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ABSTRACT

In this paper, we deal with discontinuous piecewise differential systems formed by two differential systems separated by a straight line when
these two differential systems are linear centers (which always are isochronous) or quadratic isochronous centers. It is known that there is a
unique family of linear isochronous centers and four families of quadratic isochronous centers. Combining these five types of isochronous
centers, we obtain 15 classes of discontinuous piecewise differential systems. We provide upper bounds for the maximum number of limit
cycles that these fifteen classes of discontinuous piecewise differential systems can exhibit, so we have solved the 16th Hilbert problem for
such differential systems. Moreover, in seven of the classes of these discontinuous piecewise differential systems, the obtained upper bound

on the maximum number of limit cycles is reached.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0023055

To solve the 16th Hilbert problem, i.e., to find an upper bound for
the maximum number of limit cycles that a given class of differ-
ential systems can exhibit, is in general an unsolved problem. For
the classes of discontinuous piecewise differential systems here
studied, we can obtain the solution using the first integrals of the
linear and quadratic isochronous centers.

I. INTRODUCTION AND MAIN RESULTS
We consider planar differential systems of the form
dx dy

E = P(x:}’), E = Q(x»)/),

where P(x, y) and Q(x, y) are polynomial functions, and the degree
of the systems is the maximum degree of such polynomials. In

particular, in this paper we consider discontinuous piecewise differ-
ential systems of the form

ifx <0,
ifx > 0,

F (xy) = (xy),.g )

F*(1,9) = (F* (6., ¢ (5) W

(*.)) = F(x,y) = {

being bi-valued on the separation line x = 0. Following Ref. 9, a
point (0, ) is a crossing point if f~(0,y)f*(0,y) > 0. If there exists
a periodic orbit of the discontinuous differential system (1) having
exactly two crossing points, then we call it a crossing periodic orbit. A
crossing limit cycle is an isolated periodic orbit in the set of all cross-
ing periodic orbits of system (1). In what follows for simplicity, we
shall say limit cycle instead of crossing limit cycle.

The analysis of planar continuous piecewise linear systems
is well established when the number of linear zones is small, see
Ref. 33 and the references therein. They frequently appear in many
non-linear engineering devices, which are accurately modelled by
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piecewise linear vector fields, see Ref. 7. They appear also in mathe-
matical biology, see Refs. 6 and 30-32. However, when the planar
vector field is discontinuous, the adaptation of the 16th Hilbert’s
problem on the maximum number of existing limit cycles is an open
problem. In the last years, many authors have worked in this prob-
lem, trying to determine how many limit cycles can appear in planar
systems separated by a straight line, see, for instance, Refs. 1-4, 8,
10-14, 16-18, and 21-29. For details on the classical 16th Hilbert
problem, see, for instance, Refs. 15, 19, and 20.

Let p € R? be a singularity of a differential system in the plane.
The singularity p is a center if there exists an open neighbourhood U
of p such that all the solutions in U \ {p} are periodic. Denote by T,
the period of the periodic orbit through g € U\ {p}. We say that p is
an isochronous center if T, is constant forallg € U\ {p}.

In this paper, we work with the following five types of sys-
tems that cover the classes of a linear system having a center and of
all quadratic polynomial differential systems having an isochronous
center. For a proof of the linear system, see Lemma 1 of Ref. 27, and
for a proof of the quadratic systems, see page 34 of Ref. 5.

(I) Any linear differential system having a center can be written as
k=—-Ax— (A*+ o))y +B, y=x+Ay+C,

with w > 0, A,B,C € R and A # 0. A first integral of this
system is

H(x,y) = (x+ Ay)* 4+ 2(Cx — By) + Y’

Of course, every linear center is isochronous.
(II) The first family of quadratic isochronous differential systems
can be obtained doing an affine transformation to the system

x=—y+x22 -y, y=x(1+2p),
with first integral
24y

1+2y°

I:Iz(x»)’) =

(ITII) The second family of quadratic isochronous differential sys-
tems can be obtained doing an affine transformation to the
system

x=—y+x, y=x1+y),
whose first integral is

24y
a+p*

(IV) The third family of quadratic isochronous differential systems
can be obtained doing an affine transformation to the system

I:IS(xxy) =

X = —y+§x2, j/=x<1— 13—6)/),

with first integral

9 4 y7) — 24xy 4 16x*

Hi(x,y) meTSY
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(V) The fourth family of quadratic isochronous differential sys-
tems can be obtained doing an affine transformation to the
system

. 16 4 . 8
x=—y+ ?xz - gyz, y= x(l + gy),

whose first integral is

s 9(* + %) +24y° + 16y*
Hs(x,y) = a1 8}/)4 .

Our objective is to solve the 16th Hilbert problem for the 15
classes of discontinuous piecewise differential systems separated by
a straight line and formed by two arbitrary isochronous centers of
degree 1 or 2, i.e., we shall provide for all these 15 classes an upper
bound on the maximum number of limit cycles that each class can
exhibit. Moreover, as we shall see in many cases, the upper bound
that we shall provide is reached.

We must mention that, in general, it is very difficult (many
times for the moment impossible) to provide an upper bound for the
maximum number of limit cycles that a class of differential systems
in the plane can exhibit, and of course, it is even more difficult to
provide the exact upper bound, see, for instance, Refs. 15, 19, and 20.

It was proved in Theorem 3 of Ref. 27 or in Corollary 3 of
Ref. 23 that discontinuous piecewise differential systems separated
by a straight line and formed by two arbitrary linear centers have no
limit cycles. So this case is not considered here.

Our first main result is to provide the maximum number of
limit cycles that can exist for discontinuous piecewise differential
systems of the form (1), where in x < 0 there is an arbitrary lin-
ear differential center (I), and for x > 0, there is one of the four
quadratic isochronous differential systems (II), (III), (IV), or (V)
after an arbitrary affine change of variables.

Theorem 1.  Consider discontinuous piecewise differential sys-
tems separated by the straight line x =0 and formed by a linear
differential center (I) after an affine change of variables in x < 0 and
by a quadratic isochronous system of type either (II), or (III), or (IV),
or (V) after an affine change of variables in x > 0. The maximum
number of limit cycles of these discontinuous piecewise differential
systems is

(a) at most one for systems of types (I) and (II), and there are systems
of this type with exactly one limit cycle, see Fig. I;

(b) at most one for systems of types (I)-(III), and there are systems of
this type with exactly one limit cycle, see Fig. 2;

(c) at most two for systems of types (I)-(IV), and there are systems of
this type with exactly one limit cycle, see Fig. 3; and

(d) at most two for systems of types (I)-(V), and there are systems of
this type with exactly two limit cycles, see Fig. 4.

Note that for all systems of type (I)-(k) with k € {IL,III, V}, the
upper bound on the maximum number of limit cycles is reached.

The proof of Theorem 1 is given in Sec. I11.

The second main result of the paper is to give the maximum
number of limit cycles that can appear in discontinuous piecewise
differential systems of the form (1) such that in a half-plane there is
a general quadratic isochronous differential system of type (II), and
in the other one, there is a general quadratic isochronous differential
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system of type (II), (III), (IV), or (V) after an arbitrary affine change
of variables.

Theorem 2. Consider discontinuous piecewise differential sys-
tems separated by the straight line x = 0 and formed by a quadratic
isochronous center of type (II) after an affine change of variables in
x < 0 and by a quadratic isochronous system of type either (II), or
(II), or (IV), or (V) after an affine change of variables in x > 0.
The maximum number of limit cycles of these discontinuous piecewise
differential systems is

(a) at most one for systems of types (II) and (II), and there are systems
of this type with exactly one limit cycle, see Fig. 5;

(b) at most one for systems of types (II) and (III), and there are
systems of this type with exactly one limit cycle, see Iig. 6;

(c) at most three for systems of types (II)-(IV), and there are systems
of this type with exactly two limit cycles, see Fig. 7; and

(d) at most three for systems of types (II)-(V), and there are systems
of this type with exactly two limit cycles, see Fig. 8.

Note that for systems of types (II) and (II) and (II) and (1II)
after an affine change of variables, the upper bound on the maximum
number of limit cycles is reached.

The proof of Theorem 2 is given in Sec. IV.

The third main result of the paper is to give the maximum
number of limit cycles that can appear in discontinuous piecewise
differential systems of the form (1) such that in a half-plane there is
a general quadratic isochronous differential system of type (IIT), and
in the other one, a general quadratic isochronous differential system
of type (III), (IV), or (V) after an arbitrary affine change of variables.

Theorem 3. Consider discontinuous piecewise differential sys-
tems separated by the straight line x = 0 and formed by a quadratic
isochronous center of type (III) after an affine change of variables in
x < 0, and by a quadratic isochronous system of type either (III),
or (IV), or (V) after an affine change of variables in x > 0. The
maximum number of limit cycles of these discontinuous piecewise
differential systems is

(a) at most one for systems of types (III) and (III), and there are
systems of this type with exactly one limit cycle, see Fig. 9;

(b) at most three for systems of types (III) and (IV), and there are
systems of this type with exactly two limit cycles, see Fig. 10; and

(c) at most three for systems of types (III)-(V), and there are systems
of this type with exactly two limit cycles, see Fig. 9.

Note that for systems of types (II1) and (III) after an affine change
of variables, the upper bound on the maximum number of limit cycles
is reached.

The proof of Theorem 3 is given in Sec. V.

The following result gives the maximum number of limit cycles
that can appear in discontinuous piecewise differential systems of
the form (1) such that in a half-plane there is a general quadratic
isochronous differential system of type (IV), and in the other one, a
general quadratic isochronous differential system of type (IV) or (V)
after an arbitrary affine change of variables.

Theorem 4. Consider discontinuous piecewise differential sys-
tems separated by the straight line x = 0 and formed by a quadratic
isochronous center of type (IV) after an affine change of variables
in x < 0 and by a quadratic isochronous system of type either (IV),
or (V) after an affine change of variables in x > 0. The maximum
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number of limit cycles of these discontinuous piecewise differential
systems is

(a) at most three for systems of types (IV) and (IV), and there are
systems of this type with exactly two limit cycles, see Fig. 12; and

(b) at most three for systems of types (IV) and (V), and there are
systems of this type with exactly two limit cycles, see Fig. 13.

The proof of Theorem 4 is given in Sec. V1.

The last main result gives the maximum number of limit cycles
that can appear in discontinuous piecewise differential systems of
the form (1) such that in both half-planes there is a quadratic
isochronous differential system of type (V) after an affine change
of variables.

Theorem 5. The maximum number of limit cycles for discon-
tinuous piecewise isochronous quadratic differential systems formed
by two systems of type (V) separated by the straight line x = 0 after
an affine change of variables is at most 12, and there are systems of
this type with exactly two limit cycles, see Fig. 14.

The proof of Theorem 5 is given in Sec. VII. See the remark at
the end of the proof of Theorem 5 related with this theorem.

Il. THE QUADRATIC ISOCHRONOUS DIFFERENTIAL
SYSTEMS (ll), (1), (IV), AND (V) AFTER AN AFFINE
CHANGE OF VARIABLES

In this section, we show the expressions for the quadratic
isochronous systems (II), (III), (IV), and (V) and their first integrals,
after doing the general affine change of variables of the form

(x,y) > (ax+by+cax+ By +y), ()

with ba — af # 0. Thus, the differential system (II) after this affine
change of variables becomes

1
x= (ﬂy2+2byc+bc+ﬁy — Bc* + (2aby + 2aBy
ba — ap

+ab+af —2afc+ 2abo)x + 2y + DH(V* + BHy + (—a’B
+ o?B + 2aab)x’ + 2a(b* + B7)xy + B> + By,
(3)
1
ba — ap
x (a* + a?)x + (=2aby — 2aBy — ab — af — 2aBc + 2abc)y

—a(a@* +a?)x? —28(a + a®)xy — (af® + 2aBfb — abz)yz),

j= (—ay?—2ayc—ac—ay +ac — 2y +1)

whose first integral is

(c+ax+ by)2 + (xa + yB + v)?

Haxy) = 1+ 2+ 98 + )
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The differential system (III) becomes

x= (—byc—bc—ﬂy—i—ﬁcz—i—(—ahy —ab—ap
ab—af

+2aBc — abo)x — (b*y + b* + B2 + Bbo)y + a(af — ab)x?

— b(ab — aﬂ)xy),
4)

1
(—ayc—ac—ay +acd — (@’y + @’ + o’ — aac)x

ab—ap
+ (—aby —ab — af — afc+ 2abc)y — a(af — ab)xy
+ blab — ap)y?),

whose first integral is

y=

ax+ by + o) + (y + ax + By)?
H3(x’y)=( y+0"+ (v i ﬂy).
Yy +ax+By+1)

The differential system (IV) becomes

1
= ————(-1 4BE 4 (1
* 3(otb—aﬁ)( 6byc+ 3bc+ 3By +4Bc” + (—16aby + 3ab

+ 3af + 8afc — 16abc)x + (—16b*y + 3b* + 387 — 88bc)y
+ 4a(aB — 4ab)x* — 8b(ap + 2ab)xy — 12b2,3y2),
5)

1
= m(waw — 3ac — 3ay — 4ac® + (16a’y — 3a*

— 302 + 8aac)x + (16aby — 3ab — 3af + 16afc — 8abc)y

y

+ 12a%ax* + 8a(2aB + ab)xy — 4b(ab — 4a,3)y2),
whose first integral is

1
16(y +ax+By) —3

+9((ax+ by + 0> + (y +ax+ y)?)
+16(ax + by + ©)*).

Hy(x,y) = (—24(ax + by + c)2(y +ax+ By)

Finally, the differential system (V) after the change of variables
(2) becomes

1
= ————(48y* + 8b 3bc+ 3By — 168> + (8ab
X 3(ab_aﬂ)(’3”+ yc+ 3bc+ 3By — 168c* + (8aby

+ 8afy + 3ab + 3aB — 32afBc + 8abc)x + (8by + 88°y
+3b% + 387 — 24Bbo)y + 4(a*B — 4a* B + 2aab)x* + 8(apf?
—3aBb+ ab’)xy — 4By 2b° — B*)y*),

(6)
1

= 3(ab—ap)
+ 8o’y + 3a® + 3 — 24aac)x — (8aby + Safy + 3ab

¥ (160{52 — 4ay? — 8ayc — 3ac — 3ay — (84%y

+ 3aB + 8aBc — 32abo)y + 4a(2a* — o?)x* + 8(a*(—B)
— o’B + 3aab)xy — 4(aB’® + 2aBb — 4ab®)y’),

scitation.org/journal/cha

whose first integral is

1
8y +ax+ By) +3)*
+ By)?) + 16(y +ax+ By)' +24(y +ax+ By)’).

Hs(x,y) = (9 ((ax + by + '+ (y +ax

I1l. PROOF OF THEOREM 1
A. Proof of Theorem 1 for systems (I)-(ll)

We consider the planar linear differential system (I) with first
integral H;(x,y) in the half-plane x < 0 and the quadratic poly-
nomial differential system (3) with first integral H,(x,y) in the
half-plane x > 0. If there exists a limit cycle of the discontinuous
piecewise differential systems (I)-(3), it must intersect the discon-
tinuity line x = 0 in two different points (0, y) and (0, Y). Clearly,,
these two points must satisfy the system

H;(0,y) — Hi(0,Y) = (Y — y) (—4A%y — 4A’Y + 8B — yo’ — ©’Y)
=Y —-yP(,Y) =0,

B B Y —-»Qy,Y) _
H;(0,y) — Hy(0,Y) = [1+2By+ I +2(BY + )] =

™)

where P; and Q, are polynomials of degrees one and two, respec-
tively. Since the points (0, ) and (0, Y) are different, from P, (y, Y)
= 0, we get Y as a function of y, that is, Y = f(y). Substituting this
expression in equation Q,(y, Y) = 0, we obtain a quadratic equation
in the variable y. Then, the maximum number of solutions of (7)
is two, namely, (y1, Y1) and (,, Y,), but in fact, these two solutions
represent the same limit cycle because Y; = y, and Y, = ;. So for
the discontinuous piecewise differential system (I)-(3), there exists
at most one limit cycle.

Now we give an example of a discontinuous piecewise differen-
tial system (I)-(3) having one limit cycle. On x > 0, we consider the
linear differential system

) 5 .
x=1—x—1y, y=x+y, ®)
whose first integral is

Hi(x,y) = =8y + > +4(x + ),

and on x > 0, we consider the quadratic isochronous differential
system of type (3)

y=143x+y+x +2xy,
)

X=—4—5x— 6y —x* — dxy — 29,
whose first integral is

G+y+D’+@+1)°

Hy(x,y) =
) = T ey D+

We can take, without loss of generality, the solution of (7) satisfy-
ing y < Y, and so the pair (y,Y) = (é(4 —3/14), é(4 + 3\/ﬁ))

provides the limit cycle that exists for the discontinuous differential
piecewise systems (8) and (9) shown in Fig. 1.
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FIG. 1. The unique limit cycle that exists for systems (8) and (9) of classes (I) and
(I1). Itis travelled in counter-clockwise sense.

B. Proof of Theorem 1 for systems (1)-(lll)

We consider the linear differential system (I) with first inte-
gral H;(x,y) on the half-plane x < 0, and on the half-plane x > 0,
we take the quadratic isochronous differential system (4) with its
first integral H;(x,y). Then, if there exists some limit cycle for
the discontinuous differential system (I)-(4), it must intersect the
discontinuity line x = 0 at two different points (0,y) and (0,Y),
satisfying the equations

Hi(0,y) — Hi(0,Y) = (Y = y)P1(»,Y) =0,
(Y =»)Q(»Y) —o (10)

H;(0,y) — H3(0, = =
0 0 = A+ BT 47

In (10), P, and Qs are polynomials of degrees one and two, respec-
tively. By following the same procedure as for the proof of systems
(I) and (II), we solve the equation P; (y, Y) = 0 obtaining the variable
Y as a function of y, that is, Y = f(y). By replacing Y in the equation
Q;(»,Y) = 0, we obtain again a quadratic polynomial equation in
the variable y, so that the equation has at most two different solu-
tions. As in the proof for systems (I) and (II), these two solutions
represent, if they exist, the same limit cycle. Therefore, system
(10) has only one solution with y < Y, and then the discontinuous
piecewise differential system (I)-(4) has at most one limit cycle.
Next, we give a specific discontinuous piecewise differential
system (I)-(4) having one limit cycle. On the half-plane x < 0, we
consider the linear differential system (8), and on the half-plane
x > 0, we consider the quadratic isochronous differential system

scitation.org/journal/cha

FIG. 2. The unique limit cycle that exists for systems (8)—(11) of classes (I)-(1ll).
Itis travelled in counter-clockwise sense.
of type (4)
k=-2-2y+x+xy, y=2+2+3y+xy+y, (11)

with first integral

1)? 1)°
Hy(x,y) = (x+ytyl;;2(y+ ) .

In this case, the unique solution for system (10) with y < Y'is
1 1
Y= <§(4 —3V14), 3(4 +3v 14)) ,

and the corresponding limit cycle of the discontinuous piecewise
differential systems (8)-(11) associated to this solution is shown
in Fig. 2.

C. Proof of Theorem 1 for systems (I)-(1V)

We consider again on the half-plane x < 0 the linear differen-
tial system (I) with its first integral H; (x, ¥), and on x > 0, we take
the quadratic isochronous differential system (5) with its first inte-
gral Hy(x, y). Then, if the discontinuous differential system (I)-(5)
has a limit cycle, it must intersect the discontinuity line x = 0 at
two different points (0, y) and (0, Y). These points must satisfy the
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equations
Hi(0,y) —Hi(0,Y) = (Y= )P (3, ¥) =0,
(12)
Y —»Qu@Y)
(=3 +16yp + 16y)(—3 + 16YB + 16y)
= 0,

H,(0,y) — H4(0,Y) =

where P; and Qq are polynomials of degrees one and four, respec-
tively. We solve the equation P, (y, Y) = 0 obtaining the variable Y as
afunction of y, thatis, Y = f(y). If we substitute Y = f(y) in equation
Q4(y,Y) = 0, we obtain a polynomial equation of degree four in the
variable y, and so system (12) has at most four real solutions. Taking
into account the symmetry between these solutions, as in the pre-
vious statements, there can be only two different solutions (y, Y) of
(12) satistfying y < Y.

Now, we show a concrete discontinuous piecewise differential
system (I)-(5) having a unique limit cycle. On the half-plane x < 0,
we consider the linear differential system

x=1—-x—2y, y=x+y, (13)
with first integral
Hi(xy) = =2y +)y" + (x+)°,

and on the half-plane x > 0, we consider the quadratic isochronous
differential system of type (4) given by

% = —8.98889 — 17.538 3x — 20.744 7y — 2.216 06
— 9.765 45xy — 7.549 39)7,
y = 14.677 9 + 21.205x + 25.538 3y + 3.549 39x" (e
+ 12432 1xy + 8.88273y7,
with first integral

1
16x + 0.031 894 3(1067y + 2091)

—24(1 + x 4 )*(4.355 69 + x + 2.126 95y)

Hy(x,y) = (1601 +x+yp)*

+9((1 4 x +)* + (4.35569 + x + 2.126 95y)*)) .
In this case, the solution to system (12) with y < Yis
(31, Y1) = (—1.898 651 543 493 539, 2.898 651 543 493 539),

and the corresponding limit cycle of the discontinuous piecewise
differential systems (13) and (14) associated to these solutions is
shown in Fig. 3.

Remark. For all these discontinuous piecewise differential
systems, it is possible that the upper bound found for the maximum
number of limit cycles cannot be reached. This is due to the fact that
the solutions (y, Y) do not need to correspond necessarily to periodic
solutions of the discontinuous piecewise differential systems.

D. Proof of Theorem 1 for systems (1)-(V)

We take again the linear differential system (I) with its first
integral H, (x, y) on the half-plane x < 0, and on x > 0, we consider

scitation.org/journal/cha

FIG. 3. The existing limit cycle for systems (13) and (14) of classes (I)—(IV). It is
travelled in counter-clockwise sense.

the quadratic isochronous differential system (6) with its first inte-
gral Hs(x, y). Thus, if the discontinuous differential system (I)-(6)
has a limit cycle, it must intersect the discontinuity line x = 0 at
two different points (0, y) and (0, Y). These points must satisfy the
equations

H(0,y) — Hi(0,Y) = (Y = »)P1(y, ) =0,
(15)
Y =»Q(.Y)

Hs(0,y) — Hs(0,Y) = B
0 = 0 ) = 8 G+ 8YB £ 87

>

where P; and Qs are polynomials of degrees one and five, respec-
tively. We solve again the equation P;(y, Y) = 0 obtaining the vari-
able Y as a function of y, that is, Y = f(y). If we substitute Y = f(y) in
equation Qs(y, Y) = 0, we obtain a polynomial equation of degree 4
in the variable y, and so system (12) has at most four real solutions.
Taking into account the symmetry between these solutions, as in the
previous statements, there can be only two different solutions (y, Y)
of (15) satisfying y < Y.

Finally, we show a discontinuous piecewise differential system
(I)-(6) having two limit cycles. On the half-plane x < 0, we consider
the linear differential system

x=14+x-2y, y=x—y, (16)

with first integral

Hi(x,y) = =2y +x* — 2xy + 2%,
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I
-0.5

and on the half-plane x > 0, we consider the quadratic isochronous
differential system of type (6)

% = 0.001345 83 4 7.888 17x + 0.032 69y — 5.333 33x
+5.810 77xy — 0.073 541 8)7,

(17)
y = 3.82531 — 3.82531x + 5.445 16y — 2.666 67xy + 1.936 92)°,
with first integral
1
Hs(x,y) = (9 ((—1x +0.726 346y + 1)°

(8(—1y — 1.80949) + 3)*
+(—1y — 1.80949)%) + 16(—1y — 1.80949)*
+24.(—1y — 1.80949)%).

scitation.org/journal/cha

FIG. 4. The pair of limit cycles that exist for systems
(16) and (17) of classes (I)=(V). They are travelled in
counter-clockwise sense.

For this case, the two solutions for system (15) with y < Y are

(}’1, Yl) = (0> 1)’ (}’2, YZ) = (_> _) 5

and the corresponding limit cycles of the discontinuous piecewise
differential system (8)-(17) associated to this solution are shown
in Fig. 4.

IV. PROOF OF THEOREM 2
A. Proof of statement (a) of Theorem 2

We consider the quadratic polynomial differential system (3)
with first integral H,(x,y) in the half-plane x < 0. By changing
the parameters (a,a, b, 8,¢, y) to (a1, 1, by, i, ¢1, 1) in system (3)
and in its first integral, we obtain a second isochrgnous quadratic
differential system of type (3) with the first integral H, (x, y), namely,

x= —(ﬁlylz +2byyic + bici 4 By — Bicy + Qaibyyr + 200 Bin
bioy — a1 B,
+aiby + a1 1 — 2a1Bict + 2a1bic)x + Cyy + 1)(17% + :312)}’ + (—afﬂl + “fﬂl
+ 201a1b0)%* + 201 (b5 + BDxy + Bi (b + DY), as)

. 1

y= m( —ay’ = 2a1yi00 — arc — oy + a6k — Qy + D@ +ad)x
+ (=2a1biyy — 200 B1ys — arby — oy By — 2a1Bicy + 201 bicy)y — 011(“% + ozf)x2
—2Bi(a; + a})xy — (o1 B} + 2a1 B1by — a1 b})y?),

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055 31,043112-7
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whose first integral is

(c1 + ax + by1y)* + (xay + yB1 + n)?
1+ 2(xa; + yB1 + 1) ’

Hy(xy) =

If a limit cycle of the discontinuous piecewise differential sys-
tems (3)-(18) has two different intersection points (0, y) and (0, Y)
with the line x = 0, then they must satisfy the system

Y =yP(yY) _
Qy +2B8y+ DRy +2BY+1)

Hy(0,y) — H(0,Y) =

>

(19)
Y-»Q(, 1) _
Cy+28y+ 12y +28Y+1)

H,(0,y) — H>(0,Y) =

>

where both polynomials P, and Q, are of degree two. From the
equation Q,(y, Y) = 0, we get Y as a function of y, that is, Y = f(y),
and substituting this expression in the equation P,(y,Y) = 0, we
obtain a quadratic polynomial equation in the variable y. Then, the
maximum number of solutions of (19) is two, namely, (y;, Y;) and
(92, Y2), but in fact, these two solutions represent the same limit cycle
because they are symmetric in the sense of the proof of Theorem 1.
Thus system (3)-(3) has at most one limit cycle.

Now we give an example of a discontinuous piecewise differ-
ential system of type (3)-(3) having one limit cycle. On x < 0 we
consider the quadratic isochronous differential system

k=—4—x—6y+x—2% y=3+3x+5y+2xy+2),
(20)
with a first integral

_ A+ + A +x+y)7°

Hax.y) 1420+

and on x > 0 we consider the quadratic isochronous differential
system of type (3)

k=—-24+x—6y+x* —dxy+2y5, y=1+43x—5y+x —2xy,

(21)
whose first integral is
~ l+x—p*+1+y)]°
1+2(1+x—y)
The solution of (19) satisfying y<Y is (1Y)

= (%(—1 —3), %(—1 + \/3)), which provides the limit cycle for
the discontinuous differential piecewise systems (20) and (21)
shown in Fig. 5.

B. Proof of statement (b) of Theorem 2

We consider again the quadratic polynomial differential system
(18) with first integral ﬁz (x, y) in the half-plane x < 0, and for x > 0,
we take the isochronous differential system (4) whose first integral
is H3(x, y).

If there exists a limit cycle of the discontinuous piecewise differ-
ential system (18)-(4), then it has two different intersection points

scitation.org/journal/cha

FIG. 5. The unique limit cycle that exists for systems (20) and (21) of types
(IN=(I1). It is travelled in counter-clockwise sense.

(0, y) and (0, Y) with the line x = 0, which satisfy the system

(Y =Py V) _
Cy+28y+ D)2y +28Y+1)

H,(0,y) — H,(0,Y) =

>

(22)
Y =»Q(,Y) _
By + 1D+ Y+ 1)

H3(0>)’) - H3(O)Y) =

where both polynomials P, and Q, have degree two. From the
equation P,(y, Y) = 0, we get Y as a function of y, that is, Y = f(y),
and substituting this expression in the equation Q,(y,Y) =0, we
obtain a polynomial equation of degree two in the variable y. Then,
the maximum number of solutions of (22) is two. But due to the
symmetry of the solutions, the systems (3) and (4) have at most one
limit cycle.

Now we write an example of a discontinuous piecewise differ-
ential system having a unique limit cycle. On x < 0, we consider
the quadratic isochronous differential system (20), and on x > 0, we
consider the quadratic isochronous differential system of type (4),

k=-2—4y—xy, y=x-3y—), (23)

whose first integral is

x—y+ D>+ @+ 1)7?

Moy = x—y+ 2)?

Then, the obtained solution of system (22) satisfying y < Y is
Y = (—%,0). This pair provides the limit cycle that exists for

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055
Published under license by AIP Publishing.
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FIG. 6. The unique limit cycle that exists for systems (20)-(23) of types (I1)~(1ll).
Itis travelled in counter-clockwise sense.

the discontinuous differential piecewise systems (20)-(23) shown
in Fig. 6.

C. Proof of statement (c) of Theorem 2

We take the quadratic polynomial differential system (18) with
the first integral H,(x, ) in the half-plane x < 0, and for x > 0, we
take the isochronous differential system (5) with the first integral
Hy(x, ).

scitation.org/journal/cha

If there exists a limit cycle of the discontinuous piecewise
differential system (18)-(5), then it has two different intersection
points (0, y) and (0, Y) with the separation line x = 0, satisfying the
system

Y =Py Y)

,(0,y) — H,(0,Y) = =
A0 O = B T han + 2B Y + 1)

>

(29
Y =@ Y) _
(=3 -+ 16y +16y)(=3+16YB +16y)

where both polynomials P, and Qq are of degree two and four,
respectively. From equation P,(y, Y) = 0, we obtain Y as a function
of y, that is, Y = f(y), and if we put this expression in the second
equation Q4(y, Y) = 0, we obtain a polynomial equation of degree
six in the variable y. Then, the maximum number of solutions of
(22) is six, but due to the symmetry, there are at most three solu-
tions of system (24) satisfying y < Y. Thus, systems (3)-(5) have at
most three limit cycles.

Next, we give an example of discontinuous piecewise
differential system of types (3)-(5) having two limit cycles.
On x <0, we consider the quadratic isochronous differential
system

H4(0,)/) - H4(07 Y) =

>

% = —0.427 384 — 0.457 523x — 4.273 84y + 1.931 7x*
+ 6.838 14xy — 0.427 384)7,
7 = 0.116463 + 0.682 96x + 1.871 74y — 0.546 368x° 2
+0.136 592xy + 3.652)7,
with the first integral
94 128x% 4 9y(18 4+ 89y) — 16x(1 — 2+/2 4+ y — 20+/2y)

H(xy) =
2(6) 16(5 — 8x + 7)

and on x > 0, we consider the quadratic isochronous differential
system of type (5)

x = —0.593985 — 6.893 77x — 6.770 32y + 3.034 14x* + 0.667 964xy — 1.899 16)/2,

(26)
§ = 4.77286 4 7.53417x + 9.754 81y — 1.871 382" + 1.931 71xy + 3.301 437,
whose first integral is
1
Hy(x,y) = 16(—0.357 63 — x — 0.908 852y)*
{0 = 173~ Tox 1 19.657 7y (16 * Y)

— 24(—0.35763 — x — 0.908 852y)*(3.573 31 — x + 1.228 61y)

+ 9((—0.35763 — x — 0.908 852y)" + (3.573 31 — x + 1.228 61y)*)) . 27)
The solutions to (24) satisfying y < Y are

(}’1» Y) =(-11), ()’2, Y;) =(=2,3),
which provide the two limit cycles for the discontinuous differential piecewise systems (25) and (26) shown in Fig. 7.
Chaos 31, 043112 (2021); doi: 10.1063/5.0023055 31, 043112-9

Published under license by AIP Publishing.



Chaos ARTICLE

FIG. 7. The two limit cycles that exist for systems (25) and (26) of types (lI)—(IV).
They are travelled in counter-clockwise sense.

|

scitation.org/journal/cha

D. Proof of statement (d) of Theorem 2

We consider the quadratic polynomial differential system (18)
with the first integral H, (x, y) in the half-plane x < 0, and for x > 0,
we take the isochronous differential system (6) whose first integral
is H5(x, y).

If a limit cycle exists for the discontinuous piecewise dif-
ferential system (18)-(6), then it has two different intersection
points (0,y) and (0,Y) with the line x = 0, satisfying the closing
equations

(Y =y)P:(y, Y)
Cn+2By+ D2y +28Y+ 1)

H,(0,y) — H,(0,Y) = =0,

(28)
(Y —=»Qs(», Y) _
8y +8B8y+3)(8y +8BY+3)

where both polynomials P, and Qs are of degree two and five,
respectively. From the equation P,(y, Y) = 0, we get Y as a function
of y, thatis, Y = f(y), and substituting this expression in the equation
Qs(»,Y) = 0, we obtain an equation of order six in the variable y.
Then, the maximum number of solutions of (28) is six, but because
of the symmetry property as in the previous statements, systems
(3)-(6) have three limit cycles at most. Next, we give an example of
discontinuous piecewise differential system of types (3)-(6) having
two limit cycles. On x < 0, we consider the quadratic isochronous
differential system

H;5(0,y) — Hs(0,Y) =

>

X = —4.24371 4 0.170 949x + 6.253 88y + 3.657 48x> — 12.507 8xy + 8.040 7157,

§ = —2.20072 — 1.289 15x 4 5.48591y + 1.289 15x* — 3.31496xy + 0.579 633y%, 29
with the first integral
By5) = 14(1.5 4 22 + x(0.414 214 — 4.122 84y) + y(—2.726 59 + 4.851 179)
—7+ 14x — 18y
and on x > 0, we consider the quadratic isochronous differential system of type (6)
X = 0.550 125 + 9.009 84x — 1.248 12y + 6.059 59x* — 0.600 689xy — 0.034 147,
§ = 3.905 88 4 49.776 5x — 6.635 34y + 17.347 6x + 1.214 15xy — 0.491 1537, G0
whose first integral is
Hs(x,y) = 0.000244 141 — (9((—0.825206 + x — 0.195 584y)"
(—0.450 206 + x — 0.195 584)*)
+ (0.178 088 + x — 0.118 725y)?) + 24(—0.825206 + x — 0.195 584y)° + 16(—0.825206 + x — 0.195584y)*) . (31)

The solutions to (28) satisfying y < Y that provide the two limit
cycles for the discontinuous differential piecewise systems (29) and
(30) are

1, Y1) = (0.1, 1.), ()2, Y2) = (0.166 666, 0.833 335),

as shown in Fig. 8.

(

V. PROOF OF THEOREM 3
A. Proof of statement (a) of Theorem 3

We consider the quadratic polynomial differential system (4)
with first integral H3(x,y) in the half-plane x < 0. By changing
the parameters (a,a, b, B, ¢, y) to (a;, o, by, B1, ¢1, 1) in system (4)
and in its first integral, we obtain a second isochronous quadratic

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055
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FIG. 8. The two limit cycles existing for system (29) and (30) of types (Il)—(V).
They are travelled in counter-clockwise sense.

differential system of type (4) with the first integral Hj(x,y),
namely,

k:é(bzy(l+xa + 1) + bi(er + ax)(1 + xa
ot —arfy ! 1 1 1(c1 1 1

—yBi+y) + ,31(—63 —2a,¢cx — a%xz + xa; + yBy + )’1)) >
(32)
o
4 bioy — a1 By
—ax(1+yB1 + 1) —ai(c + biy) (1 — xa; + yp1 + Vl))>

whose first integral is

(011(6% +2biay + b%}’z —xa; — yp1 — v1)

(a+ax+ bl)’)2 + (xay + yB1 + J/l)z
(1 + xo1 + yB1 + 1)’

If a limit cycle of the discontinuous piecewise differential sys-
tems (4)-(32) has two different intersection points (0, y) and (0, Y)
with the line x = 0, then they must satisfy the system

Y-phpV)
A+yB+y) A+ YB+y)

(Y = Q) o
A+yBi+ ) A+ YBi+yv)°
where both polynomials P, and Q, are of degree two. From equation
Q:(y,Y) =0, we get Y as a function of y, that is, Y = f(y), and

after substituting this expression in the equation P,(y,Y) = 0, we
obtain a quadratic polynomial equation in the variable y. Then, the

?IS(x)y) =

H;(0,y) — H3(0,Y) =

>

(33)

H;(0,y) — H:(0,Y) =

scitation.org/journal/cha
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FIG. 9. The unique limit cycle that exists for systems (23)—(34) of types (IIl) and
(1. It is travelled in counter-clockwise sense.

maximum number of solutions of (33) is two, namely, (y;, Y;) and
(2, Y»); but in fact, these two solutions represent the same limit cycle
because they are symmetric as usual. Thus, systems (4)-(4) have at
most one limit cycle.

Now we give an example of a discontinuous piecewise dif-
ferential system of type (4)-(4) having one limit cycle. On x < 0,
we consider the quadratic isochronous differential system (23), and
on x > 0, we take the quadratic isochronous differential system of

type (4)
k=-2-2y+x+xy, y=2+2x+3y+xy+y, (34
with a first integral

0+’ + A+ x4y’
e = 2ty

The solution to (33) satisfying y < Yis (y,Y) = (—%,O), which pro-
vides the limit cycle for the discontinuous differential piecewise
systems (23)-(34) shown in Fig. 9.

B. Proof of statement (b) of Theorem 3

We consider again the quadratic polynomial differential system
(32) with first integral ?I3 (x, y) in the half-plane x < 0, and forx > 0,
we take the isochronous differential system (5) whose first integral
is Hy(x, y).

If there exists a limit cycle of the discontinuous piecewise differ-
ential systems (32)-(5), then it has two different intersection points

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055
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(0, y) and (0, Y) with line x = 0, which satisfy the systems

N - (Y =P, (y, Y)
Hy(0,y) — H:(0,Y) = =
20 = 0 ) = S YA )
(35)
Y =»Q(»Y)

Hy(0,y) — Hy4(0,Y) =

(=34 16yB +16y) (=3 +16YB +16y)
where the polynomials P, and Q4 have degree two and four, respec-
tively. From equation P, (y, Y) = 0, we get Y as a function of y, that s,
Y = f(y), and substituting this expression in equation Q4(y,Y) = 0,
we obtain a polynomial equation of degree six in the variable y.
Then, the maximum number of solutions of (35) is six. But due to
the symmetry of the solutions, the systems (4) and (5) have at most
three limit cycles.

Now, we show an example of discontinuous piecewise differen-
tial system of types (4) and (5) having two limit cycles. On x < 0, we
consider the quadratic isochronous differential system

X =—592592 — 47.9127x — 58.660 6y + x* — 0.101 841xy,
j = —246.99 4 9.522 4x — 26911y + xy — 0.101 84157,
with the first integral

(24.9412 — x4 0.101 841y)> + (602.838 — x + 61y)°

Py y) =
2(6) (603.838 — x + 61y)°

and on x > 0, we consider the quadratic isochronous differential
system (26) of type (5) whose first integral is (27). The solu-
tions to (35) satisfying y < Y that provide the two limit cycles for
discontinuous differential piecewise system (36)-(26) are

(}/1’ Yl) = (_1) 1)) ()/2: YZ) = (_2) 3))

as shown in Fig. 10.

C. Proof of statement (c) of Theorem 3

We take the quadratic polynomial differential system (32) with
the first integral H;(x, y) in the half-plane x < 0, and for x > 0, we
take the isochronous differential system (6) with the first integral
Hs(x, ).

If there exists a limit cycle of the discontinuous piecewise differ-
ential systems (32)-(6), then it has two different intersection points
(0, y) and (0, Y) with the separation line x = 0, satisfying the system

(Y—=y)P(y, Y)

:0,
A+yB +y)’ L+ YB + 1))
(37)

H;(0,5) — H:(0,Y) =

Y—=»Qs(y,Y)
Hs(0,y) — Hs(0, Y) = -0,
S0 = s O ) = 8 (G + 8YE + 8y

where the polynomials P, and Qs are of degrees two and five, respec-
tively. From equation P,(y,Y) = 0, we obtain Y as a function of y,
that is, Y = f(y), and putting this expression in the second equation
Qs(y,Y) = 0, we obtain a polynomial equation of degree six in the
variable y. Then, the maximum number of solutions to (37) is six;
but due to the symmetry, there are at most three solutions of system

scitation.org/journal/cha

FIG. 10. The pair of limit cycles that exists for systems (36)—(26) of types
(I)—(IV). They are travelled in counter-clockwise sense.

(37) satisfying y < Y. Thus, systems (4)-(6) have at most three limit
cycles.

Next, we give an example of discontinuous piecewise differen-
tial system of types (4)-(6) having two limit cycles. On x < 0, we
consider the quadratic isochronous differential system

X = 6781.71 4+ 363.957x — 15 585.4y + x* — 45.267 4xy,
7 = 140.782 + 7.249 45x — 308.767y + xy — 45.267 47,
with the first integral
Hs(x.y)

(=70.4328 + x — 57.2448y)> + (18.396 7 + x — 45.267 4y)”
B (—69.4328 + x — 57.244 8y)>

>

and on x > 0, we consider the quadratic isochronous differential
system (30) of type (6) whose first integral is (31). The solutions
to (37) satisfying y < Y that provide the two limit cycles for the
discontinuous differential piecewise systems (38)-(30) are

1, Y1) = (0.1,1), (32, Y,) = (0.166 666, 0.833 335),

as shown in Fig. 11.

V1. PROOF OF THEOREM 4
A. Proof of Theorem 4 for systems (IV)-(IV)

We consider the quadratic polynomial differential system (5)
with the first integral Hy(x, y) in the half-plane x < 0. By changing
the parameters (a,«, b, B, ¢, ) to (a1, o1, by, B1, €1, y1) in system (5)

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055
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FIG. 11. The two limit cycles existing for systems
(38)—(30) of types (Ill)-(V). They are travelled in coun-
ter-clockwise sense.

5L

and its first integral, we obtain a second isochronous quadratic differential system of type (5) with the first integral H,(x, y), namely,
1
O —
3a, 8, — 3bay

—Bi(4c] + 8ac1x + 4aix® + 3(xa + yPi + 1))

bi(c1 + a1x) (=3 + 16xa; + 8yB; + 16y1) + h%)’(—3 + 16xa; + 12yB; + 16y1)

y= m‘“(“ + biy) (=3 + 8xary + 16yB; + 16y1) + ajx(—3 + 12xa; + 16yB; + 16y1)
—a1 (462 + 8bycyy + 4bYP + 3(xay + B + 1)) s
whose first integral is
1
16(yi +a1x+ Biy) — 3
+9((mx+biy+c) + (3 +ox+ By)?) + 16(arx + byy + o).

If there exists a limit cycle of the discontinuous piecewise differential systems (5)-(39), then it has two different intersection points (0, y)
and (0, Y) with separation line x = 0, satisfying the system

Hi(xy) =

(—24(@x + by + )’ (11 + aux + 1)

(Y =Py, Y) —0
(=3 + 16y, + 16y1)(—=3 + 16YB, + 16y,) ’

(Y —»)Qs(y, V) _
(=3 4+ 16yB8 + 16y) (=3 + 16YB + 16y)

where both polynomials Py and Q4 are of degree four. From equation P,(y,Y) = 0, we obtain Y as a function of y, that is, Y = f(y), and
substituting it in the second equation Q4(y,Y) = 0, we obtain a polynomial equation of degree six in the variable y. Then, the maximum
number of solutions to (40) is six; but due to symmetry, there are at most three solutions to system (40) satisfying y < Y. Thus, systems
(5)-(5) has at most three crossing limit cycles.

Next, we give an example of discontinuous piecewise differential system of types (5)-(5) having two limit cycles. On x < 0, we consider
the quadratic isochronous differential system

H,0,y) — Hy(0,Y) =
(40)
Hy(0,y) — Hy(0,Y) =

>

% = —0.593985 4 6.893 77x — 6.770 32y + 3.034 14x> — 0.667 964xy — 1.899 167, )
41

§=—4.77286 + 7.534 17x — 9.75481y + 1.87138x* + 1.931 71xy — 3.301 43y*,

Chaos 31, 043112 (2021); doi: 10.1063/5.0023055 31, 043112-13
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with the first integral

1
—3+16(3.57331 + x + 1.228 61y)

—24(—0.357 63 4 x — 0.908 852))*(3.573 31 + x + 1.228 61y)

Hy(x,y) = (16(—0.357 63 + x — 0.908 852y)"*

+9((—0.357 63 + x — 0.908 852y)> + (3.57331 + x + 1.22861y))) , (42)
and on x > 0, we consider the quadratic isochronous differential system
X = —4.35274 + 17.666x — 44.116 7y + 1.652 12x* — 2.115 58xy — 4.001 747,

(43)
$ = 279.554 + 16.398 2x + 89.623 6y — 0.305 758x> + 4.695 75xy + 5.228 3)%,

with the first integral

1
—3 4+ 16(47.304 — x + 12.039 6y)

—24(—13.4112 — x — 1.042 63y)(47.304 — x + 12.039 6y)

Hy(x,y) = (16(—13.4112 — x — 1.04263y)*

+9((—13.4112 — x — 1.04263y)* + (47.304 — x + 12.0396y)%)) .

The solutions to (40) satisfying y < Y that provide the two limit
cycles for the discontinuous differential piecewise system (41)-(43)
are

(}’1) Yl) = (_1) 1))

as shown in Fig. 12.

()’2, YZ) = (_2) 3))

B. Proof Theorem 4 for systems (IV)-(V)

We take the quadratic polynomial differential system (39) with
the first integral Hy(x, y) in the half-plane x < 0, and for x > 0, we
take the isochronous differential system (6) with the first integral
Hs(x, ).

If there exists a limit cycle of the discontinuous piecewise dif-
ferential systems (39)-(6), then there exist two different intersection
points (0, y) and (0, Y) with the separation line x = 0, satisfying the
system

(Y —=»)Ps(y,Y)
(=3 4 168, + 16y,)(—3 + 16YB; + 16y,)
= 0,

H,(0,y) — Hy(0,Y) =

(44)
Hy(0,7) — H5(0,1) = CI%0D____
(3+8y8+8y) (3+8YB+8y)
where the polynomials P, and Qs are of degrees four and five, respec-
tively. Again, we obtain Y as a function of y, that is, Y = f(y), from
the equation Py(y, Y) = 0, and putting this expression in the second
equation Qs(y, Y) = 0, we obtain a polynomial equation of degree
seven in the variable y. Then, the maximum number of solutions
of (44) is seven; but due to symmetry, there are at most three solu-
tions to system (44) that satisfy the condition y < Y. Then, systems
(5)-(6) have at most three limit cycles.
Now, we show an example of discontinuous piecewise differ-
ential system of types (5)-(6) having two limit cycles. On x < 0,

we consider again the quadratic isochronous differential system (41)
whose first integral is (42), and on x > 0, we consider the quadratic
isochronous differential system

FIG. 12. The pair of limit cycles that exists for systems (41)—(43) of types
(IV)=(IV). They are travelled in counter-clockwise sense.
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FIG. 13. The two limit cycles existing for systems (41)—(45) of types (IV) and (V). They are travelled in counter-clockwise sense.

% = —0.0135199 + 6.448 12x — 0.134 872y + 4.000 57x” + 0.155 285xy — 0.004 530 937,
3 = 15.1375 + 132.575x — 1.281 87y + 22.887 2x + 5.332 2xy — 0.077 808 357,
with the first integral
1
(3 + 8(—1.24193 + x — 0.058 281 6))*
+(0.387 469 + x — 0.000 024 863 2y)*) + 24(—1.241 93 + x — 0.058 281 6)" + 16(—1.241 93 + x — 0.058 281 6y)") .

Hs(x,y) = (9((—1.24193 + x — 0.058 281 6y)°

The solutions to (44) satisfying y < Y that provide the two limit cycles for the discontinuous differential piecewise systems (41)-(45) are
(}’1>Y1) = (_1) 1)’ (}’z,Yz) = (_2: 3))

as shown in Fig. 13.

Vil. PROOF OF THEOREM 5

We consider the quadratic polynomial differential system (6) with the first integral Hs(x, y) in the half-plane x < 0. If we change the
parameters (a,a, b, B,¢,y) to (ar, 1, by, Bi, ¢1, v1) in system (6) and its first integral, we obtain a second isochronous quadratic differential

system of type (6) with the first integral Hs(x, y), namely,

. 1
IRy
+ (8b1y1 + 8B7y1 + 361 + 387 — 24B1bicr)y + 4@} fi — 4a7 By + 201a1b1)x + 8(an i — 3aifiby + anb)xy — 4B1y° b7 — B))Y),

(41317/12 +8biyic1 + 3bicy + 3By — 16B81E + (8a1by1y1 + 8y Biyr + 3arby + 301 — 32a1B1c1 + 8aybic)x

(46)
j/ = :))(ab—aﬂ)(IGOllC% — 40[1)/12 — 86!1)/161 — 3a1c1 — 3(11]/1 - (811%)/1 + 80[%?1 + 311% + 30[? - 240[1(11C1)x
161 — a1 B
— (Baybyyr + 81 Biyr + 3a1by + 31 By + 8ay Bicy — 3201 bicy)y + 40!1@“% - af)xz + 8(“?(—/31) - a%ﬂl + 3aya1b)xy
- 4(a1/312 + 2a, 8,16, — 40!1%))’2)»
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whose first integral is

1
B(n + arx + uy) +3)*
+ i+ ax+ Biy)?) + 1600 + arx + iy’
+ 24(y1 + 1x + B1y)’).

Hs(x,y) = (9 ((alx + by + a)?

If there exists a limit cycle of the discontinuous piecewise differ-
ential systems (6)-(46), then it has two different intersection points
(0, y) and (0, Y) with the separation line x = 0, satisfying the system

H i (Y = y)P5(3, 1)
Hs(0,y) — H5(0,Y) = iy
5(0,) 5(0,Y) G+ 8B + 871)°(3 + 8YB1 + 8y1)°
(47)
Y_ bl
Hs5(0,y) — H5(0,Y) = (Y —»)Qs(y, V) Y

(3+8yB +8y)*(3+8YB +8y)*

where both polynomials Ps and Qs are of degree five. Then, by
Bézout theorem, the maximum number of solutions (y,Y) € C
of Eq. (47) is 25. Since our solutions appear in pairs because of
symmetry, the maximum number of solutions satisfying y < Yis 12.

Next, we give an example of discontinuous piecewise differen-
tial system of types (6)-(46) having two limit cycles.

On x < 0, we consider the quadratic isochronous differential
system (48)

% = 0.103 814 + 0.025 571 7x — 0.097 864 9y — 0.036 889 7x*
+0.218 646xy — 0.322 8637, )
48
7= 0.03051 + 0.017 037 6x — 0.057 329 8y — 0.015 380 9

+0.090517 3xy — 0.132 811)/2,

with the first integral

1
(3 + 8(—4.15332 + x — 2.616 06y))*

Hs(x,y) =

(9((—3.79477 + 2x — 5.613y)

+ (—4.15332 + x — 2.616 06y)*)
+24(—4.15332 4 x — 2.616 06y)’
+16(—4.15332 + x — 2.616 06)") ,

and on x > 0, we consider the quadratic isochronous differential
system

X = 0.000069 6792 + 0.001 141 19x — 0.000 158 087y

+0.000 767 513x* — 0.000 076 083 7xy — 0.000 004 324 2)/2,
(49)
y = 0.000494 721 + 0.006 304 72x — 0.000 840 437y

+0.002 197 27x* 4 0.000 153 785xy — 0.000 062 209 8)/2,

scitation.org/journal/cha
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FIG. 14. The two limit cycles existing for systems (48) and (49) of types (V) and
(V). They are travelled in counter-clockwise sense.

with the first integral
1
(3 4 8(—0.825206 4 x — 0.195 584y))*

x (9((—0.825206 + x — 0.195 584y)>

Hs(x:}’) =

+ (0.178 088 + x — 0.118 725y)%)
+ 24(—0.825206 + x — 0.195 584y)*
+ 16(—0.825206 + x — 0.195 584y)") .

The solutions to (47) satisfying y < Y that provide the two limit
cycles for the discontinuous differential piecewise systems (48) and
(49) are

(}’1» Yl) = (01> 1))

as shown in Fig. 14.

Remark. Equation (47) can have at most 12 solutions using
the Bézout theorem, but numerical evidences obtained given arbi-
trary values to the parameters of the class of discontinuous piecewise
differential systems of types (V) and (V), we could only find at most
eight real solutions, but these solutions in general do not provide
crossing limit cycles. In all the particular piecewise differential sys-
tems studied numerically, we could only find at most two crossing
limit cycles.

(y2, Y2) = (0.166 666, 0.833 335),

Vill. CONCLUSIONS

There is a unique family of linear isochronous centers and
four families of quadratic isochronous centers. Considering all the
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possibilities of choosing two pairs of these isochronous centers,
eventually repeated, we obtained 15 pairs. Therefore, we have 15
classes of discontinuous piecewise differential systems formed by
two differential systems separated by a straight line when these
two differential systems are linear isochronous centers or quadratic
isochronous centers.

For these 15 classes of discontinuous piecewise differential sys-
tems, we provide an upper bound for the maximum number of limit
cycles that they can exhibit, i.e., for these classes of differential sys-
tems, we have solved the 16th Hilbert problem. Moreover, for 7 of
these 15 classes of discontinuous piecewise differential systems, the
upper bound on the maximum number obtained is reached.

More precisely, it was known that discontinuous piecewise
differential systems formed by two linear isochronous centers sepa-
rated by a straight line cannot have limit cycles, see Ref. 27. If one of
the systems is a linear isochronous center and the other is a quadratic
isochronous center, then their maximum number of limit cycles
is studied in Theorem 1. While if the two systems are quadratic
isochronous centers, then their maximum number of limit cycles is
studied in Theorems 2, 3, 4, and 5.
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