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Abstract

We study relationships between the asymptotic behaviour of a non-elliptic semigroup
of holomorphic self-maps of the unit disk and the geometry of its planar domain (the
image of the Koenigs function). We establish a sufficient condition for the trajectories
of the semigroup to converge to its Denjoy—Wolff point with a definite slope. We
obtain as a corollary two previously known sufficient conditions.
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1 Introduction

A (one-parameter) semigroup (¢;);>o of holomorphic self-maps of D—for short, a

semigroup in D—is a continuous homomorphism ¢ — ¢, from the additive semigroup
(R>p, +) of non-negative real numbers to the semigroup (Hol(ID), D), o) of holomor-
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phic self-maps of D with respect to composition, endowed with the topology of uniform
convergence on compacta. If ¢, is an automorphism of I for some 7y > 0, then ¢; is an
automorphism for all # > 0 and in such a case we will say that (¢;) is a group, because
indeed it can be extended to a group homomorphism R > ¢ + ¢, € Hol(D, D).

The theory of semigroups in D has a long history dating back to the early nineteen
century. Moreover, nowadays, it is a flourishing branch of Analysis with strong con-
nections with Dynamical Systems and with many applications in other areas (see [8]
and the bibliography therein). Indeed, this paper is about a basic dynamical problem
for semigroups in . We refer the reader to [1,8], or [17] for the results cited below
without proof.

It is known that ¢, has a fixed point in D for some #) > O if and only if there
exists T € D such that ¢;(t) = t for all + > 0. In such a case, the semigroup is called
elliptic and there exists A € C with Re A > 0 such that ¢;(7) = e M forallt > 0.
The elliptic semigroup (¢;) is a group if and only if Re A = 0. Moreover, the above
point 7 is unique unless ¢; = idp for all 7 > 0, and it is called the Denjoy—Wolff point
(DW-point in what follows) of the semigroup.

If the semigroup (¢,) is not elliptic, then there exists T € 9D which is the Denjoy—
Wolff point of ¢; for all 7 > 0, i.e. ¢;(t) = 7 and ¢/(r) < I in the sense of angular
limits. As before, 7 is also called the Denjoy—Wolff point (DW-point in what follows)
of the semigroup. In this case, there exists A > 0 such that (p,’(r) =e¢ Mforallt >0,
where ¢/ () stands for the angular derivative of ¢; at t. A non-elliptic semigroup is
said to be hyperbolic or parabolic depending on whether 1 > 0 or A = 0, respectively.
Parabolic semigroups can be divided in two sub-types: a parabolic semigroup is of
positive hyperbolic step if lim;_, o0 kp(¢:+1(0), ¢:(0)) > 0, where kp(-, -) denotes
the hyperbolic distance in D. Otherwise, (¢;) is said to be of zero hyperbolic step.

A fundamental result for semigroups in D is the so-called Continuous Denjoy—
Wolff theorem, which says that if (¢;) is non-elliptic or elliptic but different from a
group, then forany z € D, ¢;(z) — T ast — 400, where 7 is the Denjoy—Wolff of the
semigroup. Those functions ¢ — ¢;(z) can be properly named orbits (or trajectories)
in the usual dynamical sense thanks to Berkson and Porta’s celebrated theorem [4,
Theorem (1.1)] which asserts that ¢ — ¢;(z) is real-analytic and there exists a unique
holomorphic vector field G : D — C such that

09 (2)
ot

= G(¢:(2)), forallz e Dand all t > 0.

This vector field G is called the vector field or infinitesimal generator of (¢;).
In this paper we are interested in considering the so-called “slope problem” of the
orbits of a non-elliptic semigroup in D when arriving to its Denjoy—Wolff point.

Definition 1.1 Let (¢;) be a non-elliptic semigroup in D with Denjoy—Wolff point
T € dD. The (arrival) slope set Slope[t — ¢:(z), T] of the semigroup (¢;) at T with
the initial point z € ID is the cluster set of the function

[0, +00) 31— Arg (1 — T (2)) € (—7/2,7/2)
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ast — +00. In other words, 0 € [—%, 5] belongs to the set Slope[t — ¢;(2), T] if
there exists a sequence (¢,) C [0, +00) tending to +o00 such that Arg (1 —T@, (z)) —
6 asn — +o00.

Remark 1.2 Slope[t — ¢;(z), T] is either a point or a closed subinterval of [—%, %]
For hyperbolic semigroups and parabolic semigroups of positive hyperbolic step,
the arrival slope set is always a singleton (see [8, Sect.17.4 and 17.5] for further
information).
In contrast, for parabolic semigroups of zero hyperbolic step, the arrival slope set
does not have to reduce to a unique point (see [3,6,10,14]). However, according to the
following result by the first two authors, it does not depend on the initial point.

Theorem 1.3 [9, Theorem 2.9 (1)] Let (¢;) be a parabolic semigroup of zero hyperbolic
step with DW-point T € 0D. Then, for any 71,722 € D,

Slope[t = @;(z1), T] = Slope[t = ¢;(z2), T].

An important open problem in the theory of semigroups in D has been (indeed,
still is) how to detect whether the arrival slope set of a parabolic semigroup of zero
hyperbolic step is a singleton or a specific kind of closed subinterval of [— zZ, %] Here
the word “detect” almost always means finding sufficient and/or necessary conditions
of geometric nature. This is directly related to the second key notion (with the first one
being the vector field) associated with each semigroup, namely, to its holomorphic
model and its Koenigs function (see [4], [11], [18], [2], [8, Sect.9]).

Definition 1.4 Let (¢;) be a semigroup in D. A holomorphic model for (¢;) is a triple
(U, h, ®;), where U is a domain in C, (®;) is a group of holomorphic automorphisms
of U,and h : D — h(D) C U is a univalent holomorphic map (called a Koenigs
function of the semigroup) satisfying the functional equation

hogp,=®,0h forallt >0 (1.1)

and the following absorbing property

e ' amy =u. 1.2)

t>0
The set (D) is called an associated planar domain of the semigroup.

Every semigroup in D admits a holomorphic model unique up to “holomorphic
equivalence” (i.e. isomorphism of models). In particular, see e.g. [8, Theorem 9.3.5
on p.245], asemigroup in D is non-elliptic if and only if one of its (mutually equivalent)
holomorphic models is of the form (U, &, z — z + it). For such aholomorphic model,
the functional equation (1.1) becomes Abel’s classical equation

h(¢i(2)) = h(z) +it, forall zeD,r>0. (1.3)
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Following the convention generally accepted in the literature, we will assume that
all the considered holomorphic models for the non-elliptic semigroups are of the above
canonical form. Then the Koenigs function becomes essentially unique: if /1, h are
two Koenigs functions of the same non-elliptic semigroup, then there exists a constant
c € Csuchthat hy = hy + c.

Thanks to (1.3), planar domains of non-elliptic semigroups are complex domains
of a very particular type: the so-called starlike-at-infinity domains.

Definition 1.5 A domain 2 C C is said to be starlike at infinity (in the direction of
the imaginary axis) if 2 4+ it C £2 for any t > 0.

Remark 1.6 Any domain 2 # C starlike at infinity is conformally equivalent to D
and if & is a conformal mapping of D onto such a domain £2, then the formula
@ :=h~' o (h +it) for t > 0 defines a non-elliptic semigroup in ID, whose Koenigs
function is 4.

In this context, our problem mentioned above can be rewritten as follows: to find
geometrical properties of the planar domain of a parabolic semigroup of zero hyper-
bolic step which imply (or characterize) whether the corresponding arrival slope set
is a singleton.

As far as we know, apart from examples and some folklore results concerning
strong symmetry of the planar domain, the unique three papers dealing with the above
question are [3], [5] and [7]. In [3], it is shown that whenever the boundary of the
planar domain is included in a vertical half-strip, the arrival slope set is equal to {0}.
Likewise, in [5], it is shown that if the boundary of the planar domain is included in a
horizontal strip, the arrival slope set is also equal to {0}. In [7], the authors introduce
some “boundary distance” functions, which measure the distance of a vertical straight
line to the boundary of the planar domain, and use them to characterize geometrically
when the arrival slope set coincides with the singleton {7 /2} or {—m/2}. Moreover,
they also show how these functions detect whether the convergence of the trajectories
is non-tangential, i.e. whether the arrival slope set is a compact subset of (—%, 1).

We would like to mention that there are also results treating the above problem in a
non-geometrical way, i.e. without using planar domains. For instance, in [12] (see also
[8, Proposition 7.5.5]), it is proved that the arrival slope sets of a parabolic semigroup
of zero hyperbolic step is a singleton whenever its vector field has enough analytic
regularity (in the angular sense) at its Denjoy—Wolff point.

In this paper, we introduce some new ‘“angular extent” functions of a strongly
geometrical meaning, which measure the angular displacement of the boundary of the
planar domain with respect to a fixed vertical straight line (see Definition 3.5). Using
these functions, we establish sufficient conditions for the arrival slope set of a non-
elliptic semigroup to be a singleton (see Theorem 5.4 and Proposition 5.3). We also
analyse the relationship between these functions and the non-tangential convergence
of the orbits of the semigroup (see Proposition 5.1). Moreover, as a corollary, we
recover results from [3] and [5].

The plan of the paper is as follows. In Sect. 2, we develop some new results about
Carathéodory kernel convergence which can be of interest on their own and will be
fundamental for the results of Sect. 5. In Sect. 3, we introduce and study those angular
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extent functions mentioned above. Section 4 is a brief review of the boundary distance
functions introduced in [7]. We also study here their relationships with the angular
extent functions from Sect. 3. In Sect. 5, we present our main results. Finally, in
Sect. 6, we show a few examples dealing with some particularities of the angular
extent functions, which, in particular, underline important differences between them
and the (apparently quite similar) boundary distance functions.

2 Kernel Convergence

Recall the classical notion of kernel convergence of domains; for more details see e.g.
[13, §I1.5] or [15, §1.4]. Let (£2,) be a sequence of domains in C. Fix a point w € C.
Suppose that w € £2,, forall n € N large enough. Denote by G the (possibly empty) set
of all points z € C possessing the following property: there exists an open connected
set A C C containing the points z and @ and contained in §2, for all sufficiently
large n € N.

The kernel % (($2,), w) of the sequence (£2,) with respect to the point w is the
union G U {w}. The following dichotomy holds: either G = @ and hence, trivially,
H((2n), ®) = {w}, or Z((24),®) = G # . In the latter case, £ ((£2,), )
coincides with the connected component of [,y int ( (Minsn .Qm) that contains w.
Here int(-) stands for the topological interior of a set.

As a matter of convenience, we also define the kernel of (£2,) w.r.t. points w € C
that fail to belong to all but a finite number of £2,’s. In such a case, we define
H ((2n), ®) = {w} if there exists a sequence (w,) converging to  with w, € £2,
for all n € N; otherwise, we put ¢ ((£22,), @) := ¥.

The kernel of (£2,) w.r.t. w is said to be non-trivial if it is different from ¢
and {w}. In such a case, % ((.Qn), w) is a domain in C containing w. Otherwise,
ie. if 2 ((£24), w) € {9, {w}}, we say that the kernel of (£2,,) W.r.t. w is trivial.

Note that for any subsequence (£2,,), £ ((£2,). @) D £ ((£2,), ») and, in gen-
eral, the inclusion can be strict. A sequence (£2,) is said to converge to its kernel
2, = JL”((.Q,,), a)) w.r.t. a point w € C, if £2, # ¢ and f((ﬂnk), a)) = 2, for
every subsequence (§2;,).

The above “sequential” concepts can be extended to continuous indexes in a natural
way. Consider a family (§2,),~¢ of domains in C and let w € C. If for some ry > 0,
a fixed neighbourhood of w is contained in §2, whenever r > rg, then 2 ((.Q,), w),
the kernel of the family (£2,) w.r.t. w, is defined as the connected component of

U int( m _er> = int(U m _er>

r>0 r'>r r>0 r'>r

that contains w. Otherwise, we put Ji/((.Q,), a)) = {w}or %((.Q,), w) := (} depend-
ing on whether there exists a map (0, +00) 2 r +— @, € C such that w, € £2, for
allr > 0and w, - wasr — +00.

The family (£2,) is said to converge to its kernel 2, = J¢ ((2,), w) w.rt. o if
B+ 2, = Ji/((.an), a)) for every sequence (r,) C (0, 400) tending to +o0c.
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Remark 2.1 It follows easily from the definition thatif K C ¢ ((.Qr), a)) is a compact
set, then K C £2, for all r > 0 large enough. Conversely, if a domain U is contained
in 2, for all r > 0 large enough, then U C ¢ ((£2,), ®) for any w € U. Analogous
statements hold for kernels of sequences of domains.

In the proof of our main result, Theorem 5.4, we make use of the following state-
ment, which is an easily corollary of Carathéodory’s classical Kernel Convergence
Theorem; see e.g. [13, Theorem 1 in §11.5].

Proposition 2.2 Let (g,) be a sequence of conformal mappings of D into C. If (g,)
converges locally uniformly in D to some function g, then (g,(D)) converges to its
kernel w.r.t. w := g(0). Moreover, g(D) = %((gn(ID))), w).

If the kernel ¢ ((gn (D)), a)) is non-trivial, then g is conformal and on every com-
pact set K C g(ID), the sequence (g, 1Y converges uniformly to g~ .

As a consequence of Remark 1.6, in this paper, we will be especially interested in
domains starlike at infinity. Simple “model examples” of such domains, relevant to
the slope problem, are represented by angular sectors of the form

Sp(B1, B2) == {p+itei9: t>0, <0< ,81},

where p € Cand 0 < By, B2 < 7 with B; + B > 0.

Remark 2.3 Clearly, when the above notions are applied to describing the limit
behaviour of domains, much depends on the choice of the point w involved in the def-
inition of the kernel. Given a family (£2,) of domains and a sequence (r,) C (0, +00)
tending to 400, the limit behaviour of the sequence (£2,,) w.r.t. to some points w € C
can be similar to that of the whole family (£2,), while for other choices of w, (£2;,)
and (£2,) can behave differently. Consider the following example. Let B € (0, 7],

Q2 = So(n/4, ,3)\ U {u Fiviu=-2" ve, 21 +2")]},
n=0

and define 2, = %.Q for all » > 0. It can be checked that if w € Sop(0, B), then
A ((2:), w) = So(0, B), but for all v € C\ Sp(0, B) the kernel 2 ((£2,), w) is
trivial. In particular, Sy(0, 8) is the unique non-trivial kernel of the family (£2,).
Moreover, (£2,) converges to its kernel So(0, 8) w.r.t. any w € Sy (0, B).

It follows that the sequence (§22») converges to its kernel Sp(0, 8) w.r.t. any
w € So(0, B). However, (§£2o2) has infinitely many other non-trivial kernels with
respect to points in the left half-plane, namely,

Dy == ({(20n), o) = {u+iv: u e (=25, =251, v > —u},
where w; 1= (—% —|—i)2k , k € Z.In fact, for any k € Z, the sequence (§227) converges

to its kernel Dy w.r.t. wg. Note also that in this example, 2 and hence all £2,’s are
starlike at infinity.
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For families (£2,) generated, as in the above remark, by scaling a given domain 2,
the fact that the parameter r takes all positive real values imposes strong restrictions
on possible non-trivial kernels.

Proposition 2.4 Let 2 C C be a domain different from C. Suppose that (2, =
%Q)r>0 has a non-trivial kernel 2, = JK((SZ,), a)) w.r.t. some point w € C. Then
the following assertions hold.

(A) Either 2 coincides with C* := C \ {0} or 2 is an angle with the vertex at the
origin, i.e.

£, = ASo(B1, B2),

for some ). € 0D and some 0 < By, Br < w with 1 + B2 > 0.
(B) If, in addition, 2 is starlike at infinity, then

2, = So(B1, B2),

for some 0 < By, B < m with B1 + B2 > 0. Moreover, $2, is the only non-trivial
kernel of ($2,), i.e. %((.Qr), w’) € {V), {0}, Q*}for any o' € C.

(C) Under hypothesis of (B), suppose that 818> # 0. Then for any ' € C and any
sequence (ry) C (0, 400) converging to +0o0 such that the kernel & ((.Q,”), 104 )
is non-trivial, we have

H((82),), &) = A ((821,), ®) D So(B1, o).

Proof To prove (A), we notice that O ¢ £2,, because otherwise {z : |z| < &} C £2, for
some ¢ > 0 and all r > 0 large enough and hence we would have §2 = C. Therefore,
to prove (A), it is enough to show that together with any w € £2,, the domain £2,
contains also the ray {aw : a > 0}. Suppose on the contrary that w € §2, and that there
existsa > Osuchthataw € 982,. Choose ¢ > 0sosmallthat {£ : |E—w]| < &} C £2,.
Then there exists 7 > 0 such that for all ' > r, {& : |§ —w| < e} C 2 = LQ or
equivalently, {a& : |a§ —aw| < ae} C 7$2. Hence U := {§ : |§ —aw| < ae} C £
for all + > r/a. Since by construction the domain U intersects §2,, it follows that
U C £2,. We obtain a contradiction, which shows that the whole ray {aw : a > 0} is
contained in 2.
Proof of (B). Let us now assume that £24it C 2 for all > 0. Then the same property
is possessed by £2, for any r > 0 and hence by £2,. Since 0 ¢ £2,, it follows that
the ray {—it : t > 0} is contained in C \ £2,. Hence £2, = So(B1, B2) for some
B1, B2 € [0, m]. Clearly, (81, B2) # (0, 0) because £2, # @.

Take o’ € C different from w and assume 7 ((.Q,), o' ) is non-trivial. Note that
K ((Qr), a)) and & ((.Qr), 154 ) either coincide or do not intersect. Therefore, if both
B1 # 0and B, # 0, then clearly, 2 ((£2,), @) = ((2,), w) = So(B1. B2).
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Let us show that the same conclusion holds also if 818, = 0. Otherwise, without
loss of generality, we may assume that % ((£2,), @) = So(r1, 0) and & ((£2), o) =
S0(0, ap) for some a1, ax € (0, ]. Note these two sets are the only non-trivial kernels
of (£2,). Hence

So(ar, 0) U So(0, ag) = int(U N 9) Q2.1

r>0 r'>r

Inparticular, £2 is neither containedin {w : Re w > O}norin {w : Re w < 0}. Together
with the property that 2+it C §2 forall# > 0, this means that {i (t+ag) : t > 0} C £2
for some ap € R. If ap < 0, then we immediately get a contradiction because in such
acase {it : t > 0} C £, forany r > 0. If ¢y > 0, then for any r > 0 we have
{i(t4+ %) 11 >0} C $2,. It follows that {iz : t > 0} is contained in | J,. [ ),/~, £2
which again contradicts (2.1). This completes the proof of (B).

Proof of (C). Fix now o' € C and a sequence (r,) C (0, +00) converging to 400
with the property that the kernel ¢ ((£2,,), @’) is non-trivial. Clearly

D =2 ((82),), ®) D A ((2:), ) = So(B1, o).

As above, the domains D and D’ := % ((.Q,n), a)’) either coincide or do not intersect;
moreover, D' + it C D’ for all + > 0. Since by hypothesis 8; > 0 and B, > 0, it
follows that D’ = D. The proof is now complete. O

Remark 2.5 The condition 818, # 0 in part (C) of the above proposition is essential.
Just consider the example in Remark 2.3.

Remark 2.6 Fix wyo € C and let 2 C C be a domain. If the family of domains
2, =1 ~(£ — wo) has a non-trivial kernel with respect to a point @ € C, then also the

family (.Q = ;.Q) has the same kernel with respect to . A similar assertion holds
for any sequence (£2,,) with r, — +00 as n — 4-o00. Indeed, every point

weUint(ﬂﬁ,/)

r>0 r'>r

is contained in £2,/ along with some fixed neighbourhood for all #’ > 0 large enough.
Hence {¢ : |§ — w| < ¢} C £2,» for some & > 0 and all r’ > 0 large enough. Taking
into account that the same holds also with £2,/ and §2,- interchanged, we conclude
that

Uint( ﬂ .Qr/) = U int(ﬂ .5,/).

r>0 r'>r r>0 r'>r

3 Angular Extent Functions for Domains Starlike at Infinity

Recall that a domain starlike at infinity is a domain §2 of the complex plane such that
2 +it C $2forallt > 0.
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Definition 3.1 Let £2 be a domain starlike at infinity. A point p € C is said to be a
natural point associated with £2 if there exists #p > 0 such that p 4 it € £2, for all
t > to. The set of all natural points associated with £2 will be denoted by NP(£2).

Remark 3.2 The set NP(£2) is always non-empty. Indeed, 2 C NP(£2). Moreover,
NP(£2) = C if and only if {Rez: z € £2} is unbounded both from above and from
below, i.e. if and only if £2 is not contained in a half-plane bounded by a line parallel
to the imaginary axis.

Remark 3.3 Consider a non-elliptic one-parameter semigroup (¢;) in D with planar
domain £2. It is known, see e.g. [8, Theorem 9.3.5], that the semigroup (¢;) is hyper-
bolic if and only if NP(£2) is an open strip and that it is parabolic of positive hyperbolic
step if and only if NP(£2) is an open half-plane; finally, (¢;) is parabolic of zero hyper-
bolic step if and only if NP(£2) = C.

Remark 3.4 A useful subset of NP(£2), which will be denoted by NP((£2), is formed
by those points p € 952 such that p + it € §2, forall r > 0.

Note that NP (§2) can be empty, but this happens only for a narrow class of domains
of the form 2 = V(1) :={x +iy: x € I, y € R}, where I C R is an open interval
(bounded or unbounded or the whole R).

Moreover, NP (§2) can be reduced to a unique point: consider, e.g. £2 := C\ {—ir :
t > 0}.

Definition 3.5 Let £2 be a domain starlike at infinity. Fix p € NP(£2). For any 7 > 0
such that p 4- it € §2, we define the (normalized) left angular extent of §2 w.r.t. p by

a;z’p(t) ‘= min {n, sup{e > 0: p+ ite' € 2 for all 6 € [0, a]}} € (0, m].
Likewise, the (normalized) right angular extent of §2 w.r.t. p is defined as
“:(S,p(t) := min {n, sup{o > 0: p+ ite™'? € 2 forall b € [0, Ol]}} € (0, m].

The natural domain of definition for both functions a, » and aE » is the interval
(10(p), +00), where

to(p) :=inf {r = 0: p+ir € 2}. 3.1)

Remark 3.6 Note that p € NPg (S,,(ﬂl, ,32)) and that for all ¢ > 0,
— _ + _
s, p1.po).p ) = B s g, ), p (1) = B2
Remark 3.7 1t is easy to see that for any domain §2 starlike at infinity and any p €
NP($2), both functions «, » and oz_(Jg’ p are continuous from the right on their natural

domain of definition. However, in general, neither a, p hor ag p are continuous from
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the left. For instance, for £2 := {z: Imz > 0} \ {—1 4+ iy : y € [0, 1]}, we have

/2, if + e (0,1],
ag (1) = Jarcsin(1/1), if 1 € (1,/2],
/2, if 1 e (v/2,+00),

which is discontinuous from the left at 1 = +/2.

Remark 3.8 In general, for different points p, g € NP(§2), we have different functions

Ol;}’ » and 0‘5—; . The same holds for the left angular extends. However, quite often the

angular extends w.r.t. different points behave the same way in the limit as t — +o0.

Theorem 3.9 Let 2 be a domain starlike at infinity and p € NP(S2). Let to(p) be
defined by (3.1). Then the three conditions below are equivalent to each other.

(i) The following limits exist,
- 1 - Feoy e 1 +
o (p) = tiufooag’l’(t) € [0, 7], at(p) = tlnlloo oegyp(t) € [0, 7],

and at least one of them is different from zero.
(ii) There are two increasing unbounded sequences (1)), () C (to( D), +oo) with
o/t — 1 and v /) — 1asn — oo such that the following limits exist,

. — / . + "
nlgrgoag,p(tn) € [0, ], nlggoag,p(tn) € [0, ],

and at least one of them is different from zero.
(iii) There exists w € C with respect to which the family (.Qr = %.Q) converges to a
non-trivial kernel.

Moreover, if one and hence all of the above conditions are satisfied, then:

(a) Ji/((.Q,),a)/) = S,,(oz‘(p),oﬁ'(p)) for any o' € C such that %((.Qr),w/) is
non-trivial, and
(b) forany q € NP($2), a_aq(t) —a (p) andoz?z’q(t) — at(p)ast — +oo.

For the proof of this theorem we need one technical lemma.

Lemma 3.10 Under conditions of Theorem 3.9, fix some t > 0 and B € (0, 7] such
that L = {p +ite™? : 0 < 0 < B} C 2. Then the following statements are true.

(A) If 0 < B < /2, then for any ¢ € (0, B) there exists § = 5(B, €) > 0 such that
Ol;;’p(x) > B —c¢cforallx €[t,t(1+9)].
(B) If m/2 < B < m, then for any ¢ € (0, B) there exists § = §(B, ¢) € (0, 1) such

that for each x € [t(1 — §), t] at least one of the inequalities
+ < (B _ + > 8 _
oe_Q’p(x) <m—(B—¢e) or ag’p(x) >p—c¢

holds.
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Proof Note that the hypothesis implies that # belongs to the natural domain of definition
of ag, » and azg’ - For simplicity, we will assume, without loss of generality, that
p=0.

Suppose first that 0 < B < 7/2. Since §2 + it C §2 for all t > 0, together with the
arc L, the domain 2 contains the set

Ly :={z:0<Rez <tsin(B), Imz > /1?2 — (Rez)2}.

Note that for any x > f,

- —if . Isin
{ixe7":0<0 <0(x)} C Ly, 0O(x):= arcsin

The statement (A) follows now easily. '
Similarly, if 7/2 < B < &, then together with the arc {ite’lgz /2 <60 < B}, the
domain £2 contains the set

S:={z:|zl =t} {z:Rez > rsinp}.

In case B = m, it immediately follows that a; o(x) = m forall x € (0, t]. Suppose
now that 8 € (i /2, ). Then for any x € (¢ sin 8, ¢], the arc {ixe_"(9 10(x) <0 <
m — 0(x)} is contained in S, where 0(x) is defined as above. Therefore, for all such
points x, either aap(x) <6(x)or aE’p(x) > — 6 (x). This implies statement (B).

O

Proof of Theorem 3.9 To show the equivalence of the three conditions, it is sufficient to
prove that (ii) = (iii) and (iii) = (i). Thanks to Remark 2.6, replacing the domain
£2 with £2 — p, we may assume that p = 0.

Proof of (ii) = (iii). Denote

a” = lim ag o (¢), T = lim af ).
N> 00 .Q,()(n) 1 00 _Q’()(n)

We are going to show that under condition (ii) the following two claims hold.
Claim I: liminf,, yoo g ((1) = ™ and liminf; 1 0‘;5,0(’) >at.
Claim 2: for any sequence {r,} C (0, +oc0) tending to +oo and any w € 3Sp(a™, ™)
there is a sequence {w, } converging to w and satisfying w, € C\ £2,, foralln € N.
Claim 1 implies that for @ := ie’ (@™ =)/2 and for any sequence (r,) C (0, +00)
with r, — 400 as n — 400, the kernel . ((£2,)), ®) contains So(c ™, &*). Like-
wise, from Claim 2, it follows that . ((£2,,)), ®) is contained in So(a ™, a™).

Proof of Claim 1. The proofs of the two inequalities in Claim 1 are similar. By this
reason we prove only one of them, namely, the inequality for O‘_J(rz,o- Suppose on the
contrary that there exist &, < a™ and a sequence x,, — =00 such that ag’o(xn) <
for all n € N. Consider two cases: o, < 7/2 and o € [r/2, ). Suppose first that
ay < /2. Thenforalln € Nlarge enough, aE’O(té’) > B := min{(as+a™)/2, 7/2}.
Note that 8 > a.. Hence applying Lemma 3.10 (A) for 7 := 1;/, we conclude that there
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exist ngp € N and § > O such that forall x € J = UnZnO[t,’[, t/(1 4 8)] we have
O‘E,o(x) > ay. Sincet) /1) — lasn — +00, [ag, +00) C J for some ap > 0, and
in particular, x,, € J for all sufficiently large n € N. This contradicts the assumption
that gy o(x) < o forall n € N.

Let us now obtain a contradiction in the case «y, € [7/2, ). Since oy, < a™, in this
caseat > /2. Ttfollows that foralln € N large enough, aE’O(t;’ ) > 7 /2. Therefore,
similarly to the first case, applying Lemma 3.10 (A) for ¢t := ¢, and 8 := /2, one can
show that there exists a¢; > 0 such that for all x > a;, we have oz_g O(x) > 7w — B’ with
B’ := (ay + a™)/2. Moreover, taking into account that a_Q o) = ' foralln € N
large enough and applying Lemma 3.10(B) for 7 := ¢, and B := B, we see that there
exist ng € Nand § € (0, 1) such that forall x € J' := UnZnO[t”(l 8), 1] we have
oz;g’o(x) > «a,. This is again in contradiction with the assumption that a;rz’o(x,,) < oy
for all n € N. Claim 1 is now proved.

Proof of Claim 2. Clearly, itis sufficient to prove the claim for w % 0. Thenw = i pe
for some p > 0and 6 € {—a~, a™}. We provide the proof only for the case § = a™,
because the case # = —a ™ is similar. Suppose first that @™ < 7. Then omitting if

—if

necessary a finite number of terms in (7)), we may suppose that iz, 1“5»0(['/'/) e C\2
for all n € N. For x > 0, denote by 7(x) the element of the sequence (z,) for which
|log(z)/x)| attains its minimal value ¢ (x). If the minimal value is attained for two
different elements, we choose one of them, for example the smaller one. Clearly ¢, :=
it(pry )eii“;rl 0oterm)) e C\ £2 for each n € N. It follows that wy, := &, /rp € C\ 2.
Moreover, | Re log(w, /w)| = g(pr,) — 0 because tn+1/t,’1/ — lasn — 400, and
| Im log(w,/w)| = |a9’0(t(prn)) —at| — 0because a_Q’O(t,’[) — atasn — +oo.
Thus w,, - w asn — +o0.

Suppose now that at = 7. The above argument works also in this case if 0 ¢ £2,
but if 0 € £2, then it might happen that a;’z,o(t) — 7 and ite %20 = _jt ¢ @
for all + > 0. Hence we have to modify the above argument. To this end, fix some
wy € C\ 2. Then I' := {w, — it : t > 0} C C\ £2. Removing a finite number of
terms in (r,), we may suppose that pr, > |w,| for all n € N. Define w,, to be the
unique point of intersection I" () {z : |z| = pr,} lying in the lower half-plane. Then
clearly ¢, := wy,/r, — —ip = w asn — +o00. By construction, ¢, € C\ §2,, for all
n € N. Now Claim 2 and hence the implication (ii) = (iii) is proved.

Proof of (iii) => (i). By Proposition 2.4, 2, := . ((£2,), 0) = So(B1. B2) for some

B1, B2 € [0, ] with B1 + B2 > 0. Since any compact subset of £2, is contained in £2,
for all r > 0 large enough, it follows that

ltlglﬁlol(l):arz’o(l) > B and 1}2&{2“9,0(” > Bo.
It remains to show that
lim sup ozg o) =B and limsup on o) = Bo.

t——+00 t——+00
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We are going to prove only the latter claim, since the proof of the other one is very
similar. Thus suppose that lim sup,_, , “;rz,o(tn) > B,. Then there exist 8, > B and
an unbounded strictly increasing sequence (¢,) C (0, +00) such that oe;rzyo(t,,) > B
for all n € N. If B < m/2, then using assertion (A) of Lemma 3.10 with g :=
min{By, w/2}, we see that there is u € (0, 1) and a sequence of intervals I, :=
[rn(1 — W), rn(1 + w)] with r, - 400 as n — +o00 such that O‘s—g,o(x) > B =
(B + B2)/2 for any x € |, In- The same conclusion, but with " := (Bx + $2)/2,
can be obtained in the case 8 > 7 /2 by applying assertion (B) of Lemma 3.10 with
B replaced by B, if we recall that lim inf;_, O‘_J(rz,o(’) > B» > /2 and hence
a:,rzyo(t) > — B, for all + > 0 large enough.

It follows that in both cases the set U : ={ipe ¥ : 1—pu < p < 14+u, 0 <6 < g}
is contained in £2;, forany n € N. Hence % ((£2,). 0) D £2,|J U. However, by (iii)
and the definition of convergence to the kernel, 2 ((.an), 0) = 2,.Since U ¢ £2,,
we have obtained a contradiction, which means that indeed limsup,_, , ., agyo(t)

< Ba.

Proof of (a) and (b). We have already seen that if conditions (i)—(iii) hold, then the
equality %((.Qr), a)) = So (a_(p), oﬁ‘(p)) takes place for at least one point w € C.
By Proposition 2.4, this implies assertion (a).

Now (b) follows from (a) and the fact that condition (iii) does not depend on the
choice of the point p. O

Remark 3.11 If £2 is a domain starlike at infinity with NP(£2) # C, then one of the
following three mutually exclusive possibilities holds.

1. 2 cV{):={x+iy:x el, y e R} fora suitable bounded interval I C R. In
this case, for any p € NP(£2), we have

lim o5 ()= lim «f (1) =0.
t—+00 ‘Q’p() t—+00 a,p()

2. 2 C V() for a suitable interval I of the form (a, +00), a € R, but not
for any bounded interval /. In this case, clearly, lim;— o0 0t (0 =0 for any

p € NP(£2).
3. £ C V() for a suitable interval I of the form (—o0, b), b € R, but not for any
bounded interval 7. In this case, lim;_, a;;’p(t) = 0 for any p € NP(£2).

4 Boundary Distance Functions for Domains Starlike at Infinity

Definition 4.1 [7] Let £2 ; C be a domain starlike at infinity, p € C and ¢ > 0. The
(normalized) left distance of §2 w.r.t. p is defined by

Sé)p(t) := min {t, inf{|z— (p+it)|]: Rez<Rep, z € (C\.Q}} e [0, r].
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Likewise, the (normalized) right distance of £2 w.r.t. p is defined by
Szgyp(t) = min {t, inf{|lz—(p+it)]: Rez>=Rep, ze€C\ .Q}} e [0, t].

Remark 4.2 Note that if p € NPo(£2), then, for all ¢ > 0,

8o (1) =inf{lz— (p+ir)]: Rez <Rep, z €92} and
53,,@) =inf{|z — (p +it)|: Rez > Rep, z € 982}.

Remark 4.3 In contrast to the angular extents oe?t2 » for any domain 2 starlike at

infinity and any p € C, the functions Sé p are continuous and non-decreasing on the
whole interval (0, +00).

Theorem 4.4 [7, Lemma 3.6] Let §2 be a domain starlike at infinity. Then for any
P, q € C, there exist constants ¢y > ¢1 > 0 such that for all t > 0,

c1ég (1) =8g (1) =28, (1) and

18y ,(1) <85 ,(1) < 028 (1),

The following result obtained in [7] establishes a strong relationship between the
slopes of the trajectories of a one-parameter semigroup at its DW-point and the limit
behaviour of the boundary distance functions of the corresponding planar domain.

Theorem 4.5 [7, Theorem 1.1] Let (¢;) be a non-elliptic semigroup in D with the
DW-point t € 0D and Koenigs function h and let 2 := h(D). Fix any sequence
(tn) C (0, +00) tending to +oo. Then:

(A) The sequence (¢;,(2)) converges non-tangentially to t for some (and hence
all) z € D if and only if for some (and hence all) p € S2 there exist constants
¢y > c1 > 0 such that for alln € N,

c18g ,(t) <8g (1) < €285 ,(tn).
(B) limy,— yoc Arg (1-Ty,, (z)) = 7 /2 (inparticular, (¢, (z)) converges tangentially

to T as n — +00) for some (and hence all) z € D if and only if for some (and
hence all) p € 2,

8 ()

m —— =
n—+o0o 59’17(;”)

)

(C) lim,— 400 Arg (1 —T¢y, (2)) = —m /2 (in particular, (¢, (2)) converges tangen-
tially to T as n — +00) for some (and hence all) z € D if and only if for some
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(and hence all) p € 2,

+
lim M = +o00.
n—+00 8qu([n)

As one might expect, for domains starlike at infinity, angular extent functions and
boundary distance functions are closely related, see “Proposition 4.6”. At the same
time, it is worth mentioning that these two characteristics are not asymptotically equiv-
alent, as demonstrated by Example 6.4 in the last section. Therefore, the information
on the geometry of the planar domain near oo provided by the angular extents is not
identical to that contained in the boundary distance functions.

Proposition 4.6 Let 2 be a domain starlike at infinity. Fix some p € NP($2) and let
(to, +00) be the natural domain of definition ofoz;’g and a;ﬂ. Then for all t > 1,

(a) 85 ,(1) < 2tsin (%ag,p(z)) <tah (0);
(b) %ta_};p(z‘) < ¢ sin min{%, (xap(t)} < Bg’p(Zt);
(c) 8¢ ,(1) < 2isin (%aé’p(t)) < tag (1)
(d) %ta;z’p(t) <1sin min{%, ag (1)} < 85 ,(20).

Proof Clearly, it is sufficient to prove (a) and (b). The proof of (c) and (d) is similar.
Without lose of generality, we assume that p = 0. Moreover, to simplify the notation,
for 1 > 1o, we will write at (1) := a gy o (1) and 8 (1) := 85, ((0).

Proof of (a). By the very definition, §7(¢) < t. Hence (a) holds trivially if @™ (¢) = 7.
Therefore, we may suppose that a™(¢) < 7. In such a case, wq := ite™i " € 5
and we immediately get

§T(1) < |it — wo| = 2t sin (o (1)).

Proof of (b). Let B := min{Z, ™ (¢)}. Note that the arc {ire™? : 0 < 0 < B}isa
subset of 2. Since 2 is starlike at infinity, it follows that

{z:0<Rez<tsinB, Imz>1t}C $2.

Therefore, §7(2¢) = min {2t, inf{|z —2it]| :z€e C\ £2, Rez > 0}} > tsin B. O

5 Main Results

In this section we prove our main results, which establish relationships between the
trajectory slopes at the DW-point and the asymptotic behaviour of the angular extents
in the planar domain of the semigroup for r — +o0.

As we mentioned in the introduction, essentially the slope problem has been solved
for hyperbolic semigroups and for parabolic semigroups of positive hyperbolic step.
Therefore, we might strict our attention to parabolic semigroups of zero hyperbolic
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step. At the same time, our methods do not require this assumption. That is why we
will keep supposing only that the semigroup is non-elliptic.
We start with two corollaries of the main theorem from [7].

Proposition 5.1 Let (¢;) be a non-elliptic semigroup in D with DW-point t € 0D,
Koenigs function h, and planar domain §2 := h(D). Fix some p € NP(£2). Suppose
that

ag (1/2) ab (t/2)
lim in & >0 and limin %

> 0. 5.1
1——400 a;),p(t) t— 400 aap(;) CRY

Then the following are equivalent:

(i) The trajectory t — @;(z) converges non-tangentially to T as t — +00 for some
(and hence all) 7 € D.
(ii) There exist T > 0 and 0 < C| < Cy such that forallt > T,

Ciag, (1) <ag (1) < Crafy (). 5.2)

Proof Let (fg, +00) be the natural domain of definition of ag ,and a_a - 1o simplify
the notation, for ¢ > fy, we will write o™ (¢) := ag,p(t) and §t(t) = 557p(t).
According to (5.1), there exists a constant ¢ > 0 such that

a (t/2) > ea”(t) and at(t/2) > ea™(t) (5.3)
for all t > 7y large enough.
Suppose that (ii) holds. Then combining (5.2), (5.3), and Proposition 4.6, for all

t > to large enough we obtain

87(1) = 7a ™ (1/2) = £C1a*(1/2) = £ Crea™ (1) = 5 C1e8™ (1)
and (1) <ta™ (1) < tCrat(t) < tCrla(1/2) < CL 28T ().

Therefore, (i) holds by Theorem 4.5 (A).
Suppose now that condition (i) is satisfied. Then applying again Theorem 4.5 (A),
we see that for there exist T > ty and constants ¢y > ¢; > 0 such that

18T (1) <87 (1) < 8T (r) forallt > T.
Combining these inequalities with (5.3) and Proposition 4.6, we find that

ta” (1) > 87 (1) = 18T (1) = c15=at (1/2) > c15=ea™ (1/2)

and ta” (1) < Lam(1/2) < Z5 (1) < st (1) < Zepta (1)

for all + > T. It follows that (5.2) holds with C; := c1e/(27) and C, := (27 /€)c,.0
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Remark 5.2 Example 6.5 in the next section shows that condition (5.1) in Proposi-
tion 5.1 is essential.

Proposition 5.3 Let (¢;) be a non-elliptic semigroup in D with DW-point t € 0D,
Koenigs function h, and planar domain 2 := h(D). Fix some p € NP($2) and denote

oz; = ltiiniggot;?’p(t) € [0,7] and a;' = ltiinlgas‘;p(t) e [0, 7].

Then the following assertions hold:

(A) If a; > 0 and a:,r > 0, then the trajectories t +— ¢;(z) converge to T non-
tangentially for all z € D.

(B) Ifalj > 0 but aap(t) — Oast — 400, then Slope[t — ¢;(2), ] = {m/2} for
every z € D. In particular, the trajectories t — ¢;(z) converge to t tangentially
forall z € D.

(C) Ifay > 0 but ag ,(t) = 0ast — 400, then Slope[t — ¢;(2), 7] = {~7/2}
for every z € D. In particular, the trajectories t +— ¢;(2) converge to T tangen-
tially for all z € D.

Proof Assertion (A) is a corollary of Proposition 5.1. Indeed, using a simple observa-
tion that

oz;z’p(t) oz;rzgp(t)
<
2r | 2«

1
<_a
-2

we see that under the hypothesis of (A), for all # > 0 large enough we have

_ og 1) ab (@)
g /2 = Ty, @ (/D) 2 e,
which implies (5.1), and
+ —
_ Ao () o Oo ()
ag 1) = 2; o, aE,p()Z#aj,

which implies (5.2) for suitable C; > Cy > 0.

Proof of (B). Since ™ (p) > 0, by Proposition 4.6 (d), 5;2,,;@) > ¢t for some ¢ > 0
and all ¢+ > 0 large enough. On the other hand, a};’ () = 0ast — +o0 and hence
by Proposition 4.6 (a), 8$7p(t)/t — 0 as t — +oo. Therefore, by Theorem 4.5 (B),
Slope[t — ¢;(z), T] = {m/2} and we are done.

The proof of (C) is analogous to that of (B). Therefore, we may omit it. O

As we have already mentioned, even asymptotically, the angular extends a;—;, p are

not equivalent to the distance functions 55 » used in [7] (see Example 6.4). In fact, we
are able to establish the following result, which seems to have no analogues in terms
of the distance functions.
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Theorem 5.4 Let (¢;) be a non-elliptic semigroup in D with DW-point t € 9D and
Koenigs function h. Let §2 := h(ID). If for some p € NP(S2),

a (p) = t_l)igrnooa;?’P(t) >0 and af(p):= t_l)igrnooozgyp(t) >0,

then Slope[t — ¢;(z), T] = {n%}for any z € D, where

- a (p)—at(p)
T (p)+at(p)

In particular, every trajectory t > ¢:(z) converges to T non-tangentially and with a
definite slope.

Remark 5.5 The conclusion in the above theorem, except for the non-tangential char-
acter of the trajectory convergence, remains valid when one of the limits o™ (p) is
positive and the other is zero. This fact is a direct consequence of Proposition 5.3,
but it can also be established independently using a technique similar to the one we
employ in the proof of Theorem 5.4.

Remark 5.6 1t is worth pointing out that according to Theorem 3.9, under the hypoth-
esis of Theorem 5.4 for any other point ¢ € NP(£2), the following limits exist

lim oy (1), lim of (¢t
t——400 ‘Q’q() t——400 ‘Q’q()

and they coincide with &~ (p) and o (p), respectively.
For the proof of Theorem 5.4, the following easy fact will be used:

Remark 5.7 Let (¢;) be a semigroup in D and € dID. For a sequence (¢,) C [0, +00)
converging to +00, the following assertions are equivalent:

. . o . oz
(i) There exists the limit 6 := nlig-loo Arg (1 T¢;, (z)) S [ R 2].

1_=
(ii) There exists the limit m := lim w € oD.
n—+00 |] — Ty, (Z)|
Im(E
(iii) There exists the limit x4 := lim m(Tgy, (2)) € [—oo, +00].

1o T— Re(Tey, (2)

Moreover, if one and hence all of the above hold, then ¢/ = m and n = —tané.

Proof of Theorem 5.4 Without loss of generality we will assume that v = 1. Since
at(p) > 0and a~(p) > 0, we have NP(£2) = C, see Remark 3.11. In particular,
it follows that (¢;) is a parabolic semigroup of zero hyperbolic step and that for any
constant ¢ € C, h + ¢ is also a Koenigs function for (¢;). Therefore, bearing in mind
Remarks 3.4 and 5.6 , we may also assume that p = 0 € NPy (£2). Then the natural
domain of definition of 0‘.:2,0 and 0‘;5,0 is (0, +00). Denote

- : — + . : + .
o = lim « ), o = lim « t), and n:=
t—+00 9’0( ) —+00 'Q’O( ) g
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Take zg € D such that h(z9) = i. Thanks to Abel’s equation (1.3), Theorem 1.3,
and Remark 5.7, it is sufficient to show that

1—h=1Gr) .
A T Tan) — o 3): 54
Since 0 € 952 and £ is univalent, the function H(z) := —1/h(z) is holomorphic

and univalent in D. Note that {it : r > 0} € H(D), {—itr : t > 0} ¢ C\ H(D) and
H Y w) =h~1(—=1/w) forall w € H(D).

Consider the Jordan arc y : [0, 1) — D defined by y(r) := H™! (i(l — r)). Using
Abel’s equation (1.3), we get

lim y(r) = lim ¢ (z0) = 1.
r—1- f——+00

Hence, by Lindelof’s Theorem (seee.g. [15, Theorem 9.3 on p. 268]), we have H (1) :=
Zlim;_,1 H(z) = 0. Therefore, in order to prove (5.4), it is enough to check that for
any sequence (a,) C (0, 1) converging to 1,

1—H 1
n;ngoﬁ =exp (in%). where x, :=|H(a,)| foralln € N.

For such a sequence (a,) consider the following automorphisms of D,

a, +2
T, = — e D,
n(2) 1+ a,z <
and univalent functions
H(T,(z
Fu(z) := M, zeD. (5.5)

n

Foralln € N, {it : t > 0} C F,(D) C C\ {—ir : t > 0}. Therefore, (F,) is a
normal family in ID. Since by construction | F,(0)| = 1 for all n € N, (F},) is indeed
relatively compact in Hol(ID, C). Moreover, by Hurwitz’s Theorem, any accumulation
point of (F},) is either a constant or a univalent function in D. Let g : D — C be one
of those accumulation points, i.e. suppose that g is the limit of a some subsequence
(Fy,). Denote gy := F,, k € N.

Since by the hypothesis, o~ > 0 and a™ > 0, there exist 81, 8o > 0 and ¢ > 0
such that So(B1, B2) () {w : |lw| < ¢} C H(D). Therefore, z = 0 € dH (D) is a well-
accessible point for H. (For the definition of well-accessibility, we refer the reader to
[16, p.251].) According to [16, Theorem 11.3 on p.251], it follows that there exist
constants M > 0 and i > O such that forevery 0 <s < p < 1,

1 — 2]
|H(p)| = |H(p) — H()| < M dist(H (s), 0 H (D)) (1—_':> , (5.6)
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where dist(-, -) denotes the Euclidean distance in C; i.e. dist(z, W) := inf,ew |w—2z|.
Since 0 € dgx (D) for all k£ € N, inequality (5.6) with p := a,, and s = s(x) =
T, (x) leads to

14 apx \*
dist(gx(0), 98k (D)) < [g(0)] = M dist(gi(x). Igk (D)) (—;r_a kx)

1+ ap, x \"

< M |gr(x)| < ) forall x € [—ay,, O]. 5.7

1—x

On the other hand, applying again (5.6) with p = p(x) := T, (x) and s := a,,, we
have

1 — I3
dist(gx (x), 3gk (D)) < |gx(x)| < M dist(gx(0), dgx (D)) <1+%)
ni

1— Iz
< M|gr(0)] (_x) for all x € [0, 1). (5.8)
I +ayx
Recall that |gx(0)| = 1 for all £ € N. Hence from (5.7) with x = 0, we obtain

dist(gx(0), 0gr (D)) < 1 < M dist(gx(0), dgi(D)).

Therefore, see e.g. [8, Theorem 3.4.9],

1
2 = 14(0)| <4 forall k eN.

It follows that g cannot be constant and thus it is univalent in . In particular, by
Proposition 2.2, this means that the sequence of domains Dy := g (ID) converges to
a non-trivial kernel D, w.r.t. g(0) and that g(D) = D,.

Denote 2, := }.Q r > 0. On the one hand, by Theorem 3.9, there exists w € C
w.r.t. which (£2,) converges to its kernel ,%/((Qr), a)) = So(a™, a™).

On the other hand, convergence of (Dy) to its kernel D, means that the sequence
(821,), 1 := 1/xp,, converges to its kernel {w: — 1/w € D,} w.rt. o' := —1/g(0).

Using Proposition 2.4 (C) and the definition of convergence to the kernel, we see
that Ji/((.Qrk), a)’) = %((Qrk), a)) = ji/((.Qr), a)) = So(a—, ™). It follows that

gD) = St a7).

Therefore, according to the Riemann Mapping Theorem,

~ 1-U (™ +at) /7
= )( (Z)> , zeD, (5.9)

g(@) =iexp (i > T UG

for a suitable U € Aut(ID). We can determine U using (5.7) and (5.8). Indeed, passing
in these inequalities to the limit as k — 400 and taking into account that |gx (0)| = 1
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for all k € N and that lim a, = 1, we get
n——+00

1 /1—x\!
8 = o <1+_x> forall x € (—1,0] and
X

1—x\
lg@)| <M|——) forallx €0, 1).
1+x

It follows that g(x) — ooasx — —17 and g(x) — Oasx — 1~.Taking into account
that |g(0)| = 1 and using (5.9), we therefore conclude that U = idp.

We have proved that every converging subsequence of (F;) has the same limit.
Recalling that (F,,) is a normal family in I, we may conclude that (F,) converges
locally uniformly in D to

1—z
14z

(@ +at)/m
) , z€D. (5.10)

F(z) :==iexp (i Oﬁ%) (
Note that i € F,(D) for all » € N and that i € F (D). Hence by Proposition 2.2,
= F; () > z0:= F (i) eD asn— +oo.
Furthermore, by (5.5) with z := z,, for all n € N, we have
1= H (ixy) = 1= Ty(za) = (1 — ap)(1 — 24) /(1 + @nzn).
Therefore,

1—H Yix,)  1—2zy [1+anz] =201+

“1/: = asn — +o0.
1 —H " (xp)| [ —2znl 14+ anzn 1 +2z0[1 = zol

Finally, according to (5.10), we have

1—2z0 s\ (@ +ah) )
72— (exp(z %)) =exp (in%).

This completes the proof. O

Now, we are going to apply the above results to domains starlike at infinity whose
boundary is contained in a “neighbourhood” of the boundary of a sector S, (81, B2).

Corollary 5.8 Let (¢;) be anon-elliptic semigroup in D with DW-point t € 0D, Koenigs
function h, and planar domain 2 := h(D). Let p : C — [0, +00) be a continuous
function such that p(w)/|w| — 0 as w — oc0. Fix some p € C and By, B2 € [0, 7]
with B1 + B2 > 0 and suppose that

dist(w, BSp(ﬂl,,Bz)) < p(w) forany w e dS2. (5.11)
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If B1 B2 = 0, we additionally require that for all R > 0 large enough,
p+iRexp(i(B1 — B2)/2) € 2, (5.12)
and if B1 = # B or B1 £ 7w = P, then we additionally require that
p —iRexp (i(ﬂl — ;‘32)/2) € C\ 2 forall R > 0 large enough. (5.13)
Then for all z € D,

n = B1— B2
B+ B

Remark 5.9 Note that the additional conditions (5.12) and (5.13) in Corollary 5.8
cannot be omitted. For example, if §2 satisfies condition (5.14), then it satisfies
also (5.11)—for a suitable p € C and a constant function p—whenever = € {81, 8>}
Condition (5.13) excludes all the cases, except for §; = B> = w. Another similar
example is provided by any hyperbolic one-parameter semigroup, for which the con-
clusion of Corollary 5.8 is not valid (see Remark 1.2). Since the planar domain of a
hyperbolic semigroup is contained in some vertical strip, condition (5.11) would be sat-
isfied for such a semigroup both with (81, 82) := (0, w) and with (81, B2) := (w1, 0).
At the same time, conditions (5.12) and (5.13) fail in this case.

Slope[t — ¢ (2), 7] = {n5},

In the special case p = const and 81 = f» = m, we recover a result of
Betsakos [3].

Corollary 5.10 ([3, Theorem 2], see also [5, Corollary 5.1(3)])
Let (¢;) be anon-elliptic semigroup in D with DW-point t € 0D and Koenigs function h
and let 2 := h(D). If there exist positive numbers a1, az, and b such that

02 C{x+iy:a; <x <ap, y<b}, (5.14)
then for all 7 € D,
Slopel[? — ¢:(z), T] = {0}.

Assuming now that (81, B2) # (m, ), for p = const we obtain the following
statement.

Corollary 5.11 Let (¢;) be a non-elliptic semigroup in I with DW-point T € 0D,
Koenigs function h, and planar domain 2 = h(D). Fix arbitrary B, p2 € [0, 7]
with 0 < By + B2 < 2m. If for some p € C and some g € S,(B1, B2),

Sq(B1. B2) C 2 C Sp(B1, B2),

then for all 7 € D,

Slopelr = ¢;(z). 7] = {n3}. n:=
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Setting 1 = B2 in the above corollary, we immediately obtain the statements (1)
and (2) of [5, Corollary 5.1].

Since Corollaries 5.10 and 5.11 follow directly from Corollary 5.8, we only need to
prove the latter one. Two examples making use of Corollary 5.8 with a non-constant
function p can be found at the beginning of Sect. 6.

Proof of Corollary 5.8 Clearly, without loss of generality we may assume that p = 0.
Fix some 6 € (0, 1). Denote ¢ := i exp (i(ﬂl — ﬂz)/Z). The ray {R¢: R > 0} is
the internal bisector of Sy(B1, B2). Hence

Ag:={te'Vc:t >R, Y| <081+ B2)/2} C So(Bi.B2)
for any R > 0. Moreover, there exists ¢ > 0 such that
dist(w, 3So(B1, ,32)) > ¢lw| forany R > 0 andall w € Ag. (5.15)

Taking into account that dist(O, A R) = R, we see that there exists Ry > 0 such
that p(w) < e|w]| for all w € Ag,. Thanks to (5.11) and (5.15), it follows that
AR, () 952 = ¢ and hence, either Ag, C 2 or Ag, C C\ £2.

Consider the following cases.
Case 1: B1 = Br = m. In this case, for any w € C, the ray {w + ir: t > 0}
intersects Ag,. Hence we may conclude that Ag, C §2. It follows that 0 € NP(£2)
and

O < ag o), a_?;’o(t) <m forallt > Ry.
Since 6 can be chosen as close to 1 as we wish, this means that o, ,(7), a;g o) > 7
as t — +oo and it remains to refer to Theorem 5.4.

From now on we will suppose that (81, f2) # (m, w). Arguing as above, we see
that for any 6 € (0, 1), there exists Ry > 0 such that Bg, (] 92 = @, where

Bri={—teVs:t >R, |Y| <02 — Bi — B2)/2}.
Case 2: B1, B2 € (0, ). If 6 is sufficiently close to 1, then for any w € C,
{w+it:t>0} () Ar, #9% and {w+it: 1 <0} () Bg, #0.

It follows that Ag, C £2 and Bg, C C\ £2. Therefore, 0 € NP(£2) and for every
t > max{Rgp, R} we have

IA
IA

2 — By —
pr-a-0" T2 < op i < pra-0T0ER

B1+ B2

N 2
and Br—(1-0) 5 S ago®) = po+(1-0)

A

7 —B1— B
—

Again, in this case, the conclusion of the corollary follows from Theorem 5.4.
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Case 3: 0 < By < m, o = m. As in the previous case, we see that Ag, C §2. Thanks
to (5.13), we also have Bg, C C\ £2. The rest of the proof is the same as in Case 2.

Case 4: 1 = 0,0 < By < m. As in Case 2, we see that Bg, C C\ £2. Moreover,
condition (5.12) allows us to conclude that Ag, C 2. Since §2 is starlike at infinity, the
latter inclusion implies that there exists g € §2 such that S;(0, 682) C $2. It follows
that

ltiglig(farz,q(t) > B2 > 0.
Moreover, since 6 can be chosen arbitrarily close to 1, the inclusion Bg, C C\ £2
implies that or, (1) — 0ast — +o00. Therefore, by Proposition 5.3 (C), Slope[r
@ (2), Tl = {—7m/2}.

Case 5: f1 = 0, B = m. Conditions (5.12) and (5.13) allows us to conclude that
AR, C £2 and Bg, C C\ £2. As in the previous case, using the fact that §2 is starlike
at infinity, we see that there exists ¢ € £2 such that S, (0, 07r) C £2. The rest of the
proof is literally the same as in Case 4.

We omit the remaining three cases: f1 =7 and 0 < 8, < 7; 0 < 1 < 7 and
B2 =0; B1 = 7 and By = 0, because they are analogous to Cases 3, 4, and 5, respec-
tively. O

Denote by G the set of all sequences (#,,) C (0, +00) tending to +o0o and such that

sup |ty41 — ty| < +o00.
neN

Definition 5.12 Let £2 be a domain starlike at infinity, p € C and «, 8 € [0, ] with
a + B > 0. We say that §2 meets S, (a, B) on the left (resp. on the right) at uniform
times if there exists a sequence (f,) € & such that

{p+itye!® neN} Cd2 (resp. {p+itne ? :neNyCoR). (5.16)

Corollary 5.13 Let (¢;) be a non-elliptic semigroup in D with DW-point T € 9D,
Koenigs function h, and planar 2 := h(D). Let p € C. The following statements
hold.

(A) Assume there exist 1, 2 € (0, ) such that S,(B1, B2) C 2 and $2 meets
Sp(B1, B2) on the right and on the left at uniform times. Then

_Bi=p
T Bt B

(B) Assume there exists B € (0, ) such that S, (w, B) C $2, and §2 meets Sy (m, B)
on the right at uniform times. Then for all z € D,

Slope[t = ¢:(z). 1] = {n%}. n , forall z € D.

N

+

=

Slope[t — ¢ (z). 71 = {5}, n:=

=

S|
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(C) Assume there exists B € (0, ) such that S,(B, w) C £2, and 2 meets S, (r, B)
on the left at uniform times. Then for all z € D,

_B-7
EEA

Slope[t — ¢ (), 7] = {n%}, n:
Proof The hypothesis of (A) implies that p € NP(£§2) and that
@, o(ty) =p1 and «, (1) =2, neN,

for some sequences (1,), (,) € &. Note that ¢, ,/t,, 1,/ /t; — 1 asn — +oo.
Therefore, by Theorem 3.9, aé,p(t) — B1 and oc_};p(t) — frast — +oo. Thus, the
desired conclusion holds by Theorem 5.4.

Proof of (B) Since S, (r, B) C §2, wehave p € NP(§2) and a;zyp(t) =g forallt > 0.

Moreover, since §2 meets S, (7, 8) on the right at uniform times, og p(tn) = B fora
suitable sequence (#,) € &. Therefore, as above, the desired conclusion follows from
Theorems 3.9 and 5.4 .

Proof of (C) is omitted because it is similar to that of assertion (B). O

6 Examples

We start this section with a few simple examples illustrating Corollary 5.8. Recall
that any domain £2 starlike at infinity and different from C defines a non-elliptic one-
parameter semigroup (Remark 1.6). Moreover, this semigroup is parabolic and of zero
hyperbolic step if and only if NP(£2) = C.

Example 6.1 Let f : R — R be a continuous function such that the limits

NI C)) o S
k1= lim ——=, kp:= lim
x—>—00 |x| x—+oo X

exist and they are finite. Then for the parabolic one-parameter semigroup (¢;) with
zero hyperbolic step whose planar domain is §2 := {x +iy: y > f(x)} we have

arctan k| — arctan kp

S1 t ,T] = {nZi, = ,
opelt = ¢1(2). 7l {722} g arctan kq + arctan kp

for any z € D. Indeed, the hypothesis of Corollary 5.8 is satisfied in this case with
p:=0, B :=arctank;, j = 1,2, and

|f(x) —Kkix| ifx <O,

PV =N ) x| ifx > 0.
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Example 6.2 Corollary 5.8 can be applied for a one-parameter semigroup with planar
domain 2 := {x +iy: y > x3} if we set p(w) := |w|'/3 and p := 0. This example
illustrates the role of conditions (5.12) and (5.13): in this case, (5.11) is satisfied
both with (81, B2) := (=, 0) and with (81, B2) := (0, 7); however, conditions (5.12)
and (5.13) exclude the latter possibility.

Example 6.3 Let (1)), (1) € G, see page 23. Fix some 81, B2 € (0, ) and let

Ey = Jline” +iy:y <0}, Ey:= | Jlir/e P +iy: y <0).
neN neN

Then by Corollary 5.13, 21 := C\ Ey, £2, :== C\ E», and 23 := C\ (E1 U E2)
are the planar domains of parabolic one-parameter semigroups ((pf), k=1,2,3,
respectively, with

T

Slope[t +— <ptk(z), 7] = {nki} forall z € D,

where

_Pi-m n,_ﬂ—ﬂz n:ﬁl—ﬂz
Bi+m’ : > B+ B

n - '_JT-i—ﬂz’

The next two examples illustrate the difference between the distance functions Bg »
and the angular extents a_(j; p s characteristics of the geometry of a domain starlike
at infinity £2 G C near the point co.

Example 6.4 There exists a domain £2 starlike at infinity and a point p € NP(§2) such
that the functions ¢ +— 83 p(t) and t — taa p(t) are not asymptotically equivalent
ast — 4o0.

Proof Forn € Nwesett, :=n!,y := v2/2, y, := ,/thrl —12y2,

In:={weC: Rew=0, Imw <0},
and I, :={weC: Rew =#t,y, Imw <y, —1}.

Consider the domain
Q::C\Ufn. 6.1)

Notice that for each n € N, the point ¢,y + iy, lies on the semicircle
Cpy1 :=1{w: |lw| = ty41, Imw > 0}

@ Springer



Angular Extents and Trajectory Slopes in the Theory of Holomorphic

It follows that the slits 15, with m < n do not intersect C,1. Moreover, tyy > t,+1
for any k > n + 1. Therefore, the slits I'; with k > n + 1 do not intersect Cy, 1 either.
On the other hand,

Va1 — 1 = tipiy/(n +2)2 —y2 — 1 > 1,y forall n e N. (6.2)

It follows that C,| intersect I}, at the point t,1(y + i/1 — y2) = t,41e/4.
Thus

ag o(tnr1) = /4 forall neN. (6.3)
On the other hand, by the very definition,
8 0nt1) < litnrts — tay —i(ya — DI
Using the triangle inequality, we obtain

litn41 =ty —iQn — DI = lityg1 —tay —iyal + 1 =201 (1 — yu) + 1

for any n € N. Furthermore,

ikl — Yn 2 1 2
6, = — -4 H=(|1-./1———)]-4 D — 1
= et ( V 2(n+1>2) D

as n — +00. Hence,

. . In+1
85 o(tn41) < litns1 =ty —iQn = DI < Vby—z—— +1
2.0\Un+ n+ nY Yn nﬁ(n+1)

Thus, taking into account (6.3), we have

+
. Sg,o(tn—&-l)
lim D =
n—-+00 tn—i—lag’()(tn—ﬁ—l)

In particular, 8_};0 and t — tocg’o(t) are not asymptotically equivalent at +oo. O

The next example shows that it is not possible to get a result similar to Theorem 4.5
using the functions ocg » instead of 8_35 »

Example 6.5 There exists a parabolic semigroup (¢;) in D of zero hyperbolic step
with the associated planar domain 2 and a sequence (f,) C (0, +00) tending to +00
such that (¢;, (z)) converges to the DW-point of the semigroup non-tangentially, but
a;zyo(tn) and ag’o(tn) are not asymptotically equivalent.
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Proof For n € N, we denote ¢, := n!, o, := arcsin(1/n) € (0, 7 /2], and

Vp 1= \/t,fH — (t, sinay)2.
Furthermore, for each n € N, let

I, ={weC: Rew =t,sina,, Imw <y, — 1},
Ap:={weC: Rew = —tysine,, Inw < y,}, (6.4)
I' ={weC: Rew=0, Imw < 0}.

Consider the domain
+00
2:=C \(r u Jau An)) (6.5)
n=2

sketched in Fig. 1. Clearly 2 is starlike at infinity. Fix any conformal map A of D
onto §2 and consider the semigroup (¢;) defined by ¢; := h=lo(h+it) forall r > 0.
To simplify the notation we write §* (¢) := (Sg’o(t) anda®(¢) := a_(j;’o(t) forallt > 0.

Let us show that (¢;, (z)) converges non-tangentially to the DW-point of the semi-
group (¢;). Bearing in mind Theorem 4.5, we have to prove that §¥(z,) behaves
asymptotically like 6~ (¢,) as n — +o0.

Fix for a while some n > 2 and k € {0, 1}. For m € {1,...,n} denote ¢, :=
ity41 — Wy, Where wy,, = (=D *¢t, sinay, + iym — ik is the tip of the slit A,
if & = 0 or that of I}, if ¥ = 1. Using the inequality /x > x valid for all x € (0, 1)
and taking into account that y,, < f,,+1, we see that

Ym+1 = Ym > Ym+l — I+l > (m+ 1D m+ D! — (m+ 1! = m@m + 1)!
(6.6)

forall m € N. Hence if 1 < m < n, then

(Imcy)* = (Ameps1)® = Gmtt = ¥ (2nt1 = Y = Ym1 + 2)
> m@m+1)!- (2tn+1 —lny1 — tm+2)
> m(m—+1)!- ((n + D! — n!) = mn(m + 1)!n!,

from which it follows that

leml> = lemr1l> > mn(m +Dinl — ((mH* = (n = DH?)

= mn(m+ D'n! — m> = D((m—1DH> > 0
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Fig.1 The planar domain of the semigroup in Example 6.5

whenever 1 < m < n. Therefore, for all such m, we have |c;,| > |c,| and
2 2 . 2
lenl” = (tnt1 — yn + k)7 + (tu sinay,)
I . 2 2 . 2
= (tag1 — tagp14/1 — (tn+1 sina,)” + k) + (1 sinay)

2
(=10 (e + i)+ (= 1Y)

2 .
3((n— DY) < (ayrsina,1)? < 17,

A

A
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where we again used the fact that «/x > x if 0 < x < 1. With « := 1 it follows that

litas1 = (b sinaty + iy — DI = (a1 — yo + 1D + (1 sine,)’
= 262, — 2tyi1yn + 20541 — 2y, + 1 forany n > 2, (6.7)

8T (tyr1)?

and with « := 0 we get

8 (tnr1)? = litar1 — (—tysinay, +iyy)|*> = (tas1 — yn)* + (t sin )

= 2t,%+1 — 2ty+1y, forany n > 2. (6.8)

Note that

(ta sinay) )_ (n — D! (6.9)

212 T 2nin+ 1)’

th+1 — Yn = il — In+1 <1 -
n+1

where we used the inequality /1 +x < 1 + x/2 for all x > —1. Combining (6.7),
(6.8), and (6.9), we see that

8 (tny1)? 1 1

— = —_—t—— 1 as n— +oo.
8~ (ty+1) Int1 241 (k1 — Yn)

Therefore, on the one hand by Theorem 4.5, the sequence (¢;,(z)) converges to
the DW-point non-tangentially. On the other hand, by (6.6), y; < y» < ... < y, and
th+1 < Yn+1 — L. Hence, by the construction,

ty+1 Sin a+(tn+1) =ty418in @y and t4gsina” (f,41) = 1, sin @,

for all n > 2. Therefore,

sino™ (fy+1) t, sinqy, 1
sinat (tpy1) B Int1 Sinoy 41 o
In particular, o= (t,41) /a™ (t,11) — 0 as n — +o0. O
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