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Abstract

We carry out a simple analysis of(n + 3)-dimensional gravity in the context of recent work on ‘large’ supplemen
dimensions and deduce a formula for the expected compactification radius for then additional dimensions in the universe,
a function of the Planck and the electro-weak scales. We argue that the correspondingly modified gravitational force
to effects that might be within the detection range of dedicated neutron experiments. A scattering analysis of the corre
modified gravitational forces suggests that slow neutron scattering off atomic nuclei with null spin may provide an expe
test for these ideas.
 2004 Published by Elsevier B.V.Open access under CC BY license.
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The study of gravity at short range has recen
been the subject of numerous theoretical and ex
imental investigations, sparked by the proposal
Arkani-Hamed, Dimoupoulos, and Dvali (ADD) [1
that gravity may depart from Newton’s inverse squ
law at scales which could be as large as a millim
ter, a scenario that was subsequently shown to
consistent with string theory [2]. Diverse experime
tal groups have built refined versions of torsion b
ance experiments and other ingenious designs to
gravity at submillimeter ranges [3]. On the theore
cal front, hundreds of papers have been written, ra
ing from alternative formulations of the large extr
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dimensions framework (LED) [4], to the study of a
trophysical constraints and the expected experim
tal consequences in future high-energy collider exp
iments to black-hole production and the effect of LE
on fundamental symmetries. But perhaps the mos
markable result to date is the fact that no known ph
ical constraints have as yet falsified the LED theor
From the experimental point of view the new measu
ments have confirmed the validity of Newton’s la
to about 0.1 mm. Although such efforts are of gr
value, it can hardly be expected that this kind of
periments can lower this limit significantly.

We show in this Letter that a simple analysis ofN -
dimensional (ND) gravity leads to compactificatio
lengths in close agreement with the more sophistica
calculations of general relativity and string theory [
 license.
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Following this cue, we then present calculations t
suggest that the effects ofND forces, although very
small, might for particular values ofN fall within the
detection range of dedicated neutron experiments.

In their papers, ADD conjecture the existence
two or more additional dimensions in which gra
ity, but not the strong or the electro-weak forc
might be acting, diluting itself by spreading its lin
of force into these extra dimensions. Essentially,
would explain its apparent weakness [1]. The p
posal arises from a bold modification of pre-existi
many-dimensional string theories and the more rec
M-theories (M for membrane) which encompass
former [6]. In these theories only gravitons are a
to traverse the extra dimensions, whereas other p
cles are fixed to our observable 3D world, since
former are described as closed strings free to wan
while the latter are open strings with their ends fixed
our ‘brane’. Additional dimensions are ‘compactified
i.e., they are closed on themselves with a character
radius of compactificationRc (which for simplicity is
assumed to be the same for all additional dimensio
For ranges smaller thanRc, we thus expect a modifie
gravitational force. The basic question is then: w
shouldRc be large compared with M-theory’s orig
nal Planck scale of∼ 10−35 m? The answer rests o
the empirical fact that gravitation has never been m
sured below about 10−4 m and more significantly, on
the profound theoretical implications that ‘large’ ex
dimensions would have on the solution of the hier
chy problem whose origin can be traced to the h
difference in strength observed between gravity on
one hand and the other forces described by the s
dard model [7]. In this scenario, instead of catch
up with the other forces at Planck’s length scale,
ND gravitational force actually joins the other inte
actions at a distance about 1016 times larger, namely
at the electro-weak unification scale of∼ 10−19 m. As
will be shown below, this conjecture fixes the stren
of theND gravitational force and the value ofRc. The
most important consequence of the LED hypothes
the possible transition from the entirely Platonic, ina
cessible situation posed by the Planck-scale comp
fication, to one where it is conceivable that experim
tal measurements may actually test these ideas.
experiments envisioned to date are predominantl
two kinds. The ones involving submillimeter torsio
balance experiments [3] mentioned above, and h
energy collider experiments in the TeV energy regi
where diverse theoretical predictions exist for the in
rect observation of additional dimensions, such as
occurrence of missing energy carried away by un
tected gravitons [8]. The question arises as to whe
other experiments can be designed to probe gravi
very short ranges. It has been suggested, for exam
that the increasing precision of experimental tests
the Casimir effect may be used to probe new for
at micrometer distances [9]. Here we explore the p
sible effects ofND gravity in experiments with neu
trons.

We start in the spirit of ADD [1] by carrying out
classical analysis of gravity inN = n+ 3 dimensions
If space would haven + 3 (extended) dimension
Gauss’ law implies that the force of gravity would
of the form

(1)Fn = −m1m2Gn

rn+2 ,

whereGn is a constant which reduces to Newton
gravitational constantG for n = 0. As explained
above, we shall follow M-theory and assume that
masses, as well as all other forces remain in 3D sp
and only the gravitational force field leaks into t
additional dimensions. Even after compactification
these additional dimensions, formula (1) should
correct forr �Rc.

In general, one should assume a soft transition f
ND gravity to 3D gravity. We shall instead follow
simpler procedure and consider a sudden trans
from ND to 3D using Eq. (1). We first impose th
equality of forces at the compactification lengthRc,
Fn(Rc)= F0(Rc), which implies that

(2)Fn = −m1m2GR
n
c

rn+2 .

We then implement the ADD conjecture that theND
force at the electro-weak lengthRe is as strong as th
3D force at the Planck lengthRP, Fn(Re) = F0(RP).
This leads to the desired equation

(3)

(
Rc

Re

)n
=

(
Re

RP

)2

,

which expresses the compactification lengthRc as a
function of the two fundamental scalesRe andRP.
These lengths are defined as

RP =
√
h̄G/c3, Re = √

GF/h̄c,
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whereG andGF are Newton’s and Fermi’s constan
respectively, the latter defined by [7]

GF =
√

2h̄2g2

8c2M2
W

= (1.166× 10−5 GeV−2)(h̄c)3,

whereMW is the mass of theW± bosons andg×
sinθW = e, with θW the Weinberg angle. We use c
units throughout. We then find that formula (3) can
written in the form:

(4)

(
Rc

Re

)n
= c2

h̄2

GF

G
.

Note that this expression relates the number of
ditional dimensionsn, the radius of compactificatio
Rc, and the electro-weak scaleRe, to the ratio of two
fundamental numbers in nature: Fermi’s and Newto
constants, withc2/h̄2 as a proportionality constant.

To have an indication of whether formula (4)
robust, we remark that a similar result can be obtai
using a different argument. We require that at
electroweak length scale theND force be comparabl
to the electromagnetic interaction. We may assu
that at distances of orderRe most particles are ultra
relativistic and thus that their masses should be
orderh̄/Rec. Equating the electromagnetic interacti
to the gravitational force between two masses of
order we arrive at

(5)
h̄2

R2
ec

2

GRnc

Rn+2
e

= e2

R2
e
.

This leads to the relation

(6)

(
Rc

Re

)n
= α c

2

h̄2

GF

G
= α

(
Re

RP

)2

,

whereα is the fine-structure constant which is abo
1/128 at the electroweak scaleRe. Values forRc
obtained with expressions (4) and (6) are compare
Table 1.

The present model can be interpreted as follo
the Fermi constant is related in the standard elec
weak theory to the value of the scalar field that p
duces the Higgs mechanism of spontaneous symm
breaking. The Higgs boson, which is yet to be d
covered, corresponds to the excitation mode of
scalar field. However, in this modelGF also repre-
sents the intensity of the gravitational field inN di-
mensions. Thus, this model suggests the exciting
sibility that the scalar field which is needed in the st
dard model may just be the gravitational field which
wrapped out into the additional dimensions [10]. T
very small Newton constantG gives the residual valu
of the gravitational field which spills out into the usu
three dimensions, beyond the radius of compactifi
tionRc.

Carrying further this line of thinking, we ca
consider that, for distances larger thanRc, the gauge
forces live in the 3-dimensional brane, and so d
the normal, very weak gravity. BetweenRc andRe,
the gauge forces still live in three dimensions, wh
gravity lives inN dimensions, increasing its streng
as the distance decreases, so that forr = Re is
becomes comparable to the electro-weak force. At
point, and due to a yet unknown mechanism, gra
generates the scalar field that couples to the gauge
giving rise to the Higgs mechanism.

In Table 1 we display both values ofRc as a
function of n, which turn out to be close to the on
evaluated by other means. Note thatn = 1 can be
readily discarded since it leads to a value ofRc larger
Table 1
Estimates of various lengths (in fm), energies (in MeV), and phase shifts (in rad) as a function of the number of extra dimensionsn

n 1 2 3 4 5 6 7

Rc (Eq. (3)) 1.2× 1030 2.8× 1013 8.1× 107 1.4× 105 3.0× 103 2.3× 102 38
Rc (Eq. (6)) 9.3× 1027 2.5× 1012 1.6× 107 4.2× 104 1.1× 103 1.0× 102 19
Vn(r = 30) 1.6× 10−7 2.4× 10−12 4.0× 10−17 7.1× 10−22 1.3× 10−26 2.6× 10−31 5.1× 10−36

R= 18 25 32 39 47 54 62
Vn(R=) 4.4× 10−7 4.1× 10−12 3.1× 10−17 1.9× 10−22 9.0× 10−28 4.2× 10−33 1.5× 10−38

Emin – – 2.3× 10−13 7.9× 10−8 1.7× 10−4 2.7× 10−2 1.1
Eopt 4.6 2.3 1.5 0.98 0.68 0.51 0.39
φopt 7.1× 10−8 1.2× 10−12 1.6× 10−17 2.1× 10−22 4.9× 10−28 5.6× 10−33 1.2× 10−38
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than the size of the solar system and hence to uns
planetary orbits. Forn = 2 we findRc ∼ mm or cm.
Deviations from Newton’s law at this scale seem
be discarded by experiment. Nevertheles, it sho
be noted that our analysis can only be expected
give rough estimates with considerable uncertain
in the prediction ofRc. It is the range below 1 mm
which is very difficult to explore with macroscop
gravity experiments, that we would like to investiga
by means of neutrons. We should note that eve
the LED hypothesis turns out to be wrong, it is s
an interesting question to analyze whether neu
experiments can unveil deviations from Newton’s l
at short distances.

The physics of slow neutrons has undergone
nificant evolution in the last decades. Neutrons h
become a standard probe for nuclear physics exp
ments as well as for other areas including the st
and dynamics of condensed matter [11]. Pulsed n
tron beams can currently be generated with very p
cise energies and polarizations and neutron detec
achieve very high efficiencies. Delicate experime
with thermal neutrons have recently demonstrated
quantization of their energies when subject to Ear
gravitational field [12]. In order to attempt neutro
ND gravity experiments at short ranges we face t
problems from the outset. The more obvious one
the strong nuclear force, present at range scale
the order of 10−15 m. A second, less obvious pro
lem is that even for a spin-zero target nucleus, a n
tron approaching it with speedv feels a magnetic field
	B = 1

2c
	E × 	v in its rest frame, where	E is the nuclear

electric field due to its chargeZ. A long-range elec-
tromagnetic interaction (the Schwinger effect [13])
strength	µ · 	B results, where	µ is the neutron magneti
moment. Neutrons have been proposed primarily
avoid direct competition with the much stronger ele
tromagnetic interaction. We see that there is a resid
relativistic effect which needs to be dealt with. To m
imize this potentially competing interaction slow ne
trons are required, possibly polarized in the incid
direction. (Note that the effect averages out to zero
unpolarized projectiles.) Very slow neutrons will su
fer essentially pures-wave nuclear scattering, whil
the longer rangeND gravitational force can in prin
ciple produce scattering of higherl-waves. The main
question is whether interference effects between
clear and gravitational scattering can be detected
a fashion similar to the observed interference effe
between nuclear and electromagnetic forces in he
ion reactions which give rise to ‘rainbow’ scatterin
and other such phenomena [14].

The potential that produces the modified grav
tional force for distancesr belowRc can be written
as

(7)Vn(r)= m1m2GR
n
c

(n+ 1)rn+1 .

Let us first consider the interaction of a neutron be
with a heavy nucleus such as208Pb. The constan
m1m2G is extremely small in this case giving rise
very small values of the potential energy at a typi
distance ofr = 30 fm (see Table 1). We will discus
what are the optimal experimental conditions wh
could allow observation of this tiny effect in neutro
scattering experiments and will consider what is
adequate energy and angular momentum so tha
phase shift due to the gravitational force is as large
possible.

The nuclear potential can be parametrized wit
Woods–Saxon shape, so that

(8)Vnucl(r)= V0

1+ exp(r −R)/a .

Reasonable parameters areV0 = 50 MeV,R = 1.2×
A1/3 fm, and a = 0.6 fm. This gives, for distance
below r = 10 fm, values of the potential in the Me
range and any gravitational effect at that dista
would be drowned by the uncertainties in the nucl
potential. Instead, one must probe distances at w
the nuclear and gravitational potential are of the sa
order. In Table 1 we indicate the distancesR= at which
the nuclear and gravitational potential are equal
a function ofn. For these calculations we have us
the estimates forRc from Eq. (4) although Eq. (6
leads to similar results. Any scattering observa
that is affected by distances smaller thanR= will be
contaminated by nuclear effects. We find that, if
number of additional dimensions is larger thann= 6,
then the gravitational force will be smaller than t
nuclear force for any value ofr < Rc. Forn� 6 there
exists a rangeR= < r < Rc in which the gravitationa
effects are larger than nuclear effects, and, at lea
principle, might be measurable although small.

The scattering observables are also affected
the fact that the neutron has bound states in
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nuclear potential generated by208Pb. From the shel
structure of this nucleus one knows that the sing
particle potential supports bound states up to ang
momentumL = 7 (the 1j15/2 orbital). Thus, the
scattering of neutrons withL � 7 is affected by the
nuclear potential, even if the scattering is very sm
because the scattering wave functions have to
orthogonal to the bound states. Consequently, to ob
scattering observables free of nuclear contaminat
we need to considerL> 7.

In order to investigate gravitational effects, t
energy of the neutron cannot be arbitrarily low. As o
is investigating effects which occur at distances be
the compactification lengthRc, the wave length of the
neutron should be smaller thanRc. More specifically,
the momentum of the neutron should be such that

(9)pnRc> (Lmin + 1/2)h̄,

whereLmin = 8 in the example of208Pb. The corre-
sponding minimum energies of the neutron,

(10)Emin = p2
n

2mn
= (Lmin + 1/2)2h̄2

2mnR2
c

,

are given in Table 1.
Estimates of the phase shifts due to the gravitatio

interaction can be found in the eikonal approximat
where they are obtained for a given angular mom
tum in terms of the time integral of the potential alo
a straight line trajectory which has the same ang
momentum:

φ(L,E)� 1

h̄

∫
V

(√
b2 + v2t2

)
dt,

(11)b = h̄(L+ 1/2)

mnv
.

The time integral can be estimated by taking
potential at the point of closest approachr = b,
multiplied by the approximate characteristic timeτ =
b/v of interaction. In this way, we find

(12)φ(L,E,n)� m1m2GR
n
c

(n+ 1)bnh̄v
.

From this expression we see that, in order to enha
the scattering effects of the gravitational force, o
would need to have, in principle, small impact pa
meter and small velocity which are related throu
bvmn = (L + 1/2)h̄. To maximize the phase shi
φ(L,E,n), the best choice is to take the minimu
angular momentumLmin = 8 and the minimum im-
pact parameter which corresponds to the distanceR=
at which the nuclear force may start to play a role. T
gives the following optimal energy for scattering:

(13)Eopt = (Lmin + 1/2)2h̄2

2mnR2=
.

These energies are shown in Table 1 and are of
order of 1 MeV. At these energies the optimal ph
shifts (forL = Lmin), also shown in Table 1, can b
evaluated to give

(14)φopt � Vn(R=)
2Eopt

.

For n > 2 the phase shift is extremely small a
decreases asn grows. However, we believe tha
the case ofn = 2 may be within reach of curren
dedicated scattering experiments. For this case,
elastic scattering amplitude produced by the modi
gravitational force is given by the expression

(15)Ag(E, θ)= i

k

∑
L

(2L+ 1)φ(L,E,2)PL(cosθ),

whereφ(L,E,2) is given by Eq. (12). This amplitud
turns out to be energy-independent and can be wr
in the closed form

Ag(E, θ)= iAgfg(θ), Ag = 2h̄c(mnmTGF )2

3(mn +mT ) ,

(16)fg(θ)=
∑
L

(L+ 1/2)−1PL(cosθ),

where we have made use of Eq. (4). The modifi
gravitational amplitude can now be evaluated for
scattering of neutrons on208Pb, using Eq. (16) an
we findAg = 0.298× 10−8 fm, to be compared with
the typical scattering amplitudes for the nuclear for
which for a range of energies of a few MeV, a
of the order ofAn = 7 fm, although the amplitud
can strongly fluctuate with energy as resonances
crossed. It would seem that it is impossible to o
serve such a tiny gravitational effect, being so sm
compared to the nuclear amplitude. However, the
gular dependence of these amplitudes is quite dif
ent. In contrast to the nuclear part, which is essenti
independent of the scattering angle forθ � 1/Lmin,
the gravitational amplitude involves the contributi
of a significant number of angular momenta. This
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turn implies that the gravitational amplitude diverg
for small scattering angles. It is the combination
these characteristics which may open a window to
serve an interference effect. More specifically, we h
derived thatfg(θ) = K0(θ/2) + δg(θ), whereK0 is
the Bessel function, which diverges logarithmically
θ → 0, andδg(θ) is a smooth function of the angle.

Our analysis shows that at very small scatter
angles, the neutron–nucleus differential cross sec
is given by

(17)
dσ

dΩ
= ∣∣An(E, θ)+Ag(E, θ)∣∣2
� ∣∣An(E,0)∣∣2

+ 2
∣∣An(E,0)∣∣Ag

(18)× sin
(
arg

(
An(E,0)

))
K0(θ/2).

Note that while|An(E,0)|2 is about 5 b/sr, 2|An(E,
0)|Ag is about 0.4 nb/sr. Discerning such a faint whis
per in the midst of the nuclear background roar can
a formidable task. But this feat may be accomplish
by carefully monitoring both the angular and ener
dependence of the cross section. As the phase o
nuclear amplitude changes as resonances are cro
the diminutive interference between nuclear and gr
itational amplitudes changes from constructive to
structive interference. Our proposal thus requires m
surements involving two detectors, one at the sma
possible angles and a second at slightly larger o
For purely nuclear scattering the ratio of the cross s
tions (the ratio of detected neutrons) should rem
constant as energy is changed. The presence of a
itational effect of the kind discussed here would
signaled by small fluctuations associated to the in
ference between the two interactions. Moreover, th
fluctuations would not be random, but should cor
late with the magnitude of the cross section. A ca
ful analysis of these fluctuations may isolate a grav
tional signature.

Considering the progress that has been achie
recently in neutron physics, as shown, for examp
in time-of-flight experiments measuring the precess
of polarized neutrons through a gas [15], these id
could be tested in the near future.

Although we have concentrated here on the effe
of extra-dimensional gravity on neutron scatterin
an entirely different approach can be attempted [1
The quantum effects of earth’s gravity on neutro
d,

-

have been observed in experiments by Nesvizhev
et al. [12]. The interference pattern of the neutr
density, which is of µm scale, could be affected
deviations from Newton’s law at µm scale, produc
by the modified gravity of the plates. Forn = 2 the
estimate ofRc is in the cm range, soND gravity, at the
µm range, is 108 times larger than normal gravity. Th
current experimental setup [12] could discern effe
for forces 1010 times larger than normal gravity [16
Both kinds of dedicated neutron experiments co
shed light on the quest for additional dimensions
the universe.
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