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Abstract

The main purpose of this dissertation is the study of weighted norm inequalities for
different operators in harmonic analysis in two different settings.

On one hand, the first part of this work is focused on the study of strong and
weak weighted inequalities for Calderén—Zygmund operators in spaces of homogeneous
type, which generalize the classic situation in the Euclidean space R™. Our goal is
to obtain mixed bounds formed by at least two different A, constants so that these
mixed estimates are strictly smaller than the classic one-constant bounds. We also
derive generalizations of the so-called John-Nirenberg inequality with precise constants
and a sharp reverse Holder inequality for A,, weights in cubes in order to get sharp
bounds for Calderén—Zygmund operators and commutators of these operators with
BMO symbols.

On the other hand, the last part of this monograph is devoted to the study of
weighted inequalities and the determination of the sharp bounds for the multilinear
maximal function and multilinear singular integral operators. First, we derive a sharp
mixed Az — Ay bound for the multilinear maximal function as well as other results
that generalize some known one-weight and two-weight results to the multiple setting.
Besides, we prove a control in norm of multilinear Calderén—-Zygmund operators and
multilinear singular integral operators with non-smooth kernels by multilinear sparse
operators. As a consequence of these results we also give an analogue of the A,
theorem in the multilinear context for both classes of operators.

Next, we study the improvement of the boundedness to the stronger condition of
compactness of the commutators of different families of operators with symbols in a
subspace of BMO. First, we will focus in the study of compactness of commutators
of a class of bilinear operators that extends the case of bilinear Calderén—Zygmund
operators. We also study the case of the commutators of a more singular family of
bilinear fractional integrals that can be seen as fractional versions of the bilinear
Hilbert transform. Finally, we also determine the classes of multiple weights for
which compactness of commutators of bilinear Calderén—Zygmund operators and their

iterates in weighted Lebesgue spaces still hold.
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Resumen

El principal objetivo de esta tesis es el estudio de desigualdades con pesos para
diferentes operadores del andlisis arménico en dos ambientes diferentes: los espacios
de tipo homogéneo y en el contexto euclideo multilineal.

La primera parte del presente trabajo se centra en el estudio de acotaciones fuertes
y débiles con pesos de operadores de Calderén-Zygmund que generalizan a espacios de
tipo homogéneo la situacion del espacio euclideo R™. Nuestro objetivo es la obtenciéon
de cotas formadas por al menos dos constantes A, diferentes de manera que estas cotas
mixtas sean estrictamente mas pequenas que las clasicas formadas por una constante.
Asimismo, se generalizan desigualdades como la de John-Nirenberg y la desigualdad
de Holder al revés, las cuales seran herramientas fundamentales de cara a determinar
acotaciones ptimas para los operadores de Calderén—Zygmund y los conmutadores de
estos operadores con funciones de BMO.

La segunda parte de esta monografia se centra en el estudio de las desigualdades
con pesos para la funcién maximal multilineal y operadores integrales singulares
multilineales asi como la determinacion de las constantes éptimas para la acotacion
de dichos operadores. Con respecto al problema de determinacién de las constantes
optimas para la funcién maximal multilineal, se consigue una cota mixta que mezcla
la constante miltiple A5 con un producto de constantes A.. También se extienden
total o parcialmente otros resultados en el contexto miltiple de uno y dos pesos como
los teoremas de S. Buckley y E. Sawyer, respectivamente. Asimismo, se establece el
control en norma de los operadores multilineales de Calderéon-Zygmund e integrales
singulares mutilineales con niicleos no suaves por operadores multilineales de tipo
sparse. Como consecuencia de este resultado se deriva un andlogo del teorema A, para
ambos tipos de operadores.

Finalmente, se estudia la compacidad de los conmutadores de diferentes operadores
con simbolos en un subespacio de BMO. Por un lado, el estudio se centra en
los conmutadores de una clase de operadores bilineales que extiende el caso de los
operadores de Calderon—Zygmund. También se estudia el caso de los conmutadores de
una familia de operadores bilineales fraccionarios més singulares que pueden verse como
la versién fraccionaria de la transformada de Hilbert bilineal. Por otro lado, se estudian
las clases de pesos multiples para los cuales se tiene que los conmutadores de operadores

de Calderén—Zygmund bilineales son compactos en espacios de Lebesgue con pesos.
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Introduction

The origin of the modern theory of weighted inequalities can be traced back to the
works of R. Hunt, B. Muckenhoupt, R. Wheeden, R. Coifman, and C. Fefferman in
the decade of the 70’s. The basic problem concerning weighted inequalities consists in
determining under which conditions a given operator, initially bounded on LP(R™), is
bounded on LP(R™, 11), where y is an absolutely continuous measure with respect to
Lebesgue measure, i.e. du = wdz. Here, w denotes a non-negative locally integrable
function on R”™ that is positive almost everywhere, that is called a weight.
A sustained research period was started with the groundbreaking work of Muckenhoupt

[91]. In this work he characterized the class of weights u,v for which the following
weak inequality for the Hardy-Littlewood maximal operator and for 1 < p < oo holds

(1) sup )\p/ u(z)de < C |f (2)|Pv(z)dz, f € LP(v).
A>0  J{Mfsay R"

This condition on the weights is known as A, condition, namely

., = sup <|22|/Qu(x)da:> (@/Qv(x)p%)p_l <o, p>1,

where the supremum is taken over all the cubes in R”. Note that when p = 1, the
term (JCQ v(m)fﬁ)p_l must be understood as (infg v)~!. Although weights in the
A, class are also known as Muckenhoupt weights, it is worth mentioning that variant
of this condition was previously introduced by Rosenblum in [102]. In the particular
case u = v and p > 1, Muckenhoupt also proved that the following strong estimate

[ ots@ru@ds <c [ (r@poads, fe ),

Rn

holds if and only if v satisfies the A, condition.

From that point on, the interest of harmonic analysts focused on studying weighted
inequalities for the classical operators such as the Hilbert and Riesz transforms and
other singular integral operators leading to a wide literature on one-weight norm
inequalities.

However, the problem of finding a condition on the weights u, v satisfying the strong
estimate above was much more complicated. It was not until 1982 that E. Sawyer
[103] characterized the two weight inequality, showing that M : L?(v) — LP(u) if

and only if the pair of weights (u,v) satisfies the following testing condition known as

xiii



INTRODUCTION

Sawyer’s S, condition

fQM<XQa>pudx)”P
< 00,

where o = v' 7" and 1 < p < co. Observe that condition (2) involves the operator
under study itself and, for this reason, it is difficult either to check or use it to construct
examples of weights for applications. This difficulty together with the fact that these
conditions are just defined for particular operators motivated the development of
different sufficient conditions, close in form to the A, condition.

The classical results mentioned so far did not reflect the quantitative dependence
of the L?(w) operator norm in terms of the relevant constant involving the weights
since they were qualitative properties. Therefore, the relevant question then was to
determine the precise sharp bounds of a given operator in LP(w), whenever w € A,,.

The first author who studied this problem for the Hardy—Littlewood maximal
operator was S. Buckley, a Ph.D. student of R. Fefferman, who proved in [16],

1

(3) HMHLP(w) < Cp/ [w}fl_lv

P

where C'is a dimensional constant. We say that the above inequality is sharp in the
sense that we cannot replace the exponent on the weight constant by an smaller one.
Buckley also proved another quantitative result related to the weak estimate for the
Hardy-Littlewood maximal operator as an application of the classical covering lemmas.

More precisely,
1
(4) M| L (wys () < Clul{?

where C' is a dimensional constant. In fact, it can be easily proved that the operator
norm and the weight constant in (4) are comparable, whereas in (3) this result is false
(see [61] for further details).

Following the spirit of Buckley’s results, a similar problem was studied by J.
Wittwer, another Ph.D. student of R. Fefferman, for the martingale operator and
the square function in [113] and [114], respectively. Later on, regarding the two-
weight problem for the Hardy—Littlewood maximal function, K. Moen found in [87] a

quantitative form of E. Sawyer’s result in terms of Sawyer’s S, condition (2). Namely

(5) [[M]|Lp(v)— Lr () = [©,V]s,-
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INTRODUCTION

Although maximal functions are relevant operators in harmonic analysis, singular
integrals are probably the central operators in this field. The term singular integral
refers to a wide class of operators that are (formally) defined, as integral operators in
the following way

74(a) = [ Ko,
where K is a singular kernel in the sense that it is not locally integrable. The prototype

or most representative example of this class of operators is the Hilbert transform in

the real line, namely
Hf(x) = lp.v. Mdy.
T RT—Y
In the light of the previous results, the relevant problem then was trying to determine
the sharp constant in the corresponding weighted inequality for Calderén—Zygmund
singular integral operators. Concerning this problem, the next relevant step in this
direction was given by K. Astala, T. Iwaniec and E. Saksman in [7]. They studied the

Beurling transform (also known as the Ahlfors-Beurling transform) defined as follows

de'

Bf(z) = p.v./

c (w—2z)
This Calderén—Zygmund operator is one of the most important singular integral
operators related to complex variables, quasi-conformal mappings and the regularity
theory of the Beltrami equation. In fact, in [7] the authors were interested in finding

the smallest ¢ < 2 such that the solutions of the Beltrami equation
of = udf

that belong to the Sobolev space V[/ﬁ)g also belong to the better space Wl{)cz (i.e. the
solutions are quasi-regular). Here 4 is a bounded function such that ||u||e =k < 1.
Lately, K. Astala [6] proved that ¢ > k+ 1 is sufficient. On the other hand, T. Iwaniec
and G.J. Martin [65] found examples showing that, in general, the result does not
hold for g < k + 1.

In [7] the authors also pointed out that in the case ¢ = k + 1, the quasi-regularity
would be a consequence of a linear bound of || B||1s(w) for p > 2 in terms of the weight

constant. In fact, they conjectured the following bound for the Beurling operator
(6) HBHLP('w) < Cp[w}Apa P> 2,

which was proved by S. Petermichl and A. Volberg in [101]. This conjecture revealed

the importance of finding a bound on the norm of a given operator in terms of the
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INTRODUCTION

weight constant. Another feature of the theory is the relevance of the case p = 2. It is
due to the fact that, as a consequence of Rubio de Francia’s extrapolation theorem
obtained in [37], it suffices to obtain a linear bound in the case p = 2 since it is the
starting point to derive sharp bounds for all p. We refer the interested reader to [34]
for a simpler proof of the precise extrapolation theorem, which was inspired by the
work of Duoandikoetxea [39].

The next important advance in this area was due to S. Petermichl [99] who proved
the optimal bounds for the Hilbert transform. Shortly after, she extended this result
to the Riesz transforms in [100]. Lately, O. Beznosova proved the analogous linear
bound for discrete paraproduct operators in [14].

It was then that the so-called As conjecture gathered more importance. This
conjecture claimed that the dependence for a Calder6n—Zygmund operator will be

linear on the A, constant, namely
(7) IT||L2(w) < Clw]a,.

As mentioned before, from (7) it is possible to extrapolate to get the A, dependence.

More precisely,
) Tllzry < Oy 70,
where the dimensional constant C' depends also on p and T'.

In 2010, the sharp As bound for a large family of Haar shift operators that included
dyadic operators was obtained by M. Lacey, S. Petermichl and M.C. Reguera in [71].
After that, D. Cruz-Uribe, J.M. Martell and C. Pérez proved a more flexible result in
[34] that could be applied to many different operators and whose proof avoids Bellman
functions as well as two-weight norm inequalities.

After many intermediate results by others, the As conjecture was solved in full
generality by T. Hytonen in [58] using a very different and interesting probabilistic
approach. Shortly after, A.K. Lerner gave a simpler and beautiful proof in [77] based
on the use of dyadic sparse operators and the so-called local mean oscillation formula.
Lately, K. Moen [89] derived sharp weighted bounds for sparse operators for all p,
1 < p < o0, avoiding the use of extrapolation.

After the solution of the As conjecture, several improvements of this and other
results were obtained in [61] by T. Hytonen and C. Pérez. The underlying idea of this

work was to replace a portion of the A, constant by another smaller constant defined
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INTRODUCTION

in terms of the A, constant given by

1
) wla =sup o | Muno)
Q w(Q) Q
This functional was implicitly considered by N. Fujii in [45] to provide a characterization
of the A class of weights and later it was rediscovered by M. Wilson in [112]. Tt is

smaller than the more classical A, condition due to Hruséév

wli.. = m{m/ %WQQ/qu’

as it was shown in [61] for the particular case of weights of the form w = txg + xr\E
with ¢ > 3. On the one hand, in [61] an improvement of Buckley’s estimate for the

Hardy-Littlewood maximal function is proved. Namely, for p > 1,

(10) 1M ]| 1oy < CP'([w]a, [0]4.)"?,

where C is a dimensional constant and ¢ = w'~

?'. This result improves significantly
Buckley’s bound since
_1

([w]a, [wla )P < ([w]AP[w]Z;)”p < Wwlf,

On the other hand, in [61] the A5 theorem (as well as its L? counterpart) was improved

obtaining the following mixed sharp A; — A, estimate for singular integral operators
/2, —
(11) T2y < Clul 4 (b an + [w]a)'?,

which is the starting point for proving analogous sharp bounds for other operators
such as commutators and their iterates as well.
Another type of quantitative results can be derived assuming different conditions

on the weight. For instance, if w € Ay, in [79] it was proved that

(12) Tz (w) < Crpplw]a,

Observe that there is a linear growth for all p in the above result since we are assuming
stronger conditions on the weight. In particular, there is no blow-up in the exponent
as it happens in (8), where the weight is assumed to be in the A, class. In [79] the
sharpness of (12) is proved, as well as a weak (1,1) estimate where the dependence

on the constant is of the form [w]4, (log (e + [w]4,)). As mentioned before, the linear
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growth has been improved in [61] by using a mixed A; — Ay, bound. This result is

better since [w]a_ < [w]a,. More precisely, it was proved that

(13) T f || oy < Crop [w] Pl 11 f 1] o ),
and
(14) 1T f[l Lo (w) < erlw]a, log (e + [w]a ) f]L (w)-

Another relevant class of singular integrals was introduced and studied by R. Coifman,
R. Rochberg and G. Weiss in [32], motivated by the works of A.P. Calderén on the
Cauchy transform along Lipschitz curves. If T is a singular integral operator associated
with a kernel K and b is a locally integrable function in R™ (often called symbol), we
define the commutator of T" with b as follows

7, f(z) = / (b(y) — b(2) K (2,) f (9)dy.

n

Although these operators were initially related to the generalizations of the factorization
theorem for Hardy spaces in several variables on the unit disk [32], they are interesting
for many other reasons such as their applications to partial differential equations.

In [32] it was shown that in the general case, when T is a Calder6n—Zygmund
operator, b € BMO is a sufficient condition for [T,b]f to be bounded on LP(R"),
1 < p < co. Conversely, if for every j = 1,...,n, [R;,b] is bounded on L?(R") for
some p, 1 < p < 0o, where R; is the j-th Riesz transform given by

L (=) vj .

Rjf(x) = —=7~ P /Rn |y|n+1f(x —y)dy, 1<j<n,
T2

then b € BMO.

Even though commutators behave in some sense as Calderén—Zygmund operators
when considering L?(R"™) estimates, they are different since [T, b] in general is not of
weak type (1,1) when b € BMO as observed by C. Pérez in [94]. In fact, C. Pérez
proved a weak estimate of type L(log L) for commutators.

Another interesting phenomenon concerning commutators is the so-called smoothing
effect. Indeed, there is an improvement of boundedness to the stronger condition of
compactness of these operators when commuting with a special class of symbols. In
[108], A. Uchiyama showed that linear commutators of Calderén-Zygmund operators

and pointwise multiplication with a symbol belonging to an appropriate subspace of
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the John-Nirenberg space BM O are compact. This result improved the boundedness
properties obtained by Coifman, Rochberg and Weiss in [32]. Compactness has
different applications: deriving a Fredholm alternative for equations with coefficients
in appropriate LP spaces with 1 < p < oo [66]; the theory of compensated compactness
of Coifman, Lions, Meyer and Semmes [29]; or the integrability theory of Jacobians
[64].

Outline

The aim of this dissertation is to extend the A; theory of weights to spaces of
homogeneous type as well as to give multilinear analogues of some of the above
mentioned results following the spirit of the theory of multiple weights developed in
[80].

This work is organized as follows:

In Chapter 1 we present some notions and results in the linear setting and in the
context of the Euclidean space R™ that will lead the reader to a complete understanding
of the more general concepts that we are dealing with along this dissertation. More
precisely, we start defining our natural framework, the Lebesgue spaces. We also
recall the definition and some boundedness properties of the main operators in our
study, as well as the definition of the A, classes of weights and the more relevant
constants in this theory. Finally, some basic facts on BM O functions, non-increasing
rearrangements and the local mean oscillation formula of Lerner are also listed.

In Chapter 2 we will be working in the more general setting of the spaces of
homogeneous type that generalizes the Euclidean situation in R™ with the Lebesgue
measure. The purpose of this chapter is to extend some well-known weak and strong
sharp mixed inequalities mentioned before concerning Calderén—Zygmund operators,
assuming stronger conditions on the weights, i.e. w € A;. That is, we want to find
bounds for these operators formed by at least two different A, constants since these
mixed estimates are strictly smaller than the original one-constant bound. We also
extend (11) in order to prove sharp bounds for commutators of Calderén—Zygmund
operators and their iterates with BM O functions. It is worth mentioning the use of
the new techniques of Lerner to derive in a simpler manner a Coifman—Fefferman type
inequality, which will be very useful to get precise constants. Furthermore, we extend

two well-known inequalities to the homogeneous setting: the sharp reverse Holder
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INTRODUCTION

inequality for A, weights in dyadic cubes and a precise version of the John-Nirenberg
inequality.

In Chapter 3 we present a variety of results related to the multilinear maximal
function. Namely, we generalize the A,-A., bound presented in [61] to the multilinear
setting proving its sharpness. From this result we give some partial results related
to the multilinear version of Buckley’s bound. We also prove a multilinear Carleson
embedding lemma which is the key tool for proving the rest of the results in this
chapter. More precisely, a multilinear version of Sawyer’s theorem assuming that
the multiple weights satisfy a sort of Reverse Holder property and some multilinear
two-weight estimates for the multilinear maximal operator that generalize those proved
in [61].

In Chapter 4 we establish the control in norm of multilinear Calderén—Zygmund
operators and multilinear singular integral operators with non-smooth kernels by
multilinear sparse operators. As an application, we derive a multilinear analogue of the
so-called Ay theorem for both classes of operators. Some related remarks concerning
the multilinear version of the A, theorem as well as some open questions are also
listed at the end of this chapter.

In Chapter 5 we study the compactness of commutators of different classes of
bilinear singular integrals with symbols in CMO, a subspace of the space of func-
tions of bounded mean oscillation. First, we will concentrate on the study of the
compactness of the commutators in a class of bilinear operators that extends the case
of bilinear Calderén—Zygmund operators studied in [11]. Second, we will study the
commutators of a more singular family of bilinear fractional integrals that can be
seen as fractional versions of the bilinear Hilbert transform obtaining that, although
the smoothing phenomenon is still present, in this case it is weaker. Finally, as all
these compactness results rely on the Fréchet-Kolmogorov-Riesz characterization of
precompact sets in unweighted Lebesgue spaces, we also are interested in the case
when the Lebesgue measure dx is replaced by an absolutely continuous measure with
respect to it. More precisely, we study of the compactness in weighted Lebesgue spaces
of commutators of bilinear Calderén—Zygmund operators and their iterates with CMO
symbols determining the suitable classes of multiple weights for which it still works.

This dissertation contains results from the articles [3], [21], [35], [36], [10] and [9].
Note that some proofs in Chapter 5 are presented in a different manner from that
in the corresponding article in order to provide a different and more comprehensive

proof.
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Preliminaries

In this chapter we introduce some of notions and results in the linear setting and
in the context of the Euclidean space R™ that will lead the reader to a complete
understanding of the concepts that we are dealing with along this dissertation. It is
assumed that they are mostly well known to the reader. For further details, see for
instance, [8, 38, 48, 68].

Firstly, we start defining the Lebesgue spaces where our work in mainly developed.
The notion of sparseness of a family of cubes is also recalled. Next, we remind the
definition and some boundedness properties of the main operators in our study. We
also describe the A, classes of weights as well as the most important weight constants
involved in the problem of finding sharp norm bounds. Finally, some basics on BMO
functions, non-increasing rearrangements and the local mean oscillation formula of

Lerner are also listed.

1.1 Lebesgue spaces

In this section we review the definitions and some properties of the main spaces where
this thesis is mainly developed. First, we introduce the notions of Lebesgue and weak
Lebesgue spaces, as well as some properties of these spaces. We also recall some basic
properties of the associate space of a Banach function space that generalize the ones

listed for Lebesgue spaces which will be used in the sequel.

Definition 1.1.1. Let (X, u) be a measure space.

1. The space LP(X, 1), 1 < p < 00, is defined as the set of u-measurable functions

from X to C whose p-th powers are integrable. The norm of a function f in

LP (X, u) is defined by
Il = ( [ 157a) "
X

2. In the particular case when p = oo, L= (X, ) denotes the space of essentially
bounded functions from X to C, that is, the collection of functions f for which

[ fllLoe (x,p) := esssup | f(z)] < oo,
reX

1
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where the essential supremum is defined as follows

esssup |f(z)] :=inf{a >0: u({z € X : |f(x)] > a}) = 0}.
reX
LP(X, ), for 1 < p < oo, are Banach spaces equipped with their corresponding norms.

They satisfy the Holder’s inequality. Namely,

wy [ @l < ( If(fv)”du(x)>l/p (/ |g<z>|p’du<x>)l/p/,

where p’ denotes the conjugate exponent of p and satisfy the following relationship

1 1
1.2 -+ =1L
(12 p 7
Note that (1.1) is sharp in the sense that

(1.3) gl Lo (x,) = sup {/X \foldp: f e LP, |[fllr(x ) < 1}7

forall g € L¥' (X, ) and for all p and p’ satisfying (1.2). Therefore, the space )5d (X, )
is described explicitly in terms of LP(X, u). This is not surprising since LP(X, i) and
’ (X, p) are associate Banach function spaces. In general, given a Banach function
space X, we define its associate space X’ that consists of all measurable functions f

for which

[ fllx = sup / |f(x)g(z)|dz < oc.

llgllx <1

It is easy to prove that this definition implies the following Holder inequality

(1.4) / | (@)g(@)ldz < [|Fllxllgllx-
Furthermore, [8, p. 13],
(1.5 1£lx = sw [ If(@g(o)ld.
llgllx-=1JR"
By Fatou’s lemma [8, p. 5], if f,, — f a.e., and if liminf, o || fn||x < o0, then f € X,
and
(1.6) 1fllx < timin |17l

Properties (1.4), (1.5) and (1.6) will be essential in the sequel. A general account of

Banach function spaces is addressed in [8, Ch. 1].

2



1.2. DYADIC GRIDS AND SPARSE FAMILIES

Let us remark that Holder’s inequality in Lebesgue spaces could be generalized
to act over m functions: consider m + 1 exponents, pi, ..., Pm,p such that verify the

so-called homogeneity or Holder’s condition:

1 1 1
o o+ =
p D1 Pm
Then
(1.7) I[fr-o o follorxo) < H [ fill Lri (x,p0)-
=1

Next, we remind the Minkowski’s integral inequality. Let f be an integrable function

on the product space (X, 1) x (Y, v) where u, v are o-finite and p > 1. Then,

ws [[([ If(%y)ldu(w))pdV(y)r/pS /1 f(w,y)IpdV(y)]l/pdu(m)-

Other useful spaces in which we will also be working are weak Lebesgue spaces defined

as follows.

Definition 1.1.2. For 0 < p < oo, the space weak LP>° (X, ) is defined as the set of

all p-mesurable functions from X to C such that

111 zroe () = sup {t > 0: tu({z € X ¢ |f(2)] > 1})"/7} < co.

Observe that, by definition, the weak L (X, i) space is the space L (X, u). Weak
Lebesgue spaces are not Banach spaces but quasi-Banach spaces and they satisfy that
LP(X, ) C LP20 (X, ).

In the particular case when X is R™ or a subset of R™ and du = dzx is the Lebesgue
measure, we can omit the measure writing LP(R"™) or simply LP (LP**°, resp.) instead
of LP(R™,dx) (LP:°°(R™, p), resp).

When p is an absolutely continuous measure with respect to Lebesgue measure,
that is, du = wdz, we write LP(w) or LP-*°(w) to denote the corresponding weighted
Lebesgue space. The measurable non-negative function w appearing above is called

weight (see Section 1.4 for more details).

1.2 Dyadic grids and sparse famailies

In this section we recall the concept of sparness of a family of cubes within a dyadic

grid that will play an important role along this dissertation. We define the standard
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dyadic grid in R™, which we will denote by D, as the collection of cubes
2770, )" +4), k€Z,jeZ"
By a general dyadic grid 2 we mean a collection of cubes with the following properties:

1. For any Q € Z its sidelength £ is 2%, for some k € Z.
2. QNRe{Q,R,0} for any Q,R € 2.

3. The cubes of a fixed sidelength 2* form a partition of R".

We say that a collection of cubes {Qf} is a sparse family of cubes if:
1. The cubes Qf are disjoint in j, with k fixed.
2. If Qp = UjQé‘?, then Q11 C Q.
3. Q1 N QY| < 31Q.

Observe that we can associate to a sparse family of cubes {Qf} a pairwise disjoint

familly of sets defined as follows:
E]k = Q? \ Qit1,

satisfying
Q51 < 2|E7].

The following property, which can be found in [61, 36], will be useful in the sequel.

Proposition 1.2.1. There are 2" dyadic grids P, such that for any cube @Q C R"
there exists a cube Qo € D, such that QQ C Q, and Lo, < 6Lg.

Associated to a sparse family S C 2, we define a sparse operator as follows
(1.9 Aso() =% (f 1) ve
Qes V@

As mentioned in the introduction these operators play an important role in showing
the sharp bound for Calderén—Zygmund operators (described in Section 1.3 below)

within the proof of the Ay conjecture following Lerner’s approach.

4
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1.3 Main operators

In this section, we recall the definition as well as some boundedness properties of the
main operators in the linear setting that we will use in the following as well as to
understand the multilinear operators appearing along this dissertation.

Since we will mainly work with linear or sublinear operators that satisfy strong or

weak inequalities we consider necessary to remind first that notions.
Definition 1.3.1. We say that an operator T is:

1. Linear if T(f + 9) =T(f) +T(g9) and T(Af) = AT (f).

2. Sublinear if |T(f + g)| < [T(f)] +|T(g)| and [T(AP)| = INIT(F)],
for all functions f,g and \ € C.

Definition 1.3.2. Let (X, p) and (Y,v) be measure spaces and let T be an operator
defined from LP(X, u) into the space of measurable functions from'Y to C. We say
that:

1. T s strong (p7 q) Zf ||TfHL‘1(Y,l/) S |‘f”LP(X7M)'

2. T is weak (p,q) if [|Tfllpao v,y SN FllLex,p)-

It is clear from the definition that a strong (p,q) operator is also a weak (p,q)
operator. When (X, ) = (Y,v) in the above definition of weak (p, p) operator, we get
the so called Chebyshev inequality, that is,

p{r e X:|f(@)] > A} S <||f|LA<X#>) .

In general, given two Lebesgue spaces LP(X, u) and L4(Y, v), we say that T is a bounded
operator from LP(X, ) to LY(Y,v) (and we denote it by T : LP(X, u) — L4(Y,v)) if
for all functions f € LP(X, ) we have

T (F)|zayy < ClSllLe x>

where C' is a constant. We will denote the operator norm ||T'||zr(x,u)—La(v,0) bY

Tl (x y—racvpy = sup [T fl[Layp)-
Nfller(x,m=1
In the particular case when (X, u) = (Y,v) we will denote the operator norm as

T e (X, u)-
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1.8.1 Mazimal operators

One of the main objects in harmonic analysis is the well known Hardy—Littlewood

maximal function defined as follows
(1.10) M) = s oo / £(y)ldy,

where the supremum is taken all over the cubes ) containing x € R™. Note that M
can be equivalently defined over cubes or balls. Unless otherwise indicated, we will
use the definition over cubes.

With respect to its boundedness properties, we have the following result due to
Hardy and Littlewood [55] and Wiener [110].

Theorem 1.3.1. Let 1 < p < oo, then M is a strong (p,p) and a weak (1,1) operator.

As mentioned before, the Hardy-Littlewood maximal function plays an important
role in Calderén—Zygmund theory since in some sense it controls singular integral
operators. Besides, this operator is involved in the Lebesgue differentiation theorem

stated as follows.

Theorem 1.3.2. Let f be a locally integrable function in R™. Then for a.e. x € R",
we have that:

1

1. f(z) = }%W . f(y)dy.

2. |f(z)| < Mf(z).

Although there are several variants of the Hardy—Littlewood maximal function (i.e.
centered or uncentered versions, over dyadic cubes, etc.), here we only introduce two
of the most important ones. Other maximal functions will be defined when necessary
along this memory.

The first maximal function is known as the Fefferman-Stein sharp mazimal function

and it measures the average oscillation of a function over cubes at a certain point.

Definition 1.3.3. Given a locally integrable function f in R™ and x € R"™, we define
the sharp mazximal function by
(111) Mg = s o 1500 fold
Q3z Q]
where fo denotes the average of f over the cube Q@ and the supremum in the above

definition is taken all over the cubes Q that contain the point x.

6
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One variation of the above maximal function is the sharp-delta maximal function,

define as follows
(1.12) M f(x) = (M*(|£°) ().

Finally, we define a family of maximal functions that generalizes the Hardy—Littlewood

maximal function known as fractional maximal functions.

Definition 1.3.4. Given 0 < a < n, we define the fractional maximal operator M,

by
1
(1.13) M f(z) == sup —=—= [ |f(y)ldy,
@z Q' Jg
where the supremum is taken all over the cubes QQ containing the point x € R™.

It is clear that the case o = 0 corresponds to the Hardy—Littlewood maximal
function (1.10). Besides, this family of maximal functions has the corresponding

boundedness properties. Namely,

Theorem 1.3.3. Let 1 <p <~ and q satisfying the following equation

(1.14)

D=
Sl\Q

1
q
Then, M, : LP(R") — L4(R").

1.3.2  Singular integral operators

The term singular integral operator refers to a wide class of operators that are (formally)

defined, as integral operators of the following form

Tf(z) = / K(,9) (v)dy.

where the kernel K is singular in the sense that it is not locally integrable. The
importance of this kind of operators lies in their intimate connection to the study of
the convergence of the Fourier series among other reasons. It is well known that the
study of the LP boundedness of the conjugate function in the torus is equivalent to
the study of the convergence of the Fourier series of functions in L?; since the Hilbert
transform in the real line is a version of the conjugate function, it turns out that it
plays an important role in the study of the convergence of the Fourier series in the

real line as the conjugate function does in the torus.

7
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The prototype or most representative example of this class of operators is the

Hilbert transform in the real line. It is defined by

Hf(z) =+ lim/ W) g

Te=0 Jlp y>e T—Y

This operator, initially defined over the Schwartz class S(R™), can be extended from
LP(R™) into itself, for every 1 < p < oo and from L'(R") to L}*°(R™). These two
results are due to M. Riesz and Kolmogorov, respectively and can be checked out for
instance in [38].

Originally, the study of the properties of the Hilbert transform was carried out by
using complex analysis techniques. Nevertheless, with the development of Calderén
and Zygmund’s school, real analysis techniques replaced the complex ones and sin-
gular integral operators were introduced in different areas of mathematics as partial
differentiation equations.

Initially, the singular integral operators studied by Calderén and Zygmund were of
convolution type, such as the Hilbert or Riesz transforms. Notwithstanding, it was
also interesting to study non-convolution operators as the Cauchy transform. From
now on, we will concentrate in a particular class of singular integral operators named

after these two authors: the Calderén—Zygmund operators.

Calderon—Zygmund operators

The original Calder6n—Zygmund operators were convolution operators defined via
singular kernels. Afterwards, Coifman and Meyer in [31] introduced the wider notion of
Calderén—Zygmund operators that included non-convolution operators. This extension
did not involve much more complications in the development of the theory, except for
the lack of L? boundedness property of this operators via the Fourier transform.
Next, let us recall the definition of a Calderén—Zygmund operator and its bound-

edness properties.

Definition 1.3.5. A linear operator T is a Calderdn—Zygmund operator if:
1. T : L*(R") — L*(R").
2. There exists a function K defined off the diagonal of x =y, such that

T(f)(=)= [ K(z,y)f(y)dy, = ¢&supp(f), fe€C.

R
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3. K satisfies the following size condition

1
1.15 K(z,y)| S ——.
(1.15) Kl S =

4. K satisfies the following regularity conditions, for a certain § > 0:
|z — ')’

1.16 K(z,y) — K, y)| < ,
— ) = KIS @y g

if |l — 2’| < gmax{|z —y|, |2’ — yl}, and

ly—vy'|°
(|z =yl + |z —y/|)n+o’

(1.17) (K (z,y) = K(z,9y)| S

if ly—y'| < s max{|lz —y|, |z — ¢/[}.

As we mentioned before, Hardy—-Littlewood maximal function controls Calderén—
Zygmund operators as it is shown in the following result due to J. Alvarez and C.
Pérez [1].

Theorem 1.3.4. Let T be a Calderon—Zygmund operator and 0 < 6 < 1. Then, for
any f € LP(R™), 1 < p < oo.

(1.18) M(T(f)(x) £ M(f)(),

for x € R™.

Observe that (1.18) is equivalent to the fact that Calderén—Zygmund operators
are bounded operators from L!(R") to L1**(R"). In fact, the endpoint estimate of 7'
is necessary in the proof of (1.18) and, conversely, the endpoint estimate follows as a

consequence of this result and the following Fefferman-Stein type inequality:

| M5 ()]l proe < Cul ME(F)lp1oe, 6 < o0

1.3.3  Fractional integral operators

We now introduce the family of fractional integral operators that are related to the
study of the smoothness of functions and Sobolev embedding theorems (for further
details, see [48] or [104]).

Definition 1.3.6. Let 0 < a < n, we define the fractional integral operator or Riesz
potential, by

(1.19) I.(f)(z) == /R 1)

n |z =yl



CHAPTER 1. PRELIMINARIES

Note that the function |- |*~"™ is locally integrable for 0 < a < n, thus (1.19) is
well defined by an absolutely convergent integral if f € S(R™).
The operator I, is closely related to the fractional maximal function M,. On one

hand, I, is pointwise bigger than M, that is

for all non-negative functions f. On the other hand, I, has the same boundedness

properties as M, showed in [48]. More precisely,

Theorem 1.3.5. Let 0 < a <n and 1 < p < g < oo satisfying (1.14). Then
I : L'R™) — LY (R")

and,
I, : LP(R™) — LI(R™).

when p > 1.

1.3.4  Commutators with BMO functions

The origin of commutators goes back to the generalization of the factorization theorem
for Hardy spaces developed by Coifman, Rochberg and Weiss in [32] who were motivated
by Calderdn’s study of the Cauchy transform along a Lipschitz curve. This kind of
singular integral operators are interesting for several reasons; they are involved, for
instance, in the study of partial differential equations. We can define the commutator

of an operator T" with a locally integrable function b by

[T,6]f(z) = T(bf) = bT(f)-

If T is a Calderén-Zygmund operator with kernel K, then we can write

n

0] (x) = / (b(y) — b)) K (z, 9) f(4)dy.

As it was proved [32], these operators behave similarly to Calderén—Zygmund operators
if we look at LP estimates since for 1 < p < oo, [T}, b] is bounded from L?(R™) into
itself if and only if b € BMO (see Section 1.5 for the definition of BMO). However,
they are substantially different from singular integral operators since the proof of their

L? boundedness does not follow from the weak (1,1) inequality. Furthermore, it was

10
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proved by C. Pérez in [94] that when b € BMO, [T, b] is not of weak type (1,1). In
fact, commutators satisfy a weaker L(logL) estimate.
In general, we define the k-th order commutator with b, for an integer k > 0, as

follows

(T, 0] () = / (b(y) — b)) K (2, y) f(4)dy.

n

If k=1, [T, b]; is the classical commutator [T,b] already defined.

1.4 Weights

In this section we present some notions and results of the linear theory of weights that
will help to understand the multiple theory of weights that we will study later on. It
is well known that the origin of the modern theory of weights goes back to the works
of Coifman, C. Fefferman, Hunt, Muckenhoupt and Wheeden in the 1970’s.

It was natural to ask whether the boundedness properties of the operators, initially
defined in LP(R"™), could be extended to more general spaces. Even though this is a
general and complicated question, we can deem a particular case where the answer is
affirmative.

Let p be an absolutely continuous measure with respect to Lebesgue measure,
that is, du = wdx where w is a weight. Namely, w is a measurable locally integrable
function defined in R™ taking values in (0, 00) for almost each point. In this particular
case, the study of two well-known problems motivated the introduction of the so-called

A, classes of weights. Namely,

1. One-weight problem: Given p, 1 < p < 0o, determine the class of weights w
on R™ for which the Hardy—Littlewood maximal function is bounded from L?(w)

into itself, that is, for which weights the following inequality holds:
(1.20) 1M fllze @) < ClI ] Le (w)-

2. Two-weight problem: Given p, 1 < p < 0o, determine the classes of weights u
and w on R™ for which the Hardy-Littlewood maximal function is bounded from
LP(w) into LP(u), that is, for which pairs of weights the following inequality
holds:

(1.21) M fllr @) < ClIf e (w)

11
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We can also consider the problems substituting the strong inequalities by weak
inequalities. The answer to the strong one-weight problem for 1 < p < co goes back to
the work of Muckenhoupt [91], where he characterized the class of weights for which
(1.20) holds. This class of weights is known as the A, class of weights which is defined

as follows.

Definition 1.4.1. A weight w is in the A, class, 1 < p < oo, if

— L L 1-p >p1
(1.22) [w]a, : sgp ] /Qw(x)dx (|Q| /Qw dz < 00,

where the supremum is taken over all the cubes Q in R™ and [w]a, is called the A,

constant of w.

In the case of Calderén-Zygmund operators, the A, class turns out to be sufficient
for boundedness, although not always necessary. In the limiting case when p = 1,
Muckenhoupt did not prove a strong inequality but a weak one; namely, M : L (w) —
LY°°(w) if and only if w € Ay, where the A; class is defined as follows.

Definition 1.4.2. A weight w is in the Ay class if
1
(1.23) [w]a, := sup —/ w(x)dx <esssup w1> < 00,
Q 1QlJg Q

1s called the A,

where the supremum is taken over all the cubes Q in R™ and [w],

constant of w.
Equivalently, w is in Ay if

Muw(z) < [w]a,w(x), a.e.x € R™.

Since the A, classes are increasing (i.e. A, C A, if p < ¢) a natural way of defining
the limiting class A, is as the union of all A, classes,

A =] 4.

p>1
However, there exist different characterizations of the A, class of weights (see, for
instance, [49, Thm. 9.3.3.]). Let us recall the following one, that we will use later on.
We say that a weight w € A, if there exist 0 < C, e < oo such that for all cubes @
and all measurable subsets A of ) we have

w(A) 141\*
(1.24) w(Q) <C(|@> ’

12
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where w(E f 5 W(r)dz for any measurable set £/ C R™.
Simllarly, although there are several equivalent ways of defining the A, constant
in the literature (see, for instance, [86]), we only define here two of them that will play

an important role in this work. The first one is due to Hruséév [56]:

Wit = (g [, ) e (g [ roso™)

where the supremum is taken over all the cubes @ in R™. We also consider the A,
constant that was implicitly considered by Fujii to provide a characterization of the
A class in [45] and later rediscovered by Wilson in [112]. The Fujii-Wilson Ao

constant is defined as follows
(1.25) [w]a,, = sup / M(wxq),

where the supremum is over all the cubes @ in R™. Observe that the Fujii-Wilson A,
constant is more suitable than the classical one due to Hrus¢év since [w]a,, < cp[w]f
Next, we recall the reverse Holder inequality with sharp constants for A., weights

proved in [61] that we will use in the sequel.

Theorem 1.4.1. Ifw € Ay, then

1 wr(w))l/r(w) I
(1.26) <|@| /Q <2 /Q

where r(w) = 1+ and 7, = 21" Purthermore, [w]a_ ~ r'(w).

Tn [w]A

Let us note that an improvement of this result was shown in [63], which will be
generalized to spaces of homogeneous type in Chapter 2.

Next, let us recall some useful properties of A, weights. Since the weights of the
form M,w will play an important role in the second chapter of this memory, we need

to remind that these weights satisfy the so-called Coifman—Rochberg theorem.

Theorem 1.4.2. Let r > 1 and a weight w. Then (Mw)'/" € Ay and [(Mw)*/"]4, <

cnr'.

Besides, it is easy to see that if wi,ws € Ay, then w = wlwé_p € A, and
[w]a, < [wi]a,[we]? . In general, it is possible to show that, conversely, every weight
in A, can be written in terms of two A; weights. This factorization theorem was

proved by P. Jones in [67].

13
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Theorem 1.4.3. Let 1 <p < oo and w € A,. Then, there exist weights w1, wa € Ay

such that w = wlwéfp, and they verify

[wila, < enlwla,,

and
1

[wo]a, < cnlw] i)
From the above inequalities it follows that

[wa, < [wia, [wally," < eawl,

The proof of this theorem can be done in several manners. One of these ways of
proving P. Jones’ factorization theorem is using the well-known Rubio de Francia’s
extrapolation algorithm that we detail below. One variation of this argument adapted
to spaces of homogeneous type will be used to prove one of the main results in
Chapter 2.

Theorem 1.4.4. Let 1 < s < oo and v be a weight. Let h € L*(w). Then, there

exists a sublinear non-negative operator R for which the following properties hold:
1. 0 < h < R(h).

2. [|R(M)I|Lsw) < 2[[A]

Ls (U) .

3. R(h)v'/* € Ay, and
[R(R)vY*]4, < cs'.

Regarding to the two-weight problem, the question of finding a condition on
the weights v and w satisfying the strong estimate (1.21) was much more com-
plicated. In [103], Sawyer characterized the two-weight inequality showing that
M : LP(w) — LP(u) if and only if the pair (u,w) satisfies the following testing

condition known as Sawyer’s S, condition

o)Pudz
(1.27) [u, w]s, = sup (fQ (e > < 00,
Q

o(Q)

where o is the conjugate weight of w, that is, o = w!™? and 1 < p < 00.
However, Sawyer’s S, condition is not easy to test since it contains the Hardy—

Littlewood maximal function into itself. Motivated by this fact, in [61] T. Hyténen

14
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and C. Pérez found a simpler condition that resembles in some sense the A, condition
for which the two-weight problem for M holds. More precisely, if p > 1 and w and o

are different weights

(1.28) 1M (fo)lLr(w) < CP'(Bylw, o)) /7| Il o (o),

where

(129)  Bglwol:= S“p<|22|/ ><|Ql|/@">p“p<cz|/l°g"l>’

is known as the B, constant of the weights w and ¢. In the particular case, when

o = w' P this constant clearly satisfies
[w]a, < Bylw, 0] < [w]a,[o]4_.

As mentioned in the introduction, in [61] it is also proved an improvement of Buckley’s
result. What is actually shown in that work is a mixed A, — A bound in the
two-weight setting that can be particularized to obtain the mixed sharp bound (10).

More precisely,

(1.30) 1M (fo)llLr(w) < OV ([wla, lo]a) I fllr (o)

In both (1.29) and (1.30), C' is a dimensional constant. It is worth mentioning that
this result was improved in [97] and the novelty is that the reverse Holder’s property

is completely avoided in this work.

1.5 BMO and John-Nirenberg inequality

Given a function f € L} .(R™) and a cube @, as we mentioned before, its sharp

maximal function M? is defined by

1
M f(z) = dy ~ sup inf — —cld
J(@) = sup ‘Q|/ F) — faldy = supin |Q/Qlf(y) cldy,

where the supremum is taken over all cubes ) containing x. As each of these integrals
measures the mean oscillation of f on the cube @, we will say that f has a bounded
mean oscillation if the function M?f is bounded. The space of all this functions with

bounded mean oscillation is denoted by BMO. More specifically,
BMO :={f € L},.(R") : M*f € L*°}.
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To define a norm on BMO we write

fllBrro = [|MPf]| e

It is easy to see that this is not properly a norm since every function which is constant
almost everywhere has zero oscillation. However, these are the only functions with this
property, so that we can think of BMO as the quotient of the above space by the space
of constant functions. Therefore, two functions which differ by a constant coincide as
functions in BMO. This space equipped with the norm || - || a0 is a Banach space.
BMO can also be characterized in terms of Hardy spaces as C. Fefferman proved in
[43]. One of the main properties of BMO functions is the well-known John-Nirenberg
inequality that asserts that, in some sense, the maximum possible rate of growth for
a BMO function is logarithmic. A beautiful proof of this result can be found, for

instance, in [68].

Theorem 1.5.1. There exist two positive dimensional constants 0 < a <1 < f such
that for any function b € BMO,

(%

1
(131) wup 7 [ e (T lb() = bola ) < 5

1.6 Local mean oscillation decomposition

In this section we will recall the notion of non-increasing rearrangement, median value
and local mean oscillation. We also define some local maximal functions in order to
remind the local mean oscillation decomposition proved by A.K. Lerner [75] and later
improved by T. Hytonen in [57].

Given a measurable function f on R", its non-increasing rearrangement is a non-
increasing function f* on (0, 00) which satisfies that it is equimesurable with f, that
is,

{t € (0,00) : f*(t) > a}| = My(a), for any a > 0,

where My denotes the distribution function of f with respect to Lebesgue measure.
We can define the non-increasing rearrangement of a measurable function f on R" as

follows.

fr@) =inf{a>0:|{z e R": |f(z)| > a}| < t}, 0<t<o0.
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1.6. LOCAL MEAN OSCILLATION DECOMPOSITION

Observe that the above definition of rearrangement that we will be using along this
work, is defined as a left-continuous function. However, it is also possible to define
the non-increasing rearrangement of a function to be a right-continuous function (see
for instance [8, p. 39]). Here we will use the convention that inf ) = co. Therefore, if
{z € R™:|f(x)| < a}| >t for all A > 0, then f*(t) = oco.

Next, let us list some properties of rearrangements:

L My(f*(1) < t.

2. f*(Ms(N) < A

3. 1f | f(2)] < |g(x)] then f*() < g*(¢).

4. (F 4 9)" (0 +12) < F*(02) + g7 (1),

5. ((F +<)xe)"(8) < (Fxw) () + |l for |E| < oc.
6. f*(c0) = 0.

7. (If17)*(8) = £*(1)?, for any p > 0.

8. oo |F@)|Pde = [5° f(t)dt, p> 0.

9. f*(t) < ISl

Given a measurable function f on R™ and a cube @), the local mean oscillation of f
on @ is defined by

wi(f;Q) = inf ((f = )xq) " (MQI) (D<A <1).

ceR

By a median value of f over a cube () we mean a possibly non-unique, real number
my(Q) such that

max ([{z € Q: f(x) > my(Q)}, {z € Q: f(2) <my(Q)}]) <1QI/2-

Observe that the set of all median values of a function f is either one point or the
closed interval. In the latter case we will assume for definiteness that m (@) is the

maximal median value. Observe that it follows from the definitions that

Hr e @: fle) 2 ms(@)} > 1Ql/2,

17
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which implies

(1.32) Im (@) < (fx@)*(1QI/2).

Given a cube Qy, denote by 2(Qo) the set of all dyadic cubes with respect to Qo.
The dyadic local sharp maximal function mﬁ/\’;dQO f is defined by

mﬁgof(x): sup  wr(f; Q).
z€Q'€D(Qo)

The following theorem, known as local mean oscillation decomposition or Lerner’s

formula was proved in [76]; a similar version of this result can be found in [75].

Theorem 1.6.1. Let [ be a measurable function on R™ and let Qg be a fized cube.
Then there exists a (possibly empty) sparse family of cubes Qf € D(Qo) such that for
a.e. T € Qo,

d
L83) 1500 = my(Qll < 4 1)+ 2D (@ ey )
5]
Very recently, Hytonen observed in [57] that the local mean oscillation formula
(1.33) holds without the local sharp maximal function. Namely,

Theorem 1.6.2. For any measurable function f on a cube Qo C R™. Then for a.e.

T € Qo,

(1.34) [f(2) =mp(Qo)l <2 w_s (f;Qf)xqe (),

ont2
k.j

where the family of cubes {Qf} C D(Qo) is sparse.
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Ay theory on

spaces of homogeneous type

In this chapter we will be working in the more general setting of the spaces of
homogeneous type that generalizes the Euclidean situation in R™ with the Lebesgue
measure. Our purpose is to extend to this context weak and strong sharp mixed
inequalities for Calderén—Zygmund operators and their commutators with BMO
functions. These mixed bounds, which are formed by at least two different A,
constants, are better since they are strictly smaller than the original one-constant
bounds. We also generalize two well-known inequalities to the homogeneous setting:
the sharp reverse Hoélder inequality for A,, weights in dyadic cubes and a precise

version of the John-Nirenberg inequality.

2.1 Basics on spaces of homogeneous type

In this section we introduce the definition of spaces of homogeneous type, which
generalize the Euclidean situation of R™ with the Lebesgue measure and we give some
basic properties and related results. Examples of spaces of homogeneous type include
C* compact Riemannian manifolds, graphs of Lipschitz functions and Cantor sets
with Hausdorff measure. These and more examples are described in [25] as well as

some applications of these spaces can be found in [85, 115].

Definition 2.1.1. an space of homogeneous type is an ordered triple (X, p, 1) where

X is a set, p is a quasimetric, that is:
1. p(z,y) =0 if and only if x = y.
2. p(x,y) = p(y,z) for all z,y € X.
3. p(z, z) < k(p(z,y) + ply, 2)), for al z,y,z € X.

for some constant k > 0 (quasimetric constant), and the positive measure i is doubling,
that is

0 < p(B(zo,2r)) < Dyp(B(xo,r)) < 00,
for some constant D,, (doubling constant).
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CHAPTER 2. A; THEORY ON SPACES OF HOMOGENEOUS TYPE

In the context of spaces of homogeneous type, for brevity we will say that a constant
is absolute if it only depends on the triple (X, p, u). Particularly, x and D,, appearing
in the above definition are absolute constants.

Fortunately, some constructions and results in classical harmonic analysis still exist
in some form in spaces of homogeneous type, such as certain covering lemmas. We
will use the Lebesgue differentiation theorem, very recently shown to hold in spaces
of homogeneous type in [2, Lemma 2.3.] where the usual standard assumptions have

been removed and whose proof is implicit in [106].

Lemma 2.1.1. Given an space of homogeneous type (X, p, ), the Lebesque differen-

tiation theorem holds: for p-almost every x € X,

. 1 _
liy s /B W) = @) =0

An important tool in the following will be the concept of a dyadic grid Z on an
space of homogeneous type. The following result is due to Hytonen and Kairema [59]
(see also Christ [25]).

Theorem 2.1.1. There exists a family of sets 2 = Ugecz Dy, called a dyadic decompo-
sition of X, constants C < 00, 0 < e, 0 < § < 1, and a corresponding family of points

{z.(Q)}gep such that:
1. X = UQeDk Q, for allk € Z.
2. If Q1N Q2 #0, then Q1 C Q2 or Q2 C Q1.
3. For every Q € Dy, there exists at least one child cube Q € Dy_1 such that Q C Q.

4. For every Q € Dy there exists exactly one parent cube Q e D11 such that

QCQ.
5. If Qo is a child of Q1 then u(Q2) > eu(Q1).

6. B(2.(Q),8") C Q C B(x.(Q),C5*).

We will refer to the last property as the sandwich property. Note that the sets
Q € 2 are referred to as dyadic cubes with center z.(Q) and sidelenght 6%, but it is
important to emphasize that these are not cubes in any standard sense even if the

underlying space is R™. For an exact characterization of the sets which can be dyadic
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2.1. BASICS ON SPACES OF HOMOGENEOUS TYPE

cubes we refer the reader to [60]. We also will need the dilations AQ, A > 1, of a given
dyadic cube Q. These will actually be balls containing Q): given a cube @Q, we define

AQ = B(z.(Q), \C").

Now we recall an extension of Calderén—Zygmund decomposition to an space of
homogeneous type. More general results that also hold for Orlicz norms and not only
for L1 averages are proved in [2, Thm. 2.7] and [2, Thm. 2.8.], respectively. Given a
dyadic grid 2, denote by M7 the maximal function over cubes in 2.

Theorem 2.1.2. Given an space of homogeneous type (X, p, n) such that pu(X) = oo
and a dyadic grid 9, suppose f is a measurable function such that JCQ f(x)du(x) = 0
as u(Q) — oo. Then, the following hold:

1. For each X > 0, there exists a collection {Q;} C Z that is pairwise disjoint,

mazimal with respect to inclusion and such that
W={zeX: M7f(x)>\}=]Q;
J

Moreover, there exists a constant Cx such that for every j,

1
V< /Q F(@)ldpu() < CxA

2. Given a > 2, where € is an in Theorem 2.1.1, for each k € Z let {Qf}J be the

collection of mazximal dyadic cubes in 1. with

Q={reX: M@f(x)>ak}:UQ§?.
J

Then, the set of cubes S = {Q}} is sparse and E(Q%) = Q% \ Qpy1.

If W(X) < oo, then 1. holds provided that A > f, |f(z)|du(x) and 2. holds for all k
such that aF > f | f(x)|dp(z).

Theorem 2.1.3. Given an space of homogeneous type (X, p, ) such that u(X) = oo
and a dyadic grid 9, suppose f is a function such that JCQ |fldp — 0 as u(Q) — oo.
Then, for any X > 0 there exists a family {Q;} C Z and functions b and g, such that:

1. f=b+g.
2. 9= fxos + fo,xq;-
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3. For p-a.e. x € X, |g(z)| < CxA.
4. b= Zj b;, where b; = (f — fq,)Xq, -
5. suppb; C Q; and JCQJ- bj(z)du(z) = 0.
If W(X) < oo, then this decomposition still exists if we take X > f | f(x)|dpu(z).

Note that the definitions of the weights and A, constants are similar to the ones
defined in Chapter 1 substituting the Lebesgue measure by p. Some further remarks
regarding to A, constants in spaces of homogeneous type are listed below.

We say that a weight is a nonnegative locally integrable function w on (X, u)
that takes values in (0, 00) almost everywhere. For any 1 < p < oo we define the A4,

constant of the weight w on the space of homogeneous type X as follows

a0 el s (L / wwin) (o / w(w)l-p’du)p_l.

In the definition above we can take @ to be either in the family of dyadic cubes or balls,
since the concept of a non-dyadic cube is not defined in spaces of homogeneous type.
Note that the A, constant is comparable when considering suprema over families of
dyadic cubes or balls by using the sandwich property of dyadic cubes and the doubling
property of the measure u.

It is crucial to note that we will take this constant with respect to cubes (by which
we always will mean dyadic cubes), because the A, constant below is not comparable
in the same way, even in the classical Euclidean case.

We define the Fujii-Wilson A, constant in an space of homogeneous type as

follows: .
[w]a, = Slclgp m /Q M(wxq)dp.

While this A, constant is comparable using dyadic cubes or balls, the constant of
comparison depends on the measure w (which is doubling since w € A,). Hence to
achieve sharp bounds in spaces of homogeneous type we cannot simply switch between
these constants defined with respect to cubes or balls since we introduce a w-dependent
factor. We will take up again this discussion in Section 2.2 where the sharpness of the
reverse Holder inequalities involving this A, constant depend on the definition over
cubes or balls.

Next we recall the definition of Calder6n—Zygmund operators in spaces of homoge-

neous type that could be found, for instance, in [25].
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Definition 2.1.2. We say that T is a Calderén—Zygmund operator if:

1. T: L*(X,p) — L3(X, ).

2. There exists a function K : X x X \ {z =y} — R such that
T()@) = [ K@)f@uts). o &sp(f). 1€ C.

3. K is such that there exists n > 0 such that for all zog # y € X and x € X it

satisfies the size condition:

1

(2.2) |K($0,y)‘ S H(B(a:o,p(%»y)))

and the smoothness conditions for p(xg,x) < np(xo,y):

B " p((L‘,J?()) ! 1
(2.3) |K(z,y) — K(zo,y)| < (p(xo,y)> w(B(zo, p(x0,y)))’
and
Ko pz,w0)\" !
(24) K (y,2) - K(y, 0>|5<p<xo,y>> (B0, p(z0.9)))’

These operators are of weak (1,1) type as proved in [33].

Theorem 2.1.4. Let T be a Calderon—Zygmund operator on an space of homogeneous
type. Then T is bounded from L' to LY.

Let us define sparse families of cubes in spaces of homogeneous type in order to
state the boundedness properties of Calderén-Zygmund operators using the techniques
originally due to Lerner [77]. Consider a dyadic grid 2 = Uy Dy, as defined in Theorem
2.1.1. A sparse family S C Z is a collection of dyadic cubes for which there exists
a collection of sets {E(Q) : @ € S} such that the sets E(Q) are pairwise disjoint,
E(Q) C Q and u(Q) < 2u(F(Q)). Given a sparse family S C &, we define a sparse
operator as it was done in (1.9). We also introduce the decomposition of Lerner,

proved in the homogeneous setting in [2].
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Theorem 2.1.5. For any Calderon-Zygmund operator T' on an space of homogeneous

type X, we have that
(2.5) ITflly < Csup [A2.sflly,

where 9 is a dyadic grid, C only depends on the operator and the space X, and Y is

any Banach function space.

Finally, let us introduce the concept of iterated commutator that we will use in

the sequel.

Definition 2.1.3. Given a Calderén—Zygmund operator T with kernel K and a
function b in BM O, we define the k-th order commutator with b, for an integer k > 0,

as follows

(T84 () () = /X (b(y) — b)) K (. 9) £ () dia(y).

In the particular case when k = 1, [T, b]; is the classical commutator and we will
denote it by [T, b].

Throughout this chapter, X will denote an space of homogeneous type equipped
with a quasimetric p with quasimetric constant x and a positive doubling measure g

with doubling constant D,,.

2.2 Useful inequalities in spaces of homogeneous type

In this section we start proving some inequalities that will be fundamental in the
proofs of the main theorems in this chapter. We refer to the so called reverse Holder

inequality and the John-Nirenberg inequality within the homogeneous setting.

2.2.1 Sharp reverse Hélder inequality for As weights

First, we present an adaption of the sharp reverse Holder inequality for A, weights in
spaces of homogeneous type from the argument in [63]. Observe that in the same work
there is a weak version of this inequality that we state below. They call this result a

weak inequality since on the right hand side we have the dilation 2xB of the ball B.

Lemma 2.2.1. Let w € Ay, and define

1 1
T = e T 63224k + )2 P [w]a

oo
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where T depends on k, the quasimetric constant of X. Then

1/r
<][ w%i,u) < 2(4H)D“’][ wdy,
B 2kB

for any ball B € X.

However, this lemma is not sufficient for our purposes. The difficulty lies in the
fact that the Fujii-Wilson A, constant is comparable when it is defined with respect
to cubes or balls, but the constant of comparison depends on the weight w. This
provides a difficulty in converting between the constants, and since cubes are essential
in the following lemmas, we need an appropriate reverse Holder inequality for cubes.

Here is the lemma that we use with respect to cubes.

Lemma 2.2.2. Let w € Ay, and let

1 1
rlwja. —1 2Dx[w]a_ —1’

oo

0<r<

with Dx = 1/e, where € is the absolute constant appearing in the dyadic decomposition
of X. Then
1+r
][ witrdp < 2 (][ wdu) ,
Q Q

The proof will use the following sublemma.

for any cube Q C X.

Lemma 2.2.3. Let w € Ay, and Qg a cube. Then for all

O<r<— —
"= oDx[wa — 1

]2 (Muw)*"dp < 2|4 (]é wdu>1+r.

Proof of Lemma 2.2.3. Assume without loss of generality that w = wxg,. Let Q) =
Qo N{Mw > A}. Then

we have

/(Mw)lJrrdu:/ AT Mw(Qy)dA

0 0

w@ oo
_ / CeA U [ Muwdpdy + / AT M (2 )dA.
0 Qo

wQ,
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Now select a dyadic cube @); if it is maximal with respect to the following condition:
A< wQ, - Then Q) = U;Q; where A < JCQ- w < é)\ and ¢ is the absolute constant
J

from Theorem 2.1.1. Hence we have

/ (Mw)' ™ dp < we, (W] 4., w(Qo) +/ AT Z Muwdud.
o] wQq j Qj
Now we can localize

Muw(z) = M(wxq,)(z)

by the maximality of the cubes @; for any x € @);. Then,

Muwdp :/ M(wxg;) < [wla, w(Q;) < [w]Amw(Qj)
Qj Qj

= (a0, 1(@y) < [0]a A Z0(@,),

where Qj is the parent of the cube Q); and we have used the definition of A, and the

maximality and containment properties of the cubes. Call % = D. Hence

S [ Mudn £ Y lula ADuQ) < [ula ADu(®)

SO
o}

][ (Mw)'" < wg, [w]a,w(Qo) + r[w]AwD/ A" (20 dA.

0 WQo
Dividing by ©(Qo), we obtain
TD[’LU]Aoo][ (Mw)lJrrd‘u

0

1+r 1+7r
][O<Mw> < wlyfula + T

so by subtracting the last term on the right hand side from both sides of the equation,

so to get the desired constant of 2 we must have that

| TPllas o L
1+r — 2
which after some calculation results in choosing 0 < r < Wifl as stated. O

Next we move to the proof of Lemma 2.2.2.

Proof of Lemma 2.2.2. Without loss of generality, let w = wxg,. Then

/erdug/ (Mw)rwd,u:/ AT w () dA,
0 0

0
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where Q) = Qo N {Mw > A}. Note that as in the previous lemma we can decompose
Q) = U;Q; where the @Q; are the Calderén-Zygumnd cubes. Then splitting up the

integral we get

U)Q oo
/ (Mw) wdp :/ ’ M“lw(QO)d/\Jr/ AT (€3)dA
0 0

wQ,

< wh,w(Qo) + /OO AT Zw(Qj)d)\.

wQqo J

Now by the decomposition, we have that wq, < DxAu(Q;), where Dx = % since the
decomposition is with respect to dyadic cubes, so we get

oo

/ (Mw) " wdp < wg w(Qo) + TDX/
Qo

’IUQO

rATY " u(Q;)dA
J

oo

Swgow(Qo)+rDX/ N () dA

WQq

T TDX 1+r
<y w(Q) + {0 [ (M)t

Hence, dividing by ©(Qo) and using Lemma 2.2.3, we arrive at

147
][ ler'r < le-‘rr + er2[w]Aoo <][ w>
o ’ L+ o

14+r
< rDx2[wla, +1+7 ][ w .
- 1+r o

Therefore, choosing r in the mentioned range, we can make the constant on the right

hand side less than or equal to 2.
O

2.2.2  John-Nirenberg inequality and related lemmas

Here we prove a precise version of John-Nirenberg inequality in spaces of homogeneous
type whose proof follows the same ideas as in the original and beautiful proof in [68, p.
31]. This result, which is interesting on its own, will allow us to prove two lemmas that

are directly involved in the proof of the sharp bounds for commutators in Section 2.5.

Lemma 2.2.4 (John-Nirenberg inequality). There are absolute constants 0 < ax <
1 < Bx such that

27



CHAPTER 2. A; THEORY ON SPACES OF HOMOGENEOUS TYPE

1 ax
2.6 sup ——— / exXp -
( ) Q M(Q) Q ||b||BMO

In fact, we can take ax = In v/2¢, where 0 < ¢ < 1 is an absolute constant.

1b(y) — boldu(y) < Bx.

Proof of Lemma 2.2.4. Suppose that b is bounded, so that the above supremum makes
sense for all &. Then we will prove (2.6) with a bound independent of ||b||xo-

Fix a cube Qo and a dyadic cube @ € 2(Qy). Denote by @ the parent of Q, namely,
the unique element in 2(Qo) which contains @ and lies in the previous generation of
cubes.

Then we can show that
1
(2.7) bg = bo| < ZIIblzaro.

where 0 < € < 1 is an absolute constant as in [4] (see also [25] or [59] for further
details). Indeed,

‘bQ—bQ‘<M(1@/Q‘b—bQ’
(@ 1
Z(CM(Q)Q')_%‘

1
< —||bl|Bamo-
g

IN

Next, consider the Calderén—Zygmund decomposition of (b — bg,) x¢q, described in [2,
Thm. 2.7.] for the level 2||b||paro. Then there exists a collection of pairwise disjoint

cubes {Q;} C 2, maximal with respect to inclusion, satisfying

1
2]l saro < )/ (b~ bay) xau| < 2Cx[Ibllsaro

1(Q; Q:
and
|(b - bQO)XQO| < 2||b||BMOa on (UQi)C-

Clearly, Q; C Qg for each j, and

[1(b = bgo)XQollzr _ 1(Qo)
2|[bl|rro -2

Since the cubes Q; are maximal, we have that (|b—bo,|)5; < 2/[b|[srro- Next, using

p(UQ;) <

the last inequality together with (2.7) we get
1
b, — baul < lbg, — bg:| + lbg: — byl < ( +2) Bllsaro-
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Denote X (o) = supy ﬁ fQ exp Hb”ﬁﬂ) —bg|dp(z), which is finite since we are

assuming that b is bounded. From the properties of the cubes @Q); we arrive at

1
o /Q o (||b||BMo“’ bQ0|)du<:c>
1

(QO)/QO\UQ1 ezadﬂ(ﬁ)
ZHQO w(Q:) (/ P (Ilblllb

< e 4 ie(?“'z)O‘X(a).

(x)> e(i+2)a>

Taking the supremum over all cubes @y, we get the bound
1 (142)a 2c
X(a)(1- g e <e*

which implies that X () < C, if « is small enough.

Since 0 < ¢ < 1, if we impose that %e(%”) < 1, then a < glﬁ Therefore we can

choose an smaller parameter o, such as ax = In v/2¢. O

Now we will prove two lemmas involving the As and A, constants of a particular
weight that we will need in the following, extended from those in [63] that were
motivated by [26].

Lemma 2.2.5. There are absolute constants v and ¢ such that

[we2ReZbiA2 < C[w]A2

for all
~

o < a0 (s + 1as)’

where v = max{Crax,Caax} with C; and Cs absolute constants.

Proof of Lemma 2.2.5. In the following we will omit the measure in the integrals for
the sake of simplicity We will use the sharp reverse Holder inequality twice, first for
r=1+ TTelas ] and then for r =1+ T[U] . With the sharp reverse Holder inequality
for the first ch01ce of r, Holder’s 1nequahty and the sharp John-Nirenberg inequality
(2.6), we have

’

1/r 1/r
][ ,we2Rezb < <][ ,wr) (][ er/QReZ(be)> 62Resz
Q Q Q
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< (2][ U}) . BX . €2R€ZbQ7
Q

. Note that the constant ax comes from (2.6) and C; is an

for |z| < p—Glox

Ioll pmolw]an,
absolute constant from the sharp reverse Holder inequality since by our choice of r,
r’ = Cy[w]a,,. We can also get a similar bound as above for the second choice of

r =1+ ———, giving us

Tlolac’
][ w—le—2Rezb < (2][ U}_l> . ﬁX . 6—2Resz
Q Q

for |z] < i . Multiplying these two estimates and taking supremum, we

Corax
Ibllsarololace
finish the proof by showing that for all z as in the assumption

<][ weQRezb) <][ w162362b> < 4B% [w]a,.
Q Q

We also have a similar lemma for the A, weight constant.

Lemma 2.2.6. There are absolute constants v’ and ¢ such that

[wGQRezb} < c[w]A

co — oo

for all
/

.
2| < e,
2! < mromin

where we can take
’ ax

"=
being T an absolute constant from Lemma 2.2.2.

Proof of Lemma 2.2.6. The proof follows in a similar way as in [61, Lemma 7.4.],
substituting the appropriate constants from the sharp John Nirenberg inequality in

Lemma 2.6 and the sharp reverse Holder inequality in Lemma 2.2.2. O

2.3 Strong estimates for Calderon—Zygmund operators

The purpose of this section is proving a strong estimate for Calderén—Zygmund
operators from which we can derive a mixed A;-A, estimate that will be very useful
in the sequel. The proof of the main result in this section will make use of the following

inequality of Coifman—Fefferman type proved using sparse operators.
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Proposition 2.3.1. Let T be a Calderon—Zygmund operator and let 1 < p < oco. If
w € Ap then

(28) [ Tf@ta)duta) < Clula, [ M peyota)duta),
where C' is an absolute constant that also depends on T.

Before proving Proposition 2.3.1 we need to recall the following lemma that will
allow us to obtain the precise constant in (2.8) and that can be found in [49, Ex. 9.2.5]
as well as in [46, p. 388] in the context of two weights.

Lemma 2.3.1. Let i1 be a positive doubling measure and 1 < p < oco. If w € A, then

(A" w(A)
20 (b)) <l

where A C @Q is a p-measurable set and Q) is a cube.

Proof of Proposition 2.3.1. We have that

[T @@ < Cxrsp [ 15

2,8 Qes

(]{2 f ($)> xq(z)| w(z)du(r)

by (2.5). Using (2.9), we obtain that

[zt >du<><cXTsupZ< 1)) wl@)

S QES
<Cxrsupluls, <]{? f(a:>) w(E(Q))
< COxrw]a, SUPZ Jw(z)dp(z),

S Qes E(Q

Finally, since the family E(Q) is disjoint, we can bound the above by

/ T () (@) du(z) < Cluo] a, sup / M f () () dp(z)
X 2,5 JX

wla, /X M f () (x)dp(z),

where C' is an absolute constant that depends also on T', proving (2.8) as wanted. [

31



CHAPTER 2. A; THEORY ON SPACES OF HOMOGENEOUS TYPE

It is possible to improve Proposition 2.3.1 replacing the A, constant of the weight
by the smaller A, constant as it is shown in [62]. To prove this result, we will need
to use the following Carleson-type lemma whose proof in spaces of homogeneous type
follows the same argument as in the original proof in [61, Thm. 4.5.] taking into
account the bound for the dyadic maximal function M in spaces of homogeneous
type (see [111, Thm. 14.11] or [59, p. 28]).

Lemma 2.3.2. (Dyadic embedding Carleson Lemma) Suppose that the non-negative

numbers ag satisfy

Z ag < Aw(R), Re 2.
QCR

Then, for all p € [1,00) and f € LP(w),

1/p

( / fwdﬂ) < AV fl| o)
QE@

< AYPp || £ o () -

Here we denote

M f(e) = swp s / | Flud,
where the supremum s all over the dyadzc cubes Q € P containing x.
Lemma 2.3.3. Let T be a Calderon—Zygmund operator and w € As.. Then
(210) [ T f@@)in) < Clula, [ M@,
where C is an absolute constant that also depends on T.

Proof. As a consequence of Theorem 2.1.5 we only need to prove (2.10) for sparse
operators. More precisely, we are going to prove that for any sparse family S C & the

following inequality holds

15,2 Il (w) < 8lw]a [IMFlLr(w)-

Note that for f > 0, the left hand side in (2.10) equals

> f et W@ < > lf MIG)u(@)
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By the Carleson embedding theorem applied to g = (M f)l/ 2, we have
1 2
— )w(z)dp(z) | w(Q) < 4419|320 = 4AIM fl| 11 (w),
S (g7 L stomtaiiut)) (@) < 4alalfacn) = 4410l

QeS

provided that the Carleson condition

(2.11) > w(Q) < Aw(R),

holds. To prove (2.11),

QES QeS
QCR QCR

<23 inf M(wyr)(2)u(E(Q))
o6 zZ€EQ
QCR

<2 /R M f(wxr)(2)du(z)

< 2fula_ w(R),

where A = 2[w]a_

O

Before stating our main result in this section, we prove the following lemma which

was originally in [78] and shortly after it was improved in [79] avoiding an extra logp

factor.

Lemma 2.3.4. Let w be any weight and let 1 < p,r < co. Then there is a constant

C = Cx 1 such that

T fll Lo ((Myw)i-») < CPIM fl| Lo ((Myw)i-») -

The proof of this lemma is based in a variation of the Rubio de Francia algorithm

that could be found in [92].

Proof of Lemma 2.3.4. We want to prove

M
<C’pHM{U

Lr(M,w) Lr(M,w)

= |frre
Lr(M,w)

By duality we have

0| < [ 1T5@)Ihe)lduta),
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for some h such that ||| . (py,,,) = 1. By a variation of Rubio de Francia’s algorithm
adapted to spaces of homogeneous type (see Theorem 1.4.4; for a proof in R™, see [92,

Lemma 4.4]) with s = p’ and v = M, w there exists an operator R such that
1. 0 < h < R(h).

2. ||R(h)”LP'(MTw) < QCX,PHhHLP'(MTw)'
3. [R(h)(M,w)/?' |4, < Cxp.

Let us recall two facts: First, if two weights wy,ws € Aj, then w = wlwé_p €4,
and [w]a, < [wi]a, [wg]’;(ll. Second, by the Coifman-Rochberg theorem in spaces of
homogeneous type [34, Prop. 5.32], if » > 1 then (M f)1/" € Ay and [(M f)V/"]4, <
Cxr'. Combining these facts and 3. we obtain

R(h) (M) /7 (Myaw) V27) 2]
R(R)(Myw) P g, (M) V27T,

< Cxp((2p'r)')* < Cxp,

[B(h)]a; =

since (2p'r) < 2.
Thus, by Proposition 2.3.1 and using 1. and 2., we obtain

/mfm e /u7|R (&) ()
hM/Mwmmwmwm
X

hMAMmmmwm

x (Myw(z)) " Myw(z)dp(z)

/
< CIR(a, || 1) 1RO a1
rW L (M,w)
/
< R || | WPl
T L (M,w
<Cp )
Lr(M,w)
and we are done. O

Our main result in this section is the following which is nothing more than an

adaption from that in [79].
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Theorem 2.3.1. Let T be a Calderon—Zygmund operator and let 1 < p < oo. Then
for any weight w and r > 1,

1
(212) T ey < Cop' (r") " (| f1|Le (M)
where C' is an absolute constant that also depends on T.

Proof of Theorem 2.3.1. First we are going to prove the following inequality

(2.13) T f|| o) < Cpp/ (/)5

Fllze(at,w)s

from which follows (2.12). Indeed, it is clear that

+
pr p p pr D
and since t/t < 2 when t > 1, it follows that

1
v

()73 = ()7 T <27 )
Next consider the dual estimate of (2.13), namely
* 1
|\ fHLP'((MTw)l—P’) < CPP’(T/)I o ||f‘|LP/(w1—P/)’

where T is the adjoint operator of T. Then, since T is also a Calderon—Zygmund

operator we are under assumptions of Lemma 2.3.4 for T%, we get

Mf
M,w

< C’p/

Lr' (M,yw)

T f
' M,w

Lr' (M,w)

Using Hélder’s inequality with exponent pr we have

L -1/p, 1/p
@

< (st for) ™ (s i) ™

and hence,

M(f)p/ < (Mrw)%M((fw_l/p)(’”")/)pl/(p’“)/.
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From this and the unweighted maximal theorem in spaces of homogeneous type
that can be easily obtained from the proof in [48], changing the dimensional constant

for an absolute one, we obtain

, 1/p’
(s

1/(pr) 1/p’
p ,,1—p
<p’ > (/‘f du)
1/(pr)’
(o) |2

Lv' (w)
1-1/pr
<(F=1) |
r—1 W 1 ()
1-1/pr
<Cp < : > u ;
-1 L7’ (w)

proving (2.13) and consequently (2.12).
O

From Theorem 2.3.1 we obtain the following estimates as immediate corollaries.

Corollary 2.3.1. Let T be a Calderon—Zygmund operator and let 1 < p < oo. Then
if w € As we obtain

(2.14) T f 1oy < Cop'[w] {11 £ Lo (a1
and if w € Ay,

(2.15) I fllzowy < Cp' Tl Tl {71171 2o s
where C' is an absolute constant that also depends on T.

Proof of Corollary 2.3.1. The proofs of (2.14) and (2.15) are immediate. In the first
case, the estimate is derived by applying the sharp reverse Holder inequality for weights
in the Ay class (Lemma 2.2.2) to (2.12) and using the fact that ' & [w]a__. The

latter is a direct consequence of (2.14) since w € Aj. O

Let us observe that a natural extension of our earlier results for Calderén—Zygmund

operators can be obtained from a generalization of an extrapolation theorem due
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to Duoandikoetxea [39] to spaces of homogeneous type. This generalization will
allow us to get sharp bounds involving the A, weight constant through an initial Ap,

boundedness assumption.

Theorem 2.3.2. Assume that for some family of pairs of nonnegative functions (f, g),

for some py € [1,00), and for all w € A,, we have

(f gmw)um < on(ula,) ( [ f”°w>1/p07

where N is an increasing function and the constant C' does not depend on w. Then

for all1 < p < oo and all w € A, we have

() <o ()"

N([w]a, I M|l Lr )P 7, if p < po;
K(w> = 01 ) p—p

N(w) 2 @M i) 7, if > po

max 1 po—1

In particular, K(w) < CiN(Calw]y, T, for w € A, where Cy is an absolute

where

S

bl

constant.

Note that the proof of the previous result follows from Duoandikoetxea’s proof
except for the fact that we have to replace the sharp bound for the Hardy-Littlewood
maximal function by the corresponding one in Buckley’s theorem in [59, Prop. 7.13.],
so the constant Cs in the proof now depends on p and X.

As application of the last result we obtain an estimate for LP(w) norms with A4,

weights for ¢ < p.

Corollary 2.3.2. Let T be an operator such that

(2.16) T fllzr ) < CN([wla)f]]Lew)

for all weights w € Ay and all 1 < p < 0o, with C' independent of w. Then we have
(2.17) T fllzew) < CN([wla ) f I Lew)

forallw € Ay and 1 < ¢ < p < oo, with C independent of w. In particular, (2.17)
holds with N(t) =t if T is a Calderdn—Zygmund operator.

The proof of this result follows directly from the proof in [39]. We only have to

take into account that (2.16) holds as a consequence of (2.14) since [w]a < [w]a,.
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2.4 Weak estimates for Calderon—Zygmund operators

Our main theorem in this section is the following endpoint estimate for Calderén—
Zygmund operators within the context of spaces of homogeneous type that is obtained

as a consequence of Theorem 2.3.1.

Theorem 2.4.1. Let T be a Calderén—Zygmund operator. Then for any weight w
and r > 1,

(2.18) T fl| L1 (w) < Clog (e + )| fll L1 (a1, 0)5
where C' is an absolute constant that also depends on T.

We also get the following estimates as corollaries of the above result choosing r as
the sharp exponent in the reverse Holder inequality for weights in the A, class in the
setting of spaces of homogeneous type (see Lemma 2.2.2) and taking into account that
r' & [w|a -

Corollary 2.4.1. Let T be a Calderon—Zygmund operator. Then

1. Ifwe Ay
T fllzroe ) < Clog (e + [w]a )Lt a1,w)-

2. Ifw S A1
[T f]| Lo (w) < Clw]a, log (€ + [w]a ) fl| Lt (w)-

In both cases C' is an absolute constant that also depends on T .

Before proving Theorem 2.4.1 we need to establish a lemma which follows similar
ideas of [46, Ch. 4, Lemma 3.3].

Lemma 2.4.1. Let T be a Calderén—Zygmund operator. If w is a weight and a € L (w)
supported in a cube Q with fQ a(y)du(y) = 0. Then, if we set Q = LQ for L such that
L> % > 0, the following inequality holds

(219) [ @@ <¢ [ o@D
X\Q X
with C an absolute constant depending on the kernel K.
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Proof. Fix yo € X. By Theorem 2.1.1, we have that Q C B(yy, C6*). Now making

use of the cancelation property of a, we obtain

/X\Q 1T (a)(z)|w(x)du(x) = /

X\Q

’ /Q K(z,y)a(y)du(y) | w(z)du(z)
Kx,y)— Kz, w(x)du(x)|a(y)|d
</Q/X\Q| (,9) — K(, yo) () dpu(z) [a(y) ()
I a d .
< /Q ()la()|duy)

Then we only need to prove that I is bounded by CMw(y) where C = Cx g is an
absolute constant depending on the kernel K. For every y € @), using the smoothness

property of K in the second variable since p(y, y0) < np(x,yo), we obtain

I(y) = /X M) — K ) @dnte)

= P(y»yo) K 1 wla N
_-/X\Q (P(l‘ayo)) w(B(yo, p(x,v0))) (z)dp(z)
_y Py, m0)\" 1 o
Z/QZQ\QllQ <p(w7y0)) 1(B(yo, p(z,90))) (x)dp(x)
2" p(2'Q) 1
- 2;/2@ 201 i 2(l 16)2) (2! Q)w(x)dﬂ(x)
Dxx l=21 ZTUM(QIQ) /le w(w)dp(z)

< Dx g Mw(y).

Above we have used the fact that p(y, yo) < C§* and p(x, o) > CT‘Sk. Then, we have
shown that (2.19) holds.
O

Next, we are ready to prove the main theorem in this section.

Proof of Theorem 2.4.1. The proof of Theorem 2.4.1 is based on several ingredients
that we will mention as we need them. We follow the proof of [93, Thm. 1.6]. We
claim that the following inequality holds: for any 1 < p,r < 00

T flzree ) = sup Aw({y € X : [Tf(y)| > A})
(2.20) A>0

<P o (ayw)s
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and this claim implies (2.18). Indeed, it suffices to fix » > 1 and choose p =1+ lt)g%'
We then obtain

T £l Loy < C@)PHL+1og ") (X )P Fll L1 (w)
< Clog (e + )| f]| Lt (a1, 0)-

since p’ =1 +log7r’, (p/)P~1 = (1 + log(r'))l/l"g(r/) <e, (rP-l= (r’)l/l"g(r/) = e and
1+ logr’ =log (er') < 2log(e+ 7).

We now prove (2.20). By the classical Calderén—Zygmund decomposition of a
function f € L* with compact support at a level A, we obtain a family of non-

overlapping dyadic cubes {Q,} satisfying

A< |QJ|/ x)|du(x) < CxA.
Let 2 = U;Q);. Since Q; is a dyadic cube in 2 as in Theorem 2.1.1, using the sandwich
property we have that there exists a ball B; = B(x.(Q,), C6*) such that Q; C B;. Let
us denote éj = (26+1)B, and Q= Uj@j. Observe that the dilation @\; of the cube Q;
is actually a ball with center xp, and radius (2x+1)r(B;). Note that for simplicity we
have denoted the center of a ball B by xp and its radius by r(B). Using the notation
fo = sty Jo F@)ne), we write f = g+ b where g(x) = 53, fo, Xa, (#) + f(#)xor
and b=}, b; with b;(z) = (f(z) — fg,)xq,(z). We have

w({y € X :|Tf(y)] > A}) < w(®) +w({y € (V)°: [Tg(y)| > 1/2})
w({y € (Q)°: |Tb(y)| > \/2}) = I +IT + I11.

Now

Izw@)sczwg) (@) S(;ZZ)Q | \r@lane)

Z / D Mu@duta) < 5 [ 1f@IMu()duta)

<% /X 7)Mo () ().

kv

The second term is estimated as follows using Chebyshev’s inequality and (2.12). For
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each p > 1 we get

11 = w({z € (Q)°: [T(9)(x)] > A/2})

<CWy ey 5 [l gy duta)

<y ey [ 1o (ox g du

< CEPEP S ( /X M (w0 i) + [ lolM (e >>
= CO PP LT+ Th).
It is clear that
11, = /X 9l (w0 )dn(o) < [ |f1Mwd).
Next, we estimate I as follows
11 = [ oM, (w0 ) @)

<y /Q 1S, 1M (e (@)dn(a)

1
<3|, g Jy, VMM oy et
<cz QJ/ (9)ldn(y) inf M (1) (D)n(Q;)
<02/ )My (y)d(y)

<c /X @) [ Myw(y)dp(y),

where we have used that for any r > 1, non-negative function w with M,w(x) < oo
a.e., cube @); and x € @; we have

(221) My (wxa) (@) S inf Mo(wxg, )

The above inequality can be found, for instance, in [46, p. 159] for the Hardy—
Littlewood maximal operator M in the classical setting. We give a short prove of
(2.21) here for the sake of completeness. First note that since Q¢ C Q;, we only need

to prove that, for any y € @Q;, we have
(2.22) M, (wxge) () £ Mr(wxge) ()
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Next, to estimate M, (wxge)(z), we choose a ball P such that € P and PN @;C # 0.
Now if we take any = € PN ijc, we get that

r(Q;) = (26 + 1)r(B;)) < p(zp,,7)

< k(p(zp,, ) + p(z, 7))
< rr(Bj) + K*(p(x,2p) + p(zp, T))
kr(Bj) + 2k*r(P).
Therefore, we have proved that
r(B;) < 26" r(P) < 26r(P),
1+ k

since k > 0. Set § = 2k. Now, following the argument in [44, p. 124], since we have
that B; N P # () and r(B;) < fr(P) for a certain 5 > 0, we have that there exists a
constant ¢g = ¢, > 0 such that B; C cgP := P’.
Now, we can write the following
1 . 1
5 | e @) S

where the last inequality is up to an absolute constant. Now, since y € Q; C P’, by

| wxgy)@dute)

definition of the maximal function, the right hand side is bounded by MT(wXQ;)(y).
Since P is an arbitrary ball containing x, again by the definition of the maximal
function, taking the supremum over all balls containing x, the left hand side is equal
to Mr(“’X@;)(x)a and we obtain (2.21).

Now, combining estimates Iy and I3, we obtain

w({z € (Q)°: [T(9)(@)| > 1/2}) < %(p’)”(r’)”_l\|f||L1<Mrw)~

Next we estimate the term 7], using the estimate in (2.19) and replacing w by

WX x\g, We have

1T =w({y € X\ (@) [T0)w)| > 5))
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= Z / y) M (wx e o,)()du(y)

gfj ( / | () [ Mw(y)du(y) + / g(y)M(Wm@Xy)dMy))

J J

= %(Im +IIL,).

To conclude the proof we only need to estimate I11,. However

11, = Z/Q |fQj|M(’U}XQ~jc)(y)du(y)
1
SZ/ ) u(Q])/ f@)ldpa(2) M (wxg, ) (y)du(y)
= Z/ 2)ldpu(w) inf M (wxg, )
= Z/ )| M(wxg ) (x)du(z)

<c /X | @) [ Muw(z)du(z),

Combining the three estimates we have proved (2.20) and this concludes the proof

of the theorem.
O

2.5 Sharp estimates for commutators

In this section we prove a sharp As — A, bound for commutators and the k-th
iterate commutator of a Calderén-Zygmund operator using the precise version of the
John—Nirenberg inequality in Section 2.2. It is worth mentioning that the optimality
of the exponents in these results follow from the corresponding results in R™ which
were obtained by building specific examples of weights for each operator. However,
a new approach to derive the optimality of the exponents without building explicit
examples can be found in [84].

Firstly, we prove the following bound for a Calderén-Zygmund operator that will
allow to get sharp As — A, bounds for the commutators in spaces of homogeneous

type adapting the corresponding result in [61].
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Theorem 2.5.1. Let T be a Calderén—Zygmund operator and w € As. Then the

following sharp weighted bound in an space of homogeneous type holds:

1T || 2wy < Cluwl P ([wla. + [0]a )Y

2

Note that it suffices to prove this result for sparse operators as it is done in [57,
Sect. 2D] as a consequence of Theorem 2.1.5, which allows us to control a Calderén—
Zygmund operator by a supremum of sparse operators in an space of homogeneous
type. Observe that an equivalent result from that in [57] is proved in [107, Thm. 2.1.].
The latter works in a more general setting that also includes the case of spaces of

homogeneous type. Because of that fact, only a brief sketch is given below.

Proof of Theorem 2.5.1. As stated in [57, Sect. 2D], Theorem 2.5.1 follows from

verifying the following testing conditions:
L [[Sq(o - x@)llz2w) < Cillxellrz(o)
2. [[Se(w - xQ)llz2(0) < CalixellL2(w)

Sof =Y (][L f) ‘.

Les
LcQ

where

and S is a sparse family (this is a sparse operator). In fact, for any two weights w and

o (and, in particular for o = w' "), it follows

IS(fo)llr@w) 1S (o) Le (w) 1S (W)l Lo (o0

sup ———————— Sup ———————— sup 7
Ml ez a(Q)Vr ez w(Q)Vr
To verify the testing conditions, one simply follows the argument outlined in [57, Sect.

5A] to prove
HSQ(UXQ)HLZ(w)

e S Bl

A2 Aoc ’

A

and by symmetry,
1S (wxe)llr2(0) 1/2; 41/2

O

And finally as a corollary of the previous result and using a precise version of the
John—Nirenberg inequality proved in Section 2.2, we prove the following generalized
sharp weighted bound for the commutator and the k-th iterate commutator of a

Calderén—Zygmund operator following the approach developed in [26].
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Corollary 2.5.1. Let T be a Calderon—Zygmund operator defined on an space of
homogeneous type and b € BMO. Then

(2.23) 1T, ()l 2wy < C[w],lq/j([w]Aoo + [0]a)* 26l Baol 1l 2 (w)-

where C' is an absolute constant. In general, for the k-th iterate commutator we get

the following estimate

(2.24) T, Bk 22wy < Clwl 2 ([wlar, + [o)a ) 28l arol £l 22 w)-

Proof of Corollary 2.5.1. Firstly, we start proving (2.23). Let us “conjugate” the
Y Y. g Jug

operator T as follows, that is, for any complex number z we define
(2.25) T.(f) = e**T(e 7" f).

By using the Cauchy integral theorem, we get for appropriate functions,

M) = Do = 5 [ Tz >0

21 z

Therefore we can write

T, 0]l L2 (w) =

(Q,ITi)l/l_ T(f67Zb)ezb

2'2
L2 (w)

1 1/2
<ez [ ([irvemertum)

0e? Jyz)=

C
- ;HT(fe HLQ(weZR“b)
<9[ 2Rezb]1/2([ eZRezb] +[0,62Rezb} )1/2
— c 2 Aoo AOO

1/2

% < |f€Zb|2w€2R€Zbdu)

X

C
:?[ 2Rezb]}4/22([w62Rezb] oo+[062ReZb]Aoo)1/2

<x>) "

where we have used the Minkowski inequality for integrals and the As theorem for

X
VS
T

=
Do

g

Qu

=

spaces of homogeneous type [4]. We also have

(2.26) [we2ReZb]A2 < clw] a,
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and similarly for the A, constants, for all |z| < 7 where the § is

bl Baro ([wlase +Ho]aw
the minimum of the absolute constants from the corresponding lemmas.
All that remains is to bound

C
;[w]AZHme(wy

Since |z| = € we are restricted to certain e by (2.26), so we choose € = g
bl Baro (Tw]

Asotlolan)?
so that
! 1([w] + [o]a) ol
- o
P Aoo Aoo BMO
as wanted.

Putting everything together gives us the desired bound

T Bz < CluliZ(wlan + 014> 1Bl mroll 1] 2 w).

Finally, to prove the general estimate (2.24), we use again the Cauchy integral theorem

to write the k-th commutator for appropriate functions as

_ _ (=1)"k! T.(f)
)= T eemo = /|z|—a =,

[T, b]k(f

e>0,

where T, is defined as in (2.25). Then, following the computation for [T, b] we can
arrive at the desired bound for [T, b].
O

Remark 2.5.1. Corollary 2.5.1 can be proved under the weaker assumption that T

s a linear operator that satisfies the sharp mized As — Ao in spaces of homogeneous

type.
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Weighted bounds for the

multisublinear maximal operator

The aim of this chapter is to prove multilinear analogues of some results mentioned in
the introduction of this dissertation in weighted Lebesgue spaces. Our main result in
this chapter is a sharp mixed A5 — Ao, bound for the multilinear maximal function
that, as it happens in the linear setting, improves Buckley’s one-constant bound. With
respect to Buckley’s estimate we only are able to give some partial results. We also
prove a variety of results in the multiple two-weight setting using an adapted version

of a Carleson-type lemma.

3.1 Some basics on multilinear theory of weights

Along this section we recall some basic notions and results related to the multilinear
maximal function and the multiple theory of weights developed in [80].

Given f = (f1,..., fm), we define the multi(sub)linear maximal operator M by

m

M(F)(x) = supﬂ@/Q|fi<yi>|dyi,

Q3

where the supremum is taken over all cubes containing . The importance of this
operator, that is smaller than the m-fold product of Hardy—Littlewood maximal
functions, stems from the fact that it controls in several ways the class of multilinear
Calderén—Zygmund operators as it was shown in [80].

However, this relationship becomes clearer when characterizing the weighted LP
spaces for which both operators are bounded. Let us first consider weights wy, ..., w,
and v and let us denote W = (w1, ..., wy). Alsolet 1 < p1,...,pm < 0o and p be
numbers such that % = p% +-F pim and denote P = (p1,-- -y Dm)-

The following theorem from [80] can be seen as a natural extension to the multilinear

setting of Muckenhoupt’s two-weight theorem.

Theorem 3.1.1. Let1 <p; <oo,j=1,...,m and%:i+-~-+pi. Let v and w;

1

be weights. Then the inequality

(3.1) IMF) | ppee ) < CH £l 273 )

Jj=1
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CHAPTER 3. WEIGHTED BOUNDS FOR M

holds for any fif and only if

1 p & /1 —pi\ 1/
(3.2) sgp (|Q/QV) E(@/Qw; p) < 00,

o 1/pl,
1 1-p’ Jo. . . -1
where (@ fQ w; J) in the case p; = 1 is understood as (%f w;) .

Let us remark here that if we denote
1 S| 1—p/\ P/P)
[v,m’}A :zsup(—/y) (—/w ”) ,
» = g J, ) L G f,

then the best constant appearing in (3.1) is comparable to [v, ﬁ]z/ ; Also observe
that condition (3.2) combined with Lebesgue differentiation theorem also suggests the
following way to define an analogue of the Muckenhoupt A, classes in the multiple

setting.
Definition 3.1.1. Let 1 < py,...,pm < 00. Given @ = (w1, ..., wy), set

P

m
Vg = H w;.
i=1

We say that W satisfies the Ap condition if

. 1 1/ 1 —p,\ P/
(3.3) [W]a, = sgp (@/QVUT)H(M/QU}; p)pP .

—p'\P/P}
When p; =1, (Wl\ fQ wjl pj) " is understood as (igf w;) P,

As it is shown in [80], the multiple weight classes can be characterized in terms of

the linear A, classes. Observe that the following theorem also shows that as the index

m increases, the A5 condition gets weaker.

Theorem 3.1.2. Let @ = (w1, -+ ,wy,) and 1 < p1,...,pm < 00. Then & € Ap if
and only if
1—p'j .
w; €Ay, j=1,....m
(3.4) j vy J

Vg € Amp7

.. 1-p’, . .
where the condition w; i ¢ Amp;, in the case p; = 1 is understood as wjl-/m c Ay.
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3.2. ONE-WEIGHT ESTIMATES

From (3.4) it is easy to see that when p > 1 we have

(3.5) Ay x...x A, C Apin

- (Prrepm) X oo X Amin (pr,eopm) & Apy X X Ay, S Ap.

Theorem 3.1.2 plays a fundamental role in the proof of the following characterization
of the strong-type inequality for M with one weight in [80]. Observe that the explicit

(sharp) constants involved in it were not taken into account.

Theorem 3.1.3. Let1 < p; < 00,5 =1,...,m and % = p% + -4+ p%. Then the
inequality
(3.6) IM Moy < C T IEi L7 ()

=1

holds for every fzf and only if W satisfies the Ap condition.

3.2 One-weight estimates

Motivated by the previous results, in this section we prove the multilinear analogue
of the mixed A, — Ay, bound shown in [61] as well as some partial results related to
Buckley’s theorem in the multilinear setting in order to get sharp one-weight bounds
for M.

3.2.1 Sharp Ap — Aco multilinear estimate

Our main result in this section is the following A5 — A, sharp bound for M that, as

it happens in the classical setting, improves Buckley’s estimate.

Theorem 3.2.1. Let 1 < p; < o0,i=1,....m and% =L 4. .+ pi. Then the

P1
inequality
. 1 m N m
3.7) Mo we) < Cpp s @15 TTola) T fillrs )
i=1 i=1
holds if W € Ap, where o; = wlvlip;, i =1,...,m. Furthermore the exponents are

sharp in the sense that they cannot be replaced by smaller ones.

First, we will need to prove the following lemma.
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Lemma 3.2.1. For any non-negative integrable f;,i = 1,...,m, there exist sparse
families S, € P, such that for all x € R™,

M(F (@) < (2-12m)m ZA%,S (7 )@),

where 7 = (f1,.-., fm) and given a sparse family S = {Q?} of cubes from a dyadic
grid 9, the operator Ag s is given by

Aos(F)=3" (H(f» ) Xat-

J.k \i=1

Proof of Lemma 3.2.1. First, by Proposition 1.2.1,

(3.8) M(f)(x) < 6™ Y M7 (f)(x)

a=1
where M7« denotes the multilinear maximal function defined with respect to Z,.
Consider M( f ) taken with respect to the standard dyadic grid. We will use exactly
the same argument as in the Calderén-Zygmund decomposition. For ¢, which will be

specified below and for k € Z consider the sets
Q= {z e R" : M4(f)(z) > ).

Then we have that Q0 = Uij, where the cubes Q? are pairwise disjoint with % fixed,

and

m
o < H(fi)@_’; < 2Mnen.
i=1
From this and from Holder’s inequality,

QN Qesal = Yl
QrtcQk

TR H(/M )"

k+1 CQk i=1

Y 1/m
e ] (/ i) 2 gl
=1 JQF
Hence, taking ¢, = 27"t we obtain that the family {Qf} is sparse, and

M) (@) < 2D Ap s (F) ().

A

IN
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3.2. ONE-WEIGHT ESTIMATES

Applying the same argument to each M7= ( j? ) and using (3.8), we get the statement

of the lemma. O
Next we proceed to the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. By (3.8), it suffices to prove the theorem for the dyadic
maximal operators MZ=. Since the proof is independent of the particular dyadic grid,
without loss of generality we consider M? taken with respect to the standard dyadic
grid D.

Let a = 27D and Q = {2 € R" : M4(f)(z) > a*}. We have seen in
the proof of Lemma 3.2.1 that Qj = Uij, where the family {Qf} is sparse and
a* <TI~, |Q71§| fQ;? |fi] < 2"™aF. Tt follows that

Md(ﬂpudm:Z/ MU PP vgda
5 Y\ Q41

R7L
m 1 p
<a? — | fildy: (QF)
2\l /Q y) o
m p
|fz|wpbw pzdyz) VIU(Qk)
<> (s |
m a 1 o o
<a |fz d i TAEl i " dy; W(Qk)v
;H(m/ y) (IQ? o y) o

where «; = (pir;)’ and r; is the exponent in the sharp reverse Holder inequality (1.26)
for the weights o; which are in Ay, for i = 1,...,m. Applying (1.26) for each o;, we

obtain

. m 1 >
MU vgde < aP — i
an (f) vgdr < a ;E<|Qk/k|f

oy o
(673 wipi dy7
P
p

I .
<|Qk| o ) a(@y)

1 o4 i
A Il E i| “tw]" dy; 5.

k,j i=1

Let E;“ be the sets associated with the family {Q;“} Using the properties of Ef
and Holder’s inequality with the exponents p;/p, we get
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. e oo\
R >pu~dxs20[w1AﬁZH(|Qk| [ 1w wdy> B
n - y k

k,j i=1

< 20[w]AﬁZ/EkﬁM (fi

j i =1

P

o\ ar
Yiqp i dx

7

<

)

< 20 4

ﬁ;\

M <|fz aw;’;> e

B

m P
1=

1
P

< 2C[W]a, H (/R M <|f1|azwlpf> @ dCC) .

=1

~

From this and by the boundedness of M,

P

&g

Py
Lo (R")

[ MU vade < Clila, [T (/o))

Q4
|,y Pi
|f7,‘ wi

1

s
Il
—

(o] a) 7

/]

&
Il
_

flllipq (w;)?

where in next to last inequality we have used that (p;/a;) < pjr; and in the last
inequality we have used that 7} = [0;]4., for ¢ = 1,...,m. This completes the proof
of (3.7). O

Let us show now the sharpness of the exponents in (3.7). Assume that n = 1 and
0<e< 1 Let

wi(x) = [a|IED and - fi(@) =2 oy (@), i=1,...,m.

On one hand, it is easy to check that vz = |2|(!=)®™=1) and

(3.9) [@]a, = [va)a,. = (1/e)™
We also need to estimate [0]4__, for i = 1,...,m. We have that
P el
o =w; =z =0

2
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3.2. ONE-WEIGHT ESTIMATES

Since o is a power weight belonging to the A; class of weights, we obtain

1
(3.10) ol < lola =~ -
Hence
o1 1 1\ 7
(3.11) [Tl =i = ()"
i=1
Besides,
m
(3.12) LTl illzes oy = (1/2)1/7.
i=1

On the other hand, we need to estimate ||M(JF)HLp(,,w). First, let f =2~ x 1) (z)

and observe that

—

M lrwas) = IM om0
and if we pick 0 < z < 1, we obtain

Mf(z) > %/0 y ey = @

Then the left-hand side of (3.7) can be bounded from below as follows:

Mty = 100 oy = (2) ([ £0Im) ™

™ m
(2) 10
N\N™ /1\"*?
(2) ()

1 m+1/p
()

€

AR o ~

(3.13)

Q

since

)

™ | =

and vy € App. By (3.9), (3.11) and (3.12) the right-hand side of (3.7) is at most
(1/€)™*1/P_ Since ¢ is arbitrary, this shows that the exponents 1/p and 1/p; on the
right-hand side of (3.7) cannot be replaced by smaller ones.
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3.2.2  Buckley’s multilinear theorem

Even though the result of Theorem 3.2.1 is a sharp and strictly smaller bound than the
classical Buckley’s estimate, it was also interesting to prove an extension of Buckley’s
result. However, contrary to the linear situation it seems that (3.7) cannot be used in
order to derive a sharp multilinear version of Buckley’s result. Perhaps, it is due to
the fact that the right-hand side of (3.7) involves m + 1 suprema while the definition
of [w] 4, involves only one supremum or else Lemma 3.2.2 below, where we show the
relationship between the A, constants of the o; weights and the [W] A, constant, is

not sharp. Anyway, we only could give some partial results expressed in the following

theorem.
Theorem 3.2.2. Let 1 < p; < oco,i =1,...,m and zl? = p% +...4 p%. Denote by
a=«a(p1,...,pm) the best possible power in
(3.14) 1M o) < Crmop [@1%, TT I fill o (-
i=1

Then we have the following results:

(i) for all 1 < py,...,pm < 00, %gagi(l—kzlﬁlp%l);

(ii) if pr =pa =+ =pm =1>1, then a = 5.

In order to get an upper bound for « in part (ii) of Theorem 3.2.2, we shall need
the following technical lemma. Its proof follows the same lines as the proof of [80, Th.
3.6].

Lemma 3.2.2. Let1 <p; <o00,j =1,...,m and % =Ll + L IfueA;
then
05/
[0]an < Clal;
Proof. It was shown in [80, Th. 3.6] that if & € Az, then o; € Amp']» Our goal now is
to check that

(3.15) o514,

m

Since [05]a., < Clojla,, ,, (3.15) would imply the statement of the lemma.

Fix 1 < j < m, and define the numbers

1 Doq .,
Qj:p(m71+7) and 4 = b quﬁ#}
Dj pi—1p
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3.2. ONE-WEIGHT ESTIMATES

Since
— = + —1/pi ) 1,
; i —1+1/pj\p - 2;# /

using Holder inequality, we obtain

_p_ mo _p m __p_
Piq Pidq; Pid;
/ij“:/Q(”wi ])( Il w; ])

i=1 i=1,i#j
< (/ ﬁwf/pi)l/qj ﬁ (/ w;l/(pfl))l/qi.
Qi=1 i=l,i#j €

From this,

() (o)
< </Q w;’”;) </ prm) Ja; ; ﬁ (/ >l/q

95Pj
p(p;—1)

1i#j5
»j
1y o/p: m 95/4
f(/w) 10 ) I ()
Q =1 i=1,i#7 Q
Since
4 _ p( Sl ) _p
TR C=T=n B
pi—1 p
we obtain
(L) ([or)™
Q ’ o’
1—p i ; i 1—p} o] 7
< (/ w; ]) /wa/m H (/ w) )
Q@ @ i=1 =15 @
ﬁ y ﬁ Lo p/p; G
< / wi' P </ w; ‘)
Q=1 i=1 WY@
Therefore,
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(@ ) G )

=1

’
%
P

which proves (3.15). O

Proof of Theorem 3.2.2. We start with part (i). Consider the example given after the
proof of Theorem 3.2.1. Combining (3.9), (3.10), (3.12) and (3.13) with

HM(J?)HLP(VQE) < CW](XIS H I £5 11275 ;)0
j=1

we obtain m + 1/p < a(mp — 1) + 1/p which yields v > .
Further, by Theorem 3.2.1 and Lemma 3.2.2,

1

@<=+ (1+ ).
izlp sz—l

This completes the proof of part (i).

hS

m l/m
Suppose now that py =ps =---=p,, =r. Then p=1r/m, vg = (H wj> .

j=1
m 1 (r—=1)/m
1550 = (g [,) W g ;)

!’
where o; = wil_r . Set also

Denote

; w11y [,

We will follow the method of the proof of Buckley’s theorem given in [76]. By
(3.8), without loss of generality we may assume that the maximal operators considered

below are dyadic. We get

[l g [, 51 = 4ot (ij?!@(na_;@/w) ’”) -

- r—1 m

M(F) (@) < [ My, (Ma(F) T v (@)™

From this, using Hélder’s inequality and the boundedness of the weighted dyadic

Hence,

maximal operator with the implicit constant independent of the weight, we obtain
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3.3. TWO-WEIGHT ESTIMATES

r—1

M) Lrny < m;ﬁ;||Mw(Ma(f)w%lnuzgw
< C[w}fllMa(f)llmm( —
< _’ 7 T H HMoL fz ||L7(01

L7 (w;)-

< o [T
=1

This proves that o < ™5 But if p; = py = = p,, =T, then pT = -7 Hence,

using part (i), we get that a= T O

It is worth observing that later on, using similar techniques as the ones that we
use for proving Theorem 3.2.1, Li, Moen and Sun in [81] showed the following sharp

version of Buckley’s result.

Theorem 3.2.3. Let 1 <pi,...,pm <00, — + ...+

-1 i _
s p1 =5 and W € Aps. Then

1
Pm

1 Pm )

(3.16) M Lr ey < Cm,n,ﬁ[w] H fill Lo w,)-
Moreover, the exponent in (3.16) is sharp.

3.8 Two-weight estimates

In this section we state and prove some two-weight estimates for the multilinear

maximal function that are the generalization from the corresponding ones in the linear

setting.

Throughout this section wi,...,w,;, and v will be weights and we will denote
W = (wy,...,wy). Alsolet 1 < pi,...,pm < oo and p be numbers such that
%z p% +"'+1%m and denote P = (p1,...,Pm)-

3.3.1 A multilinear Carleson lemma

Firstly we state the main tool of this section. This lemma extends to the multilinear
setting a nonstandard formulation of the (dyadic) Carleson embedding theorem proved

in [61] and it will be very useful in the sequel.
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Lemma 3.3.1. Suppose that the nonnegative numbers {ag}q satisfy

(3.17) > ag < A/ Ham dr, VR € 9

QCR
where o; are weights for i = 1,...,m. Then for all 1 < p; < 00 and p € (1,00)
satisfying % = p% + 4 pi and for all f; € LPi(0;),

1/p
m

S oIl 5y [ Fwmtwan) | <AIMEPlliren)

(3.18) Qez =l

SAHP;:|\fi||Lm(m)7

i=1
LS|
d — . L (Mo () dus
where M?(?)—glé-%il_ll O_Z_(Q)/Q|f7,(y’t)|0'z(yl)dyz.

Proof of Lemma 3.3.1. Let us see the sum
P
Z aQ ( / fz yz gy yz)dyz>
QEZ i= 1

as an integral on a measure space (2,27, ) built over the set of dyadic cubes 2,

assigning to each @) € & the measure ag. Thus

Z aqQ (Hm(lQ)/ fi(yi>0i(yi>dyi> =

Qe

- O pAP 1,u{Q ()0 (v dyi >>\}

=5/ PN (D) dA

0

Let us denote by 25 the set of maximal dyadic cubes R with the property that

-, m(Q Jr fi(yi)oi(yi)dy; > X. Then the cubes R € Z5 are disjoint and their union
is equal to the set {M% (7) > A}. Thus

=D a< ) D ag

QED ReZ5 QCR
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<Ay /Ha“dm
Re

moo,

= A/ o/t dx.
(ML (F)>a} 1;[1

Then we obtain

m

p 00 W
Z aq ( / fl yz g; yz)dyz> < A/ p)\pfl/ HO’ipi dxd\
=17 0 (ML (F)>A} sy

QeD
—A [ MmL(Fy ﬁ 0¥ da

<A/H flpl)dx

< AH (/ fz))p’aldx)

<Aﬁ (p}) (/ ’“azdaﬁ)pi,

where we have used that /\/ld?(?) < TTi%, ME(f;), Holder’s inequality and the
boundedness properties of MZ (f;) in LP(q;). O

3.8.2 A multilinear Sawyer’s theorem

Next we establish the following generalization of Sawyer’s theorem for which it is

necessary to define the Sawyer’s condition in the multilinear setting.

Definition 3.3.1. We say that the pair (v, W) satisfies the Sp condition if
1

o5, = sup ([ M(%)%dm)’l’(f[lai@)é)‘ <o,

where oXg = (01X@Q;---,0mXQ) and o; = w ¥ for alli = 1,...,m and all the

suprema in the above definitions are taken over all cubes @ in R™.

Very recently it was shown in [82] a multilinear version of Sawyer’s theorem using
a kind of monotone property on the weights. The condition that we establish here is a

sort of reverse Holder inequality in the multilinear setting.
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Definition 3.3.2. We say that the vector W satisfies the RH 5 condition if there exists

a positive constant C such that

D

» mop
aidzzz) " SC’/ Haipi dx,
Q=1

where o; = wil_p;‘ fori=1,...,m. We denote by [W|gru, the smallest constant C' in
(3.19).

(3.19) ﬁ (/

i=1 Y@

Observe that when m = 1 this reverse Holder condition is superfluous and we

recover the linear result of Moen in [87].

Theorem 3.3.1. Let 1 <p; <oo,t=1,...,m and%: p%+...+f- Let v and w;
be weights. If we suppose that W e RH= then there exists a positive constant C' such
that

— m v
(3.20) IM(Fo)lzrw) < CTNfillLri (o), fi € LP(03),

i=1

where o; = wilfp;, if and only if (v, w) € S3. Moreover, if we denote the smallest
constant C in (3.20) by || M||, we obtain

1/p
(3.21) [0, B S IMI| S [v, @5, [@ -
Here we make some remarks related to the previous theorem.

Remark 3.3.1. In the particular case when v = vy, the following statements are

equivalent:
1. W e Ag.
2. 0, = wilfp;’ € Appy, fori=1,....,m and vy € Apyp.
3 (vg, W) € S5
4. There ezists a positive constant C' such that
(322 MDDl < CTL Al e fo € L7 (w)
i=1

60



3.3. TWO-WEIGHT ESTIMATES

Indeed, the equivalence between 1., 2. and 4. was proved in [80, Th. 8.6, Th. 3.7].
It can be easily seen that in this particular case [V, @]5fg < ||IM| where || M]| denotes
the smallest constant in (3.22) and [U}A? < [Vﬁ,w]g?. Therefore we have that 4.
implies 3. and 3. implies 1.. So we have obtained that all the statements are equivalerlzt.

Additionally, following Theorem 3.2.1 we also have that ||M]| < [W]Z/g 1 o) %
So, we have obtained

m

(3:23) B S oa Blsy S IMIIS (@152 [[l[ai]sé .

Remark 3.3.2. As we have observed in the previous remark, RH- condition is not

necessary when v = vy in Theorem 3.3.1. We are not sure if this condition can be

removed in the general case.

Proof of Theorem 3.3.1. It is clear that (3.20) implies the Sz condition without using
that (v, @) € RH-. Thus, it remains to prove that (v, @) € S4 implies (3.20) to
complete the proof of the theorem.

As we did before it suffices to prove the theorem for the dyadic maximal operators
M7= Since the proof is independent of the particular dyadic grid, without loss of
generality we consider M? taken with respect to the standard dyadic grid D. Next
we proceed as in the proof of Lemma 3.2.1. Let a = 2™ *+1) and for k € Z consider

the following sets

Qp={r eR": ./\/ld(f—g) > ak}.

Then we have that 0 = Uij, where the cubes Qf are pairwise disjoint with &
fixed, and

k mn k
a” < T |fi(yi)|oi(ys)dy; < 2™"a".
};[1 Q51 S
It follows that

./\/ld(f—g)pvdx = Z/ ./\/ld(f—z;)pvdx
e Y \Qk41

< apZ/ a*Podz
¢
%

2\ Qp41

R
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=aP Z akpv(EJ’-“),

k,j

since Q \ Qi y1 = U;EF where the sets E} are the sets associated with the family
{Q?} Then, we obtain

m p
Md_>pd < P 1 osdy; Ek
[ Moyt < a %(Hwﬁ/@?flo y> o()

m oy Q‘];; p m 1 p
N (H |é2§)> <H o A |fiaidyi>

k,j i=1 i=1 ;
m 1 P
~or 3o ([ gy [, o)
QeDp i1 0(QF) Jo

P
where ag = v(E(Q)) (HZL G@?) ,ifQ = Q? for some (k,j) where E(Q) denotes
the corresponding set Ejk associated to Q?, and ag = 0 otherwise. If we apply the

Carleson embedding to these ag, we will find the desired result provided that

ZGQSA/ ﬁai”%dm,ReD.
i=1

QCR Ri=
For R € D, we obtain

QCR QFCR

where in the next to last inequality we have used the S5 condition and in the last
inequality we have used the RHp condition. Thus, by Lemma 3.3.1 we get the desired

result and the proof is complete.
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3.3.8 A multilinear B, theorem

We are also able to prove an analogue of the B, theorem (1.28) extended to the
multilinear setting for which we need to define previously a multilinear B 5 condition

as follows.

Definition 3.3.3. We say that the pair (v, W) satisfies the B condition if

[v, W] B, ::sgpv|g)<nwré§2))pex <|Q/logHu} p’dx)<oo

i=1

Theorem 3.3.2. Let 1 <p;, <oo,i=1,...,m and % = p%+-~-+,%- Let v and w;
be weights. Then

(3.24) IM(FS) 2oy S [v, T H illreons fi € LP(00),

1—p) b
where o; = w; "7, 7 = (01,-.-,0m) and fo = (fio1,-. -, fmoOm)-

Proof of Theorem 3.3.2. To prove this result we proceed using the standard argument

as before. We obtain

m P
d _>Jp p L Ao dy; k
M(fo)Pvdr < a kZJ(H |Q§|/Qf | fil zdyz> v(Q5)

_asuon (T 7@\ (11 oY
=y @-)(H 1 ) (H @) /ch £l wzyZ)

k,j i=1 J

1 .
< dPlv 7B?Z|Qk|exp<|Qk/leogHJi’”dx>
i =l

P
1
X | filoidy;
<¢_1 Ui(Qf) Q¥

1 p
Md(f.a))pvdfﬂ < a’[v, @], Z aQ (H 7 (0% /Qk fi|0idyi> ;

R™ QeD i=1 J j

R

And it follows

63



CHAPTER 3. WEIGHTED BOUNDS FOR M

where in next to last inequality we have used the By condition and

womiaon (3 [l ar)

if Q= Q? for some (k,j) and ag = 0, otherwise.
Next if we apply Carleson embedding to these ag, we obtain that (3.24) holds
provided that

ZaQ<A/HUZ—’%dm,RED.

QCR i=1

For R € D, we have

1 ~ 2
a0 3 Qe (o [ lg][of do
Q51 Jay 7

QCR QiCR
SQZ\Ef\exp 0 / logHa‘”dx
Qk Q1 Jos
i
<2y /MMO (Hgipim> dz
Q;?CR j i=1
<2/ My <Haip'ixR> dx
" i=1
o p
< 2@/ ol
oLl

where My is the (dyadic) logarithmic maximal function described in [61, Lemma 2.1]
and also discussed in [116]. Here we have used that My is bounded from L! into itself,
and this concludes the proof of (3.24). O

3.8.4 A mired Ap — W}%O theorem

We also prove a mixed A, - Ay bound for M that extends the one in [61] to the
multilinear setting, for which we need to define the corresponding generalization of
the Fujii-Wilson A, constant.
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Definition 3.3.4. The vector of weights W satisfies Wg’ condition if

1

[@)wee :Sgp(/QﬁM(wiXQ)’Zdﬂi)(/Qf[lwfzdx)_ < .

The corresponding theorem is the following.

Theorem 3.3.3. Letl <p; <oo,i=1,....m and%:p%—i—...—l—pi. Let v and w;

be weights. Then

— - ,
(3.25) IMF)lLriy S ([0, Wy [7]W§°)1/pH | fillLri (), fi € LP(04),
i=1
where o; = wj_p;, 7 = (01,...,0m) and f—>a = (f101,- -+ fmom)-

Theorem 3.3.3. Proceeding as we did in the previous theorems, we obtain

1 (QF P /o p
MU de < a3 0(Qh) (H g%ﬁ) (H 5 | Ifmz-d%)

R

k.7 i=1 i=1 J
m p
1
<allv, Way Y ag (H 7/ |f—|0-dy->
— ) B . k ) K 1 (3 )
QeD i=1 7i(Q5) QY

where we have used the Ap condition and we have denoted by aq the following

numbers

ag = [[ (@)%,
=1

if Q= Qf for some (4, k), and ag = 0, otherwise. Therefore it suffices to check that
(3.17) holds for every R € D. Indeed,

Sao= 3 [[@E Z H(‘” ?):im

QCR Q?CRizl CRi=1
2
Pj
k
SOMENI(E=
QkCR =1

<2 Z / HMUlXR Pzd

chR By =1
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< 2/ HM((TZ'XR)T’%dJT
Ri=1

< 2wz /R [ o7 da.
=1

where Ef are the sets associated with the cubes Qf and we have used that & € WI%?
Therefore we have proved (3.25).
O

Observe that the relationship between the mixed bound below and (3.7) is not
clear since, a priori, the multiple W%O constant appearing in the theorem above is not

comparable to the product of linear A, Fujii-Wilson constants in Theorem 3.2.1.

3.3.5 A sufficient condition for the two-weighted boundedness of M

Finally, we give a sufficient condition for the “two-weighted” boundedness of M with
precise bounds generalizing the corresponding linear result from [95] and its multilinear
counterpart in [88]. Let X be a Banach function space. Given a cube @, define the

X-average of f over () and the maximal operator Mx by

[flx.@ = llTeq (fxQ)llx,  Mx f(z) = Sup 1flx.q;
where ¢ denotes the side length of @ and where 75f = f(dz), § > 0,z € R™.

Theorem 3.3.4. Let 1 <p;, <oo,2=1,....,m and%:pil+...+pi. Let X; be a

Banach function space such that MX{ is bounded on LPi(R™). Let u and v, ...,V be

the weights satisfying

K = sup (MDY T o7 < .
@ \lQl/
Then

M) ey < Cn,mKH | Mx/ || Loi gy | fill Lo (07 -

i=1
This result can be seen as a two weight version of (3.7) when considering function

spaces X given by X = L? for 1 < p,r < 0o so that

| Mx/ || Lo@ny = [ Mepry lLegny = (r)H/P.
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3.3. TWO-WEIGHT ESTIMATES

Another interesting example is given when considering the Orlicz space space X = Lp
where B is a Young function for which |[Mx:|[zr@n) = [[Mp|/Lrn) is finite. In
particular if B(t) = t* (log(e +t))?' ~'*% § > 0,1 < p < oo it follows from [95] that

1

[Mx/||r@ey = | Mgl Lr@n) = (g)l/p-

Proof of Theorem 3.3.4. We start exactly as in the proof of Theorem 3.2.1. It suffices

to prove the main result for M?. Let Q = {z € R : M4(f)(z) > a¥} = U;Q%,

where @ = 2m("+1) Then

m P
o 1 1 _ 1
M ude < a?y (Hk / | filv] v, dy) u(@QF).
kj \i=1 |Qj| Q¥

By the generalized Hoélder inequality ((1.7)),

R™

1 1 L -1
m /Qk |filvi"v; " dy; < || fiv] ||X;,Q§||”i " Xi,Qk
J J

Combining this with the previous estimate, using the properties of the sets EJk

associated with {Q;C }, and applying Holder’s inequality, we obtain

0 s L -1 pu(Qk) k
MG ude < a3 (T narler ™ lxogs | 221k

R kg \i=1 |Q%|
SZQPKPZ <ﬁ ||fzvfll||Xl’Qf>p|E]k| < 2aPKP ﬁMxé(ﬁU;/pi) 1;,
kj \i=1 i=1
< 20K T[ 10 (it e < 200K T 10 [ 1ol
i=1 i=1
which completes the proof. O
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Weighted bounds for multilinear

singular integral operators

This chapter is devoted to weighted bounds for multilinear singular integral operators.
We first introduce a few facts related to the notion of multilinear Calderén—Zygmund
operators as well as their boundedness properties in Lebesgue spaces. Next we prove
a local mean oscillation estimate for multilinear Calderén-Zygmund operators. This
result will play an important role in the proof of our main result in this chapter.
Namely, we establish a control in norm from above of multilinear Calderén—-Zygmund
operators by a sort of multilinear sparse operators using an extension of the techniques
of A. Lerner in [77] to the multilinear setting.

An analogous result is also obtained for a wider class of multilinear singular integral
operators with non-smooth kernels. The main feature of this class of operators is that
their kernels satisfy significantly weaker regularity assumptions than the standard
Calderon—Zygmund kernels.

As an application of our main result, we will derive a multilinear analogue of
the so-called Ay theorem for both types of operators. Some remarks concerning the
multilinear version of the A, theorem as well as some open questions are also discussed
at the end of this chapter.

4.1 Basics on multilinear Calderon—Zygmund operators

Multilinear Calderén—Zygmund theory can be traced back to the works of R. Coifman
and Y. Meyer [31] in the seventies. Their work was oriented towards the study of
certain singular integral operators, such us the commutator of Calderén. This theory,
far from being a mere generalization of the linear theory, appears naturally in harmonic
analysis. The boundedness results for the bilinear Hilbert transform obtained by M.
Lacey and C. Thiele [72, 73], motivated the development of a systematic treatment
of general multilinear Calderon—Zygmund operators. In this respect, the work of L.
Grafakos and R. Torres [53] set the bases of the unweighted multilinear Calderén—
Zygmund theory, whereas the corresponding weighted results connecting multilinear
Calderén—Zygmund operators and the A 5 class of weights were addressed by A. Lerner
et al. in [80].

69



CHAPTER 4. WEIGHTED BOUNDS FOR MULTILINEAR S.I.O.

First, let us recall the definition of multilinear Calderén-Zygmund operator intro-
duced in [53].

Definition 4.1.1. Let T be a multilinear operator initially defined on the m-fold

product of Schwartz spaces and taking values into the space of tempered distributions,
T:SR") x -+ x S(R") — S’ (R").

We say that T is an m-linear Calderén-Zygmund operator if, for some 1 < q; < o0,
it extends to a bounded multilinear operator from L% x .-+ x LI to L1, where % =
qil—}» : .+q%’ and if there exists a function K, defined off the diagonalz =y, = -+ = ym
in (R™)™FL ) satisfying

4.1 T(fr,- s fm)(@) = / K@yt ym) fi(yn) - fn(Ym) dy - - Ay,
(Rn)vn
Jor all x & N7y supp fj,

A
(3 m-ul)™

k,1=0

(42) |K(y03y1,"',ym)| <

A|yj - y§-|6

(43) |K(y077y]77ym)_K(y077y;77ym)|§ ™ mnte’
( 2 yk —yz\)
k,1=0

1
for some € > 0 and all 0 < j < 'm, whenever |y; — y}| < 3 Orgr}cagxm lY; — Ykl

The following theorem proved in [53] summarizes the basic boundedness properties

of multilinear Calderén—Zygmund operators in Lebesgue spaces.

Theorem 4.1.1. Let T' be a multilinear Calderén—Zygmund operator. Let p, p;
numbers satisfying % <p<oo,1<p; <oo, and pil +... 4+ % = %. Then, all the

statements below are valid:

(i) When allp; > 1, then T can be extended to a bounded operator from LP* x...x LPm

into LP, where LP* should be replaced by LY if some pp = 0.

(ii) When some p; = 1, then T can be extended to a bounded operator from LP* x

.. X LPm into LP*° where again LP* should be replaced by LS° if some py, = oo.
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4.1. BASICS ON MULTILINEAR CALDERON-ZYGMUND OPERATORS

(iii) When all p; = oo, then T can be extended to a bounded operator from the m-fold
product LY x ... x L into BMO.

Let us note that when all the indexes p; = 1, this result is a generalization of
the classical weak type (1,1) estimate for singular integral operators. Namely, the
corresponding endpoint space to bound singular integral operators in the multilinear
setting is now the m-fold product L' x ... x L' and, by homogeneity, it is mapped

into LY/™> ie.,
(4.4) T:LY(R") x ... x LY(R™) —s LY™>(R").

As we mentioned in Chapter 3, the multilinear maximal function controls multilinear
Calderén-Zygmund operators. This relationship is reflected in the following estimate
that can be found in [80, Thm 3.2.], which was motivated by [1].

Theorem 4.1.2. Let T be an m-linear Calderdn-Zygmund operator and let 6 > 0
such that 6 < 1/m. Then for all fm any product of L% (R™) spaces, with 1 < ¢; < oo,

(4.5) MF(T(f)(@) < OM(f)(x),

where M* is the standard Fefferman-Stein sharp mazimal function and Mg(f) =
MA(|FI°)M°.

Finally, we recall two important results in [80] connecting the multilinear maximal
function, Calderén-Zygmund operators and the A class of weights. The first one,
which is a consequence of Theorem 4.1.2, can be viewed as a generalization of the
Coifman-Fefferman theorem [28] to the multilinear case. The latter shows that the
A classes are also the appropriate ones for the boundedness of multilinear Calderén—

Zygmund operators.

Theorem 4.1.3. Let T be a multilinear Calderon—Zygmund operator, let w be a weight

in Aso and p > 0. There exists C > 0 (depending on [w]f{m) so that the inequalities

= —

(4.6) 1T ()| 2o w) < CIM) ) 2o )
and
(4.7) T () Lroe () < CIMP)| oo ()

hold for all bounded functions f with compact support.
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Theorem 4.1.4. LetT be a multilinear Calderén—Zygmund operator, % = pilJr. . .+I%n,

and W satisfy the Az condition.

(1) If 1 <p; <oo,j=1,...,m, then

(4.8) HT(JF)HLP(W) <C H £l i (o, )-

Jj=1

(i) If 1 <p; < oo, j=1,...,m, and at least one of the p; = 1, then

(4.9) T v gy < C TT 512 -

Jj=1

4.2 Local mean oscillation estimate for multilinear Calderon—Zygmund

operators

In this section we prove the following proposition that will be essential in the sequel

and whose proof follows from the proof of Theorem 4.1.2.

Proposition 4.2.1. Let T be a multilinear Calderén—Zygmund operator. For any
cube Q C R™,

- 1 v/ 1
410) 1@ <t an S g 11 (g [, ).

Proof of Proposition 4.2.1. Let f; = f2 + f°, where f) = fixg+,i = 1,...,m and
Q* = 2y/nQ. Then, we can write

m m

ITrw) = TI1Rw) + £°w)

i=1 i=1

_ 3 L) O ()

ap,...,am€{0,00}

m
= IR +D] @) fom ym),
i=1
where each term in ¥ contains at least one ay # 0. Therefore

—

(4.11) T(f)(2) =T(f) (=) + Y T ... for)(2),

72



4.2. LOCAL MEAN OSCILLATION ESTIMATE FOR MULTILINEAR CZO

and f;’ = (f9,..., f%). Next, by definition of local mean oscillation, we get

= =

A (T(f): Q) < (T(f) - Ixa) (MR
< (@) +STUM - Jam) = Oxe) (AIQ).

We set now ¢ = S T(f0,..., f&m)(x) where z is the center of Q. Using the properties
of rearrangements,

—

wA(T(f); Q) < (T ﬁ))*(A\QD
+Z ||T RN m )(Z)_T( 7"'7fm )(x)”LN(Q)

For the first term we use the endpoint weak estimate for T in (4.4). Namely,

m

i oeD < g LT[ 15

In order to handle the second term we follow exactly the proof in [80, Thm 3.2], but
taking into account that we only need the local estimate on a single cube. More precisely,
if we consider the case when aq = ... = oy, = 0o and define T(f>) = T(f°,..., ),

we obtain for any x € @

- " |z — 2| - .
T(f>)z)—T(f~)(x)| <C / i(y:)|d
IT(F~)(2) - T(F)(@)] < y e VAL

(R™\2/nQ)™
|z — 2]
<C i(yi)|d
. ® \/Q) (lz=wl+ - +|z—yn I”’"“HU vo)ldg
n2 m

[eS) |(E . Z|€ m .
<0 | g Ll
Sl @) =

= Q™ /
i\Yi d
Z 2l|Q|1/n nm-+e (21+1Q)m H‘f Yi ‘ Y

| /\

o0 1 m
;271_[ |21Q|/ | fi(yi)|dy,

where we have used the regularity of the kernel and that |z — 2| ~ |Q|'/™ and
|z — yi| = [2FF1Q|Y/™ ~ 2F|Q|*/™. Tt remains to consider the rest of the terms in (4.11)
such that aj, = ... = a;, = 0 for some {ji,...,jx} C {1,...,m} and 1 < k < m.
Using again the regularity of the kernel we get

| /\
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T fir) @) = T fo) @)

=C H / | fildy: / 2 = 2 T q50.... 50y il dys

B — — nm-+e
jEin s} T2V (2t (lz=wnl+-+lz—yml)

oo Q e/n
<C H /2 nQ|fz|dyz (21Q||1Ln)nm+e / H | £l dys

VIS WIRRN IS (2t+1Qym—k JELT10dk}

Z Qp Hlf yi)ldy
21|Q‘1/n nm+e @1Qym LA ’

and we arrive at the expression considered in the previous case. Therefore putting all
together we obtain the desired result.
O

4.3 Control by multilinear sparse operators

In this section we generalize the result of A. Lerner in [76, 77] in which a Calderén-
Zygmund operator is bounded from above by a supremum of sparse operators. We
will need to introduce a natural multilinear extension of a dyadic sparse operator to

the multilinear setting.

Definition 4.3.1. Given a sparse family S over a dyadic grid &, a multilinear sparse

operator is an averaging operator over S of the following form

dos(H) =3 (Hm) ) Yo @),

gk \i=1

Our main theorem in this section is the following.

Theorem 4.3.1. Let T be a multilinear Calderon-Zygmund operator and let X be

a Banach function space over R™ equipped with Lebesque measure. Then, for any

appropriate f,

IT(F)x < rommsup | Ag.s(1f])]lx

where the supremum is taken over arbitrary dyadic grids 2 and sparse families S € 9.

Next we proceed to the proof of Theorem 4.3.1.

74
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Proof of Theorem 4.3.1. Combining Proposition 4.2.1 and Theorem 1.6.2 with Qo € 2,
we get that there exists a sparse family S = {Qf} € 2 such that for a.e. x € Qo,

(4.12) T(7) @)~ gy (@) < € o Tl F1)a),
=0

where ¢ = ¢(n,T) and

',:]3

Tsa(D@) =Y (

I,k 1

(fi)gr ) Xor (@).

1

By the weak type property of the m-linear Calderén-Zygmund operators (4.4), as-
suming, for instance, that each f; is bounded and with compact support, we get
(T(f))*(+00) = 0. Hence, it follows from (1.32) that M7y (Q)] = 0 as |Q[ — oo.
Therefore, letting Qo to anyone of 2" quadrants and using Fatou’s lemma and (4.12),

we obtain

T < e T) Y 51 sup 75

Therefore, our goal here is to show that

(4.13) sup [|7s.1(f)l|x < c(m,n)
SeD

This estimate along with the previous ones would complete the proof. However we
need to prove some intermediate results before we prove (4.13). Assume now that
fi > 0 and fix a sparse family S = {Qf} € D. Applying Proposition 1.2.1, we can
decompose the cubes Qk into 2™ disjoint families F, such that for any Q’? € F, there
exists a cube P]lk € 9, such that 2 Qk C P  and EPL o < 6£21Qk Hence,

(4.14) ToulF <6"mz 3 (Hflpm)ka)

a= 1]kQ§“eF i=1

where

ToalF)e) = 3 (110 ) s @)

gk =1

We shall also need to define the following auxiliary operator

'%l,a(.fi,...,mflvg)(m) = Z ("i_[l(fz)Pl )(|P}a| / Q)Xp;;;; (z),

N .k
J.k
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which appears naturally in the following duality relation

(4.15) /m Ygde = | Ma(Frrm1,9) fom d.
RTL

Now we claim that .# , satisfies that for any cube Q) € Z,,

m—1

(4.16) (M0 f1,m-1.9): Q) < c(\m,n)lgg [] (fi)a

i=1

Indeed, let Q € Z, and let « € (). We have

t%l,a(.ﬁ,...,m—lag)(l‘) = Z + Z

kjPIRCQ ki QTP

The second sum is a constant (denote it by ¢) for x € @, while the first sum involves

only the functions f; which are supported in Q). We get the following simple estimate

m—

(4.17) | Mo (f1,...m—1,9) — clxq(a H (fix@) (@) Zi(gxq)(x),

where

T9(x) = Z (P}" g) Xpra(2).

It was proved in [77, Lemma 3.2] that ||%g\|L1,m < e(n)l||g||r- Using this estimate,

the weak type (1,1) of M, and reiterating the well known property of rearrangements,
(f9)*(t) < [*(t/2)g"(t/2), t >0, we get using (4.17)

m—1
w}x(fﬂl7a(ﬁ,.“7m—1a 7 H M leQ gXQ))*()\|QD
i=1

<H (fix@)) (\QI/2") (Zilgxe)) " (AQI/2™ )

m—1

e\ m,n)lgg ] (£)e
i=1
which completes the proof of (4.16).
Finally, let us proceed to show (4.13). By (4.14) it is enough to prove (4.13)
with ’7]701(fﬁ)7 for each o = 1,...,2", instead of %l(f) on the left-hand side. By the
standard limiting argument one can assume that the sum defining 7; o ( f ) is finite.

Then the sum defining the corresponding operator ///l,a(fi,m’m,l, g) in (4.15) will be
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finite too. This means that the support of ///z,a(ﬁ,___,m—hg) is compact. One can
cover it by at most 2™ cubes @, € 2, such that

m//ll,a(fl ,,,,, mfl,g)(QV) =0, v=1---,2"

Applying Theorem 1.6.2 along with (4.16), we get that there exists a sparse family
Sa € D(Q,) such that for a.e. x € Q,,

%,a(ﬁ,...,m—lag)( < c(m,n)l Z < H fz )ngXQ;?(x)'

Hence, by Hoélder’s inequality,

%I,a(ﬁ,...,m—lag)‘fm dz < c(m,n)l A_@Q,SQ (]?)gdlli
Qv R™

c(m,n)lsup [ Az,s(f)xlgllx-
2,8

IN

Summing up over @, and using (4.15), we get
[ TalPlgde < 2ctm s | 4o ()l x gl

By (1.5), taking here the supremum over g > 0 with ||g||x- = 1 gives (4.13) for ﬂ,a(f),

and therefore the proof is complete. O

4.4 Ag theorem for multilinear Calderon—Zygmund operators

As we mentioned before, one of the main results obtained in [80] is that if @ € A3,
then an analogue of (3.6) holds with a multilinear Calderén-Zygmund operator T'
instead of M. Hence, it is natural to ask about the sharp dependence on [w] Ap in
the corresponding inequality. As in the linear situation we want to apply Theorem
4.3.1 to X = LP(vg). However, the exponent p is allowed to be smaller than one, that
is, 1/m < p < co. Therefore when 1/m < p < 1, Theorem 4.3.1 cannot be applied
since in this case LP(vz) is not a Banach function space. In this section we will show
the following particular case that can be seen as a multilinear analogue of the A,

conjecture.

Theorem 4.4.1. Let T(f) be a multilinear Calderon-Zygmund operator. Assume
that py = po=---=pm =m+ 1. Then

(4.18) ()2 (v) < CTymon|@ anznmm

(s
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Proof of Theorem 4.4.1. First, we apply Theorem 4.3.1 with X = LP(vz). Observe
that with our particular choice of p;, p = mTH Fix § € 2 and assume that f; > 0.
By duality, we obtain

1 A2.s(F)lLrws) = sup ZH fi Qk/

”9”Lpf(l,;1/<p—1>) _, ok i=1

Observe again that by the choice of p; we have p/p} = 1. Let us write for simplicity

Ap:Q) = (1 / (@ / o

Then, we have

7,k i=1 j
_ ok (TT L } 1 k
= S At j>(l[[lal(Q§)/§fz)(Vw(Qk)/ 0)1Q})
<ofila, 3 [ TIME o M2 (v
gk 7 ES =1
<olals, [ TIME o U (05 e
=1

Now applying Hoélder’s inequality we get

2 -1
/Rnil_[lM (fio; (gz/13 )dx

< HH o | A (g | PR

First, applying again Holder’s inequality With exponents p;/p in the first term on the

right hand side and using that p — 1 = we get

17

| H ”Lp(,,*(l’ Dy < H 1M HLm (o)) = CH ”fl”Lpl(w

i=1

Finally, for the second term we have
@ —
||Mum(gyw‘l)||LP/(vzﬁ) < CHQHLP/ (ygl/(p—l)) =
and we are done. O
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4.5 Basics on multilinear generalized Calderon—Zygmund operators

In this section, we introduce the class of multilinear generalized Calderén—Zygmund
operators also known as operators with non-smooth kernels in the literature (see
[42, 41, 40, 51, 5]). The main feature of this class of operators is that their kernels
satisfy regularity conditions that are significantly weaker than those of standard
Calder6on—Zygmund kernels. An important example of our model operator with
non-smooth kernel is the m-th order commutator of Calderén.

17, (45 () — A;(y))

Rn (z —y)mtl

Crnt1(ar, ... am, f)(z) = f(y)dy, = € R,

where A = a;.

The main motivation for studying this class of operators relies on the fact that
there are operators whose kernels are not regular enough to fall under the scope of
Calderén—Zygmund theory, but certain classes of such operators can be proved to
be of weak type (1,1). Therefore, a natural question is whether one can weaken the
smoothness condition imposed on Calderén—Zygmund operators so that they are still
of weak type (1,1).

Regarding this problem, in [42] it was introduced a weaker condition on the kernel
of such operators than the standard Héormander condition. This condition was proved
to be sufficient for these operators to be of weak type (1,1) by using a family of
integral operators which plays the role of approximation to the identity. The study
of these operators was motivated by the necessity of working in subsets of R™ which
do not posses any smoothness in their boundaries and, therefore, are not spaces of
homogeneous type, which is the natural framework where Caderén-Zygmund theory is
developed. Such measurable sets do appear naturally in PDES; i.e. Riesz transforms
on Lie groups, elliptic operators.

In the last years, different authors [41, 40, 51] were interested in developing a
systematic theory for this class of operators by using a weaker condition than the
standard Holder-Lipschitz smoothness condition for Calderén—Zygmund operators.
This new condition, which is stronger than the one introduced by Duong and McIntosh
in [42], also allows to develop a weighted theory for this class of operators.

In this section, we will introduce the notation and basic assumptions that we
will need to define the class of generalized Calderéon-Zygmund operators and some
basic results concerning the boundedness properties for these operators. We refer the

interested reader to [41, 40, 51] for a more detailed information on these issues.
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We will work with a class of integral operators {4;}+~o that plays the role of an
approximation to the identity as in [42, 40, 41, 51]. We assume that such operators

A; are associated with kernels a;(z,y) in the sense that

(£19) Af@) = [ aule.) )y,

for every function f € LP(R™), 1 < p < 0o, and that the kernels a;(z,y) satisfy the
following size conditions

(4.20) lar(2,y)| < hala,y) =t %h <|$—ty> 7

where s is a fixed constant and A is a positive, bounded, decreasing function satisfying

(4.21) lim r"*"h(r%) = 0,

T—00

for some n > 0.
Also recall that a multilinear operator T' has m formal transposes. The jth

transpose T*7 of T is defined via

(T3 (fry oy fm)s @) = (T(frse ooy fi13 Gy Fitts s fn)s )5

for every f1,..., fm,g € S(R™). It is easy to see that the kernel K*J of T*7 is related
to the kernel K of T via the identity

K*J(‘/L’aylw"7yjflayj7yj+17"'7ym> = K(ijyly-~-7yj717337yj+17-~-7ym)'

Observe that if 7" maps a product of Banach spaces X x ... x X, into another Banach
space Y, then T*7 maps X x X x YT x X %L Xy, into XJ’»*, where X; and
Y* denote the dual of the spaces X; and Y, respectively. Furthermore, the norms of
T and T* are equal.

In order to state our main assumptions in this section we will denote T by T*°
and K by K*0 when necessary for the sake of simplicity.

Next, let T' be a multilinear operator associated with a kernel K(x,y1,...,¥m) in
the sense of (4.1). The basic assumptions we will be working with from now on are
the following. Throughout this section, we will assume the following size estimate on
the kernel K,

A
(lz =yl + ..+ |z =y
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for some A > 0 and all (x,y1,...,Ym) With z # y; for some j.

Assumption (H1). Assume that for each ¢ = 1,...,m there exist operators
{Agi)}bo with kernels agi)(x, y) that satisfy conditions (4.20) and (4.21) with constants
s and 1 and that for every j = 0,1,...,m, there exist kernels Kt*’j’(i)(x,yl, e Ym)
such that

(T (frye oy A fi o ) s 9)

4.23
(4.23) /ﬂ / . D @y, ) L) - fon(ym)g (@) dgda,

for all fi,..., fm in S(R™) with N}, supp fr Nsuppg = @. Also assume that there
exist a function ¢ € C(R) with supp ¢ C [—1, 1] and a constant ¢ > 0 so that for every

7=0,1,...,mand every i = 1,2, ..., m, we have
| K (2,91, ..., Ym) —K:’]’(l)(m Yooy Ym)l
A S (yz ykl)
< ¢
(4.24) (le =]+ ...+ |z —ym|)™ " 127:# t1/s
At&‘/s

IR
whenever 2t1/5 < |z — y;|.

If T satisfies Assumption (H1) we will say that T is an m-linear operator with
generalized Calderdn—Zygmund kernel K. The collection of functions K satisfying (4.23)
and (4.24) with parameters m, A, s, n and € will be denoted by m — GCZK (A, s,n,¢).
We say that T is of class m — GCZO(A, s,n,e) if T has an associated kernel K in
m— GCZK(A, s,n,e).

Remark 4.5.1. Observe that condition (4.3) is a stronger condition than assumption

(H1). It is possible to show that, for suitably chosen AE“, condition (4.24) is a

consequence of (4.3). For any m > 0, we can construct a(z)(

properties as in [/2, Prop. 2] or [40, p. 2101]:

x,y) with the following

(4.25) agi) (z,y) =0, when |z —y| > t'/*,
and

(4.26) / aii)(x,y)dx =1,

for ally € R™, t > 0. For example, we can choose

(i)(

a;” (2, y) = ent ™" Xpy,000 (@),
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where ¢y, s a dimensional constant such that condition (4.26) is satisfied. Let us
consider the operators A,Ei) associated with the kernels agi) (z,y) in the sense of (4.19).
Neat, let us prove that condition (4.3) implies that there exists a positive constant

C and € so that

Ate/s
(lz =yl + ..+ & = ym|)mte’

K (@, ym) = KO (@, ym)| <

whenever 2tY/* < |z — y;|.

In fact, we have that

|K*’j(]"7y1a-~-7yi7~--7y’m) _Kt*)j’(z)(mvyla"'ayi?"-aym)|

S 'K*7j(x’y17~ . >yi7 e 7y’m) - K*’j(‘r’ylv' . .,Z,. . 7ym)a’1§1)(z7yl)dz
]R'n.
= / (K59 (2,51, Yi s Um) — K @y, 20 ym) |0l (2,00 d2
|z—y;|<tl/s
Ata/s
< ,
(& =] + -+ |7 — y|) ™=

- 5 - 1/s |m* 7.‘
where we have used (4.26) and (4.3) together with the fact that |z —y;| <t/ < L

The following boundedness result proved in [41] holds for generalized Calderén—

Zygmund operators.

Theorem 4.5.1. Assume that T is a multilinear operator in m — GCZO(A, s,n,€).

Let1 < qu,...,qm,q < 0o be given numbers such that
1 1 1
— 4+ — ==
q1 dm q

Assume that T maps L (R™) x...x L% (R™) to LY(R™). Let p, p; be numbers satisfying
1/m<p<oo, 1< p; < oo and % = p% + ...+ p%n. Then all the statements below
hold:

1. When all pj > 1, then T : LP*(R™) x ... x LP=(R™) — LP(R"™).

2. When some p; =1, then T : LP*(R™) x ... x LPm(R™) — LP">°(R").
Furthermore, there exists a constant Cy o p; q; Such that the following estimate holds
(4.27) Tl L. xpispivmee < Cnmp g (A + T Lo xam - La)-
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We also need further assumptions in order to prove our main result in the following
section. In this respect, many different assumptions could be made in order to get
weighted estimates for this class of operators with non-smooth kernels. We refer the
reader to [41, 40, 5] and the references therein for further details.

Assumption (H2). Assume that there exist operators {B;};~o with kernels
b(x,y) that satisfy conditions (4.20) and (4.21) with constants s and 7. Let

(4.28) Kt(o) (T Y1y ey Ym) = /RK(Z, Yiy - Ymr1)be(z, 2)dz.

Also assume that the kernels Kt(o)(x, Y1, - .-, Ym) satisfy the following estimates: there
exist a function ¢ € C(R) with supp ¢ C [—1, 1] and positive constants A and ¢ such

that
A

K(O)x, ey <

whenever 2¢1/5 < miny<j<m, | — y;|, and

0
K (2,51, Ym) — KL (515 )|

A |m—yk|>
<
(4.29) - (|xy1|++|:cym|)m”;¢( ti/s
Ate/s
+ mn+e’
(lz =yl + ...+ ]z —ym|)

whenever 2|z — 2’| <t/ and 2tY/% < maxi<j<pm |z — ;.

Remark 4.5.2. Assumption (H2) can be proved to be weaker than condition (4.3) by

choosing appropriate kernels by(x,y) similarly as it was done in Remark 4.5.1 (see also
[40, Prop. 2.5.]).

Example 4.5.1. As we mentioned at the beginning of this section, the m-th order
commutator of Calderdn falls under the scope of the generalized Calderon—Zygmund
theory. It first appeared in the study of the Cauchy integral along Lipschitz curves and
led to the first proof of the L? boundedness of the latter. Their boundedness properties
were studied when m =1 in [18, 19] and when m = 1,2 in [30].

Recall that the m-th order commutator of Calderon is given by the following

expression

[T75: (45 (2) — A;())

Rn (z —y)mtl

Crnt1(ar, ... am, f)(z) = f(y)dy, = € R,
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where A’ = a;. Define

1, z>0,
e(x) =
0, =z<0.
Since A;» = a;, the multilinear operator Cp,41(f,a1,. .., am) can be expressed as follows

Cm+1(a1, .. -;am,f)(x)

::/}RK(%yh...,ym+1)a1(y1)...otm(ym)f(ymﬂ)dyl_._dmerl7

where the kernel K is

_1)e(ym+17w)m m
K(xa Y1, .- »merl) = T \m+1l H X(min (,Yym+1),max (w,ym,+1))(yl)~
(T = Ym41)™ =1
The m-th order commutator of Calderdn was shown to verify assumptions (H1) and
(H2) in [/1, 5], respectively. It was done by considering kernels a;(x,y) and by(z,y) in
the following form. Let ¢ € C*°(R) be even, 0 < ¢ <1, ¢(0) =1 and supp ¢ C [—1,1].
Set ® = ¢’ and ®y(z) =t~ 1®(x/t). Define
at(z,y) = Po(T — Y)X(2,00) (¥),
be(@,y) = o2 — Y)X(—00,0) (Y)-
Then the kernels a;(x,y) and by(x,y) satisfy (4.20) and (4.21) with constants s =n = 1.
If we consider the operators Ay and By associated with a(x,y) and by(x,y), respectively,

as in (4.19) then assumptions (H1) and (H2) can be proved to hold (see [{1, Thm.
4.1.] and [5, Prop. 5.1.]).

The multilinear maximal function also controls this class of multilinear operators

with non-smooth kernels as it is shown in the following result proved in [5, Thm. 4.1.].

Theorem 4.5.2. Let T be an operator in m — GCZO(A, s,n, e) verifying assumption
(H2) and let 0 < § < 1/m. Also assume that there exist some 1 < qy,...,qm < 00 and

0<q<oowith%:qil+...+qi, such that T maps LT x ... x LI to LY. Then

for all fm any product of LPi(R™) spaces, with 1 < p; < oo,
(4.30) MF(T(F)(x) < CM(f)().

4.6 Ag theorem for multilinear generalized Calderon—Zygmund opera-
tors

In this section we prove the analogous result to Proposition 4.2.1 for multilinear

generalized Calderén—Zygmund operators.

84



4.6. A THEOREM FOR MULTILINEAR GENERALIZED CZO

Proposition 4.6.1. Let T be a multilinear operator in m—GCZO(A, s,n, ) verifying
Assumption (H2). Let 1 < q1,...,qm,q < 00 be given numbers such that

1 1 1
— ..+ — = —-.
q1 dm q
Assume that T maps L?(R™) x ... x LI (R"™) to LY(R™). Then, for any cube @ C R™,
151
AT(:Q) <m0 5 [ gy |, @y
=0 i=1

The proof of this result follows the same scheme as Proposition 4.2.1 with minor

modifications (see also the proof in [5, Thm. 4.1.] for further details).

Proof. As we did before, set f; = f° + f°, where f? = fixg~,i = 1,...,m and
Q* = 5/n@Q. Then, using (4.11), the definition of local mean oscillation, the properties
of rearrangements and setting ¢ = S T(f™, ..., f&m)(xo) where zg is the center of

@, we obtain

—

wA(T(f): Q) < (T(f*))"(\Q))
+ Y NTC s fam) (@) = TR o) (o)l @)-

For the first term above we use the endpoint estimate for 7" in Theorem 4.5.1. Namely,

(7)) (IQI) < AWH/ il

In order to handle the second term we proceed as before introducing slight modifications
with respect to the proof of Proposition 4.2.1. More precisely, consider first the case
when a; = ... = a,;, = oo and define T(fm) =T(ff°,..., f5°), then for any z € Q
and for ¢ > 0 such that t'/% = \/n|Q|'/™, we can write

1) e) = () o) < [ K Ged) - Koo, ] fiwoldg

(R?L\Q* )’"L

< / K (2,5) — KO (@, ) T] fs(wo)ld7
(Rr\Q*)™

=1

+ / KO, 7) — K (w0, )| ] 1fitwe)lag
(R™\Q*)™ i=1
=1+11I.

Let us estimate I. Since z €  and y; € R™ \ Q*, we get that
ly; — | > |0 — y;] — & — wo| > 2V/n|Q|"/" = 2¢1/%,
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forall j =1,...,m. By (4.29), we get

Ate/s
'= ()| d
/"\Q *)m (le =yl + ... + |z — ynm |mn+sH|f Yi) ‘y
<C IQIE/"

_ _ mnt H|fz(yz)|dg
/(w\z@)m (Jo =yl + ...+ & = ym[)mmte 25

|Qe/™ i .

<oy T Ll
=1 5141 0ym LQ)ym i=1

(211Q)™\(2'Q)

(’chsz/ H'fz vl

IN

< Y | fi(y)|dy,
S U,
where we have used that ¢( ‘ztl_ﬂj‘) =0 forall j=1,...,m, since |z — y;| > 2t'/* for

/n
all j =1,...,m. Proceeding as before and applying (4.29) since |z — xq| < % =
t1/5 /2, we also obtain the same bound for I1. It remains to consider the rest of the
terms in (4.11) such that a;, = ... = a;, = 0 for some {iy,...,ix} C {1,...,m} and
1 <k < m. We can write

T ) (@) =T fr ) (o)

< /(R K - KO (z,9)|d7

+ /( VL )~ Ko, g
=JII+1V.

For II1I, using again (4.29), we have
[ 1D 14

7 Mg,y fildyi
< c / i d 1/ 1Z{i1,...,ik }
II | fildy : R

n\Q*)m—k (‘.’E - yl‘ + -

i1€{i1,..

Hi i1yeesd | fildyi
+C H / |fl\dyz/ Z{i1,. 00k} _
1€{i1,... i} (RP\Q*)m—F (|$—y1|+-~-+|x—ym|)

= IIIl + IIIQ,
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since 2¢1/5 < maxi<;<m | — y;|. Next, for I11; we get

e/ i¢{i iy | fildys
1L <C H / |f1|dyz/ - [I Z{i1,..., k};| | _—
i} ®2@ym—+ (|T —y1|+ -+ ]z — yml)

i€{i,..., i
°° Q"
<C / |fz|dy1 TollAIL/mmnte | fildy:
zG{lH.,'L 2Z|Q|1/ ) + (2FrQ)m=* le{lplk}
c- Q™ /
<C ildyi
< lz:: (21+1|Q|1/n)nm+g (21+1Q)m 1:[ ‘f| Yi
o0 1 m
< el Byt i(yi)|dy,
_c;%g'wl /wlf(y)l j

where we have used that t'/* ~ |Q|'/™. Observe that the estimate for 1T, is similar to
the previous one but we have to take into account as before that for those y; € (Q*)¢,
|z —y;| > 2t'* and, therefore ¢( le/yj ) = 0. Otherwise, since ¢ € C(R™) with compact

support, we can bound it by ||¢||re. Therefore the dimensional constant C' appearing

above also depends on the operator 1. By a similar argument, since zg € ), we can
derive the same estimate for IV. Therefore putting all together we obtain the desired

result.
O

Observe that as a consequence of Proposition 4.6.1 we can derive the following
control in norm for generalized Calderén—Zygmund operators as it was done in

Theorem 4.3.1 for multilinear Calderén—Zygmund operators.

Corollary 4.6.1. Let T be an operator in m — GCZO(A, s,n,€) verifying assumption
(H2) and let X be a Banach function space over R™ equipped with Lebesgue measure.
Also assume that there exist some 1 < q1,...,qm < 00 and 0 < g < oo with % =

q% + ..+ i, such that T maps LY x ... x LI to L. Then, for any appropriate f,
IT(F)llx < ermmsup |Az.s(f])]x,
2,8
where the supremum is taken over arbitrary dyadic grids 2 and sparse families S € 9.

Proof. The proof of this result is similar to the one for Calder6n—Zygmund operators.
Observe that combining Proposition 4.6.1 and Theorem 1.6.2 with Qy € Z, we get
that there exists a sparse family S = {Qk} C 2 such that for a.e. = € Qo,

T(f) - mTf)(Qo\<CZ 7éz\f|)()

9le
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where C = C(n,T) and
Tsa(f)(z) = Z(f)le_';XQ_’;~
.k

Taking into account that from this point on the only fact that is used in the proof of
Theorem 4.3.1 is that multilinear Calderén—Zygmund operators satisfy the endpoint
estimate (4.4) (and generalized Calderén-Zygmund operators do satisfy this require-
ment, see (4.27)), we have that the proof follows the same scheme as the proof of
Theorem 4.3.1 since it does not depend on the operator 1" we are working with. Hence,

the result follows immediately. O

As a consequence we can also derive the corresponding Ay theorem for multilinear

generalized Calderén—Zygmund operators.

Corollary 4.6.2. Let T be an operator in m — GCZO(A, s,n,¢€) verifying assumption

(H2). Also assume that there exist some 1 < q1,...,qm < 00 and 0 < g < co with
% = qilJr. . .+qi, such that T maps LT x. .. x LI to LY. Ifp1 = py = -+ = pm = m+1,

then it holds

(4.31) IT(F) Loy < Crmn[@]a, L1170 ze: -
=1

4.7  Further remarks and open questions

The results listed in this chapter led to several interesting questions and open problems

that we summarized below:

1. As we already mentioned, Theorem 4.4.1 as well as Corollary 4.6.2 can be
regarded as a multilinear “As theorems” and it is natural to ask how to extend
them to all 1 < p; < co. Let us observe that in the linear setting the general
bound for a Calderén-Zygmund operator can be obtained from the case p = 2
by the sharp version of the extrapolation theorem of Rubio de Francia obtained
in [37] (see also [39] or [34] for simpler proofs). Hence, it would be desirable
to obtain a multilinear version of this result. Having such analogue, inequality

(4.18) probably would be a starting point to extrapolate from.

2. However, this result in the linear setting can be proved also without the use
of extrapolation. Indeed, in the linear situation one can easily prove the sharp

bound for a Calderén-Zygmund operator (8) with Ag g instead of T for all
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1 < p < oo (as it was done in [34] for p = 2) and then apply that T is bounded
by these sparse operators with X = LP(w). This kind of proof for Ag g is very
close in spirit to the proof of Buckley’s inequality found in [74]. Thus, it was
natural to ask whether it was possible to find a similar proof for a multilinear
version of Ay s. This question was partially answered by Li, Moen and Sun in

[81], where they proved the following theorem.

Theorem 4.7.1. Suppose that 1 < p1,...,pm < 00 with p% +...+ pi = % and
we Ag. Then

’
max( & Pm
p’

. ~ [ Pm)
D, s ()l rwa) S (0] 4, H'lleLpl(wl)

Observe that when 1/m < p < 1, we have that if we choose X = LP(vz), then it
is not a Banach function space and consequently, Theorem 4.3.1 does not hold.

However, in [81] from Theorem 4.7.1 the authors derive the following result.

Theorem 4.7.2. Let T be a multilinear Calderon—Zygmund operator, P =
(P1y - sDm) With 1 < p1,...,pm < 00 andp%—i—...—i—p% = % < 1. Suppose that
W= (wi,...,wy) with W € Ag. Then

max(l pm )

(4.32) TP Lrwa) < Crymp rla, H||fl|\w (i)

Moreover, the exponent on [w}Aﬁ is the best possible.

Observe that, under the assumptions of Theorem 4.6.2 and as a consequence of
Theorem 4.7.2, this multilinear A, theorem extends to the more general setting

of multilinear generalized Calderén—Zygmund operators.

3. From our last observation it is natural to ask if one can replace X by a quasi-
Banach space in Theorem 4.3.1. A different proof must be found since the duality

property of Banach spaces is the key point in this proof.
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Compactness of commutators

of bilinear singular integrals

Throughout this chapter we will study the smoothing effect of commutators of different
classes of bilinear singular integrals. For the purposes of this dissertation, “smoothing”
will mean the improvement of the boundedness to the stronger condition of compact-
ness. This study is motivated by the work of A. Uchiyama [108], who proved that
linear commutators of Calderén—Zygmund operators and pointwise multiplication with
symbols in an appropriate subspace of BMO are compact. Therefore these commu-
tators behave better that just being bounded, a result earlier proved by Coifman,
Rochberg and Weiss in [32].

First, we will focus on the study of compactness of commutators of the class of
bilinear operators {7, } that extends the case of bilinear Calderén-Zygmund operators
studied in [11]. We will also examine the case of the more singular family of bilinear
fractional integrals that can be seen as fractional versions of the bilinear Hilbert
transform. Finally, we study the compactness of commutators of bilinear Calderén—
Zygmund operators and their iterates in weighted Lebesgue spaces determining the

appropriate products of weighted Lebesgue spaces in which this property still holds.

5.1 Basics on compactness properties of bilinear operators

Along this section we will fix the notation as well as remember some notions and
results related to compactness of bilinear operators. Even though the definition
of compactness in the bilinear setting goes back to Calderdon’s foundational article
[17], here we will use two different definitions of compactness of a bilinear operator

introduced in the work of Bényi and Torres [11].

Definition 5.1.1. Let (X, |- ||x), (V.| - |ly) and (Z,]| - ||z) be normed spaces and let
T:X xY — Z be a bilinear operator. We say that T is:

1. Jointly compact (or simply compact) if the set {T(z,y) : ||| x,|lylly < 1} is

precompact in Z.
2. Compact in the first variable if T, = T(-,y) : X — Z is compact for ally € Y.
3. Compact in the second variable if T, = T(x,-) : Y — Z is compact for all x € X.

91



CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

4. Separately compact if T is compact both in the first and second variable.

Let us make some remarks related to the last definitions.

Remark 5.1.1. Observe that, given three complete norm spaces X, Y and Z, if
we denote by B1 x the closed unit ball in X, the definition of compactness specifi-
cally requires that if {(zn,yn)} C Bi,x X Biy, then the sequence {T(z,,yn)} has a
convergent subsequence in Z. Clearly, any compact bilinear operator T is continuous.

In general it is only true that separate compactness implies separate continuity.
However, if we further consider one of the spaces X orY to be Banach, the boundedness
of T follows from separate compactness as well. For further details on these compactness

properties we refer the reader to [11].

Throughout this chapter, the relevant space for the multiplicative symbols in our
commutators will be a subspace of BMO, which we denote by CMO. We define
CMO to be the closure of C'$° in the BMO norm. It is convenient to mention that
the notion C'M O for this space is not uniformly used in the literature. Further details
can be found in [11]; see the historical comments in Bourdaud [15]. We will only use
the fact that, by definition, C¢° is dense in CMO.

Let us recall the fact that if X, Y are normed spaces and Z is a Banach space, the
collection of all compact bilinear operators T : X x Y — Z is a closed subset of the
collection of continuous bilinear operators. More precisely, it says that the limit of a
sequence of bilinear compact operators is a compact operator. This result will be very
useful along this chapter and can be found in [17] as well as in [11, Prop. 3].

Let T be a bilinear Calderén—Zygmund operator as defined in Chapter 4. For
simplicity, we will assume that the kernel K which is defined away from the diagonal

x =y =z, as well as VK satisfy the following decay conditions used in [53]. Namely,

C
5.1 K(z,y,2)| < ,
o1 e DI Gy el
and
(5.2) VK (2,9, 2)] < ¢

(lz =yl + |z — 2[)>n*!
where V denotes the gradient in all possible variables and C' is a positive constant.

Recall that the gradient condition implies the standard smoothness condition (4.3)

when € = 1 as a consequence of the mean value theorem.
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If b € BMO, the bilinear commutators can be (formally) expressed in the form

L)@ = [ [ K 2)00) = b)) fo)a(:) dud
T 0)@) = [ [ K20 — b)) fal) dud

Furthermore, given b= (b1,b2) € BMO x BMO, we define the iterated commutator
as follows:
[T,8] = ([T, b1]1, ba)a = [T’ bala, br)x

(5.3)
_ / L K20 ) — b ea(2) — ba(@) ()g(2) dyd

In general, we can define [T, l;]a for any multi-index & = (a1, ) € N3, formally as

7, 5a( / (b1 () — b ()™ (ba(2) — ba(2))°* K (3, 9, 2) f ()9 (2) dyd.

Let us recall the main result in [11], which extends the linear result of Uchiyama in
[108] and confirms that the smoothing effect of commutators of such operators with

CMO symbols is also present in the bilinear setting.

Theorem 5.1.1. Let T be a bilinear Calderon—Zygmund operator. If b € CMO,
1/p+1/¢g=1/r, 1 <p,q< oo andl <r < oo, then, fori =1,2, [T,b]; : LP x LY — L"

is compact.

The proof of the above result, as well as the main results proved in this chapter
and other compactness results in the literature, make use of a characterization of
precompactness in Lebesgue spaces, known as the Fréchet-Kolmogorov-Riesz theorem
that can be found for example, in Yosida’s book [117, p. 275].

Theorem 5.1.2. Let 1 <r < oo. A subset K C L" is precompact if and only if the

following three conditions are satisfied:
(a) K is bounded in L";

(b) lim |f(x)|" dz = 0 uniformly for f € K;
A—o0 |x|>A

(c) }gr(l)Hf( +t) — fllor = 0 uniformly for f € K.
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

5.2 Compactness for commutators of the class {T,}

In this section we will show an extension of Theorem 5.1.1 that includes the commuta-
tors of the family {7, } that is defined as follows.

Definition 5.2.1. Let 0 < a < 2n and K, be a kernel on R3" defined away from the

diagonal x = y = z that satisfies

1
5.4 Ko(z,y,2)| S
o) B AT
and
h
(5.5) Ka,2) = Kala+ by, 2)] < 1

(lz =yl + & — 2)2r—ott’
with the analogous estimates in the y and z variables. We define the bilinear operator
(5.6) To(f,9)(z) = | Kalz,y,2)f(y)g(2) dydz

RZn

where f,g are bounded functions with compact support.

It is clear that when a = 0, this class of operators correspond to the bilinear
Calderén—Zygmund operators. An example of the above operator is the bilinear Riesz
potential operators I, given by the kernel

1

Kot LA = .
@92 = Ty =

Let us observe that with respect to boundedness, the commutators of the family

{T,} behaves similarly as in the end-point case oo = 0.

Theorem 5.2.1. Let0 <a<2n,1<pg<oo,r>1 =<
and b € BMO. The following estimates hold:

1 1 1
ptar

[
30

Q=

1[Ta, bl (f, 9l S bl saroll flleellgllzas
1T, bl2(f, DIz S 0llBaroll fllellgll La-

A proof of the above result can be found in [23, 83] while the linear case goes back
to Chanillo [20]. The corresponding results for the multilinear Calderén—Zygmund
operators used in the proof of Theorem 5.1.1 can be found in [98, 105, 80].

Our goal in this section is to improve boundedness to compactness for this wide
class of bilinear operators. In the linear setting it has been considered in different

contexts, see for example [24, 109, 13, 22].
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5.2. COMPACTNESS FOR COMMUTATORS OF THE CLASS {7}

Observe that the boundedness result in Theorem 5.2.1 for the operators [Ty, b1,
[Ta, b2 when 7 > 1, and 1/p+1/¢g < 1, can be obtained in an alternative way. Indeed,
the kernel bound (5.4) implies that

(9@ S [ P9 . — 10171, 19 (@),

ren (|2 =yl + [o — 2[)?n e

As shown by Moen [90], the operator I, satisfies appropriate weighted estimates.
Therefore, so does T,, and we can use the “Cauchy integral trick”. An exposition of
this “trick” can be found in Section 5.3, which deals with the more singular versions
B, of the operators T,.

Our first main result in this section is an extension of Theorem 5.1.1 that encom-

passes the commutators of the family {74, }o<a<2n-

1,1 1_ 1,1
Theorem 5.2.2. Let0 < <2n,1<p,g<oo,1<r<oo, o < 4o, 7 =,T7— 0

and let b € CMO. If T, is the bilinear operator defined by (5.6) whose kernel K,
satisfies (5.4) and (5.5), then [T, bl1, [Tw,bl2 : LP x LY — L" are compact.

Proof of Theorem 5.2.2. We will show the result for the commutator in the first
variable, [Ty, b]1, since the proof for [T, b]s is similar by symmetry. We will use the
Fréchet-Kolmogorov-Riesz theorem that characterizes the pre-compactness of a set in
L". By the form of the norm estimates in Theorem 5.2.1, density and the results about
limits of compact bilinear operators in the operator norm that we already mentioned
in Section 5.1, we may assume that b € C°.

Denote by B r» and Bj e« the unit balls in LP and L9, respectively and let
K = [T,b]1(B1,rr, B1,1q). Since [Ty, b]; is a bounded operator (Theorem 5.2.1), it
is clear that IC is a bounded set in L”, thus fulfilling condition (a) in Theorem 5.1.2.
Now we can proceed to prove condition (b) in Theorem 5.1.2. Let us introduce the

following two indices:

ap=a(l/p+1/q)"*1/p and o, =a(l/p+1/q)"'1/q.

Clearly, o, + g = . Since 1/p+1/q—a/n > 0, there exist s, >p > land s, > ¢ > 1
such that

1/sp=1/p—a,/n and 1/sq =1/q— ag/n.

Now, since p,q > 1, we see that n > max(a,, aq). In particular, this yields
(Jo =yl + |z = 21> = (lz =yl + o — 2 P70 HOm0D > |z — gm0 |z — o700,
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

Pick now R > 1 large enough so that R > 2max{|z| : © € supp b}. Using (5.4) we see
that, for |z| > R, we have

(ThGa@l sl [ [ " O s dud:

< [|b][ == Yllg(=)| dzdy
|z — |" O‘Pac—z\"a
yEsupp b n

[[0]] / / l9(2)

S [y dzdy
|x|n—ap yEsuppbl ( )| |xiz|n—0¢q

< bl Ta, (gD (@)1 f ]|

S - | su
|x‘n ap

b|1/z7

Here, we used [, for the linear Riesz potential, I,(f)(z) = fRn % dy. Next,
we observe that, since s,(n — a,) > np > n, the function |z|*(®»~™) is integrable at
infinity. Therefore, for a given £ > 0, we will be able to select an R = R(e) (but

independent of f and g) such that

(/ |$|Sp(04p7’ﬂ) dI) Mo 5 .
|z|>R

Notice now that the indices s,, s, > 1 satisfy 1/r = 1/s, + 1/s,. Therefore, we can
raise the previous pointwise estimate for |[Ty, b]1(f, g)(x)| to the power r, integrate

over |z| > R, use the Holder’s inequality and the L? — L®@ boundedness of I,, to get

rea Sellfllzellgliza;

(/|>R|[Ta,b] G @ )" S sy )

this, in turn, proves that condition (b) in Theorem 5.1.2 is satisfied.
Next, we will use the smoothness of b and that of the kernel K, to show that

condition (¢) in Theorem 5.1.2 holds. Namely, we want to show that

lim [ [T, 011 (f, 9) (& + 1) — [To, b1 (f, 9) ()" d = 0.

t—0 Rn

We use the following splitting from [11]:
[T, b1 (f, 9)(@ + 1) = [Ta, 01 (f, 9)(2) = A(z) + B(z) + C(z) + D(z),

where, for § > 0 to be chosen later, we have
Aw = [ (b(a + 1) — b(a) K (., ) f(0)g(2) dyd
le—yl+]|z—z|>0
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5.2. COMPACTNESS FOR COMMUTATORS OF THE CLASS {7}

B(z) = / / (b 1 1) — b(y)) (Ko + 1,5, 2) — K (.5, 2))f (y)9(2) dydz
|z—y|+|z—2]|>8

O(z) = / /| ) K2 )g(2) i

D(x) = / /| ) B ) f0)0 () dyd

The term A is easy to handle with the mean value theorem. Indeed,

|A(@)| S [tV Lo La (11, |g]) ().

Consequently, by the boundedness of I, we obtain

(5.7) 14]

o SVl fllzellgll za-

We now consider the terms B, C' and D. Observe, that we actually obtain estimates
for these terms that slightly improve the corresponding estimates for o = 0 in [11].
Let us start with B.

< / / (b + 1) — b)) (K + 1,9, 2) — Koy, 2))f(1)g(2) dyd=
lz—y|+|z—2]>6
<ol [f Kt b 2) Kol ) o)l dyd
T—Yy r—2z|>
|f()llg(2)]
= = / A_w_z.» (7l + o — 2])2n-ast ez
F@)lle(2)]
S |t|Hb||L°° //max(:t—y|,$—z)>g max(\x - y|7 |.’E - Z‘)2n7a+1 dydz

- [/ ()llg(2)]
= [t[[b]| L= E // dydz
|H k—0 2k—1§5<max(|z—yl,|r—2|)<2k§ max(|x - y|7 |IE - Z|)2n7a+1

- 1
< |t]|Ib|| e —_—— dydz.
<10 3 rgmrart [ O

Note now that

{(y,2) € R?" : max(|z — y|, |z — 2|) < 2%0} C Borr15(x) X Borsr5(),

where B,.(z) denotes the ball of radius r centered at x. Therefore, we can further

estimate

a

|t\||b||L°° | Bors ()|~ / /
< dy——
| ( )| Z 2k |BQk5 | Qké ‘ |BZ"5 | 2k5
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

< Bl s Ma(F )@ (3 2) = 2= a5 gy ),

k=0
where

Ma(5.9)) = o 1" (f 1)) (f 106:)102).

Since the operator M, (f, g) is pointwise smaller than I, (|f],|g]), we get M, : LP x
L% — L". In turn, this yields

|t|||bHL°°

(5.8) 1Bl £ llzellgllza-

Let us now estimate the C term.

= //Iw ylt|z—z<6 b(y) = b()[ | Ka(2,y, 2)[ [ (y)| l9(2)| dyd=
<vam§:/l Sl

=0 k-1<max(|z—y|,|Jz—z]) <2~ %6 maX(|at—y\ ‘x_z‘)Qn o=t

<V S k%aﬂ’ £ @)llg(2)] dydz
e 4 max(|z—yl|,|z—2])<2-k§

S 6||Vb||L°°Moc(fa 9)(x),

where we have used a similar argument as before. From here, we get

(5.9) 1€

e SOVl e[| e gl La-

For the last term D we have an identical estimate to the C' term, except that z is now

replaced by = + t. We have

@IS [[ bl ) b Kl b )90 v

r+t— z
< ||Vb]| L // | yllf W)l lg( )|2n_a dyd>
|t—y|+|z+t—z|<5+2|t] (| +t—yl+ |z +t—2])

< | Sl
|t—y|+|z+t—z|<5+2|t] (|z+t—yl+ |z +t—2])

S (64 ENIVO[ L Ma(f, 9)(x + ).

Thus, as above, we get

(5.10) DNz < (6 + [EDIIVOll o= fll o llg 2o
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5.3. SEPARATE COMPACTNESS FOR COMMUTATORS OF THE CLASS {BI,}

Let 0 < € < 1 be given. For each 0 < [t| < € we now select § = [t|/c. Estimates
(5.7), (5.8), (5.9) and (5.10) then prove

1T, 011 (£, 9) (- + ) = [Ta, b (f, 9) Ollr S ell fllzellgllza,
that is, condition (c¢) in Theorem 5.1.2 holds. O

Remark 5.2.1. lterated commutators can be considered as well. When dealing with

operators as the ones in (5.3), for example

([T, b1]1, b2l2(f, 9) = [T, b1]1(f, b2g) — b2[T, b1]1(f, 9),

we know that for bilinear Calderon—Zygmund operators, the boundedness of such
operators was studied in [105, 96], while for bilinear fractional integrals they were
addressed in [83]. The compactness of iterated commutators is easier to prove by

adapting the arguments in [11] to the family {T,} as pointed out in that work.

5.3 Separate compactness for commutators of the class {Bl,}

In this section we will study a more singular family of bilinear fractional integral

operators,

flxz—y)g(z+y) dy.

(5.11) Bl.(f.9)(z) = - e

These operators were first introduced by Grafakos in [47], and later studied by Grafakos
and Kalton [50] and Kenig and Stein [69]. They can be seen as fractional versions of

the bilinear Hilbert transform

BHT(f, g)(x) —p~v~/Rf(x_y);(x+y) dy.

Next we recall an observation of Bernicot, Maldonado, Moen and Naibo in [12, Rmk.
2.1] regarding to the boundedness of these operators in certain weighted Lebesgue

spaces that we will use later on. If 1 < s < r satisfy % = % + % and % — % = 2. Then
(5.12) BI, : LP(w?) x LI(wd) — L™ (wjw})

where wy,wy € A; -, that is, for i = 1,2,

o) (k)
sup | — | w;dr || = [ w;° dx < oo.
Q (IQI Q @l Jo
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

For ¢ = 1,2 and b € BMO, we define the commutators [BI,,b]; similarly to those
of the operators T, introduced in the previous section. Our goals in this section are
twofold. First, we will prove that the commutators [B1,,b];, i = 1,2, are bounded
and then we will show that they are also compact. For the proof of the first result we

will use what we call the “Cauchy integral trick”.

Theorem 5.3.1. Let 0 < a <n, 1 < p,q,r < o0, %—k% <1, 1=
be BMO. Then, fori=1,2, we have

+2 -, and

1
q

LA

I[B1a; bli(f; 9l < Cllbl zacoll fllzellglle-

Proof of Theorem 5.3.1. As before, we only will work with the commutator in the

first variable since the proof for the second variable is identical. We define s > 1 by

1= % + %. Without loss of generality, we may assume f,g € C°(R™) and b is real

valued. For z € C, consider the holomorphic function (in z)

T.(f,9;) = € Bla(e™ "}, 9),
and notice that by the Cauchy integral formula, for € > 0,

_ 1 L(fig:9)

2=0 211 22

[Blavb}l(fv g) = _%Tz(fag;a)

|z|=¢

Since r > 1, we can use Minkowski’s integral inequality (1.8) to obtain

I[Bla,bl1(f;9)llr <

[, gl o

2me?

and

gl = [ (1Bl i)

For € > 0, ¢ < ||bl|ghsos and |t| < &, by John-Nirenberg’s inequality (1.31), we have

et € A .. Therefore, by (5.12) with w; = € and wy = 1, we have

r 1/r
IT:(f, g5 )L = (/R (|Bfa(e—zbf, g)|e<Rez>b) dw)

1/p 1/q
§O< / <|ebee<Rez>b>pdx) < / |g|qu)
n Rn

= Cllfllzellgllze-

The desired result follows from here. O
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5.3. SEPARATE COMPACTNESS FOR COMMUTATORS OF THE CLASS {BI,}

Finally, we show the compactness of the commutator of BI,.

Theorem 5.3.2. Let0<o¢<n,1<p7q,r<oo,%+%<1,%:%+%—9 and

n’

be CMO. Then, [Bly,bl1,[Blas,bla: LP x LY — L" are separately compact.

Proof of Theorem 5.3.2. We will work again with the commutator in the first variable.
By a change of variables, this commutator can be rewritten as

b(y) — b(x)

v —yno f(y)g(2x —y) dy.

[Bla,b1i(f, 9)(x) = /

We may assume that b € CS°(R™) and aim to prove that the conditions (a), (b) and
(c) of Theorem 5.1.2 hold for the family of functions [Bl,,b];(f, g), where g € L1 is
fixed and f € Bj r».

By Theorem 5.3.1, we already know that condition (a) is satisfied. Thus, we
concentrate on proving (b) and (¢). The estimates that yield (b) are reminiscent of
the ones used in the proof of Theorem 5.2.2. Assume R > 1 is large enough so that

|z| > R implies = ¢ suppb. Then

B B1 (£,9) ()] < [[bll 1= /

supp

< Bl 2] / F)g@e — )| dy
supp b

. |z —y|* " f(y)g (2 — y)| dy

, 1/q
< [l e ( [ s dy) lgllze.
supp b

Let us write % = % + % <l==4+ %. Then, ¢’ < p. Now we have

1
q

1
7

’ l/q/ 1 _ 1
(/ ) dy) < |supp b7 F | flze = | suppdl ¥ || fl1zr-
supp b

Next, we raise to the power r and integrate with respect to = over the set |z| > R.

Notice that, since s > 1, we have 1 =1 — & < 222 « (n — o) > n. This allows us,

for a given € > 0, to control
[ BLbh(g@l dese
|z|>R

by taking R = R(e) > 0 sufficiently large; which shows that, indeed, (b) is satisfied.

We are left to show the continuity condition (c), that is,

liml[[[Bla, bl (f, 9)(- + 1) = [Bla, bl (f, 9)|[ - = 0,
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

uniformly for || f||z» <1 and g € L? fixed. First, we lump our fixed function g into a

general kernel

Bl (0@ = [ by) = BL@) 1) g2 — ) dy

Re |7 —y|m

_ / (b(y) = b)) Ky, y) £(v) dy

where
92z —y)

K,(r,y) = ———.
! |z — gyl
Second, we split the commutator [Bl,,b]; by following the decomposition used for

[T, b]1. Namely, we write
[Bla,b1(f; 9)(x +1) = [Bla, bh(f, 9)(z) = A(2) + B(z) + C(x) + D(2),

where

D(x) = / (b + 1) — b)) Ky (& + t,y) () dy.
lz—y|<d

We will now estimate each term in this decomposition. For A, the estimate is
immediate. We clearly have |A(x)| < [¢|||VD|| L BIa(|f], |g])(x). Since BI, is bounded
from L? x L7 into L", we get ||A|lLr < [t fllze 9]l na-

The estimate for the B term is the most delicate. For the sake of simplicity, we
postpone it until the end of the proof.

We estimate C' as follows

c@ls [ - )y
|z—y|<8 |z =yl
Y e

|z —y|<5 lz =yl

< 8[|Vl e BMa(f, 9) (),

where BM,, is the associated bilinear fractional maximal operator,

BM,(f,g)(x) = sup — /| =gty

r>0 "¢
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5.3. SEPARATE COMPACTNESS FOR COMMUTATORS OF THE CLASS {BI,}

The estimate for D(z) is similar. Thus we have
[D(x)] < (6 + [t Vbl Lo BMa(f, 9)(z +1).

Since BM,(f,q9) < BI.(|fl,]g]), we have that BM,, is bounded from LP x L7 into L".
Thus, similarly to A, we get [[Cl[zr S 6l fl|zellgll e and [|[D]zr < (0 + ¢ fll 2o llgl -

Finally, we estimate B.

g2z +2t—y) g(2xr —y)

B b —-b — d
BEls [ e bl | TR - S
ol 92z +2t —y)  g(2x—y) d
<ol [ | | wdy

1 1
< — _
S e T L
[ e g,
|z —yl>6 |z —y|"—e
= E(z)+ F(x).

To estimate F, we note that

1 1
e+t —y|"— |z —y|ne

4
~ o —ylroett?

which implies

g2x+2t —y)f(y
B 5 1 oy

lz—y|>8

< Y Baa(f, ) ).

Here, 7, is the shift operator 7,g9(z) = g(z + a). It follows from the boundedness of
BM,, that
120 < D sl gl
For F(z) we have
F(x) S BMa(f, 7209 = 9)(),
S0

[ElLr < 1 f el m2eg — gllza-

Since g € LY, for a given £ > 0 we can find 7 = (e, g) > 0 such that [t| < v implies

T2t — gl <e.
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CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

Finally, by choosing |t| < €2 and § = [t|/e we get that

I[BLa, b1 (f,9)(- + 1) = [Bla; b1 (f, 9)llLr S e

This shows that (c) holds, thus finishing our proof for the compactness in the first
variable.

We now show that [BI,, b]; is compact in the second variable, that is, [BI,, bl1 ([, ") :
L% — L" is compact for a fixed f € LP. Conditions (a) and (b) of Theorem 5.1.2 follow
from similar calculations to those performed above. Thus we will check condition (c)

of Theorem 5.1.2. For f € L? fixed and g € By 1« we write

[Bla,b1(f,9)(z +1) — [Bla,bli(f, 9)(x)
f(2x + 2t —y)g(y)

:/n(b(2m+2t—y)—b(1:+t)) PR dy
- [ =) -t LR

= [ b2z 20— y) ~ blo+ ) o+ 1) (0) dy
= [ 02— ) - b Ky 0)ot) o,
where this time we combine f with the kernel

Ky(z,y) = /2 ~y)

e =yl

Before proceeding further, we make one reduction. Notice that

(Bl h(F9)(o+6) = [ (022426~ ) = blo+ ) o+ £, )9 (0) dy
(5.13) — [ 020+ 20—y~ 420 — ) Ko +)glo) dy

+ [ bem = y) = b+ 0Ky gty dy
The first term in the sum (5.13) is bounded by

2[|Vbl| o [t|BLa(l 1, |g]) (@ + 1)

and the L" norm of this quantity will go to zero uniformly for g € By 14 as t goes to 0.

Thus it remains to estimate
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JRCCIEY

~—

—b(z+1)Ky(x +t,y)9(y) dy

(b(2z —y) — b(x))Kf(z,y)9(y) dy = G(x) + H(z) + I(x) + J(x)

n

_—

where

Gz) = /| (b() — bl + 1)K (2, 9)g(y) dy.

—y|>5

H(x) = / (b2 — ) — bz + ) (K5 (x + t,y) — Ky (2, 9)g(y) dy,

|z—y|>6

I(z) = / (b(x) — b2z — 1)K (2, 9)g(y) dy.
|lz—y|<é

J(x) = / (b2 — ) — bz + ) K (z + 1, 1)g(y) dy.
|lz—y|<é

The estimates for G, H, I, and J are handled similarly to the corresponding estimates
for A, B,C, and D above, again, with H being the most complicated. For example

the estimates for GG, I, and J are as follows:
|G(z)| < [¢][[Vb]| L~ BLa(f, 9)(2),

[ (z)] < 8[|Vl oo BMa(f,9)(x),

and

[T (@) < (0 + [t Vbl L BMa(f, 9)(2 +1).

Finally, for H we have

)] 2 10z~ (D BMo (ot 0)(0) + £ BMo(rf — £, 0)(a)).

These estimates show that [Bl,,b]1(f,g) is compact in the second variable as well,

thus showing that it is separately compact. O

Remark 5.3.1. By inspecting the proof of Theorem 5.3.2 one can see that our method
of proof only yields separate compactness. Indeed, the only non-uniform estimate
concerns the very last terms, which we denote by F' and H, where we use the fact that
we can make the quantity ||T2:g — gllre (or ||Tetf — flloe) small by taking t sufficiently
small and, crucially, dependent on g (or f). In this case, a weaker smoothing property
18 obtained for the commutators of the more singular bilinear fractional integrals B,

compared to the nicely behaved operators T,. Therefore, the natural question that

105



CHAPTER 5. COMPACTNESS PROPERTIES OF COMMUTATORS

arises here is whether for b € CMO the commutators [Bl,,bl;, i = 1,2 are jointly
compact.

Besides, if we assume that [BHT,b]y : LPx LY — L", then using the same techniques
as the ones used in this section, [BHT,bly (and [BHT,bl2) will be separately compact
forbe CMO. Thus, another natural question is the following: for b € BMO, are the
commutators [BHT,b);, i = 1,2, bounded from LP x L% into L"?

5.4 Compactness of commutators of bilinear Calderon—Zygmund opera-

tors in weighted Lebesgue spaces

The purpose of this section is to show that the compactness of commutators of bilinear
Calderén—Zygmund operators and their iterates carries over to the weighted setting
when we consider the appropriate class of weights. Indeed, the following result is

obtained for the commutator of a bilinear Calderén—Zygmund operator 7'

Theorem 5.4.1. Suppose P e (1I,00) X (1,00), p = % >1,be CMO, and
we Ay, x Ay. Then [T,b]1 and [T,bla are compact operators from LP*(wq) x LP?(ws)

to LP(vg).

A similar result holds also for the iterated commutator defined as in (5.3).

Theorem 5.4.2. Suppose P € (1,00) X (1,00), p= 222 > 1, h € CMO x CMO,

' P = pies
and @ € Ay x Ay,. Then [T,b] is a compact operator from LP* (wy) x LP* (wy) to LP(vg).

To prove the above results we will need the following sufficient condition for
precompactness in L"(w) obtained in [27] by adapting the arguments in [54] and
avoiding the non-translation invariance of L"(w). Observe that for showing this
version of the Fréchet-Kolmogorov-Riesz theorem the weight w must be assumed,

essentially for the argument to work, to be in A,.
Theorem 5.4.3. Let 1 <r < oo and w € A, and let K C L™ (w). If
(i) K is bounded in L"(w);

(ii) lim |f (z)|" w(z) de = 0 uniformly for f € K;

A—o0 |z|>A

(iil) lim [|f(- 4+ t) = fllLr@w) = O uniformly for f € K;
t—0

then KC is precompact in L™ (w).
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Let us immediately note now that our choice for the class of vector weights in
Theorems 5.4.1 and 5.4.2 is dictated by the previous compactness criterion. In both
results we will need the weight vy € A, to apply the above version of Fréchet-
Kolmogorov-Riesz theorem. In general, if W € A, x A,, or @ € Ap, the best class
that vy belongs to is Ay, where % = p% + p%' However, if W € Ay x A, then vy is
actually in A, as a consequence of Holder’s inequality. We also point out there there

exists examples with @ € Ap and vz € Ay, but @ ¢ A, x A, (see Remark 5.4.2).

As pointed out in [27] in the linear setting the idea of considering truncated
operators goes back to Krantz and Li [70]. We will follow the same approach here

introducing the following truncated kernel:

K¥(x,y,2) = { K(z,y,z), max(lz —yl|,|z—2]) >¢

0, max (|z — y|, |z — z|) < 4.

We note that K stills obeys the size estimate | K (x,y, 2)| < m
in § > 0. Similarly define the operator T°(f, g) associated to K°.

uniformly

First, we need the following lemma.

Lemma 5.4.1. Ifb e Ce x Cg°, then

172, 8la(f.9) (@) = [T, Bla(f,9)(@)] S IVl 2k [ Vb2] g2 81T M(f, g) (=),

Consequently, if W € Ap we have

%lg(l]H[T ybla = [T, 0]l Ler (w1 ) x Lr2 (wa)— LP (vg) = 0-

Proof of Lemma 5.4.1. We adapt the proof in [27, Lemma 7] for the linear situation
of the result. Let us consider for simplicity the commutator in the first variable. The

proof for the other commutator follow similarly. We have,
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I[T°,bl1.(f, 9)(x) — [T, bl1(f, 9) ()]
// (sl le=2Ds 16@) = @)1 (.9, 21/ (0)g ()] dyd

lfW)llg(2)]
sivel- Y- [ dyd:
]Z:(:) 9-i-1s<max (jz—y|,|lz—z)<2-75 (|7 — Y| + |z — z[)?"~1
< ||Vb|pee Z// lf()llg(2)] ———dydz
o0 i te<max (ju—yl le—2))<2-76 max (|z — y, |z — z])

S Vb Lee dyd
IV Y e [ 1 WleClduds

SIIVbIILMZTj][ | ,5|f<y>|dy][ CLE
r—y|<277 r—z|<2-7

Jj=0

S IVl Lo dM(f, 9)(x).

and the rest of the result follows from the boundedness properties of the maximal
function M. O

Lemma 5.4.1 states that [T, 5], converges in operator norm to [T, bl provided
the functions in b are smooth enough. Therefore, in order to prove that any of the
commutators [T, b, are compact it suffices to work with [T9,b]4 for a fixed § and our
estimates may depend on d. Notice that it is due to the fact that, as in the linear case,
the limit in the operator norm of compact operators is compact. Moreover, since the

bounds of the commutators with BM O functions are of the form

17, 0)a(fs e wa) S 101101021 B 001 FlLes (wi)llgll Loz (1)

to show compactness when working with symbols in CMO we may also assume

be C° x C° by density and the estimates may depend on b too.

Proof of Theorem 5.4.1. We will work with the commutator in the first variable since,
by symmetry, the proof for the other commutator is identical. As already pointed out,

we may fix § > 0 and assume b € C2°. Suppose f, g belong to
By, 1p1 (wy) X B1,1p2 (we) = {(f,9): ||f||LP1(w1)a HQHLP?(wz) <1},
with w; and wy in A,. We need to show that the following conditions hold:
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(a) [T°,b]1(B1,1r1 (wy) X Bi,1r2(ws)) is bounded in LP(vg);

(b) Jim 172,001 (f, 9) () [Prg dae = 0;
—00 |z|>R

(c) T [[T°,8]3(£, 9)(- + ) = [T°, b1 (f. )l Lo vy = O-
It is clear that the first condition (a) holds since
[T°,b]y : LPY(wy) x LP? (wy) — LP(vg)

is bounded when W € A, x A, C Ap.

We now show that the second condition (b) holds. It is worth pointing out that
for our calculations to work, we need the more restrictive assumption vz € A, which
holds since @ € A, x A,. Let A be large enough so that suppb C B4(0) and let
R > max (1,2A). Then for |z| > R we have

()@ < ol [ [ OOy

< |lbll = / 11w
supp

< ||6]| poe plwaBol/p'l/&dz
S bl Lo [1f [ 2es (i) o1 (Ba(0)) o (2 + [ — 22

lg(2)|
S AS0) B—
re (7] + |2 — 2])2"

1 ; l9(2)l
< ——|1b|l~ UBOl/Pl/ L dz,
~ |J,'|n|| HL Hf||L”1(w1) 1( A( )) - (‘.’L‘|+|$—Z|)n
where in the second inequality we have used |z —y| > |z| — |y| > ‘Lj—l since |y| <
A< k< |'T|. Here 0, i = 1,2, denotes as usual the conjugate weight of w;, that is,
1— pL
o =w; -

Let us now work with the factor

VeI
/Rn Gl + Jz— 2D

We split this integral into a local and a global part. For the local part, since |z| <1

we have

z /
/ S GO R [ 10 < lglzos o2 (Ba(0) 7%
z1<1 ( ) lz|<1

] + |z — 2|

For the global part we notice that |z| < |z — 2| + |z|, and hence

z z o9z 1/ph
[ e [ <t ([ P 02) "
1z1>1 (2] + |2 = 2) 121>1 12 l2]>1 |2]"P2
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Since wy € Ay C Ay,, we have 02 € Ay, and then

(5.14) /l 92(2) . o,

=1 |2|"P2

Estimate (5.14) can be found, for example, in [46, p. 412]. Combining everything,

for |z| > R we have
7%, 81 (f, 9) ()]
[[b]] P, o oa(z) 1/p%
< |m|Ln Ul(BA(O))l/ ((02(31(0))1/ +(/ : dz) )

2|>1 |2]"P2

Raising both sides of the inequality to the power p and integrating over |z| > R we

have

/ T3, (£, 9) (@ >\Puwdzwbpw/ Y28 gy 0, R oo,
|z|>R

|z|>R |$|

where we used again the fact that for v € A,., r > 1,

/ v() dxr < oo.
|z|>R ‘xlnr

We now show the uniform equicontinuity estimate (c). Note that

1.9)(@ +t) — [T, b)1(f.9)(x)
//RQ,L —b(x+ 1)K (x +t,y,2) f(y)g(2) dydz
- //R% (b(y) — b(x))KJ(xv y,2)f(y)g(z) dydz
= bw) — o+ 0) [[ K2 gl dudz
R2n
//R = bz + ) (K (2 + t,y. 2) — K(2,9,2))f (9)9(=) dyd=

= Il(tvx) + IQ(tvx)'
To deal with I; we observe first that
[t z)| < [tV LT (f, 9)(),
where

T.(f,9)(x) = sup

6>0

// K(x,y,2)f(y)g(z)dydz| .
max (|z—yl,|Jz—z[)>8
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By the pointwise estimate [52, (2.1)], for all n > 0

(5.15) T.(f, 9) (@) Sy (M(T(f,9)[") (@) + M f(z)Mg(x),

where M is the Hardy-Littlewood maximal function. From (5.15) with n = 1 in our

current situation it easily follows that for @ € A, x A,

11t )| e ey S [V BMO-
To estimate Iy, we split the region of integration into three subregions following the

linear case in [27]. We will assume [¢| < §/2 and let
{(y, 2) : max{|z — y|, |z — 2|} > §,max{|z +t — y|, |z +t — 2|} > 0}
(t,l") ={(y,2) : max{|z —yl, |z — 2[} > 0, max{[z + 1 —y|, [ + 1 — z[} <0}
{(y, 2) : max{|z — y|, |z — 2|} < §,max{|z +t —yl|, |z +t— 2|} >}

Our goal is to prove that in these three regions || I2(| () goes to zero uniformly as t

goes to zero. For the integral over E(t, z) we simply use the kernel bounds on K since
Ké(x +t,y,Z) - K(S(xvyaz) = K(.’E + t,y,Z) - K(l.vyaz)

for (y,z) € E(t,z) and [t| < §/2. We get

’//E(t )(b(y)—b(a:+t))(K5(m+t7y72)_K(;(%y’z))f(y)g(z) dydz

< bl ] / / SOy,
max{|z—y|Je—z}>5 ([T =yl + [z —2[)*"

> fWllg(2)]
Sty /[ | dyd:
JZ::O 2i-15<max (jo—y|,lo—z))<2i6 (1T =yl + [z — 2])2n+1

< =W vt gy,

The integrals of F'(¢,z) and G(¢,x) are more complicated. Notice that

//m = bz + 1)) (K°(x + t,y, 2) — K°(x,y,2)) f(y)g () dyd=

// — b(y)K (x,y,2) f (y)g(2) dydz.
F(t, :E)

First let us show that for |z| large, the above integral is zero. Let Ry > 1 be large
enough so that suppb C Bg,(0) = By. We claim that if |z| > 3Ry then

// —b(y)) K (z,y,2)f(y)9(z) dydz = 0.
F(t, :c)
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Indeed, if |x| > 3Ry then
|z +t| > |z| — |[t| > 3Ro — Ro = 2Ry = b(x +t) = 0.

Hence

//F(t )(b(a: +1) — b)) K (z,y,2) f(y)g(z) dydz

-/ b(y) K (2,9, %) (0)(2) dydz.
F(t,x)N(supp bxR™)

Furthermore, if |z| > 3Ry, [t| < § <6 <1< Ry and (y,2) € F(t,z) N (suppbx R") C
F(t,z) N (By x R™). Then, on one hand |y| < Ry but on the other hand

yl=lz+t—(z+t-y)|>le+i]—|z+t -yl >]z] - |t| -0 > Ro.

Hence
F(t,z) N (suppb x R™) C F(t,x) N (By x R") = @,

and we may assume x € 3By. Then we have

‘ // Flt.) (b(z +1t) = b(y)) K (z,y,2) f(y)g(z) dyd=

llg()
<2|b oo// dydz
Iz F@@|x—ymwx NI

< 2l //
< Y)llg(2)| dydz.
H2n P, L)

We are now going to use that the set F'(t,z) satisfies |F(¢,z)| — 0 uniformly in z as

t — 0. However, we need to split the integrals and F'(¢,z) is not a product set. But

F(t,x) is contained in the union of two product sets:
F(t,x) C F*(t,z) U F.(t, x),
where
={y:|lz—y|>d|lz+t—y| <} x Bs(z+1)
and
Frt,2) ={(y,2) : |z — 2| >0, |z +t — 2| < d,|[x +t —y| < 0}
=Bs(x+t)x{z:|z—2z| >4 |z +t—z| <5},

as shown in the following figure:

112



5.4. COMPACTNESS OF BILINEAR CZQO: WEIGHTED CASE

F(t,x)

(x+t,z+t) —] [
(z,2) — F.(t,x)

Next define the set

(5.16) Se(x) ={ueR": |z —u|>d,|z+t—ul <o}

Furthermore notice that since x € 3By we have Bs(x +t) C 5By, hence
F(t,x) C F*(t,x) U Fy(t,z) C (St(z) x 5Bg) U (5Bg x Si(x)).

Therefore we obtain

[ oo anes
<o swlsel [l dua

For the first term we have
T 19 dudz < 17y 1 (Se) gl 72(550)
St (:E)X5B()
< 01(Sy(2)) P 05(5B,) /72,
and similarly for the second term

// FW)llg(2)] dyd= < 01(5B0) /P (Sy () /7%
5Bo xSt (x)

Next observe that the weight o1 belongs to Ay C A and thus there exists &1 > 0
such that for any ball, B, and S C B

= ()"

Since = € 3By, |t| < Ro we have S;(x) C 5By. Indeed,
lu| =z +t—(x+t—wu)| < |z|+|t|+|r+t—u| <3Ry+ Ro + Ry = 5Ro.
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Thus,

(5o < () or(o0)

and similarly, since o3 € Ay

o2(Si(z)) < (lfgéo)||>6202(530)7

for some €5 > 0. Taking into account the definition of the sets S¢(x) in (5.16) and the

fact that Lebesgue measure is translation invariant, for any x we have
1Se(@)| = [5:(0)] = {u € R : |u| >4, |u —t| < d}].

Therefore, as t — 0 we have that |S;(0)| — 0. Combining everything we obtain the

following estimate

(L
</330 ’ / /F(tw)(b(w 1) = b(y) K (z,y,2) f(y)g() dydz"’%> 1/p

< 2ot () + ()]

1/p
//F(t )(b(x +1t)—b(y))K(z,y,2)f(y)g(2) dydz‘pyw>

We see that the last term goes to zero as ¢ — 0. The last term involving the integration
region G(t,x) is similar so we simply sketch the details. Again we may assume that

|z] < 3Ry where Ry > 1 is the radius of a ball that contains the support of b. Then,
’ // —b(z 4+ ) (K°(x+t,y,2) — K°(z,y,2)) f(y)g(2) dydz
G(t, L)
-1/ / b+ DK ( + £.9.2) (1)a(=) dyd
G(t,x)

2[|][ <
< 20 // )llg(=)] dydz.

From this point on, we handle the estimates the same way as we did for the F(¢, z)

integral: while G(¢,x) is not a product set, it is contained in the union of two product

sets whose Lebesgue measures go to zero uniformly in x as ¢t — 0. O

Next, we concentrate now on the compactness of the iterated commutator. We will
show that [T, b] satisfies the corresponding conditions (a), (b) and (c) of Theorem
5.4.3. The proof is similar to that of Theorem 5.4.1, but it is worth pointing out that
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for the iterated commutator, these conditions hold under the weakest assumption on
the class of weights, that is, @ € A5. We indicate the needed modifications in the
proof below.

Proof of Theorem 5.4.2. As before, we may assume b € C x C, fix 6 > 0 and study

—

[T?,b]. Suppose again f, g belong to

B1,1p1 (wy) X B1,e2 ws) = 1(F9) + 1l 2o1 (i) 190 22 gy < 13,

with wy and ws in A,. Once again, condition (a) in Theorem 5.4.3 holds since [T, b)
is bounded from LP'(w;) x LP?(ws) to LP(vg) when W € Ap. Next, we show that
condition (b) holds. Let A be large enough so that supp by Usupp by C B4(0) and let
R > max (2A,1). Then, for |z| > R, we have

y|+lx z])?

1
S g Il e~ / 1£()ldy / l9(2)|d=
x supp by supp ba

1 !’ !/
< Wllblllm b2l o< | Fll Lor (wn) 191 222 (1) 1 (5upp b1 ) /7Y g (supp b) /72,

(.5 0)@) S llesltall- [ f Hlle@l g4,
supp by J/supp ba |£L’

We can raise the previous pointwise estimate to the power p and integrate over |z| > R

to get

/ T2, B1(/, ) ()P () de
|z|>R

’ '\ P Vg\ T
< (1 e lolarseporsupp ) Pon(uupp b 7)” [
x|>

which tends to zero as R — oo since vz € Ag)p (see (3.4)), and gives (b). To show that

condition (c¢) also holds, we write

-,

9)(x) = [T°,0)(f,9)(x +1t)| =
‘//]RQ” bl 7b1 ))(bQ( )71)2( )) (IE,y,Z)f(y)g(z)dde +

010 = 0+ 0)02(2) = e+ ) @+ 1.9 2) 1 ()2 gz
< B, )]+ e, ),

where
B(at) = (ba(a+0) = @) [ | (balo) = bal) Ko, 20 () (e)yds
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and

Ip(x,t) = / (K° (2,9, 2)(b2(2) = ba(w)) = K (x + t,y, 2)(b2(2) = ba(a + 1))
R2n
x (b1(y) — br(z + 1)) f(y)g(2)dydz.
The pointwise estimate of I;(x,t) can be obtained as in the proof of Theorem 5.4.1:
(L1 (2, )| S Vil Lo (T (f, bag) (@) + [[b2ll=T"(f, 9)(2))

Thus, as [t| — 0,

1t

Hillzr @y S 5 IVOLllzoe llb2llzoe Ll 2os o 19l 272 a) — O

Now, we split I> in two other integrals, that is,

Iy(x, 1) :/Rzn(Ké(o:,y,Z)*K‘s(ﬂfﬂ,y,Z))(bz(Z)*bz(xﬂ))x
(y) = b1z + 1)) f(y)g(2)dydz
+ (be(z 4+ t) — bo( //Rz (bi(y) = ba(z + 1) K° (2,9, 2) f (y)g(2)dyd=
i= Doy (2, 1) + Ina(x,1).

We will now estimate each term in this decomposition. The estimate for the I5; term
is the most delicate and we will postpone it until the end of the proof. We estimate

I as follows:

[Ia2(z,t)| <

[t[[| Vb2 Lo~

// o \)>6(b1(y) —by(x+ 1)K (2,y,2)f(y)g(2)dydz

< [t Vba || Lo (T7 (b1 f, 9) () + |01 ]| LT (£, 9) ().
Therefore, as [t| — 0,
M22llLe () S [EHIV B2l Loe 102 ]| Lo 1 f 1| Lov (i) 91 o2 (0) — O

For the term Iy, we further split the integral into the three regions E(x,t), F(x,t) and
G(x,t) that we defined in the proof of Theorem 5.4.1. We will denote them as F, F'
and G, respectively, to simplify the notation. We note immediately that Iz (z,t) =0
for (y,z) € R*"\ (EUF UG). Now, for the integral over E, we proceed in the same
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way as we did for the corresponding part in the proof of Theorem 5.4.1 using the

regularity on the kernel to get

Ty (. £)] S [t | = [ = / / DG ——

y\ + |z — 2[)2n

< sl MU ) 2.

Therefore we have that, as [t| — 0,

Hor,elliee o) S 5 IIblHLwIIszLwI\fIILm<w1>|\g|\Lv2 wg) — 0

The integrals over the sets F' and G are symmetric, so we only sketch the estimate
for F. It is easy to see that these integrals can be reduced to the ones that we have

already estimated in Theorem 5.4.1 for the same regions. Indeed,

1
< o oo
o S ol el || o o)

b oo b oo
< loaflz= ez / [ 1slloCe)aya

5271

From this point on we can proceed as we did in the estimate of the commutator [T}, b];

and we get that

[L21,7 || Lo (vy) — O as [t} = 0,
proving that [T, b] satisfies conditions (a), (b) and (c) when @ € Ap. In particular,
[b,T9] : LP* (wy) x LP?(ws) — LP () is jointly compact when @ € A, x A,. O

Finally, we make some further remarks regarding the results proved in this section.

Remark 5.4.1. Let us observe that it is also possible to prove Theorems 5.4.1 and
5.4.2 by introducing the following smooth truncations. This approach could also be
used to simplify some of the computations in the linear and multilinear setting. For
the complete proof using this approach we refer the reader to [9].

Let o = ¢(x,y,2) be a non-negative function in C°(R3"),

supp ¢ C {(z,y, z) : max(|z|, |y|, |z]) < 1}

/Rsn o(u)du = 1.
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For § >0 let x° = x%(x,y, 2) be the characteristic function of the set

36
{(z,y,2) : max(|z — gy, |z — 2|) > ?}7

and let
P =5 x X’

where
@5 (,y,2) = (6/4) " "p(4x /8,4y /5,42/5).

Clearly we have that ¢ € C,
suppw‘S CA{(z,y, 2z) : max(|z — yl|, |z — z|) > 6},

Vo (2,y,2) = 1 if max(|z — y|, |z — 2|) > 20, and ||¢°||z~ < 1. Moreover, V1° is
not zero only if max(|x — y|, |z — z|) = & and |VY°®|p~ < 1/6. Given a kernel K

associated to a Calderon—Zygmund operator T, we define the truncated kernel
K°(2,y,2) = ¢° (2,9, 2) K (2,y, 2).

It follows that K° satisfies the same size and regularity estimates of K, (4.2) and
(4.3), with a constant C independent of 5. As before, we let T°(f,g) be the operator
defined pointwise by K° as in (4.1), now for all x € R™.

Remark 5.4.2. Our results on bilinear commutators highlight one more time the fact
that the higher the order of the commutator with CMO symbols, the less singular the
operators are. In this chapter this is reflected in the less restrictive class of weights
needed to achieve the estimates (a), (b) and (c) in Fréchet-Riesz-Kolmogorov theorem.
Indeed, in Theorem 5.4.1, the assumption A, x A, on the weight is needed both to
check condition (b) and to guarantee that the target weight falls in the right class.
Howewver, to obtain bilinear compactness in Theorem 5.4.2 we require the A, x A,
assumption about the vector weight only because the sufficient condition from [27] on
LP(vg) precompactness requires vg € A,. As already mentioned, this last condition
fails if @0 is only assumed to belong to As. Actually, our techniques can be used to
obtain a more general theorem by assuming that W € Ap and vy € A, instead of

W€ Ay x A,

Theorem 5.4.4. Suppose P € (1,00)x(1,00), p = % >1,0€ CMO, andw € Ap
with vg € A,. Then [T,b]1 and [T,bls are compact operators from LP*(wq) X LP?(ws2)

to LP(U@).
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Theorem 5.4.5. Suppose P € (1,00) x (1,00), p = % >1,b€ CMO x CMO,
and W € Ap with vg € A,. Then [T,b] is a compact operator from LP*(wy) x LP? (w)

to Lp(Vﬁ;).
As mentioned at the beginning of this section,
We A, x Ay =€ Ap and vg € Ay,

To see that the assumption W € A and vy € Ay is indeed weaker, consider the
example w1 (x) = [z[~* where 1 < o < B =145 and wy(x) = 1 on R. Then
o1(z) = |z|*®1=D belongs to Agyy since
2p — 1
o<1+ ciqp =172
P2 py—1

Moreover, vg(x) = |x|_°‘% belongs to A1(C Ap) since ap% < 1. However, the weight
wy does not belong to any A, class since it is not locally integrable. This vector weight
also provides a new example of the properness of the containment A, X A,, € Ap
from [80, Sect. 7].

Remark 5.4.3. It is natural to ask whether the sufficient condition about LP(w)
precompactness in [27] may be extended to include weights w € Ay with ¢ > p. A
simple modification of the argument in [117, p. 275] gives the following result in this
setting:

Let 1 <r < o0, w € Ax, and K C L"(w). If
(a) K is bounded in L"(w);

(b) lim | f(z)|" wdz = 0 uniformly for f € K;

A—o0 |$|>A
(c) IfC~+t1) = f(- +t2)llr(w) — 0 uniformly for f € K as [t; — t2] — 0;

then K is precompact.

This is different than the sufficient condition we employed in the proofs of our
main theorems, specifically in the third assumption about equicontinuity. Note that, in
general, the non-translation invariance of the measure deems our last condition strictly
stronger than the corresponding one in [27]. Unfortunately, the arguments we used to

prove Theorem 5.4.2 do not seem to hold anymore in this setting.
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List of symbols and notation

X/
Br,x (o)

Q(z,7)

L O

dxr

g

A < OB for some numerical constant C' > 0
A<Band B< A
numerical constant that depends on A
the set of real numbers
the set of complex numbers
the n-dimensional Euclidean space
the associate space of a Banach function space X
the ball of X with center zg and radius R
the cube with center = and side length r
parent of a cube @
child of a cube
the side length of a cube @
Lebesgue measure
non-negative measure
weight
(Wi, ... W)
(P15 Pm)

»
[ w
the Lebesgue measure of the set £ C R™
the w-measure of the set £ C R"
the average of a function f over a set @
(f 1y--->s f m)
(LAl [fml)
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NOTATION

f*
wx(f; Q)
my(Q)

f,d
mx.Q

C>°(R™)
Ce(R™)
or f

o8 f
S(R™)
LP(X, )
LP

Lo (X, )
LPoo
BMO
CMO

XE

the non-increasing rearrangement of a function f

the local mean oscillation of a function f over a cube @
the median value of a function f over a cube @

the local sharp maximal function

the space of smooth functions from R™ to C

the space of functions in C°°(R™) with compact support
the m-th partial derivative of f(x1,--- ,z,) with respect to z;
dM ... 9on f

{f € C®(R") : sup g [2°0° f(z)| < 00 Va, B}

the Lebesgue space over the measure space (X, i)

the Lebesgue space over the measure space (R™, dx)

the weak Lebesgue space over the measure space (X, u)
the weak Lebesgue space over the measure space (R", dx)
the space of bounded mean oscillation functions

the closure of C°(R™) in BMO

the characteristic function of the set £ € R"

the standard dyadic grid in R™

a general dyadic grid in an space of homogeneous type X
a sparse family of cubes

a pairwise disjoint family of sets associated to S (Sect. 1.2)
dyadic sparse operator on a sparse family S C &

the Hardy-Littlewood maximal operator

the Fefferman—Stein sharp maximal function

(M(| 7o)

the fractional maximal operator
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NOTATION

M the multilinear maximal operator

Mé the dyadic multilinear maximal operator w.r.t. D

1, the fractional integral operator

Tw the fractional bilinear integral operator

BI, the bilinear fractional singular integral operator

H the Hilbert transform

BHT the bilinear Hilbert transform

[T b)(-) T(b-) =T (:)

[T, b] iterated commutator of a linear Calderén—Zygmund operator

[T, 5}& iterated commutator of a multilinear Calderén-Zygmund operator
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