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ABSTRACT This paper proposes a new reference frame, namely Reduced Reference Frame (RRF), specially
suited for unbalanced three–phase four–wire systems which improves the performance of the classical
Fortescue, Clarke and Park transformations. The RRF transfomation allows to represent any unbalanced
three–phase sinusoidal magnitude with just two components even if the zero–sequence component is
present. For doing so, the RRF transformation takes into account that the abc space–vector trajectory of
the transformed three–phase sinusoidal magnitude is always within a plane. The geometric properties of this
trajectory are considered for outlining a general classification of the transformation depending on the input
voltages and an adequate reference frame within the plane. Then, a step–by–step procedure for computing
the transformation matrix is detailed. Once the voltages and currents are transformed into the RRF, it is
proposed a power theory which allows to compute the instantaneous active and reactive powers. The paper
includes two simulations and an experimental validation through a real–time application to highlight the
benefits of the proposal. The paper closes with the main conclusions and some future research lines where
this transformation can be applied.

INDEX TERMS Coordinate transformation, reference frame, three–phase four–wire systems, unbalanced
power systems.

I. INTRODUCTION
Different transforms have been used in Electrical Engineering
for analyzing, modelling and controlling power systems [1],
electrical machines [2] or power electronic devices [3]. All of
these transforms aim at turning the original formulation in the
abc phase domain into an alternative domain where a simple
model is obtained.

C.L. Fortescue presented a transform for the steady–state
analysis of unbalanced three–phase systems [4]. In this
case, the original unbalance problem is transformed to
three balanced systems, namely: positive, negative and zero
sequence systems. By doing so, it is not required to resort
to a phase–coupled three–phase analysis of the original
unbalanced system. Instead, the problem can be solved by
a single–phase formulation where the different sequence
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systems are involved. For this reason, the Fortescue’s trans-
form is widely used for the computation of unbalanced short-
circuit faults, e.g. ground–to–line or line–to–line faults [5],
in power systems.

R.H. Park proposed a transformation from abc to dq0
reference frame for modelling rotating electrical machines in
dynamic conditions [6]. This dq0 reference frame rotates syn-
chronously with the system frequency which notably simpli-
fies the machine analysis because of two reasons. On the one
hand, the magnetic coupling between rotor and stator is no
longer dependent on the angular position which significantly
reduces the simulation computational cost [2]. On the other
hand, and due to the fact that rotating electrical machines are
three–phase three–wire systems, it is possible to reduce the
analysis to just d and qmagnitudes in case of balanced supply
conditions, being null the 0 magnitude.
E. Clarke proposed a transformation to the so-called αβ0

stationary reference frame rather than the Park rotating
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one [7]. In this case, a balanced set of three-phase sinusoidal
abc magnitudes are transformed into two orthogonal sinu-
soidal magnitudes in the αβ axes with equal amplitude, being
null the 0 component as in the case of the Park transformation.

In addition to these classical applications, the Park
and Clarke transformations are widely used for control-
ling power electronic devices, from electrical drives [8] to
grid–connected power converters [3]. Particularly, the Park
transformation turns any set of balanced three–phase sinu-
soidal phase magnitudes into two constant values in the dq
reference frame. In this way, the design of control strategies,
such as Proportional Integral (PI) controllers, can be done in a
straightforward manner by using classical control theory [9].
However, this requires the use of a synchronization system
or Phase Lock Loop (PLL) [10] for estimating the frequency
and the angle used in the transformation. On the other hand,
the Clarke transformation had a revival in the eighties of the
last century with the instantaneous reactive power theory
proposed by Akagi et al. [11]. This elegant current com-
putation technique allows to calculate the reactive power
instantaneously with a clear application to static reactive
power compensators. Moreover, its improvement for com-
puting harmonic components gave rise to the development
of active power filters [12]. In addition, the emergence of
resonant controllers [13], able to assure a zero steady-state
error tracking sinusoidal magnitudes, has boosted even more
its use in the last years. These controllers prevent the use of
PLLs, which is quite convenient in case of non-ideal voltages
with a high imbalance and harmonic distortion content [14].
In these non-ideal conditions, it is highly recommended to use
advanced PLLs with positive and negative sequence detec-
tors to avoid power oscillations in three–phase three–wire
systems [15].

Without any doubt, the usefulness of these transformations
for three–phase and three–wire power electronic applications
relies on the reduction from a three–component abc system to
an equivalent one with just two components (αβ or dq). This
allows the application of complex algebra and the derivation
of a solid power theory [16]. However, this advantage fades in
case of three–phase and four–wire systems because it cannot
be assured a null third 0 component after the application
of the Park or Clarke transformation. In these situations,
where the complex algebra cannot be longer applied, different
power theories appeared [17]–[20], but all of them lacks of a
solid mathematical foundation being just adaptations of the
three–phase three–wire case. As a matter of fact, this is still
an open question nowadays where new research dealing with
these topics continuously arises [21]. G. Tan has proposed to
transform the unbalanced magnitude into a non–orthogonal
reference frame in such a way that this magnitude can be
represented by means of a space vector of constant magni-
tude [22]. However, it can be only applied to three–phase
three–wire systems. Other recently proposed transformations
rely on techniques never applied before in this field such
as mechanical approaches [23] or Singular Value Decom-
position (SVD) [24], but with a high computational cost

which prevents its use in real-time applications. Recently,
A.A. Montanari and A.M. Gole propose a transformation to
a new reference frame called mno to cope with three–phase
four–wire systems including zero–sequence components and
its corresponding power theory [25]. This formulation allows
to relate different active and reactive power terms with the
corresponding voltages and currents in the mno reference
frame and, therefore, being suitable for the reference cur-
rent computation of a static compensator. The differential
characteristic of the Montanari transformation is the use of
the voltage vector and its derivative in the reference frame
definition rather than the angle used in the Park and Clarke
transformations. However, it can be probed that this transfor-
mation is not defined for some particular voltage conditions,
i.e. voltage with just zero-sequence component or null phase
a voltage.
Following these later works, this paper proposes a sta-

tionary reference frame specially suited for three–phase
and four–wire systems involving zero–sequence component
named Reduced Reference Frame (RRF). This specific ref-
erence frame is based on the trajectory, or locus, defined
by the space vector of the three–phase abc magnitude. This
transformation allows to represent any three–phase abcmag-
nitude just by two magnitudes or by one complex magni-
tude within the RRF. This complex magnitude in the RRF
can be decomposed into two vectors rotating in opposite
directions. This decomposition allows to classify the locus
of the transformed magnitude generalizing its application for
any three–phase abc magnitude. Once the RRF is defined,
it is possible to formulate a power theory for computing the
instantaneous active and reactive power. These power terms
are considerably simplified if the voltage and current loci are
within the same plane. In this case, a power definition similar
to the one proposed by Akagi in [11] but including the zero
sequence component is obtained.

The rest of the paper is organized as follows. Section II
presents the fundamentals of the proposed RRF transfor-
mation including its definition, possible trajectories of the
transformed magnitude and method for computing the trans-
formation matrix. Section III formulates an instantaneous
power theory in the RRF. Section IV applies the pro-
posed RRF transformation to a case study with an unbal-
anced three–phase four–wire system for illustrative purposes.
Section V details an experimental validation of the proposed
RRF transformation to highlight its suitability for real-time
applications. The paper closes with the main conclusions.

II. REDUCED REFERENCE FRAME
A. RRF FUNDAMENTALS
Let’s consider a generic set of three-phase voltages formu-
lated as:

vi (t) =
√
2Vi cos (ω t + θi) i = a, b, c, (1)

where i represents the phase of the system, ω is the angular
frequency, Vi and θi are the RMS value and phase angle of
the voltages respectively. This voltage may contain positive,
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FIGURE 1. Representation of the voltage locus Evabc
(
t
)

within the
5–plane in abc coordinates.

negative and zero sequence components as Vi and θi can take
any value. These voltages can be represented as a space vector
Evabc in an orthogonal abc space where each axis is associated
to a phase angle voltage. In this way, the space vector Evabc
describes a trajectory determined by [26], [27]:

Evabc (t) = [va (t) , vb (t) , vc (t)]T . (2)

Each phase voltage vi is the solution of a simple harmonic
oscillator [28] defined by a homogeneous second order dif-
ferential equation which can be extended to Evabc as:

d2 Evabc
d t2

+ ω2
Evabc = 0. (3)

Consequently, the solution of (3) can be expressed as a linear
combination of two sinusoidal functions:

Evabc (t) = Ec1 · cosω t + Ec2 · sinω t, (4)

where Ec1, Ec2 are constant vectors given by the initial
conditions:

Ec1 = Evabc
∣∣∣
t=0
, (5)

Ec2 =
1
ω
·
d Evabc
d t

∣∣∣
t=0
. (6)

This means that the Evabc trajectory, or locus, is always con-
tained into the plane defined by Ec1 and Ec2, as shown in Fig. 1.
This figure shows the λ trajectory described by Evabc in the
orthogonal abc reference frame which is within the5–plane
derived from Ec1 and Ec2. It is important to mention that Evabc is
always within this plane irrespective of its imbalance content.
The λ voltage locus can be represented in the proposed RRF
which can be defined according to Fig. 2 as follows. RRF
is composed by the set of unitary orthonormal row vectors
{Eex , Eey, Eeo}, where {Eex , Eey} are within the 5–plane and Eeo is
normal to it. Both reference frames, abc and RRF, are related

FIGURE 2. Representation of the Reduced Reference Frame (RRF) based
on {Eex , Eey , Eeo} within the 5–plane.

FIGURE 3. Graphical computation of cp, cn given c1, c2 in the instant
t = 0.

by a linear transformation

Evxyo (t) =
[
vx (t) , vy (t) , v0 (t)

]T
= T extR · Evabc (t) , (7)

where T extR is an orthogonal matrix defined by

T extR =

EexEey
Eeo

 . (8)

However, note that the component vo (t) is always zero
because λ is within the 5–plane and Eeo is normal to it.
Therefore, it is possible to consider a reduced version of the
transformation just involving those components within the
5–plane:

Evxy (t) = TR · Evabc (t) , (9)

where

TR =
[
Eex
Eey

]
. (10)

Once the voltage Evabc has been reduced to a two compo-
nent vector Evxy, it is possible to apply complex algebra and
consider this voltage as a complex magnitude:

vxy (t) =
[
1 j

]
Evxy (t) = c1 · cosω t + c2 · sinω t , (11)
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FIGURE 4. λ loci for the different classes: (a) Class I, (b) Class II, (c) Class III.

where

c1 =
[
1 j

]
TR Ec1 c2 =

[
1 j

]
TR Ec2. (12)

Equation (11) can be further transformed applying Euler’s
identity:

vxy (t) = cp · e
jω t
+ cn · e

−jω t , (13)

where

cp =
c1 − j c2

2
cn =

c1 + j c2
2

. (14)

These equations can be represented in a graphical form as
shown in Fig. 3, where the instant t = 0 is detailed. Therefore,
vxy can be formulated as a sum of two complex magnitudes,
cp and cn, rotating in opposite directions:

vxy (t) = vpxy (t)+ v
n
xy (t)

{
vpxy = cp · e

jω t

vnxy = cn · e
−jω t (15)

B. CLASSIFICATION OF λ LOCUS
This subsection establishes a classification of the possible
λ loci depending on the complex vectors cp and cn. For
this purpose, it is interesting to note that (13) can be also
interpreted as the parametric equation of an ellipse whose
eccentricity can be computed as

ε =

√√√√1−

(
cp − cn

)2(
cp + cn

)2 , (16)

where cp =
∥∥∥cp∥∥∥ and cn =

∥∥cn∥∥. The λ locus can
be classified in three different categories as summarized
in Tab. 1 depending on ε. These different loci have been
detailed in a graphical manner for three consecutive instants
in Fig. 4.

TABLE 1. Classes of λ loci.

FIGURE 5. Class II λ trajectory and its components with two different
reference frames within the 5–plane. Black lines for RRF axes, red lines
for alternative axes.

Class I and Class III refer to two degenerated cases where
the eccentricity is zero and one respectively. The λ locus
associated to Class I is a circumference, which occurs when
cp or cn equals zero. The λ locus of Class III, where cp and
cn are equal, defines a trajectory following a line. Finally,
Class II refers to the general case where λ is an ellipse
with a eccentricity 0 < ε < 1. Note that this trajectory
can be defined using any two orthonormal axis within the
5–plane. It is proposed, however, to take advantage of
the two symmetry axis associated to the ellipsoidal λ locus,
namely the semi-minor and semi-major axes. The benefits
of using this reference frame, which is a contribution with
respect to [25], are illustrated in Fig. 5 and are summarized as
follows:
• The components vx (t) and vy (t) are delayed π/2.
• The amplitudes of vx (t) and vy (t), Ax and Ay respec-
tively, are equal to the length of the of semi-major and
semi-minor axes, which can be formulated as:

Ax = cp + cn ; Ay = cp − cn. (17)

• The eccentricity ε is related to the amplitudes Ax and Ay.
Substituting (17) into (16), the ratio of amplitudes k can
be expressed as:

k =
Ay
Ax
=

√
1− ε2 . (18)
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FIGURE 6. Flowchart of the RRF transformation matrix computation.

• Using the above properties, it is possible to formulate the
λ trajectory using just one of the components:

vxy (ω t) = vx (ω t)+ j k vx
(
ω t +

π

2

)
. (19)

C. COMPUTATION OF THE TRANSFORMATION MATRIX
This section is devoted to compute the transformation matrix
required to convert from the abc phase domain to the pro-
posed RRF. It must be noted that the transformation matrix
is computed depending on the λ locus class discussed in the
previous subsection. For this reason, it is required to follow
a number of steps as illustrated in the flowchart depicted in
Fig. 6:
• Step 0. Obtain the constant vectors Ec1 and Ec2 of the
magnitude to be transformed:

Ec1 =
√
2

Va cos (θa)Vb cos (θb)
Vc cos (θc)

 ,
Ec2 = −

√
2

Va sin (θa)Vb sin (θb)
Vc sin (θc)

 . (20)

• Step 1. Check if the λ locus is linear (Class III). This
happens in case of cp = cn. Resorting to (14), one of the
following conditions are fulfilled:
– Vectors Ec1 and Ec2 are parallel. This implies that c1

and c2 are proportional, i.e., c2 = k c1, with k 6= 0.
– One of the vectors Ec1 or Ec2 is null. This implies that
c1 = 0 or c2 = 0.

FIGURE 7. Computation of the auxiliary transformation matrix T ′

R .

If the locus is linear, continue to Step 4-Class III. Other-
wise, continue to Step 2.

• Step 2. Compute an auxiliary transformation matrix T ′R
from vectors Ec1 and Ec2 given the fact that these vectors
are within the 5–plane:

T ′R =
[
Ee ′x
Ee ′y

]
=


Ec1
‖Ec1‖
Ec2r
‖Ec2r‖

 . (21)

Note that Ec2r is the rejection of Ec2 into Ec1 which, accord-
ing to Fig. 7, can be computed as:

Ec2r = Ec2 − Ec2p = Ec2 −
Ec2 · Ec1
‖Ec1‖2

· Ec1, (22)

where Ec2p is the projection of Ec2 into Ec1.
• Step 3. Check if the λ locus is a circumference (Class
I). For this purpose, c1, c2 and cp, cn are computed
by applying (12) and (14) respectively. The λ locus is
a circumference if either cp or cn equals zero. In this
case, continue to Step 4-Class I. Otherwise the λ locus
is elliptical and continue to Step 4-Class II.

• Step 4-Class I. In this case, the λ locus is a circumference
as shown in Fig. 4.a. Therefore, any orthogonal set of
unitary vectors within the 5–plane will have a similar
performance. The λ locus projection on any orthogonal
axis will produce two sinusoidal components with the
same amplitude but delayed π/2 each other. This is
shown in Fig. 8 where the effect of choosing different
reference sets is depicted. It is clearly noticed that the
unique difference refers to the initial phase of the two
signals. Therefore, T ′R is chosen as the transformation
matrix.

• Step 4-Class II. As previously mentioned, in this case
the semi-major and semi-minor axis, symmetry axis
associated to the ellipsoidal λ locus, are used as the
reference frame. Note that the semi-major axis is always
in the bisector of cp and cn, as shown in Fig. 9, which
is computed as the square root of their corresponding
unitary vectors:

ex =

(
cp
‖cp‖

·
cn
‖cn‖

)1/2

. (23)

In this way, ex is an unitary vector whose angle will
be the average angle of cp and cn and, consequently,
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FIGURE 8. Class I λ trajectory and its components with two different
reference frames within the 5–plane. Black lines for RRF axes, red lines
for alternative axes.

FIGURE 9. Graphical computation of direction of mayor and minor axes
given cp, cn.

oriented with the semi-major axis. The semi-minor axis,
ey, is oriented as follows:

ey = j ex . (24)

Returning to the vector space, directions Eex and Eey can
be computed as follows:

Eex = T ′TR

[
<{ex}
={ex}

]
; Eey = T ′TR

[
<{ey}
={ey}

]
, (25)

defining the transformation matrices T extR and TR in (8)
and (10) respectively.

• Step 4-Class III. In this case, λ locus is linear and only Eex
is needed to define the transformation matrix. This can
be considered a particular case of class II (ε = 1). Using
the axis Eex computed by:

Eex =
Eci
‖Eci‖

, (26)

where Eci is the non-null vector among Ec1 and Ec2. Select-
ing another axis Eey such as Eey ⊥ Eex , the component
associated with the semi-minor axis, Ay, is null (k = 0)
and the magnitude is just represented by vx as shown
in Fig. 10. Note that the selection of any other arbi-
trary axis within the 5–plane will have two non-null
components.

III. POWER THEORY
This section is devoted to define the power magnitudes in
the proposed RRF. For this purpose, the instantaneous active

FIGURE 10. Class III λ trajectory and its components with two different
reference frames within the 5–plane. Black lines for RRF axes, red lines
for alternative axes.

and reactive powers formulated in the phase domain are
considered [29]:

p (t) = Evabc (t)T · Eiabc (t) , (27)

and

q (t) = ‖Eqabc (t) ‖, (28)

where Eqabc (t) is defined using the cross product

Eqabc (t) = Evabc (t)×Eiabc (t) . (29)

These power terms can be computed using voltages and cur-
rents expressed in the RRF. However, it has to be considered
that voltages and currentsmay not have the same5–plane in a
general case. Therefore, if the voltage5–plane is used for the
transformation, the current may have a non-null o component.
For this reason, it is required to use the vector formulation
rather than the complex algebra for obtaining the different
power terms. Considering that the matrix T extR is orthogonal,
the RRF transformation is power invariant:

p(t) = Evxyo (t)T · Eixyo (t) , (30)

q (t) = ‖Eqxyo‖ = ‖Evxyo (t)×Eixyo (t) ‖. (31)

Note that if Evo is null, the active and reactive power terms can
be simplified as follows:

p (t) = vx · ix + vy · iy, (32)

Eqxyo (t) =

 vy · io
−vx · io

vy · ix − vx · iy

 . (33)

The active power and each of the reactive power components
can be divided into constant and variable terms as they depend
on the product of two sinusoidal magnitudes,

p (t) = p+ p̃ (t), (34)

qk (t) = qk + q̃k (t) k = x, y, o, (35)

where p and qk refer to the constant terms and p̃ and q̃k to the
oscillatory ones. This power formulation is greatly simplified
in case of a common5–plane for the voltage and current loci.
In this case, the current io is null and the reactive power has
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only one component in the o axis. Therefore, it is possible to
formulate the active and reactive powers as:[

p
q

]
=

[
vx vy
vy −vx

]
·

[
ix
iy

]
. (36)

Note that this formulation is similar to that formulated by
Akagi in [11], but with the advantage that it can be used in a
straightforward manner even with voltages and currents with
zero–sequence components. Similarly, (36) can be adapted to
a complex formulation as proposed in [16], but extending its
application to voltages and currents including zero–sequence
components:

p(t)+ j q(t) = vxy(t) · i
?
xy(t), (37)

where ? means conjugate.

IV. CASE STUDY
This section applies the proposed RRF to the particular
three–phase four–wire system shown in Fig. 11 for illustra-
tion purposes. The phase voltages of the unbalanced ideal
source are:

FIGURE 11. Three–phase four–wire case study.


va (t) = 224.4 cos (ω t − 2.6012)V
vb (t) = 243.4 cos (ω t + 1.2490)V
vc (t) = 154.0 cos (ω t)V,

(38)

where the amplitudes and the phase angle of each phase are
totally different as depicted in Fig. 12.a. This three–phase
voltage source is connected to the loads detailed in Tab. 2. Par-
ticularly, two cases are analyzed to evidence the performance
of the RRF transformation and the related power formulation
in case of voltages and currents with different and equal
5–plane respectively. In the first simulation, an unbalanced
three–phase load is used, with the phase c impedance lower
than the corresponding values for phases a and b, while the
second one connects a balanced three–phase load.

The transformation to the RRF can be computed following
the flowchart detailed in Fig. 6 to the supply voltages. The
intermediate results obtained in each step are presented in
Tab. 3 and the final transformation matrix is

T extR =
1
3

−2 2 1
−1 −2 2
2 1 2

 .

FIGURE 12. Unbalanced load case. a) Voltages in the abc frame.
b) Voltages in the RRF.

TABLE 2. Load parameters for unbalanced and balanced case studies.

TABLE 3. Intermediate results for obtaining the transformation matrix in
the proposed case study.

A. UNBALANCED LOAD
The load current in abc coordinates is illustrated in Fig. 13.a
where a high current circulation through the neutral wire in is
observed due to the load and voltage imbalance. The voltages
and currents in the RRF are shown in Fig. 12.b and Fig. 13.b
respectively after applying the transformation matrix to the
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FIGURE 13. Unbalanced load case. a) Currents in the abc frame including
the neutral current. b) Currents in the RRF.

FIGURE 14. Unbalanced load case. Decomposition of vxy and ixy in
rotating complex vectors. a) Voltage clockwise components. b) Voltage
counterclockwise components. c) Current clockwise components.
d) Current counterclockwise components.

abc magnitudes. Note that vo is null because the voltage is
within the computed5–plane. In addition, vy lags vx a phase
angle equal to π/2, one of the properties of using the semi-
major and semi-minor axis of the λ locus previously analyzed
in subsection II-B. Other interesting property of the proposed
RRF transformation is the ratio of vx over vy. This is related to
the λ locus eccentricity, ε, which equals to 0.866. The analysis
of the currents reveals that io is not zero since the load is
unbalanced and the 5–plane has been computed using the
voltages rather than the currents. In this sense, the currents
have their own 5–plane which may be different from the
voltage one.

Once the voltages and currents are formulated in the RRF,
it is possible to consider their xy components as complex
magnitudes which can be represented as a sum of two com-
plex vectors with constant amplitude rotating in opposite
directions as presented in subsection II-B. Fig. 14 shows the
projections of these components on the RRF orthonormal
axes. It can be observed that each component has the same
amplitude and they are delayed π/2, one of the properties
derived from the axes orientation in the RRF for circular
locus. In addition, this figure illustrates the direction of the
rotation of these complex magnitudes which can be derived
from the relative lagging between the represented projections.

FIGURE 15. Unbalanced load case. Instantaneous active and reactive
power.

FIGURE 16. Unbalanced load case. Decomposition of active power and
reactive power components into constant and variable terms. (a) Active
power. (b) Reactive power in y axis. c) Reactive power in x axis.
d) Reactive power in o axis.

Note that vpx and i
p
x lead with respect to v

p
x and i

p
x respectively,

meaning that the complex vectors Evp and Eip rotate clockwise.
Conversely, vnx and i

n
x lag with respect to v

n
x and i

n
x respectively

because the complex vectors Evn and Ein have a counterclock-
wise rotation.

Finally, the instantaneous active and reactive power com-
ponents, shown in Fig. 15, are computed from the trans-
formed RRF voltages and currents applying the power theory
summarized in Section III. With this regard, it is important
to highlight that the current is not within the same voltage
5–plane and, therefore, its o component has to be considered.
Consequently, the reactive power has to be computed after
obtaining the different terms detailed in (33) and represented
in Fig. 16. This figure also shows the constant and variable
terms which are present in the active and the reactive power
components.

B. BALANCED LOAD
In spite of the balanced character of the load, the current is
unbalanced due to the supply voltage. In fact, the neutral cur-
rent is non-null due to the voltage zero–sequence component.
The effect of a balanced load can be seen in the transformed
RRF currents which are in the same5–plane than the voltage.
As a result, io is null as shown in Fig. 17. Therefore, the
computation of the active and reactive powers can be done
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FIGURE 17. Balanced load case. a) Currents in the abc frame including
the neutral current for balanced load. b) Currents in the RRF for balanced
load.

FIGURE 18. Balanced load case. Instantaneous active and reactive power
for balanced load.

directly using (37) with the results shown in Fig. 18. In this
sense, it is important to highlight that the reactive power
computation has been done in a straightforward manner using
complex algebra in a case where voltages and currents have
zero–sequence components. Therefore, and in the case of a
common 5–plane, the proposed RRF transformation allows
to define a power theory similar to the ones defined in
[11] and [16], but with voltages and currents including also
zero–sequence components.

V. EXPERIMENTAL VALIDATION
This section describes a first experimental validation of the
proposed RRF transformation to evidence its suitability for
real-time applications. For this purpose, it has been fol-
lowed a Controller Hardware-in-the-Loop (C-HIL) testing
approach [30]. The three–phase circuit represented in Fig. 6
is considered as the plantwhile the RRF transformation takes
over the role of the controller to be tested as shown in Fig. 19.
This three–phase circuit is simulated in real-time using a
Typhoon HIL 402 platform with a time step 0.5 µs. The sim-
ulated three–phase voltage and current, vabc(t) and iabc,n(t),
are transformed from digital to analog signals using the avail-
able analog output ports. Conversely, the RRF transformation
detailed in Fig. 6 is embedded into a TMS320F28335 Delfino
Digital Signal Processor (DSP) from Texas Instruments. The
measured analog signals are transformed into digital ones
using the corresponding DSP analog input ports with a sam-
pling frequency of 5 kHz. The computed RRF magnitudes,
vxyo(t) and ixyo(t), are converted to digital 10 kHz PWM
signals due to the absence of analog output ports in this DSP
model. Finally, these PWMsignals are captured using aYoko-
gawa DL850 oscilloscope with a 500 Hz low-pass input filter
which eliminates the PWM high-frequency components.

TABLE 4. Simulated and experimental results.

The case study with the unbalanced load detailed in sub-
section IV.A has been considered for this experimental vali-
dation. The comparison of simulated and experimental results
is detailed in Tab. 4 for voltages and currents in abc frame
and RRF, where it has been considered the phase c voltage as
the system reference. This table also shows the error between
the simulated and experimental results, being considered a
relative error (%) in the case of RMS magnitudes and an
absolute error for phase angles (rad). Note that in the case
of the voltages, the largest errors are 0.42 % and 0.00617
rad for RMS values and phases respectively. This can be
also visually verified comparing the signals of Fig. 20, which
shows the experimental phase voltages abc (top plot) and the
experimental RRF transformed voltages xyo (bottom plot),
with respect to the simulation voltages in Fig. 12. It is inter-
esting to note that vo is also null in the experimental validation
which clearly indicates that the RRF transformation has been
successfully applied in the DSP with a correct identification
of the voltage 5–plane. In addition, Fig. 20 and Tab. 4 show
that the phase angle difference between vx and vy is π/2,
one of the RRF properties derived from using the semi-
major and semi-minor axes of the voltage locus as reference
frame.

Figure 21 shows the experimental currents in abc frame
(top plot) and RRF (bottom plot). The largest errors for
current RMS magnitudes and phase angles are 0.64 % and
0.00891 rad respectively according to Tab. 4. Although these
errors are slightly higher than those obtained for voltages,
they are quite small being possible to claim that experimental
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FIGURE 19. Experimental validation of the RRF transformation following a C-HIL approach.

FIGURE 20. Experimental voltages: abc frame (top plot) and RRF frame
(bottom plot). Scale 1 V: 160 V.

FIGURE 21. Experimental currents: abc frame (top plot) and RRF frame
(bottom plot). Scale 1.25 V: 1 A.

currents match the simulated ones. This similarity can be also
verified by comparing Fig. 21 and Fig. 13. Note that io is not
null because the current is not in the same voltage5–plane.

VI. CONCLUSION
This paper has presented a transformation for sinusoidal
three–phase and four–wire systems named Reduced Refer-
ence Frame (RRF). For this purpose, it has been considered
that the three–phase magnitude can be represented as a space
vector Evabc describing a trajectory in an orthogonal abc space
where each axis is associated to a phase magnitude. The
proposed transformation to the RRF allows to represent this
trajectory within a plane, namely the5–plane. Therefore, the
voltage is reduced to just two components which are referred
to a set of orthogonal axis in the5–plane. The paper has pro-
posed a general classification of the possible trajectories (cir-
cular, ellipsoidal and linear loci) depending on the character-
istics of the transformed three–phase magnitude. It has been
demonstrated that the linear and circular loci are two degen-
erated cases of the more general ellipsoidal trajectory. In this
sense, it is important to highlight that this paper has proposed
the semi-major and semi-minor axes of the trajectory as the
reference frame taking advantage of some symmetry prop-
erties. Additionally, a step-by-step methodology for com-
puting the transformation matrix depending on each of the
possible trajectory classes is included. Once the magnitudes
are transformed into the RRF, it has been defined a power
theory in a similar way than in the original abc domain. The
paper has included two case studies to detail all the steps to
compute the RRF transformation and also the application of
the power theory in this new reference frame. Finally, and in
spite of this paper is mainly devoted to the RRF fundamentals,
an experimental validation has been also included to evidence
the suitability of applying the RRF transform for real-time
applications.

This novel approach may constitute an alternative
method to the classical transformations provided by
Fortescue, Park and Clarke and applied so far in dif-
ferent electrical engineering fields. The application of
the proposed RRF transformation may overcome the
well–known limitations of those classical tools in case
of three–phase and four–wire systems. For this reason,
future work will explore possible applications of the RRF

143030 VOLUME 8, 2020



F. Casado-Machado et al.: RRF Transform: Deconstructing Three-Phase Four-Wire Systems

transform in circuit theory, electrical machines and power
electronics.
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