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Abstract. Our goal here is to investigate the influence of velocity correlations on the fluctuations
of several global quantities for two different systems. In the first case, we study the fluctuations of
the total number of particles, momentum and energy in a probabilistic ballistic annihilation model.
For this model, when there is a binary encounter, the particles annihilate with certain probability.
In the second case, we analyze the fluctuations of the total energy in a granular system which is
driven by a stochastic thermostat. The theoretical analysis is based on the study of the equation for
the two-particle distribution function. The predictions are in very good agreement with simulations
results.

Keywords: Dissipative system, granular flow, kinetic theory, global fluctuations.
PACS: 51.10.+y,05.20.Dd,82.20.Nk

INTRODUCTION

In the last years, there has been some interest in the study of the microscopic and
macroscopic properties of granular media. It has been realized that inelasticity, which
is the main feature of grain interactions, gives rise to a very interesting phenomenology
[1]. One of the simplest model that is usually used is the inelastic hard sphere (IHS)
model, which consists of an ensemble of N hard particles of mass m and diameter ¢
that collide inelastically. Then, if v; and v, are the velocities of two particles before a
collision, the velocities after the collision read

p I+ o I+o
Vi =Vi— 5 5

where 0 < o < 1 is the coefficient of normal restitution (¢ = 1 is the elastic limit) and
& is a unit vector joining the centers of particles at contact.

On the other hand, systems where particles may react, change chemical or physical
nature and ultimately disappear, model also arich variety of phenomena. When reactions
are controlled ballistically, the system can be modeled by the so-called probabilistic bal-
listic annihilation (PBA) model which is an assembly of hard spheres or disks which
annihilate with probability p or collide elastically (formula (1) with o = 1) with proba-
bility 1 — p every time two particles collide [2].

Theoretically, one of the tools used to understand the rich phenomenology of these
systems is kinetic theory, which is extended naturally by the “inelastic collision rule”

[(vi—Wv,) 6]6, Vh=vy+ [(vi—v2)-6]6, (1)
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previously introduced. In the granular case the number of particles and momentum are
conserved but the energy is not, while in the PBA case there are no collisional invariants.
Within the framework of the PBA and the granular model, most of the work carried out
up to now has focused on the kinetic equations for the one-body distribution function and
the information following from them [1, 2]. In this work we go further and we analyze
the role of the correlations in the fluctuations of the most relevant global quantities for
both systems.

KINETIC THEORY PREDICTIONS

Let us analyze first the case of the PBA model. The hierarchy of equations for the re-
duced distribution functions can be shown to be similar to the one describing elastic
collisions, but replacing the binary elastic collision operator, 7,(vy,v2), by the opera-
tor describing annihilating collisions, 7,,(v1,v2), which depend explicitly on p [3]. As-
suming molecular chaos, i.e. that no correlations exist berween colliding particles, the
equation for the one-particle distribution function fj (x1,¢) is the Boltzmann equation

3510 s = [ fitnsiee, @)

where x = {r,v} is a field variable and L(x1) = vy - airl.

The equation for the correlation function g5 (x1,%2,¢) = f3(x1,%2,£) — f1(x1,) fi(%2,1),
where f; is the two-particle distribution function, can be obtained in the same spirit, by
neglecting the three-body correlations

{%+L(x1)+L(xz) —K(n) —K(sz)} 51 t)
=8(r12)Tp(v1,v2) f1(x1,1) fi(x2, 1), 3)

where we have introduced the linear operator K(x;,7) which is also a functional of the
PBA binary collision operator [3].

There is a special solution of these equations which corresponds to an homogeneous
isotropic system in which all the time dependence in the distribution functions is em-
bodied in the temperature and density (the second velocity moment of f1). This is the
reference state (in the sense that for a wide class of initial conditions the system reaches
this state in the long time limit) and it is called the Homogeneous Decay State (HDS)
[2, 3]. In this case, assuming some propetties concerning the hydrodynamic part of the
spectrum of the operator K [3], it is possible to show that the second moment of the
fluctuations of the total number of particles 6N = N — Ny, the total momentum 6F; = P,
and total energy 8E = E — Ej scale as

(ON*(1)) o< Nig(),  (8P2(0) = En(r),  (SE*(1)) = Efy(1)/Nu(t),  (4)

where Ny (t) and E(t) are the mean values of the total number of particles and total
energy respectively in the HDS. The constants of proportionality are explicitly known
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as some integrals of the correlation function and can be rewritten in terms of the one-
particle distribution function [3] due to equation (3). This shows the important role of
velocity correlations in the fluctuations of global quantities.
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FIGURE 1. Scaled second moment of the energy fluctuations for a PBA system (left panel) as a function
of p and for a heated granular system (right panel) as a function of . The lines are the theoretical
predictions and symbols are results from simulations.

Now, let us discuss very briefly the granular case. The system is heated uniformly
by adding a random velocity to the velocity of each particle at equal times in such
a way that the time between random kicks is small compared to the mean free time.
Then, between collisions, the velocities of the particles change many times due to the
thermostat. In the dilute limit, assuming molecular chaos and that the sizes of the jumps
due to the thermostat are small compared to the scale in which the distribution varies,
we obtain similar equations to the one obtained for the PBA system, but as functionals
of the inelastic binary collision operator, Ty (vi,vy). The only difference is that some
new terms appear (they are essentially diffusive Fokker-Planck terms) as a consequence
of the thermostat. In this case the reference state is stationary and the total number of
particles and total momentum are conserved. The fluctuations of the total energy can be
evaluated in a similar way, which provides an explicit formula for the variance of the
fluctuations.

In the Figure, we have plotted the theoretical prediction for the scaled variance of the
total energy, 62 = Ny (6E?) /E% (lines) for the two systems and the points are results
from Molecular Dynamic (MD) and from the Direct Monte Carlo method (DSMC). The
simulations for the granular system come from the reference [4]. As we can see, the
agreement is quite good showing that the presence of velocity correlations are important
in order to understand these fluctuations.
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