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Abs t rac t  
A pfiliform Lie algebra g is a nilpotent Lie algebra for which Goze's invariant is 

(n - p,  1,. . . , I ) .  These Lie algebras are well known for p 2 n - 4, n = dirn(g). In 
this paper we describe the pfiliform Lie algebras, for p = n - 5 and we give their 
classification when the derived subalgebra is maximal. 

1 Introduction 

Nilpotent Lie algebras are known up t o  dimension 7 [I]. But in higher dirnensions their 
classification is a problem tha t  is far from being completely solved [lo]. Filiform Lie algebras 
have been classified up t o  dimension 11 (cf. [2], [7], [9]). In 1997, an explicit classification 
of 2-abelian filiform Lie algebras in any dimension was given in [a]. 

Cabezas, G6mez and JimBnez-Merch&n study the pfiliform Lie algebras, tha t  is, a wider 
class including filiform algebras and defined by the  characteristic sequence (71 - p, 1 , .  . . , 1 )  
with n = dim(g),  giving their classification for high values of p close to  n (n -4  5 p 5 n-2)  
13, 5, 61. 

In this paper, we obtain an expression for (n - 5)-filiform family of laws in arbitrary 
dimension, classifying them when the dimension of the derived algebra is maximal, tha t  is, 
6. Using tha t  classification, we determine which of those algebras are contact or naturally 
graded algebras. In what  follows, Lie algebras will be considered over the complex field and 
will have finite dimension. 

The  descending centml sequence of a Lie algebra g is defined by (Ck(g)), k E N U {0), 
where 

Copyright O ZOO0 by Marcel Dekker, Inc. 
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CO(g) = g and Ci(p) = [ p ,  c ' - ' ( p ) ] ,  i E N 

If there exists a k E N such that Ck(p)  = 0, the Lie algebra p is said to be nilpotent and 
the smallest integer verifying this equation is called the nilindez of p. 

A Lie algebra g ,  with dim(g) = n ,  is called filiform if it verifies dim(Ci(g))  = n - i - 1 
for 1 5 i < n - 1. These algebras have maximal nilindex, equal to n - 1. The Lie algebras 
with nilindex n - 2 are called quasifiliform and those whose nilindex is 1 are called abelian. 

Let p be a nilpotent Lie algebra of dimension n. For all X E p - [ g , p ] ,  c ( X )  = 
( c l ( X ) ,  c z ( X ) ,  . . . , 1 )  is the sequence, in decreasing order, of the dimensions of the charac- 
teristic subspaces of the nilpotent operator a d ( X ) ,  where the adjoint operator of an element 
X E g ,  a d ( X ) ,  is defined by 

a d :  g -+ p 
y ---+ [ X ,  YI 

~ ( g )  = sup{c (X)  : X E g - [ p ,  g] )  is called the characteristic sequence or Goze 's invariant of 
the nilpotent Lie algebra g.  The filiform, quasifiliform and abelian Lie algebras of dimension 
n have as their Goze invariant ( n  - 1, l), ( n  - 2,1 ,1)  and (1 ,1 , .  . . , I ) ,  respectively. 

Definition 1.1. [3] A nilpotent Lie algebra g, of dimension n, is called p-filiform if  its 
Goze invariant is ( n  - p, 1, . . . , I ) .  

Thus pfiliform Lie algebras are a large family of Lie algebras of which the last ones are 
only special cases. 

Note that  a complex Lie algebra g is naturally filtered by the central descending se- 
quence. This result leads to  associate to  any Lie algebra g a graded Lie algebra, grg with 
equal nilindex: 

grp = $ g i ,  pi = Ci-' (e ) /Ci (p)  
i € Z  

By nilpotency, the above gradation is finite, that  is 

with [ p i ,  p,] C p;+j, for i + j  5 k ,  verifying that  2 5 dim(gl )  5 4 and 1 5 dim(g;) 5 3, for 
2 5 i 5 k. A Lie algebra g is said to be naturally graded if grg is isomorphic to  g, what will 
be denoted henceforth by grg=g [ l l ] .  

2 Family of laws of (n - 5)-filiform Lie algebras 

In this section we describe the generic family of pfiliform Lie algebras for p = n - 5. In 
order to  get our goal, we use theorems on nilpotency, Goze's invariant and p -filiformity. 

Theorem 2.1. Any complez ( n  - 5)-filiform Lie algebra of dimension n ,  n > 6, is isomor- 
phic to one which law can be ezpressed, in an adapted basis {Xo,  X i ,  Xz ,  X Q ,  X4, X S ,  Y i ,  
Y2 , . . . ,Yn-6) ,  by 
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k=l 

[ X I ,  Yi] = a3iX3 + + al;Xs 1 < i < n - 6 
[Xz ,  XI = a3iX4 f azixs l < i < n - 6  
[X31 XI = a3iXs l < i < n - 6  
[K ,Y j ]  = bijX5 l < i < j < n - 6 ,  

where the parameters that appear verify the following restrictians 

k=2 
n-6 i-l 

Proof: Let g be a complex nilpotent Lie algebra of dimension n and with Gcae's invariant 
( 5 , 1 , 1 , .  . . , I ) .  

If Xo @ [ g ,  g ]  is a characteristic vector and {Xo,  X I ,  Xz ,  X3, X4, X5, Y l ,  Yzr . Yn-6) is 
an adapted basis of p ,  then it follows that  

Since Y l ,  Y z ,  . . . , Yn-6 @ Im(ad (Xo) )  we can get, by some appropriate Jac'obi identities, 
that the nilpotent Lie algebra g belongs to the family 



CABEZAS ET AL, 

For all A E C - (0) it follows that  Xo + AX # [p, p], 1  2 i < n  - 7 and the adjoint 
matrix of the vector Xo + AYl will be given by 

Since Goze's invariant is ( 5 , 1 , 1 , .  . . , I ) ,  it cannot exist a non-zero minor of order 5. 
Then if 1  - Aa4i # 0 it follows that  

+c:,=O, l s k s n - 6  2 s j s n - 6 .  

and a simple process of finite induction leads to 

iFrom considerations of adjoint nilpotency on the vector X z ,  we obtain that  

It now can be easily assumed that  723 + 714 = 0  implementing an easy change of basis 
defined by 

X i  = Xt O s t s 4  ( t f l )  
Xi = X1 - (723 + ~14)Xo 
Yz = Yk l < k < n - 6  

and, therefore, considering nilpotency, 724 vanishes, leading to  the following family of laws 



NILPOTENT LIE ALGEBRAS 

n-6 

with P k a 4 k  = 0. 
k= 1 

By conditions of (n - 5)-filiformity on the adjoint matrices of the vectors AXo + Xi $ 
[g, g], 1 5 i < 2, VA E C, we conclude tha t  

iFrom the remaining Jacobi identities and the adjoint nilpotency it follows that  
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Since a3iffk = 0 , 1 ( i ,  k 5 n - 6 , the expression of the above mentioned conditions is 
dramatically simplified. This result together with the change of basis defined by 

leads to  a4i = 0 , 1 < i < n -6.  Hence, some of above mentioned restrictions vanish because 
they are trivial. 0 

3 Classification of (n - 5)-filiform algebras with maximal 
derived algebra 

We determine all the ( n  - 5)-filiform algebras in arbitrary dimension for the case in which 
the derived algebra is maximal, that  is, 6. 

Propos i t ion  3.1. If g is an ( n  - 5)-filiform Lie algebra of dimension n with dim[g, g ]  = 6 
and n > 8, then its law can be expressed in an adapted basis {Xo, X I ,  Xz, X 3 ,  X4, X5, Yl, 
Y21...!Yn-6], by 

Proof :  Implementing an easy change of basis in the family of laws of the above section, 
that  is 

it can be assumed that  ( ~ ~ - 7  = Pn-6 = 1 and the other ones of a'p, Pis are equal to  zero. 
This result reduced the restrictions to  azic = 0, 1 ( i ( n - 7.  

P r o p o s i t i o n  3.2. If g is an ( n  - 5)-filiform Lie algebra of dimension n with dim[g, g] = 6 
and n 2 9 ,  then it is isomorphic to one of the following families of laws, which are pairwise 
non-isomorphic. 
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Remark 3.3. In dimension 8, we only obtain three (n - 5)-filiform Lie algebras with 
1 1  3 1 4,1 

d i m [ ~ 2 g ]  = ' p( i , l , l , l )?  p( i , l , l , l )  and p(5 ,1 ,1 ,1)  

Proof: The structure constant c : , ~  is always a multiple of c. In fact: 
1). Jordan's change of basis. 

Two conditions must be satisfied by the constants above. Firstly, by conditions of change 
of basis, we get tha t  A1 + 0. Secondly, as we want the law to  be in the family, A0 must be 
zero. The resulting parameter is c' = Alc that  is multiple of c. 

2). Change of characteristic vector. 
n-6 

x6 = EoXo + & X I +  EzXz + E3X3 + E4X4 + E5X5 + C DkYk 
k=l 

x; = X 1  



4496 CABEZAS ET AL. 

with Eo # 0 and Elaz,,-7 = 0. In this case the resulting parameter is c" = 2. 
E? 

Thus, the generic family obtained in the above proposition splits up in t z o  families of 
non-isomorphic laws. 

Case: c = O  
The law of the algebra can be expressed, up to  antisymmetry, by 

[XO,X;]=X;+~ l < i < 4  

[XI, XZ] = Yn-7 

1x1, X41 = yn-6 

[XZ1 x3] = -yn-6 
[X1,x]=a2;X4 1 < i < n - 7  

[X2,Y,]=aliXs l < i < n - 7  

[x,Yj]=bijX5 l < i < j < n - 8  

Considering the dimension of the subalgebra [C1(p),CZ(p)],  we obtain that  

1 if az,,-, = 0 
dim([c1(e)1c2(e)l) = 

2 if az,,-, # 0 

leading to two families of non-isomorphic laws. 

(1.1) az,,,-7 = 0 

Considering the centralizer of g for this case, we obtain that  

Subcase 1.1.1. azi = 0 Vi : 1 5  i 5 n - 8. 
The law of the algebra can be expressed, up t o  antisymmetry, by 

[XO,X;]=X;+~ 1 < i < 4  

[XI XZI = Yn-7 

[xi, X4I = yn-6 

[XZ? x3] = -yn-6 
[K,Yj]=bijX5 l < i < j < n - 8  

If bi j  vanishes V i ,  j then p;;:l,,.,,l) is obtained. 
If there exists bij # 0, it can be easily assumed that  b iz  # 0 and implementing an easy 

1 bzi b l i  
change of basis (Y: = -Yl, Y; = Yz, Y,' = Y, + -Yl - -Yz, 3 < i 5 n - 8) we obtain 

biz b iz  blz 
that  biz = 1, bli = bzi = 0, 3 5 i 5 n - 8. 

By continuing this process, the family of algebras p;~l , , , , , l ,  is obtained. Moreover, dis- 
tinct values of r lead to  non-isomorphic algebras; this follows from considering the dimension 
of the center 

n - 6 
dim(E(p)) = n - 21 - 3, 1 5 r 5 E (?) 

Subcase 1.1.2. 3 : az; # 0. 
We can always suppose that  a21 # 0 and with no further operation than the change of 
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1 
basis defined by (Y; = -Yl,Y;' = azlY; - aziYl, 2 5 i 5 n - 7) it can be assumed that  

a2 1 
a21 = 1 and az; = 0, i # 1. Then g is isomorphic to  an algebra of law 

Changes of basis similar to  some of those already seen (subcase 1.1.1) lead to  p;{l,,,,,l) 

providing pairwise non-isomorphic algebras. This result follows from 

(1.2) azp-7 # 0 
The change of basis defined by Y,' = a2,,-7x - aaziYn-7, 1 5 i 5 n - 8 tojlether with a 

change of scale lead to azVn-7 = 1 and az,j = 0 for 1 5 i 5 n - 8. Now, changes of basis 
similar to some of those already seen (subcase 1.1.1) lead to  p:{l,,,,,l) providing pairwise 
non-isomorphic algebras. This result follows from 

Case: c#O 

The law of the algebra can be expressed by 

[XO, xi] = xi+l l < i 5 4  
[XI, XZ] = c X ~  + Yn-7 

[XI, X31= cxs 

[XI x4] = yn-6 

[X2, X3] = -Yn-6 

[x, Yj] = bijXs l < i < j I n - 8  

implementing a simple change of scale it can be assumed c = 1. 
By a process of finite induction, similar to  the one used in the preceding argument, 

(subcase 1.1), the family of algebras is obtained. We now have that  tlim(Z(g)) = 

n - 2r - 3, which implies that  the algebras corresponding to p:{l,,,,,l) are pairwise non- 
isomorphic. 

Remark 3.4. It can be easily seen that  there are only three non-split (n - 5)-filiform 
z,E(+) 

llE(J) 3C(9), p;$:y;), and only one for n odd, p(s,l ,,,,, . algebras for n even (11(5,1, ..., 1 )  1 11(5,1, .... 1) 

4 Naturally graded (n - 5)-filiform Lie algebras of maximal 
derived algebra 

In this section, all the naturally graded (n - 5)-filiform Lie algebras of maximal derived 
algebra are provided. 
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It can be easily seen that, in this case, the corresponding gradation contains only five 
non-null homogeneous subspaces , 81, gl, g3, g4 and g5, verifying Xo, X i  E gl ,  Xi E gi, 
2 < i < 5, Yi E gl,  1 < i 5 n - 8,  Yn-7 6 p3 and Yn-6 E g5 with {Xo, X i ,  . . . , X5, Yl, .  . . 
Yn-6) an adapted basis of g. 

iFrom now on, dim(g) = n 2 8, which follows from dim[g, g] = 6. 

Proposition 4.1. There ezist only two natumlly gmded non-split (n - 5)-filiform Lie al- 
gebras with dim[g, g] = 6, pt;tl,l,l) and Cl$tl,l,l)t both corresponding to dimension 8. 

Proof: There are no naturally graded algebras in p~[ , , , ,~~ , ) ,  this f o l l o ~ s  from Y n - ~  E pl 
and Xi  g; with 1 < i 5 5, which is in contradiction with the bracket [x~,Y,,-~]  = X4 
that  always appears in the family. In the same way, it can be easily seen that  there are 
no naturally graded algebras in pt[l,,.,,l) which follows from the existence of the bracket 

[XI ,  XJ] = X5. 
As the previous reasoning showed, if r > 1 there are no naturally graded algebras in 

the families of laws p$l,,,.,l) and p:[l,,.,,l) because in these cases the bracket [Yl,Y2] = Xs 
appears. 

At this point, it only remains to  study the algebras and p$~l,,, , ,l),  but they 
correspond to split algebras, IL;&l,l) $ Cn-a and p!(l,l,l) $ Cn-s respectively; save for 

dimension 8, in which case the algebras p(';~l,l,l) and py;:l,l,l) are obtained. These two 
algebras that are obtained in dimension 8 are evidently naturally graded [4]. 0 
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