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1. Introduction

In this paper we study the behavior of degenerate linear elliptic equations posed in a bounded
open subset £2 of RN, especially in the case N = 2, of type

—div(AVu) = f in £, (1.1)
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where the right-hand side f belongs to H~1(£2), and A is a coercive but not necessarily bounded
matrix-valued function. Indeed, the quadratic form relating to A can even take infinite values (see
Definition 2.1). Therefore, the solutions of (1.1) will be understood in the sense

/AVu-Vudx<oo,

« (12)

/AVu~Vvdx:(f,v), Vv e H)(£2) with /AVV-Vvdx<oo.
2 2

We will prove (see Proposition 2.3) that the solutions of this problem can be obtained as the limits
of solutions of coercive problems with bounded coefficients, using some truncation of the matrix-
valued A. In particular, this allows us to extend some classical properties of the solutions of linear
elliptic equations with coercive and bounded operators, such as the maximum principle (see Theo-
rem 2.4). The main results of the paper refer to the compactness of the solutions of (1.1) for the
uniform convergence in dimension two.

Recall that for any bounded open subset §2 of RN, N > 1, any coercive matrix-valued function
AeL®)N*N and any f in W~19(£2) with q > 2, the solutions of (1.1) are Hoélder-continuous
in 2 (see e.g. [14,18,22]). As a consequence, if u, is a bounded sequence in H!(£2) of solutions of
equations

—div(ApVun) = fp in £2, (1.3)

where f, is bounded in W~14(£2) for some q > 2, and A, is uniformly coercive and bounded
in L®°(2)N*N then u, is compact in C%(£2), i.e. uniformly convergent in any compact set of £2.
In the two-dimensional case the solutions of (1.3) are still continuous even if the diffusion matrix A,
is not bounded from above (see e.g. [15,17]). In general they are no longer Holder-continuous (see
Example 4.6), but we show in the present paper that the former uniform convergence result does
subsist. More precisely, we prove (see Theorems 2.5 and 2.7) that the compactness of u, in C9(£2)
still holds true without assuming any bound from above on the equicoercive sequence A,. Moreover,
if £2 is Lipschitz and u, is compact in C%(342), then the sequence u, is compact in C%(£2).

The previous uniform convergence results are applied in two directions. On the one hand, we
give an alternative proof (see Theorem 4.1) of the continuity of the solutions of (1.3) using the
approximation by truncation of the matrix-valued A, combined with the uniform convergence of the
solutions of the equations with truncated coefficients (which are known to be continuous).

On the other hand, the asymptotic behavior of sequences of solutions of (1.3) is strongly con-
nected to the homogenization theory. The homogenization of sequences of elliptic equations has
formed the subject of several works since the end of sixties. Assuming the uniformly boundedness
of the coefficients Spagnolo [24] and Murat and Tartar [21,25] proved that the limit problem of (1.3)
has the same structure. These results were extended in [10,12] and [20] under the weaker assump-
tion of the L!-equiintegrability, as well as in the periodic case [5] under the control of a weighted
Poincaré-Wirtinger inequality. Moreover, Fenchenko and Khruslov [16] proved that only L!-bounded
coefficients may induce nonlocal effects in dimension three through jumping measures which modify
the nature of the limit problem (also see the recent book [19] on the topic and another approaches
in [1,4,9,11,20]). Mosco [20] showed the nonlocal terms arise naturally in the limit process using the
Beurling-Deny [2] representation of the Dirichlet forms. Completing the previous work Camar-Eddine
and Seppecher [11] proved that in dimension three any jumping measure can be obtained by the ho-
mogenization of a suitable equicoercive sequence of conductivity matrices A,. Recently, we showed
first in the periodic case [6], then in the general case [7,8], that, contrary to the dimension three, the
dimension two prevents from the appearance of nonlocal effects. In [7] we proved the compactness
of Eqs. (1.3) assuming the L!-boundedness of A, and using two-dimensional div-curl lemmas. In [8]
we extended the previous result without assuming any bound from above on A;.
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The uniform convergence results of the present paper allow us to complete and improve the re-
sults of [8]. More precisely, the approach of [8] is based on a (exclusively) two-dimensional capacitary
estimate (see Lemma 3.2). This tool is now combined with two extra ingredients: the truncation prin-
ciple mentioned above and a pointwise estimate satisfied by the solutions of linear elliptic equations
(see Theorem 2.4) which extends a classical one (see e.g. Theorem 8.16 of [18]). The combination
of these three ingredients yields the uniform convergence of the sequence u, of solutions of (1.3)
without assuming a priori the continuity of its limit as in [8]. As a consequence of this approach, we
prove (see Theorem 4.3) that the continuous functions are dense in the domain (endowed with the
intrinsic norm) of the I'-limit of any equicoercive sequence of linear diffusion energies in dimension
two, which is a new contribution in the topic up to our knowledge.

We conclude the paper with two counter-examples illustrating the gap between the dimension
two and the higher one, concerning the former uniform convergence results. First, we give an exam-
ple (see Proposition 4.7) of a sequence of solutions of three-dimensional Dirichlet problems, which
does not converges uniformly. Then, we construct (see Proposition 4.9) a discontinuous solution of
a three-dimensional linear elliptic equation with unbounded coefficients. The two counter-examples
are based on fibers reinforced structures which were first used in [16] to derive nonlocal effects in
homogenization.

2. Statement of the results
2.1. A pointwise estimate of solutions of linear elliptic equations

We start the paper by giving a consistent definition of unbounded non-symmetric matrix-valued
functions, with possibly infinite values:

Definition 2.1. Let « > 0 and let £2 be a bounded open subset of RN. Let A(«x, £2) be the set of the
matrix-valued functions A such that there exist P € L>(£2)N*N with values on the set of orthogonal
matrices, N measurable functions dy, ...,dy : 2 — [, o0], a constant 8 > 0, and a measurable skew-
symmetric matrix-valued function B : 2 — RN*N with

|Bloo := max |Bjj| < pmin{dy,...,dy}, ae. in £,
1<i,j<N

<i,j<

which satisfy for a.e. x € £2,

AXE =PX)'DXPX)E +BxE, VEeVy:={teR: [DP(x)E| < oo}, (2.1)
where D is the diagonal matrix-valued function diag(dy, ..., dy).
Remark 2.2. Definition 2.1 allows us to give a sense to A(x)& - &, for a.e. x € £2 and any & € RN, by

_ ) D®PXE-P(x)E if & e Vy,
AE - &= {oo if & cR2\ V,, (2.2)

In the particular case of symmetric matrices this leads us to the following extensions of classical
definitions:

e For any A, B € A(w, £2), A < B means that
AX)E-E <BX)E-&<oo, forae xef2, VSGRZ. (2.3)
e A sequence A, € A(w, £2) is said to converge a.e. to A € A(x, 2) if

AX)E - & :nlE}o An(x)€E-& €[0,00], forae xe$2, VEe R2. (2.4)
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Let A € A(x, £2) and denote by A’ its symmetric part. The conditions dq,...,dy : 2 — [, co] and
|Bloo < Bmin{dy,...,dy} a.e. in £2, read as, according to (2.3),

al <A® and |B|eol <BAS, ae.in £, (2.5)
where [ is the unit matrix of R%*2.

Denote by Ty, for k¥ > 0, the truncation at size k, i.e. T, (t) := min(k, max(—«,t)) for any t € R.
Then, we have the following truncation result:

Proposition 2.3. Let A be an element of A(«, §2), and consider P, D, a, B as in Definition 2.1. For n > «,
let D;, be the diagonal matrix-valued function with entries Ty (d1), ..., Tn(dn), let B, be the skew-symmetric
matrix-valued function with entries (By)ij := Tng(Bjj), and let A, be the element of A(c, £2) defined by (2.1)
with P, D, and By. Then, for any f € H~1(£2) and any u € H!(£2) which satisfies (1.2), the solution u, of

—div(Ap,Vup)=f in$2,
{ Uy —u € Hi(R), (26)
converges strongly to u in H 1 (£2). Moreover, we have
lim [ A,V(u, —u)-V(@u, —u)dx=0. (2.7)
n—oo

2

A consequence of this truncation result is the following pointwise estimate satisfied by the solu-
tions of (1.2):

Theorem 2.4. For any o > 0 and any q > 2, there exists a constant C > 0 with the following property:
For any bounded open subset 22 of RN, A € A(at, 2), f e W149(2),q > 2, m, M € R withm < M, and
any u € H'(R2) satisfying (1.2) with (m —u)*, (u — M)* € H}(£2), we have

Ng—N- Ng—N

—q —q X
m—C|2| N | fllw-ra SUSM+CI2] M |[flly-1eg), aein. (2.8)

2.2. Uniform convergence results

The main results of the paper are the following compactness result and its refinement in Theo-
rem 2.7:

Theorem 2.5. Let o > 0, let 2 be a bounded open subset of R2, with a Lipschitz boundary, and let I" be a
relatively open subset of 352. Consider a sequence A, in A(w, £2), a sequence u, in H'(2) N c%(2 U I
which converges weakly in W1-P (£2), with p € (1, 2], and uniformly in the closed subsets of I to a function
ue WLP(2)NC%2UT), and consider a sequence f, in W —1:9(£2), with q > 2. Assume that Ap, u, and f;,
satisfy the following conditions:

/AnVun -Vuudx < 00,

vneN, ¢ (2.9)

/‘AnVun'Vvdx:(fn,v), VveH(l)(.Q)with /Aan«Vvdx<oo.
Q Q

Then, the sequence u,, converges to u in C%(£2 U I'), i.e. uniformly in any compact set of 2 U I".
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We introduce the following notations:

e We denote by B(x, r) the open ball of center x € R? and of radius r > 0, by B(x, r) its closure, and
the corresponding half-balls by

B(x,nT:=Bx,nN{yeR® y2>x} and Bx,nNT:=BxnN{yeR* y;>x}.
e For any bounded continuous function u in a subset E of R?, we set

oscu :=supu — infu.
E E E

As a consequence of Theorem 2.7, we have the following local estimates for the solutions of (1.2):

Corollary 2.6. Let o, ¢ > 0, p > 1 and q > 2. Then, there exists a constant C > 0 such that the two following
assertions hold:

(i) For any xo € R?, 8 > 0, A € A(o, B(x0,28)), f € W~19(B(xg,28)), and any function u in
HY(B(x0, 28)) N CO(B(xg, 28)) satisfying (1.2) with £2 = B(xg, 28), we have

a2 p=2
B(oscg)u<8(5 T flw-rao2sy 87 VUL (Bex.20))2)
X0,

C

te (2.10)

1
Uu— —— / udx
47752

) .
Bxy.26) LT (B(x0.28))

(ii) For any xo € R?, § > 0, A € A, B(x0.28)"), f € W™ 19(B(x9,28)"), and any function u in
HY(B(x0, 28)") N CO(B(xo, 28)T) satisfying (1.2) with 2 = B(xo, 28)*, we have

=2 p=2
osc u<e(d 7 [Ifllw-rag20t) +6 7 IVUILp(B(xg,2609)2)

B(x.8)*
1
+C 5—2 u

Using Corollary 2.6 the following result is a refinement of Theorem 2.5 in the case p = 2, without
assuming the continuity of the limit:

§
1
- — t,0)dt
% u(t, 0)
-5

+ _osc u). (2.11)
L1(B(xg,28)t)  [—28.281x{0}

Theorem 2.7. Let o > 0, let $2 be a bounded open subset of R2, with a Lipschitz boundary, and let I’
be a relatively open subset of 352. Consider a sequence A, in A(x,$2), a sequence u, in H'(£2) N
C%(2 U I') converging weakly in H' (£2) and uniformly in the closed subsets of I to a function u, and con-
sider a bounded sequence f, in W=19(£2), with q > 2. Assume that Ay, u, and f, satisfy (2.9). Then, the
sequence up converges to u in courn).

Note that in Theorem 2.5 the continuity of the limit cannot be removed when p < 2, as shown in
Example 4.5 below.
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3. Proof of the results

Proof of Proposition 2.3. First of all, note that the symmetric part A5 of A, is a nondecreasing se-
quence according to (2.3), which satisfies A} > «al by (2.5), and A; converges to the symmetric
part A® of A according to (2.4). Taking u, — u as test function in (2.6) we get that there exists C > 0
with

/AnVun~Vundx<C, vneN. (3.1)
Q

Due to the «-coerciveness of A;, the sequence u, — u is bounded in H})(Q). Hence, up to extracting
a subsequence, there exists u* € H'(£2), with u* —u € Hf)(_Q), such that u, converges weakly to u*
in H'(£2). By semicontinuity and the non-decrease of A3 we have for any k > «,

/AkVu* SVutdx < liminf/ AVuy - Vupdx < liminf/ AnVuy, - Vupdx < C.
n—oo n—oo
Q Q Q
Therefore, since A converges to A® in a nondecreasing way, we deduce from the monotone conver-
k g g way,

gence theorem that

/AVu*-Vu* dx:llim AVu* - Vu*dx < C. (3.2)
K— 00
2 2

Now, consider v € H(l)(a?) such that

/AVv~Vvdx<oo. (3.3)
2

Taking v as test function in (2.6) we obtain for any n and k,

(f,v)= / ApVu, - Vvdx = /(An — ApVu, - Vvdx + / AVuy, - Vvdx. (3.4)
2

2 2

We will pass to the limit in the right-hand side of this equality first in n > k then in k. Consider the
second term of the right-hand side of (3.4). Since by (3.2) AVu* - Vu* < oo ae. in £, by (2.2) we
have [DPVu*| < oo a.e. in §2, hence A,Vu™* - Vv converges to AVu*- Vv a.e. in £2. Moreover, by the
Cauchy-Schwarz inequality combined with the inequalities A} < A®, |By| < |B| and (2.5), we have
2|AVu* - Vv| < 2|DkPVu* - PVv| + 2|ByVu* - Vv|
< ARVU™ - Vu* 4 AgVV - Vv + N|Biloo| VU*|? + N|Bgloo| VV|?
< AVUS - VU* + AVV - VV + N|B|oo| VU™ > + N|B|oo | VV|?

< (1+NB)(AVU* - Vu* + AVY - Vv) e L'(£2).

Therefore, by the weak convergence of u, to u* in H!(£2), and the Lebesgue convergence theorem
we get

lim lim | AVu,-Vvdx= lim [ AVu*-Vvdx= / AVu* . Vvdx.
k—o00N—00 k— o0
2 2 2
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For the first term of the right-hand side of (3.4), the decomposition (2.1) for A, the Cauchy-Schwarz
inequality, the inequalities A} < AS < A® and |Bk|ool < |Bnloo! < BAS (as a consequence of (2.5)), and

estimate (3.1) yield
3 3
< ( f(An — Ap)Vuy, - Vuy dx) ( /(An — A Vv -Vy dx)
Q Q

1
2 2
+(/N|Bn—Bk|oo|Vun|2dx) (/N|Bn—Bk|oo|w|2dx)
2 2
1 1
2 2
< </AnVun ‘Vundx> </(A — A Vv Vvdx)
2 2
) }
+(f2NﬂAnVun~Vundx> (/N|Bn—Bk|oo|Vv|2dx)
2 2

1 1
2 2
gc(/(A—Ak)Vv.Vvdx) +c</|Bn—Bk|OO|Vv|2dx> )
2 2

Since A® — A} < A® and |By — Bglool < BA®, we deduce from the Lebesgue convergence theorem that
the two last terms of the previous inequality converge to zero as n >k then k tend to oco. So, we get

‘/(An — Ap)Vu, - Vvdx
Q

lim limsup /(An — Ap)Vu, - Vvdx| =0,
k—00 n—oo
2
and thus, by (3.4) we obtain
<f,v):/AVu*~Vvdx, (3.5)
2

for any v € H(l)(.Q) which satisfies (3.3). Taking u — u* as test function in the difference of (1.2)

and (3.5) we deduce that u* = u. Then, the whole sequence u, converges weakly to u in 1-13(9).
Now, taking u, — u as test function in (2.6) and passing to the limit in n we obtain

lim [ A,Vu,-V(u, — u)dx:ningo(f, up —u)=0. (3.6)

n— o0
2

By (3.2) and reasoning similarly as in (3.4) we have

lim | A,Vu-V(u, —u)dx=0,

n—oo

2

which combined with (3.6) yields the desired limit (2.7). O

Proof of Theorem 2.4. Set § := |$2|¥, and define £2° :=§~12. For a measurable function h in £2, we
denote by h? the measurable function defined by

K (y) :=h(@y), ae ye’.
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Then, taking «, q, A, f and u as in the statement of Theorem 2.4, we define A%, u® by the previous
rule, and f% e W—149(£2°%) by

5 8 — , 1.q
<f , ¢ >W71’q(95),WS‘q/(Qﬁ) = (f’ gD}W’l*q(Q),W(])'q (9)9 V(/) € WO (Q)

We have that the measure of £2° is equal to 1. Moreover, making the former change of variables
in (1.2), the function u’ satisfies

m-—u’) ,(u’—M) €Hy(£2°), A°Vu° - Vu°dy < oo,
(m—u)" (0 = M) e Hy(@). [ Avul vl
95
/A‘vas.vV‘de:aZ*N(f‘S,v‘S), vv® e HY(£2°) with /A5VV5.Vv5dy<oo.

fold 28

On the other hand, let A} be the truncated of A® defined as in Proposition 2.3, and let u} be
the solution of (2.6) with Ay, f, u replaced respectively by A2, f4, u%. Since (m —u®)*, @® — M)*
and uj — u® belong to H}(£2°), so do (m —u%)* and (u4 — M)™. Then, taking into account [22°| =1,
Theorem 8.16 of [18] implies the existence of a constant C > 0 only depending on « and g, such that

m—C| f° ae. in 2%, vneN.

<up <M+C|f°

”W*l-q(Q‘s) wawm)’

However, by Proposition 2.3 the sequence u,‘z converges strongly to u® in H'(£2), thus in particular
a.e. in £ (up to a subsequence). Therefore, passing to the pointwise limit in the previous inequalities

we get
m—C| f° ||W,1,q(m) <u<M+C|f° ||W,Lq(m), ae. in £2°. (3.7)

Finally, noting that

§ 0 ,
| £ inf U0 wraan w2
W—lAq(QtS) = K ,
¢°#0 1%l 1.0 (s

N-1-Y
N fllw-1a¢0)

(f» §0>W711q(9),w(1)<q/(g) B

“;E N—N+1 )
¢ N_
8a lel,

@)
we easily deduce (2.8). O

Let us now prove the compactness results stated in Section 2.2. First of all recall the definition of
the r-capacity:

Definition 3.1. Let r € (1, 2). The r-capacity of a subset E of R? is defined by

Cr(E) := inf{ / [Vul"dx: ue D”(Rz), u >1 ae. in a neighborhood of E},
RZ

2r
where D'7(R?) denotes the space of the functions u in L2 (R2), with Vu € L"(R?)2.

We need the following capacitary estimate which is proved in [8]:
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Lemma 3.2. For any r € (1, 2), there exists a constant R, > 0 such that for any a, b € R?, and any curve L of
extremities a, b, we have

Cr(L) > Rela—bJ* ™. (3.8)
Proof of Theorem 2.5. For § > 0, we define £2° by

Qa.:{{ge.@ul‘: dist(x, 02\ I') > 68} if ' #0952,
’ 2 if I =0%2.

Then, for any [ € N, we take §; > 0 which converges to zero such that
1 = .
lut) —u(y)| < 5 VX, y € £25, with [x — y| < §. (3.9)

Now, since u, converges weakly in W1-P(§2) and £ is regular, we can take r € (1, p) and a sub-
sequence of uy, still denoted by u,, which converges C,-quasi-uniformly to u. Also using that u,
converges to u in C9(I"), we can choose this sequence in such a way that there exists an open sub-
set G; of £2, which satisfies (R, defined in Lemma 3.2)

Cr(G) < RSP, (3.10)

lun(®) —u)| < % Yxe (2\GPU Ns), Y=l (3.11)

Let us prove that this subsequence u, converges to u in C%(£2 U I"). This will prove that the whole
sequence u, converges to u in C9(2 U I'"). We fix § > 0 and we take [ such that 28 < §.

Consider a connected component O of G; such that O N £2°% + @. Since O is connected by curves,
for any yq, y2 € O, there exists a curve L C O, which contains y1, y». By Lemma 3.2 and (3.10) we
have

Rely1 — y2l* " <G (L) < G (0) < Cr(G) < Re8P

hence diam(0) < §;. Therefore, since 28; < §, we have O C £25,, which implies in particular that 30 C
(£2\GHU I N2s).

By (2.9), the fact that u, € C°(£2 N I"), by Theorem 2.4 and |0| < 787 /4, we have (for another
constant C)

92 q-2
rg(i)nun —C§ K | fullw-1a(g) <un < H;gxun +Cg, g Il fullw-1a(g), in O, Vn=l (3.12)

Moreover, thanks to (3.11) and (3.9) we have

1 1 1 1
minu, > minu — — > u(x) — —, maxu, <maxu+ — <u)+ -, VxeO, vn>1l
90 90 21 1 90 90 21 l

Hence, inequality (3.12) implies that

1 q=2
lup —u| < +4+C§; *

I ||fn||W71.q(Q), in O, Vvn>1.
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Since G; is equal to the union of its connected components, (3.11) and the previous estimates thus
yield

1 ez _
|un_u|<7+C5,q I fallw-142), in 2%, vn>1.

This combined with the boundedness of || fn|lyy-14(q) Proves the convergence of up in c%u ). o

Proof of Corollary 2.6. We will only prove (ii). The proof of (i) is quite similar.

First, let us prove that there exists a constant C > 0 such that for any A € A(x, B(0,2)"),
f e W14(B(0,2)%), and any u € HY(B(0,2)t) N C%B(0,2)*) which satisfies (1.2) with 2 =
B(0,2)*, we have

1

1
u— E/u(t,O)dt

-1

< S(Hf”W*L‘Z(B(O,Z)Jr) + ||VU||LP(B(0,2)+)2)

CO(B(0,1)1)
+ C(

We reason by contradiction. If (3.13) does not hold true, then for any n € N, there exist Ap
in A(a, B(0,2)1), fn e W14(B(0,2)1), and u, € H1(B(0, 2)t) N C°(B(0, 28) ") satisfying (1.2) with
2 =B(0,2)T, such that

1

1
- t,0)dt
u 2fu(,)

-1

+  osc u). (3.13)
D@y oA

1
1
Uy, — E/un(t,O)dt

-1

> 8(||fn||wflvq(3(o,2)+) + Hvun”l_p(s(o,z)ﬂl)

CO(B(0, 1))

1 1
Up — > un(t,0)dt _
Zn = - 2/ 0 e H'(B(0,2)") Nc°(B(0,2)")
lun — 5 J2; unt, 0)dtllcocgo,1y+)

1

1
Up — E/u"(t’ 0)dt

-1

4+ osc up). (314)
. [-2.2]x{0)
L'(B(0,2)1)

Therefore, the sequence

satisfies (1.2) with £2, u, and f, replaced respectively by B(0,2)", z, and

o Ja

8= - )
lup — % f,l un(t, 0) dt“cﬁ(é(og)ﬁ

Moreover, z; has zero average on (—1,1) x {0}, lIzallco(g(0,1y+) = 1, and

1> S(llgnllw—l.q(3(012)+) + ||VZH||LP(B(O,2)+)2) + Tl(”Zn ||L1(3(0,2)+) + [—ZOZS]E<{O} Zn).

Thus, g, is bounded in W~19(B(0,2)) and z, converges weakly to zero in WP(B(0,2)")
and strongly in C9([—2,2] x {0}). Hence, by Theorem 2.5 the sequence z, converges to zero in
C9%B(0,2)T U[(—2,2) x {0}]), which contradicts lznllcog0,1)+) =1
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Now, from the inequality

1

u(x) — %/u(t,O)dt

-1

1
+ u(y)—%/u(t,O)dt

-1

lu() —u(y)| <

1

u-— %fu(t,O)dt

-1

<2 , ¥x,yeB0, D", vuec®(BO, 1),

CO(B(0,1)T)

combined with (3.13) we deduce the inequality (2.11) for xo =0 and § = 1. The general case follows
easily using the change of variables y = §~!(x — xp), which transforms B(xp, 28) in B(0,2). O

Proof of Theorem 2.7. By virtue of Theorem 2.5 we just need to prove that u is continuous in 2 U I".
Due to the regularity of 32, for any xp € I', there exist an open neighborhood O of xp, and a one-to-
one map ¢, with ¢ and ¢~ Lipschitz, which transforms xg in 0, 0 N §2 in the half-ball B(0, £)*, and
O N T in the segment B(0, &) N (R x {0}). We are thus led to the case xg =0 with O N I" C R x {0}.
Then, from the estimate (2.11) with p =2, we deduce the existence of §o > 0 such that for any € > 0,
there exists a constant C, > 0 which satisfies

q—2
_0SC Up < 8(3 a ||fn||wflyq(3(o,25)+) + ||Vun||L2(B(o,23)+)2)
B(0,8)t
c 1
+ £ 8_2

for any § < 8¢ and any n € N. This estimate combined with the convergence of u,(0) (since 0 € I')
implies that the sequence u, is bounded in L>°(B(0,8)"). Hence, u, converges to u for the weak-x
topology of L®(B(0,8)"). Using the boundedness of Il fullw-1aB0.26+) and [IVunll 2(g(,25)+)2, the
strong convergence of u, in L1(£2) and in C%([—26, 28] x {0}), and the lower semicontinuity of the
L>°(B(0, §)7)-norm, we deduce from the previous estimate that there exists a constant M > 0 such
that for any ¢ > 0, we have

)

1
Up — %/un(t, 0)dt

-8

4+ osc un),
[—28,28]% {0}
L1(B(0,28)1)

8
1
- — t,0)dt
u 25/u(’)

-8

1
lu— u(O)HLN(B(O,a)Jr) < Me +Ce <52

+  osc u)
1 (B0.26)) [—25.281x {0}

<Me+C <K Vu + 0sC u),
e \KIVtli2 5 0.20)y2 [—25,258]x {0}

where the constant K does not depend on ¢ or §. Therefore, u is continuous at 0. This also proves
that u is continuous at any point of I.

In order to prove the continuity of u in £2, we proceed similarly by using inequality (2.10). Hence,
there exists a constant M > 0 such that for any & > 0, there exists C¢ > 0 which satisfies

supess |u(x) — u(y)| < Me + Cel|Vull 230,252
X,y€B(x0,8)

for any x¢ € £2 and any § > 0 with B(xp, §) C §2. This shows that u admits a continuous representative
in 2. O
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4. Applications and counter-examples
4.1. Applications

In this section we give two applications of the compactness Theorem 2.7. First, we have the fol-
lowing continuity result:

Theorem 4.1. Let 2 be a bounded open subset of R%, with a Lipschitz boundary, and let I" be a relatively
open subset of 352. Let u be a function in H'(£2), which has a continuous trace on I'. Assume that there
exists A € A(a, £2) with o > 0, and f € W—19(2) with q > 2, such that u is a solution of (1.2). Then, u is
continuous in 2 U I'.

Remark 4.2. The continuity of solutions of two-dimensional linear elliptic equations with unbounded
coefficients (but which are controlled from below), is already known (see e.g. the first proposition
of [17]). Our approach seems new and it is more constructive since such a solution is regarded as the
uniform limit of solutions of equations with truncated coefficients.

The second application deals with the density of the continuous functions in the domain of the
I'-limit of a sequence of diffusion energies. We refer to [13] (see also [3]) for the definition of the
I'-convergence and its elementary properties. The following result improves the compactness results
obtained in [8]:

Theorem 4.3. Let o > 0, and let $2 be a bounded open subset of RZ, with a Lipschitz boundary. Let A, be a se-
quence of symmetric matrix-valued functions in A(«, §2), and define the sequence of quadratic functionals F,
in L?(£2) by

Jo AnVu-Vudx ifueH\(£2),

ifue LZ(Q) \ H} (). @1

Fn(u) .= {

Consider the I"-limit F of a I'-convergent subsequence of F for the strong topology of L*(£2) (such a limit
does exist), the domain of which D(F) := {F < oo} is endowed with the norm ~/F. Then, D(F) N Cg(.Q) is
dense in D(F).

Remark 4.4. In [8] we studied the I'-limit of any sequence of functionals F, defined by (4.1),
where A, is an equicoercive sequence of symmetric matrix-valued functions in A(c, §2) N L™ (£2)2*2,
without any bound from above. Thanks to Proposition 2.3 all the results in [8] still hold true only
assuming A, in A(o, £2) and symmetric.

Proof of Theorem 4.1. Let u, be the solution of (2.6) with the truncation A, of A. By the De
Giorgi-Stampacchia theorem u, is continuous in £2 N I". Moreover, by Proposition 2.3 the sequence uj,
converges strongly to u in H'(£2). Thus, Theorem 2.7 implies that u is continuous in QU T". O

Proof of Theorem 4.3. It is well known that F is a quadratic form in D(F) and D(F) is a Hilbert
space endowed with the norm +/F. Let @ be the bilinear form associated with F and defined
in D(F) x D(F). Since D(F) is continuously embedded in Hé(Q) (as a consequence of the o-
coerciveness of A, and thus of Fy), for any h € L2(£2), there exists a unique u" € D(F) such that

cb(uh,v):/hvdx, Vv e D(F).
2
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We clearly have

(| Ker(e(u".-))=1{0}.

hel?(£2)

hence the set {u" € D(F): h € L2(£2)} is dense in D(F). Therefore, in order to conclude it is enough
to check that the functions u" belong to Cg(.Q). To this end, note that, since L%(£2) is contained in
W~12°(£2) by the two-dimensional Sobolev embedding, Theorem 4.1 implies that the solution u, of

u, € H(l)(.Q), /AnVun -Vupdx < oo,
Q

/AnVun-Vvdx=/hvdx, Vv € H}(£2) with /Aan-Vvdx<oo,
2 2 2

belongs to Cg(.Q). Moreover, by the I'-convergence of F, to F in L%(£2) combined with the «-
coerciveness of Fp, the sequence u, converges weakly to u/" in H})(Q). Therefore, thanks to Theo-
rem 2.7 the function u" belongs to Cg(.Q). m]

4.2. Counter-examples

First of all, the following counter-example shows that Theorem 2.7 cannot be extended to the case
p € (1,2). It is based on the famous Serrin [23] example:

Example 4.5. Let 2 be the unit disk of R?. Consider, for any integer n > 1, the matrix-valued func-
tion A, and the function u, defined by

A =1+ @ - DXEX and w0 = —2

|x|2 = |X|1—_1/n, ae. xe 2. (42)

The functions A, and uj, satisfy for any n > 1 (see [23] for details),

u, € HY(2) N CO(£2),

d div(A,V =0 in D(R).
un(x) =x, forany xe 9, V(A Vun) in D'(2)

[< Ay <n?l ae.in £, {

Hence, the conditions of Theorem 2.5 are fulfilled with I" = 9£2. Moreover, the sequence u, converges
weakly to u(x) :=x;/|x| in W1-P(£), for any p € (1, 2). Therefore, the limit u is not continuous in £2,
and the sequence u, € C°(£2) does not converge uniformly to u in £2.

The second example shows that the Holder-continuity of the solutions of Eqs. (1.2) does not hold
in general when the matrix-valued function is not bounded:

Example 4.6. Let §2 := B(0, %) be the ball of R? centered at the origin and of radius % Let A be the
(unbounded) matrix-valued function in A((In2)2, ) (see Definition 2.1) defined by

A®) =21+ ((In|x|)* - 2)"%"

X2 for x € 2\ {0}. (4.3)

Then, the function u € H!(£2) defined by
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ux) := _2
T x| (nx)?’

for x € £2\ {0}, (4.4)
is a solution of (1.2), with A of (4.3) and right-hand side 0, which is not Hoélder-continuous in the
neighborhood of the origin.

The proof is a simple computation using polar coordinates.

Now, we will give three-dimensional counter-examples to Theorems 2.7 and 4.1 respectively. The
first result provides an example of lack of uniform convergence of the solutions of linear elliptic
equations in dimension two:

Proposition 4.7. There exist a regular bounded domain 2 of R3, and a sequence of functions a, in
L®(£2;[1, 00)), such that, for any non-zero function f € L%($2), the solution u, € Hg)(.Q) of the equation
—div(a, Vuy) = f in D’ (£2), does not converge uniformly in £2.

Remark 4.8. The proof of Proposition 4.7 is based on the example model due to Fenchenko and
Khruslov [16] of nonlocal effects arising in the homogenization of three-dimensional high-conductivity
problems (see also [1,9] and [11] for alternative approaches).

Making the additional hypothesis f € W=14(£2), with q > 3, the De Giorgi-Stampacchia regularity
result (see e.g. Theorem 8.29 of [18]) ensures the continuity of u, for a fixed n. Then, the present as-
sumptions correspond to the ones of Theorem 2.5 for dimension three, but the conclusion of uniform
convergence is no longer satisfied.

The second result provides an example of discontinuity of a solution of a two-dimensional linear
elliptic equation with unbounded coefficients:

Proposition 4.9. There exist a regular bounded domain 2 of R3, a function a : 2 — [1, 00) with a =
ax1,x) € L1(2), and f € C2°(£2), such that the solution u € Hg)(Q) of problem (1.2) with A = al, is not
continuous in 2.

Remark 4.10. An example of a discontinuous a-harmonic function (i.e. f =0) with a > 1 and a expo-
nentially integrable, is given in [17] solving a De Giorgi conjecture [15]. Here, we obtain a simpler and
different counter-example with a non-zero right-hand side f but with a only integrable. The interest
of this example is that it is based on the unidirectional fibers reinforcement principle used in the
counter-example of Proposition 4.7. As a consequence, the three-dimensional conductivity a of our
example depends only on two variables contrary to the one of [17].

Proof of Proposition 4.7. Let £2’ be a bounded open set of R? and let £2 be the vertical (parallel
to the x3-axis) cylinder defined by 2 := £’ x (0,1). Let wy be a %—periodic lattice of thin vertical

cylinders of radius r,; := %e*”z, and let a, be the function defined by
- 2e2" in w,,
n--— .
1 in 2\ wy.

For a fixed f € L?(£2), let uy be the solution in H}(£2) of the equation —div(a,Vuy) = f in D'(R).
By [9] the weak limit u of u, in H}(£2) and the limit v € H}((0, 1); L?(£2)) of the rescaled function
Vp = ;%un in the weak-x sense of the Radon measures on £2, satisfy the coupled system

—Au+2mr(u—v)=f in £2,

9%v )
——2+v—u:0 in £2. (4:5)
0x3



2052 M. Briane, J. Casado-Diaz / ]. Differential Equations 245 (2008) 2038-2054

Assume that u, converges uniformly to u in £2. Then, since by the De Giorgi-Stampacchia theorem
u, is continuous in §2 for any n > 1, so is its limit u. Hence, the rescaled function l‘“’gu converges

to u in the weak-x sense of the Radon measures on £2. We thus have for any ¢ € CO(.Q),

o 1 [ lewnl B
/QD(V - U)dX—nll)H;O[n—r%/QD(un - u)dx] < nllpgo[n—r%ll(ﬂllm(mllun - UIILOO(Q)] =0,
2

@Wn

which implies that v — u =0 a.e. in £2. Putting this equality in system (4.5) we get the equalities
v=0and f =0 a.e in 2. Therefore, if f is a non-zero function then the uniform convergence of uj,
does not hold. O

Proof of Proposition 4.9. Define the open subsets of R?, £ :=(—1,1) x (0,1)2, £, :=(0,1)3, 2_:=
(=1,0) x (0,1)? and I" := 32, N 3$2_. Define the points of R?, T = (7",27%), for n € N* and
ke{1,...,2" —1}. Denote by D(t,r) the disk of center T € R2 and of radius r > 0, and consider the
subsets of 2 defined by

ok :=D(tf, ) x (0,1),  @:=D(¢},27"R) x (0,1), where r,:=e™¥, Re(0,1/3). (4.6)

Note that Uin:_ll a)’g is composed of 2" — 1 very thin vertical cylinders uniformly arranged along the
plane x; =27, which accumulate on the right-hand side of the boundary I". Let w be the function
(independent of x3) defined for x = (x', x3) € £2, by

1 if x e wk,
— ] mpw——n@—"R
wx) = % if xe & \ &, for some neN*, 1<k<2"—1, (4.7)
elsewhere.

Let a be the function defined by

1 ; k * n__
a(x)::{—3"|w’,§\ if xew,, for some neN*, 1<k<2 1,

1 elsewhere.

(4.8)

Note that a > 1 a.e. in £2, and

oo 2"—-1 wk % on
n —
/adx |9|+223n \|9|+Z3—n_|g|+z,
n=1 k=1 n=1
oo 2"—-1 oo 2"—1 c 00
alVw?dx < _ — < .
[avwias Y o< Y
Q n=1 k=1 n=1 k=1 n=1

For ¢ € C°(£2-), ¥ >0 in £2_, ¥ non-identically zero, let u € H] 0(§2) be the solution of the problem

/aVu-Vvdx:/l//vdx, VveH(l)(Q). (4.9)
2
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Taking u~ := max(—u, 0) as test function in (4.9), we deduce that u~ =0 and so, u > 0 a.e. in £2.
Moreover, by Theorem 2.4 the function u belongs to L*°(£2). Taking uwzx(bln, neN* 1<k<2" -1,
as test function in (4.9), we also get

/a|Vu|2W2 dx + Z/aVu -Vwwdx =0,
o o
which by Young’s inequality implies
/a|Vu|2w2 dx < 4/ alVw|?dx.
g a
This combined with the definitions (4.8) of a and (4.7) of w, yields
1 2 2.2 2 ¢
— 4 Vul“dx < | alVul*w dx <4 | aVw|“dx < —.
3n 4n
wh o oy

Then, using that u =0 on 352, we have by the Cauchy-Schwarz inequality

o NN
u
][udxz][./‘ﬁ(x’,t)dtdxg<][|Vu|2dx) <C(7> , VneN*, 1<k<2"—1.
3
ok ok 0 ok

Now, assume that u is continuous in a neighborhood of the boundary I". Then, the previous estimate
and u >0 a.e. in £ imply that u =0 on I". Since by (4.9) and ¥ =0 in 24, u is a harmonic function
in H}(£24), we thus have u =0 a.e. in £2;. On the other hand, since a € L'(£2), for any ¢ € C1(£2),
the function ¢ (1 — w) is a suitable test function for problem (4.9), which is equal to ¢ in £2_. Hence,
taking into account that u =0 a.e. in £2;, we obtain

/Vu~V(pdx:/aVu-V(<p(lfW))dX=/W/’dX-
2 2

2_

Therefore, u is solution of the Dirichlet problem

9
_Au=¢#£0 inD(2.), u=0 ond2_, and 8—3:0 on T,

which contradicts the Hopf maximum principle, i.e. the negativity of the normal derivative of u on I".
As a consequence, the function u is not continuous in any neighborhood of I". O
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