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ABSTRACT. In this paper, we consider fractional nonclassical diffusion equa-
tions under two forms: initial value problem and terminal value problem. For
an initial value problem, we study local existence, uniqueness, and continuous
dependence of the mild solution. We also present a result on unique continua-
tion and a blow-up alternative for mild solutions of fractional pseudo-parabolic
equations. For the terminal value problem, we show the well-posedness of our
problem in the case 0 < o« < 1 and show the ill-posedness in the sense of
Hadamard in the case o > 1. Then, under the a priori assumption on the
exact solution belonging to a Gevrey space, we propose the Fourier trun-
cation method for stabilizing the ill-posed problem. A stability estimate of
logarithmic-type in L9 norm is first established.

1. INTRODUCTION

In this paper, we consider the following nonlinear nonclassical diffusion equation
called pseudo-parabolic equation):
lled d boli ti

(1) { w — kAug + (—A)*u = G(u) in (0,7] x Q,

u(t,z) = 0 on (0,T] x 09,
where k > 0, and @ C R (d > 1) is a bounded domain with smooth boundary
09}, the operator (—A)® is the fractional Laplacian with « € (0,1) U (1, 00). Let us
divide the nonclassical diffusion equation into two different problems as follows:

e [nitial value problem: This problem counsists of finding u(z,t) for 0 < ¢t < T
from the initial state

(2) u(z,0) = u’(z), © € Q.

o Terminal value problem: This problem is related to recovering u(x,t) for
0 <t < T from the terminal value data (or final state)

(3) u(z,T) = ur(x), v € Q.
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Nonclassical diffusion equations (or pseudo-parabolic equations) are character-
ized by the occurrence of a time derivative appearing in the highest order term,
which describes various important physical processes. It can be regarded as a
Sobolev-type equation or a Sobolev-Galpern-type equation. Pseudo-parabolic equa-
tions have many applications in science and technology, especially in physical phe-
nomena such as seepage of homogeneous fluids through a fissured rock, aggregation
of populations, etc.; see, e.g., [7] and its references. If o = 1, then the fractional
operator (—A)® becomes the standard Laplace operator. In this special case, the
nonclassical diffusion equation has been studied in [2JAH8[TT1T4l[T9-2T] with various
directions and motivations. Until now, the results on fractional pseudo-parabolic
equations are limited and can be mentioned in just a few papers, for example,
[722128,[29]. Since the fractional operator (—A)® appearing in the main equation
is nonlocal and can be regarded as the infinitesimal generator of Levy stable diffu-
sion processes, many scientists believed that it described some physical phenomena
more exactly than integral differential equations. As in [7], equation (I is of the
regularity-gain-type for o > 1, and of the regularity-loss-type for 0 < o < 1. Our
new results and main contributions in this paper are described as follows:

e For the initial value problem ([I))-@]), our main goal is the study of existence,
uniqueness, continuous dependence, unique continuation of solutions, and
a blow-up alternative under critical nonlinearity of source function G. As
we know, nonlinear PDEs with critical nonlinearities are an interesting
topic. This is mentioned in [3,[I5] and the references therein. Studying
the initial value problem for [I)-(2)) in the critical case is also a challenging
problem. We note that the work on global existence, blow-up criterion, and
continuation of solutions for PDEs has recently attracted many authors,
for example, T. Issa and W. Chen [I6HIS], T. Caraballo et al. [19], A. N.
Carvalho et al. [I5l[26], B. de Andrade et al. [23H25] and the references
therein.

e For the terminal value problem for pseudo-parabolic equation ([)-(@3), to
the best of our knowledge, there are not any results about it. Our work is
the first study in this direction which is divided into various cases. Under
the case 0 < a < 1, we state well-posedness of the terminal value problem.
However, the property of the solution in the case a > 1 is very different from
one in the case 0 < a < 1. The well-posedness of problems (I)- @) with o >
1 is not guaranteed because of the ill-posedness of the backward problem
in the sense of Hadamard [I3]. An “ill-posed problem” (not well-posed
problem) is a problem that either has no solutions in the desired class, or
has many (two or more) solutions, or the solution procedure is unstable (i.e.,
arbitrarily small errors in the measurement data may lead to indefinitely
large errors in the solutions). Our main goal in this paper is to provide some
regularized solutions that are called regularized solutions for approximating
u(x,t),0 < t < T. In this paper, we do not investigate the existence and
uniqueness of the solution of the backward problem (I)-(3) with o > 1. It
is also a challenging and open problem, and should be the topic for another
paper. In this paper, we assume that the backward problem ([I)-(B) has a
unique solution u (called a sought solution) that belongs to an appropriate
space. So our main purpose in this case is to consider a regularized problem
for finding an approximate solution. Furthermore, error estimates with
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the speed of convergence between the regularized solution and the sought
solution under some a priori assumptions on the sought solution are also
our primary purpose.
e This is a first study for the backward problem for PDEs when the noisy
data p. € LP(Q) for 1 < p < 2. Since LP(Q) — L*(), we know that if
. € LP(Q) for p > 2, then it belongs to L?(Q2). So, the analysis for the
noisy data belongs to LP(Q) for p > 2 is trivial and similar to the L?(Q)
setting. However, in some physical practice, in oder to approximate up, we
only obtain the noisy data ¢, which only belongs to class LP(2) for p < 2.
This means that we only get the noisy level e which is the upper bound of the
error ||pe — ur|| (o). Section 3 is the first result for a regularized solution
and the convergence analysis in LP norms. The case of L? is much easier
than the other ones since one can use the Parseval equality in obtaining
stability estimates. The technique in the L? estimate here is more complex
than the L? estimate, since we do not have the Parseval equality. Our new
technique in this section is based on applying some Sobolev embedding.
This is a new and strong point of this paper. We also emphasize that
our method in the current paper can be applied for various PDEs such as
parabolic equations, elliptic equations, etc.
The paper is organized as follows. In Section 1, we introduce our problem and the
motivation for our study. In Section 2, we state and prove a local well-posedness
and the regularity result for (I)-(2). The existence of a unique continuation and a
blow-up alternative for the mild solution of the abstract problems (I)-(2]) are also
mentioned in Section 2. In Section 3, we establish a regularized solution using a
truncation method as in [9L[I0L[I2] and show the well-posedness of our problem.
We also mention our results concerning the error estimate in the LP norm of the
regularized solution and the sought solution.

Let us consider the operator A = —A on V := H}(Q) N H?(Q), and assume that
the operator A has the eigenvalues A; such that 0 < Ay < Ay < - < X < Lo
which approach oo as j goes to co. The corresponding eigenfunctions are denoted
by e¢; € V. Now, let us define fractional powers of A and its domain. For all
s > 0, we define by A° the following operator A*v := 3372 (v,e;)Ajej, v €
D(A®*) ={ve L*(Q): Y72, (v, e)|? A3* < oo}. The domain D(A?) is a Banach
space equipped with the norm [[v||p(4s) = (Z;’;l |<’U,€j>‘2/\?s)%, v € D(A%).
The definition of the negative fractional power A™° with s > 0 can be found in
H. Brezis [I]. Its domain D(A~*) is a Hilbert space endowed with the dual inner
product (.,.)_s s taken between D(A~®) and D(A®). This generates the norm

1
vl pa—s) = (Z;‘;l | (v,eﬁf&s |2)\;2s)§. Let L>®(0,T; Ga k() (see [27]) be the
following space:
(4)

L0, T; Gan(Q)) = {veL‘X’(O,T; L3(Q)), sup_exp (26725 (v,e,)? < oo}

for any o > 1.
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146 N. H. TUAN AND T. CARABALLO

2. WELL-POSEDNESS OF INITIAL VALUE PROBLEMS ([I)- (2]

In this section, we study the well-posedness of problems ()-([2). Our main
purposes are to ensure sufficient conditions for existence and uniqueness of mild
solutions to ([))-([@), analyze the possible continuation of this solution to a maxi-
mal interval of existence, and consider the problem of continuous dependence with
respect to initial data. Let us set

Sak(t)w = Zexp (—tAS (1 + kX)) (w,e5) e, Bag(t)w

L exp (—tAY (1 + k)t
=2 0 (0 d )<w76j>6j-
1+ kX

Then from [7], we deduce the mild solution of the following initial value problem:

(5) u(t) = Sak()ul + /0 Boi(t — 5)G(u(s))ds.

In this section, for simplicity, we only study problems (IJ)-(2]) with the case 0 <
a < 1. The case a > 1 may be more complex but we omit it here since it can be
considered by a similar argument.

2.1. Local well-posedness and regularity. In this subsection, we consider the

following function with the critical nonlinearity form G : D(A"7) — D(AY), v <

1n < v + « and satisfy the following:

6 J160—Cwlou < K (14 ol + ol ) o = wlipean,
IG@®) by < K (ol an +1)

for p>1, K >0, and v,w € D(A") .

Lemma 2.1. Let any wo € D(A") and u € € ([0, To), D(A")) such that

sup_[|u(t) — wol p(any < M.
0<t<To

Ifv <n<v+a, then

(7) /O Bo ot — $)G(u(s))ds < K[ (lwollpan) + M) e

D(AM)
Proof. We have
ok (t— 8)G(u(s))ds
D(Am)
t
< Bok(t — )G (u(s ds
< [ [Bust-nctn] .,

1
2

%) )\217 2
/(Z MA S exp (=2(t — $)AS(1+ kX)) <G(u(s)),ej>> ds.
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Using the inequality e ¥ < ng’ﬂ for any 8 > 0 and Mg > 0 is a positive constant,
we derive the estimate

28
exp (=2(t — )AT(1+ kX)) 1) < [Mp/? (1 + k)q) (D

which implies that

/O B (t — 5)G(u(s))ds

D(Am)

<ars(tm)” [0 ot

| ;
D(An—aB)
p=1 [t s
§M5(1+k>\1) /(t—s) HG(u(s))HD(AV)ds
<KMB 1+k:/\1 /t—s u($)|[pany + )
0

<R[ (Ihwollpean + M) +1] [ ( / (t—s) Pds
®) = K[ (Jwollpgan + M)+ 1[5

B—1
KaMg (1+k/\1)

atv—n O

where we have used f = =% < 1, and set K =

Theorem 2.2. Let G satisfy ([0). Then there exists To > 0 such that problem ()
has a unique mild solution u € € ((0,7o); H"(€2)).

Proof. Let any 0 < M < 1 and R = (M + |lwol| p(an))?~*. Let us choose Ty such

that
(1+2’R> 7

— p T
+ & | (lwollpean + M) +1| %

T F < =
2K Mp (1+k)\1)
(9)

TokA7 ™ ||w0HD(.A77)

Using the inequality 1 — e™ < y and noting that o < 1, we have

i tAY 72 2
9 j 27.212a—2 2
(10) < ZAjn [1 + k‘/\j} <w0’ej>L2(Q) STRN HwOHD(A")'
=1

Let us define the following set:

2

2 s 2
Sa i (Hywo — wOHDW) = ]; A7 [1 —exp (—tAT (1 4+ kA7) ] <wo, ej>L2(Q)

7 = {ue e (0.7 DU, s )~ wwlogan <M.

0<t<To

It is not difficult to see that .# is a complete space. Let us define the operator
J F = F as follows:

t
(11) Fu(t) =S r(t)u’ + / Bo.i(t — s)G(u(s))ds.

0
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148 N. H. TUAN AND T. CARABALLO
Let us consider u € .% and 0 <t <t+ h < Ty. Then,
u(t+h) — Zu(t H
| purmy— pue|,

S O ) T

t+h
+ / Bai(t +h — s)G(u(s))ds
¢ D(An)
t
+ / (Ba,k(t Fh—8) = Sanlt - s))G(u(s))ds
0 D(An)
(12) = N1+ No + Ns.
Now, we estimate the term Nj. Indeed, using the inequality e=@ — e™% < |a — b,

we have

- 2
N2 = Z)\?’ “exp (=(E+R)AF(L+ kX)) —exp (AT (1 + kX)) }ug)]

[e.¢]
(13) < KA TR AP = B2AT TRl | -
j=1
Notice that, if u € %, then for any 0 <t < 7Ty
P
(1) Gl < K (lu@IBan +1) < K| (lwolppan + M) +1].

Using (I4), the term N5 can be estimated as follows:

NQS/tHhHG(u(S))HD ds

(A")

< F[(HUJOHD(A") + /\/l)p + 1} (/tt+h(t+ h— s)ﬁds>

hi—p

1-p’

where we have used the fact that ||Ba,x(t)v|pan)y < [|[v|lp(any. Using again the
inequality e~ — e~ < |a — b|, we deduce that, for any 0 < s <t, h > 0,

— p
(15) =& | (lwollpean + M) +1

(16)
oxp (—(t+h = AT+ EN) ) —exp (“(E = AT +EN)TY) 0y 0y
< hET=ATTA
1+ k)
This inequality leads to the following bound for the term Nfj:
t
| (Bustt b= 5) = Bult = 9)Glu(s))as
0 D(AM)
t
< —2ya—2
< k220 h/o HG(u(s))HDW)dS
P
(17) < Kk=22572 [ (lwollpean + M)+ 1]t
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Combining some of the preceding estimates, we deduce that if u € F, then fu €
% ([0, To]; D(A™)) . Tt follows from (I0) that

|-

D(An)
t
= ‘ Sa(tywo = wOHD(An) * H /0 Bl = S)G(u(s))dsumm)
a—1 )76 : 761_,8
(18) < TokAT™H|wol pany + K (“wOHD(A”) * M) s M

Now let w,v € %. For any t € [0, To], using (&), we deduce the following estimate:

| 7w - 7o)

< Mpg (1 + k;/\1)ﬂ71 /Ot(t — s)—ﬁHG(w(s)) - G(U(S))H

D(An)

/Ot Bai(t —s) (G(w(s)) _ G(U(S))>ds

D(An)
S
D(Av)
p-1 [t _ _
< KMp(1+k\) /O (t = 5)~2 (Ll + 10185y ) 0 = 0l a5

p-1 p=1| [*
< KMg <1+k)\1) 1+2(M+||w0‘|p(,4n)) /0 (t— S)fﬁuw — UHD(.A")dS'

=0
In light of (@) and noting that fot(t —5) Pds = 5 we find that
su w(t) — Zu(t H
oS Jw(t) = Fo(t) A
p-1
KMﬂ(l + /ml) Tol=?
< 1+2R) sup |w(t)—ov(t "
5 (1+2R) supllw(®) = e@)lpear
1
(19) <5 suwp_Jw(t) = v(t)llpean.

0<t<To

From the Banach fixed point theorem, it turns out that _¢ has a unique fixed point
u € F. O

2.2. Continuation and blow-up alternative. In this subsection, we give conti-
nuity to our study of problems (I))-([2) proving that the mild solution provided by
Theorem has a unique continuation to a larger interval of existence.

Definition 2.3. Given a mild solution v € C([0, o], D(A")) to problem (), it is
said that @ is a continuation of u in [0, 71] if w € C([0, T1], D(A™)) is a mild solution
for 71 > To and u(t) = u(t) for any ¢ € [0, 7).

Theorem 2.4. Let u be a mild solution of problems ([M)-@)) on [0, To]. If G satisfies
(@), then there exist Ty > To and a unique continuation u of w in [0, T1].
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150 N. H. TUAN AND T. CARABALLO

Proof. Fix 0 < M <1 and take T; > 7y such that for ¢t € [Ty, T1], we denote
(20)

Upy = {v € C([0,71], D(A™)) : lo(t) — w(To)lp(any < M, v(t) = u(t),t € [O,To]}-

It is easy to see that % is a complete metric space with the norm of supremum
in D(A"). Let us define & : %y — %nm by

(21) Go(t) = Sar(t)u’ + /Ot Bai(t — s)G(v(s))ds.

If v € U, then it is obvious to obtain that Yv(t) = u(t) for any ¢t € [0, Tp]. Let
any t € [To, T1] and let any v € . By some simple computations, we have

Gu(t) — u(To)
= (Sar(®) = SanlT0) )ug

To
n / (S,Lk(t—s)—Sa,k(%—s))G(u(s))ds—l— Bai(t — 5)G(u(s))ds
0 To
(22) = Sanlt—To)u(Ts) — u(To) + /T Buk(t - 5)G(u(s))ds,

where we have used the fact that u(70) = Sak(To)u® + fo o k(To — 8)G(u(s))ds.
In view of (&) and (@),

[90(t) = u(To)l|pean
< ||Sarlt = To)u(T) = u(To)|

D(A")
ranp(1+i0)" [ -0 e

< (Ti = To)kAT ™ [u(To)

H ds
D(Av)

I can
t

(23) + K Mg (1 + kxl)ﬁ_l / (t— s)*ﬁ(HU(s)ng) + 1)ds.

To

Since v € %, we deduce that |[v(t)[| pany < [[u(To)||pany+M for any t € [To, T1].
Therefore, we have the following estimate:
t
/ (t —s) Pds
To

/ (=) (e + 1)ds < [<|U(76)|D(Av)+/\4>p+1

To
P Ti—To) "
(24) < [(|u(%>|D<An)+M) +1 %.
Let us choose 77 such that
(T2 = To)eXT ™ [w(To)l| pany < 5
(25) ot (Th To) M
KMy (1+00) | (o)l pean + M) +1| B2 < &
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FINAL VALUE PROBLEM 151

Take any v, w € Zx. We have
[9v(t) = Gw(t)l| pan

_H/Bakt—s G(v(s)) = G(uw( )dSH D(An)

< M5<1 + kxl)ﬁfl /T (t— 3)—5“0@(5)) - G(w(s))HDw)ds

-1 rt _ _
< KMs(1+kx) /T (t = 5)7 (1ol o+l oy ) o = w0l any ds.
0

Since v, € %, we deduce 1+ [o(0) ke + 0Dy < 1+ 2([u(T5) ooy +
M)P~L for any t € [Ty, T1]. From the preceding estimates,
[Gu(t) - gw(t)”D(.An)

< KMp(1+ Ml)ﬁil (4 2(uTllaren + )" )

t
< [ (t= 9o = wlpands
To

<kas(1een) (1 2(||u<fro>||m> M)

_goyi-8
T e

26
(26) 1-5 0<t<T;

t) ||D(.An)'
|
The next theorem is our result on global existence or noncontinuation by blow-
up.

Theorem 2.5. Assume that G satisfies [@l). Let u be the mild solution of problem
@ defined on [0, Tmax), where Trax s the mazimal time of existence of w. Then
we have Ty = +00 or limsup, . [[u(t)||pan) = oo.

Proof. Suppose that Tpax < oo and there exists a constant B such that
max (ullpean, sup_u(lln)) < B
0<t<T

for any t € [0, Tmax). Let us pick a sequence of positive numbers ¢, — T, .; W

consider the sequence {u(t,)} in D(A"). We will prove that this sequence is a
Cauchy sequence in the space D(A"). For t,,,t, € [0, Tmax) such that t,, < t,, we
obtain after some simple caculations

(27) u(tn) - u(tWL) = [S(x,k(tn) - Sa,k( m):|u + /t ' Ba,k(tn — S)G(U(S))ds

m

Therefore

e )|
tn
< H [Smk(tn) ~Sosltm)]e’| )+ /t Bai(tn — )G(u(s))ds

.A1 -A2

HD(A") '
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152 N. H. TUAN AND T. CARABALLO

Step 1 (Estimation of A;.). Using the inequality |e=® — e~?| < |a — b| for any a, b,
we bound the term A; as follows:

9\ 2a— > 2
(29) AL < ET2A22(t, — t,)? ZA§"<UO,6J—>L2(Q).
j=1

This implies the following bound:
(30) AL S ETIN Tt — tw)l[upeany < ETIATT Bt — ).

Step 2 (Estimation of As.). First, using (), and noting that the integral

f:” (t, — s)~Pds is convergent, we obtain the following estimate:

Ay < M5(1 + kxl)ﬁfl [n (tn — s)—ﬂHG(u(s))HD(Ay)ds
< KMB(l + ki)\l)ﬁil /tt" (tn — 5)_/3(Hu(5)||%(,4v) + 1)d3
< KMjg (1 + kAl)ﬁ_l (|B|P + 1) /: (t, —s) Pds

) KM (1+ kAl)LH (1817 +1)

bty —tm) 7P
s (1~ tm)
From some previous observations, we deduce that

(31) Hu(tn) - U’(tm)HD(ATi) < k_l)‘(ll_lg(tn —tm)

KMy (1+ kAl)LH (181 +1)
1-5

Let € > 0. Since (t,) is convergent and noting that

+ (tn — tm) 7P,

KM (1+ k/\l)ﬁi1 (1817 +1)
1-5

are independent of n, m, we can take N* such that the right hand side of (3] is less
than or equal to € for any n > m > N*. This implies that the sequence {u(¢,)} is
a Cauchy sequence in D(A"). Hence, {u(t,)} converges to u € H"(2) as n — +o0.
Since (t,) is arbitrary, we deduce that lim, ,— [lu(t)l|pcan) = [[@] p(an). Then,
we can extend u over [0, Tax| - Therefore, we obtain a contradiction with the
maximality of Tax. O

E7IA1B and

3. TERMINAL VALUE PROBLEMS ([I))-(B)

In this section, we study the terminal value problems (Il)-(B]) in two cases 0 <
a<1and o > 1. When 0 < o <1, we show existence and regularity of the mild
solution. When « > 1, we show that problems (I))-([B]) are not well-posed in the
space LP. We also give a regularized solution and investigate the error estimate
between the regularized solution and the sought solution in L? norm.
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Now, we establish a representation formula for the solution of problems (II)- ().
From (B), we find that

u® =8, .(T)

T
ur —/ Po (T — S)G(u(s))ds] .
0
Hence, by replacing the latter equality into (&) and then by a simple computation,

u(t) = Sa,k(t)S;}C(T) [uT - /0 Bo (T — S)G(u(s))ds} + /0 Bai(t — s)G(u(s))ds
(32)

_ —1 _ _ r —1 _
= STH(T — tur /t B (s — 1)G(u(s))ds,

where we have the following definitions for any 0 <t < T and w € L?(Q):

Zexp 2% 1+I<:)\j)_1) (w, e;) e, B;}c(t)w

<.
—

> exp (XS (1 + kX))
2 DY g €5

<.
—

Lemma 3.1. The following inclusions hold true:

LP(Q) = D(A%) if —%<o<0, p>2L,
(33)
D(A°) — LP(Q) if 0<o<d < _2d

3.1. Well-posedness of problems ())-([B) under the case 0 < oo < 1. . We
have the following well-posedness result.

Theorem 3.2. Assume that G satisfies a globally Lipschitz condition, i.e., there
exists a constant IC > 0 such that

|G(u) — G(v)|] < Klu —v|.

e a) If the final state ur € L*(Y), then problems [[)-@) have a unique global
solution u € L*°(0,T; L*(12)).
b) If the final state ur € LP(Q) for 1 < p < 2, then problem () has
a unique local solution u € Lq(O,T;L%(Q)) where 1 < ¢ < 2, and

(o2 ’

max(—a,—%) <o < , 0 <y <min(oc+a,?).

Proof of part a).

Let us consider the function Yw = S; (T —t)ur — ft ak (s —t)G(w(s))ds.
Consider also the set

(34) Z,:= {w L [0,7] — L(Q),

exp(—p(T — )., 1)

<00, 0<t< T}
L2(Q)
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154 N. H. TUAN AND T. CARABALLO

associated with the norm ||wl|z, := maxo<i<r H exp(—p(T —t))w(., t)HLQ(Q). First,
we deduce that
‘Sak(T uT‘Lz =3 exp HAX(L+ kA) D) (ur, e)?
j=1
1ya- 2
(35) < exp (2T = )k7]NT) [luz|| s g

Since ur € L?(2), we deduce from (B5) that S;}C (T —t)ur € Z, for any p > 0. We
continue now to estimate ||Ywi—Yws| z, ,. Indeed, noting exp (2(s—t))\?(1+k)\j)’1)
< exp (2(3 — t)kfl)\'ffl) for any 0 <t < s < T, we obtain

(36)

[Ywy — Yws| 2,

= mmax H exp(—p(T —t)) / Ba & G(wl(s)) - G(wg)(s))ds‘ o)
< A
< Ko?%XT/t H exp(—p(T—t)) exp ((s—t)k~'AL™Y) (wi(s) —wa(s) Lz(ﬂ)ds
T —1lya—1
<K / et P=k A D s | flwy — wel| z, -
t
Let us choose p > kfl/\‘f_l. Then the latter inequality implies that
K
w1 — Jw < ——||lwp —w .
Vw1 — Vws||z, < v [|lwy 2|z,

Let us choose p > K + k’l)\?_l; then we deduce that ) is a contractive mapping
in the space Z,. Applying the Banach fixed point theorem, we derive that J has a
fixed point u € L>(0,T; L?(12)).

Proof of part b). Since ur € LP(S2), we find that ur € D(A?) for max(—a, —%) <
o< %. This implies that

(37) < Zexp HAS(L+EA) ) AN (ug,e5).

—1 o oY —1 2v—20\ 20 2
Son(T = t)uTHD(Aw) Zexp (T = AL+ EX) ™) XTI (ur, e;)

jfl

On the other hand, using the inequality e™* < D,,,2~"™ for any m > 0, we have for
any t >0, v> 0,0 <0

—y+o
[e3

(38) AT "7exp (—th"'AYY) < Doy (tA;‘(kAl)*l) AI77 < D,

We note that
AT exp (T = AT (1+ kA;) ) < AT % exp (TETIAT ™) exp (—th~1AT )

y—o

(39) < exp (Tk—lA?*l)Daw,k =

D
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Using the Sobolev embedding D(AY) < L% (Q), we find that

~1
(40) } San(T —thur| 20 @
S|So (T —t H <Dt== oy St=a .
< |lsah@ =y hurlloa Juz 2o e,
Since o > —a and v < 04+« we can choose ¢ such that 1 < ¢ <% . Therefore, we
deduce that Smk( — t)ur € L1(0,T; LT (©)). By a similar argument as above,
we find that
2
|Boits =1 (G(m(s)) - Gw)®)|,
=, exp (2(s — AT (1 + kA;) ") AD )
-3 T (Gua(5)) — Glw)(5), ¢5)
exp (2Tk7XS71) D2, o
POk 25/ _ 32
4D < e L2 (G~ Gl el

which implies

(42) /1t ! ‘

B(s—1) (G(wl(s)) - G(w2)(5)> H

S
D(AY)

K exp (Tk’l)\?_l)Da;y,o,k .y T
= (14 k) v a/ w1 — wallL2(q)ds.
t
This implies that
(43)
q
t) — t
RIORNTIO! .
q
K exp (Tkil)\(ll_l)Dagy,O,k g T d !
< te -
= (14 kM) /t w1 — wa | 2(0)ds
L

T
< Lt (T —t) (/t lwi — w2||qL2(Q)ds> < LTt ||wy — 27001020

The latter inequality leads to

a—7q

ol aa

1
(44) IVw1 = Yws| Lago,ripan) < —— o (LT) 7 |[wr — wallLago,r:2(2)-
The Sobolev embeddings L?(0, T; D(AY)) < LU0, T; L= (Q)) — LI(0, T; L*())
imply that
_ < _

(45) [[Ywn wa”Lq(o,T;L%(Q)) <L a—q (ET) ln wQ”Lq(o,T;L%(Q))
where £; depends only on 7,d,q. By choosing T' small enough, we deduce that

a—7q
L4 ({7:2 (ET)é < 1, which implies that ) is a contracting mapping on the space
L9(0, T; LT% (Q)). O
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Remark 3.1. Using the techniques in Section 2, we can show the global existence
for a mild solution which is given in part b) of Theorem

3.2. Ill-posedness and regularization under the case o > 1. Let us first prove
the following theorem.

Theorem 3.3. Let any ¢ € LP(Q)). Then the nonlinear integral equation

T
W) ) =S,HT 0P~ [ B 0PN Glun(s)ds
¢
has a unique solution in L>°(0,T}; LT (Q)). Moroever, there exists a postive Be >
0 such that
(47) @ 2245 o) < Pelleellr -

Proof. For any N/ > 0, let Py be the orthogonal projection onto the eigenspace
span {e;, \; < N}. Set the regularized solution

T
(48) ue(t) = S (T = )P e — / B, (s — )Px. G(ue(s))ds.

Let v € D(A”). Then, for any v’ > v, we have

(49) —( Z A?”’*Qvexp (2T = )AG (1 + kX)) A <w,ej>2>2

A <Ne

< W exp (7 = 0k~ VD) ] e

S LT — )P H
a7k( ) New D(.AV/)

By a similar argument as above, we also find that

(N (s =)k~ (N>
(50) HB;}C(S — t)]P’NEwHD(AV,) < o g i k)i ) ||wHD(.A”)'

For any p > 0, denote by L>°(0,T; LT (Q)) the function space L>(0, T} LT (Q))
associated with the norm

]l = max Hexp(—m(T—t))w(.,t)H . Vue Lo0,T; L7F (Q)).

2d
0<t<T LT-17 (Q)

Let us define a nonlinear map L°(0,T; LT3 (Q)) — L(0,T; LT () by
T
Jult) = ST~ OBxpc~ [ ByA(s — P Gilu(s))ds.
t

If w = 0, then Jw(t) = S;}C(T —t)Ppr. pe. Using (63) and letting v’ = 0,v =0 <0,
and noting the Sobolev embedding LP(Q) — D(A%),

| < (N7 exp (T = Dk W) ) eellpar

(51) < Clop,d(Ne) ™7 exp ((T - t)k_l(/\fe)a_l) leellr (e

S(;,}c (T —t)Pn.pe

D(A")
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where we note that ¢, € LP(Q2), p > 1. Using the Sobolev embedding D(AY) —
L% (Q), we deduce that Jw € L2(0, T LT (€2)). From the definition of J and

2d

using Lemma 2.1, we have for any wy,ws € L2(0,T; L7 (2)) that

| exp(m(T 1)) (T (1) ~ T (1)) |

_2d
L d—4~ (Q)
(52) < CMdH exp(—m(T — 1)) (Jwi (t) — Jwsa(t)) HD(M
where we have used that [|v]| _za < ||v|[pean), since the Sobolev embedding
L d—4y (Q)

d
D(AY) — LdE—M(Q) We have

—m(T = 1)) @i (1) = Jws (1)) |

| exp(m(T =) Gua() = Jus)) ||

T [ B = 0B (Gl (9) = Giua(s) ds

D(AY)

ds.
D(A)

T
(53) é / efm(Tft)
t

B3, (s = P, (G(wi(s)) — G(wa(s)))

Letting v > 0 and o = 0 into (B0) and using the globally Lipschitz property of G,
we find that

(54)
The right hand side of (B3))

('/\[E)’y T —m(1'— — a—

< —1+kh/t eI exp (5 = D~ (VD)) [ Gus () = Glua ()] 2
ICC37d7’Y('/\[€)’Y g —m(s—t) -1 a—1\_—m(T—s)

< W/t e €xp ((3 — )k (Ne) )e
X le(s) — wQ(S)HLdEL (Q)ds

where we have used the Sobolev embedding L% () = L*(Q). This implies that

(55)
The left hand side of (B2])
KC C N)Y T ) -
< 2’%1d+3];d)’\z( ) </t e m(s—t) exp ((S — t)]g 1(J\[€) 1)d8> le B ’LU2||m
KC3.y,aC3,a,(Ne)? 1
< 7,dY3,dy B |
- 14+ kX m_kfl(./\/é)aqnwl wa|m

With a suitable choice for m, the last inequality implies
| Twy = Jws||m < Hlwi — wollm,  Vwr,wy € L(0,T; L5 ().
Thus, J is contractive on L%(O,T;L%(Q)). Applying the Banach fixed point

theorem, we obtain that J has a fixed point u.. Now, we will show the regularity
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158 N. H. TUAN AND T. CARABALLO
of u.. Using (B1l), we obtain
e (®)llz20) < CopaNe) " exp (T = Ok W)™ ) el (e
(56) + K1 +kA)t /tT exp ((s — NN+ kN ™Y [Jue(8)|| 2 ds.

By applying Gronwall’s inequality,

(57) exp (tk‘l(J\/E)a_l) lue(t) 2() < HiH2(€)Ch op,all@ell Lr ()
which implies that
68 lu®lom < HiCrmpatia(@esp - th 100" gl oo

Since the Sobolev embedding D(A7) < L% (€2), we deduce for any 0 <y < 4

l[uc(®)]] < Copyalluc(®)llpeary = szd( YA <Ue(t),€j>2>

Aj <N
(59) < Coy d(N) Jue(t)]| 22y < BellpellLr (@),

2d
[ d—4~ (Q)

where %, depends on e. O

Theorem 3.4. Let us assume problem () has a wunique solution uw €
L2°(0,T; G k() such that |Jull L=, (@) < M . Let us choose N. such
that for any t > 0
(60)
lim NV, = oo, lim(N;) 7 exp (Thk™'N&™") e = lim(N.) Y exp (—tk~'N2 ) = 0.
e—0 e—0 e—=0

Then ||ue(t)—u(t)]| is of order max ((J\/e)V exp (—tkil(./\/é)a’l) , (Ne)fp).

_2d
L d—4~ (Q)
T
Remark 3.2. Let us choose N. = [# 1og(%)} “" forany 0 < r < 1. Then
it is easy to check that (60) holds. The error |u(t) — u(t)||Ldz(51 @ is of order

max (s og(1) 77 €F (ks log(1) 7).

Proof. Note that

1

2

lu(t) = Prru(t)|| 120 = ( Z exp (—2tk_1)\§‘71) exp (2tk_1)\;-171) (u(t), ej>2>
)\j>N5

<exp (—tk~ N M.
Since ||pe — ur||rr0) < € and observing that —¢ < o < % we have the
Sobolev embedding LP(Q) < D(A?), and we then find that |¢c — ur|pas) <
Cl,op,dlle — ur| L) < C10,p,q€. The latter inequality leads to

< W)~ exp (T = Ok N lpe = uz Lo,

L2(Q) —

Sah(T = P, (e — ur)|
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Using the triangle inequality and combining some previous estimates, we find that
[[ue(t) — u(t) |l L2(o)
Sub(T = )P, (pc — ur)|
T 1
(61) + /t |Bk(s = 1P, (Glucls)) - Glu(s))|
< exp ( - tk‘fl(./\/e)o‘fl) [H + Ch o p.a(Ne) ™7 exp (Tk‘fl(./\/e)afl)e] ds

<|

oy 1) = Pru(®) 220

L2(Q)

T
R4 kA / exp (5 — )k NEY [Juc(s) — u(s)| 120y ds.
t

Multiplying both sides by exp(tk~(N.)®~!) and then applying Gronwall’s inequal-
ity,
—1 a—1
exp (™ (N lue(t) = ult) [ 120
(62)
< {M + C o p,a(Ne) ™7 exp (Tkil(./\/'e)‘kl)e} exp (K(1+ k) ~'T).

Since the Sobolev embedding D(A7) < L%(Q) holds true for any 0 < vy < £,
then

(63) [ue(®) = w24 < Copyallue(t) = u(t)][pear).

HLd*4’Y © ~

Now, we continue to estimate the term [luc(t) — u(t)|| p(av). Indeed,

(64)
lue(®) = Pacu(®)Boan = 3 A7 (ue(t) = u(®), €5)* < (N [lue(t) = u(t) 32
)\jSNe
and
lu(t) = Bacu®lban = D AN (u(t),e;)?
)\j>Ng
(65) < N Iu@® 1 Darny < V™ llullze o,7:ar)-

From the two preceding estimates, we find that

[Jue(t) — “(t)HD(Av)
ue(t) = Pau(®)| peary + l|lu) — Paru(t)| pear
(V) NJue(t) — w(t)ll L2 () + (Ne) ™ llull Lo 0,1;0 (a7 +))
< [+ C1 oz ()| HL(NL) exp (=t ()2

+ (M)7p||u||Lm(O,T;D(APM)).

where we set Hy = exp (K(1+kX)7'T), Ha(e) = (M) “exp (Tk~'Ne 1) e
From (G3) and (G6l), we obtain the desired result. O
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