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1. Introduction

Let (€2, X, p) be a finite measure space and consider two continuous linear operators
T: X;— Yiand S: Xy — Y5 between Banach function spaces related to p. The aim
of this paper is to study when it is possible to factorize T'through S as

T= Mgo So Mywhere My: X1 — Xpand M, : Yy — Y; are multiplication operators
defined by measurable functions f and g. This type of factorization is called strong
factorization for T', see for instance [16, Section III.H.§9]. There are many classical
results relating inequalities for operators and factorizations,

as the well known ones coming from the Maurey-Rosenthal cycle of ideas which
allow to associate some convexity/concavity inequalities for operators with strong
factorizations through LP-spaces, see for instance [16, Proposition I1I1.H.10] and
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[5, 6, 7]. In these results, the operator S appearing in the factorization of T
is constructed from the inequality satisfied by 7. In the present paper we are
interested in analyzing the factorization of T" through a specifically given operator
S. Our main results establish that, under some lattice type requirements on the
spaces involved, mainly order continuity, a factorization for 7" as M, 0 S o My is
equivalent to a domination of 7" by S (Theorem 4.1) or by its transpose operator
S" (Theorem 4.2). Section 5 is devoted to one of these requirements, namely we
give conditions under which a product space is order continuous (Proposition 5.2).
The proof of Theorem 4.2 uses a Radon-Nikodym Theorem for vector measures
which characterizes when, for two vector measures n,m : ¥ — E with values in a
Banach space E, there exists a bounded function h such that n(A) = [, hdm for
all A € ¥. This Radon-Nikodym Theorem was proved by Musial in [13, Theorem
1] by using a Ryll-Nardzewski lemma. In Section 3 we provide a simple proof of
this characterization which is based in a completely different fundamental tool, a
separation argument based on Ky Fan’s Lemma.

We end the paper by studying in Section 6 the particular cases when S is a com-
position operator or a kernel operator. In the first case, we added a new equivalent
condition for T" to be strongly factorized through S (Theorem 6.1), which involves
a generalization of the concept of local operator (see for instance [1, Definition
2.2]).

2. Basic concepts and notation

We give in this section some basic definitions and results on Banach function spaces
and vector measures which will be used along this paper. Let (€2, %, u) be a finite
measure space and L°(u) denote the space of all measurable real functions on §2,
where functions which are equal p-a.e. are identified. As usual, L*>°(u) will denote
the space of functions in L°(u) which are bounded p-a.e. By Banach function
space (briefly B.f.s.) we will mean a Banach space X C L°(u) with norm || - ||x
such that if f € LO(u), g € X and |f| < |g| p-a.e. then f € X and || f||x < ||g]x-
Note that every B.f.s. is a Banach lattice with the pointwise p-a.e. order. A B.f.s.
X has the Fatou property if for every sequence (f,) C X such that 0 < f, T f
p-a.e. and sup,, || fnllx < 00, it follows that f € X and || fu||x T || fllx. We will say
that X is order continuous if for every f, f, € X such that 0 < f,, T f p-a.e., we
have that f,, — f in norm. For issues related to B.f.s.”, see [17, Ch. 15] considering
the function norm p defined as p(f) = || f||x if f € X and p(f) = oo in other case.

Given two B.f.s.” X and Y, the space of multipliers from X to Y is defined as
XY ={heL’(n): hf eY foral feX}.

The map || - || xv given by ||hllxy = supsep, [|Af|y for all h € XY, where By is
the open unit ball of X, defines a natural seminorm on XY which becomes a norm
only in the case when X is saturated, i.e. there is no A € ¥ with u(A) > 0 such
that fxa =0 p-a.e. for all f € X. Note that X is saturated if and only if it has
a weak unit (i.e. ¢ € X such that g > 0 p-a.e.). In this case, XY is a B.f.s. The
particular multiplier space X Ll i just the classical Kothe dual of X which will be



denoted by X’. For each h € XY, we denote by M;: X — Y the multiplication
operator defined as My,(f) = hf for all f € X. For more information on these
spaces see [12] and also [2].

The product space XY of two B.f.s.” X and Y is defined as the space of functions
f € L°(p) such that |f| < 3., [ziy:| p-a.e. for some sequences (z;) C X and
(yi) C Y satistying >°,o, [lzl[x[lyilly < oo. For f € XmY’, denote

1/l xmy = inf {Z ||1'i||X||yi||Y} :

i>1
where the infimum is taken over all sequences (x;) C X and (y;) C Y such that
|1 < Dis lmivil prace. and 37 [zl x ||yilly < oco. If X, Y and X" are saturated

then X7Y is a saturated B.f.s. with norm || - ||xzy. An study of these product
spaces can be found in [8].

Let m : ¥ — E be a vector measure, that is, a countably additive set function,
where E is a real Banach space. A set A € X is m-null if m(B) = 0 for every
B € ¥ with B C A. For each x* in the topological dual E* of E, we denote by
|z*m| the variation of the real measure z*m given by the composition of m with
x*. There exists xj € E* such that |zim| has the same null sets as m, see [9, Ch.
IX. 2]. We will call |x{m| a Rybakov control measure for m.

A measurable function f: 2 — R is integrable with respect to m if:

1) [Ifldlz*m| < oo for all 2* € E*.
(ii) For each A € 3, there exists x4 € F such that

¥ (xq) = / fdx*m, forall z* € E.
A

The element x4 will be written as [ 1 [ dm. Denote by L'(m) the space of integrable
functions with respect to m, where functions which are equal m-a.e. are identified.
The space L'(m) is a Banach space endowed with the norm

£l = sup / fldjzml.
J?*EBE*

Note that L>®(|zim|) C L'(m). In particular every measure of the type |z*m]| is
finite as [2*m|(2) <[] - [[xallm-

Given f € L'(m), the set function my: ¥ — E given by mys(A) = [, f dm for all
A € ¥ is a vector measure. Moreover, g € L*(my) if and only if gf € L*(m) and
in this case [gdmy = [ gfdm.

For a complete overview about integration with respect to vector measures we refer
to [4], [14, Ch. 3] and the references therein.

3. The Radon-Nikodym theorem for vector measures

In the next section we will use the following Radon-Nikodym theorem for vector
measures proved by Musial in [13, Theorem 1]. We include here a totally different



proof for the real Banach space case based on Ky Fan’s lemma (see for instance
(15, E.4]).

Theorem 3.1. Letm,n: ¥ — E be two vector measures and take |xim| a Rybakov
control measure for m. The following statements are equivalent.

(1)  There exists a positive constant K such that
r'n(A) < K|x*m|(A) for all A € ¥ and z* € E*.

(2) There ezists a function g € L®(|xim|) such that

n(A):/gdm for all A € X.
A

Proof. Let us show that (1) implies (2). Denote £ = |zim/|. For each z* € E*,
since the measure x*m is absolutely continuous with respect to &, there exists

h,« € L*(€) such that
x*m(A) = / Py d€
A

for all A € X, i.e. hy is the Radon-Nikodym derivative of x*m with respect to
. For every finite measurable partition {Aq, ..., A,} of  and every finite set of
vectors x7, ...,z € E*, we define the function ¢: Bre¢) — R by

o)=Y in(A) = K3 [ s ag
i=1 i=1 7 Ai

for all f € Bpre(). Note that ¢ is convex. Considering the weak™ topology on
Bre(), we have that ¢ is a continuous function on a compact convex set. Let
F denote the family of the functions ¢ defined in this way. If ¢; and ¢, are two
functions in F and 0 < o < 1, since

an(f) + (1= )oulf) = Soarin(dl) = K3 [ fhos, de
=1 =1 i

k

k
D1y n( ) =K [ s, de
J=1"

k
= > (aai; + (1 - a)as ;) n(A; N A2

DY / f haws +01-a)a3 , €,

1 2
AlnA2

we have that agy + (1 —a)gs € Fas {AjNAY:i=1,..,n, j=1,.,k}isa
partition of Q. Then, it follows that F is a concave family of real functions. If (1)



holds, for each ¢ € F, taking f3 = >\ sign(ha:)xa, € Bre(e), we have that

Yo wmn(A) < KDY faim|(A) = Ky /A (o | dE = ) /A Joha; dE,
i=1 i=1 =17 =1

that is ¢(f) < 0. Therefore, by applying Ky Fan’s lemma, there exists a function
fo € Br(e) such that ¢(fy) < 0 for all ¢ € F. Consequently, for every A € ¥
and z* € E*, if we consider the partition {A, 2\ A} and the vectors z* and 0, we
obtain

r'n(A) < K/ foha d§
A
and

—a*n(A) < K /A foh_pe d = —K /A fohe dE.

that is 2*n(A) = K [, fohe- d§. Since this happens for every z* € E*, taking
into account that [, fohe- d§ = [, foda*m = z* (fA fo dm), we have that n(A) =
K [, fodm for every A € ¥ and so (2) holds for g = K fo.

The converse implication is obtained easily as follows. If (2) holds, for every A € ¥

and z* € E* we have that
z* (/ gdm)' = /gdx*m'
A A

/A gl dizm] < lgllolz*ml(A). 0

r'n(A) < |z*n(A)| =

IN

4. Strongly factorized operators between B.f.s.’

Let (€2,%, 1) be a fixed finite measure space and Xy, Xs, Y], Ys B.f.s.” related to p
such that L>®(y) € X; C Xy and L®(u) C Yo C Y. This guarantees that X;*
and Y, are B.f.s.” containing L™ ().

Consider two continuous linear operators 7' : X; — Y; and S : Xy — Y5. This
section is devoted to characterize when T factorizes strongly through S, that is,
the following diagram commutes

X ———Y (1)

My M,
7 :
S
Xy oS ~ Y,y

for some f € X2 and g € Y;'. We will give two different characterizations. In
the first one we will use the Ky Fan’s lemma ([15, E.4]) and the product space
Yo/ which under our conditions is a saturated B.f.s. (see [8, Proposition 2.2]).

Theorem 4.1. Suppose that Yy, YorY] are order continuous and moreover Y| has
the Fatou property. The following statements are equivalent:



(i) There exists a function h € X;'* such that

Z/T(xi)yé dp <
=1

Z S(hx;)y;
i=1

YorY/

for every xy,...,x, € X1 and yy,...,y, € Y7.
(i)  There exist functions f € X;* and g € Y, such that T(x) = gS(fx) for all
x € Xy, i.e. T factorizes strongly through S as in (1).

Proof. First note that since Yo7rY] is order continuous, the Kéthe dual (YomYY)
can be identified with the topological dual (Yo7Y])* (see [10, p. 29]). On the
other hand, Y7 = Y{” as Y7 has the Fatou property (see [10, p. 30]), and so by
[8, Proposition 2.2] we have that (YorY() = YQY{/ = Y,". Then, applying the
Hahn-Banach theorem, for each { € YomY| there exists ' € By,v, such that
€ lharyy = (€,6) = [ €& dp.

Suppose (i) holds for some h € X;**. For every x1,..x, € X; and 9}, ..., ¢, € Y7,
we define the convex function ¢: By,»; — R by

o(g) = Z/T(xi)yédu— Z/gs(hxi)yédu,

for all g € By,v,. Since (YomY{)* = Y,", considering the weak* topology we have
that BY2Y1 is a compact convex set and ¢ is continuous. Denote by F the family
of all functions ¢ defined in this way, which is obviously concave. Let ¢ € F
defined through zi,...z,, € X; and v, ...,y, € Y/. As we have noted before, for
Yoy S(ha;)y; € YorrY! there exists g, € By,v, such that

> S(hay)y; = /gqszs(hxi)yé dp.
i=1 =1

YorY/

Then, from (7) we have that ¢(g,) < 0. By Ky Fan’s lemma, there exists a function
g € By, v, such that ¢(g) <0 for all ¢ € F. In particular,

/ﬂmwws/wmmwu 2)

for every x € X; and 3’ € Y{. Since this holds for every ¢’ € Y/, by taking —y’ we
obtain also

~ [T s~ [ g5y dn
Then
/ T(z)y dp = / g9S(hx)y' du



for every x € X; and ¢’ € Y{. Since Y] is order continuous it follows that T'(z) =

gS(hzx) for all x € Xy, that is, (i) holds.

Suppose now that (i) holds for f € X;* and g € Y;*. For every a1, ...z, € X,
and 1, ...,y € Y/ we have that

Z/T(l’i)yé dp = Z/gs(fxi)yé dp < lgllyy: -
=1 i=1

)

YorY{

Z S(fxi)y;
i=1

that is, (7) holds for h = [|g|[,x [ O

Note that the previous theorem requires conditions on the B.f.s.” Y;, Y5 and the
operator S. The second characterization of when T factorizes strongly through S
is a dual result of Theorem 4.1 in the sense that the conditions are required on
X1, X5 and the transpose operator S’ of S. For the proof we will use also the
Radon-Nikodym theorem proved in Section 3.

Theorem 4.2. Suppose that X1, Y1, Xo and Xyw X} are order continuous and X,
has the Fatou property. The following statements are equivalent.

(i)  There exists a function h € Y, such that

Z/T(xi)yédu <
i=1

> 18 ()|
=1

X1 XY

for every xy, ...z, € Xy and yi, ...,y,, € Y.
(i) There exist functions f € X;* and g € Y, such that T(x) = gS(fx) for all
x € Xl.

Proof. Since X;7X} is order continuous and X, has the Fatou property it follows
that (X;7X3)* = X;*2.

Suppose (i) holds for some h € Y, . It is direct to check that Y,' C Y{YQ/, then
since X5 is order continuous, we have that S’(hy’) € X} for all ¢ € Y]. For every
71, .7, € X1 and yy, ..., y, € Y/, we define the convex function ¢: By x, — R by

o(f) = Z/T(xi)yé du—Z/fIS’(hyé)wildu,

for all f € By, x,. Considering the weak™* topology, ¢ is continuous on a compact
convex set. Let F be the concave family of all functions ¢ defined in this way. If
¢ € F is defined through w1, ...z, € Xy and yy, ..., y,, € Y/, taking fy € By x, such

that
= [ 3015 ]
1=1

> 18 (hyl)ai]
i=1

X1 X}



from (i) we have that ¢(f,) < 0. By Ky Fan’s lemma, there exists a function
[ € By, x, such that ¢(f) <0 for all ¢ € F. In particular,

/ T(e)y du < / 115 (hy )| dp 3)

for every z € X; and ¢y’ € Y/. We can assume that f > 0.

On the other hand, consider the continuous linear operator R: X; — Y; given by
R = M}, 0 S o My and the set function mp : ¥ — Y] defined as mp(A) = R(x4)
for all A € X. Since X; is order continuous we have that mpg is a vector measure
and for every x € X, it follows that # € L'(mpg) with [zdmgr = R(z), see for
instance [3, Section 3]. For each 3’ € Y] and A € X, we have that

y'ma(A) = (¢, R(xa)) = / yhS(fxa) dp
— (h, S(Fxa)) = (S'Wh). fxa) = / S'(y'h)f dp,

where in the last inequality we have used that X, is order continuous and so
S Yy — X5 = X). Then,

ly'mal(A) = / SR f d. (4)

Now, considering the vector measure mr : 3 — Y given by mp(A) = T'(xa) for
all A € ¥ and applying (3) for z = x4 and (4), we have that

y'm(A) = / T(xa)y' du < / £15'(hy)| dys = |y m] (A).

Hence, since Y] is order continuous, Theorem 3.1 provides a function f; € L*>(§),
where ¢ is a Rybakov control measure for mpg, such that

ma(4) = /A fy dmg

for all A € 3. Since X; C L'(mr) and the integration operator with respect
to myp restricted to X; coincides with 7', considering a mg-null set Z such that
f2 = fixa\z is bounded in all €, for each x € X, it follows that

T(x) :/xme:/xfldmR:/fodmR.
Noting that x fs € X7, we have that

T(z) = R(zf2) = hS(fx f2)
where ff, € X{*. So (ii) holds.



Suppose now that (i) holds for f € X;** and g € Y,''. For every zy,...,x, € X3
and yi, ..., y,, € Y/ we have that

T(@;)y; dp = S(fxi)y;d
Zl/ 1)y, dp ;/g i)y dp
= Z/fxis’(gyé) dp
i=1
< [113 08 (00
=1
> lwiS (gy))|
i=1

< 17l

?

X1 X))

that is, (7) holds for h = g || f||  x2. O

An easy example is given by the case when Xi, X5, Y7,Y5 all coincide with an
order continuous B.f.s. X having the Fatou property and containing L*°(u). By
a classical Lozanovskii’s result ([11, Theorem 6]) we have that X7 X' = L'(u)
(with equal norms) is order continuous. Also note that XX = L>(u) (with equal
norms), see [12, Theorem 1]. Then, Theorems 4.1 and 4.2 produce the following
result.

Corollary 4.3. The following statements are equivalent:

(i) T factorizes strongly through S, i.e.

X T X

: A
Mf; EMq

¥ S

X e R - X

for some f,g € L*>(u).
(ii) There exists a function h € L>(u) such that

g/T(xz)x; du §/

for every xy,....,x, € X and 2!, ...,x,, € X'.
(@ii) There exists a function h € L>(u) such that

Z S(hx;)zt| dp
i=1

[ au< [15/ 0l dy

for every x € X and 2’ € X'.



Note that condition (i77) in Corollary 4.3 holds if there exists a constant K > 0
such that

[ @< & [1560 an

for every x € X and 2’ € X'.

5. Order continuity for product spaces

For convenient use of Theorem 4.1 and Theorem 4.2, it is desirable to know when a
product space is order continuous. For particular cases, we can check this property
through direct computations.

Example 5.1. (See for instance [8, p. 202]).

(a) If 1 <p,q < oo are such that % —1—5 =1 <1, then LP(u)wL%(p) = L"(p) is
order continuous.

(b) For any B.f.s. X it follows that L>(u)mX = X and so the order continuity
depends on X.

(c) For any B.f.s. X, Lozanovskii’s theorem ensures that X7 X’ = L'(p) is order
continuous.

The next result provides conditions under which a product space is order contin-
uous.

Proposition 5.2. Let X and Y be two B.f.s.” containing L™ () such that X is
order continuous, the simple functions are dense in' Y and XY is saturated. Then
XnY is order continuous.

Proof. Note that from [8, Proposition 2.2], the product space XY is a saturated
B.f.s. Let us prove that (X7Y)* = (X7Y) and so we will have that X7Y is order
continuous, see for instance [10, p. 29].

Let 0 < ¢ € (X7Y)* and consider the finitely additive set function j,: ¥ — [0, 00)
defined by pg(A) = ¢(xa) for all A € ¥. Note that p, is well defined as for every
A € ¥ we have that x4 = xaxa € X7Y. Moreover, since

to(A) < Bl emyy- Ixallxry < @l xryy Ixallx lIxelly,

and X is order continuous, it follows that s, is countably additive. If p(A) =0
then || xal|x = 0 and so p4(A) = 0, that is, 414 is absolutely continuous with respect
to p. The scalar Radon-Nikodym theorem gives a function 0 < g € L'(u) such
that p5(A) = [, gdp for all A € 3. Note that every simple function h satisfies

o) = [ s = [ g

Let f € X7Y and take a sequence of simple functions (h,) such that 0 < h,, 1 | f]
p-a.e. Then, since 0 < h,g 1 |f|g p-a.e., applying the monotone convergence



theorem, it follows that

[ g =t [ bugai—tim o)

< @l xnyy lim |Pnl| X7y < 1|0l (xry)-

fllxay.

Hence, g € (X7Y')". Denote by ¢, the functional on X7Y defined via g as ¢,(f) =
[ fgdp. We will finish the proof if we show that ¢ = ¢,. We have already seen
that ¢(h) = ¢4(h) for all simple function h.

Note that X C X7Y as f = fxq € X7Y for all f € X. Let us see that ¢ = ¢, on
X. Take 0 < f € X and a sequence of simple functions (h,,) such that 0 < h,, T f.
Since X is order continuous, (h,) also converges to f in X and so in X7V, as the
inclusion between Banach lattices is always continuous (see [10, p. 2]). Then,

) =t o) = lin () = lim [ hagdie = [ Fodu=,(7).

For a general f € X, we only have to consider the positive and negative parts of
f

Let now f € X7Y. Given ¢ > 0, there are two sequences (z;) C X and (y;) C Y
such that f =3"° zy; and > oo [zl x||uilly < ||f||xny + €, see [8, Remark 2.3].
Take n. such that Y, [|7i|x|lylly < § and for each i take a simple function
Yie € Y such that ||y, — yiclly < m Noting that Y7, z;y;. € X, we have
that

[9(f) — dg(f)] < '¢(f) —¢ Z%%,a) + | &g inyi@) - ¢g(f)‘
=1 =1
<K Z Ti(Yi = Yie) + Z TiYi
=1 i>Ne X7y
<K Y willxlly —viclly + ) ||xi||x||yi||y> < Ke
i=1 i>Ne

where K = [|¢]|(xrv)« + ||¢g]l(x=v). Since e is arbitrary, it follows that ¢(f) =
oq(f). UJ

Taking into account that the simple functions are dense in every order continuous
B.f.s. and that L>°(u) C XY whenever X C Y, we obtain the following corollary.

Corollary 5.3. If X and Y are two order continuous B.f.s.” containing L*(u)
such that X CY’, then XwY is order continuous.

From the previous corollary and noting that X C X" for every B.f.s. X, in Section
4 we get that YormY] is order continuous if Y3, Y/ are order continuous and L>°(u) C
Y/ (equivalently, Y; C L*(p)). Similarly for X;7XJ}.



Remark 5.4. In Proposition 5.2 we have proved that ¢ = ¢, on X without using
the condition of the density of the simple functions in Y. We obtain the same
conclusion if we replace this condition by any of the following ones:

(i) X is dense in X7Y.

(i) X N Bxgy is norming for (X7Y)*, ie. ||¢](xryv) = SUD fe XNBy .y lo(f)] for
every ¢ € (XmY)*.

6. Particular cases

As in Section 4, let Xi, X5, Y7,Y5 be B.f.s.” related to a finite measure space
(Q, %, p) such that L>=(p) C X7 C Xoand L>®(p) C Yo CYiandlet T: X; — V)
be a continuous linear operator. In this section we study the strong factorization of
T through two particular classes of operators, namely, the composition operators
and the kernel operators.

6.1. Strong factorization through a composition operator

Consider a measure-preserving transformation o: {0 — (), that is, a measurable
function such that u(oc7*(A)) = u(A) for all A € 3. Then, the composition
operator S,: L%(u) — L°(u) given by S,(f) = f o o is well defined and positive.
Suppose that S,: Xo — Y5 is well defined and so automatically continuous as it is
a positive operator between Banach lattices.

Under conditions of Theorem 4.1 (or 4.2), statement () holds if and only if 7'
factorizes strongly through S,, that is, there exist f € X 1X >and g € Y2Y1 such that

T(z)(w) = gw)f (o(w)) z (o(w))
for all x € X; and p-a.e. w € Q.

We will give a new equivalent condition for 7" to be strongly factorized through S,
in which the following concept is involved. Given ): X — Y and R: X — Z two
continuous linear operators between B.f.s.” related to u, we will say that () is R-local
if for each x € X it follows that Q(z)(w) = 0 p-a.e. on {w € Q : R(z)(w) = 0},
that is, Supp(Q(z)) C Supp(R(z)) U N for some p-null set N. In the case when
X =Y = Z and R is the identity map, () will be said to be local.

Theorem 6.1. If the simple functions are dense in X, and T(xq) € Yy, then
the following statements are equivalent:

(i) T factorizes strongly through S,.
(ii) There exists h € X;* such that T is S, o Mj,-local.

Proof. If (i) holds for some f € X;** and g € Y,*, since T'(x) = M, 0 S, o M¢(z)
for all z € X, then T is clearly S, o M¢-local.

Suppose that (i7) holds. Then, for every A € ¥ we have that

Supp(T'(xa)) C Supp(S, o My, (xa)) UN C o ' (A)UN



for some p-null set N. So,
T(xa) =T(xa)  Xo-1a) = T(xQ) - Xo-1(4)>

where in the last equality we use again that Supp(T(xa\a)) C o (Q\A4) U N for

some p-null set N. Hence, for a simple function x = o aixa, it follows that

T(z) = Z@iT(XAi) =T(xa) Z Oéz'Xa—1<Ai>> = T(xa)S ().

Let € X; and take a sequence (x,) of simple functions converging to = in Xj.
Then,
T(x) =lmT(z,) = Um 7T (xq)S% (xn).

Since X is continuously included in X, we have that S,(z,) — S,(x) in Y,
and since T(xq) € Yy, it follows that T(xq)Ss(zn) — T(xa)Ss(z) in Yi. So,
T(x) = T(xa)Ss(z) and (7) holds for g = T'(xq) and f = xq. O

Unfortunately, Theorem 6.1 works because of the particular composition operator
S,. For a general operator S, if there exist f € X1X > and g € Y2Y1 such that
T(x) = MyoSoMg(x) for all x € Xy, then T is clearly S o My-local, but the
converse may fail.

Example 6.2. Let X be a B.f.s.” containing L>(x) and consider two functions
hr >0 and hg > 0 in L*(u) such that Z—g ¢ L>(p). Take an element 0 # 2’ € X'
and define the operators T': X — X and S : X — X as T(z) = («/,2)hr and
S(x) = (a',z)hs. Then T is S-local. However, if there exist f,g € L>°(u) such
that T'(x) = gS(fz) for all x € X, by taking x € X such that (2/, z) # 0 we have

that Z—g = g%,’f}) € L°°(u) which is a contradiction.

Consider now the case when Xi, X5, Y7, Y5 all coincide with an order continuous
B.f.s. X having the Fatou property and containing L*(u). Suppose that o is
bijective with measurable inverse o~!. Note that in this case o~ ! is a measure-
preserving transformation and S,-1: X' — X’ is well defined. Indeed, S,-1 = S/,
since for every ' € X’ and x € X we have that

(So(2'),x) = (2, S () = /fﬂ/(w)ﬂf(a(w)) dp(w)
_ / 2 (07 (@) 2(w) du(w) = (Sy1 ('), ).

Corollary 6.3. The following statements are equivalent:

(i) T factorizes strongly through S,.
(ii) There exists h € L>(u) such that

/ T(a) () () du(w) < / (@) (@) (0(w))] du(w)

forallz € X and ' € X'.



(@ii) There exists h € L>(u) such that
T (") (w)] < |h (07 w)) 2’ (07 (w))| prae(w)
for all ' € X'.
Proof. The equivalence between (i) and (i) is just the equivalence between (7)
and (7i7) in Corollary 4.3, as S = S,-1.

Suppose (ii) holds. Given 2’ € X' we take Bt = {w € Q : T'(2/)(w) > 0}
and B~ = {w € Q: T'(2')(w) < 0}. For every A € 3, considering the element
o = xa(xB+ — XB-), we have that

/ T (@) ()] dp(w) = / T (') (w)o(w) dia(w) = (T'(z'), 20)
A

< /|h(w)9€'(W)~’Uo (o(w))| du(w)
_ / Ih (07 (@) ' (07 (w)) zo(w)| dpu(w)

< [ b @) (o @) dute),
so (#i7) holds. Conversely, if (i7i) holds, for every z € X and 2’ € X', it follows
that

/ T(e) () (w) dis(w) = / T/ (') (w)er(w) dplw) < / T (@) (w)r(w)]| dpw)
< / h (07 (w)) 2’ (07 (w)) z(w)] dp(w). O

Moreover, if S,-1: X — X is well defined, then conditions (z)—(¢i¢) in Corollary
6.3 are equivalent to

(iv) There exists h € L*(u) such that T is S, o Mj,-local.

Indeed, if (iv) holds, in the same way as in the proof of Theorem 6.1 we obtain
that T'(z) = T(xq)S,(x) for all simple function z. By taking z o o~! which is also
a simple function, it follows that T'(z o 0=!) = T'(yq) z. Note that T'(xq)z € X
for every simple function x. Let us prove that this holds for every x € X, so we
will have that T'(xq) € X and we can follow the proof of Theorem 6.1 to obtain
that (¢) holds. Let 0 < x € X and take a sequence (z,) of simple functions such
that 0 < z, T« p-a.e. Then, 0 < |T'(xa)|z, T|T(xa)|z p-a.e. and

sup [[|7(xe)| 2ullx = sup[|T(xe) #ullx = sup||T(za 00 ")|Ix

< |ITlIsup [|lzn 0 07 |x < ||T| [l oo™ |lx < o0.
n



Since X has the Fatou property, we have that |T'(xq)|z € X and so T'(yq) z € X.
For a general € X, considering x+ and 2~ the positive and negative parts of x,
we have that T'(yq) x = T(xa) 2t — T(xo) 2z~ € X.

In the particular case when o is the identity map, the equivalence between (i) and
(iv) in Corollary 6.3 is a known result saying that 7" is local if and only if it is a
multiplication operator, see [1, Proposition 1.7] and [18, Theorem 8].

Example 6.4. Let ([0, 1], B[0,1],\) be the measure space with B[0, 1] being the
Borel o-algebra of [0, 1] and A the Lebesgue measure. For the measure-preserving
transformation o: [0,1] — [0,1] given by o(s) = 1 — s for all s € [0,1], the
composition operator S,: LP[0,1] — LP[0,1] (1 < p < o0) is well defined. The
continuous linear operators 7: LP[0, 1] — LP[0, 1] which factorize strongly through

S, are characterized by conditions (ii)—(iv) of Corollary 6.3.

6.2. Strong factorization through a kernel operator

Consider a measurable function K : Q x © — [0,00) such that the operator
Sk: X — Y; given by

Sk(f)(s) = / (K (s, 1) du(t)

for all f € X5 and s € €2, is well defined and so continuous.

Under conditions of Theorem 4.1 (or 4.2), statement (i) holds if and only if T’
factorizes strongly through Sy, that is, there exist f € X;2 and g € Y3 such that

T(x)(s) =9(8)/f(t)x(t)f((87t) dp(t)

for all z € X; and s € €2. In this case, T is also a kernel operator with kernel
K(s,t) = g(s)f (L) K(s,1).

In the case when X, X5, Y7,Y5 all coincide with an order continuous B.f.s. X
having the Fatou property and containing L*(u), using the equivalence between
(1) and (#4i) in Corollary 4.3, we obtain that T factorizes strongly through Sk if
and only if there exists h € L*(u) such that

/ T(a)(t) (1) dp(t) < / () / W)z (K (s, 0) dus)| du(t)  (5)

for all z € X and 2’ € X'. Indeed, S} : X’ — X' satisfies that
(Sia').a) = o, Sicw)) = [ @'(5) [ a5, 0)autt) d(s
= [ o) [ 2K (s.0)du(s) dute)

_ </x'(s)K(s, -)du(s),x>

forall 2’ € X' and z € X.




Example 6.5. Consider the measure space given by the interval [0, 1], its Borel
o-algebra and the Lebesgue measure. Let K be the kernel given by K(s,t) =
X[0,s](t) for all s,t € [0,1]. Then, Sk is just the Volterra operator. Suppose that
Sk: X — X is well defined and continuous (e.g. X = LP[0, 1] with 1 < p < o0).
The following statements are equivalent:

(i)  There exist g, f € L]0, 1] such that

/ f()z(t)dt a.e.(s)
for all x € X.

(i) There exists h € L0, 1] such that

/0 () (1) dt < /0 1

forall x € X and 2’ € X".
(ili) There exists h € L0, 1] such that

(1) /t h(s)2'(s) ds| dt

T'(2')(#)] <

a.e.(t)

[ it as

for all ' € X'.

Note that the equivalence between (i) and (ii) follows from applying (5). If (ii)
holds, given 2’ € X’ we consider the sets BT = {t € [0,1] : T"(z') > 0} and B~ =
{t € [0,1] : T'(z') < 0}. For each measurable set A, taking x = xa(xp+ — X5B-),
we have that

/ T (") (t)|dt = /0 T'(2")(t)x(t)dt = (T'(2"), z) = (', T(x))

=43wwwwmsf
< /A /tlh(s):c’(s)ds

so (iii) holds. Conversely, if (iii) holds, for every z € X and 2’ € X', it follows
that

:L‘(t)/t h(s)'(s)ds| dt

dt.

/0 () (1) di = / () (e (t)dt < / T () ()(8) |t

1
< /
0

If we consider now the Hardy operator which is given by the kernel K(s,t) =
Xp0,s(t) for all s,t € [0,1] and suppose that Sx: X — X is well defined and
continuous (e.g. X = LP[0,1] with 1 < p < o0), in a similar way we obtain that
the following statements are equivalent:

dt.

x@[h@()@




(i)

(i)

There exist g, f € L*°[0, 1] such that

T(x)(s) = &{:) /OS f(t)x(t)dt a.e.(s)

for all z € X.
There exists h € L*°[0, 1] such that

/ ()0 (1) e < / 1

forall z € X and 2/ € X'.
There exists h € L*°[0, 1] such that

[ e,

x(t)/tlwds dt

S

T (@) (0)] < ace.(t)

S

for all 2/ € X'.
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