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ABsTrRACT. We show the existence of an exponential attractor for non-autonomous
dynamical system with bounded delay. We considered the case of strong dis-
sipativity then prove that the result remains for the weak dissipativity. We
conclude then the existence of the global attractor and ensure the bounded-
ness of its fractal dimension.

1. Introduction. The theory of attractors for retarded dynamical systems was
developed in the global sense by Hale [11]. Then, the notion of pullback attractor
was introduced to generalize the autonomous case to the general non autonomous
framework and, recently, the theory of exponential attractors was introduced for
evolution processes considering their robustness under perturbation. However, the
existence of an exponential attractor implies the existence of the global attractor,
which means that one way of proving the existence of the global attractor is to
find an exponential attractor which also means that its fractal dimension is finite.
Technical theorems were established in [5, 4] to prove the existence of attractors for
asymptotically compact evolution processes. The existence of pullback attractors
for differential equation with one variable delay was studied in [2]. Then Caraballo
et al. [1] proved a more general result for the existence of pullback attractors for au-
tonomous and non-autonomous retarded systems with one varying and distributed
delay, where the variable delay was differentiable and its derivative is bounded by 1.
In paper [16] the authors improve that result by showing the existence of exponential
attractors for differential an equation with one varying delay which, in particular,
means the existence of a pullback attractor with bounded fractal dimension. With
the analysis we carry out in our current paper, in particular we extend the previous
results obtained for variable delay to a much wider class of delay differential equa-
tions (which, in particular, includes the cases of variable and distributed delay).
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The main feature for our research is to impose a Lipschitz-like integral condition on
the term containing the delays.
Consider the following delay differential equation
l‘l(t) = f(taxt)v Ty € C7

{ rs =u, ué€C, (1)
where f : R x C — R" is continuous and maps bounded sets into bounded sets,
where C = C([—h,0],R™) denotes the Banach space of continuous functions with
the sup-norm, which is the usual space when we deal with delay equations, and for
a given continuous function z(-) : R — R™ and ¢t € R, we denote by () an element
in C given by

z(0) = z(t + 0), 6 € [—h,0]
When z(-) is a solution of (1), then z(+) is said to be the solution segment at time
t. It is known that for any (s,u) € R x C, there exists a solution x(t,s,u) for (1)
defined on [s — h,a,,,). We assume that a,, = 400 , for all s € R since we are
interested in the long-time behavior of solutions.

Remark 1.1. Uniqueness holds straightforwardly if, for instance f is locally Lips-
chitz with respect to its second variable, see [11] for more details.

If f is such that uniqueness of solution holds, then we define the associated
evolution process by:

U(t,s)u=x(, s,u), vVt >seR ueCl,

where z(-, s,u) denotes the solution of (1).

The article is organized as follows. In Section 2 we recall main definitions and
notations for the theory of non-autonomous dynamical systems that will be needed.
Next, in Section 3, we state two main results for the existence of exponential attrac-
tors when the absorbing set is uniform and when it is time-dependent. Our main
result is proved in Section 4 where we develop an abstract concept for the existence
of an exponential attractor for a class of differential equation with finite delay and,
finally in Section 5, we prove first the existence of an exponential attractor when the
dependence in time is uniform, and then prove that the result remains true when
the dissipativity is time dependent.

2. Preliminaries. We recall some basic notions from the theory of dynamical sys-
tems that will be needed in the subsequent sections.

Definition 2.1. A two-parameter family {U(¢,s)| t,s € R, t > s} of continuous
operators from C into itself is called an evolution process in C if it satisfies the
following properties

(i) U(t,s)oU(s,r) =Ult,r), t>s>r,

(i) Ut,t)=1Id, teR,

(iii) U(t,s): C — C is a continuous map for all ¢ > s.

As we look for attracting sets, we introduce first the Hausdorff semi-distance
between subsets A and B in a metric space (X, d) as
dist(A, B) = sup inf d(a,b
(4. B) = sup jnf d(a.b)
Definition 2.2. Let U be a process on a complete metric space X. A family of
compact sets {A(t) }1er is said to be the global pullback attractor for U if it satisfies
the following properties:
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(i) It is invariant: U(¢,s)A(s) = A(t) for all ¢ > s.
(ii) It is pullback attracting i.e

lim dist(U(t,t —s)D, A(t)) =0, for all bounded subsetsD of X

§—00

(iii) It is minimal, that is, for any closed attracting set Y at time ¢, we have
Alt) CY.

We recall now the definition of an absorbing set which is crucial when we deal
with global and exponential attractors.

Definition 2.3. {B(t)}.cr is said to be absorbing with respect to the process U
if, for all ¢ € R and all D C X bounded, there exists Tp(t) > 0 such that for all
T Z TD(t)

U(t,t —7)D C B(t).
Theorem 2.4. Suppose that U(t, s) maps bounded sets into bounded sets and there

exists a family {B(t)}er of bounded absorbing sets for U. Then there exists a
pullback attractor for problem (1).

Proof. See [2]. O

Definition 2.5. Let U(t,s),t > s, be an evolution process in X. The family of
non-empty compact subsets M = {M(t)|t € R} is called a pullback exponential
attractor for the evolution process U if

e M is positively invariant, i.e.
U(t,s)M(s) € M(¥) Yt > s,
e the fractal dimension of the sections M(t),t € R, is uniformly bounded,

jlelng{dimf(/\/l(t))} < 00,

e and M exponentially pullback attracts all bounded sets, i.e. there exists a
constant w > 0 such that for every bounded subset D C X and every t € R

lim e**disty (U(t,t — s)D, M(t)) = 0.

S§—00
Where the fractal dimension of a precompact subset A C X is defined as
In(NX(A
dim (4) = lim BV ()
e—0 ]n(g)

such that NX(A) denotes the minimal number of e-balls in X with centers in A
needed to cover A.

3. General existence Theorems. For the reader convenience, we will include
now some results which are crucial for our analysis and we have already been pub-
lished, e.g., in [16].
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3.1. Strongly bounded evolution processes. We first recall an existence theo-
rem for evolution process that are strongly bounded.

Theorem 3.1. Let U(t,s),t > s, be an evolution process in a Banach space W.
Moreover, we assume that the following properties are satisfied for some ty € R:

(Ao) Let V' be another Banach space such that the embedding V- —— W is dense
and compact.

(A1) There exists a bounded set B C W that pullback absorbs all bounded sets at
times t < tg, i.e. for every bounded set D C W there exists Tp > 0 such that

UJutt-s9)pcB  vs>Tp.
t<to
(A2) The evolution process U(t,s),t > s, satisfies the smoothing property in B, i.e.
there exist positive constants t > 0 and k such that

Ut —t)u—Ut,t —t)v|lv < &llu—v|w Yu,v € B,t <.
(As) The evolution process U(t,s),t > s, is Lipschitz continuous in B, i.e. for all
t <ty,t—t<s <t there exists Ly o > 0 such that
U, s)u —U(t, s)v|lw < Ly s||lu—vl|w Yu,v € B.
1

Then, for every v € (0,3) there exists a pullback exponential attractor MY in
W, and its fractal dimension is bounded by

dim}} (M (1)) < log 1 (NgV(Blv (o))) vt € R.
Proof. See Theorem 3.4 and Remark 3 in [4]. O

Corollary 3.2. Let U(t,s),t > s, be an evolution process in a Banach space
W. If the hypotheses (Ag), (A1) and (A2) are satisfied, then the evolution pro-
cess U(t,s),t > s, possesses a global pullback attractor, and its fractal dimension is
bounded by

dim¥ (A(t)) < dnf { log + (N?’(BY (0)))} vt e R.
Proof. See Theorem 3.4 in [4] and the proof of Theorem 3.1 in [5]. O
3.2. Time-dependent families of pullback absorbing sets. In this section
the fixed bounded pullback absorbing set B is replaced by a time-dependent family

of absorbing sets B = {B(t)}ier with certain properties. The following result
generalizes Theorem 3.1.

Theorem 3.3. Let U(t, s),t > s, be an evolution process in a Banach space W and
(Ao) be satisfied. Moreover, we assume that the following properties hold for some
to € R:

(A1) There exists a family of bounded pullback absorbing sets B = {B(t)}ser in W,
i.e. for every bounded set D C W and t < tg, there exists Tp+ > 0 such that

U(s,s —r)D C B(s) Vr>Tpy, s <t.
Moreover, there exists t > 0 such that

U(t,t—t)B(t—t) C B(t)  Vt<ty,
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and the diameter of the family of absorbing sets B = {B(t) }+er grows at most
sub-exponentially in the past, i.e.

lim diam(B(t))e” =0  Vy > 0.
t——o0
(Zg) The evolution process U(t,s),t > s, satisfies the smoothing property in B, i.e.
there exist a positive constant k such that
U@t —tu—Ut,t —tw|v < kllu—vl|lw  VYu,v € Bt —1),t<to.

(113) The evolution process U(t,s),t > s, is Lipschitz continuous in B, i.e. for all
teR, t <s<t+t, there exists Ly > 0 such that

|U(s,t)u — U(s, t)v|lw < Lsl|u — v||lw Yu,v € B(t).

Then, for every v € (0, %) there exists a pullback exponential attractor MY in W,
and its fractal dimension is bounded by

dim!f (M (1)) < log & (NgV(BlV (0))) Vvt e R.
Proof. This is a particular case of Theorem 3.4 in [4] O

Corollary 3.4. Let U(t,s),t > s, be an evolution process in a Banach space

W. If the hypotheses (Ag), (A1) and (A3) are satisfied, then the evolution pro-
cess U(t,s),t > s, possesses a global pullback attractor, and its fractal dimension is
bounded by

dim!Y (A(t)) < dnt, { log 1 (NgV(Blv (0)))} vt € R.

Proof. See Theorem 3.4 in [4] and the proof of Theorem 3.1 in [5]. O

4. Strong dissipativity. Consider the delay differential equation in the general

framework
x/(t) = f(t,xt), t> S,
Ts = U, u € C,

(2)

Assume that f(-,:) : R x C — R" satisfies the following conditions
e i) A Global Lipschitz condition

|f(taw1) _f(tan)‘ SLwal _1/)2HCa V¢1’¢2 EC (3)
e ii) For all u,v € C°([r — h,t];R"™),

30, >0 / F(,15) — F(s,05)|ds < Ci /_h lu(s) — v(s)|ds, )

e iii) A dissipative condition:
The function f : R x C — R™ in (1) is strongly dissipative, i.e., there exists
positive constants « and 3 such that

(f(t:6),6(0)) < —alé(O) +8 V¢ € ®(h)C, (5)
where (-, -) denotes the scalar product in R and
O (h)C ={p €Clp=U(s+ h,s)y for some s € R,¢p € C}

is the set of functions in C that are realisable as solutions after time h.
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Theorem 4.1. Let U(t,s),t > s, be the evolution process generated by problem (2).
We assume that hypotheses (3), (4) and (5) are satisfied.

Then, there exists a pullback exponential attractor for U(t,s),t > s, in C. More-
over, the global pullback attractor exists, it is contained in the pullback exponential
attractor, and its fractal dimension is finite.

Proof. We verify the hypotheses of Theorem 3.3 for the spaces W = C and V = C'.
Certainly, (Ap) is satisfied due to the compact embedding C! << C.

(i) Existence of a family of pullback absorbing sets:
We proved in [16] the existence of a family of bounded absorbing set when the delay
was time varying, following the same computation we obtain the same result under
condition (5).

(ii) Smoothing property (AVQ)Z Let s € R, u,v € B(s) and x(t,u,s) and
y(t,u,s), t > s, denote the corresponding solutions of (2). In order to shorten
notations, in the sequel we write x(t) = x(t,u, s) and y(t) = y(t,v,s),t > s. For
the difference of x and y we obtain

NU(s+ h,s)u—U(s+ h,s)vlcr = ||[z(s+h+-)—y(s+h+)|c
=|z(s+h+)—y(ls+h+)|c+]z'(s+h+)—y(s+h+")c-
Using (4) we have:

o6) = y(®)] <Ju vl + [ 1£(r2) = f(roye)lar
<llu=vle+Ch [ latr) = ylrlar

<llu=vle+Ch [ latr) ~ynldr + o [ latr) = yirlar
=(1+ hCh)||u —vlc-

Hence Gronwall’s Lemma implies

|(t) = y ()] <(1+ hCh) exp Cn(t = s)l[u = vflc. (6)
Let now 6 € [—h,0] and t = s + h + 6, then using (6)
lx(s+h+0)—y(s+h+0) < (14 hCh)expCh(h+0)||u—2ec. (7)
After taking the supremum over 6 € [—h, 0]
[z(s+h+.)—y(s+h+.)lc <1+ hCh)expCrhllu—vlc. (8)

On the other hand, we observe that
|2’ (s +h+0) —y'(s+h+0)
S|f(s+h+0,250n10) — f(s+h+0,ysinio)l
< Lylz(s +h+0) —yis+ h+0)]
< Lillz(s+h+-)—y(s+h+)|ec
< Ly (1 + hCh) exp Cphllu — vllc,

where we used (8) in the last estimate. Now taking the supremum over ¢ € [—h, 0],
it follows that

l2'(s + A+ ) =y (s + h+)lle < Ly(1 + hCh) exp hChllu — vl 9)
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Finally, summing up inequalities (8) and (9) we obtain
WU (s + h,s)u—U(s+ h,s)v|c
= llo(s + ) = (s + A+ s
< (14 Ls)(1+ hCh)exp hChllu —vl|c
= kllu—vlle,

which proves the smoothing property for £ = h.

(iii) Lipschitz continuity (As): Using (6)
U, s)u—U(t,s)v|c <(1+ hCh)exp Cp(t — s)||u —vlc. vt > s,
which proves (As).

(iv) Existence of the pullback exponential attractor: The existence of a
family of bounded absorbing sets and the smoothing property was proved in (i).

The Lipschitz continuity (113) was shown in (ii). Consequently, all assumptions
of Theorem 3.3 are fulfilled, which implies the existence of a pullback exponential
attractor. O

4.1. Application: (i)Differential Equation With One Variable Delay.
Consider a delay differential equation where
ftx) = F(z(t - p(t))), (10)
with F : RN — RV a function such that there exists Ly > 0 for which
e I is Globally lipschitz in time

‘F(x)_F(y)lRN SLF|$—y|]RN,V{E,y€RN7 (11)

and p € C'(R, [0, h]) such that sup,cp = p* < 1.
e The function F is dissipative in a similar sense to (5), so that there exists
some ag > 0 and Sy > 0 such that

(F(2),z) < —ad|z]* + Bo (12)

Remark 4.2. In this case we assumed in a more general way that f(t,¢) =
F(p(—p(t))) for all ¢p € C,t € R. The existence of pullback exponential attrac-
tor was proved in [16] by direct computation.

Lr

Here we ensure that, in this case, condition (4) holds true by setting Cj, = =5

Indeed

/ (s, a) — F(50)|ds < / F(a(s — p(s))) — F(y(s — p(s)))lds

<Ly / l2(s — p(s)) — y(s — p(s)lds
Lr

t—p(t)
[ et = gl

I i)

Lp /t
< z(u) — y(u)|du.
[ et =y
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Hence all conditions of Theorem 4.1 are fulfilled and the existence of exponential
attractor under these general conditions holds straightforwardly.

Next we prove that Theorem 4.1 can be applied even for equations containing not
only variable delay but also distributed delay like the following integro—differential
equation with finite delay.

(ii)Integro differential equation:

To simplify the computations we will consider only the term containing the dis-
tributed delay, the rest was already done in the previous example. We consider the
integro—differential equation introduced below.

0
z'(t) = Fo(t,z(t)) + Fi(t, z(t — p(t))) + /_h b(t, s, z(t + s))ds (13)

where the functions Fy, F}, and b are uniformly Lipschitz, i.e., there exist positive
constants Lg, Ly and L; such that

(H1)
[Fo(t,z) — Fo(t,y)| < Lolz —y| Vz,y eR", VteR
[Fi(t, z) — Fi(t y)| < Lafz — y| Ve,y e R", VteR
[b(t, s,x) — b(t, s,y)| < Lplx — g Yo,y € R",V (t,s) € R x [-h,0].

We suppose that Fj is strongly dissipative, i.e. there exists «, 8 > 0 such that

(z, Fo(2)) < —alz]® + B. (14)
Fy and b are sublinear
|Fy(t, @) < kT + K3l (15)
and
[b(t,s,x)| < mo+ my(s)|z|. (16)

We prove that this case fulfils also condition (4). Indeed

/ U f(se) — Flsp)lds < / t / Oh b, 2w+ 5)) — b(u, y(u + 5)) duds
<Lb/:/_0hx<u+s>—y<u+s>|duds
ng/O /tm<u+s>—y<u+s>|dsdu

/ /T+S y(r)|drdu
/ /T . y(r)|drdu

< Lbh/ y(s)|ds.
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The previous two examples prove how the assumptions of our main theorem hold
for equations with variable delay and also with distributed delay.

5. Weak dissipativity. The function f : R x C — R™ in (1) is now assumed to
be weakly dissipative, i.e., there exists a positive constant « and two continuous
function mq,ms : R — (0, 00) such that

(f(t,0),6(0) < (—a+mi(1)[¢(0)* +ma(t) Vo€ D(R)C,t € R. (17)

We consider now a more general case when the Lipschitz condition and the integral
Lipschitz condition are time dependent, i.e there exists two non-negative continuous
functions mq(-) and ~(+),

[f(t,0) = FG ) <ma@)l¢ —¢lle  VieR, 9,9 €C. (18)

¢ ¢

[ e = splas < [ (s)lats) - yls)as. (19)

where mo(-) is non-decreasing and mq (-), ma(+) satisfy the integrability conditions
¢ ¢

/ mi(s)ds < oo, / e**ma(s)ds < oo Ve >0, teR. (20)

Theorem 5.1. Let U(t, s),t > s, be the evolution process generated by problem (1).
We assume that hypotheses (18), (17) and (19) are satisfied.

Then, there exists a pullback exponential attractor for U(t,s),t > s, in C. More-
over, the global pullback attractor exists, it is contained in the pullback exponential
attractor, and its fractal dimension is finite.

Proof. Smoothing Property: Let s € R, u,v € B(s) and z(t;u, s) and y(t; u, s),
t > s, denote the corresponding solutions of (1). In order to shorten notations, in
the sequel we write z(t) = x(t;u, s) and zy(t) = y(t;v,s),t > s. For the difference
of x and y we obtain

[U(s+ h,s)u—=U(s + h,s)vller = [[#(s + h+ ) —y(s + h+)]er
=lz(s+h+-)—y(s+h+)|c+z'(s+h+)—y'(s+h+")|c.
First part: Integrating the equation (1) from s to ¢t we obtain

() — y(1)|
<Jlu—vllc + / \f(ry2r) — f(r, ) |dr

<u=vle+ [ +()la(r) —y(r)lar
<lu=vle+ [ Alatr) ~u(rldr + [ 2(@lal) - r)dr
<+ [ a@an)lu=vle+ [ A@atr) - uiolar

—h

Now Gronwall’s Lemma implies that:

o) =90l < Ju=vlle(1+ [ a@yryes [aman @
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Let now 6 € [—h,0] and t = s+ h + 0. If we replace ¢ in (21) and take the
supremum over § € [—h, 0], we obtain:

[21(s +h+-) —22(s + h+ )]l < [lu—wvlle(1+T(s)) expI'(s), (22)

where

Second part: We observe that:

|l2'(s+h+0)—y (s+h+0)|

|f(s+h+0,251nv0) — f(s+h+0,Yysinra)l
mi(s+h+0)|z(s+h+60+-)—y(s+h+0+-)|c
mi(s+h+0)||lu—0v]c(l+T(s+0))expl(s+0)
mi(s+h+0)||lu—ov]c(l+T(s))expI'(s)

My (s)[lu = vlle(1 +T(s)) expI(s),

VAN VAN VANRR VAN VAN

where
M(s) = sup {ml(T) i T € (—00,5+ h]}
Taking the supremum over 6 € [—h, 0],

[ (s +h+ ) = 25(s + h+)lle < Mi(s)[lu—vlle(1+T(s))expT(s).  (23)
Summing up the inequalities (22) and (23),

WU(s+ h,s)u—U(s+ h,s)v|c: (24)
=lz1(s+h+:)—x2(s+h+)|e (25)
< llu=vlle(1+T(s)) expL(s)(1+ M(s)) (26)
= £(s)llu = vllc. (27)

(i) Lipschitz continuity: Using (21), the Lipschitz continuity holds obviously.
Existence of Exponential Pullback attractor Let r € R be arbitrary. We
observe that the function in the smoothing property in part (ii) satisfies x(s) <
k(r) for all s < r. Hence, hypothesis (A,) is satisfied with # = h and xk = r(r).
The Lipschitz continuity (A3) was shown in (i), and the existence of a family of
pullback absorbing sets satisfying (gl) was already proved in [16]. Consequently, all

assumptions of Theorem 3.3 are fulfilled, which implies the existence of a pullback
exponential attractor. O

5.1. Application: Consider the case where

f(t,0) = Fo(¢(0)) + Fi(¢(=p(t)))-

In other words

[t ) = Fo(x(t)) + Fi(a(t — p(t)) (28)
The delay function p is continuously differentiable and satisfies
pPt)<p"<1 VteR, (29)

for some constant p* < 1. We suppose that Fy : R — R™ in (28) is uniformly
Lipschitz i.e., there exists L > 0 such that

|Fo(z) — Fo(y)| < Llz —y[  Vo,y € R™. (30)
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The function Fy : R® — R™ in (28) is dissipative, i.e., there exists some positive
constants a > 0 and 8 > 0 such that
(Fo(z),x) < —alz|*+ B  Vz eR™ (31)
We suppose that Fy : R"™ — R" is defined by
m(t)z

PO =

(32)

where the function m(-) : R — R, satisfies fioo e“*m(s)ds < oo, for all t € R and
e > 0.

This example is within our framework and satisfies all the assumptions of Theo-
rem 5.1. Indeed

1. The weak dissipativity is satisfied as follows

(£(6,0),6(0)

= (Fo(6(0)), 90)) + (F1(6(—p(1)), 60)

< —aloWO)P + 5 + 51y OP(0),600)
cE o

< (ot gm)IGO)P + gm(t) + 5

< (catmO)ISO) + ma)

2. The Lipschitz condition is also fulfilled thanks to the mean value theorem:

< ~alg(O)F + 8 + 5mlt)(

< [Fo(6(0)) — Fo($(0))] + |Fi(é(—p(1))) — Fi((—p(t))]
0 iy

< Lol =0+ g o B A o))

< Llig— dle +n-m@)é - vlle

< (L+n-m(®)]é - vle.

3. The integral Lipschitz condition is also fulfilled, hence for all z,y € R™ and
7 < t we have

[¢(=p(t)) — P (=p(t))]

[ 15,2 = fGs.plds

< / Fo(x(s)) — Folu(s))lds + / IFy(s,2(5 — p(s))) — F(s,5(s — p(s)))lds
< [ Lla(s) ~y(o)lds + [ nem(s)lals ~ pls) ~ ols — pls))lds

<L[ el =uo)] [ nemslats = o) = (s = ()l
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Now using the change of variable n(s) = s — p(s)

/ F(s,2) — F(5,s)ds

t—p(t)

< L/_h |z(s) —y(s)\ds+/_ . 1_1p*”'m(n_1(s))|x(s) ~y(s)\ds

<[ @ nemlr @)l - ylo)lds.

—h
Here
¥(s) = L+n-m(n~'(s)),¥s € R.

Remark 5.2. We can see that using the same computation of the previous example
we conclude that the previous result remains true in a general case where

f(t, @) = Fo(z(t)) + Fu(t, z(t — p(t))

such that (30), (31) are satisfied and Fj is locally Lipschitz in time i.e there exists
a positive function m : R — (0, 00) such that

(1]
2]
(3]
(4]

(5]

16
17
g
9

[10]

[11]

[12

[13]

[14]

[15]

[16]

|Fi(t,z) — Fi(t,y)] < m(t)|z —y t eR, z,y € R™
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