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1. INTRODUCTION

Leibniz algebras are characterized as algebras whose the right multiplication operators are derivations,
it is a generalization of Lie algebra, while for a Leibniz algebra to be a Lie algebra it suffices to add the
condition that the operators of right and left multiplications alternate. Leibniz algebras have been introduced
by Loday in [23]] as algebras satisfying the (right) Leibniz identity:

[ZL’, [yv ZH = Hxay]v Z] - Hxa Z]ay]

During the last decades the theory of Leibniz algebras has been actively studied. Some (co)homology
and deformation properties; results on various types of decompositions; structure of solvable and nilpotent
Leibniz algebras; classifications of some classes of graded nilpotent Leibniz algebras were obtained in
numerous papers devoted to Leibniz algebras, see, for example, [4,7,18,11-13,15,16,18, 20,22, 24] and
reference therein.

In fact, many results on Lie algebras have been extended to the Leibniz algebra case. For instance, an
analogue of Levi’s theorem for the case of Leibniz algebras asserts that Leibniz algebra is decomposed into
a semidirect sum of its solvable radical and a semisimple Lie subalgebra [7]. Therefore, the description
of finite-dimensional Leibniz algebras shifts to the study of solvable Leibniz algebras. Since the method
of the reconstruction of solvable Lie algebras from their nilpotent radicals (see [25]) was extended to the
Leibniz algebras [[10]], the main problem of the description of finite-dimensional Leibniz algebras consists
of the study of nilpotent Leibniz algebras. Numerous works are devoted to the description of solvable Lie
and Leibniz algebras with a given nilpotent radical (see [1,5,16,9./19,26] and reference therein).

It is known that any Leibniz algebra law can be considered as a point of an affine algebraic variety
defined by the polynomial equations coming from the Leibniz identity for a given basis. This way provides
a description of the difficulties in classification problems referring to the classes of nilpotent and solvable
Leibniz algebras. The orbits under the base change action of the general linear group correspond to the
isomorphism classes of Leibniz algebras therefore, the classification problems (up to isomorphism) can be
reduced to the classification of these orbits. An affine algebraic variety is a union of a finite number of
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irreducible components and the Zariski open orbits provide interesting classes of Leibniz algebras to be
classified. The Leibniz algebras of this class are called rigid.

In the study of nilpotent Lie algebras a very useful tool is characteristic sequence, which a priori gives
the multiplication on one basis element. Recently, in the paper [2] it was considered a finite-dimensional
solvable Lie algebra t. whose nilpotent radical n. has the simplest structure with a given characteristic
sequence ¢ = (ny, Mg, ...,nk, 1). Using Hochschild — Serre factorization theorem the authors established
that for the algebra t. low order cohomology groups with coefficient in itself are trivial.

In this paper we consider the family of nilpotent Leibniz algebras such that its corresponding Lie algebra
is n.. Further, solvable Leibniz algebras with such nilpotent radicals and (k+1)-dimensional complementary
subspaces to the nilpotent radicals are described. Namely, we prove that such solvable Leibniz algebra is
unique and centerless. For this Leibniz algebra the triviality of the first and the second cohomology groups
with coefficient in itself is established as well.

2. PRELIMINARIES

Throughout the paper, all vector spaces and algebras considered are finite-dimensional over the field
of complex numbers C. Moreover, in the table of multiplication of an algebra the omitted products are
assumed to be zero.

In this section we give necessary definitions and results on solvable Leibniz algebras and its construction
with a given nilpotent radical.

Definition 1. An algebra (L, |-, -]) is called a Leibniz algebra if it satisfies the property
[z, [y, 2]] = [[z,v], 2] — [[z, 2],y] forall z,y € L,
which is called Leibniz identity.

The Leibniz identity is a generalization of the Jacobi identity since under the condition of anti-
symmetricity of the product ”’[-, -]” this identity changes to the Jacobi identity. In fact, Leibniz algebras is
characterized by the property that any right multiplication operator is a derivation.

For a Leibniz algebra L, a subspace generated by squares of its elements J = span{[z,z] : x € L} is a
two-sided ideal, and the quotient G, = L/J is a Lie algebra called corresponding Lie algebra (sometimes
also called by liezation) of L.

For a given Leibniz algebra L we can define the following two-sided ideals

Ann,. (L) ={x € L|[y,z] =0, for ally € L},
Center(L) ={z € L | [z,y] = [y,z] =0, for ally € L}

called the right annihilator and the center of L, respectively.

Applying the Leibniz identity we obtain that for any two elements x,y of an algebra the elements
[z, ], [z, y] + [y, ] in Ann,(L).

The notion of a derivation for Leibniz algebras is defined in a usual way and the set of all derivations of
L (denoted by DerL) forms a Lie algebra with respect to the commutator. Moreover, the operator of right
multiplication on an element x € L (further denoted by R,) is a derivation, which is called inner derivation.

Definition 2. A Leibniz algebra L is called complete if Center(L) = 0 and all derivations of L are inner.
For a Leibniz algebra L we define the lower central and the derived series as follows:
L'=L, 0" =10, k>1, MW=L p =L LB s> 1,
respectively.

Definition 3. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists n € N (m € N)
such that L™ = 0 (respectively, L™ = 0).

The maximal nilpotent ideal of a Leibniz algebra is said to be the nilpotent radical of the algebra.
Further we shall need the following result from [3]]. It is an extension of the similar result for Lie algebras.
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Theorem 4. Let L be a finite-dimensional solvable Leibniz algebra over a field of characteristic zero. Then
L is solvable if and only if L? is nilpotent algebra.

An analogue of Mubarakzjanov’s methods has been applied for solvable Leibniz algebras which shows
the importance of the consideration of nilpotent Leibniz algebras and its nil-independent derivations [10].

Definition 5. Let dy,ds, ..., d, be derivations of a Leibniz algebra L. The derivations dy, ds, ..., d, are
said to be nil-independent if ayd; + asds + . . . + a,,d,, is not nilpotent for any scalars oy, as, . .., a, € C,
which are not all zero.

In the paper of [21] it is proved the following theorem.

Theorem 6. Let R = N @ Q be a solvable Lie algebra such that diim Q = dim N/N? = k. Then R admits
a basis {e1, es, ..., €n,T1,Ta, ..., 2} such that the table of multiplication in R has the following form:

n
[eiaej] = Z ’y;,jeta 1< Z)] <n,

t—k+1
[eiyxi] = €4, 1 S { S ka
s, 2] = o je, E+1<i<n,1<j<k,

where «; ; is the number of entries of a generator basis element e; involved in forming non generator basis
element e;.

For a nilpotent Leibniz algebra L and # € L \ L? we consider the decreasing sequence C'(z) =
(nq,na, ..., n;) with respect to the lexicographical order of the dimensions Jordan’s blocks of the oper-
ator R.,.

Definition 7. The sequence C'(L) = min>L<2 C'(x) is called the characteristic sequence of the Leibniz algebra
TE
L.

In the paper [2] it is considered the cohomological properties of a solvable Lie algebra whose nilpotent
radical has a given characteristic sequence (11,7, ...,nx, 1) and complementary subspace to nilpotent
radical has dimension equal to k£ + 1.

For characteristic sequence (ny, no, . .., ng, 1) we consider the model nilpotent Lie algebra n. given by
its non-zero products:

lei, e1] = —le1, €] = e, 2 <1< ny,
[€n1+...+n]‘+i7 e1] = —le1, 6m+...+nj+i] = Cnytodngtiri; 2510 njp, 1 <5< k—1.

Due to Theorem[6]a solvable Lie algebra with nilpotent radical n. and (k+1)-dimensional complementary
subspace to n. is unique. For our convenience we present its table of multiplication in the following way:

([es, e1] = —[er, €] = et 2 <1< ny,
[nytotnytis €1] = —[€1, €yt tmji] = Crytoony 144> 2 <1< njy,
1, 21] = —[z1, 4] = e,

t.: R e ] = —[r1,6] = (i — 2)e, 3<i<ng+1,
[ Ayt 1] = —[z1, €n1+...+nj+i] =(i— 2)€n1+...+nj+z' 2 <1< nj,
€5, o) = —[x2, €] = €5, 2<i<n;+1,

L [ Ayt Tjro] = —[Tj42, €n1+...+nj+i] = Cny+..Anj+is 2 <1< njp.

where 1 < j <k —1.
Here we present the main result of the paper [2].

Theorem 8. For any characteristic sequence (ny, . ..,ng, 1), the model nilpotent Lie algebra n, arises as
the nilpotent radical of a solvable Lie algebra t. such that

H%tet.) =0, 0<a<3.



2.1. Cohomology of Leibniz algebras.
We call a vector space M a module over a Leibniz algebra L if there are two bilinear maps:
[—, —]: LxM—M and [—,—]: MxL—M

satisfying the following three axioms

[m> [l',y]] = Hm> z]»?/] - Hm> y],l’],
[:L’, [m> y]] = [[x,m],y] - [[a:,y],m],
[z, [y, m]] = [[z,y], m] = [[z,m], y],

forany m € M, z,y € L.
For a Leibniz algebra L and module M over L we consider the spaces

CLYL,M) =M, CL"(L,M)=Hom(L®", M), n> Q0.
Let d" : CL"(L, M) — CL"™(L, M) be an C-homomorphism defined by

n+1
(dn(p)(xlv s axn+1) = [xla QO(I’Q, s ,l’n+1)] + Z(—l)l[gp(l’l, s 732'7 s axn+1)>xi]
=2

+ Z (—1)j+1<p(x1,...,xi_1,[xi,xj],xiﬂ,...,@,...,xn+1),
1<i<yj<n+1

where ¢ € CL"(L, M) and z; € L. The property d"*! o d" = 0 leads that the derivative operator d = > _ d"

i>0
satisfies the property d o d = 0. Therefore, the n-th cohomology group is well defined by

HL™(L, M) := ZL™(L, M) /BL"(L, M),

where the elements ZL"(L, M) := Ker d"™! and BL"(L, M) := Im d" are called n-cocycles and n-
coboundaries, respectively.

In the case of n = 2 we give explicit expressions for elements ZL*(L, L) and BL?*(L, L). Namely,
elements 1) € BL*(L, L) and ¢ € ZL*(L, L) are defined by:

(1) W(x,y) = [d(x),y] + [z,d(y)] — d([z,y]) for some linear map d € Hom(L, L),

(2) [z, 0(y, 2)] = [p(z,y), 2] + (=, 2), y] + @, [y, 2]) — p([z,y], 2) + ([, 2],y) = 0.

In terms of cohomology groups the notion of completeness of a Leibniz algebra I means that it is cen-
terless and HL' (L, L) = 0.

Definition 9. A Leibniz algebra L is called cohomologically rigid if HL*(L, L) = 0.

Remark 10. For a centerless Lie algebra G it is known that H*(G,G) = HL*(G,G) (see Corollary 2
of [14]]).



3. MAIN PART

Let us consider the following family of nilpotent Leibniz algebras L(a;, 5;) with1 <i < k+1,1<j <
k with a given table of multiplications:

;

~.

€;, € ] €i+1,

€1, €i] = —€i+1,

S

. ~.
S

€yt tnjtis €1] = €nytnt1tis njt1, 1 <j<k-—1,

(U CRNJURI N
VAN VANRVANRVAN
VAN VANRVANRVAN

[

[

[

€1, €nytotmjti] = —Cnit.dmy+14is i <mnjp, 1 <7< k-1,
le1,e1] = aqh,

[eg, €2] = aoh,

[€nyt 42, Eny o dmit2] = Qigah, 1<i<k-—1

le1, e2) = —es + Bih,

1, nytoimit2l = —€nitogmis + Birh, 1<i<k—1,

\

where n; > ny > ... ny; > 1 and at least one of the parameters o, 3; is non-zero.
One can assume that o; # 0. Indeed, if a; = 0, then taking the following change of the basis
k—1

/ / / / / . /
e; = Are; + Ages + g Bien, s 4nit2, €y =es, €. =][e, €], 2<i<ng, h'=h,
i=1

/ _ / - / / . .
€n1+...+nj+2 - €n1+...+nj+27 €n1+...+nj+l+i - [€n1+___+nj+i7 61]7 2 S ? S Njy1, 1 S J S k— 17

we have
k-1 k-1

[}, e1] = (AZas + Z Blaigs + AiAsfy + Ay Z Blaipofi1)h.

i=1 =1
Taking into account that at least one of the parameters «;, 3; is non-zero, we always can chose values
Ay, As, B; such that

k—1 k—1

Alas + Z Blaipo + A1 Asfr + A Z Bl 2Bt # 0.

i=1 =1

Therefore, we can conclude that parameter «; is non-zero. Now, scaling the basis element A we can
assume that o, = 1, i.e., [e1,e1] = h.
Thus, we consider the family of nilpotent Leibniz algebras L(a;, 8;) with 1 <i < k:

;

[ei, e1] = eiq, 2 <i<ny,

e1, €] = —€iy1, 3 <i<ny,

€1+ 4nj+is €1] = €yt oy +1+is 2<i<nin, 1<j<k-1,
[e1, €ny . +n]+z] = —Cnit.tny+14is 3<i<ni, 1<j<k-1,
[e1, eq] =

[eg, €9] = ozlh

[ny 4 tnit2s Cnytotmiy2) = Qigih, 1<i<k-—1

1, €2] = —e3 + Bih,

1, €nyttnite]l = —€nytognirs + Birh, 1<i<k—1,

\

wherem >Ng > ...Ng > 1.
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3.1. Particular case.

In order to avoid routine calculations which involve many indexes we limit ourselves to the family
L(ay, g, By, P2) with the following table of multiplications:

([ [es, e1] = eita, 2<i< ny,
le1, €] = —eit1, 3 <1< ny,
[fi,e1] = fir1, 1<i<ny—1,
le1, fil = —fis1, 2<i<ny—1,
[61, 6’1] =h, [62, 6’2] = aph, [f1> fl] = azh
e1, e2] = —ez + Bih, [er, fil = —fa + Bah.

Proposition 11. Any derivation of the algebra L(ay, a, B1, 52) has the following matrix form:

D= <A B) , where

C D

ni+1 ni+1 ny ni+l ng ni+l

A= § )\ely"_ § 1_2)\1"’_72 ezz"‘ E E Yj—i+2€i,55 C= E E 9] i+1€i,55
=2 j= z—l—l =1 j=i+1
B = E Hj€1 5 + E Ci€ina+1 + )\20[1 €3n2+1 + E E 5] Z+2el_]7
=2 j=i—1
D = E i— )\ +1vr)e;; + csermyir + E E Vi—iy1€i; + (H102)€2.n,+1 + Myt nyt1
=2 j=i+1

m = (2\ + )\2ﬁ1 + 1f2), A € My 1141, B € My 410511, C € Mpyi1m41, D € Myyi1n,41 and
matrix units e; j and with the restrictions:

(

16y + agd; =0,

—2X01 4+ M B+ AfF + a1 Ba — Y21 — 612 = 0,
=240 + M By + X1 B2 4 111 5 — 0281 — 1152 = 0,
a1(2A1 + AgB1 + p1fBo — 272) = 0,

\ as(2A1 + A1 + p1 o —211) = 0.

Moreover, if ny > ng, then 0; = Owith2 < 7 <mn; —ng + 1.

Proof. The proof is carried out by straightforward checking the derivation property and using the table of
multiplications of the algebras L(ay, as, 1, fB2)- O

Lemma 12. Let d be a derivation of the algebra L(c, s, 51, B2). Then we have that coefficient d(h)|, is
€1 + €, where €, € {11, A\, 72}

Proof. Let us consider the following cases:
(1) ag # 0. In this case, by applying the derivation conditions we have 2\ + \of31 + p182 — 2v; =0
then d(h) = 21 h.
(2) s = 0 and «; # 0. Similar to the above case we have d(h) = 2vsh.
(3) as = 0 and a; = 0. We consider the following:
(a) P2 # 0. Making the following change of basis: €] = ey, €, = foe; — 1 fi—1, 2 <i <mng+1,
e; = Poei,ng+2 <i<mny+1land f/ = f;, 1 < i < ny, we can suppose J; = 0 and by
restrictions we have that p1 32 = v — A;. Hence, d(h) = (A + v1)h.
(b) BQ = Bl = (0. Then d(h) = 2)\1;1
(c) B2 =0, B1 # 0. By restrictions we have that \y3; = 7o — A\;. Therefore, d(h) = (A1 + ¥2)h.
O



Lemma 13. The number of nil-independent derivations of the algebra L(cy, as, 51, o) is equal to 4.

Proof. We are going to prove that the matrix [ is a nilpotent matrix if and only if \; = v = vy = 6,0, = 0.
By Lemmal[I2] we have that d(h) = (a1 \1 + azy2 + azvy)h.
According Proposition[L1] we have

(A B\ [A+4 B
D_<C D>_< C D1+D2)’Where

Ay = diag{ 1,72, A1 + 72, ..+, (M — DA+ 72},

D1 = diag{l/l, )\1 + v, 2)\1 + Viy.ouny (ng — 1))\1 -+ vy, CL1)\1 -+ as72 + 0631/1}
are diagonal matrices, Ao, Do, C' are strictly upper triangular matrices and the matrix B is upper triangular
matrix with non-zero diagonal under the main diagonal such that A € M, 11,41, B € My +1ny+41,
Ce Mn2+17n1+1 and D € Mn2+1,n2+1-

Note that matrices A; Ay, A2, Dy D,, D? are nilpotent, the matrices C(A; + A,) and (D; + D,)C
have the same type pattern as C' (that is if any entry of C' is 0, the entry of C'(A; + A,) and the entry of
(D1 4 D5)C at the same position is zero, as well). Likewise, the matrix (A; + A2)B and B(D; + D) has
the same pattern as B.

It is easy to see that BC' = K + K5 with diagonal matrix K; = diag{0, §10, 6165, . .. ,619%, 0,...,0}

n2
and strictly upper triangular matrix K,. Similarly, CB = Z; + Z, with diagonal matrix 7; =
diag{6163, 01602, . .., 01602, 0} and strictly upper triangular matrix Z,.
According to the above arguments we have the following formula:
pp_ (AtA B
C Di+ Dy )’

where 1’42, 1?3— nilpotent matrices and the matrices B and C are the same type as B and C)| respectively
and A; and D, are the following diagonal matrices:

Ay = diag{ 3,73 + 61605, (M + 72)? + 010a, . .., (n2 — 2)A1 4+ 72)? + 6165,
((ne — DA 4+72)% ... ((n1 — DA +72)°}

D, = diag{v} 4+ 0102, (M + v1)* + 6102, 2\ +11)* + 6165, . . .,
(e = DM 4 11)2 + 810s, (a1 M1 + agye + azn)?}

To continue iteration we conclude that in the main diagonal of the matrix D* will be equal to zero if and
only if \y = 75 = 1, = 6,6, = 0. Thus, the nilpotency of the matrix D implies A\ = v, = v; = 6:0, = 0.

Let us assume now that A\; = v = v; = §;6, = 0. Then we obtain that matrices 1211 + 22, 51 + 52, C
are strictly upper triangular and the matrix Bis upper triangular. Therefore, the matrix D? is nilpotent and
hence, I is nilpotent. H

Let R be a solvable Leibniz algebra whose nilpotent radical is the algebras from L(aq, ag, 81, B2). We
denote by () the complementary subspace to a nilpotent radical of R. Due to work [10] we have that
dimension of () is bounded by number of nil-independent derivations of L(«1, as, 81, 52).

Let us introduce denotations

dy € DerL(ay, az, f1, Pe

dy € DerL(ay, as, b1, Pe
dg € QGTL( 1
(

with Ay # 0, 75 =11 = 01605 = 0,
with vo #£ 0, \y = v; = 0105 =0,
withv; £ 0, Ay = v = 0105 =0,
with 0160 # 0, Ay = v =1, =0.

(67 7a27ﬁ17ﬁ2
dy € DerL(aq, as, b1, Po

Proposition 14. dim () < 3.

~— o
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Proof. Due to Lemma [I3] we have that the number of nil-independent derivations of L(«y, ag, 1, f2) is
equal to 4 and they are depends on parameters A, o, I/, 2, ;. Let us assume that dim () = 4, that is,
Q = {x1, 72,3, 74}. Then
in‘L(a17a27/Bl762) = dia 1 = 1, Ceey 4.

By scaling of the basis elements x;, 1 < ¢ < 4 one can assume that \y = lind;, 72 = 1lindy, v; = 1in
ds, respectively.

Let us assume that Ay # 0 (recall that this case is impossible when n; > ny). Thanks to Theorem (4] we
have R? C L(ay, ag, By, f2). Applying this embedding in the following equalities:

(*)f2 = [f17 [$27$4H = Hf17$2],$4] - Hf17$4]7$2] = —€z + L(Oéi7ﬁj)2
we get a contradiction with the assumption that f # 0. Thus, we obtain dim @) < 3. U

The following theorem describes solvable Leibniz algebras with nilpotent radical L(«, as, 51, 52) and
maximal possible dimension of Q).

Theorem 15. Solvable Leibniz algebra with nilpotent radical L(cvy, s, By, B2) and three-dimensional com-
plementary subspace is isomorphic to the algebra:

([e1,ea] =, [es, e1] = —[e1, ei] = €1, 2 <1< mny,
[h, 21] = 2h, [fisel] = —lex, fil = fira, I<i<ny—1,
le1, x1] = —[x1,e1] = ey, lei, x1) = —[x1,e] = (1 —2)e;, 3<i<ng+1,

i [fi,o1] = —[21, fi] = (i = 1) fi, 2<i<ny,

les, xa] = —[2, €] = e, 2<i<n;+1,

\ [fisws] = —[as, fi] = fi, I <i<ny.

Proof. Let R = L(ay, o, 51, P2) ® Q with {e1, ea, ..., €n01, f1 - fny, T1, T2, 3} such that
R —d;, i=1,2,3.

Zi| L(ay,02,61,82)

Due to Proposition [l we have the products [L(a1, o, f1, 52), x;],1 < j < 3.
From the table of multiplications of the algebra L(ay, e, 51, B2) we derive that

e;  Ann,(R) with 1 <i<mny, f; ¢ Ann,(R) withl <j <ny—1.
Taking into account that for any z,y € R we have [z, y] + [y, z] € Ann,(R) we conclude that
(21, €] + [e;, 1] = (%)en, 41 + (%) fro + (¥)h, 1 <i <y,
(21, fil + [fiy 2] = (%)en 11 + (%) foy + ($)h, 1 <i<ny— 1.

Consider

[xb 6n1-i-l] [xb [env 61]] = be 6711]’ 61] - be 61]’ em] =

= [—[enl,l’l],€1] - [—[61,1’1], enl] = —(7’L1 - 1)67114—17
(21, fos] = o1 [fremrs ]l = [z, fra—a], ea] = [[21, 1], fasa] =

= [_[fnz—la $1], 61] - [_[617 ‘Tl]v fm—l] =

ni1+1
— Z Ok—nyt1.1€6k — (N2 — 1) fry-
k=no+2

This imply that e, 11, fn, ¢ Ann,(R)
We claim that span(e;, f; |1 <i<mn;+1, 1 <j <ny)NAnn,(R) = {0}. Indeed, let

zZ=a1e1 +ases + ...+ Apqi+16ni+1 + blfl + ...+ bngfng + C1x1 + CTo + C3x3 € AIIIIT(R).
Then considering the products
0 =[xy, 2] = [x9, 2] = [13,2] = [e1, 2] = [e2, 2] = [f1, 2]

we derive z = (.



Thus, we obtain Ann,(R) = (h) and

[zj,ei] = —[es, xs] + (x)h, 1<i<m+1, 1<j<3,
[z, fil = =fi,xj] + (x)h, 1 <1i<ny, 1<y <3,
[xiaxj] - _[xjaxi] + (*)ha 1 S Z)] S 3.

It is easy to see that the quotient algebra R/Ann,(R) is a particular case of the Lie algebra t.. Namely,
the quotient Lie algebra has nilpotent radical n. with characteristic sequence (n;,n,,1) and its table of
multiplication has the following form:

( lei, e1] = —[er, e = e, 2 <i<ny,
[fi,e1] = —le1, fi] = fis1, 1<i<ny—1,
[el,fl] = —[931,61] = €1,
lei, x1]) = —[x1,6;]) = (1 — 2)e;, 3<i<m+1,
[fisoa] = =[x, fil = (0= 1) fi;, 2 << ny,
i, 2] = — (2, €] = €, 2<i<n+1,
[fisxs] = =[x, fi] = fi, 1 <i <.

\

If we now rise up to the initial algebra R, then we get the following table of multiplications (we omit the
bracket of the family L(«, as, 51, 52)):

le1, x| = 615€1 + ajh, [z;,e1] = —d1je1 +ajh, 1 < j <3
lea, ;] = 0aj€2 + bjh, [z, €a] = —0aje2 +gjh, 1<5<3
les, ;] = (1 — 63 )es +c;h, 1<5<3

lei, x1]) = (1 — 2)ey, 4<i<ng+1,

[ei, xa] = e, 4<i<n+1,

[fr25] = Ay + dsh, [, il = =i+ dih,

[fo, 5] = (1 — 025) f2 + gjh,

Lfiz1] = (i = 1) fi, 3 <1< ny,

[fi, 3] = fi, 3 <1< ny,

[h>xj]:mjh> 1<5<3

[z, 2] = pih, 1<4,5<3.

with §;; the Kronecker symbol, A\ = 0if j =1,2and A = 1if j = 3.
The Leibniz identity on the following triples imposes further constraints on the above family.

Leibniz identity Constraint  Leibniz identity Constraint
{619617:1:1}) = m :27 {61,62,1’1}, = 61 :07
{er,en, 2}, 2<i<3 = m=0, {er, fi,z1}, = f2=0,
{629627:1:1}) = ap = O> {627617xi}7 1 S [ S 3 = G = Oa
{f1, fr, o1}, = ay =0, {fien, ), 1<i<3 = g,=0.
At that time, the following change of basis
b d i
6/1:61—a1h, 62—62 21h, f{:fl_Elha LIZ‘;ISL’Z Splh 1<Z<3

allows to assume thata; = by =d; = ;7 =0for1 <¢ < 3.
We again apply the Leibniz identity and we have the following:
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Leibniz identity Constraint

{rie1, 0}, 1<i <3 %,=0,1<i<3,
{zi,e2,21}, 1 <i <3 b =0,1<i<3,

{fi,zi e}, 2<i<3 d;=0,2<i<3,

{@g, fr, o1}, 2<i <3 d;=0,1<i<3,
{er,xan}, 2<i <3 a;=0,2<i<3,

{es, 5,21}, 2<i <3 b =0,2<i<3,
{$2,$j,$1},1§1§3,2§j§3 @Z7J:O,1§Z§3,2§j§3

R R 2 2 R

Finally, if we consider the equalities [z}, e;] = [z, ]ei—1,€1]] with 3 < @ < ny + 1 and [z}, fi] =
i, | fic1,e1]| with2 <7 < ny, 1 < j < 3 we obtain the algebra of the theorem statement.
j
O

The next result establish the completeness of the algebra R.
Theorem 16. The solvable Leibniz algebra R is complete.

Proof. Centerless of the algebra R is immediately follows from the table of multiplications in Theorem
Note that (h) forms an ideal of R.

The quotient algebra R/(h) is the algebra t., which is complete due to Theorem 8l Applying this result
in the following equalities by modulo of an ideal (h):

dler) = d(ler, 1)) = [d(e1), z1] + [er, d(z1)] # 0 = d(e1) = Rae, (€1) = ah, a € C,
0 = d([ez, 1]) = [d(e2), 1] + [e2, d(21)] = [d(e2), m:1] = d(e2) = 0,

d(eir1) = d(les, en]) = [d(e;), er] + [es, d(e1)] =0 = d(ei1) =0, 2 < i <y,
0 = d([fi,z1]) = [d(f1), z1] + [f1, d(z1)] = [d(f1), 21] = d(f1) =0,

d(fir1) = d([fi,e]) = [d(fi),er] + [fi,d(e1)] =0 = d(fi1) =0, 1 <i<np— 1,
0 = d([zi, 1)) = [d(xs), 21] + [, d(21)] = [d(z:), 2] = d(w:) = 0,1 < i < 3.

and in the chain of equalities

2[d(e1), e1] + 2ler, d(er)] = 2d([e1, e1]) = 2d(h) = d([h, z1]) = [d(h), z1] + [, d(z1)]
= d(h) = Rg,, (h) = 2Bh, B € C

we conclude that any derivation of R is inner.
OJ

Now we prove the triviality of the second group of cohomology for the algebra R with coefficient itself
(that is HL*(R, R) = 0). Since J := (h) is an ideal of R and quotient algebra R/.J is the Lie algebra t,,
we get a decomposition R = t. & J as the direct sum of the vector spaces (here we identify the space of
the quotient space t. and its preimage under the natural homomorphism). Hence, for any z,y € R and
¢(r,y) € ZL?(R, R) one has

[z, y] =[x, yle. + [, 9]0, w(z,9) = 0(2,9)e. + (2, 9),

with [z, y)., € t., [x,y]; € J and p(z,y)., € te, @(x,y)s € J.
For an arbitrary elements z,y, z € v, and ¢ € ZL*(R, R) using (I)) we consider the chain of equalities:

oy, 2)] = lp(x, y), 2] + [o(x, 2), 4] + o, [y, 2]) — e[z, 9], 2) + o[z, 2], y) =
( )r Jee = [@(2, Y)eos 2lee + [0(T, 2)ees Yleo +0(2, [Ys 2]e e — O[T, Yeos 2)e+
v+ 2,00y, 2)c s + 2,0y, 2)als = [o(2,9)e, 20 — [p(z, )0, 2]+
+ [o(z, 2) 5, yls + (@, [y, 2)e) g + o, [y, 2]0)e. + (2, [y, 2]5)s—
— o[z, ]y, 2)e. — (2, y]s, 2)0 + o[z, 2, v) g + (2, 2)0, Y)e+

S
l—|r—|/\r—v\-
&
N
— RIS
v-x
)
\_/\_.\_/n
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From this we obtain

[, 0(Y, 2)eJee — [P(T, Y)ees 2]e. + (T, 2)ees Yoot
3) o(, [y, 2l )ee — O[T Yleos 2)ee + ([T, 2]ees Y)et
(Ia [y>Z]J)tc _QP([Iay] Js )tc ([ZL’,Z] I Y )tc =0,

[QO([L’, Z)tca y]J + [‘% Sp(ya Z)J]J + [‘% SO(:% Z)tc]J + [90(‘% Z)J’ y]J_I—
4) (@, [y, 2le.) s — [o(@, y)e, 25 — [0(@,9)0, 2]0 + (2, [y, 2]0) s —
([, Yle, 2) 5 — ([, Y5, 2) 0 + o[, 2)e, y) g + ([, 2]5,9) 5 = 0.

Note that the first six terms of the equality (3)) define a Leibniz 2-cocycle for the quotient Lie algebra t..
Therefore, Leibniz 2-cocycles of the Lie algebra t. with its trivial extensions on domains J @ R, R® J, J® J
are included into ZL?(R, R) (the same is true for 2-coboundaries of the algebra t..). Moreover, the last three
terms in (3) appear only for the triples {ey, e1,a}, {e1,a,e1}, {a,e1,e1} witha € t..

Proposition 17. The following 2-cochains together with a basis of Z1* (., t.):

pi(er,er) =h, @a(x1,e1) = paler,z1) = h, w3(x1,21) =h, @4(r3,21) = h,

{os(fi,21) = =2h,  p5(f1,23) = —pn(xs, fi) =

©6(T2, €2) = —6(ez, v2) = h, or(fr,x3) = —pr(xs, f1)
@s(e2, 1) = h, or(f1,21) = (=2)h,
[ ps(er,e1) = 573, [ po(er,e1) = %$27
808(;17 ZI}'1> = I3, 809(}1'7 xl) = X2,
h, f;) = — (h,e;) = —pq(e;, h) = Le
S08( afz) ()OS(fza ) 2fz> P, €4 2 NEP 564,
\1§Z§’n2, \2§z§n1—|—1,
( h,h) = —h,
Pty = (enfeven =
’ _1 ’ 4,011(61, h) = —9011(}% 61) = h,
@10(61761) 2LU1, _ _
_ - 1 <P11(h,$1) = <P11(I1, h) = €1,
p10(h, e1) = —pro(er, h) = e, N Y
_ _i=2 <P11(h, 61) = <P11(€z, h) = €i+1,
p10(h, €) = —pro(es, h) = Fe;, b — oyt
W) — ) = 1 oulh, fj) = —pu(fi, h) = fim,
Spl()(af])_ ()010(]’ )_ 2fj> 2<z<n1 1<]<7’L2—1
\3§i§n1+1,2§j§n2, \ - - =7 = ’
( 80}2(61,61) = €5, ( %1'3(61,61) = fj,
90}2(617 h) = —}P;Q(h, er) = €j+1; %1-3(617 h) = —@}3(h7 e1) = fit1,
i (w1, h) = (G - 2)e;, iz h) = (= 1)fj,
@}2(;1,1’1) = _(j - 4>€j7 Q:Ojl‘g(hvxl) = ( )fjv
S0}2(x2a h) = _(p]12(h7 [L’g) €j, ()0}3(3:37 h’) = _S0}3( ,1173) = fj7
\2§j§n1—|—1, \1§j§n2,
(e, e5) = —ptt(ej,e1) = h, .
90%4( 1 J) ‘PJ‘ (—]1 hl) 90}5(61>fj) _ _S0}5(fj761) —h,
12 (71,€j41) = (J ), 15(3: Fil) = 15(f' 21) = jh
14 3—j)h P\ 1, Ji+1) = @5 Uj+1, 1) = I,
$ ¥ (ej+1,21) = ( I 15 _ _ 157 ¢ -
14 o 14(, —h ¥ (933>fg+1) = =¥ (fg+1,$3) =n,
¥; (22, €j41) = L2 (€j+1,22) = h, 1<j<ny—1
3 <5 < nyq, L =J =72 !

form a basis of spaces ZL*(R, R) and BL*(R, R).

Proof. The proof of this proposition is carried out by straightforward calculations of (1)) and (2)) by using
result of Theorem [8l In fact, due to Remark [IQ] and centerlessness of the Lie algebra t. we conclude that
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H?(t,,t,) = HL?(x,,t.), that is, ZL*(t,, t.) = BL?*(t., t.). Taking into account that ZL*(x., t.) is isomor-
phically embedded into ZL?*(R, R) (respectively, BL?(t,, t.) is isomorphically embedded into BL*(R, R))
we need to find a basis of complementary subspaces to ZL*(t., t.) (respectively, to BL*(t., t.)).

Further, we consider the equalities (d*¢)(x,y, z) = 0 for the following cases:

x,Y,2 € J, reEt,y,z2€J, r,ze€Jyer, x,yczeEr,,
r,y€t,ze€J, x,zev,yed xeJy,zeEr,

from where we get the relations similar to the equations (3) and (). In addition, calculations of (3) for
the triples {ey, e1,a}, {e1,a,e1}, {a,e1,e1} with a € v, and @) for z,y, z € v, give us some additional
relations for complementary subspace to ZL?(t., t.).

Finally, combining all restrictions on 2-cocycles and identifying the basis of complementary subspace to
Z12(t.,t.) in ZL?(R, R) we get the required basis of ZL*(R, R).

Applying the same arguments for 2-coboundaries we complete the proof of theorem. 0

Remark 18. In the above proposition we simplified the calculations using the results for the quotient
Lie algebra t.. In fact, we exclude calculation of equalities @) for the triples x,y,z € t. except
{ei,e1,a}, {e1,a,e1}, {a,e1, e} witha € t.. Thus, instead of (dim t..)? triples we calculated just 3 dim .
triples in (@).

As a consequence of Proposition[I7] we get the following main result.

Theorem 19. The solvable Leibniz algebra R is a cohomologically rigid algebra.

4. GENERAL CASE

In this section we present results similar to obtained in particular case for solvable Leibniz algebras with
nilpotent radical L(«;, 5;), 1 <i < k and (k + 1)-dimensional complementary subspace.
Taking into account that the general case is analogous to a special case we omit routine calculations using
indexes n; and induction in the proofs of results below, we just give short sketch their proofs.
The sketch consists of the following steps:
(1) Firstly, we compute the space Det(L(«;, ;) with 1 < i < k. Further, we indicate (k + 1)-pieces
nil-independent derivations, which are depends on only non-zero parameters in the diagonal of the
general matrix form of derivations.

(2) Secondly, we construct the solvable Leibniz algebra R = L(«;, 5;) @ Q with Q = (x1, ..., Tk1)
such that ins‘L d) = ds, where d;, 1 < s < k + 1 are the nil-independent derivations indicated

in the first step. Next, applying the Leibniz identity, the appropriate basis transformations and the
mathematical induction we obtain the statement of Theorem

(3) In order to prove the completeness of the solvable Leibniz algebra R (the first assertion of Theorem
21)) we just need to verify the table of multiplications of R obtained in the second step and using
the fact that any derivation of the quotient Lie algebra t. = R/(h) is inner together with arguments
applied in the proof of the particular case (see Theorem [16)) allow us to prove the completeness of
the algebra R.

(4) Finally, in the study of the second cohomology group of the algebra R we also use the triviality of
the second group of cohomologies for the quotient algebra t., that is, we use the equality Z*(x,, t.) =
B?(t., t.). By arguments applied in before Proposition[I7 and due to Remark [I0] we conclude

7% (te,v.) = ZL3 (v, v,) € ZLA(R,R), B?(x,t.) = BL*(x,,t.) € BL*(R,R)
we only need to compute the dimensions of complementary subspaces to ZL?(t,, t.) (respectively,
to BL?(t,, t.)) in ZL?(R, R) (respectively, in BL?*(R, R)). Thus, the proof of triviality of the sec-

ond cohomology group for the algebra R with coefficient itself is completed by computations of
dimensions of the mentioned complementary subspaces.
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Theorem 20. Solvable Leibniz algebra with nilpotent radical L(«;, 5;), 1 < i < k and (k+1)-dimensional
complementary subspace is isomorphic to the algebra:

([er,ed] =h, [h,z] = 2h,
e, e1] = —[e1, ] = €1, 2<i<mny,
[ny .. Any+i e1] = —ler, €n1+...+nj+z‘] = Cpyt.tnj+14is 2 <1 < njya,
R - 1, 21] = =[x, e1] = ey,

) e, x1] = =[xy, 6] = (1 — 2)ey, 3<i<ng+1,
[eny+. +n;+z>$1] [:)31, €n1+...+nj+z'] = (i — 2)6n1+...+nj+z‘ 2 <1< njq,
[€i, Ta] = —[x2, €] = 2<i<mn+1,
[€n1+..tn+is Tjro] = [%+2’ €nit.tny+i] = Enytongri 2 <1< myp

\

where 1 < j <k — 1.

Theorem 21. The solvable Leibniz algebra R is complete and its second group of cohomologies in coeffi-
cient itself is trivial.

From the results of the paper [4] we obtain rigidity of the algebra R.
Corollary 22. The solvable Leibniz algebra R is rigid.

Remark 23. Note that the structure of the rigid algebra R depends on the given decreasing sequence
(n1,ng,...,n;). Set p(n) the number of such sequences, that is, p(z) is the number of integer solutions
of the equation ny + ns + ... +n, = n withny; > ny > ... > ng > 0. The asymptotic value of p(n),

given in [[17] by the expression p(n) ~ me“\/ /3 (where a(n) ~ b(n) means that hm Z(—" = 1) get the

existence of at least p(n) irreducible components of the variety of Leibniz algebras of dlmensmn n+k+ 3.
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