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Extremal bounded complete trajectories for
nonautonomous reaction-diffusion equations with
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Abstract In this paper we establish a strong comparison principle for a nonau-
tonomous differential inclusion with a forcing term of Heaviside type. Using this
principle, we study the structure of the global attractor in both the autonomous
and nonautonomous cases. In particular, in the last case we prove that the pullback
attractor is confined between two special bounded complete trajectories, which
play the role of nonautonomous equilibria.
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1 Introduction

Comparison of solutions for reaction-diffusion equations is a powerful tool in order
to study the structure of global attractors. In particular, in the autonomous case it
allows us to establish that the global attractor is confined between two stationary
solutions, which are the maximal and minimal elements of the attractor. For a class
of autonomous reaction-diffusion equations, such result was proved in [5], [31]. It is
worth noticing that a general theory of monotone random dynamical systems was
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first studied in [1], [2], [17]. These results were extended to multivalued autonomous
dynamical systems in [11].

In nonautonomous problems the situation is more complicated because station-
ary solutions do not exist in general but only in rather particular cases, at least not
in the classical sense. For this reason, we need to replace them by a special type
of bounded complete trajectories, which play the role of “nonautonomous equilib-
ria”. The general theory of order-preserving nonautonomous dynamical systems
was studied in [16], [25]. In this sense, a result proved in [30] (see also [13], [25]
and [29]) is remarkable because a complete bounded positive non-degenerate solu-
tion was constructed for a nonautonomous reaction-diffusion equation. Using this
solution, a nonautonomous interval containing the pullback attractor is provided.
In the multivalued nonautonomous framework, similar results were established in
[12], where an ordinary nonautonomus differential inclusion was studied.

We aim to study the structure of attractors for the following nonautonomous
differential inclusion

u  O%u
7 " 5.3 € b(t)Ho(u) + w(t)u, on (0,1) x (7, 00),
w(0,t) = u(1,t) =0, (1)

u(z, 7) = ur(z),

where Hy is a Heaviside function. Problems of this type appear when we have a
differential equation driven by a nonlinear function having a discontinuity, which
can be rewritten as a differential inclusion by means of a Heaviside function. Well
known applications like combustion in porous media [21], the conduction of elec-
trical impulses in nerve axons (see [33], [34]) or the surface temperature on Earth
(see [10], [20]) are modeled by inclusions of similar type.

The structure of the global attractor for problem (1) in the autonomous case
has been studied in detail in [4]. Nevertheless, several challenging problems still
remain open. For models concerning the climate on Earth, some results about
bifurcations of steady states were proved in [8], [9].

In the multivalued framework, that is, when more than one solution can exist
for the Cauchy problem of a differential equation, it is not possible to compare
solutions with ordered initial data in the same way as in the single-valued case.
Instead, we need to establish some sort of order relationship between the set of
solutions corresponding to the ordered initial conditions. In this sense, different
definitions have been given in the literature. A strong comparison principle was
defined and applied to ordinary differential equations with delays in [11]. A weak
comparison principle was established in [38] for reaction-diffusion equations with-
out uniqueness. Also, an intermediate comparison principle was given in [14] for
differential inclusions governed by subdifferential maps.

In this paper we firstly prove in the second section a strong comparison prin-
ciple for the solutions of problem (1). Moreover, we obtain also strong comparison
between positive solutions of (1) and its corresponding autonomous equation (that
is, for b(t), w(¢) identically equal to constants). After that, in the third section,
we use this comparison principle and the abstract results from [11] in order to
establish that the global attractor of the autonomous problem (1) is confined be-
tween maximal and minimal stationary points. Moreover, the expressions of these
fixed points are known from [4].
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The main results of this paper, concerning the structure of the pullback at-
tractor for the nonautonomous inclusion (1), are given in the fourth section. We
prove the existence of two bounded complete trajectories that generate a time-
depending interval containing the pullback attractor. These solutions are strictly
positive (negative) for any time and any = € (0, 1), that is, they are non-degenerate.
Moreover, they are the unique non-degenerate bounded complete trajectories of
the problem and play the role of nonautonomous positive equilibria.

2 Comparison of solutions

In this section we establish a strong comparison principle for the strong solutions
of a nonautonomous differential inclusion in a bounded n-dimensional domain.
Let 2 C R™ be a bounded open subset with smooth boundary. We consider

the problem

% — Au € b(t)Ho(u) + w(t)u, on 2 x (7,00),
- @)
o ’

u(r, z) = ur(x),
where b: R —» Rt, w: R — RT are continuous functions such that

0<bo<b(t) <b1,0 <wo <wl(t) <wi,

and
-1, if u <0,
Ho(u) =< [-1,1],ifu=0,
1, if u>0,

is the Heaviside function.
We rewrite (2) in the abstract form

ot

u(t) = ur,

{ Ou + 0p(u) — R(t,u(t)) 30,

where 9v is the subdifferential of the proper, convex, lower semicontinuous function
¥: L?(2) — (—o0, +o0] given by

L o |Vul® de, if u e HE (12),
+oc0, otherwise,

v =
o (u) = {y € L2(2) : y(z) = — Au(z), a.e. on Q}
D (9¢) = H* (2) N H} (2) and for any t € R,
R(t,u) = {y e L?(2): y(z) € b(t)Ho (u(x)) + w(t)u (z), a.e. on Q} .
We note that in our particular case the operator 9y : H? () N H§ (2) — L? ()
is single-valued and linear. In the sequel, as 01 is also the generator of a Cp-

semigroup, for convenience we shall use the notation A = 9. Also, we observe
that D(y) = L? (22).
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Let us introduce some notation. Throughout this paper we denote by ||| x
the norm in the Banach space X, whereas |||, (-,-) will be used for the norm
and scalar product in the space L?(£2) (and with some abuse of notation also in
(L2(2))%, d € N). Also, P(X) will be the set of all non-empty subsets of X and
2% = P(X) U @. The Hausdorff semidistance from the set C to the set B is given
by

dist(C, B) = sup Inf fly -,

whereas the Hausdorff distance is defined by
disty (C, B) = max{dist(C, B),dist(B,C)}.

For C C X an e-neighborhood is the set Oc(C) = {z € X : dist(z,C) < e}.

For a multivalued map G : X — 2% we denote D(G) = {u € X : G(u) €
P(X)}. The map G is called upper semicontinuous if for any v € D(G) and any
neighborhood O of G(u) there exists § > 0 such that G(v) C O as soon as ||u — v|| <
§. it is said to be w-upper semicontinuous if for all € > 0, u € D(G), there is § > 0
such that G(v) C O¢(G(u)) if |lu—v| < &. Any upper semicontinuous map is
w-upper semicontinous, the converse being true if G has compact values [3, p.45].

We recall the concept of strong solution for problem (2).

Definition 1 We say that the function u € C([r,+00), L?(£2)) is a strong solution
of (2) if:

1. u(r) = ur;

2. For any 6 > 0, 74+ 6 < T, u(-) is absolutely continuous on [r + §,T] and
u(t) € D(A) for a.a. t € (1,7T);

3. There exists a function 7 : [r,+00) — L?(£2) such that r(t) € R(t,u(t)), r €
L? (T, T; L2(.Q)) for any T'> 7, and

CC%L + Au(t) = r(t), for a.a. t € (7, +00), (3)

where the equality is understood in the sense of the space L2(12).

Lemma 1 For every strong solution of (2) the functionr () belongs to L™ (T, T, LQ(Q))
forany T > .

Proof The statement follows readily from u € C([r, +0), L?(£2)), r € L? (7, T; L2((Z))
and the inequality

Ir (t,z)| <b(t) +w(t)|u(tx)| for a.a. (¢x).

We denote by f: R x R — P(R) the multivalued function given by f(¢,u) =
b(t)Ho(u). Then f possesses nonempty, closed, bounded and convex values, and
for all t € R the map f(t,-) : R — P(R) is upper semicontinuous. Moreover, for
any t,s € RT, v e R,

distpr (f (8, ), f(s,u)) = [b(t) = b(s)l,

and

sup |y| = b(t).
yef(tu)
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The last equality implies that, for all y € L?(£2) and for a.a. t € RT,

sup [I€]l < |92 2b(¢).
EER(t,Y)

The following result follows from Lemma 6.28 in [24].
Lemma 2 The map R satisfies the following properties:

1. R:Rx LQ(Q) — 2L2(Q) has nonempty, closed, bounded and convex values;

2. For any t € R, the map R(t,-) : L*(22) — P(L*(£2)) is w-upper semicontinuous;

3. For ally € L*(R), 7 € R, the map R(-,y) : [1,+00) — P(L*(£2)) possesses a
measurable selection, that is, there exists a measurable function h : [r,+00) —
L*(92) such that h(t) € R(t,y) for a.a. t > T.

Theorem 1 For any ur € L?(R2), problem (2) has at least one strong solution.

Proof If we fix an interval [r,T], the existence of a strong solution follows from
Theorem 6.11 and Lemma 6.16 in [24]. Also, adapting Lemma 6.31 in [24] to the
nonautonomous case we obtain that the concatenation of two strong solutions is
again a strong solution, so every solution in an interval [r,T] can be extended to
a global one, that is, defined for ¢ € |1, +00).

Let us consider the auxiliary problem

du
{ﬁ+m@=ﬁ%mﬁf% (4)

u(T) = ur,

where g € L' (7, T; L?(12)).

The continuous function u : [r,T] — L?(£2) is said to be a strong solution
of (4) on [r,T], if u(-) is absolutely continuous on any compact subset of (7,7,
u(t) € D(A) for a.a. t € (7,T) and

CC% + Au(t) =g (t) for a.a. t € (1,T).

The continuous function u : [r,+00) — L% () is called in general a strong
solution if it is a strong solution on every interval [r, T].

Proposition 1 ([7, Theorem 3.6] or [6, p.189]) For any g(-) € L*(7,T; L? (R2)), ur €
LQ(Q), there exists a unique strong solution of inclusion (2) on [r,T] satisfying

VI € 12 1517 (2)), win()) € 1 7). Q

Also, the map t — ¥ (u(t)) is absolutely continuous on [T+8,T], for all0 <§ <T —T.
If, moreover, ur € D (¢), then Ccll—l; € L? (7,T;L* (22)) and t — ¥(u(t)) is abso-

lutely continuous on [1,T].
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Corollary 1 Ewvery strong solution u () to problem (2) satisfies

ue L2 (T, T; HS (Q)) , (6)

Vil e 12(r, 7,17 (),

R )

for all T > 1. Moreover:

1. The map t — |ju (t)||* is absolutely continuous on every interval [v,T] and

S =2 (%00) foraate (m). ™

2. The map t — ||Vu (t)H2 is absolutely continuous on every interval [t + 6, T| with
O0<do<T—rm,

% IVu (t)HQ =2 (%, —Au (t)) , for a.a. t € (7,T), (8)
and
u € C([r +6,+00), Hy (£2)). 9)

3. If ur € H} (), then % € L? (7, T; L? (2)) and t — |Vu ()1 is absolutely

continuous on every interval [7,T)]. Also,
u € O([r, +00), Hy (£2))- (10)

Proof Equality (7) follows from [15, p.285] and the rest of properties, except (8)-
(10), are a consequence of Proposition 1. For the equality (8) see [6, p.189]. If ur €
H§ (), as t — u (t) is weakly continuous with respect to Hj(£2), t — |lu (t)HHol(Q)
is continuous and H§ (£2) is a Hilbert space, property (10) follows. The proof for
(9) is analogous.

Our aim is to prove the following comparison principle.

Definition 2 The strong solutions of problem (2) satisfy a strong comparison
principle if for any initial data u; < vr there exist strong solutions u (), v (-) such
that u (1) = ur, v(7) = vr and

S
=
IA A
N4
=
<C
5N
A%
A

where u(-), v () are arbitrary strong solutions of problem (2) such that u (7) =
ur, v (1) = vr.
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In particular, this definition implies that for every initial data there exist a
maximal and a minimal strong solution.
Let us consider the following parabolic problems

ulpo =0, (11)

%7; — Au= b(B)F. (u) + w(t)u, on £ x (r,+00),
ulgn =0, (12)
u(r, ) = ur(x),
where f-,F. € CL(R), f(u), F. >0, | f2(u)|, ?;(u)‘ < C. for all u, and
-1, if u < —¢,
fe(w) =< =1 < fe(u) <1, if —e<u<0,
1, if u >0,
-1, if u <0,
folu)=<{ 1< fo(u) <1,if0<u<e,
1, if u>e.
It is straightforward that
fe(u) > sup yifu>w, (13)
YyEHo (v)
fe(w) < inf yifu<w.
< pf yituso

With obvious little changes, we can extend the definition of strong solutions to
problems (11)-(12). Let us show that these problems have a unique strong solution.
Let us just consider problem (11).

From now on, for v € L?(§2), we denote by f-(v) (f.(v)) the element y €
L% (R)) such that y(z) = fe(v(z)) (= fo(v(x))) for a.a. z. In the same way, for
h e L' (1, T; L?(22)) we denote h (t) := h(t,) € L* (2)).

We know from [15, p.283] that for any u; € L*(£2) there exists a unique
weak solution of problem (11), which means that v € C([0,400), L%(£2)), u €
L*(r,T; H3(12)), for all T > 7, and

& ((t),v) ~ (Au,v) = (fe(ult),0), Yo € HY (),

where the equality is understood in the sense of distributions on every interval
(7,T) and (-,-) is pairing between H () and H} ().

Lemma 3 For any ur € L2(_Q) there exists a unique strong solution ue (-) of problem
(11), which coincides with the unique weak solution of (11).
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Proof Let ue (-) be the unique weak solution of problem (11). If we put g-(¢) =
fe(ue(t)) +w(t)ue(t), then ge € L(r,T; L*(R2)), for all T > 7, and we can consider
the linear problem

% — Az = ge(t), on 2 x (7, 400),
Z|(9_Q :07 (14)

2(1,z) = zr ().

On the one hand, ue (+) is the unique weak solution of problem (14). On the other
hand, it follows from Proposition 1 that problem (14) possesses a unique strong
solution z (-). If we were able to show that z (-) is also a weak solution of (14), then
we would obtain that z = ue, so ue (-) would be a strong solution of (11). Indeed.
In view of Proposition 1 we obtain that z € L?(r,T; Hg($2)) for all T > 7. From

the equality in (14) we infer then that % € L*(r,T; H1(£2)), which implies by
[28, Lemma 7.4] that

(G0} - (@s) = @e(00), W e ()
Hence, by [32, p. 250] we have

d

at (z,v) = (Az,v) = (g:(t),v),

so z(-) is a weak solution of (14). Thus, z = ue is a strong solution of problem
(11).

It remains to check uniqueness. Let v () be an arbitrary strong solution of (11).
Then, it is a strong solution of problem (14) with ge(t) = fe(v(t)) + w(t)v(t). By
the previous argument v (+) is a weak solution of (14) and then a weak solution of
(11) as well. Therefore, v is equal to ue, the unique weak solution of (11). Thus,
v=z

Remark 1 The function he (t) = b(t) fe (ue (t))4w(t)ue () belongs to L> (7, T; LQ(Q))
for any T > 7.

Corollary 2 For any ur € L? () the function us € C([r,+00), L? (£2)) is a strong
solution to problem (11) if and only if it is a weak solution.

It is well known [27, Chapter 7] that operator —A = Au : D(A) = H?(2) N
H§ (2) — L? (22) is the generator of a strongly continuous semigroup of bounded
linear operators S (t) : L? (£2) — L* (2), t > 0, which will be denoted in the sequel
by S (t) = e At Moreover, it is a semigroup of contractions, that is, e_AtH <1.
At

For every = € D(A) the function u (t) = e~
the definition below) to the problem

z is the unique classical solution (see

{du—l—Au(t) =0, t>0, (15)

dt
u(0) =z.

Also, the semigroup e~ “? is positive for all ¢ > 0 [13, Chapter 12].
Let us defined the concept of mild solution for the inhomogeneous problem (4).
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Definition 3 Let u; € L?(2) and g € L},.(7, +o0; L? (£2)). Then the function
u € O([r,+00), L? (22)) is called a mild solution to problem (4) if

t
u(t) = e~ ATy, —|—/ efA(t*S)g(s)ds, T <t < oo. (16)
T

It is called a classical solution if u (-) is continuously differentiable on (r,4o00),
u(t) € D(A) for any ¢ € (7,4+00), u(7) = = and the equality in (4) is satisfied for
every ¢ € (,00).

For every ur € L? () and g € L}, (7, +00; L? (£2)) there exists a unique mild
solution to problem (4). Moreover, if ur € D (A) and g is continuously differentiable
on [1,400), then the mild solution is the unique classical solution [27, p.107].

We can also define mild solutions for problems (11) and (2).

Definition 4 Let ur € L? (£2). Then the function us € C([r, +o0), L? (12)) is called
a mild solution to problem (11) if

ue (t) = e Ay, 4 /t e A (b(8) fe (ue (£) + w(t)ue (£))ds, T < t < 0.

We note that for any u. € C([r,00),L? (2)) the map f-(uc (t,-)) belongs to
io. (0,4+00; L? (2)) C L, (0,400; L? (£2)).

Definition 5 Let ur € L? (£2). Then the function u € C([r, +o0), L? (2)) is called
a mild solution to problem (2) if there exists h such that h € L7, (0, +00; L? (£2)),
for any T > 7, h(t,z) € Ho (u (¢, 2)), for a.a. (¢,z), and

t

w(t) = e AT / A=) () R(E) + w(t)u (£))ds, 7 < t < oo,
T

Lemma 4 For any ur € L*(2) and g € Lj,. (0,400;L* (£2)) the function u €

C([r, +00), L? (R2)) is a strong solution to problem (4) if and only if it is a mild solu-

tion.

Proof The proof follows the same lines of [39, Lemma 2], but we provide it in detail
for the sake of completeness.

Let u () be a strong solution. We take sequences u} € D (A4), g" (-) € C* ([r,400), L? (12))
such that

ul! = ur in L? (02),
g" — g in L? (7‘, T;L? ((2)) vT > 1.
Denote by u" (+) the unique classical solution to the problem

n
{C@:Au”(t)—l—gn(t), t>T,

u” (1) = uZ.
Let T > 7 and 0 < ¢ < T — 7 be arbitrary. We note that w™ is the unique strong
solution to problem (4) with g (¢t) = ¢" (t) — ¢ (¢) and w () = u? — ur, so by (7) we
have

2(% <u”—u>,un—u> = Gl @ —u @] foraa v e (r+eT),
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Hence, the difference w” = u™ — u satisfies

1d

1 1
L P )] < 2o @ = g @ + L " O] for an e (r o).

By means of the Gronwall lemma we obtain easily that
u" = uin C ([T +&,T], L7 ((Z)) .
Since u" is a mild solution, we get
u (t) = e AT (1 e) + /t e A= ($)ds for any T +e <t <T.
T4e

By continuity of the maps e~4? : L2 () — L?(£2) and Lebesgue’s theorem, we
have

e AlmT=E),n (t4¢)— e Al=T=E)y, (t+¢),
t t
/ e~ Alt=s) gn (s)ds — / e~ Al=9) (s)ds, as n — oo,
T+e T+e

which implies

t
u(t) = e~ Alt—=T—2),, (t+¢)+ / e_A(t_S)g (s)ds for any 7+e <t <T.
T+€

Finally, passing to the limit as ¢ — 0 and taking into account that e ~4(*=77¢)

e~ A=)y (1), we obtain that u is a mild solution.
By uniqueness of the mild solution of (4) the converse statement follows im-
mediately.

u(r+¢e)—

Corollary 3 For any ur € L? () the function us € C([r,+00), L? (£2)) is a strong
solution to problem (11) if and only if it is a mild solution.

Proof Let ues be a strong (mild) solution to problem (11). We define the func-
tion g () = b(t)f(ue (t)) + w(t)ue (t), which belongs to LS, (1,+00; L? (22)) C
L}, (7,400; L* (£2)). Since uc is also the unique strong (mild) solution to problem
(4), Lemma 4 implies that it is a mild (strong) solution to problem (11).

Corollary 4 For any ur € L?(2) the function u € C([r,4+00), L% (R2)) is a strong
solution to problem (2) if and only if it is a mild solution.

Proof Let u be a strong solution to problem (2). As u is the unique strong solution
to problem (4) with g (¢) = r(¢), Lemma 4 implies that it is a mild solution to
problem (2) with A () = (r (t) — w (t) u (¢))/b(2).

Conversely, let u be a mild solution to problem (2). As u is the unique mild
solution to problem (4) with g (t) = b(t)h (t) + w () u (t), Lemma 4 implies that it
is a strong solution to problem (2) with r (¢t) = g (¢).
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Now we are ready to prove the comparison principle.

Theorem 2 The strong solutions of problem (2) satisfy the strong comparison princi-
ple.

Proof We define the set
V={ueC(r,m+t], L*(2)) : u(r) = ur, |u(t) —url| <1,Vt € [r,7 +10]},
where tg > 0 satisfies

e—A(t—T)uT —ur

1
27
1
to (b1 + wi flur|l +w1) < 5
to(blog +w1) <1, for all t € [T,T +to], (17)

where C: is the constant for which | fé(u)‘,
C([r, 7 + to], L*(£2)) is defined by

?;(u)‘ < C.. The map F : V —

Flu)(t) = e~ ATy —I—/ e~ Al=9) b (s) fe(u(s)) + w(s)u(s)) ds. (18)

For any uw € V and ¢ € [, 7 + to] we have

IN

t
17 (u)(t) = url] + / (0 (s) [[f=(ul))Il + w(s) luls)ll)ds

H —A(t—7)
e Ur — Ut

1
2

Also, F(u)(7) = ur. Thus, F(u) € V and then F:V = V.
We check further that F is a contraction mapping. Indeed,

IN

+to (b1 + w1 |Jur|| +w1) < 1.

IF(u)(t) = Fl) (@) < / (b (s) [1fe(u(s)) = fe(v(s))l +wls) lu(s) — v(s)l)ds
< / (b(5) Ce [lu(s) = v(s)]| + w(s) [lu(s) —v(s)[)ds

< tO(bICE + wl) ||U - vHC([T,T—&-tO],Lz((Z))
= Po llu = vlle(pr,r40),L2(02)) » V€ [, 7+ to],

where 0 < g < 1.

Therefore, the contraction fixed point theorem implies that F possesses a
unique fixed point u* € V, which is a mild solution and coincides with the unique
strong solution ue to problem (11), as by Lemma 4 u* is also a strong solution.

In view of Definition 1 for any strong solution v () of (2) there exists a function
h satisfying h € L™ (1, T; LQ(Q)), for any T > 7, h(s,z) € Ho(v(s,z)) for a.a. (s, z),
and such that v () is the unique strong solution to the following problem

v

Sp ~ Av="b1)h(t) +w(t), on 2 x (r,00),

vlan =0,
(1, z) = vr(2).

(19)
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In view of Corollary 4, v is a mild solution to (2) as well, so it satisfies the variation
of constants formula:

t
v(t)=e ATy 4 / e A=) (b(t)R(t) 4+ w(t)v (t))ds. (20)
We define the set

Vi={ve C([T,T+to],L2(Q)) cu(T) =vry ||v(t) —vr|| <1, VE € [, 7+ to]},

where ¢9 > 0 satisfies (17) and also

vr —or|| <

He—A(t—T)

1
2
1
to (b1 + w1 |Jor|| +w1) < 5 for all t € [7,7 + to].

Arguing as before, v (+) is the unique fixed point of the map Fy : Vi — Vi given by

t
F)(t) = e Ay 4 / A=) (4 (o) h(s) + w(s)uls))ds.  (21)
Assume that ur > v,. Let us define the set

—{uEV u(t v(t), Vt € [r, 7+ to]}.

) =
This set is non-empty since u(t) = v(t) + ur — v7 belongs to it.
For any u € V using (13) and e~ > 0 we have

F)®) —v ) =e 2 (ur —vr)
“f e (B8) ) — AL8)) () (us) — 0(5))
> O,Tfor any t € 1,7 + to].
Therefore, ]-'(\7) C V. Since F is a contraction in V, so does it in V. We deduce

that F possesses a unique fixed point u* € \7, which is equal to the solution ue to
problem (11). It follows that

ue(t) > v (t) for any t € [r,7 + to].
Using a standard continuation argument it is proved that
ue(t) > v (¢t) for any t > 7. (22)

The last property is true for every strong solution v (-) to problem (2) such that
ur > v(1) = vr.

Further, we will pass to the limit as ¢ — 0.

Mutiplying the equation in (11) by us we obtain easily that

1d
2dt

for some constants C1,Cs > 0. By Gronwall’s lemma for any T > 7 there exists
D1 = D1 (T, ||uer||) such that

[uell® + | Vue||* < C1 + Cz Jlue1?,

llue (£)||> < Dy for all ¢ € [r,T). (23)
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Hence, there exists Dy = D (T, ||uer||) such that

t
/ | Vue (s)||> ds < Dy for all t € [r,T). (24)
-

Let 0 < § < T — 7 be arbitrary. Since ue € L?(7+6,T;D(A)) and d;E €

L? (1 +6,T;L? (22)), by Corollary 1 we obtain that ue € C([r + 4, T], Hj (£2)) and

d 2 duc
aHVUEH =2 (Au&ﬁ) for a.a. t € (14+6,T). (25)
. . . . duE
Multiplying now the equation in (11) by o Ve have
2 2
due 1d 2 1 || due 2
-2 < - .
o | + 5 1ot < o+ 5 | |+ e

Using (23) and integrating over (s,t) with ¢ > s > 7 we deduce the existence of
D3 = D3 (T, ||uer||) such that

IVue ()1 < | Vue (s)II* + Ds.

Integrating with respect to the variable s over (7,t¢) and using (24) we obtain

IVue (1)) < t’% 4 Ds, forany r <t <T. (26)

For any 0 < 6 < T — 7 we then have

T due ||
[ |5 de<ivu o + 05
T+5
§%+2D3. (27)

Thanks to these estimates, there is a subsequence ue, and a function @ such
that

ue, — U weakly in L? (7—, T; L? (Q)) and weakly star in L™ (7—, T; L? (Q)) ,

dz;" — % weakly in L* (T +6,T; L* (Q)) for any 0 <6 <T — .

Hence, for any N > 0 such that % < T — 71 we deduce that the maps ue,, : [%, T —
L? () are equicontinuous, so (26), the compact embedding H{ (£2) € L? (£2) and
Ascoli-Arzela theorem imply that

Ue, — U in C <{%T} ,L? (rz)) :

By a diagonal argument this is true for any interval [%,T] .
We can also see that the functions fz, (ue,(t)), ge, (t) = b(¢)fe, (ue, (1)) +
w(t)ue, (t) are bounded in L (7,T; L? (£2)) and then up to a subsequence

fEn (u"fn) - h’
ge,, — g, weakly star in L™ (T, T; L? (9)) )



14 Tomas Caraballo et al.

where h € L (7,T; L? (22)) and g (t) = b(t) h (t)+w (t) @ (t). Therefore, the function
w satisfies the equality

0 aw(t) = b(O)h (1) + w(DE (1), ae. on (7,7).
Let us prove that h(t,z) € Ho (u(¢,z)) for a.a. (¢t,z) € (7,T) x 2. Let Ag =
{(t,z) : w(¢t,z) = 0}. It is obvious that

fen (ue, (t,x)) € [-1,1] = Ho (u(t,z)) for (t,z) € Ao.
If (t,z) € A- ={(t,z) : u (¢, =) < 0}, then
dist (fe, (ue, (t,x)),Ho (u(t,z))) = |fe,, (ve, (t,2)) + 1] — 0, as n — oo,

as for any ¢ € (r,7T] it is true that wue, (t,z) — u(t,z), for a.a. z, and by the
definition of f. we can see that fc, (ue, (t,2)) = —1 for all n > no (¢,z). In the
same way, if (t,z) € Ay = {(t,z) : u (¢, x) > 0}, then

dist (fe, (ue, (t, 7)), Ho (u(t,x))) = [fe, (ue, (t,2)) = 1] = 0, as n — oc.
Hence, for any t € (7,7] we have
dist (fe, (ue, (t,z)),Ho (u(t,z))) — 0 for a.a. z. (28)

Denote hn (-) = fe, (ue, (*)) : [7,T] — L?(£2). By Proposition 1.1 in [35] we
have
h (t) € Np>0C0 Ug>np hp, (t) for a.a. t.

Hence, if we fix ¢, there exists a sequence gn (t) = Zf\il Xihg, (t), where Zi\il Ai =
1 and k; > n, such that gy (t) — h(t) strongly in L? (2). In view of (28),

dist (gn (t7 l‘) ) HO (ﬂ (t7 x)))
M

<Y dist (hg, (t,2), Ho (4 (t,z))) — 0 for a.a. z.
i=1

But passing to a subsequence gn, (¢,z) — h (¢, z) for a.a. z. Thus, h (t,z) € Ho (u (¢, z)) .
Then equality (3) holds and the second condition in Definition 1 is clearly
satisfied. In order to prove that u (-) is a strong solution to (2) it remains to check
that @ € C([r, +00), L%(2)) and @ (7) = ur.
Let z be the unique strong solution of problem

% — Az =w(t)z, on 2 x (1,00),
zlon =0,

2(x, ) = ur(z).

We put wn (t) = ue, (t) — z (t). It is easy to obtain that

d

77 lwnll* <@ @) lwn O + b (@) |an O] [Jue, (1)
< Ru+ R Jwn (0)]* + Rs Jue, (1))

< Ra4.
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Since wp, (1) = 0, we get
lwn (6)]* < Rat,

so for any t > T,
@ (t) — 2z (@) = lim [wn (¢)]|* < Rat.
n—oo

Therefore,
@ (t) — ur|| < Rat +]2(t) —ur|| = 0ast—07".

Finally, ue, (t) = u(t), for any ¢ > 0, and (22) imply that
u(t) > v(t) for any t > 7.

In conclusion, we have established that @ (¢) > v (¢) for all ¢ > 7, where v (-) is
any strong solution v (-) to problem (29) such that v(7) = vr < ur.
For the second part, we define the map F» : V — C([r, 7 + to], L*(£2)) by

t
Fa(w)(®) =MD A (b(6) Fofus)) + wlul) ds
T

which satisfies 71 (V) C V and is contractive. Then the unique strong solution ue
to problem (12) is the unique fixed point of F» in V.

Any strong solution v () of (2) with initial condition v, is the unique fixed
point of the map F; : V4 — Vi.

Let ur < vr and define the set Vi = {u € V : u(t) < v (¢)}. This set is non-empty
because u(t) = v(t) + ur — v+ belongs to it.

For any u € V4, (13) and e~4* > 0 imply

Flu)(t) —v(t) = e 47 (ur —vr)

t
+/ e A7) (b(s) (Fo(uls)) — h(s)) +w(s)(u(s) — v(s))) ds
<0, for any ¢ € [r,7 + to].

It follows that ]-'2(‘71) C 171 and Fo is a contraction in 171‘ Thus, F2 possesses a
unique fixed point u* € Vi, which is equal to the solution u. to problem (12). It
follows that

ue(t) <w(t) for any ¢t > 7.

The last property is true for every strong solution v (-) to problem (2) such that
ur <o(1) = vr.

Passing to the limit as ¢ — 0 we obtain the existence of a strong solution u to
problem (2) such that u(t) < v (¢) for all ¢ > 7, where v (-) is any strong solution
to problem (2) such that ur < v(7) = vr.

It follows that the solutions to problem (2) satisfy the strong comparison prin-
ciple.

Corollary 5 If ur > 0, there exists at least one strong solution u (-) to problem (2)
such that u (t) >0 for all t > 7.

Proof It follows from the strong comparison principle and the fact that v (t) =0
is a strong solution for v = 0.
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We now study a comparison principle between the solutions in the nonautono-
mus and autonomous cases.
Let us consider the problem
ou

i Au € bHp(u) + wu, on 2 x (1,00),

ulpn =0,
u(r, ) = ur(x),

(29)

where 0 < b, 0 < w. Let us denote a strong solution to problem (29) by wuy, (-)
(and we do not take into account in this notation the initial time 7 as the solution
is the same whatever the value of 7).

Theorem 3 For any initial datum ur > 0 there exists a non-negative solution uy, ., )
to problem (29) with w (7) = ur, b="b1, w = w1 such that

v(t) <up, w0, (B), VE>T, (30)

where v (+) is an arbitrary strong non-negative solution to (2) with u (1) = ur.
On the other hand, there exist a non-negative solution u (-) to (2) with u (7) = ur
such that
u (t) > Uby wo ), vt >, (31)

where up, o, (+) s an arbitrary strong non-negative solution to (29) with u () =
ur, b="bp, w = wo.

Proof Let F :V — C([r,7 + to], L*(2)) be defined by

Flu)(t) = e ATy 4 / e~ A=) (b1 fe(u(s)) + wiu(s)) ds, (32)

T

where
V = {u e C([r,7+to), L*(2)) : u(7) = ur, u(t) >0, [[u(t) —ur| < 1, Vt € [1, 74+t0]},

and to > 0 satisfies (17). Let 20 € L?(£2) be such that zo(z) = 1 for a.a. =.
Since f=(u(s)) = zo, for any u € V, and e~ > 0, we have that F(u)(t) > 0. Then,
arguing in the same way as in Theorem 2 we obtain that 7 : V' — V is a contracting
map, so F possesses a unique fixed point w € V, which is a mild solution and,
by Lemma 4, coincides with the unique strong solution ue to problem (11) with
b(t) =b1, w (t) = wi.

Let v (-) be a non-negative strong solution of (2) such that v (r) = u;. Then
there exists h such that h € L (7,T; L*(£2)), for any T > 7, h(s,x) € Ho(v(s, z))
for a.a. (s,z), and v (-) is the unique strong solution to problem (19). Moreover, v (-)
satisfies (20) and it is the unique fixed point of the contractive map F1 : V1 — V4
given by

Fi(u)(t) = e Ay, 4 / e~ A9 (b (s) h(s) + w(s)u(s)) ds,

where

Vi ={ue C([r,7+to], L2(2)) : u(r) = ur, ||Ju(t) —ur|| <1, Vte[r,7+to]}.
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Let us define the set V ={ueV:u(t)>v(t)}, which is obviously non-empty
asveV.
For any u € V, since fe(u(-,s)) = 20 and u (s) > v (s) > 0, we have

by fe(u(s)) —b(s) h(s) =bizo —b(s) h(s) > (b1 —b(s)) z0 > 0,
wiu(s) —w(s)v(s) > 0.

Then, by e At > 0, we obtain

Flu)(t) —v(t) = / e A7) (by fo(u(s)) — b(s) h(s) + wiu(s) — w (s) v(s)) ds

T

>0, for any t € [, 7 + to].

Therefore, J-"(‘A/) c V. Since F is a contraction in V, it is a contraction in V as
well. We deduce that F possesses a unique fixed point uw € ‘7, which is equal to the
solution ue to problem (11) with b(t) = b1, w(t) = w1. As before, by a standard
continuation argument, it follows that

ue(t) > v (¢) for any ¢ > 7.

Passing to the limit in exactly the same way as in Theorem 2 we obtain the
existence of a solution 7y, ., (-) to problem (29) such that (30) holds.
Let Fo: V — O([r, 7 + to], L?>(£2)) be defined by

Fa(u)(t) = efA(t*ﬂuT + / e~ Alt=s) b (s) fe(u(s)) +w(s)u(s)) ds. (33)

Let 20 € L?(£2) be such that z (z) = 1 for a.a. z. Since f-(u(s)) = zo, for any
ue V,and e~ > 0, we have F(u)(t) > 0. Then, arguing in the same way as in
Theorem 2 we obtain that F2 : V' — V is a contracting map, so Fa possesses a
unique fixed point w € V, which is a mild solution and, by Lemma 4, coincides
with the unique strong solution ue to problem (11).

Let up, ., (-) be a non-negative strong solution of (29) such that u, ., (1) = ur,
b = by, w = wp. Then there exists h such that h € L™ (7—, T; Lz(Q)), for any T > 1,
h(s,x) € Ho(up, w, (s, )) for a.a. (s,z), and up, 4, () is the unique strong solution
to problem (19) with b(t) = bo, w(t) = wo. Moreover, up, ., (-) satisfies (20) and
it is the unique fixed point of the contractive map F3 : Vi — Vi given by

t
Fa(u)(t) = e A0y 4 / A=) (boh(s) + wou(s)) ds.
T
We define the set Vi = {u € V : u(t) > Upg wo (t)}, which is non-empty as
Uby,wo € V.
As before, for any u € Vi we have

b(s) f=(u(s)) — boh(s) = b(s) zo — boh(s) > (b(s) — bo) z0 > 0,
w (s) u(s) — wotp, w, (s) >0,
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and

Fa(u)(£) — tpy oy (£) = / L) (b(s) f=(u(s)) — boh(s) +w (s) u(s) — wotp, w, (5)) ds

T

>0, for any t € [r, T + o).

Thus, }'Q(XA/) C V. Since F, is a contraction in V, it is a contraction in V as well,
so Fa possesses a unique fixed point ©* € V, which is equal to the solution us to
problem (11). As before, by a standard continuation argument, it follows that

Ue () > Upg u, (t) for any t > 7.

Again, passing to the limit we obtain the existence of a solution % (-) to problem
(29) such that (31) holds.

3 Characterization of the global attractor in the autonomous case

In this section we will study the autonomous differential inclusion (2) in the scalar
case and will deduce from the strong comparison principle some properties con-
cerning the structure of the global attractor.
Hence, we consider the autonomous problem
2

9u _ 0 o (u) + wu, on (0,1) x (7,00),

ulgo =0,

w(0,z) = uo(z),

where 0 < b, 0 < w. We assume also throughout this section that

0<w< 7r2,
82
where 72 is the first eigenvalue of the operator 5.2 in H} (0,1). This restriction
is necessary in order to guarantee the existence of a global attractor.
Let D(ug) denote the set of all strong solutions of (34) for ug € L?(£2) and
7 = 0. We define the multivalued family of operators G : RT x L?(2) — P(L?*(12)),
where P(X) stands for the set of all non-empty subsets of the space X, by

G(t,up) = {u(t) : u(-) € D(uo)}.

It is well-known [36] that G is a strict multivalued semiflow, i.e., G(¢t + s,ug) =
G(t,G(s,u0)), for all t,s > 0, ug € L?(£2), possessing a global compact invariant
attractor A. This means that:

- A=G(t,A) for all t > 0 (strict invariance);
— dist(G(t, B), A) — 0 as t — +oo for any bounded set B (attracting property).

Moreover, the attractor A is connected [37] and bounded in H{ (£2) [36]. Also,
G has compact values and the operator ug — G(t,uo) is upper semicontinuous for
any t > 0 (see [36] again).

We recall the concept of order-preserving multivalued semiflow, which was
introduced in [11].
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Definition 6 The multivalued semiflow G is called order-preserving if for any ug <
vo and t > 0 we have:

1. There exists ye G(t,uo) such that

y <y for all y € G(¢,v0).
2. There exists ¥ € G(t,vo) such that

y <7 for all y € G(t,uop).

Theorem 2 implies that the semiflow G generated by the solutions of (2) is
order-preserving.

We recall that z is called a fixed point (or equilibrium) of the multivalued
semiflow G if z € G(t,z) for all ¢ > 0.

The set of strong solutions R = U, er2()D(uo) satisfies the following proper-
ties [18]:

(H1) For any z € L?(£2) there exists ¢ € R such that ¢ (0) = x.
(H2) pr ()=@(-+7)€R for any 7 >0, p(-) € R (translation property).
(H3) Let 1,92 € R be such that p2(0) = ¢i(s), where s > 0. Then the function
¢ (+), defined by
_ e () if0<t<s,
SD(t)_{cpg(tfs) if s <t,
belongs to R (concatenation property).
(H4) For any sequence ¢" (-) € R such that ¢" (0) — ¢ in L?*(£2), there exists a
subsequence ¢™* and ¢ € R such that

O () = p(t), vVt > 0.

The element z is called a fixed point (or equilibrium) of R if ¢ (t) =z € R.
Since (H1) — (H4) hold, it is well-known that z is a fixed point of G if and only if
it is a fixed point of R [23, Lemma 7].

Applying Theorem 2 in [11] we obtain the following result.

Theorem 4 There exist two equilibria x«, y* € A such that:

1. o <2< y* forall z € A.
2. If the solutions corresponding to the initial conditions x«, y* are unique, then

dist(G(t,up),x+) = 0, as t = +o0, for any up < x«, (35)
dist(G(t,up),y™) = 0, as t — +o0, for any uo > y*. (36)

We observe that in [11] the following additional assumption concerning the
order relation <’ was assumed: for any bounded set B there exists a,d such that

a<y<dforallyeB,

which means that B is contained in an interval [a,d]. Though this assumption is
not true in the space L?(£2), in the proof of Theorem 2 in [11] it is only necessary
to use this property for the global attractor A, and not for an arbitrary bounded
set B. Since A is bounded in Hg (£2), which is continuously embedded in C([0,1]),
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the global attactor is in fact contained in an interval [a, d], so Theorem 2 in [11] is
applicable.

The fixed points of G were described explicitly in [4]. There exists an infinite but
countable number of fixed points, denoted by v = 0, v} (), v{ (), ..., vif (z), vy (2), ...
where U;t (z) possess exactly j+ 1 zeroes in [0, 1] and v;r(x) = —v; (). The exact

expression for the point v; is given by

which is the unique solution of the boundary-value problem
u” + wou = —bo, u(0) =wu(1)=0.
From the analysis in [4] we infer that
vy (z) < vji(m) <wf (z) for all j > 1,
and then z. =vy, y* = vf so Theorem 4 implies that
vy <z<uwj forall z€ A

Also, since the points vli are stable [4, Theorem 6.3], the solutions corresponding
to the initial conditions vli are unique. Hence, the convergences (35), (36) hold
true.

Finally, we remark that in [4, Theorem 6.3] the structure of the global attractor
was studied.

We recall that a map ¢: R — L?(£2) is a complete trajectory if

#(- +h)lj0,00) € R, for all h € R.

The global attractor A consists of all bounded complete trajectories and it consists
if fact of the fixed points and all complete bounded trajectories () connecting
two fixed points, that is,

P(t) — 21 as t = +oo, (37)
P(t) = 22 as t — —oo,

where z; are fixed points. Partial results related to how the fixed points are con-
nected were given in [4, Theorem 6.3]: if v ~» 2z means that there is a connection
from v to z, then:

1. vg ~~ v;:, Vji>1;
2. ’U]J-r ~ U;EI, v~ v;‘il, Vi > 2;
3. v;fwvl, v;wef, Vi >2;
+ + .
4. If v~ 05 (k,7 #0), then
U;tn ~ ’Ujin, Vn > 1;

5. If 1 <k <j, then vff ~ vj[, Uki ~ vg are forbidden.

Now we have completed this description by showing that all these bounded
complete trajectories lie inside the interval [v] ,v]].
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4 Characterization of the pullback attractor in the nonautonomous case

In this section we will treat the nonautonomous differential inclusion (2) in the
scalar case, that is, we consider the nonautonomous problem

2
Gu T4 ¢ bty Ho(u) + (i, on (0,1) x (7,50),
ulgn =0, (38)

u(T,z) = uo(z),

where b (), w(t), Ho(u) are as in Section 2. Additionally, we assume in the sequel
that
w1 < 7r2.

We start by defining a multivalued process associated with the strong solutions
of problem (38) and showing that it possesses a pullback attractor. After that we
will give a characterization of this attractor in a similar manner as in Theorem 4
for the autonomous case. In particular, we will show the existence of a bounded
complete non-degenerate trajectory at —oo which is unique in the class of non-
degenerate bounded complete trajectories in the whole line.

Let D+ (ur) be the set of all strong solutions of (38) with initial condition u, at
time 7 and let R = Uycr2(0)Dr(2). In the same way as in the autonomous case,
one can prove that the sets Rr satisfy the following properties:

1) For any 7 € R and z € L?(£2) there exists ¢ € R~ such that ¢ (1) = z.

K
K2) ¢s = ¢ |j745,00)€ Rr+s for any s > 0, ¢ € R+ (translation property).
K

3) Let ¢,1 € R be such that p € R+, ¥ € Ry and ¢(s) = ¢(s) for some s > r > 7.
Then the function 0 defined by

), telns),
o) := {i(t» te [s,00),

belongs to R+ (concatenation property).

(K4) For any sequence @™ € R, such that ¢" (1) — ¢o in L?(£2), there exists a

subsequence ¢"* and ¢ € R, such that
M) (), V=T
We define the multivalued family of operators U : RS x L?(£2) — P(L*(12)),
where RZ = {(t,s) € R? : t > s}, by
U(t,s,z) = {u(t) : u(-) € Ds(z)}.

It easily follows from (K1) — (K3) that U is a strict multivalued process, that is,
U (t,t,-) = Id is the identity map and U (¢, s,z) = U (¢, 7,U (7, s,x)) forall s < 7 < ¢,
x € L*(£2). Moreover, (K4) implies that the graph of the map = ~ Ul(t,s,z) is
closed for all (t,z) € Ry .

We recall that the familiy of sets {K(t)}+er is called pullback attracting for U
if it attracts every bounded set B in the pullback sense, that is,

dist(U(t,s,B),K(t)) — 0, as s — —oo. (39)

Lemma 5 The process U has a pullback attracting family of compact sets { K (t)}ter.
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Proof For any strong solution multiplying equality (3) by u we have

1
/ r(t,x) u(t, z)dz
0

2dt|||+]

t)/o u (t, )| dz +w () |lu (t)]
< by JJu (8)] + wr Jlu (8)])2
§%+mWMWW7

where eq is chosen such that g + w1 < 2. Then, as 72 is the first eigenvalue of
2
the operator —8702 in H} (), we obtain

5 2

b2
Ll + s 1 < 2l + 5|15

T _Cl7

where § = 2(7r2 — w1 —¢eo) > 0. By Gronwall’s lemma we get
e @I < e flu(s)]2 + & 53 L for all ¢ > s. (40)
Also, integrating over (¢ — a,t), where 0 < o < 1, we have
t
.

Further, we multiply (3) by Z—u and use Corollary 1 to obtain that

oul?

7r201
— <
B dr

-4

+ T (e — o). (a1)

“f;; ’ 1 % 2§b(t)/0 g“(t ) dm+w(t)/01u(t,x)gz(t,x)dw (42)
%@wﬂuw “uw
<o+ |20

For s <t —a <r <t we integrate over the interval (r,t). Hence, by (40) and (41)

we have
2

ou ou
'3 ) +b1 +w1/ llu (7)] \ dr +2 %(T) dr
2 2 2
CS(t—a— C 2
) +ﬁ+@€+{}k5“asnm@m-+§>1+22+{}»

Integrating now with respect to the variable r over the interval (¢ — o, t) and using
again (40) and (41) we get

2 2 2
ou ™ Ch T 2
g < i _
a‘ ax(t)H S5t lu(t — )|
2712 S(t—o C 272
6+ (wf + T u ()P + T (wf + 20+ T

< G+ C3e 707l (5)12 (43)
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where Cs,C3 > 0 are some constants.
We define the family K (¢) by

2C!
K() = {y € H3(2) : ol < 22,

The compact embedding Hg (£2) C L?(£2) implies that K(t) are relatively compact
in L?(02). Also, as K(t) is weakly closed in H3(2), it is closed in L?(£2). Thus,
K(t) are compact in L?(£2). Finally, we obtain readily from (43) that for any
bounded set B and any t € R there exists T(B,t) such that U(t,s, B) C K(t) for
all s <T(B,t). Thus, (39) follows.

We recall the definition of pullback attractor.

Definition 7 The family of compact sets {A(¢)}+cr is called a pullback attractor
if:

1. It is pullback attracting.

2. A(t) CU(t,s,A(s)), for all t > s (negative semi-invariance);

3. {A(t)}ter is minimal in the sense that if {K(¢)}+cr is a pullback attracting
family of closed sets, then A(t) C K(¢) for all ¢ € R.

The pullback attractor is strictly invariant if A(¢) = U(t, s, A(s)), for any ¢ > s.

Theorem 5 The process U possesses a strictly invariant pullback attractor { A(t) }rer.
Moreover, User A(t) is bounded in HE () and Uper A(t) is compact in L(£2).

Proof Since there exists a pullback attracting family of compact sets {K(t)}er
and the map z — U(t,7,z) has closed graph for all ¢ > 7 (by (K4)), there exists
a compact pullback attractor {A(t)}+cr, which satisfies A(t) C K(¢) for all t € R
(see Theorem 1 in [22]). Moreover, since A(¢) C K(t) and the definition of K(¢)
we deduce that User.A(t) is bounded in H{ (£2) and Uer A(t) is compact in L2(£2).
Using this and the fact that U is a strict process we also obtain that the pullback
attractor is strictly invariant (see Lemma 2.5 in [12] or Proposition 4.3 in [19]).

A map v: R — L?(£2) is called a complete trajectory if

© =[r4+00) € Ry, forall T € R. (44)
It is obvious that any complete trajectory satisfies

v(t) €U (t,s,7v(s)) forall s <t. (45)

The complete trajectory « is said to be bounded if U,ecr7y (r) is a bounded set.
By the pullback attracting property and (45) it is easy to see that if v(-) is a
bounded complete trajectory, then v (t) C A(t) for any ¢ € R, where {A(¢)}+er is
the pullback attractor.

We have the following characterization of the pullback attractor.

Lemma 6 A(t) = {v(¢) : v is a bounded complete trajectory}.
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Proof Since (K1) — (K4) are satisfied and U;cr.A(t) is bounded, the result follows
either from [12, Corollary 2.10] or [12, Corollary 2.12].

We will also prove that the sets .A(t) are compact in Hg(£2).

Lemma 7 Let u? — ur in L? (2) and let u™ € Dy (ul). Then there exists a subse-
quence {u"*} and u € Dr(ur) such that

U™ = win CO([r 4 r,T), Hy (2)) for all0 <r <T —7, T > 7. (46)

Proof We know by (K4) that there exists u € Dr(ur) such that, up to a subse-
quence, u™ (t) — u (t) in L?(£2) for any ¢t > 7. We need to prove that (46) holds for
this solution w.

We fix an interval [r + r,T]. Taking in (43) s = 7, t — a = 7, we obtain a
constant D1 = D1(r) such that

[u” )| g2 () < D1 VEE [ +7,T]. (47)

By integrating (42) over (7 +r,T) and using (40) and (47) we have a constant
Dy = Da(r,r,T) satisfying
T
s/TJr’I‘

Hence, Ascoli-Arzeld theorem implies, passing to a subsequence, that

du™ ||
—— || ds < Das. 4
a || =72 (48)

u" = win C([r +r,T), L*(2)).

Also, from (48) and equality (3) we get a constant D3 = D3(7,r,T) such that

T
/7'+T

These inequalities and the Compactness Theorem [26, p.58] imply that

2

2 n
O u" " s < Dy,

0x?

u" — u weakly star in L (7 +r, T; H} (1)),
u" — u weakly in L?(r 4 r, T; H(R2)),
n
dst — CC% weakly in L2 (7 +r,T; L*(2)),
u" — u strongly in L?(r 4 r, T; H} (£2)),

u"(t) = u(t) in H3(2) for a.a. t € (r +7,7T).
In view of (9) we obtain also that u",u € C([r + r,T], H} (12)).

Now, making use of (42) and (47) we deduce the existence of Ds = Dy4(r)
satisfying

Hun(t)HfLI1 o < Hu"(s)HiIl oyt Da(t—s), for 7+r <s<t<T,
0 () 5(£2)

and the same inequality is true for the limit function u. Hence, the functions
In(t) = Hu"(t)HiIa(Q) + Dat, J(t) = Hu(t)”ilé(m + Dyt are continuous and non-
increasing in the interval [r + r, T|. Moreover, Jy(t) — J(t) for a.a. t € (1 +7,T).
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Let ¢tn € [t +r,T] and ¢, — to € (7 + r,T]. We choose ¢m € (7 + r,t9) such
that ¢tm — to and Jn(tm) — J(tm) for each m. It is important to observe that
when we fix m the elements ¢,, are greater than t,, for n big enough. By the above
properties we have

In(tn) — J(to) = In(tn) — In(tm) + Jn(tm) — J(tm) + J(tm) — J(to)
< In(tm) — J(tm) + J(tm) — J(to) <k,

if n > N(e,m(e)), where £ > 0. We infer that limsup ”“(t”)”%ﬁ(m < H“(tO)”?{g(n)-
Since u(tn) — u(to) weakly in HZ(£2), then limianu(tn)H?{é(Q) > Hu(to)HQHé(Q),
so lim [[u(tn) |3 () = lu(to) |71 () and thus

u" (tn) = u (to) in HS(R2).

As this argument is valid also in the interval [r 4 £, T, this convergence holds for
tn — 7+ 1 as well.
Using a standard diagonal procedure we obtain that (46) is true.

Corollary 6 The sets A(t) are compact in Hg(£2).

Proof Let yn € A(t), t € R. Since A(t) is compact in L?(£2), up to a subsequence
yn — y in L?(£2). The invariance of .A(t) implies the existence of solutions u, (-) €
Rt—1 such that un(t) = yn and un(t—1) € A(t—1). Again, passing to a subsequence
un (t —1) — @ in L?(2). Hence, by Lemma 7 we obtain the existence of u () €
Dy—1 (@) such that yn = un (t) — u (t) in H}(£2). This proves that the sets .A(t) are
relatively compact in Hg (£2). As they are closed in L?(£2), so they are in H{ (£2).
Thus, A(t) are compact in Hg (£2).

Further we are going to give a deeper characterization of the pullback attrac-
tor by showing that any bounded complete trajectory is contained in an interval
defined by two special bounded complete trajectories.

Let w;;’wi7 i = 0,1, denote the positive fixed point v;" of problem (29) for the
parameters b = b;, w = w;.

Theorem 6 There exists a bounded complete trajectory £p; such that any complete
bounded trajectory vy satisfies

—Em(t) < (t) < Eum(t) for allt €R. (49)
Moreover,
Wit < Em(t) Swpl (50)
—Ep(t) <y < Ep(t) for all y € A(2), (51)
—€u () <lim _inf w(t) <lim Siupoou(t) < &m(t), (52)

uniformly for u € Ds(ur), ur € B, where B is bounded.
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Proof Let D (u-) be the set of all non-negative strong solutions of (2) with initial
condition u; at time 7 (which is non-empty for any u. € L?(2) by Corollary 5)
and let R = UzeLz(Q)Di(x), that is, RY is the set of all non-negative strong
solutions of problem (2).

We divide the proof into several steps.

Step 1. Theorem 3 and the fact that the solution of (29) corresponding to the
initial condition w;~  is unique imply that for any u € Dﬁ'(w;’wl ),

b1,w1
w(t) <wy ., forallt>r, (53)
and the existence of v € Di(w;}; w,) Such that
w0 <o), for all £ > 7. (54)

Using the comparison principle given in Theorem 2 we can choose a maximal
solution umax of the set Df(w; w,)- As (54) and upax(t) > v(t) imply that

Umnax (t) > wlz’wo, for all t > 7, (55)

and w;:))% (z) > 0 for z € (0,1), ulax is the unique solution of the linear problem

2
aiu — M = b(t) —|—w(t)u, on {2 X (T,OO)7
ot Ox? (56)
U|a_Q = 07

u(z, 7) = ur(z).

Let s1 < s2 <t and let u; = uli.., i = 1,2, be the maximal solutions of the
sets D, (w;" ). By (53), (55) and the strong comparison principle we get

b1,wi

u1(s2) < wl;tﬂ-’l’

wh < ug(t) < ua(t). (57)

bo,wo —

Thus, the function s — uga(t) is non-increasing as s — —oco and it is bounded
from below. Then there exists a function &y, (t) such that

Ev(t,z) = SE@OO Upnax (t, ) pointwise in z.

However, by Lemma 5 and Lemma 7 we have that uS..(t) — &3(t) in Ha(2) C
C([0,1), for any t € R, so

Ev(t,) = lim ugax(t, z) uniformly in . (58)
§——00

Step 2. &),(t) is a bounded complete trajectory.

We fix some tp € R and put zn = uifax(to), on(t) = upiax(t), t > to. where
sn — —oo. Then ¢n € Dy, (zn) and from (K4) and zn, — &pr(to) we infer that
on(t) — o(t), for all t > to, where ¢ € Dy, (Eps(t0)). By (58) we have that ¢(t) =
Ear(t) for all £ > to, 50 Ear [[y,400)€ Do (§ns(to)) for all to € R. Therefore, £y is a
complete trajectory. Since &/(t) € A(t), £ is bounded.

Also, from (53) and (57) we obtain (50).

Step 3. &)y is maximal.
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Let v be any bounded global trajectory. Since the pullback attractor is bounded
in Hj () c C([0,1]), there is & € L?(R2) satisfying

@ >y for all y € UrerA(%).

Thus, & > ¢(t) for any ¢t € R. Take a sequence s, — —oo. Denote by v the
maximal solution of the set Ds, (¢). Then as ¢(t) = u"(t), where u" =4 |[5, 4o0)€
Ds,, (¥(sn), Theorem 2 implies

w(t) < quax (t) .

Let sn < r <t be arbitrary. Taking into account that

—n

7" = Umax |ir,400) € 'D;"F(UrrllnaX(T))v

and being wi,, the maximal solution of the autonomous problem (29) at 7 = sp,
with initial condition wiax(sn) = @ and b = b1, w = w1, which is the unique
solution of the linear problem

2
%_%:bl—kwlu, OHQX(T7OO)7
ulpe =0, (59)

u(z, sn) = &(x),
Theorem 3 implies that
Uglax(r) < wﬁlax(r)~

Now let pihax be the maximal solution of the set Dy (wihax(r)). Then, again by the
comparison principle,

’lb(t) < v (t) < prrr}nax(t)'
+

Since wihax is the unique solution to problem (59), wiax(r) — wy,as = oo.

Hence, it follows from (K4) the existence of p € fo(w;1 ;) such that up to a
subsequence

Pmax(t) = p(t).
But ul,.x is the maximal solution of Dr(wl;"1 wl), SO
¥(t) < p(t) < umax(t).
Using the definition of &y,
w(t) < lim urmax(t) = 'fM(t)’
T——00
and by symmetry of solutions,

=S (t) < P(t) < &um(t),

proving (49). Therefore, Lemma 6 and the pullback attracting property of A(t)
imply (51)-(52).
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Let
@(0,1) = {u e C([0,1]) : u(z) > 0, Vz € (0,1), v (0) =u(1l) =0}

In other words, #(0, 1) is the subset of continuous functions on [0, 1] satisfying zero
Dirichlet boundary conditions and being strictly positive on (0, 1).

Lemma 8 Let &1,&2 be two bounded complete trajectories of (2) such that &;(t) €
&(0,1) for allt € R. Then &1(t) = &2(t) for allt € R.

Proof Since &;(t) € ©(0,1), u; = &; |[5,00) are solutions to the linear problem (56)
with initial conditions u;(s) = & (s), respectively. Then, taking the difference of
the two equations and multiplying by v = u; — u2, we obtain

2

1d 2 ov _ 2
s+ |52 =w o

Then H%HQ > 72 ||v]|?, w(t) < wi < 72 and Gronwall’s lemma imply
[o@I < lu(s)[” e,

where 8 = 2(n% — w1) > 0. Passing to the limit as s — —oco the statement follows.

Since (50) implies that £y,(¢) € (0,1) for all ¢ € R, we obtain the following
straightforward consequence of Lemma 8.

Corollary 7 &) is the unique bounded complete trajectory such that £p;(t) € #(0,1)
for allt € R.

The next lemma is proved exactly in the same way as Lemma 8.

Lemma 9 Let £1,&2 be two bounded complete trajectories of (2) such that for some to
we have &(t) € #(0,1) for all t < to, that is, they are non-degenerate at —oo. Then
&1(t) = &2(t) for all t < to.

Corollary 8 If ¢ is a bounded complete trajectory such that for some to we have
P(t) € P(0,1) for all t < to, then ¥(t) = Epr(t) for all t < to.

Remark 2 If we could prove that the solutions are unique for the initial conditions
&r(s), s € R, then &)y would be the unique bounded complete trajectory such that
for some to we have £,/(t) € (0, 1) for all ¢ < to, that is, the only non-degenerate
bounded complete trajectory at —oo.

Lemma 10 Ifui (), u2(:) € R;r) are two solutions such that u;(t) € #(0,1) for all
t > to, that is, they are non-degenerate at 400, then

llui(t) —u2(t)|| = 0 as t — 4o0.
Proof Arguing in the same way as in Lemma 8 we obtain that

s (£) — uz (6)))% < flui(to) — uz(to)||* e P¥7%) = 0 as t — +oo.
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Corollary 9 Ifu(-) € Rz(r) s non-degenerate at +oo, then

llu(t) — Epr ()| = 0 as t — 4o0.

In fact, we can prove that for every non-negative initial datum at least one

non-degenerate solution at +oo exists.

Lemma 11 Let us > 0, s € R. Then there exists u(-) € Ry with u(s) = us such

that

lu(t) — & ()] = 0 as t = +oo.

Proof Let u(-) be the unique solution to the linear problem

u 0%
B~ gz = b0 Fw()u, on 2 (7,00),
ulan =0,

u(z, s) = us(z),

which clearly belongs to Rs and, moreover, is the maximal solution for the ini-
tial condition us. Since &y(-) is a solution of the same problem but with initial
condition &)y (s), arguing as before we have

flu(t) — §M(Yf)||2 < lus — §M(5)||2 e Pt=%) 0 ast - +oo.
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