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ABSTRACT. The existence and uniqueness of mild solution of an impulsive stochastic sys-
tem driven by a Rosenblatt process is analyzed in this work by using the Banach fixed point
theorem and the theory of resolvent operator developed by R. Grimmer in [12]. Further-
more, the exponential stability in mean square for the mild solution to neutral stochastic
integro—differential equations with Rosenblatt process is obtained by establishing an inte-
gral inequality. Finally, an example is exhibited to illustrate the abstract theory.

1. Introduction. Integro-differential equations are of great importance in the modeling of
several physical phenomena. Their resolution can be done through the theory of resolvent
operators (see Grimmer [12]]). However, the resolvent operator does not satisfy semigroup
properties. The study of the quantitative and qualitative properties of solutions to stochas-
tic neutral differential equations like existence, uniqueness and stability, have been widely
examined by many researchers by analyzing various mathematical models in different ar-
eas such as mechanics, electronics, control theory, engineering and economics, etc (see
[3L 15 7, 18l 25]]). There exist many works dealing with several theoretical aspects of the
Rosenblatt process. For example, Leonenko and Ahn [17] proved the rate of convergence
to the Rosenblatt process in the Non-Central Limit Theorem. Recently, Sakthivel et al.[26]]
investigated a class of abstract functional second-order non autonomous stochastic evolu-
tion equations driven by Rosenblatt process with index H € (%, 1).

Several processes of evolution systems have impulsive effects at certain moments of
time. This phenomenon is observed in some fields as biology, mechanics and physics
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(see [16, 27]). The theory of impulsive stochastic integro—differential equations has been
receiving much attention recently. However, very few researchers have been interested in
the stability of the mild solutions to stochastic integro—differential equations impulsive (see
(6L 1L [13]).

In this paper, we consider the following neutral stochastic integro—differential equation
with impulses of the form

d [x(t) —g(t,x,,/otal(t,s,xs)ds)} (D
=A [x(t) fg(t,x,,/otal (t,s,xs)ds)] dt
+/OIT(1‘ —s) [x(s) —g(s,xs,/osal (t, ‘L’,xr)d‘c)} dsdt

!
—&-f(t,xh/ a(t,s,x5)ds)dt —I—F(t)ng(t),t eJ,t #t,
0

Ax(ti) :Ii(x(t;))a t=t,i= 1727'--7 (2)
xo(t)=¢(), —r<t<0, 3)

where J := [0,b] and A is the infinitesimal generator of a strongly continuous semigroup
(T(t));>0 of bounded linear operators in a Hilbert space X with domain D(A), Y(¢) is
a family of closed linear operators on X with domain D(Y(¢)) D D(A), Zg is a frac-
tional Brownian motion, ¢ € % := P€([—r,0],X) ={y: [-r0] = X, y(-) is contin-
uous everywhere except in a finite number of points 7 at which w(7~) and w(i™) exist
and w(i~) = w(D)}. For y € 2%, | Y]l e = sup,c(_yq|W(s)]| < +eo. The mappings
g f 1 [0,4%) x PE xX = X, a1 , az : [0,4) X [0,400) x PEC — X, F : [0,+0) —
L%(Y,X ) are appropriate continuous functions and will be specified later. The impulsive
times ¢ satisfy 0 =19 <t <t < ...,<t,, = +oo, which implies that in every interval
[0,b] there exists only a finite number of #;. I; : X — X, Ax(t;) represents the jump in the
state x at #; determining the size of the jump, which is defined by Ax(t;) = x(r") — x(t;),
where x(#;") and x(¢;) are respectively the right and left limits of x(¢) at ;. For any con-
tinuous function x and any ¢ € [0,b], we denote by x; the element of Z%¢ defined by
x%(0)=x(t+06),—r<6<0.

The analysis of - driven by fractional Brownian motion when Y(z) = 0, for all
t > 0, was initiated in Arthi et al. [2]], where the authors proved the existence and exponen-
tial stability of solutions by using an impulsive integral inequality and a strict contraction
principle. Now, in our current paper, we will investigate the existence of solutions and sta-
bility problems for the previously mentioned neutral stochastic integro—differential system
with impulses driven by a Rosenblatt process, since this problem still has not been con-
sidered in the literature. The Rosenblatt process is still of interest in practical applications
because of its selfsimilarity, stationarity of increments and long-range dependence. There-
fore, it is necessary to consider the impulsive effects for the stability of solutions of neutral
stochastic integro—differential equations driven by such a Rosenblatt process. In particular,
here we highlight that the results of [2] for fractional Brownian motion can be extended to
the case Y(¢) # 0. The main contributions of this paper are summarized as follows:
In this work, a general class of impulsive neutral stochastic integrodifferential equations
driven by a Rosenblatt process is considered firstly. Then, using methods of functional
analysis, a set of sufficient conditions are proposed ensuring exponential stability or so-
Iutions. The results are established with the use of the resolvent operator approach. Our
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paper expands the usefulness of stochastic integro-differential equations, since the litera-
ture shows results for existence and exponential stability for such equations in the case of
semigroup only.

The structure of this paper is organized as follows. In Section 2, we recall some basic
definitions and preliminary facts which will be used throughout this work. In Section 3,
some results on the existence and uniqueness of mild solutions are established. Section 4
is devoted to the proof of exponential stability of a mild solution in mean square, followed
by an illustrative example in Section 5.

2. Preliminaries. Let us start with some basic facts about Rosenblatt process. Also we
review some fundamentals about the resolvent operator theory which will be crucial for
our study.

2.1. Rosenblatt process. We recall in this subsection, some basic concepts about Rosen-
blatt processes as well as the Wiener integral with respect to them. Consider (},)nez a
stationary Gaussian sequence with mean zero and variance 1 such that its correlation func-
tion satisfies that R(n) := E(xox,) = nZHk;zL(n), with H € (%,1) and L is a slowly varying
function at infinity. Let / be a function of Hermite rank k, that is, if # admits the following
expansion in Hermite polynomials

@:ZQ%W»q:%W%WMmm,

Jj=0

then k = min { j|c; 75 0} > 1, where H;(x) is the Hermite polynomial of degree ;j given
2

X

by Hj(x) = (—1)/e™ ;—J,e Z. Then, the Non-Central Limit Theorem (see, for example,

Dobrushin & Major [10]) says n%):gﬂl h(&;) converges as n — oo, in the sense of finite
dimensional distributions, to the process

c(H.K) /Rk/< (s=yi)} ﬁl_"fl))dsdB(yl)---dB(m, @)

where the above integral is a Wiener-I1td6 multiple integral of order k with respect to the
standard Brownian motion (B(y)),cr and ¢(H,k) is a positive normalization constant de-
pending only on H and k. The process (Z(t)),>¢ is called as the Hermite process and it is

H self-similar in the sense that for any ¢ > 0, (Z§(ct)) ca (cfZK,(t)) and it has stationary
increments.

The fractional Brownian motion (which is obtained from (@) when k = 1) is the most
used Hermite process to study evolution equations due to its large range of applications.
When k = 2 in @), Taqqu [29] named the process as Rosenblatt process. The stationarity
of increments, self-similarity and long range dependence (see Tindel et al. [30]) imply that
Rosenblatt processes become very important in practical applications.

Let {Zy(t),r € [0,T],T > 0} be a one-dimensional Rosenblatt process with parame-
terH € ( %, 1). According to the work by Tudor [31], the Rosenblatt process with parameter
H > % can be written as

//U’ 2 ) 2 o b)), 9
yiVy, oU
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where K7 (t,s) is given by

t
K (1,s) :cHs%_H/ (u— )T 32112 gy for 1 > s,
N

B H(2H—1)

B(.,.) denotes the Beta function, K (t,s) = 0 when ¢ < s, (B(t),t € [0,T]) is a Brownian
motion, H' = -1 and d(H) = H%rl, /ﬁ is a normalizing constant. The covariance
of the Rosenblatt process {Zy(t),t € [0,T]} satisfy

E(Zu (1 Zua(5)) = % (2 12 |5 —1PH).

The covariance structure of the Rosenblatt process allows to construct the Wiener integral
with respect to it. We refer to Maejima and Tudor [19] for the definition of Wiener integral
with respect to general Hermite processes and to Kruk et al. [15] for a more general context
(see also Tudor [31]).

Note that

with

H(t) = /OT /OTI(l[o,z])(yl7y2)dB(Y1)dB()’2)>

where the operator [ is defined on the set of functions f : [0,7] — R, which takes its values
in the set of functions # : [0,7]> — R? and is given by

T oKH' oKH'

1)) =) [ f) (o) Sy

1 VY2

Let @ be an element of the set & of step functions on [0, 7] of the form

n—1
0=y ail,. ), i €[0,T).
i=0

Then, it is natural to define its Wiener integral with respect to Zy as

/ (P dZH Zal ZH tl-‘rl) ZH tz / / (P Y1,Y2)dB()’1)dB(y2)~

Let 7 be the set of functions ¢ such that

oI5 —2/ / )(¥1,y2)) dyrdy, < oe.
It follows that (see Tudor[31])

T T
lo[3e = HH - 1) /0 /0 () (v)|u— v dud.

It has been proved in Maejima and Tudor [19] that the mapping

(p—>/ w)dZy (u

defines an isometry from & to L?>(Q) and it can be extended continuously to an isometry
from # to L*>(Q) because & is dense in .7. We call this extension as the Wiener integral
of ¢ € 7 with respect to Zy. It is noted that the space .7’ contains not only functions but
its elements could be also distributions. Therefore it is suitable to know subspaces |.7¢| of

H || = {<p 10,7] = RIS T 19()||9(v) | — v[2H—2dudv < oo} . The space |7 is
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not complete with respect to the norm ||.|| s but it is a Banach space with respect to the
norm

191 =HEH 1) [ [ ol dud
As a consequence, we have
L*([0,T)) c LM ([0, T)) C |#| c 2.
For any ¢ € L?([0,T]), we have

T
9l < 20T [ jp(s) Pas

and
H‘PH\ZM SC(H)H(P”il/H([O’T])a (6)
for some constant C(H) > 0. Whenever we write C(H) > 0 we mean a positive constant

depending only on H, and its value may be different in different places.
Define the linear operator K}; from & to L*([0,T]) by

+ T o
(Ki@)or32) = [ o) (ynyr
Y1y !
where # is the kernel of Rosenblatt process in representation ()

) oK™
H(t,y1,y2) =1 1 / —— (u,y1)—— (u,y2)du.

(ty1,52) = Lo (1)1, (02) S (u y1) =5 (u,y2)du
Note that (K7 110,)) (v1,¥2) = 2 (t,1,¥2) 10,4 (1) Lo, (v2)- The operator K is an isometry
between & to L?([0,T]), which can be extended to the Hilbert space 7. In fact, for any
s,t € [0,T] we have

<KI§1[O,f]7K1>f11[0ﬁs]>L2([0’T]) = <<1/(t7',')1[O,t]7<)£/(sa~7')1[0,s]>L2([07T])
tAS NS
= /0 | OyL2) X (s y1,y2)dydy:
1 S
H(ZH—])// lu—v|*" 2 dudv
0 JO

= (Ljos1jo.) s

Moreover, for ¢ € 57, we have

2u(0)= [ [ (Ki0)1.22)aB00)aB0)

Let {Z,() },en be a sequence of two-sided one dimensional Rosenblatt process mutually
independent on (Q,.%,IP). We consider a K-valued stochastic process Zp(r) given by the
following series:

Zo(t) =Y z:(1)0"%es, 1>0.
n=1
Moreover, if Q is a non-negative self-adjoint trace class operator, then this series converges
in the space K, that is, it holds that Zy(¢) € L*(Q,K). Then, we say that the above Zy(t) is
a K-valued Q- Rosenblatt process with covariance operator Q. For instance, if {0, },en is
a bounded sequence of non-negative real numbers such that Qe,, = o,¢,,, by assuming that
Q is a nuclear operator in K, then the stochastic process

Zo(t) =Y zu(1)0"%e, = i VOuzn(t)en, >0,
n=1

n=1

s
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is well-defined as a K-valued Q- Rosenblatt process.

Definition 2.1. (Tudor [31]]). Let ¢ : [0,T] — L?

o(Y.X) such that

Z IK;; (9Q' e, ezgo,r,¢) <

Then, its stochastic integral with respect to the Rosenblatt process Zy(t) is defined, for
t >0, as follows :

/Oz(p(s)dZQ(S) = li/ot(p(s)QI/Zendzn(s) (7
- ;/ot /)t(KE(¢Q1/2€n))(Y1,yz)dB(yl)dB(yz).

Lemma 1. For y:[0,T] — L? oY, X) suchthat Y7, || wQ 12 enHLl/H (0.7):0) < holds, and
forany a,b € [0,T] with b > a, we have

2
| [ wisazels

If, in addition,

<cmo-a? Y [ w0 e s
n=174¢

) | w(t)Q"?e,|| is uniformly convergent for t € [0,T),
n=1
then, it holds that

2
| [ wisazels)

Proof. Let {e,},cn be the complete orthonormal basis of K introduced above. Applying
and Holder inequality, we have

b
gC(H)(b—a)2H71/0 HW(S)HiOQ(IQH)dS

2

8| [ wisazels)

2

=iH(2H—1> / [ w50 el w00 el 52 asa
I b 2H

<cun Y. ([ Iwoe el as)
n=1 a

<) b-a" Y, [ Iy(5)0" e s ®
n=174



STOCHASTIC INTEGRO-DIFFERENTIAL EQUATIONS WITH IMPULSES 7

2.2. Partial integro-differential equations in Banach spaces. In the current section, we
recall some definitions, notations and properties needed in the sequel. In what follows, X
will denote a Banach space, A and Y(¢) are closed linear operators on X. Y represents the
Banach space D(A), the domain of operator A, equipped with the graph norm

yly =14yl + ]y for yeY.

The notation C([0,+o0);Y) stands for the space of all continuous functions from [0, +oo)
into Y. We then consider the following Cauchy problem

') = Aé(t)Jr/OtY(t—s)é(s)ds for t >0, )
§(0) = &Gex.

Definition 2.2. ([12]) A resolvent operator for Eq. Q) is a bounded linear operator valued
function ¥(t) € L(X) fort > 0, satisfying the following properties :

(i) W(0) =1and ||¥(r)|| < NeP for some constants N and B.
(ii) For each x € X, W(t)x is strongly continuous fort > 0.
(iii) Forx €Y, ¥(-)x € C'([0,+);X)NC([0,+);Y) and

W(x = AP()x+ /0 Yt — )W (s)xds

‘P(t)Ax—i—/OI‘P(t —s5)Y(s)xds  for t > 0.

In the sequel, the assumptions below are important:

(H1) A is the infinitesimal generator of a Cy-semigroup (7'(¢));>0 on X.

(H2) For all t > 0, Y(¢) is a continuous linear operator from (Y, |- |y) into (X,] - |x).
Moreover, there exists an integrable function ¢ : [0,4e) — R™ such that for any y € Y,
y+ Y(t)y belongs to W1 ([0, +e0), X) and

d

—X(t)y

o <c(t)|yly for yeY and ¢ >0.

X

We recall that W5P(Q) = {u € LP(Q) : D%u € LP(Q), V|a| < k}, where D%uis the
weak ¢-th partial derivative of u.

Theorem 1. ([12]) Assume that hypotheses (H1) and (H2) hold. Then Eq. (9) admits a
resolvent operator (R(t));>0.

Theorem 2. ([18]) Assume that hypotheses (H1) and (H2) hold. Let T (t) be a compact
operator for t > 0. Then, the corresponding resolvent operator ¥(t) of Eq. @) is
continuous for t > 0 in the operator norm, namely, for all ty > 0, it holds that

limpo [[¥(10 +h) = ¥(10)[ = 0.

We recall now some results on the existence of solutions for the following
integro—differential equation

£ = AE()+ /0 Yt — $)E(s)ds + 7(¢) for 1 >0,
§00) = &eX,

where 7 : [0,+co[— X is a continuous function.

(10)
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Definition 2.3. ([12]]) A continuous function & : [0, +e0) — X is said to be a strict solution
of Eq. (10) if
(i) £ € C1([0,+e0);X) NC([0, +e0);Y),
(ii) & satisfies Eq. (10) fort > 0.
Remark 1. From this definition we deduce that & (t) € D(A), and the function
Y (¢ —s)E(s) is integrable, for all t > 0 and s € [0,+oo).

Theorem 3. ([12]) Assume that (H1)-(H2) hold. If v is a strict solution of Eq. (10), then
the following variation of constants formula holds

&) vo+/ (t—s)m(s)ds for t>0. (11)

Accordingly, we can establish the following definition.

Definition 2.4. ([12]) A function & : [0,+e0) — X is called a mild solution of (10), for
& € X, if v satisfies the variation of constants formula (LT).

Next theorem provides sufficient conditions ensuring the regularity of solutions of Eq.
(10).

Theorem 4. ([12]]) Let © € C'([0,+<0);X) and let & be defined by (L1). If & € D(A),
then & is a strict solution of Eq. (10).

The following integral inequality is a key tool in proving the exponential stability of mild
solution of the neutral system with impulsive moments, which is stated by Lemma 3.1 in
[33]].

Lemma 2. For any ® > 0, assume that there exist some positive constants oj(j =1,2,3)
and Bi(i=1,2,--- ,m) and a function A : [—r,+o) — [0,+o0) such that

Al) <oqe ™, forte[-r0],
and

1
Alt) < oge ® 4oy sup A(t+9)+oc3/e_“’(t_5) sup A(s+0)ds
0c[— rO] 0 0e[—r0]

+ Zﬁ e~ @A (t7),
i<t
foreach t>0.If o+ 2 Boyym Bi<l, thenA( ) <Me ™ fort > —r, where L >0 is
the unique solution to the equation: opeM” + (ak” e“’ +Y",Bi=1and

o (o
My = n’laX{al7 10!36/““ } > 0.

Remark 2. If3;=0(i=1,2,..) in Lemma then we obtain the results proved in
Lemma 3.1 in [5]. Furthermore, if ap =0, then LemmaE]turns out to be Lemma 3.1 in [6].

3. Existence and Uniqueness. Before stating and proving the existence and uniqueness
of solutions, we will describe now the following conditions on the data of system (I)-(3)
which will be imposed in our subsequent results.

P()<M.
(H4) There exists a positive constant M, , such that for all t € J, k1, ko € FPE,

‘/Ot[al(t,s,lq)al(t’s,Kz)]ds

Also My, = bsupg<,<; [|ai(t,5,0)]|.

<My, [k — R
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(HS) There exists a positive constant M, such that g is X —valued and for all 7 € J,
Kj, ¢ € P€,j=1,2,

gt k1, 91) —&(t, 12, 92) || < Me[[[ 51 — Ko [ + |91 — 92 []-

Also M, = sup,, ||g(7,0,0)|| and k = Mg (1+M,,) < 1.
(H6) There exists a positive constant M,, such that for all r € J, k1, k» € EC,

|t st

Also Maz = bsupy<,<;<p, llaz(t,s,0)||.
(H7) There exists a positive constant M such that f is X —valued and for all # € J,
Kj,9; € P€,j=1,2,
£t ,1,01) — f(t, %2, ) || < My[ll k1 — 2| + [| 1 — 92
Also My = sup,c; || f(£,0,0)|| and M = Ms(1+M,,).
(H8) The function gis continuous on its time variable, i.e., for all x,¢ € L€,

lim (1, x,¢) — g(s,%.9)|> =0
5
(H9) The function F : [0, +o0) — L%(Y,X) satisfies

< Mg,k — K|

t
/ IF(s)]1 70 ds < o0,V € [0, b].
0 0

For a complete orthonormal basis {a, },en in Y , we have
C1H X, ”FQl/zan”Lz([O,b];X) < eo.
(C.2) ¥, |F(t)Q"ay|x is uniformly convergent for all ¢ € [0,5].
(H10) The impulsive functions [;(i = 1,2, ...) satisfy the following condition: there exist
some positive numbers d;(i = 1,2,...) such that
17i(xc1) — Li(12) || < di| 1 — 2| and [|Z:(0) ]| = O
forall k1, ky € P€ and Y] d; < oo.
We present now the definition of mild solution for the stochastic system (I)-(3).
Definition 3.1. An X-valued stochastic process {x(t),t € [—r,b]} is called a mild solution
of the abstract Cauchy problem ([I)-(3)) if
(1) x(-) € 2E([-1,b],L*(Q,X));
(2) Fort € [—r0],x(t) = 9(t);
(3) Fort € J, x(t) satisfies the following integral equation:

X0 = PO~ g0.0,0)]+ g0, [ anlts.x)d)
—l—' OZ‘I’(t—s)f(s,xs,/osaz(s, T,x;)dT)ds
+ Z W(r— 1)1 +/‘Ptfs dZH()IP’fa.s.

0<t;<t

Theorem 5. If hypotheses (HI)-(H10) hold for every ¢ € € ,b > 0, then system (I)-(B)

has a unique mild solution on [—r,b] provided that

9_3M2():d) (1—k)? (12)
where k =M,(1+M,,) < 1.
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Proof. First, let us introduce the set 226, := 2% ([—r,b],L*(,X)), which is the Banach
space of all piecewise continuous functions from [—r,b] into L?(Q,X), equipped with the

norm || {3, = supge_p) (E[E(5)]1%)
Let #%, be the closed subset of P%), defined as €, = {x € €} : x(1) = ¢ (1), for

7 € [—r,0]} with the norm || - || »»,. We consider the operator L : %), — ﬁ?b defined
by

(Lx)(r) = ‘I’(f)WO)—g(07¢70)]+g(f7xt,/0ta1(tas,xs)ds)
+/0t‘P(t—s)f(s,xs,/Osaz(s,’r,xf)df)ds

°t
+ / W(t—s)F(s)dZi(s)+ Y W—)h(x(7)), e J,  (13)
J0 o<ti<t
and (Lx)(z) = @(¢) for t € [—r,0].
In the following parts, we show that the operator I has a fixed point in &%, . For
convenience, we split the proof into two steps.

Step 1: The map L is well defined, i.e., for x € %, the function (LLx)(-) is continuous
on the interval J.
Letx € €, t € J and |p| be enough small, then

E[(Lo)(t+p) — (L)) < S{E[(¥(t+p) —¥(1)[0(0) —(0,,0)]|*}
4
+5 ) El|Fj(t+p) — F(0)]*. (14)
J=1
From hypothesis (H3), we derive
102 +p) —2(1))[0(0) — (0, 9,0)][|> < 2M>[| 9(0) — (0, 9,0)]|*.

Then by the norm continuity of ¥(¢) combined with Lebesgue dominated theorem it
follows immediately that

LmE[|(¥(: +p) — ¥(1)[0(0) — 5 (0, @, 0)][I* =0.

By condition (H8), we conclude that
E|lF(t+p) —Fi(1)|2 = 0as |p| — 0.
Furthermore, by virtue of (H3),(H4),(H6) and (H7), we have

E|F(r+p) — B ()|

" 2

§2E‘ /Ot[‘lj(t—&—p—s)—‘I’(t—s)}f(&xs,/O ax(s,T,x;)dt)ds

" 2

+2E /I+pW(t+P_S)f(S7XS7A ay (s, T, x7)dT)ds (15)

By estimating the terms on the right side of the above inequality, we obtain
2

H (W(t+p —s5)—W(t — s))f(s,xs,/osaz(s, T,x0)d7)

< 2MP[Mp(1+May) x> +MyMay + May).
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and

s 2 . .
Vlt-+p = 9)f (5,15, [ ar(s, 7)) <M1+ M) >+ My, + M)

Thanks to Lebesgue’s dominated theorem and the above inequalities along with the norm
continuity of ¥(r) we deduce

E||Fs(t+p) — Fa(t)|[2 = O s [p| — 0.
Now, using (H3) and (H10),

2
E|Fs(t+p)—F@)* <2E|| Y (P(t+p—t;) =¥t — ) L(x(t;))
0<t;<t
2
+2E|| Y WE+p—n)hix())]
t<t;<t+p

and evaluating the terms on the right hand side,
(@ +p —1) =¥ =) EE)P < I +p —10) =2 — 1) |P[edi|lx () %]
< 2MP[di|lx(e) I
and
(7 +p — 1)l (x(r;)) |2 < MP[diJx(7)|1).
Thus we obtain

E|[Fi(t+p) — Fs(t)][2 =0 as |p| = 0.

Furthermore
2

E|F(+p)— )] < ZEH 10+ p—5) e = ) F ()7 o)

1+ 2

p .
+2E P(t+p —s)F(s)dZy (s)

t

=N +NMN,.
In view of Lemma[T]and (H3),

N < 2e(E)P [ +p = 5) = 5)IF )y ds

it
< 2e(H)PH- )2 /0 IF(5) 3y ds — Oas|p| 0,

since, for every fixed s,
[(8(0+p —5) = (e —)F(5)Fy <20 F(5)
Next, using again Lemma[T] we have
t+p
Ny < 20(H)p2H"M2/ 1F(5)|ods — 0 as |p| 0.
1 (2}

Further, we have
lim E|[F5(t +p) — F5(1) |2 = 0.
p—0

Therefore, we can conclude that
fim E| (L) (¢ + p) — (L) (1) |> = 0.
p—0
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That is to say, the function + — (ILx)(¢) is continuous on the interval J and, consequently,
L is well defined.
Step 2: In this part we show that L is a contraction mapping.

For x,y € #2%;,, we have

I(Lax) (7) = (Ly) (1) 1>
<g(taxt7/otal(tasvxs)ds)g(taytv/otal(ta&yA‘)ds))

+é {H/OI‘P(t—S) [f(s,xs,/osaz(S, T,xf)dr)—f(s,ys7/()sa2(s, T,yf)dr)] ds

2

2
(16)

| —

2

Z (t =) [L(x(t; ) = L(y(5))]

0<

1 1 .
<3 H <g(t,xr7/0 a1(t,s,xs)ds)*g(t,y,,/0 al(t,s7y“,)ds)>

2

2

%k /Ot‘I’(th) |:f(S7XA*a/OSL12(S7T,Xr)dT) f(s,ys,/osaz(s,r,yr)dr)} ds

2

Y, W= n) L)) = L0( )]

o<t <t

Applying Holder’s inequality, and using the Lipschitz property of g, f and
Ii,i=1,2,--- ,;m,we find

t
E[(Lx)(t) - Wy) (@) < kEIIXz—yzllzﬂLiszMz/oEllxs—ystdS

k

R (p) |

sup E[[(Lx)(s) — (Ly) () [* < o(r) sup Elx(s) —y(s)|,

s€[—nt] s€[—nt]

3M M2 3M2 &
k d;
) = k+=——t (Z )
Then, using inequality , we obtain

o (0)= k+3—Mz (fd) <1

Therefore it follows that there exists a sufficiently small by > 0 such that 0 < by < band
0 < @(by) < 1. This implies that IL is a contraction mapping. Then, the fixed point
theorem implies that system - possesses a unique solution in ?‘f\bl. This procedure
can be repeated in order to extend the solution to the entire interval [—r, ] in finitely many
steps. This completes the proof. O

Therefore,

where
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Remark 3. Notice that we can extend the solution fort > b. Indeed, if we assume that the
constants My, ,M,,M¢ and M, which appear in assumptions (H4)—(H7) are independent
of b > 0, then the mild solution is defined for all t € [—r,b], for each b > 0. This will play a
crucial role in our analysis of stability. Therefore, in the next section we will assume that
the solutions are defined globally in time (for instance, under the previous assumptions).

4. Mean square exponential stability. Now we will analyze the exponential stability in
the mean square moment for the mild solution to system (I)-(3). We need to impose some
additional assumptions:

(H11) The resolvent operator (P(¢)),>o satisfies the further condition:
There exist a constant M > 0 and a real number y > 0 such that
P (¢)]] < Me ™ ¥t > 0. In other words, the resolvent operator (¥(¢));>0 is
exponentially stable.
(H12) There exist non-negative real numbers Q1,Q> > 0 and a continuous function
€1 :[0,4o0) — Ry such that

2

| [ aresnias] <l lete. o)l < QalelF+ o171+

forallr > 0and x,9 € FE.
(H13) There exist non-negative real numbers Ry, R, > 0 and a continuous function
& 1 [0,4e0) = R such that

2

1
| [ atssoxias| < Rl Lt )l = R+ ol + 20

forallt > 0and x,p € F¥.
(H14) There exist non-negative real numbers Sy, S, > 0 such that

§i(r) < Sje Vi = 0,j=1,2.

(H15) In addition to assumptions (C.1) and (C.2), the function F : [0, 4c0) — L%(Y,X )
satisfies

oo B
/ e[| (5)|2y ds < oo.
0 0

To facilitate the computations we set Q = Q»[1+ Q1] and R = R>[1 + R;]. Now we can
establish the exponential stability of system (I)-(3).

Theorem 6. Assume that conditions (H10)-(H15) and the following inequality

AMPR/u? +4M? (L5 d;

)2
T <1317)

hold, where k := Q% < 1. Then the mild solution of system - is exponentially stable
in mean square.

Proof. Thanks to inequality we can find a suitable number € > 0, small enough, such

that
AM2R aM? (L} ;)

SISy R
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Let x(¢) be the solution of the impulsive stochastic system - andn =u—e.
Therefore, from Eq. (12),

2
B’ < ;E + 1 B{1¥(0)[6(0) ~ 5(0.0.0))”

t
‘g(trxla/ aj (f,S,.XS)dS)
0

' 2 f s 2
+ ‘ / Wt fs)F(s)ng(s) + H/ ‘P(t—s)f(s,xs,/ ax(s,T,x7)dT)ds
0 0 0
2
+ || L P |
o<ti<t
5
< Y G0 (18)
Jj=1
Now, we compute the terms on the right-hand side of the above inequality. From
hypotheses (H12) and (H14), we have
1 t
Gi(t) = %]EHg(t,x,,/O a1 (1,5,3,)ds) 2
1.~
< {OBIIP+4(0)
< KE|x|*+Ee ™,
where E| = %
From the hypotheses (H11), (H12) and (H13), we obtain that
8 2, 8M° 2t § A 2
Gat) < ﬂ]E”lP(f)‘P(O)H 1 E{QE[¢[I*+&i (1)}
< B, (19)
8 ~
where Ey = —— [E[[¢(0)]>+ {CEJ| 9| +51}].
From hypotheses (H11), (H12), (H14) and Hélder inequality, we have the following
estimate
4 t (t—s) s 2
Gz < —FE / Me™ f(s,xs,/ ax(s,T,x;)d7)||ds
1—-k 0 0
4M’R [
< —— = | e HUIE||xy|Pds + Ese ™, 20
< sl ol %ds -+ Ex 20)
am? s
where E4 = 2
. p(l—k) p—n ,
Using Lemmal|l|and hypotheses (H11), we derive
4 't N
Galt) < —— MPe(H) ! / &9 F (5)[2, ds
1—k Jo Lo
4M? 1 .
< e C(H)PH e / 3| F (5)|% ds. @1
(1—k) 0 0

Noting that condition (H15) guarantees the existence of a constant Es > 0 such that, for
allr >0,
4M>

t
2H-1 ,— S| B 2
Ao [P )y ds < Es,
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we deduce
Gy(t) < Ese™™. (22)
As for the last term, hypothesis (H10) implies

) 2
Gs) < (ka)( ) d,) e M n(s) P

0<t;<t

aM?

(1k)< Y di) Y die MR x| (23)

0<t;<t o<ti<t

Connecting the inequalities - along with and using Lemmawe conclude

]E||)c(t)||2 <we M fort e [-r0]

and
N 1
E[x(@)? < we™+k sup ]E||x(t+9)||2+k/ e ) sup E||x(s+ 0)|?ds
—r<6<0 0 —r<6<0
oo
+ Y die "UE|Ix(5;7)|1%, for each t > 0.
i=1
Here
d 2
o=max | Y E;, sup E[¢(6)]
j=1 —r<6<0
and
. 4M?’R
k= ——r
u(l—k)

We observe that k + % + Zj;"‘l’ d; < 1. Using Lemma 2.6, we have the existence of positive

constants E and 0 such that E||x(¢)||*> < Ee~%, for any t > —r. Hence we conclude that
the mild solution of system (I)-(3) is exponentially stable in mean square and the proof is

completed. O
Remark 4. In the absence of impulsive effects, system (I)-([3) becomes the following one
d [x(t) —g(t,x,,/Otal(t,s,xs)ds)] (24)

—A {x(;) —g(t,x, /O " (t,s,xx)ds)} d 25)

—I—/OIB(I —s) {x(s) —g(t,xs,/oxal (t, ‘L’,xf)d’r)} dsdt (26)

+£(t,x, /Ot a(t,s,x5)ds)dt + F (t)dZj) (t),t € [0,b],t #1;,  (27)

x(t)=0(t) €€, —r<t<0, (28)
and the mild solution of system (24)-(28)) is exponentially stable in mean square provided
4M?R/u?
— <1 29

which can be obtained by using the same technique used in Theorem|[6]



16 T. CARABALLO, C. OGOUYANDJOU, E. K. ALLOGNISSODE AND M. ABDOUL DIOP

5. Example. In this section we make use of our previous results to study the existence,
uniqueness and exponential stability of mild solution to a concrete neutral stochastic
partial integro—differential equations with finite delays.

Consider the neutral stochastic partial integro—differential equations with impulses of the
form

d {z(t,r) . (t,z(t - c,r),/ot oot 5, 2(5 — c,r))dsﬂ
2

— 8852 {z(r,r) -0 (t,z(t— C,r)7/0t o(t,s,2(s — g,f))ds)] dt "

+/Oty(tfs) {z(s,r) -0 <s,z(s§,’c),/oscz(t,l,z(lC,r))dl)] dt
+ [63 (t,z(t C,’L’),/Ot ou(t,s,z(s — C,T))ds)} dtJrF(t)dzg(t),

0<t< 7 t#1,t € ]0,+), subject to the initial conditions

2(1,0) = z(t,m)=0,0 <t < oo,
I
Az(t;, ) () = Szt 1)t =t,i=12,..,
1
Z(l,') = ¢(t7')a_"'§t§0,

where ¢(-,-) € € ([-r,0],L%(0,7]), 0;(-),j = 1,2,3,4, are functions defined below, and
[ is a positive constant, and F: R, — R s a continuous function such that F satisfies
assumption (H13), Z denotes a Rosenblatt process. Let ¥ = L*([0, z]) and

ey 1= \/%sin(nx)7 (n=1,2,3,---). Then (e,)uen is a complete orthonormal basis in Y.

In order to define the operator Q : Y — Y, we choose a sequence {A,},>1 C R" and set
Qe, = Ayep, and assume that 1r(Q) =Y v/ A, < co. Define the process ZH by

20 = Y Ay (Den,
n=1

where H € (1,1) and {y},cn is a sequence of two-sided one-dimensional Rosenblat

process mutually independent. Define A: D(A) CH — Hby A = 59722’
D(A) = H*([0,x]) N H} ([0, 7]). Then, A is the infinitesimal generator of a strongly
continuous semigroup {7 (¢) };>0 on X, which is given by

T()p =Y e ™" < e, >en, ¢ €D(A).

LetI': D(A) C X — X be the operator defined by

['(¢)(z) = y(t)Az for t >0 and z € D(A),

with domain

and let the functions o (¢,x,y), Gz(t7z,z/), o3(t,x,y), 0'4(t,z,z/) be defined as follows:

o : Ry xRxR—R

o @ RixRyxR—R
o3 : Ry xRxR—R
O4 RJFXRJrXR*)]R.

Moreover, let the following assumptions hold a.s.:

(A1) The functions o;,i = 1,2, are continuous in the sense that

}im| oi(t,x,y) — 0i(s,x,y)[* =0, for x,y € R.
—S
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(A2) There exist non-negative real number g; such that
1
| [ oatxydsf < qulyP, for ey €
0
(A3) There exist non-negative real number 7 such that

t
| [ osaxn)dsP < nP forx,yeR.
0

(A4) There exist non-negative real numbers g, g> > 0 and a continuous function

1 :]0,4+00) — R4 such that

|6] (I,X,y)|2 < q2[|x|2—|— ‘y|2] + C] (t)7
forall > 0and x,y € R.

(AS) There exist non-negative real numbers ry,7, > 0 and a continuous function

& 1 [0,4e0) — R, such that

|03(t,%,0) > = ra[lx* + Y]+ &a(2,)
forall > 0and x,y € R.
(A6) There exist non-negative real numbers S1,S> > 0 such that

Ci(r) <Sje MVt >0,j=1,2.
Let
al(lvsa¢>(r) = 62(tvs7¢(9’1))’
t

g(t7¢v/)tal(tvs’¢)ds)(f) = Gl(t7¢(971)7 GQ(Z‘,S,(P(O,T))dS),

. 0
_ [ L(8)6(6)(E) d9+/ 7rb2 Vb1
aZ(t’s7¢>(T) = oult,s ¢(6 T))

109, [ @xt5.9)d)(®) = 030.9(0.9), [ 0u(15.9(0. 7)),
= /0 Bl([7S,T,¢(S,T))dS

—r

t 0 " »
+ / Bo(s)B3(s,1, 7, 0(1, 7))dlds,
0 J—r

where,

(1) the function v;(8) > 0 is continuous in (—r,0] satisfying
1

0 0 2
/ vZ(0)d6 < oo, yé}(/ v%(e)de) < oo,

(2) by,b3 : R — R are continuous, and
1

7 ([ ias) <o

0 (1,E)dlds,

€1y

(3) The function b, : R — Ris continuous and b; : R — R, i = 1,3 are continuous and

there exist continuous functions r; : R — R, j = 1,2,3,4 such that

|Bl(tvsaxvy)| < rl(t)r2(s)|y|; (t,s,x,y)€R4,
|l;3(t,s,x,y)| < r3<t)r4(s)|y|; (t,s,x,y)ER“,
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with 2§ = (1%, 2s) " <o, I8 = (2 ra)25) " <=

Notice that the function g is continuous with respect to variable ¢.
If we put

x(t):==x(t)(t) = z{,7) for t>0 and 7€ [0,7]
{ o(r)(7) = z0(t,7) for t €[-r0] and 7€]0,7],

then equation takes the following abstract form

d [x(t) —g(t,x,,/otal(t,s,xs)ds)}
=A {x(t) —g(t,x,,/Otal(ns,xs)ds)} dt
+/OtB(t —s) {x(s) —g(s,xs,/osal (t,’c,xf)d’l:)] dsdt

+f(t,xt,/ot ax(t,s,xg)ds)dt +F(t)dzg(t),t €10, +),t #£1;, (32)

Moreover, if  is bounded and a C! function such that is derivative ¥ is bounded and
uniformly continuous, then (H1) and (H2) are satisfied and hence, by Theorem 2.2, Eq.
() has a resolvent operator (W(¢)),;>0 on X.
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Moreover for ¢; € €, j=1,2

Je(non [ aresonas) e (o [ s as)

- [/On (/O vi (68)[91(0)(p) —92(6)(p)]dO

L2]0,7]

—r

t 2 1/2
+ /0 _Orbz(s)b3(l) [0 (L,p) — ¢ (l,p)]dlds) dp]

1/2

<V2

—r

T 2 q12
/0 (/() [ibz(s)b3(l) (91 (17P)—¢z(l,p)]dlds> dp‘|

T/ 0 2 1/2
/0 </_er (O)de) dp] 61 — 02|
/On (/Otb%(S)ds> (/Orln(l) (01 (L,p) — 1 (l,p)]dl) zdp] "

1/2

(/Orvl(e)de)zl 161 - 0n]

0

. 1/2 1/2
+bV2VT (/0 b%(s)ds> X < i b%(l)dl) 61 — @2l
<kol|¢r — ]|

where ky = 7, —|—b||b2||wy§. In the same way we obtain

Hf(t,¢1,/0ta2(t,s,¢1)ds) —f(l‘,(bz,/(:az(l,&@)ds)

< b|¢1 — 2|

where I = ||ba|oL} 4 [|52|w|73] ;1 L5 Therefore, we may easily verify all the
assumptions of Theorem[5|and hence, there exists a mild solution for (30).

We assume moreover that there exists § > a > 1 and b(t) < %e’ﬁ’ for all > 0. Thanks to
Lemma 5.2 in [9], we have the following estimates ||¥(¢)||< e *' where A = 1 — é
Consequently, all the hypotheses of Theorem| are fulfilled. Therefore, Eq. (30) possesses
a unique mild solution which is exponentially stable provided that

4(0(}1;‘”)) +4(Z?0=1 lLZ)Z

(I=Va(1+4q1))

6. Conclusion. The interest of this work is the study of neutral impulsive stochastic
integro—differential equations driven by a Rosenblatt process in a real separable Hilbert
space. The existence, uniqueness and exponential stability were obtained by using the
fixed point theorem and the resolvent operators theory. Finally, an example is analyzed to
illustrate the effectiveness of the main results. It should be emphasized that system (T)-(3)

I (/0 v1 (6)[01(8) () — 62 (6) (p)]d@)zdp]

+V2

<V2

+bV2

<V2r

L2]0,7]

@(1+4q1))+
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considered in this paper is more general than those in the existing literature. There are two
direct issues that require further study. First, we will investigate the existence and
exponential stability of mild solutions to functional non autonomous stochastic
integro-differential equations driven by Rosenblatt process with index H € (%, 1). Second,
we will study the solvability and stability for neutral stochastic integro-differential
equations driven by Rosenblatt process with impulses.

Acknowledgements. We thank the referees for the helpful suggestions and remarks which
allowed us to improve the presentation of our paper.
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