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Abstract

We propose a multi-layer approach to simulate hyperpycnal and hypopycnal plumes in flows
with free surface. The model allows to compute the vertical profile of the horizontal and the
vertical components of the velocity of the fluid flow. The model can describe as well the vertical
profile of the sediment concentration and the velocity components of each one of the sediment
species that form the turbidity current. To do so, it takes into account the settling velocity of
the particles and their interaction with the fluid. This allows to better describe the phenomena
than a single layer approach. It is in better agreement with the physics of the problem and gives
promising results. The numerical simulation is carried out by rewriting the multi-layer approach
in a compact formulation, which corresponds to a system with non-conservative products, and
using path-conservative numerical scheme. Numerical results are presented in order to show the
potential of the model.

1 Introduction

When a river that carries sediment in suspension enters into lake or the ocean, it can form a plume
that advects the sediment from the river mouth. Based on the difference of density [5, 30], these
particle-bearing flows are said to be ‘hypopycnal’ (or an ‘overflow’) if the combined density of the
sediment and interstitial fluid is lower than that of the ambient. If the combined density is higher
than that of the ambient, it is said to be ‘hyperpycnal’ (or an ‘underflow’). Hyperpycnal plumes are
a class of sediment-laden gravity current commonly referred to as turbidity currents [23, 27, 30].
Turbidity currents occur in many different circumstances in nature, for example, at the outflow of
rivers into the ocean [23, 22], where they may be generated by storm waves impacting the coast
[29], in regions of submarine landslides resulting for example from tectonic activity [18] and where
tidal activity acts on steep slopes [31]. They are responsible for the transportation of sediment on
a global scale, defining the main mechanism that allows sediment to be transported to the deeper
ocean [19, 26, 13, 15]. Because of their impacts in global sediment transport, their role in erosion and
deposition over continental slopes and submarine canyons, and the effects on marine constructions and
infrastructures near river mouths and continental shelves, understanding the evolution of turbidity
currents is of great importance.

Only limited observational records exist for the occurrence and flow of turbidity currents. This is due
to the difficulty in predicting the time and frequency of turbidity currents as well as the destructive
nature of such sediment-laden flows. As a result, most of our knowledge about these flows is derived
from small scale laboratory experiments like the ones described in [20, 13, 1, 17, 16]. Given the lack
of observations, numerical modeling is an excellent tool to gain an increased understanding of the
evolution of turbidity currents.

Some layer-averaged models have been previously developed on the basis of small-scale tank ex-
periments of particle-driven density currents in [8, 26, 6, 17, 17, 14]. Although this layer-averaged
approach gives a fast and valuable information, it has the disadvantage that the vertical distribution
of the sediment in suspension is lost.



A recent technique based on a multilayer approach [2, 3, 11] has shown to be specially useful to
generalize shallow water type models in order to keep track of the vertical components of the averaged
variables in the classical shallow water equations. Thus, instead of averaging between the bottom and
the free surface, as in shallow water system, a partition of the water height is considered. The system
is then integrated inside of each layer defined by the partition, combined with a set of kinematic
conditions at each interface, defined in terms on the mass transference term.

In [11] another multilayer approach is proposed for the case of the Navier-Stokes equations with con-
stant density and viscosity. In that work, a multilayer model is obtained using a vertical discontinuous
Galerkin approach for which the vertical velocity is supposed to be piecewise linear and the horizon-
tal velocity is supposed to be piecewise constant. The mass and momentum transfer terms among
the layers are obtained from the jump conditions of the conserved principles. In the numerical tests
presented in [11] authors show that this discontinuous piecewise linear profile of the vertical profile
allows to approximate properly the vertical velocity of Navier-Stokes equations. The key point is to
compute the jump of the vertical velocity at each interface in terms of the jump condition associated
to the definition of the mass transference.

In [12] authors propose an application of the multilayer approach introduced in [2, 3] to study poly-
disperse sedimentation. Here the technique introduced in [11] is generalized to derive a model for
turbidity currents. As in [11], we also obtain a piecewise linear profile for the vertical velocity profile
of the fluid and each sediment species involved in the turbidity current. As it will be shown, this
model is really promising and allows to simulate hyperpycnal as well as hypopycnal plumes.

The paper is organized as follows: in Section 2 we describe the governing equations for the phenomena.
These equations are the starting point for Section 3 where a multilayer approach is used to develop
a new set of equations. In Section 4 the assumption of hydrostatic pressure is used and a particular
weak solution of the system is defined. The system needs some closure relations that are introduced in
Section 5 and a compact formulation of the system is shown. Then, in Section 6 a numerical scheme
is proposed and some numerical tests are shown in Section 7. The paper contains some Appendixes
with the technical details of the different sections.

2 Governing equations

Let us consider N € N* species of spherical solid particles dispersed in a viscous fluid. For each solid
species j, j = 1,..., N, we denote by ¢;, p;, d;j, and ¥; = (@;,w;), j = 1,..., N, its volumetric
concentration, density, particle diameter, and phase velocity, respectively. 4; € RI-L (d = 2,3)
represents the horizontal component of the velocity and w; € R the vertical one. The same notation
is used for the fluid indexed by j = 0. We assume that effects of sediment compressibility can be
neglected. The model is based on the continuity and linear momentum balance equations for the
N solid species and the fluid. The continuity equations are given by

Q6 + V- (6;5;) =0, j=0,....N. (2.1)

Taking into account that ¢ = 1 — ¢, where ¢ := ¢1 + - - - + ¢ denotes the total solids concentration,
we see by summing all equations in (2.1) that the volume average velocity of the mixture

—

U= (U, w) := ¢oTo + P1U1 + - + dnUN = (1 — $)To + $1U1 + - - + dNTN
satisfies the simple mass balance of the mixture
V-4d=0. (2.2)

Here, we shall assume that the velocity of each sediment species is equal to the volume average velocity
of the mixture plus a vertical downwards component due to the sedimentation of the particles, that is

-

5, =% +owk, j=1,...,N, (2.3)

where k is the upward-pointing unit vector and dw; is a negative velocity related to the settling
velocity of the j species which will be discussed in Section 2.1.



Remark that this implies
N N N
¢0w0:w—z¢jwj :w—z¢j(w+6wj)=¢0w—25qu§j, (24)
j=1 =1 j=1
and we shall denote

N
1
6’11}0 = —— E 5wj¢j, (25)
et

and we have .
T, =0+ 0owk, j=01,... N, (2.6)

The model also involves the sum up of the linear momentum balance equations for the solid phases:
PO (65;) +V - (p; 650 © T;) = —p;d;9k + V- %, (2.7)

Here g is the gravity acceleration and the stress tensor is
Yi=—-¢;pl +7T;. (2.8)

In what follows, let us denote by ® = {¢; ;-V:O the set of concentrations corresponding to each species
and by p(®) the averaged density of the mixing,

N
p(®) =D pid;.
§=0
Let us also denote by ¥ =3y + 31 + ...+ Xy = —pI + T, with
N
TH T:cz
T = ZOTj = < T ) : (2.9)
]:

The symbol I stands for the identity tensor. Then, by summing up, from j = 0 to j = N the equations
in (2.7) we obtain

N n
0 (D pidi® | 4V [ D 000 @7, | = —p(P)gk + V- 3. (2.10)

=0 =0

And by using (2.3) we can write each one of the equations of previous system as follows:

N
0 (p(2)E) + Vi - (p(P)T @) +0: | | p(@)w+ Y pidwid | & | = Vi (—pI +Trr) + 0. (T2,

j=0
(2.11)
N N
O | p(@)w+ > pidwid; | + Ve [ | p(@w+D pjow;é; | @
j=0 j=0
2
N
+0, p((I))’lU + Z Pj(squsj =V;- (Trz) + az(fp + Tzz)-
=0
(2.12)

The generic space variable is (z,2) € R? such that the horizontal variable corresponds to = =
(.’L‘l, ...,$d71) e Rd-1,



2.1 Settling velocity

As we said before, we assume that the velocity of sediment species differ from the volume average of
the mixture by a vertical downwards component due to the sedimentation of the particle. This vertical
component is related to the so-called settling velocity (—w,; < 0). Settling velocity, also known as
fall velocity or terminal velocity of a sediment particle is defined as the rate at which the sediment
settles in still fluid. The factors influencing the settling velocity include the particle properties (i.e.
size, shape, structure) as well as the viscosity and density of the fluid.

For monodisperse particles settling at infinite dilution, discrete particles will settle within still, ho-
mogeneous fluid conditions at a terminal fall velocity determined by application of Stokes’ law, if the
particle Reynolds number Re, << 1 or by one of various empirically-derived formulae if Re, > 1 (see
[9]). Nevertheless, when the concentration of sediment particles increases, particles cease to behave
independently. Instead, their motions are correlated through hydrodynamic and particle-particle in-
teractions, often resulting in settling rates that are lower than that for individual, isolated particles,
i.e. hindered settling.

Hindered settling is often accounted for by estimating an actual settling velocity, dw;, given by

dw; = —ws, X(P). (2.13)

X(¢) is the so-called hindered settling factor, which may be described following [28] by:

n

N N
1- j ) for i < Omazs
0, otherwise,

where n is a parameter that depends on particle Reynolds number (typically between 2.5 and 5.5)
and @.nqee is @ maximal solids concentration.

Nevertheless, other methods may be proposed for predicting the hindered settling conditions. We
refer the reader to [9, 4] and the references therein for this purpose.

3 A multilayer approach
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Figure 1: Sketch of the multilayer approach



We shall consider a d-dimensional space (d = 2,3). For a given positive constant real number T
and each time t € [0,T] we denote by Qp(t), the fluid domain and by Ir(¢), its projection onto the
horizontal plane. In order to introduce a multilayer system, the fluid domain is divided along the
vertical direction into M € N* pre-set layers of thickness hq(t,x) with M + 1 interfaces I'y 1 (%)
of equations z = z,,1(t,x) for a = 0,1,..., M and x € Ip(t) (see Figure 1). We assume that the
interfaces T, , 1 (t) are smooth, concretely at least of class C! in time and space. We shall denote
by zp = z1 and zg = zp;, 1 the equations of the bottom and the free surface interfaces I' p(t) and

2
the height of the fluid is given by h = 25 — 25 = Zi/lzl he.
Actually we have 0Qp(t) = T'p(t) UTg(t) U ©(t), where ©(t) is the inflow/outflow boundary which
we assume here to be vertical. The fluid domain is split as Qp(t) = UM, Q,(¢) with the setting

Ls(t), respectively. We have hq = 2,1 — 2,1 and 2,1 = zp + > 51 hp for @ =1,..., M. Then

Qu(t) = {(x,z); z € Ip(t)and z, 1 <2< za+%},
0 (t) =T 1 (1) U411 (1) UBO4(t), with

(3.1)
O, (t) = {(x,z); z € 0Ip(t) and z, 1 <2< za+%}.

Hence the inflow/outflow boundary is split as ©(t) = UM, ().
Moreover, let us introduce the following notation:

(i) For two tensors a and b of sizes (n,m) and (n,p) respectively, we shall denote by (a; b) the
tensor of size (n,m + p) which is the concatenation of @ and b in this order.

(ii) Let consider the differential operator V = (0, ..., 0z, ,,0-), then we set

V= (01; V) = (04, 0nyy ey Ony_,,02) and Vi := (Onyyveey Oxy_y )-
(iii) For « =0,1,..., N and for a function f, we set
- — + -
fa—&-% = (f'Qa(t))lFu+%(t) and fa+% T (f|9w+1(t))|1“a+%(t)'
When the function f is continuous, we will simply set
fa—i—% = f|ra+%u>'
We shall also use the notation
Sra+
+3 at3
< f >o¢+%: #

(iv) We will denote by 7, 1 the space unit normal vector to the interface ', () outward to the layer
Q4 (t) for a given time ¢ and for « =0, ..., M. It is defined by

/

(VxZaJr%, —1)

ﬁa+1/2 = 3" (3.2)
1+

ViZoyl

(v) We will denote by #ig,,, 1 the (space-time) unit normal vector to the interface I'q(¢) outward
to the layer Q,/(t) and for « = 0,..., N,

’

(8tza+%,v$za+%, —1)

ﬁT,a+1/2 =
e

2

sza_,_% + (3t2a_%)2




Remark 3.1. Adding the time variable as one more dimension, the corresponding domain Qo is actually
given by

Qpr = {(t,x,z); t €]0,T] and (z,z) € QF(t)}, with

O = Ar UAL UAs, where

Ar = {(t,x,z); t €]0,T] and (x,z) € 3QF(t)},

A =1(0,2,2); (z,2) € Qp( )}

Ao =43 (T,z,2); (z,2) € Qp(T )}

Since we integrate over Qp(t), we retain here the boundary At for the computations even if it means
cancelling the tests functions over the boundaries A1 and As.

3.1 Weak solution with discontinuities

Let us recall the conditions to be verified by a piecewise smooth weak solution (¥, ¢;,p) of (2.1)-
(2.10). More precisely, let us suppose that the velocity ¥;, the pressure p and the volume fractions ¢,
are smooth in each €, (), but possibly discontinuous across the predetermined hypersurfaces I',, | 1 (t)

for « = 1,.., M — 1. Then the triplet (¥}, ¢;,p) for j =0,1,..., N is a weak solution of (2.1)-(2.10)
if the following conditions hold:

(1) (9;,¢;,p) is a standard weak solution of (2.1)-(2.10) in each layer Q, ().

(ii) (9, ¢;,p) satisfies the normal flux jump conditions at F(H_%(t), fora=0,...,M:

e For the mass conservation law,

(055 ¢9))],.  ; Trari2=0, (3.3)
T2
e For the momentum conservation law (2.10),
N N
{ > piditi > pidit; @ T — } - Tipaq12 =0, (3.4)
=0 =0 \ )
where [(a; )] , denotes the the jump of the pair (a; b) across I'y 1 (1),

(x+% :

[(a; )], - ((a; Doz ~ (@ b)‘“u“’)

r ¢
at3® |Fa+%(t)

In order to develop the multilayer model, we adapt the preceding conditions to a particular class of
triplets velocity-concentration-pressure: we assume the layers thicknesses small enough to neglect the
dependence of the horizontal velocities, the concentrations and the pressure on the vertical variable
inside each layer. Moreover, we assume that the vertical velocity is piecewise linear in z, and possibly
discontinuous. Concretely, we set

’
—

(ﬁj)\ga@) =Vja = (ﬁaawj,a) y o Pja = (¢j)|ga(t)? Pa = Dla, @) for j=0,1,..., N,

where
L

Uy, Wja = Wo+0Wja and @ja,



respectively stand for the horizontal and vertical velocities and volumetric concentration of the species
j on layer «.. Let us also denote the averaged velocity at each lager by ¥,

N
1704 = Z¢j,a6j,a = (ﬁ:aywa)7
7=0

and to assume that

0, =0, 0.0ja=0, 0,wjo=dja(t,x), 0:pa(t,z)=en(t ) (3.5)

for some smooth functions d; (¢, ) and e, (t,z). That is, we suppose that:

o the horizontal velocity 4, and the concentration of each of the species ¢; o, do not depends on
z inside each layer,

e w;, and p, are linear in z inside each layer.

There is no hope for such a particular set ((ﬁa,wj)a)/,qu,a, pa) to be a solution of the complete

equations in the layer Q,(t). Instead, we shall consider a reduced weak formulation with particular
test functions, that we describe in Section 4.
Let us also denote @4 = {¢;.4}_, and

N
p(00) = pidja-
j=0

3.1.1 Mass conservation jump conditions

Remark that

ﬁi_l(t,m) = ﬁ;+l(t,x) = Uy(t,z), and (b;a_ (t,x) = ¢;a+l(t,x) = ¢;a(t, ). (3.6)

1
2

Then mass conservation jump conditions are satisfied provided that

— Q- O+t
Gj%)(-‘r% T e+l T Gj,a#»%’ (37)
where
+ = +
Gj7a+% = Pjat1 (8tza+% T Uat1 - sza+% - wj,@-&-%) ’
(3.8)
Gty = Pio (&ZWF% o VaZary — wj_,a+%)
for 5=0,1,...,N.
Remark that G; ., 1 is the normal mass flux for the species j at the interface I', | 1 (¢).
? 2 2
Taking into account the structure of the vertical velocity (2.3), let us denote
£ _ .,E +
Wiagd = Wary HOWS Lo (3.9)
4 .
where 5wj7a i1 must verify that

N N

. + — . - _
D brandufy =D braduy,, ., =0.
j=0 i=0



It is now clear, adding up in j, that

N
Gayy = Goa =Gl where Goyy = ZGL%% (3.10)
and
Govy = Orfary + Basr Vazayy — Wiy,
(3.11)
Ga_—i-% = 8tza+% + U - sza+% - w;+%,
which corresponds to the jump condition for the equation V - ¥ = 0.
Then, from (3.8), (3.9) and (3.11) we have that
G;’_a+1 ¢j7a+1(Ga+% - 5w;:a+%)7 7, a+1 d’] a( - 5wj_,o¢+%)' (3-12)
This gives
Gjaty =< 0j(G —dwj) >4 11
. + , - 3.13
_ Pjot1 t dja G . Dot 100 oy + Pj,a0W; oy (3:13)
- 2 ot3 2 '
As a consequence,
N N
D 0iGiart =< p(®)G+ Y pidw; >,
j=0 j=0
! N L - (3.14)
P(Pav1) + p(P ¢j""+15wj,oc+é + ‘ijadwj,mr%
= (x+ 5 Z Pj .
2 2
Let us also remark that condition (3.7) can be written as
¢j7a+15w;fa+1 ¢j aéwj a+1 = Goht% (¢j,a+1 — ¢j7(¥)' (315)

3.1.2 Momentum conservation jump conditions

From the momentum jump condition (3.4) we have

[ ZPJ¢JvJvZPJ¢J”J®”J_Z ]I '(8tza+%’v'za+1’_1) 0.

7=0 FaJr% ()

Which can also be written as

N
(vﬂﬁza+%’ *1> => {(Pﬁﬁﬁj; Pj$;U; ®17j)]

[2
IF(X«F%(t} 7=0

(8152&4_%, mza—i—%v 71) .
|Fa+%(t)

Moreover, using (3.7), we have

{(Pjébﬁfj; Pi$;U; ®"7j)} : (atza-i-%’vxza-‘r%?—l) =0 Gty Wil -
atd

Il"a+%(t)

Then, we have that

o, (s )= B

oo



As a consequence, condition (3.4) can be written as

[EL gy = ij st Bl (3.16)
r t a4 =
a+%() “1+‘sz0‘+1 "
For a =1,..., N — 1, the total stress writes
+
Ea+1 Pt} I—|—TJr17 (3.17)

where p,, . 1 s the kinematic pressure and Twi , are the limit approximations of T'(%) at T, 1 This

2
means that Toi_l must verify

N
+ - —
(Ta+% - Ta-&-%) Nty = 2 > pi Gjaty [Tl SCE (3.18)
1+ ‘V Za+1 J=0 2

where G 1 is defined by (3.13).

Moreover, by consistency, Ta 1 should verify
2

TH,(X+% Tacz,oe—&-%
1 ~
+ — — —
3 (Ta% + Ta%) =Tors = : (3.19)
a/cz,a—&-% TZZ,OH‘%

where T, o+ is an approximation of T'(%)r il , to be defined.
Concretely, if we set T(¥) = uD(¥) = p(VT —|— (V©)'), then we define

it - _ ’
+u wJr +w
H H, at+l atl —
DH( oty 5 ) <Vx< +22 +2>> +QH,0¢+%

w:+l+w;+l N ,
Va: 2 2 2 + (QH,O{+%) 2Q'u,o¢+%

Q
+
Nl

—

where QQJF% = Q(’l:l:) at I'y ;1 and Q satisfies the equation

Q-0.5=0, with Q= (Qu, Q). (3.21)

To approximate Q, solution of (3.21), we approximate ¥ by ’l:l:, that is a linear interpolation in z, such
that ﬁl‘z:%(zu,%""qurl) = ’lTl:a.

Finally, we can solve the system defined by (3.18) and the equation resulting to multiply scalarly

(3.19) by vector 7j,, 41 This way, we obtain the expression of T+ atd’ that verifies the jump condition

and the consistency condition on the interface. We can solve it easﬂy and we obtain

1

+ — _ — - .

Tis Tary = Tory flagy 2\/—2% jard Wil (3.22)
1+ |Vazar 2

3.2 Vertical velocity

In this subsection we show how the vertical velocities w, and w; , are defined for each layer.



Fist, let us notice that, as @, is a classic solution of the equations in Qq(t), for z €]z, _1, 2,4 1[; the
vertical integration of the incompressibility equation leads to the equality

We(t,z,2) = w: (t,x) = (2= 24-1)Vo - Ua(t, @), fora=1,..,N.

_1
2

In addition, from the condition (3.11) at the interfaces, we express the quantities

’LU:_% = (ﬁa - ﬁafl) : vmzafé + ’LU;_% (323)

where

_ o - + . Lo
Wo 1= wa*llra L = Wars ha-1Vy - UH a-1- (3.24)
-2

Using the horizontal velocities drawn from the model, the averaged vertical velocities in the layers are
computed using the following algorithm:

e The quantity w? is determined, from the given mass transference G L through the condition

(3.7) at the bottom by
:’l_l:H1~VIZB+8tZB*G%.

e Then, for o =1,...,N and 2 G]za_%,z(”%[, we set

wa(t,z,2) = w;i%(t,x) = (2= 2 1)Vo - B ,a(t,2),

_ o _ + -
wa_‘_% = Wa, = wa_% —hoVy - UH o, (3.25)

a+%(t)

+ . — — —
aty = (ot —8a) VoZary + Wy

3.2.1 Vertical velocity of the sediment species
The vertical velocity of the sediment species j, for j = 1,..., N, inside the layer 2, is defined by

wj,a(t7x7z) - wa(tﬂsz) +5wj70‘(z)’ (326)

where w, is defined by (3.25). Moreover, by assuming a linear profile of dw; o(2), it can be defined in

terms of the limits in the layer, that is, in terms of 5w;a+l and (5w;ra_l. Concretely,
) 2 ’ 2
N 5wj_a+l - 5“’;_&,;
— s 2 5 3
dwj o(2) = 5wj’a7% + W (z — Za—%)-

Remember that dw> ., and dwT |, verifies (3.15). Then we have
J,at 3 J,at+s
Djact100) 4 = djadwy o = (Bjar = dj.a)Cayy

¢j,a+1(5w;fa+% + ¢j,a5w;a+% =2< qu&wj >a+% .
Thus, we obtain
1
¢j,a+16wj+7a+% = <950wj >apy +5(Sat1 — ja)Garys
(3.27)
_ 1
PradW 1 = < Gj0wj >qupy —§(¢j,a+1 = #j,a)Goy1-

This means that assuming that some approximation of the term < ¢;éw; >, 1 is given, then the
vertical velocities of each sediment species in the layers can be computed using the following algorithm:

10



. w;r = w1 , that is (5wj , = 0. It corresponds to consider that the bottom z = z1 determines

the limit of a saturated sedlment bottom.

e Then, for a=1,...,N and z €]z,_1,2,41[, we set

ow. " o1 — (SwJ,ro(_l
wja(t,z,2) = wa(t,z,z) + 5w;rw_l 4+ 12T - 222 (5 — Za-1)- (3.28)
a3 o
where wq, (¢, z, z) is defined by (3.25), and 5w ot 5wj_a+l by (3.27).
) 2

4 A particular weak solution with hydrostatic pressure

In this Section we finish the construction of the model under the hypothesis of hydrostatic pressure.
This means that

pa(t,x,z) :pa—i-%(tax) + p((pa)g(za—&-% *Z)v (41)
with
Pasti(t, ) =ps(t, x) +QZ (p)hs(t, z). (4.2)
B=a+1

Here, the component p,, 1 is the kinematic pressure at I',, 1(¢) and pgs denotes the pressure at the
free surface. Then, the unknowns of the systems are the layer depths and the horizontal velocities.
As ¥, is a weak solution of the equations (2.1) - (2.10) in Q4(¢), let us begin by considering the
weak formulation of this system in Qu(t) for « = 1,...,N. Assuming @, € L2(0,T; H'(Q.(t))%),
04U € L*(0,T; L*(Q0a(t))?) and p, € L*(0,T; L*(Q4(t))), a weak solution of the original equations
in Q,/(t) should verify

| Obia+ V- (007,0)) w2 =0
Qu (t)

/ﬂ( Zp]at Gj.aTia) - 0dQ /g Zp] (¢j,a6j,a®6j7a).ﬁd9

t) j=0 2a(t) j—9
+/ E.vddo - pV -9 dQ
Qa(t) Qo (t) (4.3)
+ (Ea 1 19) : ﬁa-{-ldr
Lpw O 2

for all o € L2(Q(t)) and for all § € H(Qq(t))? with 9]y, = 0.
We consider velocity-pressure pairs with the structure given by (3.5), that satisfy the previous system
with particular weak solutions that verify (4.3) for test functions such that 9,¢ = 0 and

’

It x,2) = (5H(t,x)7 (2 — 25) V(t,x)) : (4.4)

where 9 and V (¢, z) are smooth functions that do no depend on z.
Following a similar approach as in [11], after some easy calculations we get

O Mass conservation law

8t(¢j’aha)+vw~(¢j,ahaﬁa) :Gj’aJr% —Gj a—1 7=0,1,....,N, a=0,..,M, (4.5)

11



where G 1 is defined by (3.13).

N
Remark that taking into account Z ®j.a = 1, we get that
j=0
Othe + Vi - (hatly) :Ga+% 7Ga—%7 a=0,.., M. (4.6)
Moreover, combining (4.5) with (4.6) and using (3.12) we have
haOe®ja + hallaVadja = =6ja(0w) 1 +0w] 1), a=0,..,M. (4.7)

O Momentum conservation.

PP haia) + Vs - (p(Ba)hatics ® i) + / " Y padz — Vs - (haTs)

a-g
+(TH,a+%(Va:Za+%)/ - Tzz,a+%) - (TH,afé (szafé)/ - T;rz,a_%) (48)
— - N — — N
Ugy1 T Uy Ug + Ug—1
== 2 GZPjGjm% - 2 - ijGjaa—%
j=0 =0

Let us introduce the following notation,

M
_ ha
©Du=ps+g >, p(®p)hs+gp(Pa)
B=a+1

a—1
_ ha
° za:zb—i—Zhb—&—?.
B=1
Then, we obtain the following system for a« =1, ..., M,
A (9jaha) + Vo - (9jahalia) = < ¢;(G—dw;) Zat+i T < 0 (G — dw;) >,

00 @) hai) + Vs - (p(®a)hails © 0 ) + h( VP + 9p(®0) V70 ) Y, - (haTh)

+(TH7Q+% (sza-&-%)/ - fmz,a-{-%) - (TH,a—% (vl'za—%)/ - Ta:z,oz—%)
o1 + T T+ Ty 1
1 —1
= % D 0 < 05(G = dwy) >4y s D 0 <65(G = bwy) >, s
7=0 =0
(4.9)
where Ty 1 and T, , 1 are defined by (3.19),
¢ jjatl + ¢ o
< $5(G = dwy) >apy= =75 (G y — 0Wjapy) (4.10)
and
— -~ N — — N
Ua+1 + Uy Ua+1 + Uq ¢ el + ¢ ),a+1
ZZE:PJ<H%(G-‘&%)>a+;=fZ< ﬁU‘L‘j;L“(Ga+%—5uha+%)~
§=0 j=0
(4.11)

In Appendix A, we propose another definition of terms (4.10) and (4.11), that could be seen as an
upwind approximation of the ones given previously.
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5 Closure and reformulation of the model

For the sake of simplicity, we consider here only a one-dimensional horizontal space and, in the sequel,
we shall denote the horizontal velocities i, merely by u,,.

Assumption 1. We consider layers having thickness proportional to the total height. That is for
a=1,....,M, ho =1lsh withl, a positive constant. Hence we have

M
S la=1. (5.1)
a=1

From Assumption 1, summing the equations (4.5) up to a = 1, ..., M, yields

-G

1
2

I\)\H

Z (8¢hs + 0z (hgug)) (5.2)

and for the particular value a = M, we get the global continuity equation

M

Oth + 0, <h215U5> = GM+1/2 — G% (5.3)
B=1

Now, from (5.2), assuming G, 1= 0, and using the global continuity equation we get

Gay1r =G+ Y 1(0ih + 0x(hug))

B=1
M
=G, +Zzg< (hug) = 0 (Iyhuy) — G;).
~y=1
Therefore we can set
Goir=(1- G1+Z§a7 (huy), a=1,...,M, (5.4)

where for o, v € {1,..., M}, we define L, :=1; +---+ 1, and

o 1=+ +1l)ly, ify<a,

ga,'y = Z((SB’Y - lﬂ)l’)’ =
B=1 —(Lh+- -+l otherwise,

0y being the standard Kronecker symbol. Thus, we explicitly obtain the mass transference across
interfaces in terms of the velocities at each layer.

Remark 5.1. In light of (5.1) we have {pry =0 for ally=1,..., M. In addition, setting & =0 for
ally=1,..., M, we notice that {o v = a1,y + (day — la)ly for all a,v=1,..., M.

Let us introduce the notation

a=@jal, qo=p(@o)hu,, fora=1,....M, j=1,...,N, (5.5)
and
N .
Mo =Ma(hy 10y, TN.a) = p(Pa)h =po | b+ Z (ZJ — 1) Tia | - (5.6)
, 0
j=1
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Then system (4.9) reduces to the equations for variables h,r; o, go given by

M
dh + 8, ;1 (hzgr‘iﬁ> = Grrpa2 — Gy (5.7)
_ Tiada N 1 [7Tja+1+7ja Tja T Tja-1
Oulrsa) 0: <m) % {%Gw T Ce
1 5.8
—E{<¢j5wj>a+%—<¢j6wj>a7%}, forj=1,...,N, (58)
and
q g <
0o +0n |~ + 1| ps + Glama +g > lgmg
« B=a+1
M
=|ps+g Z lgmg | Oxh — gMmaOzzp — gMaLa—10:h
B=a+1

1 1 Gat1 da Ma+1 + Mg 1 o Ga—1 Mq + Ma—1
L) (L betr | o ) Mot ey Lo G
+ la{ (2 Meat1 + Mg 2h atl/2 ™ 9 My + Ma—1 2h a=1/2 (5.9)

N N
1)1 /[ qayr Qo Qo Go—1
- la{Q ( + m) < E PjPiOWw; >q 41 + e + ma 1) = jE—O PiPiow; >o 1

maJrl

j=0
- az(h(TxE:v)a)
1
+io< (52 T22) >ass *(Vazayy, —1)f
~ L @B TE) >,y (Ve y 1)

la

with G412 given by (5.4).
The full system given by (5.4), (5.7), (5.8), (5.9) could be written under the structure of a hyperbolic
system with conservative flux, non-conservative products and source terms:

Ow + 0, F(w) = B(w)0,w + S(w)0y 2, + E(w) + ¥(w), (5.10)

where
w= (R, "1, ., TLM 21, "NMsq1s- -, qM), (5.11)

and the definitions of F(w), B(w), S(w), E(w), and ¥(w) are described in Appendix B.
The system (5.10) can be reformulated as

ow + A(w)d,w = S(w)d.z + E(w) + ¥(w), (5.12)

OF (w

where A(w) = J(w) — B(w) with J(w) = the Jacobian matrix of F which is described in

Appendix B.

5.1 Compact formulation

Remark that the size of system (5.4), (5.7), (5.8), (5.9) is (N + 2)M which could be large, especially
if we consider several sediment species. In order to reduce the computational cost of the numerical
resolution of the system, we shall consider first a reduced system which, for one-dimensional horizontal
space, has size 2M + 1.

14



Let us consider the variables
ﬂ):(h’m17"'amJVfaq17q2a"~7qM) €R2M+1~ (513)

From equation (5.8) and (5.6 ) one gets

1 m +m M + Mea—
Oime + 0xqa = l{ <a+;haGa+; - 0{2ha1Ga—;) }

1
—{ ZPJ¢J6MJ a+1+<ZpJ¢J5wJ a—3 }

O( =0

(5.14)

Once w is obtained , we can compute w by the procedure described in Section 6
System given by (5.4), (5.7), (5.9), (5.14) can be written under the structure of an hyperbolic system
with conservative flux, non-conservative products and source terms, more precisely,

0w + 0, F () = B(W)0, @ + S(w)dyz, + E(w) + ¥ (), (5.15)

where w = (h,ma, ..., M, q1, G2, - Lqu)' € R2MHL §s the unknown vector, F : R2M+1 _y R2M+1 g
a regular vector function, B : R2M+1 — My (R) is a matrix function, where M,,(R) is the space
of real n x n matrices (n € N*), §, E, ¥ : R2M+1 _, R2M+1 ar¢ vectorial functions, and z, : R — R
is a real scalar function. The form (5.15) constitutes a classic simplified model type for multiphase
or multilayer flows in the literature. In Appendix C we exhibit the algebraic expressions of the terms

F(@) = (Fa(@))azou,...2m, S(@), BE(@) = (Ba(@))a=o,1....20, ¥(@) = (¥a(@))azo,1,..20r and
B(w) = (Bq,g(W))a,8=0,1,...2m involved in (5.15).
System (5.15) can also be reformulated as

dw + AWw)d,w = S(w)dyz + E(w) + ¥(w), (5.16)

= ~ . OF(w - -
where A(w) = J(w) — B(w) with J(w) = 81(;0) the Jacobian matrix of F. The matrix J(w) =

(ja,ﬁ(ﬁ’))a,ﬂ:[),l,‘..,QM € Man+1)(R) is described in Appendix C.

6 Numerical approximation

6.1 Definition of the scheme

The numerical approximation of the model is based on a standard finite volume method combined
with a three-step splitting procedure. The procedure will be detailed afterwards, but the main idea
is the following. As usual in finite volume schemes, we subdivide the horizontal spatial domain into
standard computational cells I; = [z;_; /2 T;y1/2], and assume an approximation at time ¢, in each
cell w? and the corresponding values w;'

e In the first step, we rule out the contribution of source terms E(@) and ¥ (w) in (5.15) and
perform a path-conservative scheme to obtain the approximations of this system at time ¢,,41

~—n+1/3
w7+/ n+1/3

~n+1/3 .
Then, the values values w, are recovered from 'w;”r / by an upwind procedure.

e In the second step, we include the effects of the source term E(w) by an implicit Euler scheme,

obtaining the approximations wn+2/ 3

e In the third step, we include the effects of the source term ¥(w) by a semi-implicit approach,

obtaining the approximations w "+1 at time t,11. Finally, 'EJ?H are updated from w"+1 using
(5.6).

We proceed now to describe each step more precisely.
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6.1.1 First step: path-conservative scheme

In the first step, we rule out the contributions of the source terms E(w) and ® (@) in (5.15) and then
apply a finite volume scheme. The resulting system can be written as

W + A(W) - 9,W =0, (6.1)

where W is the concatenated vector W := (@, )t € Q for some open convex domain ¢ R2M+1
Solutions of (6.1) may develop discontinuities and, due to the non-divergence form of the equations,
the notion of weak solution in the sense of distributions cannot be used. The theory introduced by
Dal Maso, LeFloch, and Murat [10] is followed here to define weak solutions. This theory allows
one to define the non-conservative product A(W/) . amﬁ? as a bounded measure provided a family of
Lipschitz continuous paths v : [0, 1] x QxQ— Qis prescribed, which must satisfy certain natural
regularity conditions. We will consider here the family of straight segments. Then, a path-conservative
numerical scheme in the sense defined by Parés in [24] can be used to compute the approximations
~n+1/3
1

w at time t"*! of the considered system. The scheme may be written in the general form

~n+1/3 ~n At n n 1 an N qn qn
w; A w; — Ar ( i+1/2 ‘7:2‘71/2 - §(Bi+1/2 + Bi71/2 + 8i+1/2 + S¢1/2)) ) (6.2)
where the expressions F7 | /2 and B, | /o are defined as follows:
T 1~ ~n T/ ~n
Fiiaye = §(F(wz‘ )+ F(wi1)) (63)
1 n ~n ~n An on n n ’
- §Qi+1/2 (wi—i-l -—w; — Ai+1/2Si+1/2((zb)i+1 — (2)i )) J
g?+1/2 = §i+1/2 ("TJ?H - '&’?)a (6.4)
Sin+1/2 = Si+1/2((zb)?+1 - (Zb)?)v (6.5)
with
~ 1 ~
Brje= [ B((s, @ is))ds, (6.6)
0
1
Siiijs = / S (0 (s, @1, Wis1))ds. (6.7)
0
(6.8)

The matrix A(w) represents an approximation of the inverse of A(w) = J(w) — B(w) given by (C.2)
- (C.7) In addition, Q?H /2 1s the numerical viscosity matrix whose definition identifies the particular

finite volume method used. For example, the Roe method is defined by éi+1/2 = |Z&i+1/2|, where

A, 11/2 is the Roe matrix defined in the sense of Toumi (see [25, 32]). An interesting alternative to
Roe method for system with a great number of unknowns are PVM (“polynomial viscosity matrix”)
methods (see [7]). At this step, we obtain from (6.2) the intermediate solution

@ = (B ) man) T )T ()T

In this paper we will use a HLL type PVM scheme. We refer the reader to [7] for the details.

. . ~nt1 1 ~ntl
Once the approximations 'w;H_ /3 are computed, w?+ /3 are recovered from 'w;H_ / 3, but to do that,

the values (rjya)?ﬂ/?’ forj=1,...,N and a =1,..., M should be computed. This is done using the

following upwind scheme:
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n n At T n T n 1 n n
(rj,a)iJrl/B = (rja)i — Az <(]: ) iiaye — (F9) iy — §Hrj,a (Bi+1/2 + B¢1/2)> ) (6.9)

where

?+1/2 = BZL+1/2 (wszrl - w?), (6.10)
(15.0)7 1n . "
(F7 )12 = (6.11)
(Tj,()/)?+1 )

(e, 1/ otherwise
Ma )it

and II,, , I, denotes respectively the canonical projection on the variables r; o and mq,.

Remark 6.1. The definition of (Tj,a)?ﬂ/g is consistent with that of (ma)?ﬂ/3 in the sense that
extending (6.9) for j =0, then we have

N
(p(@)R)! T2 =5 i (rj0) i = (ma) P
j=0

6.1.2 Second step: viscosity effects

In this second step we take into account the contribution of the source term E(w) in (5.10). As those
terms are related to friction at the interfaces and mass flux exchange at the bottom, we propose to
use an implicit update. Moreover, if we assume a non-penetrable bottom layer, the term G 1 vanishes
and only friction terms are retained. Finally, if friction terms are neglected, then E(w) vanishes and
this step is no longer needed.

w2 = w4 AL E(w] ). (6.12)

(2

6.1.3 Third step: deposition effects

Finally, we have to apply the source term ¥ which stands for the transfer between the layers due to
deposition effects. To do so, following Section 3.2.1, we need to describe the terms < ¢;éw; ot
As it was mention in Section 2.1, we may assume that the hindered settling velocity of the sediment
species is given by

dw; = —x(P)ws,, for j=1,..., N, (6.13)
where wy, is the terminal velocity of the species j and x(¢) is the hindered settling factor given by
(2.14).

It is clear that the deposition at the interface o + % depends on the sediment present on the upper
layer and on whether the lower layer « is saturated or not. We thus propose to define

< 0wy >ap1= —¢jar1X(Pa)ws,, for j=1,...,N. (6.14)
Based on this definition, we set
W, " )
< 058w; >0y = g ()i X((00)] ), for =1, N (6.15)

and perform an update of 7; o by

n ij At n n
Lo )i = La(rs) i 4 2 () X (@) ) = ()i X(@a-1)I ) (6116)
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where we are considering ;3711 = 0 and ¢_; = 0.
This can be solved explicitly by

1 n+2/3 n+2/3 n+2/3
(Tfa)n+1 lo + (k; )n+2/3 (bar )n+2/3) (Z (Tj.a); 2y (k;); / X((¢a); / )(rj, a+1)n+1)
(6.17)
5. AL
with (k )n+2/3 %7 TiM+1 = 0 and ¢,1 =0.

Now, the variables m, and g, have to be updated by

Lo ()7 ™ = la(m a>’.’“/3

(2

Wy A 1 n+2 n+2
+ij e (s D X0 ) = (i (G2 . (618)

lo(qa)?™ = Lo < )i e

?

ws. At |1 (qa+1 )n+2/3 (QQ)n+2/3 n+1 n+2/3
+) pi [( sy R~ (rja+1)i ™ X((@a); ")
; W2 2\ ()P (ma)f T

n+2/3 n+2/3
- ((@“’;nﬁ/g ((q“))m/g) ()i x((dar )”*‘”%] , (6.19)
Mea); Ma—1

Remark 6.2. Definition (6.17) satisfies the following properties:

n+1 n+2/3

* (1ja);

o Sediment mass is preserved

are non-negative provided that the approximations (1;.q); are non-negative.

M M

Sl = 3l
J,x

a=1 a=1

e [Following (2.5), we can easily generalize (6.16) for freshwater volume fractions by

N wg. At
J

La(ro.a) ! = La(ro.a) =3 2 ()i X(0a) ) = ()i X(Ga) ).

Jj=1

which grants that

M N N
Zl roa)it =Y lalroa)i T and Y (rpa)i = Y (r)i
a=1 j=0 §j=0
[ If (¢a)?+2/3 = ¢maz then
n la n+2/3
(rja)ft = (rj.a)i

and we get (¢a)n+2/3
which are saturated.

< Gmaz- This means that solid concentration does not increase in the cells

7 Numerical simulations

The objective of this section is to show the potential of this model by showing two different tests:
the first one corresponds to the simulation of a hyperpycnal plume and the second one represents a
hypopycnal plume.
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Figure 3: Sediment distribution by layers at time ¢t = 3

7.1 Simulation of a hyperpycnal plume

In this first test we consider a bottom given by

6
2——-(x—0. if x <0.
op(z) = 0.2 7(35 0.7), ifxz<0.7,
0.2, otherwise,

in the domain [0,1] and we set initially clear water satisfying a lake-at-rest steady state, that is,
h(t =0,z) 4+ zp(x) = 0 and u,(t = 0,2) = 0 for each layer « = 1,..., M. We have used here M = 30
layers and 200 points on the domain. We shall consider two sediment species of density 1150kg/m3
and 1250kg/m? respectively. As boundary conditions we set open conditions on the right hand side
and we impose on the left hand side

ue(z,t =0)=0.2, fora=1,...,M, (7.1)

and
1,0 =0.01, for « > M/3 and ¢34 = 0.02, for o < 2M/3. (7.2)

The settling velocity is set to 0.015 for the first species and 0.025 for the second one.

Figures 2, 3, and 4 show the evolution of the plume that plunges into the ambient water generating
a hyperpycnal plume. The first plot in each figure represents the relative density po(®a)/po, while
the second and third plots in each figure represents the volumetric concentration of each sediment
species by layer. We observe that the vertical distribution of sediment is obtained with detail. The
first specie, which is less dense, remains on top of the second one, more dense, as expected. The same
behaviour can be seen in Figures 5 and 6 where the vertical concentration of each sediment species
is shown at two points: & = 0.05, near the left boundary, and x = 0.3, in the mid-region of the
slope. We remark how particles tend to go down due to deposition effects. Again observe the great
detail on the vertical distribution obtained. Moreover, the model allows us to recover the vertical
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velocities of each sediment species. In Figures 7 and 8 we show the average velocities at each interface
MM% = O.5(5wj+7a+% + 5w;’a+%) given by (3.27). It is also interesting the formation at the head of
the plume in Figure 4 due to the change of slope in the bottom.

In Figures 9 we show the velocity field for different times. We can see that the hyperpycnal plume
forms a recirculation of the receiving ambient water.

All the effects described previously are recovered thanks to this multi-layer model. We remark again
that this could not be possible with a one layer model as the one introduced in [21].

7.2 Simulation of a hypopycnal plume

The objective of this test is to show the versatility of the model. It allows to study many physical
situations even the case of an hypopycnal plume. Let us assume a river with freshwater density
Pw, carrying sediment in suspension, comes into the ocean with a given density p,, greater than the
freshwater density p,,. When the sediment of the mixture is less than the sediment of the ocean,
the river will form a plume that floats and go up to the surface of the ocean. The model derived
here assumes that water has density py and we have N sediment species in suspension of density p;,
j=1,...,N. So a priori this model would not be suitable to simulate hypopycnal plumes because
the water density is always the same. Nevertheless, we may assume that pg = p, corresponds to the
ambient water and we may assimilate one of the species to the freshwater of the river, that is, p1 = py
which will give the desired results.

For instance, consider the following topography

3
2 ——(x—0. i <0.
en(z) = 0.2 7(3: 0.7), ifxz<0.7,

0.2, otherwise,

in the domain [0,1]. Assume that ambient water has density higher than freshwater density py =
1020kg/m3. We set initially the ambient water satisfying a lake-at-rest steady state, that is, h(t =
0,2) + zp(x) = 0 and us(t = 0,2) = 0 for each layer « = 1,..., M. We have used here M = 30 layers
and 200 points on the domain.
Now, consider two different species: the first one, assimilated to freshwater of the river, with density
p1 = 1000kg/m? and the second one, assimilated to the sediment in suspension, with density py =
1150kg/m3. As boundary conditions we set open conditions on the right hand side and we impose on
the left hand side

uq(z,t =0) = 0.01, fora=1,...,M, (7.3)

and
01,0 =0.95, for a > M/3 and ¢y, = 0.05, for a < 2M/3. (7.4)

The settling velocity is set to 0.0005 for the sediment species.

Figures 10, 11, and 12 show the evolution of the plume. In the first plot of each of the Figures
we remark that density of the mixture p(®,) is smaller than the one of ambient water py. This
will originate the hypopycnal plume. Again we observe that the vertical distribution of sediment is
obtained with detail. In Figures 13, 14, and 15 we show the vertical distribution of freshwater ¢; and
sediment ¢ at three points: x = 0.1, x = 0.35, and = = 0.8. In Figures 16, 17, and 18 we show, again
at those points, the average velocities at each interface %j,o&% = 0.5(5w;:a+% + §w;a+%) given by
(3.27).

Moreover, the velocity field in Figure 19 shows some interesting profiles. While the river goes up and
to the right, it interacts with the ambient water forming some kind of turbulence. As a consequence
the ambient water will flow to the left under the plume.

We remark that the model reproduces the desired results and that the numerical scheme can handle
such situations.
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Figure 10: Sediment distribution by layers at time t = 0.5

(a) Relative density p(®a)/po (b) First species concentration ¢1,o (c) Second species concentration ¢ «

Figure 11: Sediment distribution by layers at time t = 1

t=2000 t=2.000 t=2000

(a) Relative density p(®a)/po (b) First species concentration ¢1,o (c) Second species concentration ¢ «

Figure 12: Sediment distribution by layers at time t = 2
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Figure 19: Velocity vector by layers

8 Conclusion

In this work, we have proposed a multi-layer shallow-water type model for the simulation of parti-
cle driven gravity currents.The model allows to simulate hyperpycnal and hypopycnal plumes. This
technique allows to describe the vertical distribution of sediment overcoming the lack of information
given by some more simple models. The numerical approximation of the model is based on a path-
conservative finite volume method combined with a three-step splitting procedure. Two numerical
experiments consisting on the simulation of a hyperpycnal and hypopycnal plume on a simplify geome-
try have been performed. The results are promising and this model could help to better understanding
these phenomena.
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A Upwind approximation of the transfer terms

Remember that the transfer terms (4.10) and (4.11) present in (4.9) are defined in a ’centered’ way
at each interface. Nevertheless, transfer terms also admit another definition that could be seen as an
"upwind’ approximation see for example [3] and [11]. Thus, in the case of the multilayer shallow water
system without sediments, the momentum transfer term (4.11) reduces to

ﬁaJrl + "-_l:oc
2
According to [3] and [11], (A.1) could be replaced by

Gat1/2- (A.1)

upwind
u"? Ga+l/2

where
uupwind — U if Ga+1/2 < 07
Ua+1 if Ga+1/2 > 0.

In [11], it has been proved that this definition is equivalent to introducing a numerical vertical diffusion
term in the model, proportional to (I, + l4+1)/2, what improves its stability and tends to zero when
the number of layers tends to infinity.
Nevertheless, here it is not so simple, because p is not constant. In what follows we propose an upwind
definition of the transfer terms (4.10) and (4.11) in terms of the sign of the mass transfer for each
species

pi(Gary = 0wjaq1).
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Let us first consider an upwind definition of the term (4.10). If we denote by

¢',a + ¢',a
(Dary = 255 (Gary — 0Wja1),

then we could define an upwind approximation of (4), 41 as follows:
(b j,a+1 + ¢ j, o 1
(A)Zi% = <32] + §Sgn(Ga+§ - 6wj,a+%)(¢j,a+1 — ¢j.a) (Ga+§ - 6wj,a+%)'
Note that 1
(A)ZZ_% = (A)oz+% + §|Ga+% - 5wj,a+% |(¢j7a+1 - ¢j»a)'

If we replace the term (4.10) by (A)"" , in the N + 1 continuity equations of (4.9), we obtain the

a+%
following
6t(¢j,ochoz) + va: . (¢j,ah(xﬁa)+
1 1
—5lGass = 0wt il(@ja41 = dja) + 51Gay = 0001 1($ja = bja—1) =

Pjat1 + &5, Pja + Pja—1

%(Ga—k% 8w, 1) — %(GQ_% —dwyy).
for j = 0,...,N. Finally, note that these equations could be seen as an approximation of (4.9) plus

the vertical diffusion term: A
z
-0, <2|G - 5wj3z¢j> )

being G — dw; a function such that G — dwjl:  , = Gay1 — 0w o1 and AZ = (ha + ha+1)/2.
atl :

2 |Za+%

We analogously proceed with term (4.11). If we denote by

— — N

Ua+1 + Uq ¢ Re' + ¢ j,oa+1

(Blaty = 2<ZP1‘]2J(Ga+; —0w;at1) )
7=0

then we could define an upwind approximation of (B),1 as follows:

u N Uot1 + U 1 L - Dja + Pjat1
(B)oh s =0 py{ (”2“ + 5980(Gayy = 0004 1) (Tapr — “a)> e

1 "-_l:a+1 + ﬁa
L TR I (ORI e R )

The first term inside the brackets corresponds to an upwind approximation of the velocity times the
centered approximation of sediment concentration. The second one corresponds to a centered approx-
imation of the velocity times the diffusive term appearing in the concentration equation previously
defined. Note that the following equality holds:

aJr%

N
w 1
By = (Blary + 5 D pilGary = 0011185 011tas1 — $jatia)-
§=0

Finally, we could conclude that (B)Zil corresponds to approximating the original momentum equa-
2

tions plus a vertical diffusion term:

As
"y <;|G - 5wjaz(¢ju)) .
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B Description of the terms appearing in the full formulation
We describe now the terms appearing in (5.10):

o F(w) = (Fo(w)|Fj—1)m+a-1(W)|F N prpa(w)) € RVHD-MH1

M
as
B=1

q .
Fii_1ymta1(w) = rj,am—a, forj=1,...,Na=1,...,.M (B.1)
(6%
4 g -
FN~]VI+a(w):m7a+h p5+§lama+g Z lﬁmﬁ , fora=1,..., M.
@ B=a+1

e B(w) has the following block structure

0 0 0

B(w) = Byo(w) B (w) B, N-y+s(w) € Mny1yars1(R), (B.2)

Bn.Mto0(w) | BN.Mtar(W) | BNyvta,N-M+a(W)

where for every a € {1,..., M}, 8 € {1,...,M}, and j € {1,...,N}, and the corresponding
values uy=(j— 1) M +a—-1,v=(j—1)M +  — 1 we have
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By (w) = By, (w) = By n.m+p(w) =0,

M
1 Tiat+l + 75 _ Tja Tt Tja-1 q hq
B :72: Ja+ Jaa J,o J,o o v o
po(w) la ot {( 2h § 2h § l’v) (m m2 po

v Y

1 (7jas1+7; Tia +Tja-1 —hgq
BM)V(UJ) — r <M§a”@ _ Mfa—l,ﬁ) mzﬂ (Pj _ ,00)

2h 2h 2
1 Tiat+l T 7T5a Tja+ Tja—1 h
Bnaris(w) = — Hiﬂgaﬁ,¥ga 18
lo 2h mg
BN Mta0(w Ps+g Z lsmp | = gmaLa—1

B=a+1

M
1 Goa+1 duo Mea41 T Mg
(3 () sy

Ma+1 mg

y=1
(e | e ot Mot 4 Ny
2 M a—1,y m, mgy Po
1 /1 /( qat qa \ M —|— m
Brorant) = - (3 <ma+l m) G
L (e | Gom1 ) M +ma1 —hq,e(‘_ )
9 my afl,B m% P Po
1 1 o Me +ma
By.taN-mtp(W) = - <2 <m » ) H — 0 Sa,8
1/ qa Ga—1 Mo + Ma—1 h
2 (ma + mal) oh fa-lﬁ) ms
(B.3)
e E(w) = (Eo(w)|(E(w) |Enarralw)) € RVFUMFL o 1. M}, with
Eo(w) = G, (B.4)
ENM (w)_1<1(qa+1 Qa> ma+1+ma(1_L )
ta lo \2 \as1 = ma 2h «
1 da do—1 Mo + Ma—1
_Z 1— Lo 1
2 (ma ma1> 2h ( 1)> Gi
— 0, (h(TE).) (B.5)
+ < (TmEz7TzEa:) >a+ (V Za+ a_l)t
1
— 7 < (T T23) >0y (Vaze g, —1)'
la 2 2
E(w) = (Eu(w))p=1,...N-Mm
and for j=1,... Nya=1,... M weset uy=(j—1)-M+a—1and
. 1 (7ja41+Tja Tja+ Tja-1
£uw) = - (2h<1 L) - et el o1, )6y, (B.6)

o U(w) = (0](c(w) | ¥narra(w)) € RVFUMFL o ¢ £1 ... M} with

o(w) = (Ou(w))y=1,..N-M
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and forj=1,...,Nya=1,...,. M weset u=(j—1)- M+ a—1and

1
@H(’w) = —l{ < @j0w; Za+l + < ¢j0w; Za-1 } (B.7)

1J1/(4ga
‘I’N~M+a('w)—_{2( + +m > ZP1¢35WJ at3

Ma+1

(B.8)
n (m L o > ij(pjawj a1 }
When the system is written in the form (5.12)
e J(w) has the following block structure:
Jo,o(w) Jo,v(w) Jo,n m+p(w)
J(w) = Ju0(w) J 0 (w) JuN-Mp(w) € Mn1y-m(R), (B.9)

INMta,0(w) | INMtar(W) | INMta,N M+5(W)

where for every a € {1,...,M}, p € {1,...,M}, and j € {1,...,N}, and corresponding p = (j —
OM+a—-1,v=(j—1)M + 8 — 1, the components of J(w) are written as follows:

Joo Zlﬁ Qﬁ

hqs
Jo(w) = —1522 (p; —
0, ('w) ﬂm% (p] Po)
J (w)=1 N
0,N-M+p3 ﬁ7n5
Ju)o(’w) =0
q q (B.IO)
Tolw) = (22— 1025 6.
"
JyNayp(w) = T;’zt;a,ﬂ
M
TN M+a,0(W) = T pr40,0(W@ +pOZJM+a,7( ),
y=1

IN-Maw(W) = (pj = p0) T 111a,5(W),
IN-Mya,Nmp(Ww) = T nrgas(w),

where

M
- ~ g
Jrtao(W) =ps+yg Z lymy + ilama,
y=a+l

9 M
3 ~ Ay g B.11
Jrrtap(w) = T2 da,p+h ( E , lydy + 21115&,[3) ( )

o y=a+1
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C Description of the terms appearing in the compact formu-

lation

We give here a detailed description of the different terms appearing in (5.15):

o F(w) = (Fo(w)|Fo(®)|Frira(w))t € R2FL where the blocks are defined as follows

FM+Q(H)) = FN.A{+a(w),fOI' o = 1,...,M.

e B(w) is given by the following block structure

F,(w)=qu,fora=1,..., M,

0 0 0
B@)=| Bao@®@) | Bas@) | Bamss(®) | e Monii(R)
Bir4a0(®) | Bryas(®) | Barranis(W)
where for each a« € {1,..., M}, and g € {1,..., M}
By o(w) = By s(w) = Boaryp(w) =0,
1 m +m me +m q
Ea SN a+1 o oy — «@ a—1 o Sy
@ =3 |( oy = )
~y=1
~ - 1 (masr1 +ma Mo + Ma—1 —hgg
Ba = 7 o, — a—
B(w) L < TR 5 ¢ 1,/3) -
b, ~ 1 Ma41 + My Mo + Ma—1 h
B - = - s
a,]\/[+ﬁ(w) L ( 2% ga,ﬂ 2% fa 1,6) ms
M

Busrao(®@) = |ps+g Z lsmp | = gmalLa—1

B=a+1

1

Ma+1 mg

Ma + Ma—1 q
5a1,*y) 'y:| }

Ma+1 + Mg
2h

)5
)

q May1 + M
+ a> %&w

(C.1)



the block structure is given by:

g’g(w) = g'a(w) =0, fora=0,1,..., M,
~ (C.4)
Syta(w)=gmy, fora=1,..., M,

o E(w) = (Eo(w)| Eo(w)| Eppsa(®))! € R2MFL where for cach o € {1,..., M}, the block
structure is given by:

~ 1 (maes1+mq Mo + Ma—1
= el Pe o) - —2 el L ;
( o7 ( L) o7 (1-L, 1)) G5

Epia(®) = Exnarsa(w)

(C.5)

o (W)= (0| Ty(w)|¥ria(®)) € R2M+L where for each a € {1,..., M}, the block structure
is given by:

~ 1
v, (w) = { < ijgb](iw] ard < ijgbjéw] a1 }

a 7=0 (CG)
W pra(W) = Uy M+a( )-
When (5.15) can also be reformulated as in (5.16), then we have:
o J (w) is given by the following block structure
Jo,0(t) Jo,() Jo,u1+5(®)
J(w) = J o0(W) J o,5() T o 15(W) € Man41(R) (C.7)
Tri10,0(®) | Tartas(®) | Inrsans(@)
where for each o € {1,..., M}, and B € {1,..., M}
Jo 0 Z ZB ap
~ hq
Jop(w) =—ls—5 X
5
h (C.8)
J lg—
o,m+p(w) =g mgs

Joz,O(ﬂ)):JaB( ) 0
J o n45(W) = 0o

and JM_;,_a o( ) JM+a g( ) and 3M+Q7M+5(1’IJ) are defined in (B.ll).

D A particular weak solution with hydrostatic pressure: De-
duction of equations

We detail here the calculations needed to obtain the system detailed in Section 4.

O Mass conservation.
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We choose a scalar test function ¢ = (¢, 2) independent of z. Then, in general for a weak solution
¥; the mass conservation equation yields for all « =0,...,M, j =0,1,...,N

0= / (B + V- (65;)) 2
Qe ()

= /Ip(t) @(t,x){ /:Mré (&Qﬁj + V- (¢;0) + 3z(¢jwj))dz} dx

1
=3

ar wrd
= / olt, x){at / @pidz + Vg - / (¢;4) dz
IF(t) ZQ_% z 1

a-3

- ¢j7aatza+% - ¢j7aua+% : vﬁ?za-‘r% + ¢j,awj,a+%

, o=t ot
+ qu,aatza,% + qb]’aua_% . szOﬁ% — ¢j’awj7a_% } dz.

Moreover, noticing that Oiha = Oz, 1= 15)% we obtain the equation

—1
a—37

0 = / @(tax){at(gbj,aha) + v’p : (¢j,aha 'Ea)
IF(t)
jati (D.1)

= +
+ ¢j,aatza—% + (bj,ocua_% : sza_% - ¢j7o‘wj,o¢— 1 d.T,

- ¢j7aatza+% - ¢j7au;+% : V!L’Za+% + (bj,aw

for all ¢(t,.) € L?(Ir(t)).
Applying the equation (D.1) to i, and taking into account (3.7) and (3.8), we obtain the mass
conservation laws (4.5)

O Momentum conservation.

We consider tests functions 9 € H' () verifying (4.4). We can develop the weak formulation (4.3)
taking into account the structure of ¥, performing an integration with respect to the variable z and
identifying each of the two components of the vector test functions. However, the hydrostatic pressure
framework allows to drop the equations that correspond to the vertical component. That is equivalent
to identifying the weak formulation for test functions in the form (9,0), with 95 = 9y (¢, x)
independent of z, with ¥r|gr, = 0. Then, from (4.3) and using these test functions, for the horizontal
momentum conservation equation we obtain,

N N
/ ijat(¢j7aﬁa) : ";H dQ + / ijvx ’ (Qsj,aﬁa oy ﬁa) : 5H aq
Qa (t) =0 Qa(t) =0

N
+ > pj0=(¢j0wjatia) - Op dQ+ / Tt.0 = Ve dQ — Pa Ve - O dQ (D.2)
Qa(t) =0 Qa (1) Qa(t)

- 9 no.= + 9 Nz _
- o ey ) Aoy r / @) Aoy =,
for all « = 1,..., M, where
Th,o = Ta(Va).
Taking into account that Q,(t) = Ir x [z,k% (), 2ot 1 (t)] and the hypothesis on the independence in

2 of i, and 9. 1, we develop in what follows each one of the components of previous equation:
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ZoHr% - —
. / ijat i atla) - Ty dQ = (/ O (p(Po)Uos) -ﬂde>dz
Qa(t) Ir

7=0 Fa—1

:/ haOr(p(Po) o) - O pda.

/Q o) ij (65,080 @ @0 ) - Ty a9 :/ haVe - (p(®a)ia @ ) - it do.

Ir

/ Z p] ¢j aWy, ally) '19H dQ) = Z/ / gb] aWyj, alla) ’lngde
Qo (t z

— — + e 9
— Z/I pj¢j7a(wj7a+% — wjﬁ_%)ua . ’l9Hd.'L'
=0"/1r

2,1 . .
. / TH,a:vmﬁHdQ:/ (/ 2 THA:V“?Hdz)dx/ haTt.o : VeOpdz
Qa(t) Ir ZQ_% Ir

_ 7/ V. - (haTi.a) - Drrde.
Ir

- za+% - - Zu+%
) / PaVy - Oy dQ = </ padz>V-19de:— Iy Vm(/ padz>d:lc
Qa (1) Ip \Jz, 1 Ir Z,_1

-1 w1
— ZQ+%
= — Iy - (/ V$padz+pa+%vzza+1 pa_;V za_)dx
IF ch—%
- ZuHr% - 2
= - Yy - (/ prad?«')dx—/ pa+l(’l9H,0)/'77a+l 1+1Ve a+i dx
Ir Zal Ir 2 2 2
- 2
+/ Pa-t(9m,0)"  Nq_14/1+ |Vuzg 1| da.
Ir
- - 2
. / (E;+;(19H70)/)~ﬁa+%dl—‘:/ (2;+1('9H=0)/)-na+% 14+ |Vezgyn| do.
+1(t) 2 Ip 2
Moreover, as X~ at+l + Dy, +1 I=T" g 1) We can do the following simplification,
2
_ 2 N , 2
/IF(EOC-‘,-;( UPER rPa+1 dx+LFpa+;(ﬂH,0) Mot 14|V, atl dx

=/ (T;_._;(ﬁHaO)/)'(sza_i_%,—l)/dx:/ (T +1(V$za+%)’—Tx—m+%)-6de.

IF 2 IF

Where we have used that as T 41 is a symmetric matrix. Then

(T 98.0)) - (Vezag g 1) = (T, ) (Vezas 3, —1)') - (91,0)'.

Then, the weak formulation (D.2), corresponding to the horizontal momentum equation for this set
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of tests functions, can be written as follows:

N
/ 5H : ( haat(ﬂ(q)a)ﬁa) + haVy - (P(q>a)ﬁa ® ﬁa) + ij¢j,a(w;a+l - w{ra—l)ﬁa
I ’ 2

s )
j=0
Za+% E
+ VeDadz — V. - (hoT5)
za_%
+(T§ atl (vzzcwr%)/ -7, a+1) - (Tﬁa_;(vxza%)/ - T;Z a_l) )dw =0,
V.
(D.3)
Taking into account (3.22) we deduce,
N
haat(p(q)a)ﬁa) + hozvz : (p((ba)ﬁa ® ﬁa) + Z pj(bj,a(wjja_,'_% - wj’a_%)ﬁa
j=0
za+% .
+/ pradz - V- (hozTH)
Famd (D.4)
+(TH,0¢+% (VIZDL+%)/ - Tzz,aJr%) - (TH,afé (vmzafé)/ - Tzz,afé)
i, T Ty — U1 o
a+1l — Wy a — Wa-—1
SR TS SR
j=0 j=0
Using (4.7) we may write (D.4) in the form
Zoi1
hap(Po)0itia + hap(Py)Vy - (ﬁa ® '&’a) +/ ? Vppadz — VY, - (haTE)
+(TH,OL+%(VIZO¢+%)/ - T:cz,oﬁ»%) - (TH,ozf% (Vl’zafé)l - T:vz,ozfé)
i o o — o (b-5)
a+l — Wu a — Wa—1
= =52 piGhary — — 5 2 PiGias
j=0 j=0

)

SIS

N
= Pibjaw s — wk
i=0

Finally, we can obtain the momentum equations by combining previous equation with (4.5). If we
multiply (4.5) by p;, for j =0,..., N and by summing up these equations we obtain

N N
8t(p(q)a)ha) + Ve (p<(ba)haﬁa) = ijGj,aJr% - ijGj,af%' (DG)
=0

=0

Finally, if we sum up (D.5) with the result of multiplying (D.6) by i,, and taking into account (3.14),
we obtain the evolution equation for the momentum at each layer:

37



A(p(® o) haiia) + Yy (p(@a)haﬁa ® ﬁa) + hap(®a) (Vw : ﬁa)a’a + / 2 Vpadz — V- (haTs)

oa—

[N

+(TH,O¢+%(V$Z@+%), - T;cz,oe-&-%) - (TH,a—é (vxzoz—

TZ,a—%
- - N — N N
Ua+1 + Uy Uy + Uq—1
== piGhary — 5 2 PiGiany
=0 =0
N
— Uy ZO qubj,a(wwr% wa_%).
j=
(D.7)
Remark that V - v = 0 which means:
ha Vi - Go + (w;+% - w;%) =0, (D.8)

and (4.8) follows.
Now, by (4.1) and (4.2), we obtain

M a—1
Fatd ha ha
/ Vepadz = ha( Va (ps +g D> p(®p)hs + gp(‘I)a)2> + 9p(®a) Ve (Zb +> h+ 2) )

Zafé B=a+1 B=1

Then, (D.9) can be rewritten as

/ e vaadz = ha( V$T)a + gp(q)a)vwgct )

Za—%

and (4.9) follows.
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