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Abstract Huff location problems have been extensively analyzed within the field of com-
petitive continuous location.

In this work, two Huff location models on networks are addressed, by considering that
users go directly to the facility or they visit the facility in their way to a destination.

Since the problems are multimodal, a branch and bound algorithm is proposed, in which
two different bounding strategies, based on Interval Analysis and DC optimization, are used
and compared. Computational results are given for the two bounding procedures, showing
that problems of rather realistic size can be solved in reasonable time.

Keywords Huff location models - Location on networks - DC optimization - Interval
analysis
1 Introduction

In this paper we address two competitive location models (Blanquero and Carrizosa 2009a;
Drezner and Drezner 2004; Fernandez et al. 2007; Huff 1964, 1966; Plastria 2001) on a
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network (Dearing and Shier 1983; Labbé et al. 1995). Let N = (V, E) be a network, with
node set V and edge set E. The length of the edge e € E is given, and it is denoted by /.. The
distance between two nodes g;, a; is calculated as the shortest path (Labbé et al. 1995) from
a; to a;. For each e € E, with end nodes a;, a;, we identify each x € [0, [,] with the point
in the edge e at distance x from a; and distance /, — x from a;. This way, we obtain that,
for any vertex a; € V, the distance d(x, a;) from x to a is, as a function of x, a concave
piecewise linear function, given by:

d(x, ap) =min{ fi, (). f, ()}
f @ =x+daa)  fi, @ = —x) +da,a)

ey

We refer the reader to Labbé et al. (1995) for a comprehensive introduction to location
models on networks.

The remainder of this paper is structured as follows. Two different location models on
networks are considered. The first model (Sect. 2) is the classic Huff location model, as
addressed in Berman et al. (2011), in which customers perceive the facility attractiveness in
terms of their distance to the facility, while the second model (Sect. 3) is new, called the Huff
origin-destination (OD) trip model. In the OD trip model the facility attraction is a function
of the length of the shortest path from the origin to the destination through the facility. In
Sect. 4 a branch and bound algorithm is designed to solve both problems and two different
procedures to obtain bounds are presented.

Computational results are given in Sect. 5, comparing the two bounding strategies imple-
mented. Some concluding remarks are presented in Sect. 6.

2 Huff location model

In this model, the finite set V' of vertices of the network represents users, asking for a certain
service. Each user a € V has demand w, > 0. Such demand is being patronized by different
existing facilities, located at points xj, ..., x, on the network, so that the demand captured
by facility at x; from user a is inversely proportional to a positive nondecreasing function
of the distance d(a, x;) from the user at a to the facility at x;. In other words, the demand
captured by the facility at x; from the user at a is given by

1/@a(d(a, x;))
Wy T .
Zj:l l/wa(d(a! .X]))

(@5

The usual choice for each ¢, has the form ¢, (d) = d**. When A, =2 forall a € V, we have
the so-called gravitational model.

A new firm is entering the market, by locating one facility at some point on the network.
This perturbs market share, since the new facility at x will capture a demand from a € V
equal to

» 1/¢a(d(a, x))
“1/@ad(a, ) + X 1/9a(d(a, x;))
Here ¢, is assumed to be non-negative, non-decreasing and twice continuously differen-

tiable in R, . Expression (3) must be carefully considered when ¢,(0) = 0. Indeed, in such
case, if some x; exists with x; = a € V, then the full demand of a will be captured by x;.

3
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Hence, such a will not be taken into account, and thus we assume in what follows without
loss of generality thatx; ¢ V, j=1,...,r.

The goal of the entering firm is the maximization of its market share. This is written as
the following optimization problem:

1/ga(d(a, )
e 2 T ) + X g ) @

ae

Defining for each a € V the positive constant f,,

r

1
=y 5
fo=2 oud(@,x;) )

j=1
it follows that problem (4) can be rewritten as

max F(x) (6)
x€[0,l¢],ecE

with F defined as

1
£ = 2 T i ”

This problem has been addressed in Berman et al. (2011), in which a branch and bound
algorithm with interval analysis bounds is proposed.

3 Huff OD trip model

In this model, we have the set {{a, b},a € V,b € V}, of origin-destination pairs. The trip
from origin a to destination b will imply a demand w,, > 0.

Consumers in their way from origin a to destination b will stop at one facility; they
choose among the r existing facilities, xy, ..., x,, and the new facility at x as in the model
described in Sect. 2: the demand from a user in his way from a to b captured by each facility
is inversely proportional to a positive nondecreasing function of the length of the path from
the origin to the destination via the facility.

In other words, the demand captured by x from users in their trip from origin a to desti-
nation b is given by

" 1/¢u(d(a, x) +d(x, b))
U par(d(@,x) +d e, b)) + 20, gap(dla,x;) +d(x;. b))

®)

As in the other model, the goal of the entering firm is the maximization of its market
share. This is written as the following optimization problem:

Z 1/@ap(d(a, x) + d(x, b))
ax
x€[0,l¢],ecE

a - . 9
(@l ) T A0, b)) + 3y Yardl@ i) +dGy b))

a,beV

Defining for each a, b € V the positive constant B,

r

1
fur=2_ Gan(d(a, x;) +d(x;, b))

j=1
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it follows that problem (9) can be rewritten as

max F(x)
x€[0,lc],ecE

with F defined as
1
Z Wab .
1 + Bap@as(d(a, x) +d(x, b))

a,beV

Fx)=

(10)

We see that both the location and OD trip models yield an optimization problem of the
same form, namely, (6), with a rather similar function F, as given by (7) and (10) respec-
tively. Both functions F can be written in the form

1
PO = ) T @ (D

SeA
where
A=V and, for§e A, ds(x)=d(a,x)

for the location model, and
A={{a,b},a,beV} and, for6e A, ds(x)=d(a,x)+dx,b)

for the OD trip model.

4 Solving the models
4.1 Multimodality

The optimization problems described in Sect. 2 and 3 are, in general, multimodal, and stan-
dard optimization methods get stuck at local optima. This can be seen in simple examples,
even when the network is a segment and is illustrated in the following examples for the Huff
location problem introduced in Sect. 2.

First, data for one problem with two users and r = 1 facility on a segment were randomly
generated. The objective function F of such instance is plotted in Fig. 1 (left). One can see
that the problem is bimodal. 100 runs of a local search procedure starting with a random
point were performed.

In Fig. 1 (right) one can see the histogram of the objective values provided by the opti-
mizer: below a 50 % of the runs yielded the global optimum, whereas the remaining runs
stopped at the local not globally optimal solution.

Another instance, with 500 user and 100 facilities was also generated. In Fig. 2 the prob-
lem is shown to be multimodal, and just below a 14 % of the runs solved with the optimizer
yielded the global optimum.

In the right part of Figs. 1-2 the x axis is normalized, so that 1 corresponds to the best
found objective value, z*, and a bar at x € [0, 1] indicates that an objective value x - z* was
found.

Since multimodality appears even in the simplest cases, and local search procedures can
get stuck at very bad local optima, global optimization tools are needed if the global opti-
mum is sought.
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4.2 Algorithm

We will use a branch and bound algorithm (Drezner and Suzuki 2004; Hansen et al. 1985;
Plastria 1992) to solve the problems under consideration. We first outline the algorithm that
finds an optimal solution within a relative accuracy of €, and later give the details on the
bounding process, which will exploit monotonicity properties or the fact that the objective
function is DC on each edge (Blanquero and Carrizosa 2009b; Horst and Thoai 1999; Tuy
1995; Tuy et al. 1995). We remind the reader that a function % is DC if it can be written
as h =h" — h™, where h*, h™ are both convex; the expression h* — h~ is called a DC
decomposition of 4. In the description of the algorithm, we have A = V for the Huff location
model and A = {{a, b}, a, b € V} for the Huff OD trip model.

Phase 1: Initialization

— Fix the required accuracy ¢ > 0.

— Set LB=0.

— Compute the all-pairs distance matrix.
— Calculate 8;, V6 € A.

@ Springer



180 Ann Oper Res (2014) 222:175-195

— Set the list H of remaining segments as empty.
Phase 2: Prepare the list of segments

— Consider the edge e as segment with its nodes as the segment vertices.

— The value of the objective function is evaluated at the segment midpoint. If the value is
greater than L B, then L B is updated to such value and the midpoint stored as incumbent.

— Calculate an upper bound for the segment e, UB(e).

— Incase UB(e) > LB - (1 4 ¢) insert e into H.

Phase 3: Branch and bound process.
Repeat as long as no stop is reached:

— Select from H the highest upper bound segment, UBy,x, With LB as e-optimal value and
the incumbent as an g-optimal solution.
If UBiax < LB - (1 + ¢), stop the algorithm with LB as the solution.
— The highest upper bound segment, UB,,,x, is selected for a split at its midpoint into two
smaller segments.
— The value of the objective function at the midpoint of the two small segments is calcu-
lated.
If any of these values is greater than LB, then LB is updated and all segments from H
whose upper bound is lower than LB are discarded.
— An upper bound for each small segment is calculated.
— All segments whose upper bound is greater than LB - (1 4 ¢) are added to H.

In the algorithm above, the segment midpoint yielding the best upper bound is given as
g-optimal solution. Observe that the full list of segments in H contain all e-optimal solu-
tions, and can thus be used in a two-phase process, as suggested in the GBSSS algorithm
(Plastria 1992).

Let us detail the algorithm steps previously outlined. To calculate the all-pairs distance
matrix we use the Floyd algorithm (Bertsekas 1998), which uses the edge length matrix to
build recursively the distance matrix.

The computation of the bounds requires more detail. The algorithm needs the calculation
of an upper bound, UB(s), for each segment s. We present two procedures, one based on
Interval Analysis, and the other in properties of DC functions.

4.3 Interval analysis bound

When the distance d;s(x) decreases, the market share as given by the objective function (11)
increases. Hence we obtain an upper bound on the market share F (x) for any location x on
a segment s = [xg, x;] C e € E by replacing d;(x) by the lowest possible of these distances
on the segment. Defining therefore such lowest distance for the location model as in Berman
etal. (2011) ds(s) = min{d(a, xo), d(a, x)} for § = a, and for the OD trip model as ds(s) =
min{d(a, xo) + d(b, xo),d(a, x;) +d(b, x;)} for 6 = {a, b}, we obtain the Interval Analysis
bound

1
UB'A = _— 12
(V=D O (12

seA

4.4 DC bound

An upper bound obtained making use of the fact that the objective function is DC on each
edge exploits the following properties:
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Proposition 4.1 Let I C R be an interval. Let d : I — R be a concave function on 1, and let
g :R— R be DC, with a DC decomposition given by g(x) = g*(x) — g~ (x), with both g*
and g~ non-increasing functions. Then, the function f : I — R defined as f(x) = g(d(x))
is DC on I and a DC decomposition is given by f(x) = ft(x) — f~(x), where f+(x) =
gr(d(x)) and f~(x) = g~ (d(x)).

Proof The proof follows directly from the fact that the compositions g™ (d(x)) and g~ (d(x))
are also convex functions. ]

Remark 4.1 Proposition 4.1 makes use of a function g which can be written as the difference
of two convex functions, g+ and g~. Since such convex functions are also non-increasing, it
turns out that g belongs to a subclass of DC functions, namely DCM functions, as introduced
in Blanquero and Carrizosa (2009a), which are those functions expressed as the difference
of two convex monotonic functions, as g™, g~ are. See Blanquero and Carrizosa (2009a) for
further properties.

We are now in position to give a bound for F' on an edge exploiting the fact that F' is DC.
Let ds(x) be the concave function given in (1). Assuming ¢;5(d) = d;, (11) can be rewritten
as

1

Fx)=) wos————— (13)
SGZA 1+ Bd} (x)
Let us define a simpler function:
("= : (14
8= T g

The following DC decomposition is known for function g (Bello et al. 2011):

)\’_1 1/
C:<<A+1>ﬁ>
[g@+g @ —0) ifr<c

g'0 = {g(t) ift >c

g )=

glo)+g )t —c)—g() ift<c
0 ift >c

That means that
s =g —g .
Applying Proposition 4.1 we have that a DC decomposition for F as defined in (13) is:
Fir (x) = wsg ™" (ds (x))
Fy (x) = wsg ™ (ds(x))
F)=Y F ) =Y Fyx) =) (Fx) - F ()

deA seA deA

(15)
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To construct an upper bound, UBPC, first we obtain a convex minorant of F 5 (x) asin
Blanquero and Carrizosa (2009a):

Fg(x) = Fy (x0) + &s(x — xo)

_ _ 16
Fo) = Y (F (0 = Fy (x0) = &5(x —x0))  for & € 0F; (xo), (16)
seA
where d Fy (xo) denotes the set of subgradients of Fy at xo (Tuy 1995).
Define for each § € A the function from (16):
Ux)= Z(F,;r(x) — Fy (x0) — &5(x —x0)) for & € IF; (xo) (17)

seA

An upper bound for a segment s is obtained:
UB"€ (s) = max{U (v)), U (v2)}

vy, vy being vertices of s.

5 Computational results

The algorithm described in Sect. 4 was programmed in an Intel Fortran Compiler XE 12.0
and executed with an Intel Core 17 computer with 8.00 Gb of RAM memory at 2.8 Ghz. The
solutions were found within an accuracy of 1071,

The Huff location model was first tested on the 55-node and 134-edge Swain’s (1971)
network (Serra et al. 1999; Marianov and Serra 2002), see the Appendix, Table 6, with both
bounding strategies.

Several instances of the problem were generated using different values for the number
r of existing facilities, ranging from low-saturated markets (r = 10 % of the number of
edges of the network, | E|) to high-saturated markets (» <90 %|E|). For each value of r, 10
different problems were solved. Each problem is obtained by randomly and independently
generating the demands (each vertex of the network is assumed to have a demand uniformly
distributed in the interval (0, 1)) and the location of the existing facilities. To generate the r
facility locations, r edges are randomly chosen with replacement; on each edge, the facility
location is generated following a uniform distribution. The results are shown in Table 1.

The percentage r of existing facilities is shown in the first column. Then, it is reported
the minimum, maximum, mean and standard deviation (std) for the number of iterations,
i.e., the number of executions of Phase 3, the branch and bound (B& B) list size and the
CPU time. The branch and bound list size is the maximum size of the data structure used for
storage reached during the algorithm execution.

In all cases, the best solution is found in less than 0.02 seconds for DC bounds, and
0.75 seconds for Interval Analysis bounds. It is remarkable that DC bounds lead to a very
stable procedure, as can be seen for all values of r in memory requirements as well as
computational time. On the other hand, when using Interval Analysis bounds one can see
very extreme cases. There is always a huge difference between the minimum and maximum
for the number of iterations, branch and bound list size and time. This means that in the
ten runs that are solved for each value of r, Interval Analysis bounds are quite erratic for
problems of the same difficulty. Therefore, we have an algorithm that when using DC bounds
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spends the same resources (computing time) than when using Interval Analysis bounds, but
is much more stable and reliable.

Then the algorithm was tested for both models on a battery of test instances of larger
dimensions (up to 1000 nodes and 3083 edges) to analyze the dependence of running time
and memory requirements with respect to the size of the network and the number of facilities
for both bounding strategies.

To attain this end, the models were tested on 43 test networks obtained from Corberan and
Sanchis (2007), Reinelt (1991).! For r = 10 %|E| and r = 90 %| E| of existing facilities, 10
instances of the problem were solved. Results for the comparison between the two methods
for obtaining bounds are shown in the following tables. Results for the Huff location model
are shown in Tables 2 and 3 comparing both bounding procedures applied in Phase 2 and
Phase 3 of the algorithm. Results for the Huff OD trip model are shown in Tables 4 and 5.
Results from Table 1 show that DC bounds seem to be sharper than Interval Analysis bounds
but more computationally expensive; therefore, it seems desirable to delete segments in the
initialization (Phase 2 of the algorithm) using easy bounds (Interval Analysis), and then use
DC bounds for the rest of the segments (Phase 3). Hence, let us note that for the OD trip
model, Interval Analysis bounds are used always in Phase 2 of the algorithm, and then, in
Phase 3, the two different bounding procedures are compared. This strategy was also tested
for the Huff location model with no improvement and therefore not used.

The name of the network, number of nodes and edges are reported in the first columns
of Tables 2-5. The remaining columns have the same meaning than those in Table 1. In
Table 2, when dealing with » = 10 %| E| facilities in the Huff location model, both bounding
methods are comparable, but when dealing with a saturated market, Table 3, DC bounds
clearly outperform Interval Analysis bounds. This is due to the simplicity of the Interval
Analysis bounds and because DC bounds are sharper. One can see that, when using DC
bounds, the branch and bound size and the number of iterations is much smaller than with
the other bounds, which means that DC bounds are harder to calculate, but sharper.

For the Huff OD trip model, as the number of computations of the bounds increases, both
methods become comparable, as there is an equilibrium between the computational cost of
bounds and how sharp they are.

One can see that, although the OD trip model is, in terms of computing time, much
harder to solve than the location model, the number of iterations is relatively smaller, while
the size of the branch and bound tree is comparable for most networks. Note that the relevant
increase of the computing time for the OD trip model with respect to the Huff location model
is due to the complexity of the objective function from the model, which involves evaluating
many more terms. In both cases all problems can be solved in reasonable time.

6 Concluding remarks

In this paper we have addressed two Huff models on a network, by considering that the users
choose the facility according to the distance from their location (Huff location model—
Berman et al. 2011) or according to the length of the shortest path from the origin to the
destination visiting the facility (Huff OD trip model), which is a new model. Since the
problems are shown to be multimodal, in order to obtain a global optimum, a branch and
bound algorithm based on two different bounding procedures, Interval Analysis and DC
optimization, is proposed.

IData instances for arc routing problems. www.uv.es/corberan/instancias.htm.

@ Springer


http://www.uv.es/corberan/instancias.htm

185

Ann Oper Res (2014) 222:175-195

100 F8C0 1076 F08°68¢C 09°Lel FO1°10¥ 100 F6C0 €6CI F0T'LS 2608 F09°6L1 SELT 08¢ LN
IS0 FLEO  S8LE6S F0v'¥80C €9 1I¥L91 F0E¥S9S 100 FCC0  6L¢cl FOv 8y S1°69 F0€991 geel 8¢S wLan
89°0 F6£0  0T0868 F0T9Cle 69°8¢85C F09°€198 100 F8I'0  L9LI F00°CL 1$°S9 F09°081 Prag! 66Y L95dN
(! FI19°0  9T°C6991 FOETLYS 10°820¢S F06°0¥891 100 F8I'0  8I'CE F06'IL €l'Ly  F00°891 0r¢l 86Y LSSdN
100 FSI'0 ¥T¥8 F0S°8S1T 9911 F05°€8¢C 100 FOI'0  8TLT F0T'Cs Sree FOL 8Y1 4111 86V LySdn
oWl F68°0  LO'€ES8I FOEPYSI6 6L ¥061S FOLCTYY9T 100 F8I'0 0CT'I€ F0L'09 209¢ FOoy'ssi €ISl 961 gocdN
100 FEI'0  69°6C F0£°C8 £8°9% F0y'sce 000 FrIo  vv6 FOE' 1y 10°LC F00°0¢€1 898 cov LESEN
10°1 F8Y'0  L6'9SLCI F0E"8YCy 66'8C16¢ F09°€lLcl 100 FLI'O  SPYTC FOv'LS 0t'89 F0S°691 SOgl 06t gesdn
100 FrI'o  IL°SE Fov ovi 10°1Y F06°'89C 100 FEI'0  €TTC F0T'SS L6'1C F09°€LL YOIT oLy Syedn
000 FIT'0  TSCe FOSvL 8Ly F08'¥1¢C 100 FCI'0 S6CI Focce (2 WA F00°cCl CI8 8SY gecdn
68’1 FILO0  LO'L6L8T F0¢°L0C6 0815018 F09°9065C 100 FIT0 69°¢l F00°9¢ 61°6C F0¢°66 Sl6 (494 ceLdn
000 FIT'0 8911 F0€9¢C 0sell F0¢°88¢ 100 FI0 85I F06'6v cCse F0¢¥0C ovl olv 796dN
100 F600 ¥6'76 F0oe° L6l 0csvl F0¥°S9¢ 100 F01'0  ¥6°¢cl F0S°8y 67°0¢ F00°€LT SEIT 88¢ [45%: 181
Syl FLLO  ¥I'CES8T F06°C88¢l  8TVELIS F00¥¥¥0r 000 F900 6291 FOrI'vy 90°0S F0eIel 798 £€ve [42%:18!
LT'C FILO  SET690S FOI'vYCIoOl  6SISLOVI  F00°0LLYY 1070 Fr0'0 86 F06'1¢ Y1°9¢ F08¥I1 L6S 86¢ [43%: 181
000 F+200  CI'0C F01°L9 0L'Te F0v°C81 100 F200 96 F0v°0¢ 0TSl F06'101 90¢ STc DSTCSL
100 FI100  6¥'ST F08'8L 86°LE F09°6¥C 000 F00 €811 F0L'6¢ 90'8¢C FOoL Tyl 6¢ 00¢ D00TVOIA
LT0 FSI'0  C9'LY06 F0S 6Tty L1°6569C F08¥s6cl 000 FI100 0971 FoL' 1€ 05°6¢ F06°LC1 98¢ 00¢ DO0TdOIN
100 F100  06°'1S FOor o€l [ X% F00°¥5C 000 F200 96'1C F09°9% [4N44 F00°011 9¢¢e Sol DS6IIVE
9L'0 FOr'o  S9°0cece FOI°'05691  LY'vL086  FOv'eevls 100 FI100 To6'L FOor've 169y  F0Tt0l 96¢ 4! Ds1rdd
100 F100  SL61 F0£C9 §6°09 FO¥'LST 100 FI100 LI'6 F0s'cc 1€°1¢ FOoe' LYl L6C 0S1 DOSTVOIA
100 FI10°0  1€°SC FOLIL 06°¢S F08°9¢¢C 100 FI100  ¥9°11 F09°8¢ 8¢8I F00°9¢1 96¢ 0S1 [V 8:(0).):
pIs  Fueow pIs Fueowr pIs Fueow pIs  Fueow pIs Fueow pIs Fueowr
g, oz1s I81] g suoneIa)] wig, 9z1s I81] g29°F suoneId|
spunoq sIsA[eue [eAIdIU] spunoq D so3pg  SOpoN SNI0MION

SANIIORY | 7% QT PIM [9pOW UOTILIO] JJNH ) J0F SIIUEISUT 153} JO SINSAY T d[qBL

pringer

Ns



&
¢
5 €00 F6T'1  96°¢lC FOr' Sy 99°0LC F0S°L8Y 00 Fee'l 098¢ F0€8L 0€¢s F02°00C £80¢ 0001 L91dN
Q| w00 Frel  6LYLI FOr'v8¢ 08°6LI F08°C6¢ €00 F6T'l  vETCE F0€°C6 60°LC FOLLST 069¢ 0001 LSTAN
M, 100 FOI'T  9¥'601 F01°CCC SL'v6 F0L796C €00 FeI'l  8T¢El F0T'69 YT0g F00 il 144 966 Lydn
S| s6v F98°C  0T¥PL8C F01°6096 6626918 F01°8€CLT 00 Fee'l  6£7CC FOI'LIT  6L°LS F06°681 890¢ 086 SOTdN
M 000 FL60  OF'Cy +00°88 el'le F0€°80C €00 F00'T  ¥0°SI F0S'1¢€ £€°CC F01°LTI YrLl 086 LETAN
W €00 Fol'l  €8°9% FOL€TT (450 444 F09° 15+ €00 Fral  8SYI F09°6¥ 8¥°9¢ F06°€L1 089¢ SL6 SSTAN
w 1o F86'0  69CLY F00779¢ C17c00e F00°206 100 F96°0  65°€C FOor'sy 8Svv F08°LET LTIT 66 Sridn
< 100 FELO  8S6C F08°L8 e F06°L0C €00 FLLO IS°ET FoTse 8L'1C F09vCl 6191 68 cerdn
£6'C FEI'T  80'LYPSOT F00°C8001  LTY6919 F009996C 100 F8LO  69°SC F08°€9 8786 F09°281 L68C 08 [4R: 18]
€00 FI190  69°6¥1 F06°S6¢ LS €91 F0SCLY 100 F€9°0  8¥'IC F00°89 LLOL F01°50C 06¢£C 9L [49 %18}
100 F96°0  Is°SEl FoTsee 18°C8 Fovcer 00 F8S0  S8IC F09°¢¢ 6L°9¢ F01°981 1484 6vL L9LdNn
100 FES0  9LICH F0L790¢ €0°601 F06°Cre 000 F6S0  6L°0C FOr'SL wrLe FOI1°CLI 6961 8YL LSLAN
yi'e FLY'T  LTT68¥C F0€°€008 SI'LYEIL F05CC8CC 00 F0S0 9l F06'67 PS 8¢ F08°LEL 6591 SvL LyLan
060 FCL0  LOVLYY F01°69CC 00°€0€0¢ F08°8999 100 Frr'0  LyEl F0L9¢ LU'Ly F0Torl SIel YyL LeLdan
100 F6S0 607681 FOS€ELE Sr'6S1 F0€°88¢ 100 F850  8l'6t F05°06 S6'19 F08°S81 8LCT L S9LdAN
901 F€8'0  €1°0¥98 F0S¥I0¢E €L'1S65T F06'17098 100 For'0  15CC FOLT9 ey FO9°LLL 9961 viL SSLAN
96'C FoET  T9T6EVT F09°6L8L ¥8°L9€69 F08°S¥ccc 000 Frr'0 €6Cl F0T Ly SeEor Foreel 9191 €lL SrLaN
100 Frr'0  8TTC9 F01°191 LY°LL F0€°00€ 100 Foro vyl F0S0r 18°0v FOLTLL SI8I1 60L [44%: 181
Y09 FTT  v6YOVIS F009¢e91  €5°0L06¥1  F06'6LELY 100 Fee0  6vCl F0T0¢ LY've FOL9TIT 00cI 299 SeLdNn
100 F9C0  S8L9 F00°S6 €8y F0TvCT 000 FLTO  8LTI F01°9¢ [4N44 F09°9C1 [441! S09 [4AR: 10
100 FIe0  8I'IEl F0S¥SS 24! F06'11¢ 100 FE€0  S89C F00°88 9I've F00°L81 680¢ €65 LN
pIs  Fueow pIs Fueow pIs Fueow p)s  Fuesw pIs Fueow pIs Fueow
oy, 9z18 181] g2 SUOTeIN] aury, oz1s 181] g29g SUOTIBId)]
Spunoq sIsATeue [eAIuy spunoq DA soSpg  SOPON  IOMION
(ponuyuo)) T 31qeL,
)
oo

pringer

As



187

Ann Oper Res (2014) 222:175-195

LTT  F6TC 96°'LCrLC  FOETOILE  SETBSIL F0T9r0901 100 F¢c0  v99¢c  FOI'l6C S99 FOr'16 Seer 8eS wLan
69't  FLLY YL'€e60S  FOETCO8I9  LLO86IVI  FO8'6LIOLL 100 Fo6I'0  1869C  F06'S€S  0S°0¢ F0v°69 9rl  66¥ L95¥dN
6L'T  FLV'C 9¢Tr8eT  F0S°€6C0€  TI'¥SESY F0S¥LT88 100 F8I'0  SS°L6l  FOVCey S8'1Iv F0S'00I  OI€T  86¥ LSSAN
IT'c  F8¢C €SV6CLT  FOTY8T6C  06°6¥018 F08°0CLS8 100 FLTO 09681  F0OLC8E 9¢'I¢E FOv'EL (408 {04 LySdn
0oce FSTY 89968t  FOCEveEYS  YO'OLIECT  FOE0¥69ST 100 Fo6I'0 TS8EC  FOCTLIC 0L'89 F06°S8 €ISt 96v gogdN
10Cc  F0g'e 81°9S¥9C  F00°€olly 00 CYILL F08'60€cCI 000 FrI'o  18°¢6 F0T9l  69'1S F06'79 898 cov LESEN
T Fae 79'810S€  F06'8896¢  8I'BISIOI  F0S00ISIT 100 F8I'0 SOVvLI  F00°S8¢  LO'L6 F08°LET Soer 06t gesdn
w'e Frve $0'880cy  F09'09L9%  61°66S0CI  F06'¥99¢cl  10°0 FSI'0  TI'LS FOI'L8T  16°9¢ F0S°18 YOIT 9LV Syedn
8L F90°¢ L9V86VC  FOL'€6ICYy  00°€LTSL FOL 18Svcl 100 FI'0 €0°9¢ F08°06 (434 F08°8¢ I8 8SY gecdn
86’1  FIS¢E £6'€688C  F08'VL66Y  S8'T86V8 F09°0¥LOvI 100 FCI'0  8Y'ES F0L'€8 (4! F0e'cs Sl6 1494 ceLdn
LT  FSve Ieeer9e FOV'SoLyS  SOP9SI0l  F06'8L9SST 1070 FCI'0  €L°¢8C F0e8pE  €OTII  F0SC0I eove - 91y 98dN
&L F69'1 78'80IvC  FOI'Y8ELT  $6°9060L F0L66708 100 F0I'0  SI'081  F0C'SEE  €0'8E F0€°C6 SEIT  88¢ [45%: 181
SI'T  FLLT 9¢°€91eCc  FOr'LeSEE  €L'SIV99 F0¥° 19,96 100 FL00 TS8L  FOEL9C SE€9C F0S° €L 798 eve [42%:18!
Sy'L Fe81 LO'€SOve  F0S°6L807  LO'88696 F0T'86C811 100 Fr00  9v'L9 FOSOIT  vS'LE F0L8L L6S 86C [43%: 181
9L'0  F€9°0 L0'980¥C  FO0E€' 16061  TI'10€89 F00°S¥SvS 100 F20°0 IT°LS F09°LST  vI'vY FOoEVIT  90¢€ §ee DETCSL
Y80  FL80 LO'1SS8C  FOV'TECOT  06'CEVES FOL €TS8 000 F200 879 FOEVEL  LO'LS F0T'Co6 6t 00¢ DO0TYOIX
88°0  FCE'I 88'P¥10€  FOC'LIBSY  61'809L8 FOor'69cccl 000 F00 IL9L F09'0CI  L9'6C F08°SS 98¢ 00¢ DO0TdOIN
10  FSC0 ILLLEL F06°96C8 01°'s1L0T FO1°915¢€C 000 F00 98'LY F00°0¢C  8S'SL Fov'eol  9¢€ sol DS6IIVY
680  FL60 oy'c860r  FOT'Iv0ey  CTE'66£911  F09CSSSTl 100 FI100 SS°8¢ F06'9¥1  01'C9 F0T¥8 96¢ (4! Dsrdd
¥60  F26'0 08'190v¢  F0S'L89IY  ¥S168IL FO0LL81ceT 100 FI100 6S°6¢ F0v'S6 9Tve F08°LS L6C 0S1 DOSTVOIA
€90  FC6'0 98°L0L0E  F00°€SScy  L671TLI8 Foeecseel 100 FI100  ¢S9¢ FO8IIT  06'vIT  FOLVCL 96T 0S1 [V 8:(0):):
pIs  Fueow pIs Fueow pIs Fueowr pIs  Fueow pIs Fueow pIs Fueow
owiy, 9z1s I81] g2 SuoneId| oy, 9z1s I81] g2 suoneIa)]
Spunoq SIsAJeue [eAINU] spunoq D@ $93pg  SOPON SI0OMION

SANIIoRY |7]% 06 YA [9POUW UOTILIO] JJNH ) J0F SIIUEISUT 153} JO SNSAY € I[qBL

pringer

Ns



Ann Oper Res (2014) 222:175-195

188

LS9 FOL 78°6800y  FO0S98LLE  98°C0OcTII F09°LTc801 100 Fre'l  0r9osc  FOTSI9  LEPE F08°L8 €80€ 0001 L91dN
98'C  FLYOI  Lvvvere  FOV'S6L9S 1T 0CY66 FOSELYIOL 100 T8I 18°9¢l F00°8¢S  99°¥%C F0TEL 069C 0001 LSTAN
ore  FeL9 66°CIv9e  FOI'€I8eE  6¥'LLLTOIL F0r'9C196 100 FrI'l L9VWC  FOTI8E  ¥E'S6 FO1°0I1T ¥see - 966 Lydn
9C9  FOU1  €TIS8SE  FOV9CI6S  TESTILOL F08°189¢Ll  2TO0 Fre'lr  10°Lve  FOV'889  1S7C9 FOr'vIil 890¢ 086 Sordn
08C  Fe€9 I8 PPELL F0OE988IE  99°6£66% F08°T160¢6 €00 Fr0'l  L9°G8I Foreve  Ly'vOl F00°16 YrL1 086 LETIN
Loy  F99°L 16'¥80SC  F0S°S006€  CTL'S6869 F0T86CCIT 00 FSCT  8LTrve  FOEVYIL  6980C  F0O0°L¥I 089¢C SL6 Serdn
L9Y  FL66 1S°61C6C  F01°'L989S  1¥7996¢8 F0TI8€E9T 100 F86'0 LI'€8I F06'LEC  ISTIE F0€£99 LTIC 676 Syidn
Loe  FLI'L YEY690C  FO0L'889Cy  1¥°68T6S F06°0scecl 100 FOLO  96'C8 F06'991  v¥°0C FOI'8y 6191 68 serdn
1se F88°L 16'1€LST  F0S°STSTS  89¥90VL FOor890¢1 200 FI80 €TLLC  FOT6V6  88°061 F00°CCcC L68C 08 [4R: 18]
ocy  FOI'L Py'e98¢e  F0T0YC0S  ¥8°605S6 F0TveCorl 200 FE9°0  889SC  F0S999  06°SIC  FOLE8I 06€C  99L [43R:181
6v'e  For's 60°0ITLc  FOI'9€06E  96'LTILL Forocivit 100 F6S°0 09C8C  FO08CO¥  LY'IS F0€°901 1484 6vL L9LdN
LTT  F98°¢ SI'L6¥81 F08TISTY T ECIsS F0e8evecl 200 FLSO 6LE€ST  F0SE9S T FOrill 6961 8YL LSLAN
e F88v 6C°CII0E  FOVTvELSE  SST67998 F0L7101€0l 100 F0S°0 15061 F0€9ey €569 F00°001 6591 SvL LyLan
LS FVSL L6°L961E  FOT6816S  €5°86588 F09°6CCILL 100 For0o  96'%9 FOor'Lel 0001 F09°0¢ SIel YyL LeLdaN
oI'v ~ F099 08'68¢€E  FOI'ILS8Y  6£7CCIS6 F09°T6cocl 200 F6S°0 86'IcE  F06'€89  66°0CI F0v°LOT 8LCC IvL coLdN
e Fes9 Y0'0vVese  FOEveEv6y  86'1€LTL F0s° €8¢yl 100 FIS0 CC90C  FOLOSY  OL'SY F089L 9961 L geLdn
9¢'1 FIST e I8IT F09°S967¢  68°80SYE FOI'8SIIOT 100 FSr'0  Te8CI F08°0LT  SL09 FOL8L 9191 €lL SyLaN
vy  FILL €8'86L0F  F06'9LSTY  €L'SEBTII F0T6S¥8LT 00 FLY'O 18991 FOv'LOC  LS9S F01°06 SI8I 60L [44%: 181
ere  Fes¢ ¥6'60CLC  F06'cet9r  ¥9°9118L F00°089¢cl 100 FEE0  0L8L FOU'LCT  €L°9¢ F0v°0L 00cI 799 geLdn
Yoy FEES €6°S6S0Y  F09°¢S00S  €8°8CLOII For'60vsyl 000 FLTO  9€7901 FOL6LT  LSOT F01°29 ll S09 [43%-10]
y9C  FCLS SY'6S88C  FOS6LCLS  0C€LEOOL FOor9cveor 100 Freo  I18¥Pe  F09'89F  S8°C8 F08°Sv1 680¢ €65 LN
e FELS PrLo9tee  FOTTOILS  S9°L96TTI F06°C91S91 100 F0€0 6CCVC  F00'6LE  08°6L F0TY6 SELT 08¢ [472 18}
pIs Fueowr pIs Fueow pIs Fueow pIS  Fueow pIs Fueow pIs Fueow
Eling 9z1S 18T] g29g SUOTIEI)] oy, 9Z1s IS1] g29g SUOTRIN]
spunoq sIsATeue JeAIo)u] spunoq D@  S°SpH  SOPON HOMION

(ponuyuo)) ¢ S1qel,

pringer

As



189

Ann Oper Res (2014) 222:175-195

8CT0 Fr6'6 w6 F06'871 ¥2°0¢ FOr'€CT 680 FOU1L w6 F06'871 109 F0t'881 geel 8¢S wLan
¥T0 FT8 1T°6 F08C6 61°9¢ F00'981 890 F89'8 1T°6 F08'C6 65ty F09°0¢1 9Tyl 66% L9SdN
1€0 F8E'8 69'CC Fo1°0oct 00°LT F01'86C TS0 F80'6 69°CC F01°0C1 S6'7¢E F0S 061 oretr 861 LSSIN
LO0 Fot'9 0S'L F06°08 06°L FOL LY 91°0 F889 0S°L F06'08 8¢'8 F0S 011 (490! 861 LySdN
1€°0 FI€6 99°11 FoL'sTl I6've F0T'68C L8O FLI'OT LL'TT F00°0C1 9I'¢es F0L 0T (2591 96¥ S9cdN
cro Fr0'S ! F08'6¢ 96°¢l Focsel (44 FeTS yoel F08'6¢ 60°S1 F09°¢8 898 cov LESIN
0¥°0 Fe'L £r'ST F06°'STI eeel F00'80C  Tr0 FT'8 £v'ST F06'ST1 8T'LT F0L091 soct 06¥ 999 (9]
Y20 F06°'S 0¢'8 F09°88 629 F08°8171 €70 F89'9 0¢'8 F09°88 98°0¢ FO1°0S1 Y011 oLy sysdan
61°0 F20v 90°6 F09°9¢ SL1T F00°5T1 170 F69'Y L6'8 F05°9¢ 998 F0T0€1 718 8SY geqdn
800 FLTY SOy FoTTy Sv'9 F00°1€T 170 FSry SOy FoT Ty St'81 F08°S6 S16 (494 ceLdan
9C0 Fr0'9 7561 F00°L0C °6°'SE F01°CLE 09°0 Fco'L L8'TI FOTYy61 cres F06°06C 30141 91v [452:10}
900 Fr9'¢ 86'S F08°S6 €0°Cl FosTic 810 FoLe 86°S F08'S6 €0TC Fog'LTT Sell 88¢ [45%: 101
LO0 F61°C L'0C F00°€ct €SvC F05°8CC 91°0 FSr'C I7'1C FOoL1ET L1°8C FO0L €91 798 £€ve wedn
€00 FIT'L S6'8 F09'¥S 9¢Cl1 FOELST 900 FoT'l SL'8 FOSvS 9T°¢l F08°0C1 L6S 86¢ (43318}
100 F8E€0 18°6 FOr'sS 8L'¢ F0s €Tl 700 Fero 18'6 For'ss (ad! F0S'L6 90¢ 4 DGTTSL
100 F6€0 £6°¢ F0e0¢ 099 Foc1el S00 F8¢€0 8C'¢ F0o1°0€ €6°LT F00'v6 6¢ 00¢ DO0TYOIN
100 F9¢€'0 9T°01 F00'¥¢ 90°8 FOL 1T €00 Fero 9C°01 F00'vE €091 For'1cl 98¢ 00¢ D00Td0dA
100 F62°0 £6'8 F09°¢8 091 FOI'LTT 00 Fe0 £6'8 F09°¢8 Y011 F05°C8 o¢e sol DSOIIVY
100 FLT'O oL’L F0L9Y 8G'11 F06'+C1 €00 F02T°0 oL’L FOL 9% 98°LC F0e'801 96¢ [4q! Drerdd
100 F81°0 7’8 F0s°6¢ 88'LI F06'951 €00 FI1T0 7’8 F0S'6¢ ¥6°6¢ FoT el L6T 0s1 DOSTVOIN
100 FLTO 789 F09°9% 99'6 F00'1€1 €00 Fo1°0 89 F09°9¢ €6°1C F0T L6 96¢ 0SI DOSTHOIA
pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow
aury, 9Z18 181] g2 SUOTJRI] auury, oz1s 181] g29g SUOTIRI]
Spunoq sIsATeue [eAI)u] spunoq D soSpg  SOpPON JI0MION

sanI[IoRy | 719% 01 Wim [opowr din (O JFNH Y 10§ SIOUBISUI I53) JO SHNSY  § QB

pringer

Ns



Ann Oper Res (2014) 222:175-195

190

9T F0L'86 Ve FOL VST 65°CY FOoLEIE €0'¢ F8€°001 V' ve FOL VST G8'ee F01°6CC £80¢ 0001 L91dN
66°0 F0€C8 144! FOL6€1 wel F0€'95C 06°1 F10°¢8 494! FOL6€1 §S'1T F00vS1 069¢ 0001 LSTAN
vee FCLIL €S°L Foecel 9C°01 F0S°691 el F81°69 €S°L Foecel Ly'el F00°68 YSTC 966 Lydn
v6'l FTE86 9v'81 FOor 181 0v'LE F00°9¢C 144 FILEO6 9¥'81 FOor 181 L1°9¢ FO1°SS1 890¢ 086 SO1dN
8C0 F06'vS 66'S F06°81 60°¢ F0€°0C1 LT'T Fries 66'S F06°8% 8Lel F09'v6 YyLI 086 LETAN
90v Fr'S8 eI F08°561 LE'ST F08°TrT 69C FOLES eI F08°S61 65°1¢ FOL VL] 089¢ SL6 SSTAN
L0 Fr6'LS 119 F0E9T1 I¥°81 F08°€vT 651 FOTLS €L9 F0T ST (U FOor9ct LT1T 66 Sridn
19°0 Fo6L9¢ 80 F00°€e ¥9°91 F0sCel 690 FOrve 80 F00°¢e Se6 F08°6v 6191 68 seldn
0’1 Ferss 9¢'1E F05°88¢ 868 F0910S 08°¢ F16°C9 9¢'1¢ F05°88C L LOT F0¢°LOY L68C 08 [4R: 18]
8¢°0 Feroce 18711 For'ecl ¥9°91 F0€'89C 881 F86'6¢ 18711 For'scl 19'6¢ F0£°80C 06¢£C 9L [43R: 181
10 Fr8 e 9C'1C F09°9¢C L8'CC F0S€ee 65T FE96¢ 9T'I¢ F09°9¢C 0L'8S F09vLC 1484 6vL L9LdN
050 FOL6C 91 FO1°691 £9°CC F00°9¢C 0¢'1 FE8°0¢ 91 FO1°691 LS'8C F06°SS1 6961 8L LSLAN
£€°0 FCTET 1€°C F00°9¢ LL'GT F06°€91 [e'1 FII'SC 1€°C F00°9¢ 9C'1E F09°CCl 6591 SvL LyLan
o FSr6l 8I'L Fov'61 £v'8 FOLLEL 180 F19°0¢C 8I'L For'6v 8L°LI F09°L01 SIel YvL LeLdan
€€°0 FC6'1¢ LLe FOT 111 8v'11 F09°05¢C 600 FE8's¢ LLe FOT 111 6 FOL€1T 8LCC IvL S9LdN
(A FLELT 6v've F097csc 88°¢S F01°06C 0’1 FI1°0¢ 6v'vc F09°CST 16°8¢ F09°€1C 9961 viL SSLAN
LYo FCs0¢ 16C F0E9L 65°9¢ F06°CLI LTl F20°¢C 16¢C F0€9L 9¢' 1€ F06°911 9191 €IL SvLaN
290 FELTC 86°¢cl FOL V6 ¥ 0€ FOE6LI §9°0 F65°¢C 86°¢cl FOLv6 LS91 F00°ST1 SI8I1 60L (44810
S0 F6L Tl 6’1 F00°0% 68'v F0c0Cl w0 FLEE]L o'l F00°0% 0¢€l F06'8L 00¢I 299 SeLdn
0 Fe6°01 LT'C F09vC (4214 F00°981 8¥'l F811 LT'C F09vC 06'S F0S°0C1 [4418! S09 [42R: 10
ce0 FO1°1¢ el F00720C L97CE For 681 0¥°0 Fer'lc el F00720C LEST F08'99¢ 680¢ €65 LN
0’1 FE191 6911 F0T091 Py 0L F08°0cE 6L0 FrO'L1 6911 F02°091 98'¢e F01°C€T SELT 08¢ [472 18}
pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow
aury, 9z1s IST] g29g SUOTIBI] Bl 9z1s 18T] g29g SuoneI]
Spunoq sIsATeue JeAI)u] spunoq D soSpg  SOPON  JIOMION

(ponuyuo))  d1qel,

pringer

As



191

Ann Oper Res (2014) 222:175-195

170 FoeTl €16 F0eT91 L091 F009¥C 60 FLICL €16 F0E91 6L°¢l F0T291 geel 8¢S wrLanN
¥0°0 F9T01 LLT F01°56 sTs FO0S'L8I €00 F801 LL'T FO1°S6 L9C F00CI1 9Tyl 66¥ L9SdN
LT0 F92°01 c6'el F06°CCl 9T'81 F08°0LC 810 F0v°01 (3! F06°CClL 1ol Forcel 01€l 861 LSSAN
700 F06'L [4ix3 FOS'LL 9¢'Y F06'6¢€1 60°0 FIe'8 w6t FOS'LL 0S¢ For'6L (480! 861 LySdN
¥T0 Fer' 1l 86°G F0oe9¢l 1¥'8¢ FOLI8C 610 Fo6°11 86'C F0L'8CI 796 F0S €S eIs1 96¥ §9cdN
€00 FST9 0¥'9 For1'6€ €e'e Foz'LTl S1'o F9 0%'9 For'6¢ €9'C F09'99 898 cov LESIN
LT°0 Fot'6 L9°€T F00°€el 06°81 FoTece 80 Focol L9'€C F00°€el 0¢'6c F00'951 soct 06¥ 999 (9]
010 FiTL [S94 For'16 118 FoT 8yl €T0 For'L Sey For'16 Siad! F0898 Y011 oLy sysdan
600 F86'% [4h4 For'vv €L'6 F08°'LEL 80°0 Fol's (404 For vt €Sy F09°18 718 85 seqdn
¥0°0 FeTs wT Fo1°S% S1°e FoT0ocl 800 Frys we FOr°st 8¢ F06°6L S16 (494 ceLdan
600 FoT'L 9¢Cl FO1°661 76'€l F01°95¢ 600 F69°L LY'8 F0Ts61 ¥1°01 F00'v0C 30141 91y 98dN
€00 F09'v 8Y'Y FOot 66 sLe F09'IIC 900 FrLy 8¥'Y Fot'66 wy FO8 €11 Sell 88¢ [45%: 181
SO0 F€8T SS9 F0oe0s1 00 %1 Fooorc  +0°0 FIT'€E S F0e€0S1 LL'8 FOor' 191 798 (343 (42318}
100 FIv'l s FO1°65 8¢V F09°5S1 00 FeS'l ws FO1°6S 10'% For'Lo L6S 86¢ [43%:18}
100 F9t°0 8C°¢ FO1'LS wo Fococlt 00 For'0 8C'¢ FOI'LS 6¥'C F08'59 90¢ 4 DETTSL
100 Ftt'0 681 Foe'LE L1'C F09°6C1 100 FSr0 68’1 FOC'LE LTe F09'8L 6¢ 00¢ DO0TYOIN
100 FSr'0 96°¢ FOI've £€9°¢ F0o6' 771 ¥0°0 FLVO 96'¢ FOI'v¢E yeTe F06'06 98¢ 00¢ D00Td0dA
00 F8¢€0 w9 F06'€6 [4 0! Forell 100 F9¢0 w9 F06'€6 (424 F06°'SS o¢e Sol DS6IIVY
100 F02°0 69°6 F05°85 10C F09°cCl 000 F02T0 69°6 F05°'8S 00°¢ F06'1L 96¢ [4q! Drerdd
100 F¢T0 009 FoL 1+ ot F0T'L91 00 FT0 009 FOL' 1Y L6°61 FOLT6 L6T 0SI DOSTVOIA
100 FI1CT0 (%4 FOLT9 e FO08°LET 000 FCT0 (1[4 FOLT9 99°¢ F05°88 96¢ 0SI DOSTHOIA
pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow pIs Fueow
auury, oz1s 181] g29g SUOT)BI)] aury, 9Z1S IST] g2 SUOTIRI]
spunoq sIsAJeue JeAIoIu] spunoq D soSpg  SOpPON JI0MION

SanN[IoRy | 719% 06 WM [opowr diny (O JFNH ) 10§ SIOUBISUI I59) JO SHNSY  § AqEL,

pringer

Ns



Ann Oper Res (2014) 222:175-195

192

el FO1°911 9’6 F06°79¢ 161 FOL’LcE LLO F657811 9C’6 F06°79C STL F08°91¢ £80¢ 0001 L91dN
080 F€6'66 81'C F01°9¢1 €S°L F0S'L¥C 70 F8¢'86 81'C F01°9¢1 8CY F0S9¢1 069¢ 0001 LSTAN
150 F81°98 8v'v F09°c¢l 1T¢ FOIILI €L°0 FoLC8 8Y'v F09°5€l 68°L For'l6 144 966 Lydn
890 FEOITL 'L F01°661 18 FOov'sec SLO F90° 111 6L Fo1°661 w8 F0T' 191 890¢ 086 SOTdN
4V F8€C9 80y F00°'IS 0Cy F09vCl 8C0 For'19 80V F00°Is e F08°CL YyLI 086 LETAN
060 F81°86 6v°91 F00+0C 90°S1 F0r'99¢ 99°0 F6£°66 6v°91 F00+0C IeL F06°1L1 089¢ SL6 SSTAN
ort FLSIL 69°¢ F05°LT1 80'vC F01°99¢ w0 F0€°L9 69°¢ F05°LTl Y For-eel LT1T 66 Sridn
Lo FS6'Sy €670 F05°¢€e 9¢°01 F09°9¢1 Y91 FELTY €670 F0S°€E ol F05°0S 6191 68 seldn
601 F1<'89 sevl FOLYCE GS8¢ F08°0sS 6v'1 F00vL el FOLVCE 9Tt F01°8¢¢ L68C 08 [4R: 18]
40! FLTOY 0S¢ F0€°091 6C'S F00°L9C el FeLev 0s'¢ F0€°091 6£'9¢ F08°8LI 06¢£C 9L [43R:181
€'l F8vy YL 01 F0S 1vC YL'TC FOr'Lee SLO F20'91 L0l F0S1vC €cel F00°S61 1484 6vL L9LdNn
1T1 F8CLE 8I'y F06°CLI 60°S¢ F01°88¢C Se0 Fre8e 81y F06°CLI 48] F08°Sv1 6961 8L LSLAN
€01 FEVr6C 80C F06'9¢ €0'vl F0591 1€°0 F0€°0¢ 80C F069¢ S8 F05°98 6591 SvL LyLan
8¥°0 FCOLYC L9C F00'vS LSC F0oTTrl §Co Feeve L9C F00°vS e F0S5°69 SIel YvL LeLdan
860 FT 0y 96°¢ F06'111 1221 FO01'85¢C Se0 Fe8'1v 96°¢ F06°'I11 ELY F08°Sel 8LCC L S9LdAN
290 Forve LT'9 F01°65C £8'8C F02¢°80¢€ 69°0 F81°8¢ LT'9 F01°65C L1'91 FOL 11T 9961 viL SSLAN
810 F08°'sC 65°C F05°18 69'v F00°881 88l F0r'8C 65°C F0S°18 Yo' vy F09°LT1 9191 €IL SvLaN
(430 F68°LC L9 F09v6 09 F00°LST €20 F89°6C L9 F09v6 68°¢ F0S5°S01 SI8I1 60L (44210
18°0 For9l Is1 F09°¢r LT'Y F0s°€TT S0 F0L 91 Is°1 F09°¢y §ee F08°CL 00¢I 299 SeLdn
09°0 FIvel (430 F01°9C ¥$°8¢ F0TS8I LEO Fc6°Cl (430 F01°9¢ eeel F0S €L [4418! S09 [42R: 10
LSO F96'¥¢C 4! Fos161 '8¢ FOoL St wc F8E'LT |84 Fos161 €9°LL F08°€0¢ 680¢ €65 LN
96°0 Fec6l LEL F01°091 69°¢€L F08°19¢ 9¢'0 FS1°0C LEL F01°091 LT FOLV61 SELT 08¢ [472 18}
pIs Fueowr pIs Fueow pIs Fueow pIs Fueowr pIs Fueow pIs Fueow
Eling 9Z1s IST] g29g SUOTIeI] auy, 9Z18 181] g2 SuoneI]
Spunoq sIsATeue [eAIuy spunoq D soSpg  SOPON  JIOMION

(ponuyuo)) g s1qel,

pringer

As



Ann Oper Res (2014) 222:175-195 193

The computational experience reported shows that large networks can be successfully
handled with both bounding procedures where the DC procedure seems to be more stable in
both time and memory requirements.

Extensions of these problems to the multifacility case deserve further study.

Appendix

Table 6 The Swain data set (Marianov and Serra 2002; Serra et al. 1999)

Initial Final Edge Initial Final Edge Initial Final Edge

node node length node node length node node length
1 3.1623 13 47 4.4721 25 49 7.0000
1 2.0000 14 16 10.2956 26 36 8.6023
1 4.4721 14 22 12.0416 27 38 9.2195
1 13 2.2361 14 27 9.8489 27 54 7.2111
1 43 10.0000 15 18 6.4031 29 31 3.6056
1 44 4.1231 15 25 7.2801 30 33 4.0000
2 3 4.4721 15 31 7.0000 30 45 5.0000
2 3.0000 15 36 6.7082 32 33 5.0000
2 8 3.1623 15 41 6.3246 32 38 4.4721
2 42 2.8284 15 42 6.3246 32 45 4.0000
3 4.2426 16 22 6.7082 34 43 6.0828
3 3.1623 16 27 6.4031 34 45 3.0000
3 19 6.4031 16 32 6.3246 35 36 7.6158
3 30 5.0000 16 33 6.7082 35 48 7.6158
3 31 6.0828 16 38 7.2111 36 48 6.0000
3 34 5.3852 17 22 5.0990 37 47 10.0499
4 5 3.0000 17 23 5.3852 37 50 10.4403
4 2.0000 17 28 7.0000 37 53 7.8102
4 42 2.2361 18 23 9.0000 38 43 8.2462
5 11 1.4142 18 26 7.0711 38 45 7.2111
5 13 2.2361 18 29 5.3852 38 54 6.4031
6 9 3.6056 18 31 4.4721 38 55 7.8102
6 10 5.0000 18 36 8.2462 39 40 11.7047
6 15 5.8310 19 22 8.2462 39 54 6.0828
6 41 4.2426 19 23 5.3852 39 55 9.8489
6 42 5.0990 19 29 3.6056 40 46 8.9443
7 15 5.8310 19 30 5.0990 40 55 8.2462
7 31 3.6056 19 31 5.0990 43 44 7.2801
7 42 4.2426 20 21 4.4721 43 45 6.3246
8 34 3.6056 20 25 9.2195 43 46 5.0000
9 10 6.0000 20 41 8.2462 43 55 5.0000
9 11 4.1231 20 49 6.0000 44 46 7.2111
9 42 3.6056 20 51 9.2195 44 47 6.0000

10 20 8.0623 21 37 7.2111 46 47 11.6619
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Table 6 (Continued)

Initial Final Edge Initial Final Edge Initial Final Edge
node node length node node length node node length
10 21 9.0000 21 51 7.2801 46 52 15.6205
10 37 7.8102 22 33 4.2426 46 55 6.0000
10 41 6.0828 23 26 12.2066 47 52 16.1245
10 47 8.6023 23 28 7.0711 47 53 5.6569
11 13 2.2361 23 29 4.4721 48 49 6.4031
11 47 3.6056 24 26 7.2111 49 51 12.0416
12 14 10.6301 24 35 4.4721 50 52 8.6023
12 17 6.3246 24 36 9.0554 50 53 5.8310
12 22 8.6023 25 36 5.6569 52 53 12.1655
12 28 7.8102 25 41 4.1231 54 55 10.1980
13 44 2.8284 25 48 4.4721

References

Bello, L., Blanquero, R., & Carrizosa, E. (2011). On minimax-regret Huff location models. Computers and
Operations Research, 38, 90-97.

Berman, O., Drezner, Z., & Krass, D. (2011). Big segment small segment global optimization algorithm on
networks. Networks, 58(1), 1-11.

Bertsekas, D. P. (1998). Network optimization: continuous and discrete models. Belmont: Athenas Scientific.

Blanquero, R., & Carrizosa, E. (2009a). Continuous location problems and big triangle small triangle: con-
structing better bounds. Journal of Global Optimization, 45, 389-402.

Blanquero, R., & Carrizosa, E. (2009b). On covering methods for d.c. optimization. Journal of Global Opti-
mization, 18, 265-274.

Corberdn, A., & Sanchis, J. M. (2007). A branch & cut algorithm for the windy general routing problem and
special cases. Networks, 49, 245-257.

Dearing, P. M., & Shier, D. R. (1983). Optimal locations for a class of nonlinear single-facility location
problems on a network. Operations Research, 31(2), 292-303.

Drezner, T., & Drezner, Z. (2004). Finding the optimal solution to the Huff competitive location model.
Computational Management Science, 1, 193-208.

Drezner, Z., & Suzuki, A. (2004). The big triangle small triangle method for the solution of non-convex
facility location problems. Operations Research, 52, 128-135.

Fernandez, J., Pelegrin, B., Plastria, F., & Téth, B. (2007). Solving a Huff-like competitive location and
design model for profit maximization in the plane. European Journal of Operational Research, 170,
1274-1287.

Hansen, P., Peeters, D., Richard, D., & Thisse, J. F. (1985). The minisum and minimax location problems
revisited. Operations Research, 33(6), 1251-1265.

Horst, R., & Thoai, N. V. (1999). Dc programming: overview. Journal of Optimization Theory and Applica-
tions, 103, 1-43.

Huff, D. L. (1964). Defining and estimating a trading area. Journal of Marketing, 8, 28-34.

Huff, D. L. (1966). A programmed solution for approximating an optimum retail location. Land Economics,
8(42), 293-303.

Labbé, M., Peeters, D., & Thisse, J. F. (1995). Location on networks. In M. O. Ball et al. (Eds.), Handbooks
in operations research and management science (Vol. 8, pp. 551-624). Amsterdam: Elsevier.

Marianov, V., & Serra, D. (2002). Location-allocation of multiple-server service centers with constrained
queues or waiting times. Annals of Operations Research, 111, 35-50.

Plastria, F. (1992). GBSSS: the generalized big square small square method for planar single-facility location.
European Journal of Operational Research, 62(2), 163—174.

Plastria, F. (2001). Static competitive facility location: an overview of optimisation approaches. European
Journal of Operational Research, 129(3), 461-470.

Reinelt, G. (1991). Tsplib—a traveling salesman problem library. ORSA Journal on Computing, 3(4), 376—
384.

@ Springer



Ann Oper Res (2014) 222:175-195 195

Serra, D., ReVelle, C., & Rosing, K. (1999). Surviving in a competitive spatial market: the threshold capture
model. Journal of Regional Science, 39(4), 637-652.

Tuy, H. (1995). DC optimization: theory, methods and algorithms, handbook of global optimization. Dor-
drecht: Kluwer Academic.

Tuy, H., Al-Khayyal, F., & Zhou, F. (1995). A d.c. optimization method for single facility location problems.
Journal of Global Optimization, 7, 209-227.

@ Springer



	Single-facility huff location problems on networks
	Abstract
	Introduction
	Huff location model
	Huff OD trip model
	Solving the models
	Multimodality
	Algorithm
	Interval analysis bound
	DC bound

	Computational results
	Concluding remarks
	Appendix
	References


