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Abstract

Finite mixtures of densities from an exponential family are frequently used in the statistical analysis of data. Modelling by finite
mixtures of densities from different exponential families provide more flexibility in the fittings, and get better results. However, in
mixture problems, the log-likelihood function very often does not have an upper bound and therefore a global maximum does not
always exist. Redner and Walker (1984. Mixture densities, maximum likelihood and the EM algorithm. SIAM Rev. 26, 195-239)
provide conditions to assure the existence, consistency and asymptotic normality of the maximum likelihood estimator.

These conditions are not generally easy to check, even for mixtures of densities from exponential families and, especially, from
different exponential families. In this paper, results are given which make verification of the conditions easier in both cases.
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1. Introduction

In numerous studies in different fields of applications, the description of a observed distribution ranges between
different possible models (see Marazzi et al., 1998). Finite mixture models are very useful in such cases due to their
broad flexibility. For this reason they have been much studied both theoretically and in practice; see Everitt and Hand
(1981), Titterington et al. (1985), Lindsay (1995), McLachlan and Peel (2001). The components of the mixture are
very often homogeneous. Zasada and Cieszewski (2005) compare three homogeneous mixture models, with Normal,
Lognormal and Gamma components, to describe tree diameters. In such cases, when the fitting of experiences ranges
between different possible models, better results are expected if those heterogeneous distributions are mixed in the
model (e.g., see Al-Hussaini and Abd-El-Hakim, 1990; Rachev and SenGupta, 1993; Chandrasekhar and Natarajan,
1996; Grodzenskii and Domrachev, 2002; Andersen et al., 2003).
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Finite mixtures of distributions from exponential families, such as Negative Exponential, Gamma, Lognormal,
Loggamma..., are very useful in fitting observed data which exhibit skewness. In this paper we study finite mixtures
from different exponential families of distributions when the modelling of experiences ranges among different possible
models. This behavior is observed in variables such as “length of hospital stay”, a widely used indicator of the hospital
activity. Marazzi et al. (1998) assess the adequacy of three widely used models (Lognormal, Weibull and Gamma)
for describing the distributions of length of stay. They adjusted the three models to stays grouped by some Diagnosis
Related Groups (DRG). The descriptions provided by the Gamma and the Weibull models were very similar and so
the Weibull model could be omitted. Often stays from a given DRG could be described with the same model during
several years, and then better fittings are expected if mixtures from the appropriate model are considered. However, the
same DRG could be described by a different model, depending on the period or on the country. The theoretical tools
exposed in this paper can be used in order to consider heterogeneous mixtures of Gamma and Lognormal distributions
(which are exponential families). For instance, better fitting can be obtained if a mixture of a Gamma and a Lognormal
distribution is considered, instead of considering a mixture of two distribution from the same family (see Atienza,
2005).

Identifiability is required for the estimation procedures to be well-defined. This problem has been widely investigated
(see Teicher, 1963; Henna, 1994 or Atienza et al., 2005a).

However, there is one problem which gives rise to serious theoretical difficulties: the consistency of maximum
likelihood estimators (MLE). ML estimation is very popular, partly since it fits into the philosophy of likelihood-based
inference, and partly because it has the advantage that, under certain conditions, the estimates have desirable properties.
See McLachlan and Peel (2001) for further discussions on MLE and other estimates.

The consistency problem was studied by several authors. Chanda (1954) generalizes a result by Cramér (1946)
and proves, under some regularity conditions stated below (C1 and C2), that there exists a unique solution of the
likelihood equations which is consistent and asymptotically normally distributed. Using the same conditions Peters
and Walker (1978) show that there is a unique strongly consistent solution of the likelihood equations, which locally
maximizes the log-likelihood functions. Redner (1981) gives an extension of a previous work by Wald (1949) on
the strong consistency of MLE in the non-identifiable case, using some integrability conditions (C3 and C4 below).
A compendium of all these previous results are given in Redner and Walker (1984). If the parameter is identifi-
able but on the boundary of the parameter space, Self and Liang (1987) prove the consistency under similar condi-
tions as Chanda’s. Feng and McCulloch (1992) state consistency and asymptotic normality in identifiable situations
by an unrestricted MLE, solving the problem of the true parameter to be in the boundary of the parameter space.
Non-identifiable and boundary problems are studied by Feng and McCulloch (1996). They state the existence of
locally consistent solutions which approach to a non-identifiable subset of the parameter space, as long as the den-
sity functions in the family can be extended to all the values of the parameter in R”. They do not deal with strong
consistency or asymptotic normality. In the same general situation, Cheng and Liu (2001) extend the initial argu-
ment by Wald (1949) to give the existence of locally consistent solutions by a compactification technique in the
univariate case. In that paper the authors impose some integrability conditions similar to C1, C3 and C4 given be-
low, whereas condition C2 about the information matrix is replaced by a null behavior of the components in the
infinity.

Consistency problems have been studied in many particular cases: see Jewell (1982), Hathaway (1985), Pfanzagl
(1988), Leroux (1992), Van De Geer (2003) and Ciuperca et al. (2003).

This paper provides an easy way to verify consistency conditions C1, C3 and C4 for mixtures of different exponential
type families. Thus, the study on the consistency and asymptotic normal behavior of the MLE is reduced in these cases
to the check of some simple integrability conditions on the components, together with condition C2, which has to be
considered separately.

The paper is organized as follows. Section 2 contains the two aforementioned results of Redner and Walker together
with the notation and the conditions as they were given in Redner and Walker (1984). We replace two of these conditions
by other sufficient ones which are easier to check.

In Section 3, the widely used exponential families are introduced (see Redner and Walker, 1984; Titterington
et al., 1990 or McLachlan and Krishnan, 1997), and it is shown that a finite mixture of components from the same
exponential family always verifies the first consistency condition. Sufficient conditions are given for the third and
fourth consistency conditions to be verified. The second condition is not dealt with since a particular study for each
family may be required. As a generalization, in Section 4 we extend the previous results to mixtures whose components



belong to different exponential families, and apply this theoretic study to mixtures from Gamma and Lognormal
distributions.
The Appendix contains technical results used in the proofs of the theorems.

2. Consistency conditions and theorems

Letx = (x1,...,xy) be a sample of N observations on independent, identically distributed n-dimensional random
variables with density function given by g (x;; ¥) = Z];: 17 fj(xi; 0;), where

k—1 k—1

me=1- an, = (..., 1) € G =1 (M1, ..., M_1): Zm(l,ﬂj)o ,

j=1 j=1

and each component of the mixture f; is differentiable with respect to its parameters 0; € @; C R% . Let Q denote
the parametric space {(m, 01, ...,0;) : m € 6;,0; € @; for j =1, ..., k}. From now on, the elements of Q will be
denoted for convenience by ¥ = (4, ..., ¥,) where v is the dimension of Q. For ¥ € Q and sufficiently small r > 0,
let N, (V) denote the closed ball of radius r about ¥ in 2 and we define

gre;P)= sup q@;¥) and g (x; ¥)=max{l, g, (x; ¥)}. (D

Y eN, (V)

The consistency conditions collected by Redner and Walker (1984) are now presented and denoted as C1, C2, C3 and
C4. Furthermore, ¥* € Q represents the “true” parameter value to be estimated, which is supposed to be identifiable.
Cl. Forall ¥ € @, for almost allx € R" and for i, j, s =1, ..., v, the partial derivatives g /3y ;, an/awjaxpi and

63q/6wj6tﬁi6t//s exist and satisfy
dg (x; ¥) O%q(x: ) 0*logg(x; V)
0y Oy 0; Oy ;0 O

where h ; and h;; are integrable and [ h;js(x)q (x; ¥*) dx < + oo.
C2. The Fisher information matrix 7/ (¥) given by

<hj(x), <hij(x), <hijs(x),

I(P) = f[lelqu(x; )1V logg(x; )1 g (x; V) dx,

is well-defined and positive definite at ¥*, where Vy denotes the gradient of the first partial derivatives with respect
to the components of V.
C3. For each ¥ € Q2 and sufficiently small r > 0,

/log qrx; Vg x; P*) dx < + oo.

C4. [ |logq(x; ¥*)|gq(x; ¥*) dx < + oo.

Under the first two conditions, Redner and Walker establish that for each sufficiently small neighborhood of ¥* in
Q and large N there is, with probability 1, a unique solution ¥V of the likelihood equations, which locally maximizes
the log-likelihood function. Moreover, N'/2(¥"N — ¥*) is asymptotically normally distributed with mean zero and
covariance matrix I (¥*)~!.

On the other hand, if C3 and C4 are satisfied, Q" is any compact subset of € containing ¥*, E = {¥ € @ :
q(; V) =q(-; ¥*) almost everywhere} and D is any closed subset of '\ E,

N
- 4
lim  sup —H’—lq(xl ) =

N=toowep [TV g V)

with probability 1. Roughly speaking, if Q' is any compact subset of Q which contains ¥*, then with probability 1,
¥V is a maximum likelihood estimate in Q' for sufficiently large N. Furthermore, this maximum likelihood estimate
is unique in €', up to a label switching.



Taking into account the difficulty in checking consistency conditions C3 and C4 since they are related to the mixture
density g (x; ¥), we propose two new analogous conditions C5 and C6, related to the components of the mixture, which
initially simplify the verification process.

C5. For each (01, ...,0;) € © = O X --- x O and sufficiently small r > 0,

[ og e 000 £y 07 0 < 40

foranyi, j=1,...,k, where f is defined in the same way as g, in (1).
C6.Fori, j=1,...,k, [|log fi(x; 01| f;(x; Bj)dx< + o0.

Theorem 1. If C5(C6) is verified, then C3(C4) is also verified.

Proof. By application of Lemma 1 (see Appendix),

k
logg)(x; )< sup log Z 7 max{1, fi(x; 0;)}
Y eN, (V) i=1

k
< sup > " log max{l, f;(x: 0))}
(0,....00)eN, (0,....0,) =1

k
= Zlog fii(xe; 0)).

i=1
Thus, C5 follows from

k
[ tozaz e wgees vy e 0 [ wicton e 000 £y 0 ax

i,j=1

On the other hand, applying Lemma 1 (see Appendix),

k
_/|10gq(x; P)lq (x; Y’*)dx</ > llog fi (e; )| £ (x: 0%) dx,

ij=1

which proves the theorem for C6. [

3. Consistency conditions for mixtures from exponential families

Following the definition given in Barndorff-Nielsen (1978), a parametric family of densities &'(a, £, b) is said to be
an exponential family associated to the functions a, ¢ and b if its members are written as:

F:0) =a@b®e®? xeDCR', e6CR,

where O is open, D measurable, a : D C R" — [0, +00),b: ® — (0, +0c0) and¢: D C R" — RY,

As it will be shown later, mixtures from many exponential parametric families used in practice verify consistency
conditions. However, no general result has been found in the literature in this direction. In fact, the example below
shows an exponential family for which not all of the conditions hold. Although the example is not excessively important
from a practical point of view, we preset it here for the sake of completeness.

Let # be the exponential family given by

F =1 f(x;0) 0= (0 1} 0 € (1, +00)
— X; = X P 5 .
x(log %)0 e

The mixture g (x; ¥*) = % fx; %) + % f(x; 4) does not verify condition C3.



It is therefore natural to ask when finite mixtures from an exponential family verify the consistency conditions. We
prove that condition C1 is always verified by this kind of mixtures, and present sufficient conditions under which C3
and C4 hold. The second condition C2 is not considered here due to an apparent need for individual study for each
specific family. Hence, the verification of C2 is needed in each particular problem for proving consistency.

The following definition will be needed throughout the paper.

Definition 1. Givent: D C R" — R? with t(x)=(t1(x)...t4(x)) and h anon-negative integer, the family of functions
11, (¢) given by

d d
@)={T:DCR' - R: Tx)=[]1"@).vi e Z".> vi<h
i=1 i=1

is called the family of product functions of at most 4 components of £.

Here and subsequently, V; = {¢ € R4 /e = x1;i = 1,...,d}. Furthermore, Q,4(0*, r) denotes the hypercube
ld: (07 — 1, 07 + r] and for each ¢ € Vy, 0(¢) € R? (whose coordinates are 07 + ¢;r) denotes its vertices.

Theorem 2. Let &(a,t, b) be an exponential family and ¥* = (1%, 0%, ..., 0F) € Q = %) x OF. Therefore any finite
mixture defined from k components of & (a, t, b) verifies consistency condition C1 on a compact set €, x @) x - - x @} C
Cr x OF containing V*.

Proof. Let p(x; V) = Zl | i fi (x; 0;) be a finite mixture defined from k components of &'(a, ¢, b).
Since @ is open, there exists an r > 0 such that Q4(0}, r) C © foreveryi =1, ..., k. Hence, choosing any compact
set €, C % which contains 7*, we see that the set 4}, x Qq(07,r) x - -+ x Qd(H*, r) is compact and it contains ¥*.
For the conditions of the derivatives up to the second order, using linearity of the derivative, triangular inequality
and symmetry with respect to the index i = 1, ..., k, it suffices to prove that for every 0 € Q4(0%, r) (for simplicity,
we omit the indices of the densities),

3% f (x; 0)

[f(x; 0)] <g), 691—6%

;0
‘f( ) <gjx),

‘ <8js(®) @

with g, g;, gjs integrable functions with respect to x and independent from 0.
From Theorem 7 (see Appendix) there exists an M > 0 such that

b (0)
o0; |’

G
b(O), ‘ ‘ &

90,00,00,

30,00, |’

for each 0 € U'_; Qa (0%, r).
For the first inequality in (2), from Lemma 2 (see Appendix), for each 0 € Uf-;] Qd(Hf, r) we have

k
| f(x; 0))] SMZ Z a(x)et(x)(Oi(z:))T =g(),

i=1¢eeVy

where 0; (¢) = 07 + re and g(x) is integrable and independent from 0.
For the second inequality in (2), differentiating f gives

T
<Mmakmw|+Mmum@w“”|



for each 0 € Uf:] Q4(07, r) and Lemma 2 (see Appendix) yields

k
<MY a(@)e!@OET| 4 3 Ja@r; @)e!@GET | = o (x)

i=1 | eeVy eeVy

where g; (x) is integrable from Theorem 6 (see Appendix) and independent from 0. The proof for the last inequality in
(2) is similar.
It remains to bound the third derivatives of the logarithm. We have

OO 0, p OO Oy,  p? | OO0, 0%, | Y0y, O, OO, O,

2 Op Op Op

+ .
p3 oY alp/ W,

03 log p 1 *p 1|:62p op %p op ?p ap:|

3)

The absolute values of the quotients of the partial derivatives of p up to the third order and p are bounded by a sum of
quotients of the form

1
p 00;

1 0°f
p 00;00,00, |’

p 9000,

’16]’

which can be expressed as a sum of functions of the form |( f/p)T (x) B(0)| where T € II;,(t) and B(0) is a continuous
function of the parameter 0, independent from x and bounded on [ J i1 Qu (0?‘, r). Thus, we can bound the sum of these
expressions by a sum of functions of the form C|T (x)| with T € I, (¢) and C a positive constant.

Hence, expression (3) is bounded by a sum of functions of the form C|T (x)|, C 2|T(x)| and C3 |T (x)|, which
are independent from the parameter ¥. We consider #;;, to be the previous sum. From Theorem 6 (see Appendix),
T (x)p(x; ¥*) is integrable and therefore A;j, (x) p(x; ¥*) is also integrable. [J

We now propose a sufficient condition under which any mixture of functions from an exponential family verifies
consistency conditions C3 and C4.

Theorem 3. Let & (a, t, b) be an exponential family and V*=(n*, 07, . .., 07) € Q=% x @k.lff [loga(x)| f(x; 97) dx
<400 for j=1,...,k, then any finite mixture of k components of &(a, t, b) verify consistency conditions C3 and C4
on any compact set Q' C Q such that ¥* € Q'.

Proof. We may assume that ' has the form %}, x @ x --- x 0.

By Theorem 1, C3 will be proved once we prove C5 on @' = @} x --- x 0. Let r >0 be sufficiently small
so that N, (0,r) C ©; for every 0 O, fori=1,...,k and let O/ = Uy o N, (0). Hence, for every 0 € o,
tx)0'<C Zle |75 (x)|, with C an upper bound of the absolute values of the components of 6 on @7’

On the other hand, using Theorem 7 (see Appendix), let M be an upper bound for |b| on ©. Hence, for any 0 e
O), fF(x; 0')< max{l, Ma(x)e® i ls®)1} and therefore, for every 0' € @, log f*(x; 0') < log M + |loga(x)| +
C Y0y @)

From Theorem 6 (see Appendix), #; (x) f (x; 9;) is integrable, for j =1, ..., k, and by assumption log a(x) f (x; 9}*)
is also integrable for j =1, ..., k. Hence, log f*(x; 0;) f (x; 0?) is integrable as desired. By Theorem 1, C4 will be
proved once we prove C6, which follows from the inequality

d
|og f (x; 691 f (x: 0%) < (|1oga<x>| + [log b(07)] +Z|0f:"ts<x>|) fe 0. O

s=1



4. Consistency conditions for mixtures from the union of exponential families

As we have seen in the introduction, mixtures from different exponential families can be used to improve the fitting
of data from scientific experiences. So far, we have results which assure the verification of consistency conditions
for mixtures generated by functions of the same exponential family. In this section, we propose results to assure the
verification in the case in which functions from different exponential families are used and we illustrate these results
with a finite mixture of functions from the Lognormal and Gamma families. These mixtures are very useful to fit
observed data from the variable “length of hospital stay”, as it was mentioned in the introduction.

To start with, the family of product functions of components of more than one vector function is presented below, in
the same way as Definition 1.

Definition 2. Given k functions ¢, : D C R" — R, fori=1,...,k, with ti(x) = (t1(x), ..., tig;(x)) and h a
non-negative integer, the family of functions I1j (¢, ..., ;) given by

k d; k d;
T:DCR'>R: T(x):]_[]_[tivjf-’(x),vij ezt U{0).) > wij<h

i=1j=1 i=1j=1
is called the family of product functions of at most 2 components of ¢1, .. ., .

Theorem 4. Let &; = &(a;, t;, bi) be k exponential families defined on ©; C R%. Let ¥* = (n*, ... 00 €
Qz(gk X @1 X oo X @k.lf

(HD) /|T(x)|f,~(x; 97)dx< +o0, T ellzt,t,ts) for j,i,l,s €{l,..., k},

then any finite mixture of the form p(x; ¥) = Zle 7i; fi (x; 0;) where fi(x; 0;) € &(a;, t;, b;) verifies the consistency
condition C1 on some compact set Q' C Q which contains V*.

Proof. Obviously, the inequalities from condition C1 given in (2) follow from the proof of Theorem 2.

The same reasoning given in that proof is also valid in order to bound the third derivatives. Therefore |3° log p /0y, 0y,
Oy, | is bounded by a sum of expressions of the form C|T (x)| with T € I13(¢;), C2|T(x)| with T € II5(t;, t;) and
C 3|T(x)| with T € II3(t;, t;, ty) where C is a positive constant. We consider /1,y (x) as the previous sum. By (H1),
fh,ww(x)fj (x; 87) dx < + oo for 1< j<k. Multiplication by n;‘. and addition in j show that /., (x)p(x; ¥*) is
integrable. [

Remark 1. For simplicity of notation, in this theorem each component of the mixture belongs to a concrete family. It is
obvious that these families do not necessarily have to be different. So hypothesis (H1) implies condition of consistency
C1 in the finite mixtures of the union of exponential families.

Remark 2. Regarding to Theorem 2, a new linking hypothesis (H1) between the families is introduced.

Theorem 5. Let & = &(a;, t;, b;) be k exponential families defined on ©; C R% and let ¥* = (n*, .. 00 €
Q=% x O1 X --- X O. If for each 1 <i, j <k

(H2) / lloga; ()| f; (x; 07) dx < + 00 and

(H3) / |£is ()] f (s Ojf) dx < + o0, where tis(x) is any component of t;,

then any finite mixture p(x; ¥) = Z:-;l 7 fi (x; 0;) with fi(x; 0;) € &(a;, t;, by) verifies consistency conditions C3 and
C4 on any compact set Q' C Q which contains ¥*.



Proof. The basis of the proof is similar to that in Theorem 3. Let » > 0 be sufficiently small such that N,0,r) C O;
for every 0 € O}, fori =1,...,k and let O} = Uee@; N, (0). Hence for every 0; € o7, HI-Tt,- x) <C; Zf’;l [tis ()]
where C; bounds the absolute values of the components of 6;on O/

On the other hand, using Theorem 7 (see Appendix), let M > 1 be such that |b; (0;)| <M for 0; € @;’ . Hence,
I 9§)< max{1, Ma; (x)e Zf;l ltis @Oy for any 6; € O}, and therefore log fir(x: 9;) <logM + |loga;(x)| +
Ci Y ltis (@)1

By hypothesis the functions #;5 (x) f (x; 0;) andlog a; (x) f; (x; 0;) are integrable and therefore log f7% (x; 0;) f; (x; 0;‘»)
is integrable, which completes the proof for C3.

From Theorem 1, in order to prove C4, it is enough to examine C6, which follows from

[log fi(x; 07)| £ (x; 07)
d;
< | [oga; (x)| + [log b; (07)] + Z 1075 t:s GO | G5 07). U

s=1

Remark 3. Following a similar reasoning as in Remark 1, hypothesis (H2) and (H3) imply consistency conditions C3
and C4 in finite mixtures of the union of exponential families.

Remark 4. Regarding to Theorem 3, two new linking hypotheses between the families are included: (H2) and (H3).
The following example illustrate the usefulness of these theorems.

Example. Let 2 denote the family of finite mixtures generated from the union of two exponential families, Gamma
and Lognormal, given respectively by:

u
Y= {f(x;u,v)=%x”_le_”x;u>0,v>0,x>0},
u

where aj(x) = 1/x,t;(x) = (log x, —x), by (u, v) = v*/I'(u), and by

(logx — w)*

1
fz{f(x;#,ﬁ)zmexp: 20—2

} TS R,o>0,x>0}

where ay(x) = 1/x, t2(x) = (log x, —log? x), by (a1, o) = 7~ /20}/ 241/ 4% for (a1, a3) = (u/0?, 1/(26%)) € R x
(0, +00).

Atienza et al. (2005a) proved the identifiability of 2. Condition C2 can be easily checked in this case. In order to
prove C1, C3 and C4, taking into account what the components of #; (x) can be and since |loga;(x)| = |log x| for
i =1, 2, we have only to prove that x°(log x)hf,-(x; 0;) is integrable for s, h € Z U {0}, where f;(x; 0;) is a density
function from any of the previous families.

If s = 0, these functions can be obtained from the product of components of #;(x) of any of the families. From
Theorem 6 (see Appendix), these are integrable functions. If s # 0, the factor x* can be written as e*'°¢* and hence,
for the Lognormal family and the Gamma family, resp.,

(log x)"e" 12 f (x5 a1, ap) = (log x)" f (x5 o1 + 5, %)
(log x)"e*1°8% f (x; u, v) = (log x)" f (x; u + 5, v)

which from Theorem 6 (see Appendix) are both integrable.
5. Conclusions and open questions

This paper provides an easy way to verify consistency conditions C1, C3 and C4 for mixtures of different exponential
type families. This reduces the study on the consistency and asymptotic normal behavior of the MLE for these classes of



mixture of distributions to the check of some simple integrability conditions on the functions which define the families
involved in the mixture, besides condition C2 related to the information matrix. This previous condition seems hard
to be studied for mixtures from general exponential type families. For the sake of solving the general setting, it could
be interesting to give conditions under which C2 holds. Nevertheless, it is not difficult to check for mixtures from
particular families.
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Appendix

The proofs of the following results are technical and can be found in Atienza et al. (2005b).

Lemma 1. Foranyay,...,ar>0and 1, ..., nx € [0, 1] such that Z’;Zl nj=1,
k k
loanjaj < [logaj].
=1 j=1

Lemma 2. Lett: D C R" — RY, 0% € R? and r > 0. Then

et(x)OT < Z et(x)@(s)T

eeVy

foreachx € D and 0 € Qq(0%,r), where 0(¢) = 07 + ¢;r for e € Vg.

Theorem 6. Let @ C R? be open and D C R" measurable. Let f : D x @ — R be given by f(x; 0) = a(x)et(x)oT
wherea : D C R" — Randt: D C R" — R? are two measurable functions such that for each 0 € © the function
x € D — f(x; 0) is integrable on D. Then the function T (x) f (x; 0) is integrable on D, for every 0 € ©, with h €
7T U0} and T € I (o).

Theorem 7. Let &(a, t, b) be an exponential family defined on @ C RY. The corresponding function b is continuous,
and has continuous partial derivatives of all orders on ©.
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