. Appl. 78 (2019), no. 5, 1507-1516

DEPARTAMENTO DE ECUACIONES DIFERENCIALES Y ANALISIS NUMERICO C/ TARFIA S/N, FACULTAD DE MATEMATICAS,
UNIVERSIDAD DE SEVILLA, SEVILLA 41012, SPAIN
Email address: caraball@us.es

INSTITUTE OF RESEARCH AND DEVELOPMENT, DUy TAN UNIVERSITY, DA NANG 550000, VIETNAM
Email address: tranbaongoc3@duytan.edu.vn

(N.H. Tuan) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF SCIENCE-VNUHCM, 227 NGUYEN
VAN CuU STR., DisT. 5, Ho CHI MINH CITY, VIET NAM
Email address: nhtuan@hcmus. edu.vn

INSTITUTE OF APPLIED PHYSICS AND COMPUTATIONAL MATHEMATICS, PO Box 8009, BEIJING 100088, CHINA
Email address: rwang-math@outlook.com

14



	1. Introduction
	2. Preliminaries
	2.1. ODEs with the Atangana-Baleanu fractional derivative in Caputo's sense
	2.2. Kummer/hypergeometric function
	2.3. Solution representation.

	3. Global existence on weighted Lebesgue space
	3.1. Fractional power operators and the solution spaces
	3.2. Global existence assertion with globally Lipschitz nonlinearity

	4. Time-space Volterra equations
	References

