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1 Introduction

In this article, we investigate the following non-autonomous weakly dissipative
Klein-Gordon-Schodinger (KGS for short) equations

ug + vug — Au+ pu — Blz)? = g(x,t), z€Q, t>T, (1.1)
izt + Az +iaz + zu = f(z,t), x€Q, t>T, (1.2)

with initial and boundary conditions

(u(x,t),ut(m,t),z(x,t))‘t:T = (ur,ugr, zr), = €9, (1.3)
u(av,t)‘aQ = z(ac,t)‘aQ =0, (1.4)

where  is a bounded domain in R? with smooth boundary 9.

Equations (1.1)-(1.2) describe the interaction of scalar nucleons with neutral mesons
through Yukawa coupling (see [3]), where u = u(x,t) and z = z(x,t) denote a real
meson field and a complex scalar nucleon field, respectively, the parameters a > 0,
v > 0 denote the dissipative mechanism of the system, p > 0, 5 > 0 are constants
representing the damping coefficients, and the real-valued function g(z,t) and complex-
valued function f(x,t) are the time-dependent external forces.

The autonomous KGS equations (1.1)-(1.2) and its related versions were extensively
studied, one can see [1,3,17,21,23] and the references therein. For example, when
2 C R3? is a bounded smooth domain, Biler in [3] established the existence of global

attractor in the weak topologies of
E = H}(Q) x L*(Q) x H}(Q) (1.5)
and
By = (H*(2) N Hg()) x Hy () x (H*(Q) N Hy (). (1.6)

Later, these results were improved by [29]. Also, Lange and Wang in [19] proved the
regularity of the global attractor when € C R is a bounded interval. The Cauchy
problem associated to equations (1.1)-(1.2) were investigated in [21,23]. For instance,
Li and Guo in [21] used a Strichartz type inequality and some suitable decomposition
to prove the asymptotic smoothing effect for the solutions. However, to the best of
our knowledge, there are only some references concerning the asymptotic behavior of
solutions for the non-autonomous KGS equations (1.1)-(1.2).

The motivation of the current article is to investigate the statistical solutions for
the non-autonomous KGS equations (1.1)-(1.2). We are interested in the probabili-
ty distribution of solutions within the phase space E. In turbulent flow regimes, the
physical properties are universally recognized as randomly varying and characterized

by some suitable probability distribution functions. In the theory of fluid mechanics,



the invariant measures and statistical solutions have proven to be very useful in the
understanding of turbulence (see Foias et al. [11]). The main reason is that the mea-
surements of several important aspects (such as mass and velocity) of turbulent flows
are actually measurements of time-average quantities. Statistical solutions have been
introduced as a rigorous mathematical notion to formalize the object of ensemble aver-
age in the conventional statistical theory of turbulence. Nowadays, invariant measures
and statistical solutions are widely used to describe certain characteristics of the fluids
in the real world.

There are two prevalent notions of statistical solutions. The one is the so-called
Foias-Prodi statistical solutions introduced by Foias and Prodi in [10] and the other
is the so-called Vishik-Fursikov statistical solutions given by Vishik and Fursikov in
[28]. The Foias-Prodi statistical solutions are a family of Borel measures parametrized
by the time variable and defined on the phase space of the Navier-Stokes equations,
representing the probability distribution of the velocity field of the flow at each time.
The Vishik-Fursikov statistical solutions are a single Borel measure on the space of
trajectories, representing the probability distribution of the space-time velocity field.

The invariant measures for well-posed dissipative systems were studied in a series of
references (see [9,22,24-27,30]). For instance, Lukaszewicz, Real and Robinson [25] used
the notion of Generalized Banach limit to construct the invariant measures for general
continuous dynamical systems on metric spaces. Later, Chekroun and Glatt-Holtz [9]
improved the results of [25] to construct invariant measures for a broad class of dissi-
pative autonomous dynamical systems. Recently, Lukaszewicz and Robinson [26] ex-
tended the result of [9] to construct invariant measures for dissipative non-autonomous
dynamical systems. The result of [26] was used to investigate the invariant measure
for the three-dimensional (3D for short) globally modified Navier-Stokes equations and
regularized MHD equations in [31,37].

There also are some references investigating the statistical solutions and trajectory
statistical solutions for some model evolution equations that possess global weak solu-
tions but without a known result of global uniqueness. For instance, Foias, Rosa and
Temam studied systematically the statistical solutions for the 3D Navier-Stokes equa-
tions in [12-16]. Bronzi, Mondaini and Rosa in [4,6] proved an abstract framework
for the theory of statistical solutions and trajectory statistical solutions for general
evolution equations, including those with properties similar to the 3D Navier-Stokes
equations. Bronzi and Rosa studied the convergence of statistical solutions of the 3D
Navier-Stokes-a model as « vanishes in [5]. Caraballo, Kloeden and Real investigated
the invariant measure and statistical solution for the 3D globally modified Navier-Stokes
equations in [7]. Kloeden, Rubio and Real studied the equivalence of invariant measure
and stationary statistical solutions for the autonomous globally modified Navier-Stokes
equations in [18]. Zhao and Caraballo in [32] constructed the trajectory statistical solu-

tions for the 3D globally modified Navier-Stokes equations. Zhao, Song and Caraballo



in [34] constructed the strong trajectory statistical solutions for the 2D dissipative Eu-
ler equations. Zhao, Li and Caraballo in [33] proved sufficient conditions ensuring the
existence of trajectory statistical solutions for autonomous evolution equations. In ad-
dition, Zhao, Li and Song in [35] constructed the trajectory statistical solutions for the
3D Navier-Stokes equations via the trajectory attractor approach. Also, Zhao, Jiang
and Caraballo constructed in [36] the trajectory statistical solutions for the nonlinear
wave equations with polynomial growth

The main result of the current article is to prove the existence of the statistical
solution for the non-autonomous KGS equations (1.1)-(1.2). This statistical solution
describes the probability distribution of the meson field and nucleon field in the phase
space. We will first use the abstract theory for dissipative non-autonomous system
in [26, Theorem 3.1] to obtain the existence of a family of invariant Borel probability
measures {m;};cg. Then we establish that {m;},cr satisfies a Liouville type theorem
and is indeed a statistical solution for equations (1.1)-(1.2). Finally, we reveal that the
invariant property of the statistical solution is a particular situation of the Liouville
type theorem.

To apply the abstract theory of [26, Theorem 3.1] to obtain the existence of a family
of invariant Borel probability measures, we shall prove that the solution operators
associated to problem (1.1)-(1.4) generate a continuous process {U(¢,7)}s>, in the

phase space F and
(1) the process {U(t,T)}+>r is pullback strongly bounded in F;
(2) the process {U(t,7)}t>- is pullback asymptotically compact in E;

(3) for each given t € R and given 1, € E, the E-valued function 7 +— U (¢, 7)1, is

continuous and bounded on (—oo, t].

By definition, a continuous process {U (¢, 7) }+> in the phase space E means {U (¢, 7) }+>+

is a two-parameter family of mappings in F satisfying:
(a) U(t,s)U(s,7)=U(t,7),Vt = s>1,7 €R;
(b) U(r,7) =1d (identity operator), 7 € R;
(c) For given ¢t and 7 with ¢ > 7, the mapping U (t, 7) is continuous from E to E.

It is not a standard fact to prove above assertions (1)-(3) for the process {U(t, 7)}>r.

Firstly, on the one hand, it is not a direct generalization of the dynamics from
autonomous system to non-autonomous system. On the other hand, in [3], the authors
established the existence of global attractor with the conditions f,g € Cp(Ry; L?(£2))
or f,g € L?(), which implies that f and g are uniformly bounded in L?(f) with
respect to time ¢. In this article, the conditions imposed on f and g are weaker than

those in [3]. In fact, we allow that the external forces are unbounded and actually



even exponentially growing time-dependent functions. At the same time, the nonlinear
terms |z|? and zu produce some difficulties when we estimate the solutions and prove
the pullback strongly boundedness of {U(t,7)}>- in E.

Secondly, it is not easy to prove directly the pullback asymptotically compactness
of {U(t,7)}i>r in E because of the special coupling of a hyperbolic equation with
a parabolic one. Here we will employ some delicate decomposition of the process
{U(t,7)}t>r. Precisely, we decompose the addressed system into two equations, and
simultaneously split the nonlinear term |z|? into Re(Zz1) and Re(Zzz) (here z = 21+ 22).
By this way we can prove that the solutions of the first decomposed equations pullback
decay exponentially, whereas the solutions of the second decomposed equations are
pullback bounded in E;. Note that the embedding F — FE; is compact. We then
obtain the pullback asymptotically compactness of {U(t,7)};>r in E by the abstract
theory of [8, Theorem 3.2].

Thirdly, to prove assertion (3) the key step is to establish the continuous dependence
of the solutions on the initial data in E. This continuous dependence has been proved
by Wang and Lange in [29, Theorem 3.4] via the method of energy equation. Here
we will present a simple and direct proof to this continuous dependence. The main
technique we used is to construct a suitable space F,, which is equivalent to the usual
phase space E. Then we establish that the abstract operator corresponding to the
linear part of equations (1.1)-(1.2) is coercive on E,. This coerciveness allows us to
prove directly the continuous dependence of the solutions on the initial data in the
norm of E,,, which is equivalent to the continuous dependence of the solutions on the
initial data in the norm of E.

To establish that {m; }cr is a statistical solution of the KGS equations, the impor-
tant step is to prove that {m;},cr satisfies a Liouville type theorem similar to that from
Statistical Mechanics. Fortunately, the form of the construction of the Borel probabil-
ity measures {m}:cr plays essential role in our proof. We also want to point out an
interesting relation between the invariant property and the Liouville type theorem for
the statistical solution. We all know that Liouville theorem from Statistical Mechanics
indicates that the distribution of a set in the phase space could change with the evo-
lution of time, but its Liouville measures is conserved. We will discover in this article
that the invariant property of the statistical solution describes exactly that the shape
of the pullback attractor Ap,(7) could change with the evolution of time from 7 to ¢,
but the measure of Ap;(7) and Ap,(t) coincides with each other.

The rest of the article is arranged as follows. In the next section, we estimate the
solutions and then show the global well-posedness of problem (1.1)-(1.4). In Section 3,
we establish the existence of the pullback attractor for the process {U(t,T)}i>r associ-
ated to problem (1.1)-(1.4). In Section 4, we first construct a family of invariant Borel
probability measures for the process {U(t,7)}i>-. Then we establish that this family

of probability measures satisfies a Liouville type theorem and is indeed a statistical



solution for the KGS equations. Further, we reveal that the invariant property of the

statistical solution is a particular situation of the Liouville type theorem.

2 Estimates and global well-posedness of solutions

We first introduce some notations. Let LP(S2), H(Q2) and W™P(Q) denote the
usual Lebesgue and Sobolev spaces with norms | - || z»(q), || - HH(%(Q) and || - [lym.r (),
respectively. Especially, H™(Q) = W™2(Q) and | - ||;2) = || - I. Throughout this
article, we will use the function spaces E (see (1.5)) and E; (see (1.6)) and the norms

are defined respectively as

llle = (IVull? + ol + IV2]*)!/2, for ¢ = (u,0.2)" € E, (
1l = (1Aul® + | Vol* + [|A2]*) 2, for ¢ = (u,0,2)" € Ey. (

2.1)
2.2)
In addition, we will employ the notation a < b (also a = b ) to mean that a < ¢b (also
a > cb) for a universal constant ¢ > 0 that only depends on the parameters coming
from the problem.

Put

v=uv(t) = u + du, (2.3)
where § > 0 is some constant that will be specified later. Then problem (1.1)-(1.4) is

equivalent to the following problem
u+ou—v=0, t>r, (2.4)
ve — Au— (v — 0)u + pu+ (v — 8)v = B|z|* + g(x,t), t >, (2.5)
2t — 1Az +az =dzu—if(x,t), t >, (2.6)
(u(x,t),v(x,t),z(:c,t))‘t:T = (Ur, V7, 27), T € Q, (2.7)
(u(l‘,t),’l)(l',t),Z(l’,t))‘ag = (0,0,0), (2.8)

hereinafter v; = ugr + du, and J is the constant from (2.3). Denote

Y= dj(mat) = (u(a:,t), v(a:,t), z(x,t))T

and
oI —1I 0
O=| -A-0(v=-0)I+ul (v-9)I 0 , (2.9)
0 0 —iA+al
F(i,t) = (0, Bl + g(w, 1), izu — i f (2,1))", (2.10)
where [ in the matrix © is the identity operator. Then problem (2.4)-(2.8) can be
written as
dy
E%—@w:F(w,t), t>T, (2.11)
Y(1) =2 = (UT,U‘I'»ZT)T- (2.12)



We next estimate the solutions of problem (2.11)-(2.12).

Lemma 2.1. Let f(z,t), fi(x,t), g(z,t) belong to LE _(R; L*(2)). Then for any v, =
(tr,vr,27)T € E, every solution (x,t) = (u(z,t),v(z,t),z(x,t))" of problem (2.11)-
(2.12) corresponding to 1. satisfies

t
1)1 SllzrlPe=¢ + 6‘“/ el f(s)I*ds, vt >, (2.13)

t
[ ()3 ST()edE) 4 / ¢5%)|G(s)| s

t
e / &5 2(s)[8ds + =(O]° + [IF D2, Yt >, (2.14)
where

1 1
X(r) = [V 51 Vurl + e+ 2Re | 2f(r)do — [ [arfPurds + & P
Q Q
(2.15)

G@I? = 17N + 122822 402, (2.16)

Proof. Let the assumption of this lemma hold. Then the existence and uniqueness of
the solution 9 (z,t) corresponding to the initial data v, = (u,,vs,2;)7 € E can be
proved in a standard way, using the Galerkin approximations as in [3]. The estimate
(2.13) is easily obtained by taking the scalar product of (2.6) with z(¢) and the real
part of the resulting equality. These details are omitted and here we prove (2.14).

In fact, in [3, (2.10)], it is proved that

DO | 51(t) + o= 30T + (v = D)oo+ JTu) 2+ 2 o)

d 2
—204/Q |2(t)Pu(t)dz — 2(a — (5)Re/ﬂz(t)f(x, t)dz + 6(v —9) /Q u(t)v(t)dz
+/Qv(t) (2, t)dx—i—QRe/Q ()af(a"; Daw, vt (2.17)

where
Y1) = V(045 IVl -5 [o(0)*+2Re | 505 (. da— | [a(0Pu(e)da+ futo)

We next estimate the terms on the right-hand side of (2.17). By Holder’s inequality,
Gagliardo-Nirenberg’s inequality and the embedding H}(Q) < L5(), we obtain

\/QIZ(t)IQu(t)dx\ SNz a2 @ llu)l sy < 2132V ()2 Vu)]l,
and thus

2a [ [s)Pult)ds S §IV=OI + IVa@IF + 1= (2.13)



The other terms on the right-hand side of (2.17) are simpler to deal with:

( 4(a— 9

2o = 8)Re [ 20)f(@. )] < (o~ D=0 + L5017
2t o 2 0f(e.t)

2[Re [ =) 2T aa] < SIvaF + I

, (2.19)
| [ o0gte el < 5 1etol + oo

v—20 §2(v —6)
o+ 2D

5(v —0)| / u(t)v(t)dz| <
Q

where we have used the following Poincaré inequality

lull> < ATHVul?, Yu e Hy(Q).

Inserting (2.18)-(2.19) into (2.17) yields

T 1510 + (S~ 20) V=01 + (& — ) + SV + s~ 52 — o)) ()
SN+ I1G@)17, V=, (2.20)

where G(+) is defined by (2.16). We now choose d such that
0<6< min{%, Z g}.
Then (2.20) implies
dY(t
0 L) £ 1=01° + 16O Vi
and applying Gronwall’s inequality we deduce
t t
T(t) < T(r)e -7 4 e&/ |G (s) | ds + eﬁt/ 5[|2(s)||°ds, VE> 7. (2.21)
Combining (2.21), the estimates similar to (2.18) and the first inequality in (2.19), we
obtain (2.14). The proof of Lemma 2.1 is completed. O

According to the estimates in Lemma 2.1, we next analyze under what assumptions
on the data there exists a pullback absorbing set for the process associated to problem
(2.11)-(2.12).

From (2.15) we see that

T(7) S Iellfs + N ll® + LF ()] (2.22)

From (2.14) and (2.22) it follows that the following assumptions

lim - |Be =0, (2.23)

lim_[[£(r) %5 =0, (2.24)
¢

/ e?%||G(s)||’ds < 400, foreacht € R, (2.25)



are needed. We next analyze the third term on the right-hand side of (2.14). In fact,
it follows from (2.13) that

t
e‘”/ e 12(s))1°ds S pa(t, 7) + pa(t, 7) + pa(t, 7) + pa(t, 7),
T

where
pltr) = [ e, [P,
plt.r) = [ I [ el Pasas,
patt, ) = e [ et (oo [0y o) Pan) s,
palt, ) = e / s (s / " £(6)]240) .

By (2.23),

. . ST
lim 2% < lim_([-]*es)* =0,
T——00 T——00

and thus when 7 — —o0,

oT ot

t
p1(t,7) = (||zr]|%e 5 )30 / e2e 306 e ds < (|2 )%e 7 )Pe T — 0. (2.26)

We write pa(t,7) in the form

s
(lzr|%e’s

t s
e B ot / ¢B5—20(s=7) —os / 0 F(0)2d0ds.  (2.27)

Thus, pa(t,7) — 0 as 7 — —oo if the integral in (2.27) stays bounded as 7 — —o0.
For this purpose, we assume

(% 2005 / || £(6)]%d6 < K(s). (2.28)

where K (s) is a continuous function on the real line which is bounded on every interval
of the form (—oo,t). If (2.28) holds, then

t
palt7) S|P e Hmemt [ emadsctaa g s)as

T

(|26 )2 TR (t) — 0, T — —o0, (2.29)

where K (t) is a bounded quantity depending only on ¢ and the function K ().
Also, if (2.28) holds, then for K;(s) = K(s)e(o‘_g)s we have

26

o320 / T ) £(0)]246)° < K2 (),

and thus s
)
o(§-es / || £(60)]d6 < Ko (s).

9



Obviously, K1 (s) possesses the same property of the function K (s) in (2.28). Hence
t
pa(t,7) Sllzr|Pe T el e / B SIOLE
T
Slzrl?e ¥ e K (1) — 0, 7 — —o0, (2.30)

where K (t) is a bounded quantity depending only on ¢ and the function K (-).
At the same time, if (2.28) holds then
elizertetne [ ey p(g)]a0 < K (o),
and so we can choose some 7y > 0 such that oo — g > g >~y and
el [ et 5(0) s < Kas) = K (s)ele 5

Clearly, the function K»(s) also possesses the property of the function K(s). Thus

t
p4(t,7’) 56—61&/ —(Ba—9)s (6 3a—37)s (/ oa9||f( )||2d6,)36(3a+3'y—6)sds
t
56—615/ e—(3a—5) ( (g—a v)s / ou9Hf( )||2d9)36(3a+3’y—5)sds
t ~
§e5t/1K§@ﬁ§”ds§ezw%ﬁK§@% V1<t (2.31)

where I?g(t) is a bounded quantity depending only on ¢ and the function Ks(-).
We now summarize our assumptions on the external forces f(x,t) and g(z,t) leading
to the existence of a bounded pullback absorbing set.

(H) Assume f(x,t), 8fgi’ t), g(z,t) € LE (R; L*(Q)) and let

t

/ e%||G(s)]|?ds < +o00, for each t €R, (2.32)
lim || f(7)]%e™ = 0. (2.33)
T—r—00

Moreover, let there exist some continuous function K(-) on the real line, bounded on

intervals of the form (—oo,t), such that

[ e + 1255 0 < K@+, for cach 1er (23)

— 00

Remark 2.1. (1) From (2.34) we see that for each t € R,

t t
/ 608Hf(3)||2d3 :/ 6(O¢—5)s€65”f(3)”2d8 < e(a_é)tK(t)e(oH'%)t’

¢
so that (3.28) holds. The condition/ 655,”8]‘(9: S)HQd < K(t)e (@)t wil] be
used when deriving the pullback asym];t%otic compactness of the process in E.

10



(2) Let Hf(s)H2 + Hafggs)]]? < Me"™ for all s € R, where M >0 and Kk > o — 235
ther ! 5 2 of (z,5) g
|+ 1 s < w et
with M o
K(t) = 51 He@—w)t.

This example shows that we allow the external forces to be unbounded and actually

even exponentially growing time-dependent functions.

From now on, by P(E) we denote the family of all nonempty subsets of E. According
to (2.23), we denote by Dy the class of family of nonempty subsets D = {D(s)|s € R} C
P(E) satisfying

lim (% sup [[1]|%) =0. (2.35)
§——00 peD(s)

The class D;s will be called a universe in P(E). Clearly, all fixed bounded subsets of E
lie in Ds.
By above analyses and the Galerkin approximations as in [3], we can prove in a

standard way the following result (cf. [3]).

Lemma 2.2. Let assumption (H) hold. Then for any D = {D(s)|s € R} € Ds and
¥y = (Ur,vr, 20)" € D(7), problem (2.11)-(2.12) possesses a unique global solution

U(x,t) = (u(z,t),v(x,t), 2(x,1))T € C([r, +o0); E). (2.36)
Moreover, ¥(x,t) satisfies (2.13) and (2.14).

The continuous dependence of the solution ¢ (x,t) on the initial data v, will be
proved in Section 4. From this continuous dependence and Lemma 2.2 we see that the

maps
U(t,7) : r = (ur, vr,27)" € B (a,) = (u(z, 1), 0(, 1), 2(2,1))" € B, Vt>,

generate a continuous process {U(t,7)}i>r in E.

3 Existence of the pullback-D; attractor

The aim of this section is to prove the existence of the pullback-Ds attractor for
the process {U(t,7)}i>- in the phase space E. To this end, we will first show that
{U(t,T)}+>+ possesses a bounded pullback-Ds absorbing set and is pullback-Ds asymp-
totically compact in E.

11



Definition 3.1. (1) [t is said that a family of subsets Dy = {Do(s)|s € R} C P(E)
is bounded pullback-Ds absorbing for the process {U(t,T)}i=r in E if for each
t €R and any D = {D(s)|s € R} € Dy, with D(s) C E bounded for every s € R,
there exists a 7o(t, D) <t such that U(t,7)D() C Do(t) for all 7 < 1o(t, D).

(2) The process {U(t,T)}i=r is said to be pullback-Ds asymptotically compact in E if,
for each given t € R, each D = {D(s)|s € R} € Ds and any sequence {7 }n>1 in
(—o0,t] such that 7, — —o0 as n — oo, the sequence {U(t,7,)Y(Tn)} with any

W(1y) € D(1,) possesses a convergent subsequence.

Lemma 3.1. Let assumption (H) hold. Then the process {U(t,T)}i>r possesses a
bounded pullback-Ds absorbing set By = {Bo(s)|s € R} C P(E), where By(s) =
Bo(0;75(s)) is the ball of radius r5(s) and centered at zero in E.

1
Proof. Let rs(t) = Rj (t), where

S

t
668||G(8)|2d5+6_6t/ 655(6_0‘5/ e“6||f(9)||2d9)3ds

—0o0

t
Rs(t) <1+ o /

t

+(1+ eo‘t/ e f(s)Ids)® + If (B teR. (3.1)

Then from (2.13)-(2.14), (2.22)-(2.26), (2.29)-(2.31) and the analyses in previous sec-
tion, we conclude that By = {By(s)|s € R} constitutes the desired bounded pullback-Dy
absorbing set for {U(¢,7)}¢>r in E. O

We next use the decomposition of equations (2.4)-(2.8) to prove that {U(¢,7)}i>r
is pullback-Ds asymptotically compact in E. Let ¢(z,t) = (u(z,t),v(x,t), 2(x,t))T be
a solution of problem (2.4)-(2.8) with initial data (u,,v,,2;). We decompose problem
(2.4)-(2.8) into two problems as

u +oup —v1 =0, t> T, (3.2)
v — Augp — 6(v — 0)uy + pug + (v — 0)vy = fRe(Zz1), t > T, (3.3)
iz10 + Az +iazy + 1w =0, t> T, (3.4)
(ul(z,t),vl(w,t),zl(x,t)) ’t:T = (Uur,vr, 2r), T € Q, (3.5)
(ul(m,t),vl(x,t),zl(x,t)) ’8(2 = (0,0,0), (3.6)
and
ugt +0ug —ve =0, t >, (3.7)
vor — Aug — 6(v — 0)ug + pug + (v — d)ve = fRe(Z22) + g(x,t), t > T, (3.8)
izor + Azo +iazy + zou = f(x,t), t>T, (3.9)
(uz(x,t),vg(x,t),zz(x,t)) ’t:T = (0,0,0), x= €9, (3.10)
(ua(z, 1), va(z, 1), 22(2, 1)) | oo, = (0,0,0). (3.11)
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Obviously, if 1y (x,t) = (uy(x,t),vi(x,t), 21 (2, )T is a solution of problem (3.2)-(3.6),
then
VYo(x,t) =(ug(x,t), va(x, 1), 20(x, 1))
=(u(z,t) — ui(z,t),v(x, t) — vi(x,t), 2(z, t) — 21 (2, )T (3.12)
is a solution of problem (3.7)-(3.11).

Lemma 3.2. Let assumption (H) hold. Then for any given D = {D(s)|s € R} €
Ds and ¥, = (ur,vr,2:)T € D(7), problem (3.2)-(3.6) possesses a unique solution
Y1(z,t) = (uy(x,t),v1(x,t), 21(x, 1)) corresponding to ;. Moreover, for each given
t € R there exists a time 7o = 1o(t, D) such that

3
la (e, )11 S I 1B+ el )7, Vr < 7. (3.13)
Proof. We first estimate ||Vz1(¢)||?. Taking the imaginary part of the inner product of
(3.4) with z1(¢) in L?(2) gives
d
@17 + 20l (B = 0.
By Gronwall’s inequality,
1 (D17 < |27 P>, vr <t (3.14)

At the same time, multiplying (3.4) by (—Z1; — aZ1), integrating over € and then taking
the real part of the resulting equality yield
dH;(t)
dt

—i—OéHl(t) = Jl(t), (315)

where

() = Va0 — [ wlolertofas,
Q
Jl(t):—aHVzl(t)Hz—i—oa/gu(t)|zl(t)\2dx—/Qut(t)\zl(t)]Qdm.

By Holder’s inequality, Gagliardo-Nirenberg’s inequality and Lemma 3.1, we have
o [ ®)lz2(0) ] Slue) sy 1 ()1
Q (

(0} 4
SHIVA@IP + [Vu®)llsll2(6)]

3 1
o S IVu@®llla Ol [V @)

«
SHIVa@ + @17, vr <, (3.16)

where in the last inequality of (3.16) we have used the inequality ||[Vu(t)| < || (t)] &,
and the pullback-Dy absorbing property ||¢(t)|| g < 1 for any 7 < 79 since ¢t € R is given

and 75(t) is a positive constant. Similarly,
1 3
\Oé/QUt(t)lzl(t)|2d$\ Sllue@)llz1 )70y S lue@2 @112 V2 (2)]2

«
STIVA@IP + 2@, V7 <, (3.17)
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It follows from (2.13) and (3.16)-(3.17) that

Ji(8) S Nl Pe220 S g [fre >0, Vr < 7. (3.18)
Note that
4 4
Hy(1) = ||V |* - / urler?dz S Ve | + [ Vur 322 S I1er B+ 1]l E)-
(3.19)
Applying Gronwall’s inequality to (3.15) and using (3.18)-(3.19) yield
¢
Hy(t) <H (r)e et=7) 4 / Ji(s)e™ 7 ds
4 ' t
SrlB + el B)e ) + IWJTH%/ e 2Tl gs
(3.20)

4
S lB1 + - llE)e ), V7 < 7.
Similar with (3.16), we have

\/ Ol (0P da] ST + @], V7 <

From above estimation and the expression of H;(t) we get

1
IV21()]* SH(t) + \/ u(t)z1 ()P dz] S Hi(t) + 5 [Va Ol + O], V7 <,
Q

which, together with (3.14) and (3.20) gives
4
IV S Hi(@t) + 2107 SIrlE + e | R)e 7, Vr < .

Secondly, we estimate ||Vuy(t)||>+ [Jv1(¢)||?. Using v1(t) to take inner product with

(3.21)

(3.3) in L%(Q) yields
Sl + (v = 8)llvr () = 6(v = 6) (ua (1), w1 (t))
+ p(ur(t),v1(t)) — (Aur(t),v1(t)) = Qvﬂt)Re(E(t)zl (t))dz. (3.22)

Direct computations give

5= 8) (0, 010)) = L s ()2 + 820 = D)l (),
0000 = gdiuw>||2+uauu1<t>u2, (3.23)
~(Au(t), (1) = 5 TITu O+ 517w (0]

Put
Hy(t) = [Vur ()1 + pllua (0] + [[or (0|7 = 6(v = 6) lur (6)]1%,

Ja(t) = —2( — 26)[[or ()12 + 28 /Q v (O Re(Z() (1) da.
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It then follows from (3.22) and (3.23) that

dHo(t
2(t) | 20Hs(t) = Ja(t).
dt
By Gronwall’s inequality,
¢
Hy(t) < Hy(r)e 207 4 / e~ 20=5) Jy(s)ds, V7 < L. (3.24)
Obviously,
Hy (1) = | Vur|® + pllur|[* + lor||? = 6(v = ) [lur|* S 47 1% (3.25)

Also, using Hélder’s inequality and Cauchy’s inequality,

J2(t) S = (v = 28) [[or (O + [or )= (@) 2o 21D | 23 )

<
< —20)|oa (D12 + 12(8) 2oy 1 (D230 — (v — 20) o (1))
SV RIVAOP S [OIZIVAGI S 19202

4
Sl 51+ [l 3)e D, V7 < 7. (3.26)

Inserting (3.25)-(3.26) into (3.24) yields

Hy(t) S[lrPe ) 4 [lor B0+ WTH%) /t e U772 s
S l(1 + [ lp)e 20, ¥r <, (3.27)
Now we choose § > 0 satisfying
(v —19) <vd < p.
Notice that o > 2§. Then (3.21) and (3.27) give

4
[ (013 S Ha() + V2@ S 1B+ er | B)e 0, v < 7.
The proof of Lemma 3.2 is completed. O
Form (3.12), Lemma 3.1 and Lemma 3.2, we have

Lemma 3.3. Let assumption (H) hold. Then for any given D = {D(s)|s € R} €
Ds and ¥, = (Ur,vs,2,)T € D(7), problem (3.7)-(3.11) possesses a unique solution
Yo(z,t) = (ug(x,t),ve(x,t), 20(x,t))T corresponding to 1. Moreover, for each given
t € R there exists a time 1o = To(t, D) such that

4pa(z, )5 S 1, V7 < 70. (3.28)

We next prove that the solution of problem (3.7)-(3.11) is bounded in Ej.
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Lemma 3.4. Let assumption (H) hold. Then for any given D = {D(s)|s € R} €
Ds and v, = (ur,vr,2;)0 € D(7), there exists a time 1o = Tg(t,ﬁ) such that the
solution Yo(z,t) = (uz(z, 1), va(z, 1), 22(:E,t))T of problem (3.7)-(3.11) corresponding to
U, satisfies

[Aus(z, 1)|* + [[Voz(z, )] + [[Aze(, 1)

t 0 0
SLE SO + g+ [ eI (7P + | 01 4 11222 2y

t S
+/ 65(t5)</ ea(s9)(||f(6)||2+||a];(ﬁH2)d0)ds, Vi< (3.29)

Proof. Let D = {D(s)|s € R} € Dy and ¢, = (ur, vy, 2-)T € D(7) be given.
We first estimate ||Azo(t)|?. Lemma 3.3 shows that the solution

Yo (z,t) = (ug(z, 1), va(z, 1), 22(z, t)) T
of problem (3.7)-(3.11) corresponding to 1, satisfies
2 (z, )% = [Vua(z, )II* + Joa(z, ) + [Vze(z, )P S 1, V7 <. (3.30)

Note that zo(x,7) = 0 for z € Q due to (3.10). Thus Azy(z,7) = 0. We now differenti-
ate equation (3.9) with respect to time ¢ and find that 2o is a solution of the following

problem
Of(x,1)

ot
zot(x,7) = —if(z,T). (3.32)

12910 + Dzoyp + tovzoy + 2opt + upzo = , t>T, (3.31)

Multiplying (3.31) by 2z, integrating over €2 and then taking the imaginary part of

the resulting equality, we obtain

of(x,t)_
f(aﬁ )zgtdx

d _
&”Z%HQ + 20|29 ||* = — 2Im/ ugzoZopdx + 21m/
Q Q

o Of (x,t)
Slluellllz2ll oo @y llz2e | + S llz2ell* + | =51 (3.33)
3 ot
From (3.9) we see
1Azl S llz2ell + llz2ll + lullza@yllz2ll o) + [ F@)II- (3.34)
Using Gagliardo-Nirenberg’s inequality, (3.30) and (3.34), we have
1 3 3
z2ll o () SlealltAzellt < (lz2ell + 1+ [[F)])*
3 3
Slzzell* + A+ 1 F ()3, VT <70 (3.35)
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It then follows from (3.33) and (3.35) that

el + 20zl el + (1 1F@D el + Sl + 1 2L 2
Sollzal? + (L4 £0DS + 122802
Thus
a0l + alleal? S 14 15O+ 128D vrcn (330

Using again Gronwall’s inequality to (3.36) and then using (3.32) yield

t
IO Shea(r)Pe + e“”“‘s)(HHf<s>H2+Haf(x’S)HQ)ds
t
ST @I+ [ e (1)1 + 1 2L P)as, vr <

Combining above estimate and (3.34) we see that there is a 7, = 71 (¢, D) such that

t
1801 S 1+ 17O + [ e+ 1L s, v <n, @)

since, by (2.33), lim ||f(7)|%’" = 0.
T——00
Secondly, we estimate ||Aus(t)]|? + ||[Voz(t)||?. Multiplying (3.8) with —Awvy and
then integrating the resulting equality over €2 yield

3 dt IIszH2 + (v = 0)[IVv2® + 8(v — 0)(uz, Ava) — pi(uz, Avp)

+ (Aug, Avy) = / —AvsRe(zz2)dz — (g, Avs). (3.38)
Q

Direct computations give

(ug, Avg) = —**HVU2H2 — 3| Vuz|?,
(AUQ,A'UQ) 2dt”AUQ||2+(5||AUQH2 (339)
(g, —Avg) = 5/ Auggdx — / Auzgdx+/ MAUgdx.

Inserting (3.39) into (3.38) yields

N

d
G190l + 18]+ (o = 50 = ) Vual +2 | Auagdo)
Q

+ (v = 8)[Vua|l? + 6] Ausl + 5( — (v — 8))|[Vus|| + 5/ Ausgda
Q

B _ dg(x,t)
—/QVUQV(Re(ZZQ))dCC+/Q 5 Auadz. (3.40)
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Set

Hy(t) = Voall? + (u — 6(v — 6)[Vuall? + | Aua? + / Ausgde,
Q

J3(t) :2/ VUQV(Re(zZQ))derQ/ 99(x,t) Augdz
Q Q ot

= (2v = 30)||Vve|* = 8| Auz||* — 5(p — (v — )| Vuz|*.

Then from (3.40) it follows that

dHj(t)
dt

+SH(t) = J5(t). (3.41)

By Hélder’s inequality, Sobolev’s embedding theorem and (3.28),

g /Q V0sV (Re(z22))da| SIV0ll (192112 zoe oy + 12l 2o | V221l 15 (0)

SIVuell|Azl S (2v = 38)|[Vee|® + | Az|?, Y7 <

Thus by (3.30), (3.37) and Cauchy’s inequality,

0 t
Tt) (2w = 30) [Vl + Azl +2 | e

— (20— 38)[[ Va2 — 5 Auzl — (1 — (v — 6)) [ Vs

Ausdx

8g:ct
S+ 280 e

8g(:c, t) ”2
ot

t [ e o 128 s, vran, G

SL+ Hf(t)||2+||

where 75 = min{7o(t, D), 71 (¢, D)}. Note that for z € Q we have (uz(x,7), v2(x, 7)) =
(0,0) due to (3.10). Thus Aug(z,7) = 0and ||Vua(z, 7)|| = ||Aua(z, 7)|| = |[|Vva(z, 7)| =
0. These gives the fact that

Hs (1) =|[Vva (2, T)|* + (1 = 6(v = 6))||Vuz (2, 7)||* + | Auz(z, 7) | + /Q Aug(z, 7)g(x, T)dz

=0.

Applying Gronwall’s inequality to (3.41), then using (3.42) and the fact that Hs(7) = 0,
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we obtain

t
Hs(t) <Hg(r)e 0¢=7) 4 / e 00=9) J5(s)ds

st [ (e + 1222 )as

-l-/Tte_é(t—s)</Tse_a(s—0)(”f( )H2+ I ( )H )d@)

¢ 0
ste [ eI (161 + 1282 P)as

— 00

v [ s ([ e+ 1252 as)as, vr<n .4)

From assumption (H) we see that the right-hand side of inequality (3.43) is a bounded

quantity which is independent of 7. Hence
8w l? + Vel S Halt)+ [Vua@)lF +| | Auagda] < Ha(®)+1+ 5 Al + o],
that is

[Auz||? + [ Vv2||* S Hs(t) + 1+ [lg(®)]1%, V7 < 7. (3.44)

We obtain (3.29) from (3.37) and (3.43)-(3.44). The proof of Lemma 3.4 is completed.
O

From Lemma 3.2 and Lemma 3.4 we see that the solutions operators of prob-
lem (3.2)-(3.6) and problem (3.7)-(3.11) generate in the space E continuous processes,
{S(t,7)}t>r and {T'(¢,7)}+>-, respectively, that is the process {U(¢,7)}i>- can be de-
composed as

U(t,7)=S(t,7)+T(t,T).

Moreover, Lemma 3.2 shows that {S(t,7)}:>r pullback decays exponentially in the

manner

ISt 7)o- % < - llE(1 + ||¢T||E) e, V1 <.

Lemma 3.4 indicates that {T'(¢,7)}+> is pullback strongly bounded in F;. Notice that
the embedding Ey < E is compact. Thus {T'(¢, 7) }+>- is pullback-Ds compact in E in
the sense that for each given t € R, each D = {D(s)|s € R} € Ds and any sequence
{Tn}n>1 in (—o0,t] such that 7, - —oo as n — oo, the sequence {T'(t, 7,,)1(7,)} with
any ¥ (1) € D(1,) possesses a convergent subsequence in F. Combining these analyses

and [8, Theorem 3.2], we obtain the following result.

Lemma 3.5. Let assumption (H) hold. Then the process {U(t,T)}>r is pullback-Ds
asymptotically compact in E.
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At this stage, we use the results of Lemma 2.2, Lemma 3.1, Lemma 3.5 and [8,

Theorem 3.1] to obtain the main results of this section.

Theorem 3.1. Let assumption (H) hold. Then the process {U(t,T)}i>r possesses a
pullback-Ds attractor ﬁpé = {Ap,(t)|t € R} in E satisfying

(a) Compactness: for everyt € R, Ap,(t) is a nonempty compact subset of E;
(b) Invariance: U(t,7)Ap, (1) = Aps(t), V1 <t;
(c) Pullback attraction: Ap,(t) is pullback-Ds attracting in the following sense,

lim Distp (U(t,7)D(7), Ap(t)) =0, ¥D = {D(s)|s € R} € Ds,t € R.

T——00

4 Invariant measure, Liouville type theorem and statisti-
cal solution

The goal of this section is to construct the statistical solution for the KGS equations.
To this end, we will first prove the existence of the family of invariant Borel probability
measures for the process {U(t,7)}1>r. Then we establish that this family of probability
measures satisfies a Liouville type theorem and is indeed a statistical solution for the
KGS equations.

We first prove that the solutions of problem (2.11)-(2.12) depend continuously on
the initial data. For any u,v € H((2), define

(uv U)N = M(% 'U) + (Vu, Vo),

where 1 is the positive constant from equation (1.1) and (-,-) is the inner product of
L?(€). Obviously, we have

IVull® < flullf, £ @+ wlIVul?, Yue Hy (),

which means that (-,-), is an inner product in H}(Q) and H, = (HZ(Q),(-,-),) is a
Hilbert space equivalent to Hg () with the usual inner product. Set

E, = H, x L*(Q) x H}(Q)
and equip it with the inner product and norm as

(¢7 W)Eu - (¢17S01)H + (¢27()02) + (v¢37v¢3)7 ¢ = (¢17¢27¢3)T7§0 - (QD179027S03)T S E;u
161, = (6,0)E,, ¢ = (b1,2,05)" € Ep.

Obviously, (E, (+,-)g,) is a Hilbert space equivalent to £/ with the usual inner product.
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Lemma 4.1. For any ¢ = (u,v,2)! € E,, there holds
Re(0, )5, = 9(|[ul2 + [v]®) + 2 lo]? + || V2] (4.1)
) E, = I 2 ;

where © is the operator defined by (2.9) and

_ Nz v
RN At (4.2)

4
Proof. Direct computations imply

0<?

Re (09, )5, = pdllull” + 8 Vul® + 85 — v)(u, v) + ol Vz|* + (v — §) o]

We now choose ¥ as in (4.2) and

uv

0<d=
< V2 +4pu

v
<7 (4.3)
Then 6 > ¢ and
v
Re(0v,v)g, — O(|[ul’ + [[v]*) — 5||v\|2 — o V2|
v
=(6 — 9)|lull? + (5 -0~ 9)|vl* +6(8 — v)(u,v)

v ov
>(6 —9)||ull? + (5 -0~ 9)|lv]|* — 7”“”#””” 2 0,

NG
since 52,2
v v
4(5—19)(5—(5—19)— p
This ends the proof. O

With the above coercivity of the operator © in E,, we can prove directly the

continuous dependence of the solutions of problem (2.11)-(2.12) on the initial data.
Lemma 4.2. Let vV (t) = M (2, 1) and v (t) = @) (x,t) be two solutions of problem
(2.11)-(2.12) corresponding to the initial data wﬁl) and wi”, respectively. Then

t
[ () — P )15, S 0 — pP|F exp { / (™M ()l + Hw@)(S)IIE)ds}.
(4.4)
Proof. Let
B (1) = p® (@, t; 7, 00)) = (u® (1), 00 (2, 1), 20 (2,1)) ", k=1,2,

be two solutions of problem (2.11)-(2.12) corresponding to the initial data 1/)9) and
ZDQ), respectively. Put

a(t) = u(z, t) = uM(z,t) — u®(z,1),
7(t) = v(z, t) = vV (z,t) — v (, 1),
Z(t) = Z(z,t) = 20 (2, 1) — 2 (1),
U(t) = (1) — @)



Then 1(t) satisfies

S0(0) + 03(1) = PO (1),6) - P (0,0, > (15)
U(r) = g = ) — . (4.6)

By Lemma 4.1,
Re(67,0)x, > 0(IT2 + [71P) + SI71P + al 22, vz (@7)

At the same time, direct computations imply
1PN (6),1) = F@P (1), 6)|,
=32|||zV)2 - |Z(2)’2H2 + [V (zMa® = 22,212
SN2 = 2@ P|[120] + 2O + V2O [u® - u®2 4+ [Vu® |20 - 2@
+ 12O Val = Va2 4 o P V0 - w222
Sl® = @5, (W OIE + 6P O)1), V=7, (4.8)

Taking the real part of the inner product (-,-)g, of equation (4.5) with (t) first and
then using (4.7)-(4.8), we obtain

d ~ - ~
LGB, +olv6)E, < I3, (16D e + 6P ()lp), Vs>r  (4.9)

where o0 = min{29,2a} > 0. Integrating (4.9) over [r, ] yields

~ ~ t ~
I, < v, +/ 1)1, (10D ()Nl + 1P ()l[5)ds, Vi>7.  (4.10)

Applying Gronwall’s inequality to (4.10) gives (4.4). The proof of Lemma 4.2 is com-
pleted. ]

Lemma 4.3. Let assumption (H) hold. Then for every v, € E and every t € R, the

E-valued function T — U(t, 7). is continuous and bounded on (—oo,t].

Proof. Let 1, = (U, v4,2:)T € E and t € R be given. For any s, € (—00,t] we next
prove that U(t, 7)), is continuous at 7 = s,. To this end, we shall establish that for

any € > 0 there exists some 7 = n(e) > 0, such that if » < ¢ with |r — s,| <7 then
(U (t, m)ps — U(t, s¢) || < €. (4.11)

We assume r < s, without loss of generality. Notice that the norm || - || g, is equivalent

to || - ||z Employing (4.4) and the continuity property of the process, we have

[U(t,r)bs — U(t, s )0 B
=[|U(t, 5:)U (85, )0 — U(t, 5:)U (r,7)s |

SV = UG fesp { [ (0@, 0ls+ U650 1)0). (1.12)
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Remember that (2.36) shows that U(-, 7)1, and U(-, s«)« belong to C([s«, t], F). Hence

t
[ (0060 + 100, 5.)0)00 < +x. (4.13)

So from (2.36) and (4.13) we conclude that the right hand side of (4.12) is as small as
needed if |r — s,| is small enough, that is (4.11) holds true. Therefore, the E-valued
function 7 — U(t, 7)1, is continuous on (—oo, t].

We next prove that the E,-valued function 7 —— U(t, 7)1, is bounded on (—o0, t].
In fact, for above 9, € E and t € R, we see from Lemma 2.1 that

: 2
dim (Ut 7).

t t ®
s [ G Pas e [ e [ etlgoPan’as

—00

Heet [ eGP’ + IR, te R, (414

— 00

The right-hand side of (4.14) is a bounded quantity which is independent of 7. From
this fact and the continuity of 7 — U(¢t, 7). on (—o0,t] we obtain the desired result.
The proof of Lemma 4.3 is completed. O

We next recall the definition of generalized Banach limit and a useful property.

Definition 4.1. ( [11,26]) A generalized Banach limit is any linear functional, which
we denote by LIM; o0, defined on the space of all bounded real-valued functions on
[0, 4+00) that satisfies

(1) LIM;—4o0h(t) = 0 for nonnegative functions h(-) on [0,400);

(2) LIMy—400h(t) = lim h(t) if the usual limit lim h(t) ezists.

t—+o00 t—+o00

Let B4 be the collection of all bounded real-valued functions on [0, +00). For any
generalized Banach limit LIM;_, |, the following useful property

ILIM,_, 4 ooh(t)] < limsup |h(t)], VA(-) € By, (4.15)

t—-+o0

is presented in [11, (1.38)] and in [9, (2.3)].

Remark 4.1. Notice that we consider the “pullback” asymptotic behavior and we re-
quire generalized limits as T — —oo. For a given real-valued function ¢ defined on

(—00,0] and a given Banach limit LIMp_, 4, we define
LIM;, —cop(t) = LIM;, 4 oop(—1). (4.16)

Combining Lemma 2.2, Theorem 3.1, Lemma 4.3 and [26, Theorem 3.1], we obtain

the following result.
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Theorem 4.1. Let assumption (H) hold. Let {U(t,7)}t>r be the process associated to
problem (2.11)-(2.12) and ﬁpa = {Ap,(t)|t € R} the pullback-Ds attractor obtained in
Theorem 8.1. Then for a given generalized Banach limit LIM;_, o and a continuous
map £ : R — E with £(-) € Ds, there exists a unique family of Borel probability
measures {m}ier in E such that the support of the measure my is contained in Ap,(t)
and

t

LIMTﬁ,mi / WU, 5)(s))ds

= [ wwpm() = [ ww)dmw) (4.17)
Ap, (1) E
:LIMHfOOt_lT / /E WU (L, $)E(s))dms(1)ds, (4.18)

for any real-valued continuous functional ¥ on E. Moreover, m; is invariant in the

sense that

/ () dmy (1) = / V(U 7)) dme (), ¢ > 7 (4.19)
Aps (1) Ap, ()

We next introduce the class T of test function associated to the definition of sta-
tistical solutions for equation (2.11). We write (2.11) as
dy

W Fw.. (4.20)

where F(¢,t) = —Ov + F(1,t). Then F(¢,t) : E x R — E* here E* is the dual
space of E. We expect that the function ® € T satisfies

d

7 2W®) = ("W (0), F(¥ (). 1)), (4.21)

for every global solution 1 (t) of equation (2.11), where (-, -) is the dual pairing between
E and E*.

Definition 4.2. (cf. [11, page 178, Definition 1.2]) We define the class T of test func-
tions to be the set of real-valued functionals ® = ®(¢) on E that are bounded on bounded
subset of E and satisfy

(a) for any i € E, the Frechét derivative ®' () exists: for each i) € E there exists
an element ®'(¢) such that

(¥ + ) — () — (P(¥), ¥)]
lellz

— 0 as ||¢llg — 0, ¢ € E;

(b) ®'(¢) € E for allyp € E, and the mapping 1 — ®'(¢) is continuous and bounded

as a function from E to F;
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(c) for every global solution ¥ (t) of equation (2.11), (4.21) holds true.

For example, we can consider the cylindrical test function defined on E. Let 1, @9
and 3 belong to E and « be a continuously differentiable real-valued function on R3
with compact support. For each ¢ € E, define ®(v)) via

(P(TZJ) = ’Y(<Tr[}7 901>’ <¢7 ¢2>7 <11Z)7 903>)7

where (1, ¢;) is the dual pairing between 1 € F C E* and ¢; € E. Then the func-
tion ®(-) is obviously continuous from F to R and in fact is differentiable in E, with
differential ®'(-) at ¢ € E given by

3
=30 ((W, 1), (¥, 02), (1, 03)) 05 (4.22)
7j=1

where 0 denotes the derivative of v with respect to its j-th coordinate. (4.22) shows
that ®(-) € E. Above analyses show that the cylindrical test functions of above form
satisfy Definition 4.2.

We now introduce the definition of statistical solution for equation (4.20) and prove

its existence.

Definition 4.3. A family {p;}tcr of Borel probability measures in E is said to be a
statistical solution in the phase space E (or simply a statistical solution) of equation
(4.20) if the following conditions are satisfied:

(a) the function t — / L(¢)dp(v) is continuous for every I' € C(E) (the collection
E

of continuous and bounded functions on E);

(b) for almostt € R, the function ) — (F(1(t),t), ¢) is pt-integrable for every ¢ € E.

Moreover, the map

t / ¢)dpe(v)

belongs to LL (R) for every ¢ € E;

(¢c) for any cylindrical test function ® € T, it follows that

[ ownw) - [ oo / P69, 80 (w)as,

for allt, T € R.

Theorem 4.2. Let assumption (H) hold. Then the family of Borel probability measures

{mi}ier obtained in Theorem 4.1 is a statistical solution of equation (4.20).
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Proof. We prove that the family of Borel probability measures {m;}cr satisfies condi-
tions (a), (b) and (c) of Definition 4.3 item by item.
Firstly, for any given t, € R, we establish that for every I € C(E) there holds

lim [ T()dmy(y) = / T(y)dme, (1). (4.23)

t—t* E E

In fact, from (4.17) and (4.19) we see for ¢ > ¢, that

E

/ D () dmy (1) — / D () dm, (1) = / (DUt £)) — D)) dmy, (). (4.24)
E Apg ()

Since U (t,t)y) — 1 strongly in F as t — t], I' € C(E) and Ap;(t.) is compact in FE,
(4.24) implies

iim [ Twdm(w) = [ T@)dm, ()

t—t5 JE E

Similarly,

fim | T(@)dmi() = [ T(@)dm. ().

t—t, JE

Thus (4.23) is proved.
Secondly, for every ¢ € R we have proved that m; is carried by ‘ADa (t) C E. Now
for every ¢ = (¢1, ¢2, ¢3)" € E we define for ¢ = (u,v,2)” € E that

V(@) = (F(¥,5),¢). (4.25)
Then ¥(-) : E — R. We next establish U(-) € C(E). Let 1, = (ux, Vs, 2+)] € E be
fixed and consider ¥ = (u,v,2)! € E with ||t —9||p < 1. Then
W () =T ()| = [(F (s, 8) = F (¢, 5), 6)| < [(O(hs =), o)+ (F(¥s,8) — F (1), 5), 9)|.
The term |(©(1x — 1), ¢)| can be bounded as
(s — 1), )] <[ (8(ts — u) = (v = v), d1) | + [((—iA + @) (24 — 2), 03)]
(=D = 0w = 8) + ) (ute — ) + (v — 8) (v — v), 6)|
Sl = ull + flow = vl {Ugall + ld2l) + [z« = zllll @3]l
+ IV = 2Vl + IV (ur — w)[[[| V2|
Slvw = ¢lellolle-

At the same time, note that £/ <— E* and the norm between F, and E is equivalent.
Hence, by (4.8) the term [(F'(¢x, s) — F(¢,s), ¢)| can be bounded as

[(F(¢s,5) = F (¢, 5), 9)| SIIF (Y, 8) = F (¥, 9)|| e l9lle S IF (¥, 5) — F(3, 9)l[ellllE
SIE W, 8) = F(, 8) |z, 02 S 19« = ¢llg, Clleslle + Do)z
Sl = Plle(l¥«llz + D¢l 2.
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Therefore, we have

V() = V(@) S llvox =l e(lvsllz + D] 2. (4.26)

Inequality (4.26) implies that the real-valued function W(-) defined by (4.25) is continu-
ous on E. From (4.17) and (4.25) we conclude that the function ¢ — (F(¢(¢),t), ¢) =
U(v) is mp-integrable for every ¢ € E. At the same time, we have proved in the

previous step that the function

0o [(Fwio.000dm() = [ ww)amw)

is continuous on R. Hence it belongs to Li (R) for every ¢ € E.
Thirdly, for any ® € 7, we have (4.21). Hence,

(y(t) — @(¥(1)) =/ (F((0),0), 2'(:(0)))do. (4.27)

Now for any s < 7, let ¢, € E and ¢(0) = U(0, s)1), for 6 > s. We use (4.27) to deduce

Q(U(t, s)s) — D(U(T, 5)1bx) =/ (F(U(0, 5)1bs,0), (U0, 5)1))db. (4.28)
By (4.21) and (4.28), we obtain after some calculations,

[ e@ham) - [ swam @)
E E
= peam) = [ ewm )
Apy (1)

Ap, ()
LM M / / Ut s),) — B(U (7, s),))dmy(th.)ds
iy [ [0 5000). 00050 a0, )

LMoo M / / / U0, 5)6n, 0), & (U(0, 5)tb.) ydma(15,)d0ds,  (4.20)

where we have used Fubini’s Theorem to swap the order of integration. Now by the
property of the process U(0,s) = U(0,7)U(t,s) and (4.19),

/E (FU O, 5, 0), B (U0, $).))dma (152)
- /E (FU O U (). 6), B (U (0, 7)U(r, 5)5.))dma 14)
- [E (FU0, )b, 0), ® (U0, 7)) dm, (15.),
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the right-hand side of which is independent to s. Therefore,

/ B (o) dmy () — / &()dm, (1)
A, (t

AD(g (T)

)
- / /E (FU 0, 7Y, 0), & (U(6, 7). ))dm, (16,6

- / /E (F(s), 5), B (1)) dmy(1)ds. (4.30)

The proof of Theorem 4.2 is completed. O

We point out that, if statistical equilibrium has been reached by the KGS system,
then the statistical informations do not change with time, that is ®'(¢)(¢)) = 0. In this
situation, (4.30) implies

/ () dmy () = / B(g)dm, (1), t>T, (4.31)
Apy (1) Ap, (7)

and (4.31) is exactly (4.19), which describes the invariant property of the statistical
solution under the action of the process {U(t,7)}¢>,. The invariant property of the
statistical solution indicates that the shape of the pullback attractor Ap,(7) could
change with the evolution of time from 7 to ¢, but the measures of Ap,(7) and Ap,(t)
coincide with each other. This is the result of Liouville Theorem from Statistical
Mechanics. Thus we say the statistical solution {m;}.cr of the KGS equations satisfies

a Liouville type theorem.

Corollary 4.1. The invariant property of the statistical solution {m;}ier of the KGS

equations is a particular situation of the Liouwville type theorem.

References

[1] M. Abounouh, O. Goubet, A. Hakin, Regulartity of the attractor for a couped
Klein-Gordon-Schrédinger system, Diff. Integ. Equations, 16(2003), 573-581.

[2] C. D. Aliprentis, K. C. Border, Infinite Dimensional Analysis, A Hithhiker’s
Guide, third editon, Springer-Verlag, 2006.

[3] P. Biler, Attractors for the system of Schrédinger and Klein-Gordon equations
with Yukawa coupling, SIAM J. Math. Anal., 21(1990), 1190-1212.

[4] A. Bronzi, C. F. Mondaini, R. Rosa, Trajectory statistical solutions for three-
dimensional Navier-Stokes-like systems, SIAM J. Math. Anal., 46(2014), 1893-
1921.

[5] A. Bronzi, R. Rosa, On the convergence of statistical solutions of the 3D Navier-
Stokes-a model as « vanishes, Discrete Cont. Dyn. Syst., 34(2014), 19-49.

[6] A. Bronzi, C. F. Mondaini, R. Rosa, Abstract framework for the theory of
statistical solutions, J. Differential Equations, 260(2016), 8428-8484.

28



[7] T. Caraballo, P. E. Kloeden, J. Real, Invariant measures and statistical solutions
of the globally modified Navier-Stokes equations, Discrete Cont. Dyn. Syst.-B,
10(2008), 761-781.

[8] T. Caraballo, A. N. Carvalho, J. A. Langa, F. Rivero, A non-autonomous strong-
ly damped wave equation: Existence and continuity of the pullback attractor,
Nonlinear Anal., 74(2011), 2272-2283.

[9] M. Chekroun, N. E. Glatt-Holtz, Invariant measures for dissipative dynamical
systems: Abstract results and applications, Comm. Math. Phys., 316(2012),
723-761.

[10] C. Foias, G. Prodi, Sur les solutions statistiques equations de Navier-Stokes,
Ann. Mat. Pura Appl., 111(1976), 307-330.

[11] C. Foias, O. Manley, R. Rosa, R. Temam, Navier-Stokes Equations and Tur-
bulence, Cambridge University Press, Cambridge, 2001.

[12] C. Foias, R. Rosa, R. Temam, A note on statistical solutions of the
three-dimensional Navier-Stokes equations: the stationary case, C. R. Math.,
348(2010), 235-240.

[13] C. Foias, R. Rosa, R. Temam, A note on statistical solutions of the three-
dimensional Navier-Stokes equations: the time-dependent case, C. R. Math.,
348(2010), 347-353.

[14] C. Foias, R. Rosa, R. Temam, Properties of time-dependent statistical solutions
of the three-dimensional Navier-Stokes equations, Annales de L’Institut Fourier,
63(2013), 2515-2573.

[15] C. Foias, R. Rosa, R. Temam, Convergence of time averages of weak solutions
of the three-dimensional Navier-Stokes equations, J. Stat. Phys., 160(2015), 519-
531.

[16] C. Foias, R. Rosa, R. Temam, Properties of stationary statistical solutions of
the three-dimensional Navier-Stokes equations, J. Dyn. Differential Equations,
31(2019), 1689-1741.

[17] B. Guo, Y. Li, Attractors for dissipative Klein-Gordon-Schrédinger equations
in R, J. Differential Equations, 136(1997), 356-377.

[18] P. E. Kloeden, P. Marin-Rubio, J. Real, Equivalence of invariant measures
and stationary statistical solutions for the autonomous globally modified Navier-
Stokes equations, Comm. Pure Appl. Anal., 8(2009), 785-802.

[19] H. Lange, B. Wang, Regularity of global attractor for the Klein-Gordon-
Schrodinger equations, Math. Meth. Appl. Sci., 22(1999), 535-1594.

[20] B. Levant, F. Ramos, E. S. Titi, On the statistical properties of the 3D incom-
pressible Navier-Stokes-Voigt model, Comm. Math. Sci., 8(2010), 277-293.

[21] Y. Li, B. Guo, Asymptotic smoothing effect for weakly dissipative Klein-
Gordon-Schrodinger equations, J. Math. Anal. Appl., 282(2003), 256-265.

[22] X. Li, W. Shen, C. Sun, Invariant measures for complex-valued dissipative

29



dynamical systems and applications, Discrete Cont. Dyn. Syst.-B, 22(2017),
2427-2446.

[23] K. Lu, B. Wang, Global attractor for the dissipative Klein-Gordon-Schrodinger
equations in unbounded domains, J. Differential Equations, 170(2001), 281-316.

[24] G. Lukaszewicz, Pullback attractors and statistical solutions for 2-D Navier-
Stokes equations, Discrete Cont. Dyn. Syst.-B, 9(2008), 643-659.

[25] G. Lukaszewicz, J. Real, J. C. Robinson, Invariant measures for dissipative
dynamical systems and generalised Banach limits, J. Dyn. Differential Equations,
23(2011), 225-250.

[26] G. Lukaszewicz, J. C. Robinson, Invariant measures for non-autonomous dissi-
pative dynamical systems, Discrete Cont. Dyn. Syst., 34(2014), 4211-4222.

[27] Claudia B. Gentile Moussa, Invariant measures for multivalued semigroups, J.
Math. Anal. Appl., 455(2017), 1234-1248.

[28] M. I. Vishik, A. V. Fursikov, Translationally homogeneous statistical solutions
and individual solutions with infinite energy of a system of Navier-Stokes equa-
tions, Siberian Mathematical Journal, 19(1978), 710-729.

[29] B. Wang, H. Lange, Attractors for the Klein-Gordon-Schrédinger equations, J.
Math. Phys., 40(1999), 2445-2457.

[30] X. Wang, Upper-semicontinuity of stationary statistical properties of dissipa-
tive systems, Discrete Cont. Dyn. Syst., 23(2009), 521-540.

[31] C. Zhao, L. Yang, Pullback attractor and invariant measure for the globally
modified Navier-Stokes equations, Comm. Math. Sci., 15(2017), 1565-1580.

[32] C. Zhao, T. Caraballo, Asymptotic regularity of trajectory attractor and tra-
jectory statistical solution for the 3D globally modified Navier-Stokes equations,
J. Differential Equations, 266(2019), 7205-7229.

[33] C. Zhao, Y. Li, T. Caraballo, Trajectory statistical solutions and Liouville type
equations for evolution equations: Abstract results and applications, J. Differen-
tial Equations, 269(2020), 467-494.

[34] C. Zhao, Z. Song, T. Caraballo, Strong trajectory statistical solutions and Liou-
ville type equations for dissipative Euler equations, Appl. Math. Lett., 99(2020),
105981.

[35] C. Zhao, Y. Li, Z. Song, Trajectory statistical solutions for the 3D Navier-
Stokes equations: the trajectory attractor approach, Nonlinear Anal.-RWA, 53
(2020) 103077

[36] C. Zhao, H. Jiang, T. Caraballo, Trajectory statistical solutions and Liouville
type theorem for nonlinear wave equations with polynomial growth, Adv. Differ-
ential Equations, Accepted for publication.

[37] Z. Zhu, C. Zhao, Pullback attractor and invariant measures for the three-
dimensional regularized MHD equations, Discrete Cont. Dyn. Syst., 38(2018),
1461-1477.

30



