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Abstract
A p-filiform Lie algebra g is a nilpotent Lie algebra for which Goze’s invariant is
(n=p,1,...,1). These Lie algebras are well known for p > n ~ 4, n = dim(g). In
this paper we describe the p-filiform Lie algebras, for p = n — 5 and we give their
classification when the derived subalgebra is maximal.

1 Introduction

Nilpotent Lie algebras are known up to dimension 7 [1]. But in higher dimensions their
classification is a problem that is far from being completely solved [10]. Filiform Lie algebras
have been classified up to dimension 11 (cf. [2], (7], [9]). In 1997, an explicit classification
of 2-abelian filiform Lie algebras in any dimension was given in [8].

Cabezas, Gémez and Jiménez-Merchén study the p-filiform Lie algebras, that is, a wider

class including filiform algebras and defined by the characteristic sequence (n - p,1,...,1)
with n = dim(g), giving their classification for high values of pcloseton (-4 < p < n—-2)
(3, 5, 6].

In this paper, we obtain an expression for (n — 5)-filiform family of laws in arbitrary
dimension, classifying them when the dimension of the derived algebra is maximal, that is,
6. Using that classification, we determine which of those algebras are contact or naturally
graded algebras. In what follows, Lie algebras will be considered over the complex field and

will have finite dimension.
The descending central sequence of a Lie algebra g is defined by (C*(g)), k € Nu {0},

where
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C%g)=¢ and C'(g)=[g,C"'(@)], i€N

If there exists a k € N such that C¥(g) = 0, the Lie algebra g is said to be nilpotent and
the smallest integer verifying this equation is called the nilindez of g.

A Lie algebra g, with dim(g) = n, is called filiform if it verifies dim(Ci(g)) =n —i—-1
for 1 <4 < n~—1. These algebras have maximal nilindex, equal to n — 1. The Lie algebras
with nilindex n — 2 are called quasifiliform and those whose nilindex is 1 are called abelian.

Let g be a nilpotent Lie algebra of dimension n. For all X € g — [g,g], ¢(X) =
(e1(X),ca(X),...,1) is the sequence, in decreasing order, of the dimensions of the charac-
teristic subspaces of the nilpotent operator ad(X ), where the adjoint operator of an element
X € g, ad(X), is defined by

ad: g — g
Y — [X,Y]
c(g) = sup{c(X): X € g—[g, g} is called the characteristic sequence or Goze’s invariant of
the nilpotent Lie algebra g. The filiform, quasifiliform and abelian Lie algebras of dimension
n have as their Goze invariant (n — 1,1}, (n = 2,1,1) and (1,1,...,1), respectively.

Definition 1.1. [8] A nilpotent Lie algebra g, of dimension n, is called p-filiform if its
Goze invariant is (n — p,1,...,1).

Thus p-filiform Lie algebras are a large family of Lie algebras of which the last ones are
only special cases.

Note that a complex Lie algebra g is naturally filtered by the central descending se-
quence. This result leads to associate to any Lie algebra g a graded Lie algebra, grg with

equal nilindex: . )
gra=a,  gi=C"1(g)/C(a)
i€Z
By nilpotency, the above gradation is finite, that is
gra=g:1960:® Dok

with [g;, 8;] C Bisj, for i + j < k, verifying that 2 < dim(g;) < 4 and 1 < dim(g;) < 3, for
2 < i < k. A Lie algebra g is said to be naturally graded if grg is isomorphic to g, what will
be denoted henceforth by grg=a [11].

2 Family of laws of (n — 3)-filiform Lie algebras

In this section we describe the generic family of p-filiform Lie algebras for p=n -5, In
order to get our goal, we use theorems on nilpotency, Goze’s invariant and p -filiformity.

Theorem 2.1. Any complez (n — 5)-filiform Lie algebra of dimension n, n 2> 6, is isomor-
phic to one which law can be ezpressed, in an adapted basis {Xo, X1, X2, X3, X4, X35, Y1,
YZa o wyn-G}v by

X0, Xi] = Xin 1<i<4
n=-6
[lexz] = CX4+dX5+zakYk
k=1
X1, X3] = cXs
n—6
[X1,Xs] = eXs+ D BYe

k=1
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n=6
X2, X3] = —eXs- Y AYa
k=1
(X1, Y] = aauXa+auXs+aXs 1<i<n—6
[X2,Y] = anXs+auXs 1<i<n-6
[X3,Y,‘] = a3Xs 1<i<n—-6
[Y,,YJ] = b;sz 1<i<j<n-6,
where the parameters that appear verify the following restrictions
as;iB = 0 1<i,k<n-6
a3k = 0 1<4,k<n-6
a8k =0 1<4k<n~-6
aqgicfli = 0 1<i,k<n-6
az;e = 0 1<i<n—-6
n—=6
> Brax 0
k=1
n—6
Z arbix = 0
k=2
n—=6 t=1
Z apby = Za,b,,' 2<i<n-7
k=i+1 r=1
n=7
Z akbk,ﬂ—ﬁ =0
k=1
n=6
S Bbe =0
k=2
n—=6 =1
S Brbie = Y Bebw  2<ign-T
k=i4+1 r=1

n=-7

Z /Bkblc,n—ﬁ = 0.

k=1
Proof: Let g be a complex nilpotent Lie algebra of dimension n and with Goze’s invariant
(5,1,1,...,1).

If Xo ¢ [g, ] is a characteristic vector and {Xo, X1, X2, X3, X4, X5,Y1, Y2, ..., Yoog} is
an adapted basis of g, then it follows that

(X0, Xi] = Xia 1<i<H4
[XOYXS] = 0
[Xo,Y;] = 0 1gj<n—6.

Since ¥1,Ys, ..., Ya_s ¢ Im(ad(Xo)) we can get, by some appropriate Jacobi identities,
that the nilpotent Lie algebra g belongs to the family

[Xo, Xi] = Xig1 1<i<4
n—6

(X1, Xa] = 2724 X2 + (Y23 + m14) X3 + 113X + 12 X5 + E AP
k=1

[X1, X3] = 2724 X3 + (23 + 714) X4 + 713 X5

n=6

[X1, X4] = v24Xa + 114 X5 + z ot Y
k=1
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n—6

(X2, X3] = v24X4 + 123 X5 = Y of Y
k=1
(X2, X4a] = 124 X5

n—6
(X1,Yi] = a4 Xs + a3:iXs + agiXs + ani Xs + 3 df¥s 1<i<n—-6
. k=1
[X2, Y] = a4i X35 + a3 X4 + a2: X5 <i<n-
X3, Y] = e Xy + a2 X 1<i<n-
[X4, Y]] = agi X5 <i<n~-
n=6
Yo, Y;] = b X5 + 3 Y% 1<i<j<n-6
k=1

For all A € C ~ {0} it follows that Xo + AY; ¢ [8,8), 1 < ¢ < n~ 7 and the adjoint
matrix of the vector Xy + AY; will be given by

0 0 0 0 0 00 0 0
0 0 0 0 0 00 0 0
0 1- Aagy 0 0 0 00 0 0
0 —Aa31 1- Aa41 0 0 00 0 0
0 —Aaz]_ —Aagl 1- Aa41 0 00 0 e 0
0 —Aau —Aa;l —Aagl 1- Aa41 00 Ab12 e Abl,n—&
0 -Adl 0 0 0 0 0 Ac, ... AC%,n-—6
0 —Ad? 0 0 0 00 Ad, ... A,
0 -Ad}~® 0 0 0 0 0 Acf7® ... A8,
Since Goze’s invariant is (5,1,1,...,1), it cannot exist a non-zero minor of order 5.
Then if 1 - Aag; # 0 it follows that
1~ Aa41 0 0 0 0
-—Aﬂsl 1~ AO.41 0 0 0
—Aay,; —Aag; 1 - Aaq; 0 0 = (1 - Aa41)4ACIf]- =0=
-Aau —Aazl —Aasl 1- Aa41 Ablj
—~Adk 0 0 0 Ac’fj

=cf;=0, 1<k<n-6 2<j<n—6.
and a simple process of finite induction leads to
k=0, 1<k<n-6, i+1<j<n-6, 1<i<n-T.

(From considerations of adjoint nilpotency on the vector X, we obtain that

n=6
M- ad(X)l =2 & 3 ok =0.
k=1

It now can be easily assumed that 4,3 + 114 = 0 implementing an easy change of basis
defined by

X = X 0<t<4 (t#1)
Xt = X1-(vas+madXo
Y = v 1<k<n-6

and, therefore, considering nilpotency, vz4 vanishes, leading to the following family of laws
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[Xo, Xi] = Xip
n==6
(X1, X3] = cXe+dXs+ D Ve
k=1
[Xl,Xs] = CX5
n—6
(X1, Xq = eXs+ 3 BiYs
k=nl—6
[X21X3] -

—eXs— 3 BiYi
k=1

[Xl’ K] =

[X2,Y] = auXs+asXe+a2Xs
[X3,Y] = a4Xq+a3Xs

(X,Y] = a4Xs

Y Y] = b;Xs

n-6
with Z Bragk = 0.

n—6

04Xz + a3 Xa + 2. X4 + a1 Xs + _ diYi

k=1

1<i<4
(d=m2 a =afy)
(e=ma)

(e=m4 Br:=ok,)

1<i<n-6
1<i<n-6
1<i<n-6
1<i<n-6

1<i<j<n—-6,
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k=1
By conditions of (n — 5)-filiformity on the adjoint matrices of the vectors AXo + X ¢
lg,8], 1 <i<2,VAE€ C, we conclude that

df‘ = 0
azfr = 0
azar = 0
aife = 0
agiche = 0

1<i,k<n—6

1<ik<n—6
1<ik<n-6
1<ik<n—6
1<ik<n—6.

;From the remaining Jacobi identities and the adjoint nilpotency it follows that

n-6 n=-6

> oras
k=1

n-6

2a3;€ = - Z arbik
k=2

i-1
Z arby;
r=1

n=7

2as.e

203,66 = Z akbk,n—ﬁ
k=1

n—6
> Brbik
k=2

n—=6

S Brbix
k=i+1

n=7
Z ﬂkbk,n—G
k=1
n—6

> akag
k=1

il

Y Brazk
k=1

0

n—6

- Y b

k=i+1

2<i<n-T

i=1
Zﬁrbri QSiSn_7
r=1

0
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n=6

> Bran =0
k=1

Since azio =0, 1 <4,k < n— 6, the expression of the above mentioned conditions is
dramatically simplified. This result together with the change of basis defined by

X = X 1<t<5
Yi' = Y,‘-G.ﬁXo ISzSn—-G

leads to a4; =0, 1 < i < n—6. Hence, some of above mentioned restrictions vanish because
they are trivial. a

3 Classification of (n — 5)-filiform algebras with maximal
derived algebra

We determine all the (n — 5)-filiform algebras in arbitrary dimension for the case in which
the derived algebra is maximal, that is, 6.

Proposition 3.1, If g is an (n — 5)-filiform Lie algebra of dimension n with dim(g, g] = 6
and n > 8, then its law can be ezpressed in an adapted basis {Xo, X1, X2, X3, X4, X5, Y1,
Y2) . 'ayn-G}J by

( [Xo, Xi] = Xis1 1<i<4
[Xl,X’z] =cX3+Y,r
{Xl,Xa}-CX5
(X1, X4] = Yn-s
(X2, X3] = ~Ynos
[X1,Y)] = agi Xy - 1<i<n=-"7
(X2, Y] = a0 X 1€t<n=7
{[Y;,Yﬂ:b,-,-xs 1<i<j<n-8

with azi¢=0,1<i<n~"7.

Proof: Implementing an easy change of basis in the family of laws of the above section,
that is

n=6
Y ,=dXs+ Y aYs
k=1
n-6
Yig=eXs+ ) AYa
k=1
it can be assumed that an—7 = Bn_s =1 and the other ones of o}s, 8is are equal to zero.
This result reduced the restrictions to agic=0,1<i<n-"7. o

Proposition 3.2. If g is an (n — 5)-filiform Lie algebra of dimension n with dim[g,g] =6
and n > 9, then it is isomorphic to one of the following families of laws, which are pairwise
non-isomorphic.
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[Xo, Xi] = Xip1 1<i<4
(X1, Xa] = Yooz
fu%é’,.l,...,l) ‘ (X1, X4) = Yo 1<r<E (11_5_6)
[X2, X3] = =Yn-s
[Yoim1,Y2i] = X5 1<i<r—1
[Xo, Xi] = Xin1 1<i<4
[X1, Xa) = Yoz
(X1, X4] = Yoos
2,7 n—-7
Byt (X2, Xs]=-Yae 1<r<E (__2_)
[X1,Ya-s] = X4
(X2, Yn_s] = Xs
[Yai1,Ya = X5 1<i<r—1
( [Xo, Xi] = Xi1 1€1<4
(X1, Xz) =Yor
[X17X4]—- n-6
”?;,1,...,1) 2 { [ X2, X3)=-Yoos 1<r<E (f’.%ﬁ)
(X1, Ynor] = X4
[X Yn 7]
[Ym—l,Yz.]—Xs 1<i<r—1
(X0, Xi] = Xit1 1<i<4
(X1, X2] = Xqa+ Yaer
X1, X3) = X, L
e’ | e o v LorgB(25)
[X2, X3] = =Ya-s
[Y2i-1, Yai] = X5 1<igr—1

Remark 3.3. I{xldimension 8, we oniy1 obtain three (n — 5)-filiform Lie algebras with
; oy 3,1 ,
dimig, 8] = 6 : b5 1y Ks,1,0) @09 Ag)

Proof: The structure constant ¢ 5 is always a multiple of c. In fact:
1). Jordan’s change of basis.

Xo=Xo
n-6

X{ = AoXo+ A1 X1+ A2 Xy + AsXs + AdXs + AsXs + 3 BiY
k=1

Two conditions must be satisfied by the constants above. Firstly, by conditions of change
of basis, we get that A; # 0. Secondly, as we want the law to be in the family, Ao must be
zero. The resulting parameter is ¢ = Ajc that is multiple of c.

2). Change of characteristic vector.
n—6
X} = EoXo + ErX1 + EsXa + EsXs + EsXs + EsXs + Y DiYa
k=1
X =
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. \ ¢
with Ep # 0 and Ejag,—7 = 0. In this case the resulting parameter is ¢” = ok

0
Thus, the generic family obtained in the above proposition splits up in two families of
non-isomorphic laws.

Casel: c=10
The law of the algebra can be expressed, up to antisymmetry, by

Xo, Xi]=Xiyqn  1<ig4

(X1, Xa) = Yor
[X1, X4) = Yaos
[X2|X3] = =Ip-g

(X1, Yi]=anXy 1<i<n-7
(X2, Yi]=0a2Xs 1<is<n-7
(Y, Y;] = bij Xs 1<i<j<n-8
Considering the dimension of the subalgebra [C*(g),C?%(g)], we obtain that

1 if azp-7 =0

dim([C}(g),C¥(g))) =
2 if apn-7#0

leading to two families of non-isomorphic laws.
(1.1) A n-7 = 0
Considering the centralizer of g for this case, we obtain that
n—4 ifau=0Vi: 1<i<n-8
dim(Cent(C!(g))) =
n—5 if3i: ax #0
Subcase 1.1.1. ag; =0Vi: 1<i<n—-8.
The law of the algebra can be expressed, up to antisymmetry, by
[Xoy Xi]=Xiy1 1<i<4

(X1, Xo] = Yoy
(X1, X4] = Yoos
[XZ»XS] = ~In-6

[Y,',Y']:b;sz 1<i<j<n-8

- If b;; vanishes Vi, j then u(51 1 is obtained.
- If there exists b;; # 0, it can be' easily assumed that b;3 # 0 and implementing an easy

ba; by;
change of basis (Y] = bin, Y,=Y2,Y/ =Y, -+- L Y1 - b—Yg, 3 < i < n - 8) we obtain
12 12
that bjp =1, by; = bg; = 0, 3<i<n-8
By continuing this process, the family of algebras u 51 1 is obtained. Moreover, dis-

tinct values of » lead to non-isomorphic algebras; this follows from considering the dimension
of the center

dim(Z(g)) = n—2r — 3, 1gr55(";%

Subcase 1.1.2. 37 : ag; # 0.
We can always suppose that ag; # 0 and with no further operation than the change of
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. 1
basis defined by (Y{ = E_YI’Y'! =ayY; — ayY), 2 < i< n—7)it can be assumed that
21
az1 = 1 and ay; = 0, i # 1. Then g is isomorphic to an algebra of law
(Xo, Xi]=Xiqn 15754

[X11X2] =Yn-7
[X1, X4] = Yns
[X2, X3] = —Yn-s
(X1, Y1) = X4
[X2,71] = X5

[¥:,Y;] = b:;Xs 1<i<j<n-8

Changes of basis similar to some of those already seen (subcase 1.1.1) lead to ,u?g’l l)
providing pairwise non-isomorphic algebras. This result follows from o

dim(Z(@)=n—-2r—4, 1<r< E("—;Z)

(1.2) @27 £ 0

The change of basis defined by Y; = a3 n—7Yi — a;Yn_7, 1 < i < n -8 together with a
change of scale lead to a3 n—7 = 1 and a3 ; = 0 for 1 < ¢ < n — 8. Now, changes of basis
similar to some of those already seen (subcase 1.1.1) lead to #?ér,l,...,l) providing pairwise

non-isomorphic algebras. This result follows from

dim(Z(g)) =n - 2r - 4, 15r5E‘(n;6)

Case 2: ¢c#0
The law of the algebra can be expressed by
[Xo, Xi] = Xina 1<i<4
[X1, X2) = X4+ Yooz
[X1, X3] = cX5
[X1, Xa] = Yn-s
[X2, X3) = =Ya-s
¥, Y;) = bi;Xs 1<i<j<n-8

implementing a simple change of scale it can be assumed ¢ = 1.

By a process of finite induction, similar to the one used in the preceding argument,
(subcase 1.1), the family of algebras “?5’.'1,...,1) is obtained. We now have that dim(Z(g)) =
n — 2r — 3, which implies that the algebras corresponding to ;[(‘;1’_“'1) are pairwise non-

isomorphic. a
Remark 3.4. It can be easily seen that there are only three non-split (n — 5)-filiform

n=8 n=6 n=8 n=7
algebras for n even (#(1;13‘1(-?))7 #?551(‘2‘1‘))1 “‘(‘é,El(,..fl)))’ and only one for n odd, ;L?éﬁ(wfl)).

4 Naturally graded (n — 5)-filiform Lie algebras of maximal
derived algebra

In this section, all the naturally graded (n — 5)-filiform Lie algebras of maximal derived
algebra are provided.
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It can be easily seen that, in this case, the corresponding gradation contains only five
non-null homogeneous subspaces , g1, 82, @3, 84 and gs, verifying Xo, X1 € gy, X; € g,
2 < i <5 Y. € g, 1< ¢ < n—8 Yo7 €gs and Y6 € :H with {th Xla (AKX X5) Yi,...
Y,-s} an adapted basis of g.

;From now on, dim(g) = n > 8, which follows from dim/[g, g] = 6.

Proposition 4.1. There ezist only two naturally graded non-’split (n — 5)-filiform Lie al-
gebras with dim|g, g] = 6, p%gfl'm) and “:(3;1.1.1)’ both corresponding to dimension &.

Proof: There are no naturally graded algebras in /‘?ér,L...,l)’ this follows from Y,_s € @
and X; € g; with 1 < ¢ < 5, which is in contradiction with the bracket [X;,Vn_s] = X4
that always appears in the family. In the same way, it can be easily seen that there are
no naturally graded algebras in pgl 1) which follows from the existence of the bracket
(X1, X3] = Xs.

As the previous reasoning showed, if r > 1 there are no naturally graded algebras in
the families of laws pl)" and p3r because in these cases the bracket [Y),Y;] = X;

(5.1,....1) (5,11m1)
appears. .

At this point, it only remains to study the algebras ;4%5'%1’“”1) and B(51,01)1 but they
correspond to split algebras, “télylyl,l) @ C"8 and “:(351,1,1,1) @ C"-® respectively; save for
dimension 8, in which case the algebras l‘(ls'f1,1,1) and BE,11,1) 2T obtained. These two
algebras that are obtained in dimension 8 are evidently naturally graded [4]. o
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