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ABSTRACT. This paper is devoted to a nonlinear system of partial differential
equations modeling the effect of an anti-angiogenic therapy based on an agent
that binds to the tumor angiogenic factors. The main feature of the model
under consideration is a nonlinear flux production of tumor angiogenic factors
at the boundary of the tumor. It is proved the global existence for the nonlinear
system and the effect in the large time behavior of the system for high doses
of the therapeutic agent.

1. Introduction. Angiogenesis is a physiological process that involves the forma-
tion of new blood vessels from a pre-existing vascular network. Angiogenesis plays
an important role in the development of embryo, wound healing or tumor growth.

In the beginning, solid tumors are avascular, i.e. they do not have their own
blood supply. As the tumor grows there is an increasing demand of nutrients. At
some moment the flux of nutrients through the surface of the tumor is too small to
provide nutrients to all the malignant cells and it begins a necrotic core formation
at the center of the tumor. As a response to nutrient deprivation like oxygen or
glucose, cancer cells secrete a chemical factor known as Tumor Angiogenesis Factors
(TAFs). TAFs diffuse in the extracellular matrix until they arrive to the endothelial
cells which form the linings of the blood vessels. Next, TAFs activate endothelial
cells after binding to specific receptors. Activated endothelial cells release enzymes
that degrade the basal membrane of the blood vessels to allow the migration of
endothelial cells, via chemotaxis, towards the source of TAF. The endothelial cells
then proliferate into the surrounding matrix, interact with the components of the
matrix, in particular fibronectin and form solid sprouts connecting neighboring
vessels. Once the new capillary network penetrates the tumor, more nutrients are
supplied to the tumor which grows further. See for instance [16] for details.

Since angiogenesis plays an important role in the development of the tumor,
then it is expected that targeting tumor angiogenesis as a therapeutic strategy
could provide promising results.

In order to avoid or reduce angiogenesis, anti-angiogenic molecules have been
created. Anti-angiogenic molecules either act directly on the TAF molecules inac-
tivating them with the formation of a complex or indirectly by binding to the TAF
receptors on endothelial cells.
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The aim of this paper is to propose a macroscopic model of tumor angiogenesis
with a therapeutic agent that inhibits TAF and also to analyze theoretically the
model. We will consider five variables; u (endothelial cells), v (TAF), z (therapeutic
agent), ¢ (complex) and w (nutrient). We assume that variables are in a bounded
connected domain denoted by € whose boundary 0 is regular and has two com-
ponents: 'y, the boundary of the tumor and I's, a virtual boundary between the
tumor and the surrounding vessels. We assume that the tumor has reached a critical
size between 1-2 mm (see [18]) that is a starting point of the tumor angiogenesis.
Additionally, we assume that the vasculature is developing more rapidly than the
evolution of the tumor. Therefore, we suppose that the boundary of the tumor is
fixed. In the following we propose equations for each variable.

Blood Vessels

FIGURE 1. A particular example of domain Q.

Endothelial cells

We assume that endothelial cells diffuse and move towards the gradient of TAF
with a sensitivity a(v) > 0. It is commonly assumed that « decreases with respect to
v due the saturation of the receptors in the endothelial cells (see [15]). Additionally,
we take the growth rate A\3(v)u with A > 0 and 8 > 0 an increasing function of v,
that models the growth induced by v and —&u?, the death of the endothelial cells:

uy = DyAu — V- (a(v)uVo)+AB(v)u — Eu® in Qp :=Q x (0,T).

Dif fusion Chemotaxis Reaction

At the boundary, we assume for the moment the following general boundary con-
ditions:

ou v
wg a(v)u% = hy(z,u,v) on 'y x (0,7),

ou v
Du% - a(v)u% = ha(z,u,v) on I'y x (0,7),

where h; and ho are regular functions and n stands for the outward normal unitary
vector.

TAF
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The TAF diffuses and decays. Moreover, the association of TAF to the inhibitor
z and the dissociation of the formed complex c enter the balance:
vy = DyAv —dyv+ kye —kpvz  in Qp.
S~ Y~ ~~ N——

Dif fusion Decay  Dissociation Association

We know that TAF is produced by hypoxic cells. Of course, hypoxic cells are usually
far from the boundary but the oxygen level on the boundary as well as the shape of
the boundary seem to be correlated indirectly with the TAF production. Let us note
that, in view of the domain we have taken, we cannot track hypoxic cells. Therefore
it could be reasonable to think that at the boundary the rate of production of TAF
depends on the nutrients available at the boundary. In particular, low nutrients
imply high rate of production and the other way round. Therefore, the amount of
TAF that leaves the tumor on I'y is y(w) where v > 0 is a regular and decreasing
function on w. On the other hand, at I's TAF leaves the domain by diffusion:

D,
87(?1) = ~yw) on I'1 x(0,T),
TAF enter
D,
v = —mv on I'y x (0,7).
on ~—~—

TAF out
Therapeutic agent

The equation satisfied by the therapeutic agent it is similar to the equation for
v. However, here we have an additional term Iy(x,t) that it is the supply rate of
therapeutic agent:
2= D,Az —d,z+ kyc —kpvz + Iy in Qp.
—— = ~— ~—— ~—

Dif fusion Decay  Dissociation Association  Input

At the boundary z leaves the domain. Therefore,

D.,o
297 _ —01z on Ty x (0,7),
on N~~~
Anti—TAF out
D.o
- —bs2 on Ty x (0,T).
on N~

Anti—TAF out
Complex

The complex that it formed when z binds to v satisfies

¢t = DcAc —dec  —kpe +  kypuz in Qp,
N~ ~—~

—— N~
Dif fusion Decay Dissociation  Association
D.0c
i —pi1c on Fl X (O7T)7
on S—~—
Complex out
D.0c
= —poc on I's x (0,T).
on N~

Complex out

Nutrients
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Nutrients are provided by the blood supply. Let us note that tumor vessels are
immature, as a consequence nutrient delivery is usually chaotic (see [17]). Therefore,
it is possible to have a closed loop of endothelial cells without blood flow. Since
we are not taking into account the blood flow we simplify the nutrients equation
assuming that endothelial cells provide nutrients in the domain and those nutrients
are consumed by the tumor at I'y. Therefore,

wy = DypAw —dyw+ Cu in Qr,
—— Y~

~—~
Dif fusion Decay Production
D, 0w
——— = —6 1w on T1 x(0,7),
on ——
Nutrients consumption
D, 0w
= —Sw on T9 x (0,T).
on SN——

Nutrients out
Since consumption is much more effective than diffusion, then ; >> J>. In partic-
ular, when §; = 400 we have the Dirichlet boundary w =0 at I';.
At this point, we come back to the boundary conditions for u. Let us observe
that replacing the value of g—z in the boundary conditions for u we get

Du% = hi(z,u,v) + ua(v)y(w) = hi(z,u,v,w) on I'y x (0,T),
n
ou %
Dug— = ha(w,u,v) = myua(v) = ha(x,u,v) on Ty x (0.T).

It seems reasonable to assume that endothelial cells leave the domain at the bound-
ary of the tumor. On the other hand, at 'y we assume that endothelial cells enter
the domain. Therefore, hy(x,u,v,w) < 0 and hy(z,u,v) > 0. The simplest func-
tions that we can take are

h1($7u7v7w) = —nNu,

ho(x,u,v) = you.
As in [4] we take a reference length L = 0.2cm and D, ~ 1075cm?s™! as a refer-
ence chemical diffusion coefficient. Since v and ¢ are TAF and no active TAF we
assume that D, = D.. Let ug, vg, wo reference values for endothelial cells, chemical
molecules and nutrients. We introduce the non-dimensional variables

L S S 4 )
_uo7 _’UO7 _'UO’ _U(]’ _w(] _L7 L2.
We define the following variables
Du )\L2 L2
D=2t ') = alow). N = o, 807) = Blue), € = S0
Ly, Ly, d,L? kyL k pvo L?
71 Du ’ 2 Du ’ v Dv ’ b Dv ’ Dv )
L Lmy D, d,L?
* *\ * ko * =z d* —
Y (’LU ) DU’UO’Y(wow )7 T2 D, ) z Dv’ z D, )
L? L? Loy Lo, d.L?

0 ({17 ) ) UODU 0 ( x, DU ) ’ 1 Dz sy U2 Dz ) c Dv )
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p* — Lpl p* — Lp2 D* — Dw d* — d’wL2 C* — CUOLQ
! Dc ’ 2 Dc ’ v Dv ’ Y Dv ’ U)OD'U '
. Lé . Lo
M=, 2T Dy

Dropping the asterisks we obtain the following non-dimensional system of partial
differential equations

uy = DAu— V- (a(v)uVo) + AB(v)u — &u®  in Qp
vy = Av —dyv — kye — kjoz in Qr,
2zt =D, Az —d.z+ kye — kpvz + I in Qr,
¢t = Ac—dec — kye+ kjoz in Qr, (1)
wy = Dy Aw — dypw + Cu in Qr,
Biu = Bsz = Byc = Bsw = (0,0) on 0Q7r,
Byv = (y(w), 0) on 0Qr,
(u,v,z,c,w)(x,()) = (UQ,’U07ZO,CO,U]0) in Qa
where
%—i—'ylu on I'y, @ on I'y,
Blu = gn BQ’U = an
au_ u onl @—1—70 onTI
on V2 2, an 2 25
0 0
i+91z onI'y, —c—i—plc on I'y,
Bgz = gn B4C = on
K dc
— + 65z onTs, — 4+ poc on Iy,
on on
0
v 4+ dw on Iy,
Bsw = gn
w
— +dow on I's.
on

Here D is a small parameter. More precisely from [4] we have that D ~ 1073,

To our knowledge, one of the first papers related to discrete and continuous an-
giogenesis models was introduced in [3] (see also [5]). In the continuous framework
TAF diffusivity is neglected. Moreover, the boundary conditions for the TAF at
the blood vessel and tumor are of no-flux type. Such a condition was also assumed
n [14]. More complex models of angiogenesis were introduced in [14]. For a sim-
plification of the models considered in [14] it is proven in [11] the existence and
uniqueness of a global-in-time solution and local stability of stationary solutions in
1-dimensional domains. In [16], it is criticized the no-flux boundary conditions.

A similar model to the one in the present paper, without a therapeutic agent,
and a flux of TAF entering the domain depending only on the amount of TAF in
the domain was studied in [10] as well as in [7].

The case with a therapy that block receptors in the membrane of the endothelial
cells it is considered in [8].

The structure of the paper is as follows. In Section 2 we introduce some prelim-
inaries that will be useful through the paper. Section 3 is devoted to the global in
time existence for the problem. In the last Section we will show that high thera-
peutical doses induce a reduction in the amount of TAF.
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2. Preliminaries. Let us first collect some results that will be used through the
paper. Let p € (1,00), for i =1,2,3,4,5 A; is defined in the following manner
Ai§ = —DAE + jo&, for £ € Di(Ar) = {yp € W?P(Q) : Bi(y) =0},
AQE = —Af + dvf, for f € DQ(AQ) = {1/} € WZP(Q) : Bg(d)) = O},
Azf = =D, AL +d ¢, for € € Dy(Az) := { € W»P(Q) : Bs(¢) =0},
Al = AL+ dcE, for € € Dy(Ay) := {9 e W*P(Q) : By(y) =0},
A€ i= =Dy A+ dy§, for € € Ds(As) := {y € W»P(Q) : Bs(y) = 0}.
We denote by o(A;, B;) the spectrum of A; with domains D;, i =1,2,3,4,5. Let us
observe that since 7, 61, 63, 01,02 > 0 then Rec(A;, B;) > 0i = 2,3,4,5. Moreover,
we assume that jo > 0 sufficiently large to fulfill Re 0(A;, B1) > 0. By the positivity

of the spectrum, we have that the fractional powers of (A4;, B;) i = 1,2,3,4,5 are
well-defined (see for instance [13, Ch. 1, Sec. 4]). Let

X7, = Di(A7) for p€ (0,1) i=1,2,3,4,5.
then, by [13, Theorem 1.6.1], we have the following embeddings
XP s Wka(Q) for k— N/qg < 2p— N/p, ¢ > p,

?,P

5 e (2)
X7, = C"(Q) for 0<v <2p—N/p.
Moreover (A;, B;) i = 1,2,3,4,5 are sectorial operators therefore
Ti(t) = e A8 §=1,234,5
define analytic semigroups in LP(2). Furthermore, by [13, Th. 1.3.4,Th. 1.4.3] T},
1=1,2,3,4,5 satisfy the following;:
1. For every 6 € (0,min{Reoc (Ao, B;) i = 1,2,3,4,5}), there exists C' > 0 such
that
ITi (D)l ceznLoy < Ce™ i=1,2,3,4,5.
2. Let p € (0,1) then there exists a constant C, such that for every u € L”(12),
t>0and ¢ € (0,min{Rec(Ag,B;)i=1,2,3,4,5}) we have
ITi(ullxe < Cot™Pe™|full, i=1,2,3,4,5..

3. Let p > N. Combining (2) and an easy variant of [19, Lemma 1.3] then for

all u € C§°(92), t > 0 we have
1T () Vul oy < Ct e ull,,
for some constants C' > 0, v € (0,1), § > 0. In particular, the operator T7(¢)V

admits an extension for all v € LP(Q2) where the above inequality holds.
In order to handle the nonlinear boundary condition in the v-equation, it will be
useful to introduce the variations of constants formula for a parabolic problem with
a non-homogeneous boundary condition. In particular, we consider
v+ Agb = f(t)  in Q x (0,7),
Byt = g(t) on 09 x (0,7, (3)
P(x,0) = o(x), 1in Q.
We define the space of functions
{zeWP(Q): Byz=0} ifl+1/p<s<2
Wg’f = WP(Q) if—1+1/p<s<1+4+1/p,
(W=7 (Q))’ if —24+1/p<s<—1+1/p.
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It is known that (Ag, Bs) is in separated divergence form (see [1, pg. 21]), as a
consequence, is normally elliptic. We denote by A,_; the Wéf:_Q’p -realization of
(A2, Ba) (see [1, pg. 39] for the precise definition). Since (A, Bz) is normally
elliptic then A,_; generates an analytic semigroup [1, Theorem 8.5]. Moreover, if

(f.9) € C(0,T); W™ 2P() x Wit~ V/PP(9q))

for some T' > 0 and 2« € (1/p,1 + 1/p), then for any ¢t < T we rewrite (3) by the
generalized variation of constants formula

t
h(t) = e 14 +/ e” T A1 (£(7) + Aa—1(B2)5g(r))dr,
0
where (Bs)¢ is the continuous extension of (Ba|ger(ay)) "t to W2a1=1/PP(9Q).
Moreover,
Aasa(Ba)i, € LW/ (902), WE2—27),
Let a € L>®(Q2), b € L>(I'1) and ¢ € L*°(I'y) the eigenvalue problem
—Ap+alx)p=Ap in Q,
9 _
on
has a unique principal eigenvalue (i.e. an eigenvalue whose associated eigenfunction
can be chosen positive in ) and it will be denoted by

M(—A+a;N+b;N+c).

(=b(x)p, —c(z)p) on IN.

Finally to conclude the section we remind an inequality that will be used in the last
section, the Sobolev-Trace inequality, see for instance [12, Lemma 6].

Lemma 2.1. (Sobolev-Trace inequality)
For every e > 0, 6 > 1 there exists a constant C = C(§2,0) such that

/ ©* Se/ |V<p|2+0(679—|—1)/ ©*, Yo e WH(Q).
o9 Q Q

3. Global well posed-ness. In what follows we introduce some additional nota-
tion. Through the rest of the paper p > N. For each T' > 0 we define

X = C%Q) x WHP(Q) x (C°(Q))?,
Xr:=0([0,7T);C°(Q)), Yr:=C(0,T);W'P(Q)),
XT = XT X YT X (XT)3 .

Theorem 3.1. For each initial data ug := (ug,vo, 20, Co,wo) € X there exists
7(||uol|x) such that the problem (1) has a unique local in time solution u € X,.
Moreover, the solution depends continuously on the initial data, i.e. if u(ug) and
(Wo) stand for the unique solution of (1) with initial data wg and Wo Tespectively
then u(ug) — (o) in X, when ug — Uo in X. Furthermore, the solution also
depends continuously on Ij.

Proof. The proof is based on the Banach fixed point Theorem. We pick 2a €
(1,14 1/p) and we denote by vy € L(C°(Q), C(09)) the trace operator. We define
the closed sets

Bx(

RT):={f€Xr: |flx, <R},
By (R

=
1) i={f € Yr : [flv, < B)
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and B(R,T) := Bx(R,T) x By (R,T) x (Bx(R,T))3. On B(R,T) we consider the
operator

Fi( )
Fy( )
F(u,v,z,c,w) = | F3(u,v,z,c,w)
Fy( )
F5( )

where

Fi(u,v,z,c,w) :

=T (t)uo + ; Tl(t —8)(=V - (a(v)uVv) + (A\B(v) + jo)u — Eu?)ds

N

Fy(u,v, z,c,w) := v0+/ Tr(t — s)(kpye — kpvz + Aa—1(B2)evo(y(w)))ds,

O

O

F(u,v, z,c,w) :=Ts(t zo+/T3 (t — s)(kpe — kpvz + Iy)ds,
t)eo + t

Fy(u,v, z,c,w) / Tu(t — s)(—kpc + kyvz)ds,

o

F5(u,v, z,c,w) := T5(t)wg —|—/ T5(t — s)Cuds.
0

By the embedding
C(9Q) — LP(IN) — W—1=1/rP(9Q),

we have that, in particular, A,_1(B2)%v € L(C°(Q), Wé?_Q’p).
Step 1. There exist R,t > 0 such that F(B(R,t)) C B(R,t). For some constants
0 < Kk < p<1we have

t
[F1llco@y < Clluollx, + /(C(t*5)*pHa(v)’uvvllp+

+C(t = 5) 7" e I (AB©) + do)ull + [u?]p)) ds

' tl—p tl—f-i
< Clluollx, + C(l|Blloc +jo + R(1 + [laf|oc)) R max {1[)7 M} .

By [9, Lemma 2.1], there exists n € (0,1) such that

t
1Fally < Cllnly+ [ € =97 (e~ kyvalyasaot
0 2
[ Aam1(B2)220( () yyze-2s ) ds.

Since Aq—1(B2)570 € L(CO(), W;jfzp) we have

ti—n

1F2]l1.p < Clluollx, + C(v(0) + R + R*) — —

The rest of the terms can be estimated using just the maximum principle
B3]l o) < Clluollx, + (koR + ks R® + || Io|Ix, )t ,
[Fillgoy < Clluollx, + (kR + ks R)t,
5[ co@) < Clluollx, + Rt.
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We pick R > Cllug||x, + 1. Previous estimates assert that there exists 75 such that
for every t < 79
[F(u, 0,2, ¢, w)[[x, < Clluollx, +1.
Therefore, it follows that F(B(R,t)) C B(R,1).
Step 2. F is contractive in B(R, 1) for some 7 < 79. Let ¢ < 19 and

u:= (u,0,z,¢c,w) € B(R,t), U:=(4,7,%,¢w) € B(R,1).
We have
[ F1(a) — F1(ﬁ)||co@) < /o (HTl(t —8)V - (a(v)uVv — O‘(@)ﬂvmnc@(ﬁ)‘*‘
HT1(t = 5)((AB(v) + Jo)u — (AB([) + jo)W) [l oy +
+||T1 (t - 8)§(U/2 - EQ)HCO(Q))dS .

We denote by (b1), (b2) and (b3) the first, second and third term, respectively, in
the right-hand side of the above inequality. In what follows, we estimate separately
each term in the above inequality.

t

(b1) < /0 [T1(t = $)V - (a(v)(u — @) V)|l co @)+
HT1(t = )V - (a(v)uV (v =)l co@)+
11 (t = 5)V - (a(v) — a(@))uVD)| cog)

t
< / C(t = 8)C(llalloos R)(Ilt — Tl o + 10 — Tlwro))

where p € (0,1). Arguing in a similar way, we obtain

t
(b2)§/0 C(t = 5)""C (o, |Blloos R)(lu = tll oy + lv = Vll1p)

t
@) < [ Ot s 2Rlu— ooy
for some k € (0,1). Therefore,
A=p 41—k
1P = Fr(@loqmy < Ol ol [l Ry { 7= =~ .
For the second component of F we have

I1Fafw) = (@l < [ €t =) (e~ Tl +

0
FR([v =llp + 12 = Zllco@) + 17 (w) = 7(@)l| oy )ds
=
<C(C+ R)1 — nHu—ﬁth.
Finally,
£ () = F3(W)]|go ) < C(C + R)tfju —1l|x, -
1F2(w) = Fi(@)] oy < CC + Btu—llx,

[1F5 () — F5 (W) cogqy < Ctllu—1x, -

Therefore, there exists 7 < 7y such that F is contractive in B(R, 7).
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At the end we prove the continuity of the solutions respect to the initial data
and the coefficient Iy. Let R > C'max{||uo||x,, |[Tol/x,} + 1. Then, there exists 7
such that F is contractive; as a consequence, there exists x < 1 such that

[u(uo) —u(do)llx, < [IT1(t)(uo = Uo)llco(m) + 1T2(t) (vo — Vo) [l1,p+
+T5() (20 — Z0)ll co @y + [ITa () (co — o)l oy +
+1T5(t) (wo — o)l oy + IF (u(uo)) — F(u(to))x,

< Cllup — Tol|x + #llu(ue) — u(do)||x, -

For the proof of the continuity on I, we just need to argue in the same way. O

Proposition 1. Under conditions of Theorem 3.1, if the initial data of (1) are
non-negative i.e. ug > 0 for all x € Q and Ip(z,t) > 0 for all (z,t) € Q x (0,7),
then the solution u to (1) is also non-negative i.e. u >0 for all (z,t) € Q x (0,7).

Proof. The positivity of u follows from [1, Theorem 15.1] and the positivity of
v, ¢, z,w it is a consequence a standard maximum principle for parabolic equations.
O

Now we deal with the global existence result. By the continuation principle we
just need to show that for every t < Tj,qz

[uf|x, < C(2).
Lemma 3.2. For each t < Ty,q, we have that
[(c,v)Ix,xx, < C.

Proof. Let s := ¢+ v then s is a positive solution for the problem

st = As — min{d,, d.}s + min{(d, — d.)c, (d. — dy)v} in Q,
% = (y(w) — p1e, —min{ps, 72 }s + min{(ps — 72)v, (72 — p2)c}) on I,
s(x,0) = co(x) + vo(x) in .
(4)
Since min{(p2 — 72)v, (12 — p2)c} < 0, min{(d, — d.)¢, (d. — dy)v} < 0 and v is a
decreasing function, then the unique positive solution 6 of the linear problem

0y = A0 — min{d,, d.}0 in Q,
00 )

% = (7(0)7 - mln{an 7_2}9) on C{)Qt s
0(x,0) = co(z) + vo(x) in .

is a super solution of (4). Therefore, 0 < s(t) < 6(¢t) < C and Lemma follows. [

Lemma 3.3. Let K a positive constant. Assume that Iy(t) < K for each t < Tpax
then
I2llx, < C.

Proof. By the previous Lemma, we know that ¢ < C. We consider ¢ the unique
solution to the linear parabolic problem

wr =D, Ap—d,o+kC+ K in Qy,
%2 = (=01, —029) on 9 ,
o(x,0) = zo(x) in .

By the comparison principle 0 < z(t) < p(t) < C. O
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Lemma 3.4. For each t < Tyq, we have
[vlly, <C

Proof. By the generalized variation of constants formula for v and applying the
estimate provided in [6, Lemma 3.1] (that also holds in our case), we have that
there exist constants 6 > 0, v € (0, 1) such that

t
0@ < Clliollp +C [ (¢ = 9)7"e 50 In(s)ds
0
where
B(s) = llllyzo-2 + 02l yyo-20 + | Aa—1(B2)r0((t))lygza-2
2 2 2
By the embedding

we obtain

[o(®)ll1p < Cllvo

t
| +C / (t=5)"" e~ (el o gy 1102 | oy + 17 () | oy ) -

Therefore, by previous Lemmas and the monotonicity of v we conclude the Lemma.
O

Lemma 3.5. For any t < Tye. we have that
ullx, <C

Proof. We take the C°(Q)-norm in the variations of constant formula of u to deduce
that for some constants 0 < k < p < 1, we have

t
llloog, < Clluolloo, + / =30 (¢ = 5) lalloellvll pllull oy +
+(t = ) (AB@)u — €62 oy ) ds
Since
MB()u — Eu? < \||Bloou — Eu* < C
then by the Gronwall Lemma we easily deduce the result. O
Lemma 3.6. For any t < Ty,q we have that
[wllx, <C

Proof. Let C > 0 the constant provided by the previous Lemma and ¢ the unique
solution to the linear problem

wr = Dy Ap —dyp +CC in Oy,
0
a—i = (=01, —82¢) on 09,
o(z,0) = wo(x) in Q.
Since ¢ is a positive supersolution to the w-equation then 0 < w(t) < ¢(¢t) < C. O

As a consequence of previous Lemmas and Theorem 3.1 we deduce global in time
existence for problem (1).

Theorem 3.7. Assume that the initial data ug € X, p > N, with ug > 0 in Q
and Iy € C((0,00); C°(Q)) with Iy(z,t) > 0 for x € Q, t > 0. Then, there exists a
unique non-negative global in time solution to (1).
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4. Large time behaviour of v when [ is large. During this section we assume
that I is a constant sufficiently large.

Lemma 4.1. There exist T > 0 and § > 0 such that for any t > 7 the following
inequality holds
2@l co@) > 01o-

Proof. By Lemma 3.2 we know that v < C where C is a constant that does not
depend on Iy. Therefore, the solution to the linear problem

ot =D.Ap—d.p—kCo+ 1o infl,

0

872 = (—b1p, —0a2¢) on Oy,

(,0) = 20(x) in Q,
is a subsolution to the z-equation. Thus, 0 < ¢(¢) < z(t). On the other hand, since
AM(=A 4+ 1; N +61; N + 65) > 0 then

Jim (1) — eellonm) = 0 (5)

where ¢, is the unique positive solution to
{ DzASOe - dz‘Pe - kaSOe +lh=0 inQ,

af; = (_9141065 _02@6) on 8Qa

Moreover, easily we can check that ¢, = ely, where e is the unique positive solution
to

D.Ae—d.e—kfCe+1=0 1inQ,

0

8—2 = (—bre,—02¢) on 00,

Additionally the strong maximum principle (see [2, Theorem 2.4] ) entails that
min, g e = x> 0. Thus, p. > kly and by (5) there exists 7 > 0 such that

o(z,t) > (k/2)1y, for every z € Qand t > 7
Putting previous estimates together we infer
(k/2)Iy < p(z,t) < z(z,t) for every z € Q, t > T
and Lemma follows. O

Theorem 4.2. There exist C > 0 and T > 7 such that

/ w(t)? < CIy P
Q

Proof. We multiply the v-equation by v and after integrating by parts to get

d / 2 2
— |Vl /dJrkzv fkb/cv+/ ’U*T/”U
2dt ! Iy ’ T2

7/ww—/wﬁme+z/v+«w>my
Q Q €Jr,

We provide a bound for the boundary term using the Sobolev-Trace inequality

" /|v 2y CU™ “)/QUZ.

for each t > 7.
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Next, we pick ¢ = 2¢ and € such that %;2“)

pick € = CIO_1/3 for some C > 0. Therefore,

d 2 1 2 o / 2 / 2 2
— <= Vol — =2 + — + .
51 / v 5 / [Vl 5 (kpoly — kgz) [ v° 4+ ey(0)%|T1]

By Lemma 4.1, kpdly — kyz < 0 for each t > 7. Thus, y(t) = [, v*(t) satisfies for
each t > 7 the following differential inequality

’ _dy —1/3 2 = | v2(r
V(0 < =G0+ CI O] o) = [ (0),

Solving previous differential inequality, we have

y(t) < e_(dv/2)ty<7_) + (Q/du)0151/37<0)2|1—‘1|(1 _ e(dU/Q)(T—t))

< kfélp. In particular we can

and Theorem follows for ¢ sufficiently large. O
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