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Abstract

In this paper we investigate the h-stability in p-th moment of neutral pantograph
stochastic differential equations with Markovian switching driven by Lévy noise. The main
tool used to prove the results is the Lyapunov method. We analyze two illustrative examples
to show the interest and usefulness of the main results.
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1 Introduction

Stochastic delay differential equations (SDDEs) have an important role in many branches of
science, industry and economics. Such models have been used in epidemiology, biology, mechanics
and finance. The stability of these stochastic delay differential equations has much interest
especially for control and stabilization problems and it is still necessary to develop new methods
to analyze the asymptotic properties, despite of the fact that there are many published results
for the stability of ordinary stochastic differential equations and stochastic delay differential
equations (see, e.g., [3], [8], [9], [14] and [15]).

Neutral stochastic differential equations with Markovian switching (NSDEMS) is a particular
case of stochastic delay differential equations. In the literature, many authors have studied
(NSDEMS) (see [7] and [12]).

Recently, as a special case of SDDESs, a class of nonlinear stochastic pantograph delay equations
(NSPDESs) has received a great deal of attention and various studies have been carried out
on the polynomial and exponential stability of NSPDEs (see [1], [2], [10], [11], [13] and [16]).
One important class of stochastic delay systems, the neutral pantograph stochastic differential
equations with Markovian switching (NPSDEwMS) has also been studied (see [11] and [13]).
The almost sure stability with general decay rate of (NPSDEwMS) was first investigated by
X. Mao et al. (see [11]). However, all equations of the above-mentioned works are driven by
white noise perturbations with continuous initial data, and white noise perturbations are not
always appropriate to interpret real data in a reasonable way. In real phenomena, the state of
stochastic pantograph delay system may be perturbed by extreme events or abrupt impulses. A
more natural mathematical framework for these phenomena takes into account other processes
rather than Brownian motions. In particular, we use the Lévy noise with jumps into neutral
pantograph stochastic differential equations with Markovian switching to model abrupt changes
and, in particular, we generalize the results in [6] which were obtained for exponential stability
and did not include Markovian switching. Nevertheless, as far as we know, there is no research
on the h-stability on the stochastic case, although there are some papers on the deterministic
case (see [4] and [5]). This type of stability provides new insights about the asymptotic behavior
of solutions and it is well worth analyzing it.

In this paper, we will study the hA-stability in p-th moment of neutral pantograph stochastic
differential equations with Markovian switching driven by Lévy noise. To do this, we have
structured the paper as follows. In Section 2, we introduce some basic notations and assumptions.
In Section 3, we establish some sufficient conditions ensuring h-stability in p-th moment of neutral
pantograph stochastic differential equations with Markovian switching driven by Lévy noise by
using the Lyapunov techniques and Ito’s formula. In Section 4, we analyze two illustrative
examples to show our theoretical results.



2 Preliminaries and definitions

Let {Q, F, (Fi)t>0, P} be a complete probability space with a filtration satisfying the usual con-
ditions, i.e., the filtration is continuous on the right and Fy contains all P-zero sets. W (t) is an
m-~dimensional Brownian motion defined on the probability space. Let ¢y > 0, ¢ € (0,1) and
C([gto, to]; R™) denote the family of the continuous functions ¢ from [qto, o] to R™ with the norm

o]l = sup,y<o<t, [2(5)] and |z = VaTz for any € R”. If A is a matrix, its trace norm is de-
noted by |A| = y/trace(AT A), while its operator norm is denoted by [|A|| = sup{|Az| : |z| = 1}.

Let p > 0, L’ ([qt,t];R") denote the family of all Fi-measurable, C([gt,t];R")-valued random
variables ¢ = {¢(0) : gt < 0 <t} such that E||¢||” < co. For a € R, F(a™) denotes the left-hand
limit of function F(.) at a, i.e., F(a™) = limy_,o- F(a +1).

Let {r(t),t € Rt = [0,400)} be a right-continuous Markov chain on the probability space
{Q,F, (Fi)i>0, P} taking values in a finite state space S = {1,2,..., N} with a generator I' =
(%‘j)NxN given by

YA +o(A),  ifi#]

P(r(t+A) =jlr(t) =1) = { 14+ 79:A+0(4), ifi=j

where A > 0. Here «;; > 0 is the transition rate from ¢ to j, if 7 # j, while
Yii = — Z Vij-
i

We assume that the Markov chain r(.) is independent of the Brownian motion W(.).
Consider the following neutral pantograph stochastic differential equation with Markovian switch-
ing driven by Lévy noise:

dfx(t) = Gt x(gt)] = f(t,2(t), x(qt), r(t))dt + g(t, x(t), x(qt), r(t))dW (1),

+ Hi(t,z(t™),x(qt™), r(t), 2) N(dt,dz) + Hy(t,z(t™),x(qt™),r(t), z) N(dt,dz) t > to,

|z|<e |z|>c
(2.1)
with the initial condition £ € L% ([qto, to]; R"™), i.e. (t) := z(t; o, &) = &(t) for qtg <t < ty. Let
u(t) = x(t) — G(t,z(qt)). Here, we furthermore assume that

filte,+o0) x R" xR" x S — R", g : [tg, +00) x R" x R" x § — R™™,

G : [to, +o0) x R" — R™.

H; : [to,+00) x R" x R* x § x R¥ — R" (i=1, 2), and the constant ¢ € (0,+o0) is the
maximum allowable jump size. N(.,.) is a Poisson random measure defined on R, x (R%\ {0})
with compensator N and intensity measure v(.).
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It is always assumed that N(.,.) is independent of W(.). Let v(.) be a Lévy measure such that

N(dt,dz) = N(dt,dz) — v(dz) and fRd\{O}(|Z|2 A1v(dz) = X < 4o0.

Usually, the pair (W (.), N(.,.)) is called a Lévy noise, f|z|<c Hy(t,z(t™), z(qt™), r(t), ) N(dt, dz)
is called a ‘small jump’ and f|z‘>c Hy(t,x(t7),x(qt™),r(t), 2) N(dt,dz) is called ‘large jump’.

We denote by z(t; t, €) the solution of Eq. (2.1).

Let CY2 ([qto, +00) x R™ x S;R") be the family of all non-negative functions V (¢, z,7) on
[qto, +00) X R™ x S, which are twice continuously differentiable with respect to x and once
continuously differentiable with respect to ¢.

For any (¢, x,y,1) € [gto, +00) X R" x R™ x S, u(t) = x(t) — G(¢t,y(t)), with y(¢t) = z(qt), by the
generalized [t0’s formula we have,

V(t,u(t),r(t)) = V(to,u(to), r(to)) +/ LV (s,x(s),x(qs),r(s))ds + M, (2.2)

to

where the operator LV (t,x,y,1) : [qto, +00) x R" x R™ x S — R and the process M, are defined
respectively by

LV (t,x,y,i) = Vi(t,u,i)+ Vp(t,u,i)f(t, z,y,1)

1
+5trace (¢" (t 2.y, )Vaa (b, v, i)g(t, 2., 1))

+/‘(V@U+M@%%hm—Vwmﬂ—%%wﬂmﬁwwmdﬂwd
|z]<e

+/|> (V(t,u + Hy(t,z,y,1,2)) — V(t,u,i))u(dz)

N
+Z%jv<tyuaj)
j=1

and
My = [ Vals.us) g, as)aas). ()W ()
+ /t/||< (V(s,u(s)+Hl(s,x(s‘),x(qs‘),r(s),z))—V(s,u(s),r(s)))ﬁ(ds,dz),
—i—/t /|> (V(S,u(s)+Hg(s,x(s_),:z:(qs_),T(s),z)) —V(S,U(S),T(S)))N(ds,dz)
where
_OV(t,x,i) OV (L, x,1) OV (t, 1) [PV (t, 1)
=S v (B B ) e (G,



For our purpose, we will state some assumptions which can ensure the existence and uniqueness
of a solution x(t) = x(t;t,&) on t > ty, for equation (2.1).
H1: (A local Lipschitz condition): For each integer d > 1 there is an l; > 0 such that

|f(taxaya ) f(t T y7 )|\/|g(t T, y,t ) g(t T y7 )|\/|Hb(t T y,’L,Z) Hb(tvf7yvi’z)| S ld(|l’—f|+|y—@|),

for all t > ¢y, i € S and z, 7, y G]R with |z| V |[Z| V |y| V|y] < d and b=1,2.

Besides, f(t,0,0,4) =0, g(¢,0,0,7) = 0 and H,(¢,0,0,2) = 0, G(t,0) =0, for any t > t;, 2 € R?
and b=1,2.

Hy: There exists a constant § € (0, 3) such that

G(ty) = G(t,y)| < Bly — vl (2.3)

for all t >ty and y, ¥y € R™.
Hs: There exist positive numbers ¢, ¢o, ¢3, ¢4, and p such that ¢3 > ¢4 and for all (¢, z,y,1) €
[qto, +00) X R™ x R™ x S, we have

P <V(t,x,i) < colzfP. (2.4)

LV (t,x,y,i) < —cs|z|’ + caqlylP. (2.5)

Recall now some useful inequalities which will be used in our analysis.

Lemma 2.1. (i) Let 0 <p<1anda, b€ R;. Then

(a+b)P < a¥ + b

(i) Letp>1,e>0anda, b€ R,. Then

(a+b) < (1 + ezfl>p1 (a” + T) .

€
Proof. See [9]. O
Remark 2.2. For p > 1, we can take ¢ = 1, then, for any a, b € R, we have

(a+b)P <2071 (P + b°) . (2.6)

Theorem 2.3. Let assumptions Hi-Hsz hold. Then for any given initial data &, there is a unique
global solution z(t) of equation (2.1) ont € [ty, +00).



Proof. Using Assumption #H;, for any initial value § € L% ([qto,to]; R"), there exists a unique
maximal solution z(-) = x(+;tp, &) on [ty,0.) (see Theorem 1 in [12]), where o, is the explosion
time. Let ko > 0 be sufficiently large such that ||€|| < ko. For each integer k > ko, define the
stopping time

= inf {t € [to,0.); |2(t)| > k}.

Clearly, 7 is increasing as k — 0o and 7 — T < 0. a.s.. If we can show 7, = o0 a.s., then we
have 0. = oo a.s. Therefore, we just need to show 7., = 0o a.s.
Case 1: Assume 0 < p < 1. By the generalized It6 formula (see, [14]) and Lemma 2.1 we have

E V(AT u(t A1), m(EAT)))

= E (V(to, U(to), T(to))) — CgE

tATE
+c, B (/ |:1c(s)|pds)
to

< E(V(to, ulto),r(to))) — (cs — ca) E (/t . \iv(é’)lpd$> + cato(1 — q) E|€]]”

( )
: - ( )
gEﬂdmm@@JWM)—@E(/M%meﬂg—H%E(/MWWQWHQ
( )

< E(V(to, ulto), r(t0))) — (e — )2 ( | \x<s>|pds)+c4Eupr
< E(V(to, ulte), (1)) + csElJE]”

< GiE ([u(to)P)) + Bl

< GE (Ja(to)?) + eE ([ (to)l?) + ciBlJE]1”

< (e2(1+ B7) + o) E| [P

Then, by assumption Hs,

Eju(t A )P < cll(@(l +B7) + o) E€]P.



By the definition of 7, we have |z(7;)| = k and |x(t A 7%)| < k, |z(t A )P < kP, including
|z(q(t A T))[P < kP. For 7, < t, we have |x(t A 7)| = |z(7x)| = k, and we therefore obtain
E[|lz(t A7) [Pl <] = kPP (73, < t). By the inequality

[z (®)" < Ju(®)]” + Bx(qt)]",

we obtain
lwt AP > u(t A7) |Plin<n

> w(t Am) Pl <o — BPle(q(t A ) [Pl <ty

> k(1= B") L <y
Then,

1
- p
POe<1) < g gy Blu(t A7)

1
m(CQ(l + ﬁp) + C4)]EH£HP

Letting &k — oo implies P (7o, < t) = 0 and, consequently, 7., > t a.s. Letting ¢ — oo, we can
obtain 7,, = 0o a.s, which implies that there exists a global solution x(¢) to the system (2.1).

Case 2: Assume now p > 1. Proceeding as in Case 1 and using (2.6),
E V(AT u(t A1), m(t ATx))) E (V(to, u(to),r(to))) + caE||&||P

e ([u(to)[?)) + caB[E]|7

2P R (|z(to)P) + 277 2 BPE (|2(qto)[?) + caE|€]1P

(277 o (1 + BP) + ca) EIE|P.

VAN VAR VAR VAN

From the inequality
()" < 277 u(t) P + 2771 67|z (qt),
we obtain, by using the same techniques as in Case 1,

lut AP > ut A7) PLin.<n

1
2 kp <2p_1 - /8p> 1{Tk§t}
Then,
1

kP (21’1—1 - ﬁp)
1

ak? (5= — B7)
7

Elu(t A )P

IN

(277 ea (1 + BP) + ca) EIE|P.




Letting k& — oo implies that P (7. <t) = 0, and, therefore, 7., > t a.s. Letting t — oo, we
deduce 7o, = 00 a.s, which implies that there exists a global solution z(t) to the system (2.1).

O

Definition 2.1. The function h : Ry — (0,00) is said to be an h-type function if the following
conditions are satisfied:

(i) It is continuous and nondecreasing in R, and continuously differentiable in R, .
(i) A(0) =1, limy_,o0 h(t) = 0o and ¢ = sup,-, |7L(—(f))| < o0.
(iii) For any t > s > 0, h(t) < h(s)h(t — s).

Definition 2.2. Equation (2.1) is said to be h-stable in p-th moment, if there exist positive
constants § and ¢ such that, for any £ € L% ([qto, to]; R™), the corresponding solution x(-;o, &)
of (2.1) with initial value £ satisfies

E (Ja(t;to, )I7) < B (|IE]I”) 0 ()R’ (to),  t = to. (2.7)

We will impose the following condition on G to obtain the h-stability of equation (2.1).
Hy: There exist constants § € (0,1) and € > 0 such that for all y, 7 € R" and ¢ > ty, it holds

G(t,y) = Gt y)" < B ((1 = g)t)ly — I, (2.8)

and G(t,0) = 0.

Theorem 2.4. Let assumptions Hy, Hs and Hy hold except (2.5) which is replaced by
LV(t,z,y,i) < —cslel” + cagh™ (L — q)t)[y]", (2.9)

for all (t,z,y,1) € [qty, +00) x R" x R* x S, ¢ >0 and 2""'B < 1, for p > 1.
Let 0 <6 < G~ A
2p7102¢ (1 + g)
(17) in Definition 2.1.

Then, Equation (2.1) is h-stable in p-th moment.

, forp > 1, and ¢ is the positive constant which verifies condition

Proof. Let £ € L% ([qto,to}; R") be an initial function for Eq. (2.1) and denote by x(-) its
corresponding solution. We split our analysis into two cases.



Case 1: Let 0 € (0,¢) and 0 < p < 1. For each k € N*, define the stopping time 7, = inf{t >
to; |z(t)] > k}. For any t > to, by the generalized 1t6 formula applied to h°(t)V (¢, u(t), r(t)),
Lemma 2.1, H3 and H,4, we have

E (B°(t A )V (t A i, u(t A i), (A T)))
= h’(to)E (V (o, ulto), 7(to))) ,

+E (/t:Mk ho(s) {5 h((j)) V(s,u(s),r(s)) + LV(s,x(s),x(qs),r(s))} ds> :

< BB V(o alt)r )+ xo0® ([ 0t
e ([ o) o ([ 0 - o)

< BBV (i), ot + a0 ([ 0o etoas)
verons ([ (- aoletaras) — e ([ el ras)
veaar ([ 1 = )9latas)Pas ).

< BV (i), ot + a0 ([ no (o))
verons ([ - gsletepas) —an ([ wGLra)
veaar ([ 10 = D9latas)as)

< W ()E (V (to. ulta). r(to)) + c200E ( / fﬁ(s)\x(sﬂpds)

rexosoe / 1 aslatas)ds ) - e / el
tesqE ( /t:m hé(qs)u(qs)ws) |



Then,
E (h2(t A )V (EA Ty ult A ), 7 (E A 7))

< h‘s(to)E (V(to, u<t0>, T(to))) + CQ¢6E </t " h5(5)|x(s)ypd5>

+c2¢;5@ E ( /q :A h5(s)|x(s)|pds) — F ( /t:w h5(3)|x(s)|pds)
+esE ( /q :A h5(s)|x(s)|pds>
< HE (Y tula)r ) + a0 ([ R la(sas)
22 ([ Cneleteras) + g ([ s late pas)
reat / " nopas) ek / ploas) e ([ il pas)

< WS (G)E (V (to, ults), (1)) + 200 ( 5) E ( / h5<s>|x<s>\Pds)
+02¢56 0

1 (to)to(1 — @)E (IE]IF) + e’ (to)to(1 — ) (JI&]I7)

reat / o lals)ds) - / 15l ds)

< RO (to)E (V(to, ulto), 7(to))) + h° (to) (1 — q)E (J|€]|7) (CQ?B n C4>

+ (02¢5 (1 + g) + ey — 03) E ( /t:m h5(3)|x(s)|pds> .
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C3 — C4

For § < 3
c20(1 + 5)

, by Lemma 2.1, H3 and H,4, we obtain

E (h§(t ATe)|u(t ATe)P) < ciE (h‘s(t A7)V (A T, w(t A Ti), (A TE)))

1h5(t0)1@ (V(to, u(to), (o))

£ H )0 - OB () (C“‘ffﬁ +c4)

21 (t6)E (Julte) ?)

C1

IN

IN

+ B )1 - O (I€]P) (cgﬁw ’ )

Z—jm(m <|x<to>|p>+ h5<to)6E<|x<qto)|p>
+ C—llh‘s(to)(l—Q)E(Hpr) (% )
Ly <02<1 B+ (1-g (CQﬁ‘” ; )) E (J¢]?).

IN

IN

Letting k — 0o, we have

E (1 (O)lu(t)”) < 4 (t) (C2<1 B+ (-0 (Cﬂfﬁ ; )) E (J]?) (2.10)

By Lemma 2.1, H4 and the definition of A-function, we obtain
E (R ®)|z)P) < E(R@0)u)P) + BE (B’ (O)h~((1 — ¢)t)z(qt)?) ,
< E (WO + BE (RO (1 - )z(a)]?)
< E(R°(®)|u(t)|?) + BE (h*(qt)|z(qt) ) .
Then, for any T > 0,

s EGEOOF) < s E(FOOP) +5 s E (1 @le(an)?).
< sup E(R()[u(t)’) + 5 sup E(R(t)]x(t)),
to<t<T qto<t<T
< sup E h(S |p)+5 sup E(hé( )|$(t)|p)
to<t<T qto<t<to
8 sup E (h‘s( ) (t)[)
< swp BFOMOP) + BRI + 5 sw & (R @)

11



Therefore,

s E(ROROF) < g s EEOUOP) + 5k GE (),
1 5 62¢66 p
< it (at o+ 0= (2204 ) B
; :
s R ().

< GiE([lE]") B (to).

where C = ﬁ (02(1 +8)+(1—9q) (Cijﬂ + 04) + clﬁ).
Letting 7" — oo, we deduce
Ssup E (K(0)|a(0)) < CHE (J€]P) 1 to). (211)

This implies, for all ¢ > t,
E (lz(t)]") < CLE ([E]IP) h™° (£)h° (to). (2.12)
Case 2: Let § € (0,¢) and p > 1. Proceeding as in Case 1 and using (2.6), we have
E (R°(t A )V (E A Ty u(t ATi), (A T)))
= 1 (t)E(V(to, ulto), 7(t)))

v ([ 1000 [#5 EVsu(0), 160 + LV 50060 a0 )]
BVt ). rt) + a0 ([ 1 (0u(o)Pas )

e ([ i) +cam ([ 1000 - 0etaa)
1B (ol 1) + 20 ([ (st pas)

v aonie ([ i aletapas) i ([ @lloras)
vear ([ wlaslotaspas)

W (t0)E (V (to, ulto), r(t))) + 1 (t0) (1 — Q)E (€]) (

+ <2p—102¢>5 (1 + g) + ey — 03) E ( /t:m h5(3)|x(s)|pds) .

12

IN
S

IN

IN

p—1
2 C2¢55+C4>



C3 — C4

2p7102¢ (1 + g)

For § <

, by (2.6), H3 and H,, we obtain

E (h‘s(t ATe)|u(t ATe)P) < l]E (h‘;(t ATV (EA T, u(t A1), r(EATE)))

< C—llh%m (V(to, ulty), 7(t0)))
+1h5(to 11— QE (lelp) (228 )
< 2R )E (ju(to)”)
Czﬁb(w )

IN

2p1 hé(m) (lz(to)|?) + h‘*(to)ﬁE(lx(qto)lp)

2P~ 1C2¢66 )

=L, bd
2 ( 2d0b | )) E(J¢]).
Letting now k — o0,

B (18 Olu(0)P) < —h(1) (2p-1c2<1 L) +(-q) (217_1"”55 ; )) E(lelr).  (213)

+—h‘5( )1 = )E ([I€]")
C1

Cih‘s(t ) (2” oa(1+ B) +

IN

S
+ ()1~ QE (I (
oP—
S
(1-

q
Then, using the same technique as in Case 1, for any 7" > 0, we have
sp E(HROOP) < —2— sp E(BOWOP) + — LBt E ().
to<t<T 1 —=2r7158 y<i<r 1—2r-1p
op—1
S aa-wg )
< (e o+ a-0 (2240 )R (gle)
2r-1p3

g B (€]
< GE(IE]?) W (to),

p—1 p—1
where Cy = m (2;0—102(1 + 5) + (1 — q) (2 22(25(55 + 04) + Clﬁ) .

Letting T" — oo, we deduce

sup B (17 ()| ()") < CE (|[€]17) 7 (to). (2.14)

to<t<+oo

13



This implies, for all ¢ > ,

E(|z(t)[P) < GE ([[E]7) h=° ()R’ (o). (2.15)
Therefore, for all ¢t > t,

E (|z(t)[P) < CE([[€]P) h™°(t)h° (to), (2.16)
where C' = max{C, Cs}. O

Remark 2.5. Compared with existing results in the literature, we are considering Markovian
switching and analyze h-stability of pantograph-type neutral stochastic differential equations
with Lévy noise, obtaining some general results which generalize the known results (see, for
instance, [6] and the references therein).

3 Examples

In this section, we will discuss some examples to show the interest of our results.

Example 3.1. We consider the following neutral pantograph stochastic differential equation with
Markovian switching driven by Lévy noise:

d [x(t) — 0.3 (In(e + 0.5¢)) " 2(0.5¢)] = f(t, x(t),x(0.5¢),3)dt + g(t,x(t), z(0.5t),3)dW (¢),

+ Hy(t,x(t™),z(0.5t7),4,2)N(dt, dz) + Ho(t,x(t7),x(0.5t7),4,2) N(dt,dz) t > to,

|z|<1 |z|>1
(3.1)
where the initial data xg = § € LY ([0.5,1];R), (1) =1, z € R and W(t) is a one dimensional
Brownian motion, N(.,.) is a Poisson random measure defined on R x (R\{0}) with compensator
N and intensity measure v(.). It is always assumed that N(.,.) is independent of W(.). Let v(.)
be a Lévy measure such that N(dt,dz) = N(dt,dz) — v(dz) and fR\{O}(|Z|2 AN)v(dz) = A < 400.
Let

£t (1), 2(0.5¢), 1>=—3

5 )
2
f(t,z(t), x(0.5t), — (z(t) — 0.3 (In(e + 0.5¢))"*° 2(0.5¢)) ,
ot 2(2), 2(0.5), % (2(t) — 0.3 (In(e + 0.5¢)) " 2(0.5)) .
g(t,x(t), (0.5t), % (z(t) — 0.3 (In(e + 0.5t)) """ 2(0.5¢)) ,

Hi(t,z(t), z(0.5t),1,2) = z (x(t) — 0.3 (In(e + 0.5t)) "7 2(0.5t)) .

Hy(t,z(t), (0.5t),2, 2) = ;z (z(¢) — 0.3 (In(e + 0.5t)) " (0.5¢)) .
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Hy(t,z(t), 2(0.5t),1, 2) = (\/g — 1) (z(t) — 0.3 (In(e + 0.5¢)) " *° 2(0.5¢)) .
Hy(t,z(t),x(0.5t),2,2) = (\/g — 1) (z(t) — 0.3 (In(e + 0.5t))_0'5x(0.5t)) :

Let u(t) = z(t) — 0.3 (In(e 4 0.5¢)) " 2(0.5t) and v(dz) =
[' = (7ij)1<ij<2 defined by
-1 1
()

We will prove that system (3.1) is polynomially stable in mean square. To this end, let
V(t,z,i) = Y;a?, fori € S, where vy =1 and ¢y = 3. Then

1
Sl SVt 2,0) < [af? (3.2)

By the definition of LV, we have for i =1

22

LV (t,z(t),(0.5),1) = —3u2(t)+iu2(t)+u2(t)/ll<l 1+22dz
3 5 dz 1,
P2 /|z|21 R TR0

= —0.46 (x(t) — 0.3 (In(e + 0.5¢)) "> 2(0.5¢))".

Fori=2
LV (t,x(t),(0.5t),2) = —uﬂ(t)+iu2(t)+1u2(t) / z dz
e 18 8 <1 1+ 22
3 5 dz 1,
——u(t —u?(t
16“()/z|211+z2+2“()

= —0.68 (x(t) — 0.3 (In(e + 0.5£)) " 2(0.5¢))”
Then, using 2ab < a® + b%, for all a, b € R, we have
LV (t,z(t),z(0.5t),1) < —0.462%(t) + 0.4622%(t) 4 0.09 (In(e + 0.5t)) " 2%(0.5¢)
+(—0.46)0.09 (In(e + 0.5t)) " 22(0.5¢)
—0.242%(t) 4+ 0.05 (In(e + 0.5¢)) " 2%(0.5¢)
—0.212%(t) + (0.1)(0.5) (In(e + 0.5t)) " 22(0.5t).

IA A
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LV (t,x(t),2(0.5t),2) < —0.682%(t) + 0.68%z%(t) 4 0.09 (In(e + 0.5t)) " 2%(0.5¢)
+(—0.68)0.09 (In(e 4 0.5¢)) " 22(0.5t)
—0. 211;2 t) +0.05 (In(e + 0.5t)) " 22(0.5t)

< ()
= —0.212%(t) + (0.1)(0.5) (In(e + 0.5¢t)) " 22(0.5¢).

Then, for i € S, we obtain
LV (t, x(t),z(0.5t),7) < —0.212%(¢) + (0.1)(0.5)(In(e + 0.5¢)) ' 2*(0.5¢). (3.3)

Thus, the assumptions of theorem 2.4 are satisfied with ¢, = %, co =1, c3 =021, ¢4, = 0.1,
p=2,=03,¢=05e=1, h(t) =In(e+1), ¢ = % and 6 = 0.09. Therefore system (3.1) is

h-stable in mean square.

Example 3.2. We consider the following neutral pantograph stochastic differential equation with
Markovian switching driven by Lévy noise:

d [z(t) — 0.2 (1 + 0.5¢) "% e "%5(0.51)] = f(t,2(t), 2(0.5t),3)dt + g(t, x(t), 2(0.5¢),7)dW (1),

+ Hy(t,2(t7), 2(0.5¢7), 4, 2) N (dt, dz) + Hy(t, x(t7),2(0.5t7), 4, 2)N(dt,dz) t > t,

|z|<1 |z|>1

(3.4)
Where the initial data xo = § € L'z ([0.5,1];R), (1) = 1, z € R, W(t) is a one dimensional Brow-
nian motions, N(.,.) is a Poisson random measure defined on Ry x (R —{0}) with compensator
N and intensity measure v(.). It is always assumed that N(.,.) is independent of W (.). Let v(.)
be a Lévy measure such that N(dt,dz) = N(dt,dz) — v(dz) and Jo_ o ([ZP A (dz) = X < +o0.
Let

£t 2(8), 2(050),1) = _g (2(t) — 0.2 (1 +0.56) ™7 5(0.50)) |

F(t,2(8), 2(0.5), 2) = —% (2(t) — 0.2 (1 + 0.56) ™" *5(0.50)) |

ot 2(t), 2(0.5¢), 1) = }1 (2(8) — 0.2 (1 +0.58) ™" ¢ 0%(0.50)) |

ot 2(t), 2(0.5¢),2) = % (2(8) — 0.2 (1 +0.58) ™" 0%(0.50)) |
Hi(t,z(t),z(0.5t),1, 2) = %z (z(t) — 0.2 (1 + 0.5¢) ™% e *%'2(0.5¢)) .
Hy(t,x(t), 2(0.5t),2, 2) = %z (z(t) = 0.2 (1 + 0.5¢) ™% e *%'2(0.5¢)) .

Hy(t,2(t),2(0.5t),1,2) = (x(t) — 0.2 (1 + 0.5t)" " e *52(0.5¢)) .
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H,y(t,z(t), £(0.5t),2, 2) = (g — 1) (z(t) = 0.2 (1 + 0.5t) "% e *%2(0.5¢)) .

dz

Let u(t) = z(t) — 0.2 (1 + 0.5t) " e7052(0.5t) and v(dz) = T

Let S = {1,2} and the matriz I' = (v;;)1<i j<2 define by

()

We will prove that system (3.4) is exponentially stable in mean square. Indeed, as in the preceding
example, let V(t,x,i) = a2, fori € S, where ¢ = % and vy = 1. Then

1
el <Vt wd) < o (3.5)
By the definition of LV, we have fori =1
LV (t,2(t), 2(05¢), 1) T2t + S uP(t) + » 2(t)/ G
x(t), x(0. = —=u —u —u z
’ ’ ’ 2 32 8 |z|<1 1 + 22
3 5 dz 1,
—u”(t —u”(t
+2u()/|2211+22+2u()

11w 87\ ,
= (F - 3—2) w(t)
= —0.56 (2(t) — 0.2(1 + 0.5t) "% 0%,(0.5¢))”

Fori =2,

1 1 1 2
z|<

5 4 dz 1,
— Ut — Ut
36”()/|zzll+z2 31

= - (2—2 + 1%) u?(t)

= —0.67 (2(t) — 0.2(1 + 0.5¢) ™% e70%2(0.5¢))”

Then, using 2ab < a? + b%, for all a, b € R, we have

—0.562%(t) + 0.5622%(t) 4 0.04 (1 + 0.5t) " e~'2%(0.5¢)
(—0.56)(0.04) (1 + 0.5t) " et22(0.5¢)

—0.2422(t) + 0.02 (1 4 0.5t) " e~t22(0.5t)

—0.242%(t) + (0.04)(0.5) (1 + 0.5¢) " e7t22(0.5¢).

LV (t,z(t), 2(0.5t), 1)

IN 4+ IA
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LV (t,2(t),2(0.5t),2) < —0.672%(t) + 0.67%2%(t) +0.04 (1 + 0.5¢) " e '2%(0.5¢)
+(—0.67)0.04 (1 + 0.5t) " e*22(0.5t)

< —0. 091;2(75) +0.02(140.5)7" e_tx2(0.5t)
= —0.092%(t) 4 (0.04)(0.5) (1 + 0.5¢) " e~*z%(0.5¢).
Then, fori € S, we obtain
LV (t,z(t), z(0.5t),4) < —0.092%(t) + (0.04)(0.5) (1 + 0.5¢) " e~*2?(0.5¢). (3.6)

Thus the assumptions of Theorem 2.4 are satisfied with ¢ = %, co =1, cg = 0.09, ¢4, = 0.04,

B=02,p=2¢=05e=2, h(t)=(1+1t)e", =2 and § = 0.008. Therefore system (3.4) is

h-stable in mean square.
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